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Chapter 1

Introduction

1.1

Description of paper production process

T

he basic principles of paper production have not changed significantly
for more than two thousand years, since the time Ts’ai Lun in China.
Nevertheless, significant progress is made mainly towards improving processing
speed, capacity and paper quality.
In the paper machines paper is formed from the fiber suspension consisting
of fibres, water and air. The initial dryness (mass of solid particles per mass of
the mixture) of the fiber suspension is 0.5%, while the dryness of final paper is
more than 90%. From this fact it can be concluded that the main aim of the
paper machine is the removal of water from the fiber suspension. However,
dewatering processes change the structure of the paper web and thus directly
influence the final quality of paper. Therefore the desired properties of final
paper pose certain restrictions in the applied pressure, temperature etc.
Dewatering is performed in three main parts of the paper machine: the
forming, pressing and drying section.
In the forming section fibre suspension is distributed on one, or between
two permeable wires, and water is removed by means of wire tension and
vacuum, see for instance [9]. Wet paper web reaches at the end of this section
a dryness of about 20% allowing it to run without brakes through the press
section.
In the press section wet paper, together with one or two felts, passes
through a press nip consisting either from a pair of press rolls (see Figure
1.1), or a roll and a shoe. Water is squeezed out from the paper and into the
felt(s) by applying a sharp pressure pulse. In the case of hot pressing combined
action of compression and high temperature is used to improve pressing results. Specifically, impulse drying technology uses temperatures above 200°C.
1
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Figure 1.1. Press section of paper machine.

The pressing process significantly influences the final properties of the paper.
Therefore, not only the water removal but also the quality of the paper is a
subject of considerations of this, so-called wet pressing process. At the end
of the press section paper web reaches a dryness of about 45 − 50%. Since at
this stage most of the remaining water is in the fibre walls further application
of pressing is not efficient, and thus dewatering continues in a different way.
In the drying section of paper machine, excessive water is removed by
evaporation, as wet paper which passes over a number of hot cylinders.
The low efficiency and the high costs of the last section are the reasons
why much effort has been made to improve the first two, rather simple and
efficient sections. In particular, even a small improvement in the efficiency
of the press section may lead to a significant reduction of the drying time
and to a saving of the energy consumption in the drying section. Therefore
much research, both experimental and theoretical, have been carried out to
understand the wet pressing process. This research led to the development of
extended nip presses, new multi-layered felts with higher permeabilities, the
application of a heat flux etc [11, 14]. In order to thoroughly understand the
pressing process additional knowledge needs to be acquired to quantify, for
example, the influence of the air, the mechanical behaviour of the paper web,
the magnitude and the direction of flow etc.

1.2. A brief historical overview of wet pressing studies

3

Experimental approaches are seriously limited by the high processing speed
of the paper (∼ 10 m s−1 ) and therefore the small time-scale (∼ 10−2 s), and
by the small length-scale of the paper thickness (∼ 10−4 m). This motivates
theoretical consideration of the wet pressing, in particular: modelling, simulation and analysis.

1.2

A brief historical overview of wet pressing studies

Thorough overviews of the history of modelling of wet pressing are given in
[10, 11, 14], for instance. Here we state some of the main results that are
relevant for our study.
Campbell was probably one of the first who proposed a model of the pressing process. He used a simplified model from soil mechanics and assumed that
the total pressure was carried by water only (this assumption turned out to be
wrong). The main result was that the increment in drying was proportional
to the maximum of applied pressure and the residence time, and inversely
proportional to viscosity of the water and squares of basis weight and specific
surface area of the web.
The main results of the research done by Nissan in the 1950s was that
the water flow from paper to felt occurs mainly in the expansion phase of
the nip due to suction caused by expansion of felt and surface tension. These
conclusions were not verified by experiments done by Bergström, who observed
that water is, already during compression, removed from the paper into the
felt and further into the permeable felt support.
In the 1960s Wahlström set up the theory that is still in use. He used Terzaghi’s principle from soil mechanics, stating that the total applied pressure is
split up into two parts: the effective structural pressure and the hydraulic pressure. The first one is responsible for the deformations of the solid structure,
while the second is the driving force of water removal. Kataja et al. [5], motivated by work of Biot 1941 and Auriault and Sanchez-Palencia 1977, proposed
a modification of this principle (by introducing an additional parameter: ‘effective areal porosity’), making it more appropriate for soft porous materials,
as wet paper web. Another fundamental concept in wet pressing introduced by
Wahlström was the distinction between pressure controlled and flow controlled
regimes, based on the ratio of magnitudes between components (pressures) in
Terzaghi’s principle. Wahlström anticipated that extensive rewetting (back
flow of water from felt into paper in the expansion phase of the press nip)
occurs due to capillary effects. Some other authors (Carlsson, Thompson,
Jewett) considered that rewetting is not a significant factor in wet pressing,

4
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unless paper and felt are kept together a long time after the press nip.
The work of Wahlström was continued by Larsson and Nilsson, who have
divided the press section into four phases, using the fact that flow and deformation are mainly oriented perpendicularly to the paper (in the transversal
direction). This result presented a basis for future research of many authors.
Therefore we outline the main features of this theory. The first phase begins
as paper and felt enter the nip, and ends when paper reaches full saturation.
During this phase the fluid pressure does not increase and thus no flow occurs.
Phase 2 continues until mid-nip, i.e. the maximum point of the total pressure
curve. During this and the following phase water flows from paper into felt.
In fact, the third phase ends at the point that corresponds to the maximal
paper dryness. Phase 4 is the rewetting phase, when water flows back into
the expanding paper. This last phase finishes when paper and felt are separated. The maximal fluid pressure in paper occurs just before the press nip,
i.e. in Phase 2. After that moment, the fluid pressure decreases and becomes
negative in the final phase, causing back flow from felt to paper.
Hot pressing and impulse drying, where pressing is accompanied by a heat
flux through the press roll(s), are studied by many authors during the last three
decades. The original idea, proposed by Wahren in 1978, was to combine wet
pressing and drying operations into a single section, by pressing the paper
using a preheated roll. A historical overview of impulse drying is given by van
Lieshout [8].
Many more specific issues and approaches were also subjects of research:
the influence of micro-geometry of felts on drying effects (experiments by
Smart and Fekete and mathematical modelling by Oliver and Wiseman and
Yamamoto), squeezing of water from fibre walls (Talja), etc. Some researchers
attempted to improve commonly used modelling approaches: Koponen et al.
[6] employ lattice gas simulation to replace the standard Kozeny-Carman relation between permeability and porosity, Hiltunen [4] proposes an annular plug
model instead of the classical effective permeabilities model, etc.

1.3

Description of problem and approach

In the press section wet paper together with felt(s) moves through the press
nip formed by press rolls. On the scheme in Figure 1.2 paper and felt move
from left to right and rolls follow their movement.
Following Paulapuro [11] we can distinguish the main process variables of
wet pressing:
- nip residence time,

1.3. Description of problem and approach
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Figure 1.2. Scheme of the press nip.

- nip pressure (pressure distribution as a function of time),
- temperature,
- ingoing moisture content of the web,
- properties of the web.
The scope of wet pressing study is focused on
- enhancing water removal,
- improving paper quality and runnability (a property which describes the
capability of paper web to move through the machine).
In our study we mainly address the problem of enhancing water removal.
More precisely, we aim to derive mathematical models that give a good description of the pressing process. Using simulations we try to propose certain
modifications of pressing regimes aimed to improve the drying efficiency of wet
pressing.
Typical rolls are approximately 10 m wide (in the y-direction), and the
size of the paper-felt region compressed between the rolls is in the order of
millimeters in the z-direction and centimeters in the x-direction. For this
reason in press modelling the flow and deformation in the y-direction is usually
neglected. According to experimental arguments (see [14]) the flow in the zdirection is one order of magnitude larger than the flow in the x-direction.
Besides, having in mind the geometry of the press nip, deformations also
occur essentially in the z-direction (see also [5, 15]). We stress that the latter

6
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arguments are not valid in relatively small regions in the beginning and the
end of nip, where horizontal flow and deformations are dominant.
The one-dimensional z-direction models (also called transversal models)
were studied by Jewett, Westra, Riepen [12]. Some authors (Vest et al. [15],
Wilder) study the alternative, longitudinal models, considering the flow in
the x-direction only. This approach is acceptable for the consideration of the
evolution of the fully saturated zone around the mid nip (the middle of the
press nip). The others (Hiltunen [4] and Kataja [5]) consider a two-dimensional
model in stationary state, but they assume that the velocities of all generic
phases in the x-direction are equal to the machine velocity, making the model
essentially one-dimensional transversal.
We will consider a transversal, time-dependent model. Thus we follow
the evolution in time of an arbitrary vertical one-dimensional cross section of
the paper-felt system. Assuming that each vertical cross section experiences
the same process, we can directly compare our results with the results from
the above mentioned two-dimensional models by Hiltunen and Kataja, by
replacing time by the horizontal x-dimension.
The standard approach in modelling of wet pressing is based on continuum mechanics and mixture theory. In this theory felt and wet paper are
considered as mixtures of solid particles, water and air, see Figure 1.3. The
medium is considered on the macroscopic level (see [7] for instance), where
the real multiphase system is replaced by a model in which each constituent
is assumed to occupy the entire domain, i.e. the phases overlap each other.
With this approach it is, however, difficult model the influence of water inside the fibers. An important question is whether the continuum mechanics
approach is justified, i.e. are the mediums homogenous with respect to their
material properties? By Lewis et al. [7], the continuum mechanics approach
is acceptable if a representative elementary volume (REV) is large enough
with respect to the heterogeneities of the medium. In this sense, homogeneity
of felts, with a typical thickness of several millimeters seems to be justified.
Concerning paper, Rashidy (1996) concluded that already web in average of
five fibers thick (corresponding grammage is 30 g/m2 ) can be considered as
representative with respect to the ‘flow property’, see [17].

1.3.1

Primary unknowns

Consider a representative elementary volume element (REV). We denote by
dv the volume of the REV and by dvs , dvw and dva the corresponding partial
volumes. The volume fractions of solid, water and air are given by
φj =

dvj
, j = s, w, a,
dv

1.3. Description of problem and approach
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Figure 1.3. Structure of porous layers (paper and felt) at micro-level.

and we clearly have
X

φj = 1.

j=s,w,a

We use the subscript j to refer to the corresponding generic phase (j = s to
the solid, j = w to the water and j = s to the air). The porosity φ and the
saturation s are given by:
φ=

dvw + dva
dvw
and s =
.
dv
dvw + dva

We clearly have
φ = φw + φa and s =

φw
,
φ

and
φw = φs, φa = φ(1 − s) and φs = 1 − φ.
Therefore, to determine the structure of the mixture, we can either use set
{φ, s} or the set consisting of any two of the unknowns φs , φw and φa . In
this thesis we will use the first choice. However, instead of the porosity, the
void ratio (defined by the ratio of φ and 1 − φ) is more convenient to use in
modelling of deformable porous media (see for instance [2]). Thus, our final
model will be stated in terms of the void ratio and the saturation.

1.3.2

Main assumptions

As governing equations we will use mass and momentum balance equations
for all three intrinsic phases. In the non-isothermal case (hot pressing) we
add energy equations. As usually when dealing with flow through porous
media, we use Darcy’s equations for water and air as approximations of the
corresponding momentum balance equations:
qj = −

kkjr ∂pj
, j = w, a.
µj ∂z

8
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Here qj is the specific fluid discharge relative to the solid particles, k is the
intrinsic permeability and kjr are relative permeabilities, µj are viscosities and
pj is the pressure of fluid j. Typical values of the Reynolds number (calculated
in Chapter 2) justify the use of Darcy’s law.
The geometry of the flow channels inside the porous medium changes together with deformations of the medium. Therefore the intrinsic permeability
can be, using an averaging procedure, expressed as an increasing function of
porosity:
k = k(φ).
One example is the well-known Kozeny-Carman relation (see [1] for instance),
which we actually use in our studies. As usual in modelling multiphase flow
in porous media, the relative permeabilities are modelled as functions of the
saturation:
kjr = kjr (s), j = w, a.
These functions are either experimentally obtained, or derived by some, more
or less realistic assumptions (see [1, 7]). Since with the increasing amount
of one fluid in pore space, the channels available for flow of that fluid also
r is an increasing function while k r is a decreasing
increase, it follows that kw
a
function of saturation.
If the pore space is occupied by a wetting and a non-wetting fluid (water
and air for instance), the interfacial tension leads in the equilibrium state to a
local pressure difference, the so-called capillary pressure (for more details see
[1, 3]). However we do not expect that such an equilibrium state is achieved in
the typical nip residence time of 10−2 s, and thus we neglect capillary effects.
In other words we assume (as in [5, 12]) that the local water and air pressures
are equal (i.e. fluids are in local pressure equilibrium):
p a = p w = pf .
We will refer to pf as the fluid pressure.
The total applied pressure pT is distributed over all intrinsic phases. In the
case of compressible porous media, using the above mentioned local pressure
equilibrium, Terzaghi’s principle can be derived:
f
pT = pef
+ pf ,
s
f
where pef
is the effective structural pressure, responsible for all major des
formations of the solid skeleton, see [7, 16, 18] for instance. Throughout this
f
thesis, pef
will be simply called structural pressure and written as ps .
s

1.4. Overview of the thesis
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Wet paper shows a complicated mechanical behaviour, including elastic, elasto-plastic and visco-elastic phenomena. Experiments reported by ElHosseiny (see [5]) suggest that a fibrous network of paper does not show viscoelastic effects. Viscoelastic behaviour associated with delayed response during unloading (releasing of pressure) arises from the flow of fluids through the
fibrous structure. Namely, as the medium expands the pore space increases
inducing flow of water and air from the neighbouring pores, a process that
requires time. The elastic response of the solid structure of paper and felt
is modelled by the assumption that the (effective) structural pressure is a
function of strain, see also [5, 12],
ps = ps ().
To account for plastic paper deformations, this relation differs during the
compression and the expansion phase. This pressure-strain relation can, using
the balance of solid mass, be rewritten into a pressure-void ratio relation.
Since the computational domain changes due to compression, we use a
transversal material coordinate (corresponding to the undeformed configuration) to fix the domain.

1.4

Overview of the thesis

This thesis consists of five studies (chapters), each of them considering one
specific model of paper pressing. We start with simplified models when the
mixture of water and air inside paper and felt reduces to a single fluid. Then we
investigate the general setting, considering flow of both fluid phases. Finally
we model hot pressing of paper by adding energy equations. Simplified models
allow detailed mathematical analysis, while the more complex ones are treated
mainly numerically.
Chapters are written as separate studies in such a way that each of them
can be understood without reading the previous ones. All these studies, apart
from the one from Chapter 3, are published as internal ‘CASA reports’ of
Department of Mathematics and Computer Science of Eindhoven University
of Technology. They are presented here in their original form. Moreover, paper
‘Analysis of paper pressing: the saturated one-dimensional case’ (Chapter 2)
will be published in Journal of Applied Mathematics and Mechanics. Studies
‘Analysis of wet pressing of paper: the three-phase model. Part I: constant
air density’ (Chapter 4) and ‘Part II: compressible air case’ (Chapter 5) are
submitted to Transport in Porous Media, while study ‘Modelling of the hot
pressing of paper’ is submitted to Heat and Mass Transfer.
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In Chapter 2 we consider the case when paper and felt are completely saturated by water. The model consists of a nonlinear diffusion equation for paper
and felt, and initial, boundary and cross conditions at the paper-felt interface. We prove the existence of the solution by the method of regularization.
Uniqueness follows from comparison principle. We also show some qualitative
properties of the solutions by means of the maximum principle. Finally we
present computational results for a concrete case.
Another limit case, when both layers are completely saturated by a single
compressible fluid (air) is studied in Chapter 3. This is in some sense a generalization of the previous study, since the corresponding diffusion equation has
an extra term, the fluid density. This simplified model can still describe some
important features of wet pressing. For instance, an analysis of the flux gives a
criterion for the direction of the flow. This criterion is based on a relation between mechanical properties of the layers. Due to the appearance of the fluid
density in the equations we prove only the existence of a weakened classical
solution, using a regularization technique, similarly as in the first study.
General three-phase (water-air-solid) models are considered in Chapters 4
and 5. Chapter 4 is devoted to the simplified case in which air is assumed
incompressible. The model consists of a coupled system of two partial differential equations, together with initial, boundary and cross conditions. We
transform this model into a nonlinear diffusion equation and a first order hyperbolic equation. This form helps to establish some qualitative properties
of the solutions (for instance: shock-like behaviour of the saturation) and it
explains why boundary conditions in terms of the saturation are needed only
when ‘inflow’ occurs at the boundary. We perform numerical computations
using a saturation-upwind and a front tracking methods. The second method
method produces exact, shock-like behaviour of the saturation.
In Chapter 5 we generalize the previous study by considering air to be
compressible. We show how the analytical results from the previous study can
be generalized for this case. We focus on practical results. For instance, we
take into account plastic (permanent) paper deformations by taking different
pressure-void ratio curves during the compression and the expansion phase.
Numerical solutions are obtained using the saturation-upwind scheme introduced in the previous part. Comparisons with other, both experimental and
theoretical studies, show that this model reflects the main features of the wet
pressing process.
In Chapter 6 we study hot pressing of paper, restricting to temperatures
below 100°C. We basically supply the model from Chapter 5 with energy
equations for the porous media (paper and felt) and the press roll. High
temperatures enhance the flow by reducing the fluid viscosities. We also take
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into account the effects of thermal softening of paper, reported by several
authors. High temperature is transported inside the media both by conduction
of all intrinsic phases and by convection caused by the flow of fluids. The
computational results suggest using an extended nip or multiple nips in hot
pressing, in order to improve dewatering results.
In the final chapter a short overview of these studies is given. We outline
the main results (both theoretical and practical) and we give some recommendations for the further research.
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Chapter 2

Analysis of paper pressing: the
saturated one-dimensional case

2.1

Introduction and motivation

I

n paper production, water is removed from the paper web (paper pulp or
simply paper) in several sections. In the press section water is squeezed
out of the paper web into the felt by applying a pressure pulse as the paper
together with the felt passes through a press nip (see Figures 2.1 and 2.2).
Excessive water is removed in the dryer-section by an expensive and energy
consuming process. Even a small improvement in the efficiency of the press
section may lead to a reduction of the drying time and consequently to a saving
of the energy consumption. This motivates a better understanding of the press
section. That is why much research, both experimental and theoretical, has
been carried out to understand the ongoing process. This research led to the
development of extended nip presses, new felts with higher permeabilities,
multi-layered felts and the application of a heat flux [17, 20]. Still, challenging
questions remain to thoroughly understand the pressing process. Additional
knowledge needs to be acquired to quantify, for example, the influence of the
air, the mechanical behaviour of the paper web and the magnitude and the
direction of flow. Experimental approach is limited by the high processing
speed of the paper (∼ 10 m s−1 ) and therefore the small time-scale (∼ 10−2
s), and by the small length-scale of the paper thickness (∼ 10−4 m). This
motivates mathematical modelling of the pressing process, see for instance
[10, 13, 15, 16, 19, 21].
However much of these papers involve numerical studies. In this paper we
present a rigorous mathematical analysis, addressing existence, uniqueness and
qualitative properties of solutions of a simplified model, assuming that both
13
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p a p e r

fe lt

Figure 2.1. Press section of paper machine.

p r e ss
r o ll

Figure 2.2. Details of press section.

paper and felt are completely saturated by water. The fact that air occupies
approximately half of the volume of void space in conventional press felts
limits the practical context of our model. Nevertheless the proposed model
is a first step towards a more thorough understanding of the processes in the
press section since the questions posed are non-trivial from a mathematical
point of view.
We borrow some ideas and techniques developed in Bertsch et al. [2].
In this study the problem arising in two-phase flow in heterogeneous porous
media is considered. This process is modelled by two one-dimensional diffusion
equations considered in two semi-infinite subdomains, which correspond to
two types of rock. The equations are combined at the interface by cross
conditions representing the continuity of flux and pressure. The techniques
from this study are adjusted to our case when domains are bounded and thus
the boundary conditions should be taken into account.
This paper is outlined as follows. In Section 2.2 we sketch the physical
background. The mathematical formulation, involving the nonlinear diffusion
equations in the paper and felt as well as the matching conditions across the
contact interface, is presented in Section 2.3. In Section 2.4 we prove existence
by a suitable regularization technique and in Section 2.5 we prove a comparison result with uniqueness as a consequence. Some qualitative properties are
discussed in Section 2.6 and we conclude, in Section 2.7, with one numerical
example.

2.2. Physical model

2.2
2.2.1
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Physical model
Assumptions

We consider paper and felt as a system having two deformable porous layers.
These layers are assumed to be completely saturated. This assumption is
justified, at least for paper, since it is observed that most of the air is removed
from the paper in the early part of the nip. Because the layers are mixtures of
a solid and a fluid phase, we use the continuum theory of mixtures to describe
this process. The flow of water through the layers is governed by Darcy’s law,
which is an approximation of the momentum balance for the water phase.
To obtain a simple, one-dimensional model, only transversal fluid flow
is considered. This is motivated by a scaling argument which uses the fact
that the longitudinal flow is at least one order of magnitude smaller than the
transversal flow, see for instance [20]. We also assume that the mechanical
behaviour of the layers is perfectly elastic. The permeability of the medium
changes with the deformation and the water and the solid phase are incompressible.

2.2.2

Governing equations

In this section we present the fundamental balance laws for each layer. Since
layers experience deformation we use a Lagrangian approach. We denote by
z the spatial transversal coordinate (perpendicular to the machine direction)
and by Z the transversal material coordinate. The relation between them is
given by the mapping Z 7→ z(Z, t) for all t ∈ (0, tf in ), such that z(Z, 0) = Z,
for all Z. Here tf in is the time needed for a paper particle to move through
the press nip.
Since the model is one-dimensional, volumes are described by intervals.
Corresponding to an arbitrary reference volume V0 = (Z01 , Z02 ) in the material
coordinate, there exist a time dependent volume Vt = (zt1 , zt2 ) in the spatial
coordinate. Here (z01 , z02 ) = (Z01 , Z02 ). We further assume that paper occupies
the interval 0 < Z < h0p and felt h0p < Z < h0p + h0f , where h0p and h0f are
the initial thicknesses of paper and felt.
The solid mass balance equation is given by
Z
d
(1 − φ) dz = 0,
(2.2.1)
dt Vt
where φ is the porosity. Since water moves with respect to the solid, the water
mass balance reads
Z
d
φ dz + q(zt1 , t) − q(zt2 , t) = 0.
(2.2.2)
dt Vt
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Here q is the relative specific discharge, given by q = φ(vw − vs ), where vw
and vs are the velocities of water and solid, respectively. The flow is governed
by Darcy’s law
k ∂pw
q=−
,
(2.2.3)
µ ∂z
where pw and µ are, respectively, the pressure and the viscosity of the water
and k the permeability of the medium.
Remark 2.1. In order to justify the use of Darcy’s law we check the value of
Reynolds number for our media. The typical diameter d of celluloid paper fibers
is of the order 10−5 m (see [13] for instance). Typical Darcy’s velocity q is
of the order 10−2 ms−1 (according to typical time scales of 10−2 s and length
scales 10−4 m), while the kinematic viscosity of water is ν = 10−6 m2 s−1 .
Using these values the Reynolds number (see [1]) is Re = qd/ν ≈ 10−1 and
thus Darcy’s law is applicable. Similar values of the pore size and the velocity,
and consequently of the Reynolds number, are valid in felt.
From the balance of total momentum it follows that, see [10, 3],
∂pT
= 0.
∂z

(2.2.4)

Here pT is the total applied pressure. It is distributed over the phase pressures
according to
pT = ps + pw ,
(2.2.5)
where ps is the structural pressure. It is the part of the total pressure responsible for the deformation of the solid matrix.

2.2.3

Constitutive equations

We assume that the layers deform only in the transversal z-direction and
disregard visco-elastic effects, as in [13, 15]. The last assumption is acceptable
for slower machines (with longer residence times). This results in a structural
pressure which is a given function of the strain :
ps = Ps (),
where
=

∂U
,
∂Z

and where U is the displacement
U (Z, t) = z(Z, t) − z(Z, 0) = z(Z, t) − Z.

(2.2.6)

2.3. Mathematical model
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In a state of compression we have −1 < ∗ <  < 0, where ∗ is the strain
corresponding to maximal deformation: φ = 0, i.e. no void space. Referring
to paper and felt, we denote their properties by the additional subscripts p
and f .
Motivated by the facts that for elastic media absence of stress implies absence of strain and that larger pressure causes a larger deformation, throughout
this paper we assume
(AP ) :

Psi : (∗i , 0] 7→ [0, ∞) is a smooth function such that
Psi (∗i + ) = +∞, Psi (0) = 0 and Psi0 () < 0 for ∗i <  < 0, i = p, f.

The permeability k changes due to the deformation of the medium. More
precisely, the permeability is equal to zero when the void space vanishes and
it increases with increasing void space. These effects are modelled by taking
k = k(φ) which satisfies
(Ak ) :

ki : [0, 1] 7→ [0, ∞) is a smooth function such that
ki (0) = 0 and ki0 (φ) > 0 for 0 < φ < 1, i = p, f.

2.2.4

Initial, boundary and cross conditions

Since we are considering a two layer (paper-felt) system, we need in addition to
initial and boundary conditions, also cross conditions at the interface between
the layers. In particular we consider the following situation:
• The initial (reference) configuration is undeformed and for each layer the
initial state is uniform.
• The bottom surface of the paper is in contact with a nonpermeable press
roll. This implies the no flow condition q = 0, see Figure 2.3. The upper
surface of the felt is in contact with a perfectly perforated roll; i.e. there
is no flow resistance, implying pw = 0. Furthermore, pT is given as a
function of time.
• Paper and felt are in perfect contact. This means that the discharge q
and pressures ps and pw are continuous across the interface.

2.3
2.3.1

Mathematical model
Derivation of the mathematical model

We formulate the model in terms of the Lagrangian coordinate Z. In the
notation below we introduce the superscript e to denote dependence on Z:
e t).
for instance φ(z, t) = φ(z(Z, t), t) = φ(Z,
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fr e e flo w
Z = h0p + h0f
F E L T
P A P E R

Z = h0p
Z=0

n o flo w
Figure 2.3. Two layer structure.

For any reference volume V0 in either the paper or the felt we have the
identity
Z
Z
Z
dz
e
e +e
(1 − φ) dz =
(1 − φ)
dZ =
(1 − φ)(1
) dZ.
dZ
Vt
V0
V0
Assuming sufficient smoothness we obtain from (2.2.1)
Z

∂ 
e +e
(1 − φ)(1
) dZ = 0,
V0 ∂t
and thus

∂ 
e +e
(1 − φ)(1
) = 0 for Z ∈ (0, h0p ) ∪ (h0p , h0p + h0f ).
∂t
Since the initial configuration is assumed undeformed, the initial strain is zero.
Therefore
1 − φe0
1+e
=
in (0, h0p ) ∪ (h0p , h0p + h0f ),
(2.3.1)
1 − φe
where φ0 is the constant initial porosity. Assuming that q in (2.2.2) is smooth
we have
Z
Z
d
∂q
φ dz +
dz = 0.
dt Vt
Vt ∂z
Transforming again to the material coordinate Z, we obtain
 ∂ qe
∂ e
φ(1 + e
) +
= 0,
∂t
∂Z
and, with Darcy’s law (2.2.3),
!

e ∂ pew
∂ e
∂
k(φ)
φ(1 + e
) −
= 0 in (0, h0p ) ∪ (h0p , h0p + h0f ).
∂t
∂Z µ(1 + e
) ∂Z
(2.3.2)

2.3. Mathematical model

19

It is convenient to rewrite equation (2.3.2) in terms of the scaled void ratio
e +e
e + ∗ ) ≥ 0.
u
e := φ(1
) > φ(1

(2.3.3)

Combining this expression with (2.3.1) gives
e
=u
e − φ0

e u, φ0 ) :=
and φe = φ(e

u
e
.
1+u
e − φ0

(2.3.4)

For the two materials, φ0 and the functions k and Ps may be different. Let,
for i = p, f ,
Pi (e
u) := Psi (e
u − φ0i ) = Psi (e
);
(2.3.5)
Ci (e
u) :=

e u, φ0i ))φ(e
e u, φ0i )
e
ki (φ(e
ki (φ)
=
.
µe
u
µ(1 + e
)

(2.3.6)

Using (2.2.4) and (2.2.5) to replace the water pressure by the structural pressure in (2.3.2), and applying definitions (2.3.3), (2.3.5) and (2.3.6), gives the
equation


∂e
u
∂
∂Pi (e
u)
+
Ci (e
u)
= 0, i = p, f.
(2.3.7)
∂t
∂Z
∂Z
For i = p, equation (2.3.7) is valid in the domain
W p = {(Z, t) : Z ∈ (0, h0p ) , t ∈ (0, tf in )},
and for i = f in the domain
W f = {(Z, t) : Z ∈ (h0p , h0p + h0f ) , t ∈ (0, tf in )}.
Remark 2.2. Relations (2.3.3) and (2.3.4) imply
1. φe = 0 (state of complete compression) ⇒ u
e = 0, e
 = ∗ = −φ0 ;
2. φe = φ0 (initial state) ⇒ u
e = φ0 , e
 = 0.
As noted before, φ0 may be different for paper and felt.

2.3.2

Initial, boundary and cross conditions

In terms of the variable u
e we have:

Initial condition

u
e(Z, 0) =

u0p = φ0p for Z ∈ (0, h0p ),
u0f = φ0f for Z ∈ (h0p , h0p + h0f ).
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Boundary conditions
Z = 0 : Combining (2.2.3), (2.2.5), (2.2.4) and (2.3.5) and using the strict
monotonicity as assumed in (AP ), the no-flow condition along the bottom
implies
∂e
u
(0, t) = 0 for t ∈ (0, tf in ).
∂Z
Z = h0p + h0f : We assume that the total pressure pT is given by the function
t 7→ PT (t), where PT satisfies:
(APT ) :

PT : [0, tf in ] → [0, ∞) is a smooth function such that
PT (0) = PT (tf in ) = 0 and PT (t) > 0 for 0 < t < tf in .

Combining (2.2.5) and (2.3.5), the pressure condition pw = 0 implies the
boundary condition
u
e(h0p + h0f , t) = ub (t) := Pf−1 (PT (t))

for t ∈ (0, tf in ).

(2.3.8)

Cross conditions
1. Continuity of flow requires
∂ Pep
Cp (e
u)
∂Z

!
(h−
0p , t)

=

∂ Pef
Cf (e
u)
∂Z

!
(h+
0p , t) for t ∈ (0, tf in ),

where Ci (i = p, f ) is given by (2.3.6).

2. Continuity of pressure implies
Pp (e
u(h−
u(h+
0p , t)) = Pf (e
0p , t)) for t ∈ (0, tf in ).
Remark 2.3. Since PT (t) > 0 for all t ∈ (0, tf in ), the boundary condition ub
satisfies 0 < ub (t) < u0f for all t ∈ (0, tf in ). This means that we consider the
case of compression, with (h0p + h0f , t) < 0 for all 0 < t < tf in .
Remark 2.4. Without loss of generality we assume throughout this paper that
u0f < u0p .

2.4. Existence of solution

2.4
2.4.1
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Existence of solution
Problem formulation

We scale the equation by redefining
t :=

t
tf in

and by introducing
x :=

h0p
Pi
Z
, xc :=
and Pi := ∗ for i = p, f,
h0p + h0f
h0p + h0f
Pf

where Pf∗ is a characteristic structural pressure of the felt.
Under this scaling W p 7→ Qp = (0, xc ) × (0, 1) and W f 7→ Qf = (xc , 1) ×
(0, 1). Further we set Q∗ := Qp ∪ Qf , Q = (0, 1) × (0, 1) and we drop the
‘tildes’ in the notation. Then the problem to be considered is
ut + fx = 0 in Q∗ ,

(2.4.1)

f = Dpx ,

(2.4.2)

p = P (u, x) = Pp (u) + Hxc (x)(Pf (u) − Pp (u)),

(2.4.3)

D = D(u, x) = Dp (u) + Hxc (x)(Df (u) − Dp (u)),

(2.4.4)

where
with

and
Di (u) :=

tf in Pf∗
(h0p + h0f )2

Ci (u), i = p, f.

Here f denotes the water flux and Hxc the shifted Heaviside function:

0 for x < xc ,
Hxc (x) =
1 for x > xc .
The subscripts t and x in (2.4.1) denote partial differentiation with respect
to these variables. Note that (2.4.3) and (2.4.4) involve only dimensionless
nonlinearities.
Assumptions Ap and Ak motivate the following properties for the pressures
Pi and the diffusivities Di :
(HP ) :

Pi : (0, ∞) 7→ R with Pi ∈ C 3+α ((0, ∞)) for some α ∈ (0, 1),
Pi (0+ ) = +∞, Pi (u0i ) = 0 and Pi0 (u) < 0 for all u > 0, i = p, f.
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(HD ) :

Di : [0, ∞) 7→ [0, ∞) with Di ∈ C 2+α ([0, ∞)) for some α ∈ (0, 1),
Di (0) = 0 and Di (u) > 0, for all u > 0, i = p, f.

Note that we have extended the domain of definition of the nonlinearities Pi
and Di to the half line [0, ∞). This is done for technical reasons. Later we
show that u satisfies the natural bounds 0 < u < u0i in Qi (i = p, f ).
The initial condition is written as
u(x, 0) = u0 (x) := u0p + Hxc (x)(u0f − u0p ) for 0 < x < 1,

(2.4.5)

and the boundary conditions are
ux (0, t) = 0 and u(1, t) = ub (t) for all 0 ≤ t ≤ 1.
With respect to ub we assume:
(Hub ) :

ub : [0, 1] 7→ (0, u0f ] with ub ∈ C 2+α/2 ([0, 1]), for some α ∈ (0, 1),
ub (0) = u0 (1) = u0f , u0b (0) = 0, ub (t) < u0f for 0 < t < 1 and
u0b has a finite number of sign changes in [0, 1].

Remark 2.5. In the context of paper-pressing the function ub has only one
extremum (maximum) in [0, 1]. Therefore the limitation on the number of sign
changes poses no restriction.
Remark 2.6. To carry out the steps and manipulations in the proofs of this
paper, we need certain smoothness for the approximate solutions introduced in
Subsection 2.4.2. As will be explained, this is guaranteed by the smoothness assumptions and compatibility conditions in the above hypotheses. In fact, in the
approximate problems we need u00b (0) = 0. This is achieved by a modification
of ub which disappears when passing to the limit.
The matching conditions at x = xc are
+
−
+
p(x−
c , t) = p(xc , t) and f (xc , t) = f (xc , t) for all 0 ≤ t ≤ 1.

Thus the model combines two nonlinear diffusion equations with matching
conditions across the interface x = xc . The latter is the particularity of the
model. To study existence, uniqueness and some qualitative properties of the
solution we borrow ideas from Bertsch et al. [2]. We start with the formulation:
Problem P: Find u : Q∗ → (0, ∞) and p, f : Q → R such that
(i) u ∈ C 2,1 (Qi ) ∩ C(Qi ) and u(1, ·) = ub (·) in [0, 1];
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(ii) p ∈ C(Q) and p = Pi (u) in Qi ;
(iii) f ∈ L∞ ((0, 1); BV (0, 1)), f = Di (u)Pi0 (u)ux in Qi and
ZZ

Z

ZZ
uζt dxdt +

Q

1

u0 (x)ζ(x, 0) dx = 0

f ζx dxdt +
0

Q

for all ζ ∈ H 1 (Q) ∩ C(Q̄) vanishing at x = 1 and at t = 1. Here u0 is
given by (2.4.5).
The formulation implies directly
ut + Di (u)Pi0 (u)ux


x

= 0 in Qi ,

(2.4.6)

+
f (x−
c , ·) = f (xc , ·) a.e. in [0, 1],

and, as stated, continuity of the pressure across the paper-felt interface.

2.4.2

Regularization

We construct a solution of Problem P as the limit of a sequence of solutions of
corresponding regularized problems. Regularized functions are denoted by the
upper index n. Throughout this section we consider n ∈ N and n sufficiently
large. Let
Hxnc (x) = ψ(n(x − xc )), x ∈ [0, 1],
where ψ : R → [0, 1] is a C ∞ -function satisfying


 0 for s ≤ −1;
strictly increasing for − 1 < s < 1;
ψ(s) =


1 for s ≥ 1.
Further, let
P n (u, x) = Pp (u) + Hxnc (x)(Pf (u) − Pp (u)),

(2.4.7)

Dn (u, x) = Dp (u) + Hxnc (x)(Df (u) − Dp (u)).

(2.4.8)

and
The initial value u0 is regularized such that
P n (un0 (x), x) = 0 for all x ∈ [0, 1].
The functions un0 satisfy

(2.4.9)
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Proposition 2.1.
(i) un0 ∈ C ∞ ([0, 1]);
(
u0p for x < xc − 1/n,
(ii) un0 =
u0f for x > xc + 1/n;
(iii) un0 0 (x) ≤ 0 for 0 ≤ x ≤ 1.
Proof. The first property follows from direct differentiation of (2.4.9). The
strict monotonicity of Pi and the properties of Hxnc result in (ii). To show
(iii) we first note that P n is a convex combination of Pp and Pf . Since both
these functions are positive for u < u0f and negative for u > u0p , (2.4.9)
implies u0f ≤ un0 ≤ u0p . Differentiating (2.4.9) with respect to x and using
Pp (u) ≥ Pf (u) for u0f ≤ u ≤ u0p , we have
un0 0 = −

Pf (u) − Pp (u)
Pxn
= −Hxnc 0 (x)
≤ 0.
Pun
Pun


The regularized problems to be studied are:


ut + (Dn (u, x) (P n (u, x))x )x = 0 in Q,



u(1, t) = u (t) for 0 ≤ t ≤ 1,
b
Pn :

ux (0, t) = 0 for 0 ≤ t ≤ 1,



u(x, 0) = un (x) for 0 ≤ x ≤ 0.
0

(2.4.10)

Since Di (0) = 0 and Pi (0+ ) = ∞ (with no rates specified) we want to
avoid points in Q where u vanishes. At t = 0 we have
0 < u0f ≤ un0 in [0, 1].
Therefore, Problem P n is non-degenerate at t = 0 and consequently a unique
local (for 0 < t < δn ) classical solution un exists, see for instance [14, Theorem
4.1, p. 558], giving
un ∈ C 2+β,1+β/2 (Qδn ) for any β ∈ (0, 1),

(2.4.11)

where Qδn = (0, 1) × (0, δn ). This solution can be continued in Q as long as it
remains bounded and bounded away from zero.
Let Qn = (0, 1) × (0, tn ) denote the maximal existence domain for un .
Below we show that tn = 1 by constructing a uniform upper and (positive)
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lower bound for un . For this purpose we use the pressure formulation. Setting
pn = P n (un , x) and differentiating (2.4.7) we obtain
pnt = Pun unt = −Pun (Dn pnx )x in Qn .

(2.4.12)

Along the lateral boundaries we have for 0 < t < tn
pnx (0, t) = Pp0 (un )unx (0, t) = 0

(2.4.13)

and
pn (1, t) = Pf (ub (t)) = PT (t).
At t = 0 we have by (2.4.9),
pn (·, 0) = 0 in [0, 1].
With p := max0≤t≤1 PT (t) the maximum principle for equation (2.4.12) gives
0 < pn < p in Qn .
Using again (2.4.7) we obtain the uniform bounds
0 < u < un < u0p in Qn .

(2.4.14)

−1
(p), where
The positive lower bound is given by u := Pmin
Pmin (u) = min{Pf (u), Pp (u)} (see Figure 2.4).
The uniform bounds imply that tn = 1 for each n ∈ N. Thus we have
obtained

Lemma 2.1. Problem P n has a unique classical solution un ∈ C 2+β,1+β/2 (Q)
satisfying
u ≤ un ≤ u0p in Q,
for all n ∈ N, n sufficiently large.
Remark 2.7. Differentiating the un -equation with respect to t gives a linear
parabolic equation for unt in Q. The smoothness assumptions in the hypotheses combined with (2.4.11) imply Hölder continuity for the coefficients in this
equation. Together with Hub and Remark 2.6, in particular u00b (0) = 0, we find
from [14, Theorem 5.2, p. 320]
unt ∈ C 2+β,1+β/2 (Qδn ).

(2.4.15)

We need this smoothness in the following section when considering the flux
equation.
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Pi
p̄

u

u

u0p

u0f

Pp
Pf
Figure 2.4. Pressure curves for paper and felt. If the curves are ordered as sketched, we
have u = Pf−1 (p).

2.4.3

Flux estimates

In this section we give some uniform estimates for the regularized flux
f n := Dn pnx .

(2.4.16)

We start with the following boundary estimate.
Lemma 2.2. There exists L > 0 such that
|f n (1, t)| ≤ L, for all 0 ≤ t ≤ 1,
for all n ∈ N, n sufficiently large.
Proof. To simplify the notation we drop the superscript n. We use a barrier
function argument in the set
Qδ = (1 − δ, 1) × (0, 1) ⊂ Qf ,
where 0 < δ < 1 − (xc + 1/n). This choices implies that u satisfy

ut + Df (u) (Pf (u))x x = 0 in Qδ .
We transform (2.4.17) by setting
Z

u

v = φ(u) = −
u0f

Df (s)Pf0 (s) ds.

(2.4.17)
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Note that φ0 (u) > 0 for u ≤ u ≤ u0p . Hence β(v) := φ−1 (v) exists and is
strictly increasing such that 0 < β∗ ≤ β 0 (v) ≤ β ∗ for all φ(u) =: v ≤ v ≤
v0p := φ(u0p ). Further we note that f = −vx in Qδ . To prove the lemma we
therefore construct a boundary estimate on vx .
The transformed function v satisfies
(β(v))t = vxx in Qδ ,
with
v(1, t) = φ(ub (t)) =: vb (t),
v ≤ v(1 − δ, t) ≤ v0p


for 0 ≤ t ≤ 1,

and
v(x, 0) = 0 for 1 − δ ≤ x ≤ 1.
Bellow we show that for appropriately chosen C1 and C2 , the function
ve(x, t) = vb (t) + C1 (1 − x) − C2 (1 − x)2
is a supersolution in Qδ . Consider the linear operator
L(α) = β 0 (v)αt − αxx .
Then L(v) = 0 and
L(e
v ) = β 0 (v)vb0 + 2C2 > 0 in Qδ
for C2 sufficiently large. Further
ve(1 − δ, t) = vb (t) + C1 δ − C2 δ 2 > v0p
provided C1 large enough, and
ve(1, t) = vb (t)
for all 0 ≤ t ≤ 1. Finally
ve(x, 0) = C1 (1 − x) − C2 (1 − x)2 ≥ 0,
again for C1 large enough. By the maximum principle we have v ≤ ve in Qδ .
Since v(1, t) = ve(1, t) we obtain
vx (1, t) ≥ vex (1, t) = −C1 for 0 ≤ t ≤ 1.
An upper bound is constructed accordingly.
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v0p
ve
v
vb (t0 )
v

∼

v
1−δ

1

x

Figure 2.5. Subsolution (v ) and supersolution (ve) of v in Qδ , at t = t0 ∈ (0, 1).
∼

Lemma 2.3. The sequence {f n } is uniformly bounded in L∞ (Q).
Proof. Again we drop superscript n from the notation. We want to derive an
equation for the flux. Since ut = −fx ∈ C 2+α,1+α/2 (Q), we are allowed to
differentiate (2.4.16) with respect to t. This gives
ft = afxx + bfx in Q,

(2.4.18)

where a = −DPu and b = −(Du Pu ux + DPuu ux + Du Px + DPxu ). Lemma 2.2
and expressions (2.4.13) and (2.4.9) imply
|f (1, t)| < L,
f (0, t) = 0


for 0 ≤ t ≤ 1,

and
f (x, 0) = 0 for 0 ≤ x ≤ 1.
Then the maximum principle yields |f | < L in Q.



The next lemma gives the global and uniform x−regularity of the fluxes
f n (see also Bertsch et al [2]).

Lemma 2.4. The sequence {f n } is uniformly bounded in L∞ (0, 1); W 1,1 (0, 1) .
Proof. Here too we drop the superscript n from the notation. Using equation
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(2.4.18), we evaluate for fixed n ∈ N,  > 0 and 0 < t < 1
Z
d 1p
(fx )2 + 
dt 0
Z 1
Z 1
1
fx ft
fx fxt
fxx
=
f
=
−
1/2
1/2
3/2 t
0 ((fx )2 + )
0 ((fx )2 + )
((fx )2 + )
x=0
Z 1
Z 1
fx ft
a(fxx )2
bfx
=
(1,
t)
−
f
−
3/2 xx
3/2
2
0 ((fx ) + )
0 ((fx )2 + )
((fx )2 + )1/2
Z 1
fx ft
fx
≤
(1, t) −
bf .
1/2
3/2 xx
2
2
0 ((fx ) + )
((fx ) + )
Integrating this inequality in (0, t) gives
Z 1p
Z t
Z tZ 1
√
fx ft
fx
2
fx (t) +  −  ≤
(1, s) ds −
bf .
1/2
3/2 xx
2
2
0
0 ((fx ) + )
0
0 ((fx ) + )
(2.4.19)
The second term on the right can be written as
Z tZ 1
g (fx )bfxx
0

0

where
g (s) =

s
(s2

+ )3/2

, s ∈ R.

This function is uniformly bounded and satisfies lim↓0 g (s) = 0 pointwisely
in R. Using this and the fact that bfxx ∈ L1 ((0, 1) × (0, t)) we obtain from
Lebesgue’s dominated convergence theorem
Z tZ 1
fx
lim
bf = 0,
(2.4.20)
3/2 xx
2
↓0 0
0 ((fx ) + )
for each t ∈ (0, 1) and n ∈ N.
To estimate the boundary term we note that
fx (1, t) = −ut (1, t) = −u0b (t).
Thus,
fx ft
((fx )2 + )1/2

(1, t)


 0 in {u0b = 0},
0
=−
1/2 ft (1, t) →  −ft in {ub > 0},
0
2
(ub (t)) + 
ft in {u0b < 0},
u0b (t)

(2.4.21)
as  ↓ 0.
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Letting  → 0 in (2.4.19) and using (2.4.20) and (2.4.21) gives the estimate
Z

1

|fx (t)| ≤ 2(N + 1)L, for all t ∈ (0, 1) and n ∈ N.
0

Here N is the number of sign changes of u0b in (0, 1) and L is the constant
from Lemma 2.2.


2.4.4

Existence

We first show that the sequence {un } is equicontinuous away from xc . Bellow
we use the notation, for µ > 0,


1
N (µ) = min n ∈ N, n >
,
µ
Q(µ) = {(x, t) : x ∈ [0, xc − µ) ∪ (xc + µ, 1], t ∈ [0, 1]} .
Then we have:
Lemma 2.5. The sequence {un }n≥N () is equicontinuous in Q() for each
sufficiently small  > 0.
Proof. Fix 0 <  < min{xc , 1 − xc }. The uniform bounds in Lemma 2.1 and
Lemma 2.3, and the particular choice of regularisations (2.4.7) and (2.4.8)
imply that solutions un , with n ≥ N (), are uniformly Lipschitz continuous
with respect to x in Q(1/N ()). The smoothness and boundedness of the
coefficients of the un -equation allow us to apply [8]. As a result we obtain
that for n ≥ N () the solutions un are uniformly Hölder continuous (exponent
1/2) with respect to t in Q() ⊂ Q(1/N ()). This proves the assertion.

We are now in a position to apply Ascoli’s Theorem [11] and the (usual)
diagonal procedure to obtain a subsequence of {un }, again denoted by {un },
and a function u ∈ L∞ (Q) ∩ C(Q∗ ) such that
un → u pointwisely in Q∗ ,
un → u uniformly in Q() for any  > 0,
as n → ∞. Clearly
u ≤ u ≤ u0p in Q∗
and u(1, ·) = ub (·) in [0, 1].

(2.4.22)
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The corresponding sequence of fluxes {f n } is uniformly bounded in L∞ (Q) ⊂
Hence there exists a subsequence, here too denoted by {f n }, and a
function f ∈ L∞ (Q) such that

L2 (Q).

f n → f weakly in L2 (Q).
Since
ZZ

n

Z

n

{u ζt + f ζx } dxdt +

1

un0 (x)ζ(x, 0) dx = 0

0

Q

for all test functions ζ as in Problem P, we obtain along the subsequence
n→∞
Z 1
ZZ
u0 (x)ζ(x, 0) dx = 0.
{uζt + f ζx } dxdt +
0

Q

Recalling

fn
,
Dn
it follows from Lemma 2.1, Lemma 2.3 and (HD ) that there exists a constant
K > 0 such that
|pn (xc + δ, t) − pn (xc − δ, t)| ≤ 2δK
pnx =

for each t ∈ [0, 1] and for all δ > 0. Hence, the global pressure

Pp (u) in Qp ,
p :=
Pf (u) in Qf
satisfies p ∈ C(Q). As a consequence u ∈ C(Qi ) for i = p, f .
Next we fix ζ ∈ C0∞ (Qi ). Then
ZZ
 n
0=
u ζt + Di (un )Pi0 (un )unx ζx dxdt
i
Q
ZZ
 n
=
u ζt + Di (un )Pi0 (un )unx ζx dxdt

(2.4.23)

Q()

for  such that supp (ζ) ⊂ Q() and for all n ≥ N (). By the uniform
convergence of un and the weak convergence of f n we obtain
ZZ
{uζt + Di (u)Pi (u)ux ζx } dxdt = 0
Qi

for all ζ ∈ C0∞ (Qi ). Here ux = f / (Di (u)Pi0 (u)) in Qi .
Hence u is a weak solution of

ut + Di (u)Pi0 (u)ux x = 0 in Qi ,

(2.4.24)

32

Chapter 2. The completely saturated case

and u is Hölder continuous away from {x = xc } (as a consequence of the proof
of Lemma 2.5). Moreover, away from {x = xc }, the sequence {un } is uniformly
bounded in C 2+β,1+β/2 (see, for instance, [7, Theorem 5, p. 64]). It follows
that u ∈ C 2,1 (Q∗ ) and (2.4.24) is satisfied classically (see also [4]). Finally,
inherited from Lemma 2.4, we have f ∈ L∞ ((0, 1), BV (0, 1)). This completes
the existence proof:
Theorem 2.2. The triple (u,p,f ) is a solution of Problem P.
Restricted to Qi , the solution u has the same smoothness as the approximations un . In particular
e i ) (i = p, f ),
ut ∈ C 2+α,1+α/2 (Q

(2.4.25)

where
e i :=
Q



{(x, t) : 0 ≤ x < xc , 0 ≤ t ≤ 1} when i = p,
{(x, t) : xc < x ≤ 1, 0 ≤ t ≤ 1} when i = f.

This follows along the same lines, see for instance Remark 2.7. Let

uf (t) := u(x+
c , t)
for 0 ≤ t ≤ 1.
up (t) := u(x−
c , t)
Continuity of the pressure p in Q implies up , uf ∈ C([0, 1]). This can be
improved by using the boundedness of the flux.
Lemma 2.6. up , uf ∈ C 1/4 ([0, 1]).
Proof. We only prove the assertion for up . For any fixed 0 ≤ t1 < t2 ≤ 1 we
consider the rectangle Rp = (0, xc ) × (t1 , t2 ). Then
ZZ

Z

t2

ut φ(x) dxdt +
Rp

t1

f (x−
c , t)φ(xc )

ZZ
dt −

f φ0 (x) dxdt = 0,

Rp

for any φ ∈ W 1,∞ (0, xc ). Taking φ(x) = u(x, t2 ) − u(x, t1 ) gives
Z xc
{u(x, t2 ) − u(x, t1 )}2 dx ≤ K(t2 − t1 ),
0

where K is a positive constant involving the Lipschitz constant of u. This
inequality implies uniform Hölder continuity of u with respect to t (exponent
1/4). Details are given in [6].
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Remark 2.8. Theorem 2.2 gives existence for the piecewise constant initial
condition (2.4.5). This result extends straightforwardly to

u0p (x) for 0 ≤ x ≤ xc ,
u0 (x) =
u0f (x) for xc ≤ x ≤ 1,
for sufficiently smooth, positive functions u0p and u0f , satisfying the compatibility conditions u00p (0) = 0, Pp (u0p (xc )) = Pf (u0f (xc )) and u00f (1) = u000f (1) =
0.
We conclude this section by showing that compression occurs in Qf as well.
Lemma 2.7. We have
u < u < u0f in Qf
and
g(u) < u < u0p in Qp .
Here g = Pp−1 ◦ Pf and u is the lower bound from Lemma 2.1.
Proof. Suppose u > u0f somewhere in Qf . Then the maximum principle gives
that u > u0f somewhere on the parabolic boundary of Qf . However, u(1, t) =
ub (t) ≤ u0f for all 0 ≤ t ≤ 1 and u(x, 0) = u0f for all xc ≤ x ≤ 1. Hence,
u > u0f somewhere on the segment {(x, t) : x = xc , 0 ≤ t ≤ 1}. If (xc , tc ) is
such a point, then Pp (up (tc )) = Pf (uf (tc )) < 0, implying up (tc ) > u0p . This
contradicts (2.4.22). A similar argument gives the lower bound in Qp .


2.5

Comparison principle

We start with a comparison result for Problem P involving arbitrary initial
(u0 ) and boundary (ub ) data. Throughout we assume that hypotheses (HP ),
(HD ) and (Hub ), as well as the conditions from Remark 2.8 are satisfied. The
proof uses ideas from [2].
Theorem 2.3. Let (u1 , p1 , f1 ) and (u2 , p2 , f2 ) denote two solutions of Problem
P corresponding to initial/boundary data (u01 , ub1 ) and (u02 , ub2 ), respectively.
Then u01 ≤ u02 and ub1 ≤ ub2 in [0, 1] imply u1 ≤ u2 in Q∗ .
Proof. We set, for i = p, f ,
Z

u

φi (u) := −

Di (s)Pi0 (s)ds.

u0i

Clearly

f=

−(φp )x in Qp ,
−(φf )x in Qf .

(2.5.1)
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Next we test the equation for the difference,
ZZ
Z 1
{(u1 − u2 )ζt + (f1 − f2 )ζx } dxdt +
(u01 (x) − u02 (x))ζ(x, 0) dx = 0,
Q

0

(2.5.2)
with
ζ = ξψη,
where
(i) ξ is a C 1 cut-off function near

 1 for
0 for
ξ(x) =

1 for

x = xc :
0 ≤ x ≤ xc − δ,
xc − δ/2 ≤ x ≤ xc + δ/2,
xc + δ ≤ x ≤ 1,

such that ξ 0 (x) ≤ 0 for xc − δ ≤ x ≤ xc − δ/2 and ξ 0 (x) ≥ 0 for
xc + δ/2 ≤ x ≤ xc + δ.
(ii) ψ is a C 1 cut-off function near t = τ ∈ (0, 1]:

1 for 0 ≤ t ≤ τ − µ,
ψ(t) =
0 for τ ≤ t ≤ 1,
such that ψ 0 (t) ≤ 0 for τ − µ < t < τ.
(iii)
η =S (φp (u1 ) − φp (u2 ))
+ Hxnc (x) {(S (φf (u1 ) − φf (u2 )) − S (φp (u1 ) − φp (u2 ))} ,
in which n is taken such that n > 2/δ and where

0 √
for r ≤ 0,
S (r) =
r/ r2 + 2 for r > 0.
Here, δ, µ and  are sufficiently small positive parameters. Note that for  ↓ 0,


1 for r > 0 
S (r) → χr>0 :=
0 for r ≤ 0
pointwisely in R.
(2.5.3)

rS0 (r) → 0
As in Section 2.4, regularity theory for the equations in the subdomains Qp
and Qf gives that both u1 and u2 satisfy (2.4.25). Hence we may integrate
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first term in (2.5.2) by parts. With Qτ = (0, 1) × (0, τ ) this gives
ZZ
(u1 − u2 )t ξψη dxdt
Qτ
ZZ
X ZZ
0
(f1 − f2 )2 ψξS0 (φi (u1 ) − φi (u2 )) dxdt
=
(f1 − f2 )ψξ η dxdt −
Qτ

ZZ

i=p,f

Qiτ

(f1 − f2 )ψξ 0 η dxdt.

≤
Qτ

(2.5.4)
Here Qiτ (i = p, f ) denotes either the paper or the felt part of Qτ .
We fix µ, δ > 0 and let  ↓ 0. Then (2.5.4) becomes
ZZ
ZZ
ξψ((u1 − u2 )+ )t dxdt ≤
(f1 − f2 )ψξ 0 S χ{u1 >u2 } dxdt,
Qτ

Qτ

since φi (u1 ) ≤ φ(u2 ) ⇔ u1 ≤ u2 . Letting µ ↓ 0 and using the assumption that
u01 ≤ u02 we obtain
1

Z
0

ξ(u1 − u2 )+ (τ ) dx
Z (Z
τ

xc −δ/2

≤
xc −δ

0
τ

Z
=:
0

Iδ− + Iδ+

(f1 − f2 )ξ 0 χ{u1 >u2 } dx +



Z

xc +δ

xc +δ/2

)
(f1 − f2 )ξ 0 χ{u1 >u2 } dx

dt

dt.
(2.5.5)

±
Let t ∈ (0, τ ) be chosen such that f − and f + exist. We set u±
i := ui (xc ), for
i = 1, 2, and consider the possibilities:
+
1. u+
1 > u2 . Then u1 > u2 in the right neighbourhood of x = xc and
χ{u1 >u2 } = 1 in (xc + δ/2, xc + δ) for δ sufficiently small. The pressure
−
condition implies u−
1 > u2 and consequently χ{u1 >u2 } = 1 in (xc −δ, xc −
δ/2, ), again for small δ. Using this in (2.5.5) and using
)
R xc +δ
+
+
0
xc +δ/2 (f1 − f2 )ξ dx → f1 − f2 ,
as δ → 0.
R xc −δ/2
−
−
0
xc −δ (f1 − f2 )ξ dx → −(f1 − f2 )

we find

lim Iδ− + Iδ+ = [f1 ] − [f2 ] = 0.

δ→0

36

Chapter 2. The completely saturated case
+
2. u+
1 < u2 . By the same arguments as above χ{u1 >u2 } = 0 in (−δ, −δ/2) ∪
(xc + δ/2, xc + δ), for δ sufficiently small. Therefore

Iδ− + Iδ+ = 0.
+
3. u+
1 = u2 . In this case we have to compare the fluxes:

(a) f1+ = f2+ . Then f1− = f2− and consequently
sup(xc +δ/2,xc +δ) (f1 − f2 )χ{u1 >u2 } → 0,
sup(xc −δ,xc −δ/2) (f1 − f2 )χ{u1 >u2 } → 0


as δ → 0.

Thus again

lim Iδ− + Iδ+ = 0.

δ→0

(b) f1+ > f2+ . Then f1 > f2 and therefore u1x < u2x and u1 < u2 in
(xc + δ/2, xc + δ) for small δ. By flux continuity f1− > f2− and thus
u1x < u2x and u1 > u2 in (xc − δ, xc − δ/2) for small δ. Therefore
Iδ− + Iδ+ = Iδ− ≤ 0.
(c) f1+ < f2+ . Now u1x > u2x and u1 > u2 in (xc + δ/2, xc + δ) for δ
small. Like above f1− < f2− and therefore u1x > u2x and u1 < u2
in (xc − δ, xc − δ/2) for small δ. Thus
Iδ− + Iδ+ = Iδ+ ≤ 0.
Combining these conclusions with (2.5.5) we get
u1 (·, τ ) ≤ u2 (·, τ ) in (0, 1) \ {xc }.
Since τ was taken arbitrary, the proof is complete.



As a direct consequence we have
Theorem 2.4. Problem P has at most one solution.

2.6

Some qualitative properties

The main object of the pressing process is to remove water from paper. Since
the phases are assumed incompressible, the amount of water in the paper is

2.6. Some qualitative properties
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measured by its thickness. In unscaled variables the paper thickness is given
by
Z h0p
Z hp (t)
(1 + (Z, t)) dZ.
dz =
hp (t) =
0

0

Using scaling (2.3.4) and the scaling of Section 2.4 we obtain
Z xc
hp (t)
hp (t) :=
u(x, t) dx + xc (1 − φ0p ).
=
h0p + h0f
0

(2.6.1)

We first show that the paper thickness decreases during the first time interval
where the total applied pressure increases.
Proposition 2.5. Let t∗ ∈ (0, 1) be such that PT0 > 0 in (0, t∗ ). Then h0p < 0
in (0, t∗ ).
Proof. We differentiate (2.6.1) with respect to t and use equation (2.4.1). This
gives
+
h0p (t) = −f (x−
(2.6.2)
c , t) = −f (xc , t)
for 0 ≤ t ≤ 1. We use a maximum principle argument for the fluxes to show
f (xc , t) > 0 for 0 < t < t∗ ,

(2.6.3)

which proves the assertion.
From the definition (2.3.8) it follows that u0b ≤ 0 in [0, t∗ ]. Hence
fx (1, t) = −u0b (t) ≥ 0 for 0 ≤ t ≤ t∗ .
Consequently, the flux cannot attain a minimum along the boundary segment
{(x, t) : x = 1, 0 ≤ t ≤ t∗ }. If the flux would be negative somewhere in
Qft∗ = (xc , 1) × (0, t∗ ), then it has to reach a negative minimum at some point
(xc , t0 ), with 0 < t0 ≤ t∗ , where
+
fx (x+
c , t0 ) > 0 and ut (xc , t0 ) < 0.

(2.6.4)

The maximum principle in the paper region gives that f (xc , t0 ) is also minimal
with respect to Qpt∗ , giving
−
fx (x−
c , t0 ) < 0 and ut (xc , t0 ) > 0.

(2.6.5)

The second inequality in (2.6.4) and (2.6.5) contradict pressure continuity
across the paper-felt contact. Hence f > 0 in Qft∗ yielding (2.6.3).

Next we show that paper loses water in the press section and cannot be
very thin unless the total pressure becomes large.
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Proposition 2.6. For any t > 0 we have
1−<

hp (t)
< 1,
hp (0)

where  = u0p − u with u given in (2.4.14).
Proof. First note that hp (0) = xc (u0p + 1 − φ0p ) = xc . Further, inequality
(2.4.22) and the maximum principle give
u < u < u0p in Qp .
Applying these bounds in (2.6.1) gives the desired estimates.

2.7



Numerical example

In this section we show the results of one numerical experiment. For the
structural pressure we take, see also [15],

i
, i = p, f.
Pi (u) = Pi∗ u−ri − u−r
0
The permeability is modelled by the following relation, taken from [13],
ki (φ) = k0i

φ3
, i = p, f.
(1 − φ)2

(2.7.1)

Here Pi∗ , ri and k0i are positive constants depending on the medium.
The experiments share the following values for the physical constants:
h0p = 2 · 10−4 m, h0f = 1 · 10−3 m, tf in = 2.4 · 10−2 s, u0p = 0.55, u0f = 0.42,
Pp∗ = 2.3 · 105 Pa, Pf∗ = 5 · 105 Pa, rp = 5.15, rf = 2.7, µ = 10−3 Pa s,
k0p = 5 · 10−15 m2 , k0f = 10−14 m2 .
Further, the total applied pressure is given by
PT (t) = 5 · 106 sin2 (πt/tf in ) Pa

for 0 ≤ t ≤ tf in .

We combine the forward Euler method with the finite volume discretization to approximate u in the interior of each subdomain. At the interface we
consider two additional unknowns, u+ and u− , which are determined at each
time step by imposing pressure and flux continuity across the interface. This
yields a system of two equations in u+ and u− (see [5] for details).
Comments:

2.7. Numerical example
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Figure 2.6. Results of numerical example.

The computational results are shown in Figure 2.6. We observe that paper expands before reaching the end of the press section and that the water
flow reverses direction. This phenomenon is called rewetting. Higher felt permeability causes stronger diffusion and more efficient flow both in the time
interval when water flows from paper to felt and when it flows back, from felt
to paper. Thus it is not trivial (using the maximum principle for instance) to
show that larger felt permeability causes better drying results. At the other
side, as we can easily deduce from the equations, larger applied pressures would
improve the pressing results. However, the magnitude of the total pressure is
limited by the final quality of the paper.
This simplified model offers a good basis for further research by giving an
insight into some of the features of the wet pressing process (compression of
the porous layers, flow of fluid, interface problem etc). However, having in
mind that air plays an important role in standard press sections, this model
(considering the saturated case) poses serious restrictions in direct applications. In order to address problems mentioned in the introduction, the next
step is to include the presence of air in paper and felt, combined with ‘no flow’
condition at contact with both press rolls.
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[5] Duijn, C.J. van, Mikelić, A. and Pop, I.S.: 2002, Effective equations for
two-phase flow with trapping on the micro scale, SIAM J. Appl. Math.
62(5), 1531-1568.
[6] Duijn, C.J. van and Peletier, L.A.: 1982, Nonstationary filtration in partially saturated media, Archive Rat. Mech. Anal. 78, 173-198.
[7] Friedman, A.: 1964, Partial Differential Equations of Parabolic Type,
Prentice-Hall, Englewood Cliffs, New Jersey.
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Chapter 3

Analysis of wet pressing of paper: the
one compressible fluid case

3.1

Introduction

I

n [3] we have studied a model for wet pressing of paper in a limit case, when
the layers are completely saturated by water. In this study we consider
another limit case, when paper and felt are completely saturated by air (or,
in general, by a single compressible fluid).
In some wet pressing studies (for instance [13]) the mixture of water and
air is considered as a single compressible fluid. With this interpretation, our
study can be considered as a simplified three-phase model, where properties
(viscosity, compressibility) of the compressible fluid are a priori known. In
fact, we consider here the case when the fluid has the properties of pure air.
Following the procedure from our previous study [3], we will show the
existence of a weakened classical solution by the method of regularization,
under an additional assumption. The appearance of an additional term in the
equation (fluid density) makes the problem much more complicated comparing
to [3]. Furthermore, the analysis of the flux equation will give a criterion for
the direction of the flow.
In Section 3.2 we briefly introduce the model and in Section 3.3 we prove
the existence of the solution. Computational results of a typical example are
presented in Section 3.4. In the last section we give some closing remarks.

3.2

The model

We consider paper and felt as deformable porous layers, with void space filled
by air only. Only transversal flow and deformations are considered. The solid
43
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phase is incompressible while the air is assumed to behave as an ideal gas.
We thus assume that the air pressure pa is a function of the air density ρ,
satisfying the following assumption:
(Apa ) : pa : (0, ∞) 7→ (0, ∞) is a smooth function such that
pa (ρ0 ) = p0 , lim pa (ρ) = ∞ and p0a (ρ) > 0 for 0 < ρ < ∞,
ρ→∞

where ρ0 and p0 are respectively the atmospheric density and pressure of air.
Without loss of generality we take p0 = 0.
Remark 3.1. Here and in the other hypotheses smooth means ‘smooth enough’
so that classical solution exists away from the paper-felt interface.
The total pressure is assumed to be given by the function t 7→ pT (t), where
pT satisfies:
(ApT ) : pT : [0, tf in ] → [0, ∞) is a smooth function such that pT (0) = 0,
pT (1) = 0, pT is positive in (0, tf in ) and increasing in (0, t∗ ).
Here tf in is the total time of the press nip and t∗ ∈ (0, tf in ). In the case
when press nip is formed by a pair of round rolls (as in Section 3.4) we have
t∗ = tf in /2.
Terzaghi’s principle [1] implies
p T = ps + p a .
The mechanical behaviour of the solid skeletons of the layers is assumed
to be perfectly elastic. This leads, as in [3], to a relation
ps = ps (u),
where ps is the structural pressure and u is the scaled void ratio given by
u = (1 − φ0 )

φ
,
1−φ

where φ is the porosity and φ0 is the value of φ that corresponds to the
undeformed configuration. We assume that the function ps (u) satisfies
(Aps ) : ps : (0, u0 ] 7→ [0, ∞) is a smooth function such that
ps (0+ ) = +∞, ps (u0 ) = 0 and p0s (u) < 0 for 0 < u < u0 .
Combining the above three relations we obtain
ρ = ρ(u, t) := p−1
a (pT (t) − ps (u)) .

(3.2.1)

3.2. The model
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Following the lines from [3] we can rewrite the mass balance and Darcy’s
equation, using the above equations, into a nonlinear partial differential equation:
(ρ(u, t)u)t + (ρ(u, t)C(u)pZ )Z = 0,
(3.2.2)
where t is time and Z is the vertical material coordinate that corresponds
to the uniformed configuration and subscripts denote partial differentiation.
Furthermore
k(u)
C(u) =
,
µ(u + 1 − u0 )
where µ is the viscosity of water, u0 = φ0 is the value of u corresponding to
the undeformed configuration and k(u) is the intrinsic permeability given as
a function of void ratio. We assume as in [3] that the function k(u) satisfies
(Ak ) : k : [0, ∞) 7→ [0, ∞) is a smooth function such that
k(0) = 0 and k 0 (u) > 0 for 0 < u < ∞.
Equation (3.2.2) holds in both the paper and felt domain where it differs
through ps (u), k(u) and φ0 . In mathematical terms these domains are
paper: W p = {(Z, t) : Z ∈ (0, hp0 ) , t ∈ (0, tf in )},


felt: W f = {(Z, t) : Z ∈ hp0 , hp0 + hf0 , t ∈ (0, tf in )},
where hp0 and hf0 are the initial thicknesses of paper and felt. Here and in the
sequel we denote the properties of paper and felt by the additional superscripts
p or f .

Initial, boundary and cross conditions
Since we consider a two layer (paper-felt) system, apart from initial and boundary conditions we also need cross conditions at the interface. Here we specify
all these conditions.
Initial condition
The initial (reference) configuration is undeformed and for each layer the initial
state is uniform:

u0p for Z ∈ (0, h0p ),
u(Z, 0) =
u0f for Z ∈ (h0p , h0p + h0f ).
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Boundary conditions
The layers are in contact with a nonpermeable press roll, giving as in [3]
no-flow conditions at both (outer) boundaries
uZ (0, t) = 0, uZ (h0p + h0f , t) = 0 for t ∈ (0, tf in ).
Cross conditions
Paper and felt are in perfect contact. This means that the pressures (total,
structural and fluid) and the mass discharge of fluid are continuous across the
interface.
Continuity of pressures implies
pps (u)|(hp − ,t) = pfs (u)
0

+

(hp0 ,t)

for t ∈ (0, tf in ),

and
pa (ρ)|(hp − ,t) = pa (ρ)|(hp + ,t) for t ∈ (0, tf in ).
0

0

Since the same functional dependence pa (ρ) is valid in paper and felt domains,
the last equation implies
ρ|(hp − ,t) = ρ|(hp + ,t) for t ∈ (0, tf in ).
0

(3.2.3)

0

Continuity of the fluid mass discharge together with (3.2.3) gives the continuity
of the fluid volume discharge
Cp (u)(pps )Z |(hp − ,t) = Cf (u)(pfs )Z
0

+

(hp0 ,t)

for t ∈ (0, tf in ).

Therefore the model is, in mathematical terms, a two-layer problem, consisting of a partial differential equation (3.2.2), subject to initial, boundary
and cross conditions. Before beginning to study this problem, in the following
remark we briefly explain why the corresponding single layer problem has only
trivial solutions.
Remark 3.2. (Single layer problem)
When considering a single layer problem with no-flow boundary conditions
one verifies directly that a function of the form u = u(t) satisfies equation
(3.2.2) and the boundary conditions. This form implies that there is no flow
of fluid relative to the solid particles. It follows that if the total applied pressure
increases, u decreases (the medium is being compressed) and inversely. In the
case of two layers, such trivial solution does not exist since the x-dependance
enters because of the cross conditions.

3.3. Existence of the solution

3.3
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3.3.1

Problem formulation

As in [3] we scale equation (3.2.2) by taking
t :=

t
tf in

, x :=

Z

, xc :=
f

hp0 + h0

hp0

, pi :=
f

hp0 + h0

pi
pfs0

and t∗ :=

t∗
tf in

,

where pfs0 is the characteristic pressure in the felt. The paper and felt domains
W p and W f transform respectively to
Qp := (0, xc ) × (0, 1) and Qf := (xc , 1) × (0, 1).
We set Q∗ := Qp ∪ Qf .
Using (3.2.1) we obtain, for i = p, f ,
i
i
v := ρu = p−1
a (pT (t) − p (u))u =: v (u, t).

To simplify notation we will keep the same notation for the unknown and the
function (in this case v and v(u, t) respectively), unless stated otherwise.
The positivity of u in Q∗ (which will be shown later), implies that v i is
strictly increasing in u for each t ∈ [0, 1]. Hence, we can introduce the inverse
uvi := (v i )−1 satisfying, for i = p, f ,
uvi (v i (u, t), t) = u for all u > 0 and t ∈ [0, 1].
We set
i

D (v, t) =

tf in pfs0
(hp0 + hf0 )2

ρi (u, t)Ci (uvi (v, t)), i = p, f,

D(v, x, t) = Dp (v, t) + Hxc (x)(Df (v, t) − Dp (v, t)),
pvi (v, t) := pi (uvi (v, t)), i = p, f,
and



pv (v, t, x) = pvp (v, t) + Hxc (x) pvf (v, t) − pvp (v, t) .

Here Hxc is the shifted Heaviside function:

0 for x < xc ,
Hxc (x) =
1 for x > xc .
The problem to be considered is
vt + fx = 0 in Q∗ ,

(3.3.1)
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where the flux f is given by
f = D(pv )x .
Assumptions Aps and Ak imply the following properties of the pressure functions pvi and the diffusion coefficients Di , again for i = p, f :
(Aps ) : For any t ∈ [0, 1] : pvi (·, t) : (0, ∞) 7→ R is a smooth function such
that pvi (0+ , t) = +∞, pvi (v0i ) = 0 and pvi (v, t)v < 0 for all v > 0,
where v0i = ui0 ρ0 .
(AD ) : For any t ∈ [0, 1] : Di (·, t) : [0, ∞) 7→ [0, ∞) is a smooth function
such that Di (0, t) = 0 and Di (v, t) > 0 for all v > 0.
We have, for technical reasons, extended the domain of definition of the nonlinearities pvi and Di to the half line [0, ∞). Later we show that v satisfies the
natural bounds 0 < v < v0i in Qi (i = p, f ).
The initial and the boundary conditions read, respectively,
v(x, 0) = v0 (x) := v0p + Hxc (x)(v0f − v0p ) for 0 < x < 1,

(3.3.2)

vx (0, t) = 0 and vx (1, t) = 0 for all 0 ≤ t ≤ 1.
The matching conditions at x = xc are
+
−
+
p(x−
c , t) = p(xc , t) and f (xc , t) = f (xc , t) for all 0 ≤ t ≤ 1.

We are now in the position to introduce a weak formulation which deviates
from one used in [3]. Since we are not able to prove bounded variation for
the flux, this statement is dropped from the definition as used in [3]. Hence,
pointwise mass conservation and uniqueness of the weak solution are not implied by this formulation.
Problem P: Find v : Q∗ → (0, ∞) and p, f : Q → R such that
(i) v ∈ C 2,1 (Qi ) ∩ C(Qi );
(ii) p ∈ C(Q) and p = pvi (v, t) in Qi for all t ∈ (0, 1);
(iii) f = Di (v, t)pvi (v, t)v vx in Qi for all t ∈ (0, 1) and
ZZ
ZZ
Z 1
vζt dxdt +
f ζx dxdt +
v0 (x)ζ(x, 0) dx = 0
Q

Q

0

for all ζ ∈ H 1 (Q) ∩ C(Q). Here v0 is given by (3.3.2).

3.3. Existence of the solution

3.3.2
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Regularization

We will construct a solution of Problem P as the limit of a sequence of solutions of corresponding regularized problems. Regularized functions are denoted by the upper index n. Throughout this section we consider n ∈ N and
n sufficiently large. Let
Hxnc (x) = ψ(n(x − xc )), x ∈ [0, 1],
where ψ : R → [0, 1] is a C ∞ -function satisfying


 0 for s ≤ −1;
strictly increasing for − 1 < s < 1;
ψ(s) =


1 for s ≥ 1.
We set
Dn (v, x, t) = Dp (v, t) + Hxnc (x)(Df (v, t) − Dp (v, t))
and
v0n (x) = v0p + Hxnc (x)(v0f − v0p ).
The next step is to regularize the function pv given by (3.3.1). Instead of
replacing Hxc in (3.3.1) by Hxnc we proceed alternatively, making the derivation
of the flux equation (Appendix A) significantly easier.
−1
Assumption (Aps ) implies the existence of the function ui = pi satisfying:
(Aui ) : ui : R 7→ (0, ∞) is a smooth function such that ui (−∞) = ∞,
0

ui (0) = ui0 , ui (∞) = 0 and ui (p) < 0 for all p, i = p, f.
For given n ∈ N we now define


un (p, x) = up (p) + Hxnc (x) uf (p) − up (p) .

(3.3.3)

Since
0

(un (p, x))p = (1 − Hxnc (x))up0 (p) + Hxnc (x)uf (p) < 0 for 0 ≤ x ≤ 1,
there exists a function pn such that, for any fixed x ∈ [0, 1],
pn (un (p, x), x) = p for all p.

(3.3.4)

Lemma 3.1. The following relation is satisfied:
∂un (p,x)

∂pn (un (p, x), x)
= − ∂un∂x
.
(p,x)
∂x
∂p

(3.3.5)
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Proof. Differentiation of equation (3.3.4) with respect to p and x gives, respectively,
∂pn (un (p, x), x) ∂un (p, x)
= 1,
∂u
∂p
and


∂p(u, x)
∂pn (un (p, x), x) ∂un (p, x)
∂un (p, x)
n n
+
(p (u (p, x), x))x =
px +
.
∂u
∂p
∂x
∂x
Note that pn (u, x)x denotes the total derivative of p with respect to x, while
∂pn (u,x)
denotes the corresponding partial derivative (for fixed u). Combining
∂x
the above two expressions we obtain (3.3.5).

Remark 3.3. Using (3.3.5) and (3.3.3) we find that
1. For x < xc − 1/n: pn (u, x) ≡ pp (u);
2. For x > xc + 1/n: pn (u, x) ≡ pf (u).
Now we set
pv,n (v, t, x) = pn (uv (v, t), x).
As in [3], the initial value v0n is chosen such that
pv,n (v0n (x), 0, x) = 0 for all x ∈ [0, 1].
Functions un0 satisfy the following proposition (the proof is the same as in [3]).
Proposition 3.1.
(i) un0 ∈ C ∞ ([0, 1]);
(
up0 for x < xc − 1/n,
(ii) un0 =
uf0 for x > xc + 1/n;
(iii) un0 0 (x) ≤ 0 for 0 ≤ x ≤ 1.
We define now the regularized problem P n :

n
v,n

vt + (D (v, t, x) (p (v, t, x))x )x = 0 in Q,
P n : vx (0, t) = 0, vx (1, t) = 0 for 0 ≤ t ≤ 1,


v(x, 0) = v0n (x) for 0 ≤ x ≤ 0.

(3.3.6)

As in [3], Problem P n is non-degenerate at t = 0 and consequently a
unique local (in time) solution exists. This solution can be continued as long
as v remains bounded and bounded away from zero. In the following section
we will show that this solution can be extended globally (up to t = 1).

3.3. Existence of the solution

3.3.3
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Pressure and void ratio estimate

Let Qn = (0, 1) × (0, tn ) denote the maximal existence domain for un . We
show that tn = 1 by constructing a uniform upper and positive lower bound
for v n . For this purpose we will prove uniform bounds for the pressure:
Lemma 3.2. The sequence {pn } is uniformly bounded in L∞ (Qn ).
Proof. We omit the superscript n to simplify writing and set
v = ρu = p−1
a (pT (t) − p)u(p, x) =: V (p, x, t).
Consequently, we have an equation for p in Qn :
vt =

∂V (p, x, t)
∂V (p, x, t)
pt +
= (Dpx )x .
∂p
∂t

Here
∂V (p, x, t)
∂u(p, x)
0
−1
= −p−1
< 0, (3.3.7)
a (pT (t) − p)u(p, x) + pa (pT (t) − p)
∂p
∂p
and
∂V (p, x, t)
0
0
= p−1
a (pT (t) − p)pT (t)u(p, x).
∂t
Taking p = λt + q we have an equation for q
−

(3.3.8)

∂V (p, x, t)
∂V (p, x, t)
∂V (p, x, t)
qt − (Dqx )x =
λ+
=: A.
∂p
∂p
∂t

(3.3.7) and (3.3.8) give
 0

∂u(p, x)
0
−1
A = p−1
.
a (pT (t) − p)u(p, x) pT (t) − λ + λpa (pT (t) − p)
∂p

(3.3.9)

If A ≤ 0, having in mind (3.3.7), the maximum principle implies that q has no
internal maximum. Likewise, A ≥ 0 implies that q has no internal minimum.
Next we find λ such that A ≤ 0. For
λ1 = max{ max p0T (t), 0} = sup p0T (t) > 0
t∈[0,1]

t∈(0,1)

both terms on the right-hand side of (3.3.9) are negative and thus A ≤ 0.
Further we have
qx (1, t) = qx (0, t) = 0 for t ∈ [0, 1].
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By the maximum principle
q ≤ max q = max p = 0 in Qn .
t=0

t=0

Thus
p = λ1 t + q ≤ λ1 + q ≤ λ1 = max p0T (t) =: p in Qn .
t∈[0,1]

Similarly, taking
λ2 = min{ min p0T (t), 0} = min p0T (t) < 0
t∈[0,1]

t∈[0,1]

we obtain A ≥ 0. Thus
q ≥ min q = min p = 0 in Qn ,
t=0

t=0

and consequently
p = λ2 t + q ≥ λ2 + q ≥ λ2 = min p0T (t) =: p in Qn .
t∈[0,1]

Summarizing the results we obtain
p ≤ pn ≤ p in Qn ,
which completes the proof of the lemma.

(3.3.10)


Since
un = un (p, x) = (1 − Hxnc (x))up (p) + Hxnc (x)uf (p),
we have
0 < u ≤ un ≤ u in Qn ,

(3.3.11)

−1
f
p
where u := p−1
min (p) and u := pmax (p), for pmin (u) = min{p (u), p (u)} and
f
p
pmax (u) = min{p (u), p (u)}, see Figure 3.1. Since
n n
v n = ρn un = p−1
a (pT (t) − p )u ,

we find that
0 < v ≤ v n ≤ v in Qn ,
where
−1
v = p−1
a (pT (t) − p)u and v = pa (pT (t) − p)u.

The uniform bounds for v n imply that tn = 1 for each n ∈ N. Thus we obtain
Lemma 3.3. Problem P n has a unique classical solution v n ∈ C 2+β,1+β/2 (Q)
satisfying
v ≤ v n ≤ v in Q,
for all n ∈ N and n sufficiently large.
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Figure 3.1. Pressure curves for paper and felt.

3.3.4

Flux estimate

The flux of the regularized equation is given by
f n = Dn pv,n
x .

(3.3.12)

In this section we will prove that f n is, under an additional assumption, uniformly (in n) bounded in Q.
Using (3.3.6) we have
vtn = −fxn .
(3.3.13)
The following lemma assures that the flux is a solution of a parabolic equation
in Q. Because the proof is rather technical we move it to Appendix A.
Lemma 3.4. (Flux equation)
The flux f n satisfies an equation of the following type
ft = an fxx + bn fx + cn f + dn f fx + en .
Here the coefficients satisfy bn = bn1 Hxnc 0 (x), en = en1 Hxnc 0 (x) and
|an |, |bn1 |, |cn |, |dn |, |en1 | < M, an > µ for all n ∈ N,
for some positive constants M and µ.

(3.3.14)
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Sign of flux
We will now establish a criterion for the sign of the regularized flux f n . This
sign determines the direction of the flow. Namely, using (3.3.12), away from
the interface and for n large enough we have
f n ≥ 0 ⇔ pnx ≥ 0 ⇔ unx ≤ 0 ⇔ fluid flows from left to right.
Similarly, f n ≤ 0 means that the fluid flows from right to left. Here we assume
that ‘left to right’ is the direction of increasing x.
Flux f n vanishes initially and on both boundaries (x = 0 and x = 1).
Nevertheless, due to non-vanishing source term cn f + en , f n ≡ 0 is not a
solution of equation (3.3.14).
During the compression i.e. loading phase, for 0 < t < t∗ , the total pressure
increases (p0T (t) > 0). In this case expressions (A.0.7) and (A.0.6) give
 p 0
u (p)
n
sign (e ) = − sign
.
uf (p)
As we will see below, the sign of term en determines the sign of the flux.
Since we expect that in the compression phase paper is compressed by felt, we
assume that the parameters satisfy:
 p 0
u (p)
(A0 ) :
< 0 for all p > 0.
uf (p)
It is actually enough to assume that this inequality is valid for p ∈ (p, p).
Next we show that the sign of the flux depends only on the sign of the
source en , and not on the sign of (bounded) term cn f . We introduce q by
q = f e−cmin t ,
where cmin is the minimal value of cn . Then q n satisfies in Q
qt = an qxx + bn qx + (cn − cmin )q + e−cmin t dn qqx + e−cmin t en ,
and, further, q = 0 for t = 0, x = 0 and x = 1. Since en > 0 during the
loading, the maximum principle implies that q n > 0 in Qt∗ := (0, 1) × (0, t∗ ),
for all x ∈ (0, 1). This gives f > 0 in Qt∗ .
In next subsection we will prove that fluxes f n are uniformly bounded.
For this reason we introduce an additional assumption. We assume that the
pressure curves are ordered as in Figure 3.1:
(A1 ) : uf (p) < up (p) for all p > 0.

3.3. Existence of the solution
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Assumptions (A0 ) and (A1 ) now give
0

0

0 > up0 (p)uf (p) − up (p)uf (p) > uf (p)(up0 (p) − uf (p)),
implying

0

uf (p) > up0 (p) for all p > 0.

(3.3.15)

The above inequality yields
0

−pf (uf (p))(p) > −pp0 (up (p))(p) for all p > 0.
This is an inequality between the Young moduli for paper and felt, implying
that felt is stiffer than paper (as it was expected). The values of Young
modulus are taken for the values of u that correspond to the same p. Being
continuous across the interface, structural pressure p, rather than void ratio
u, is a natural choice for the argument in the above inequality.
Through expression (A.0.8), assumption (A1 ) and (3.3.15) imply that
bn1 ≥ 0.

(3.3.16)

Boundedness of flux
Using the assumptions (A0 ) and (A1 ) implying (3.3.16), we are in the position
to prove that the following lemma.
Lemma 3.5. The sequence {f n }∞
1 is uniformly bounded in Q.
Proof. We again drop the superscript n from the notation. We take
Z x
g =f +B
Hxnc (s) ds,
(3.3.17)
0

for some constant B which we will choose later. Then ft = gt , fx = gx −
BHxnc (x), fxx = gxx − BHxnc 0 (x). Consequently, g satisfies the following equation:




Z x
n
n
gt =agxx + b − Bd
Hxc (s) ds gx + c − BdHxc (x) g
0

+ dggx + E + F Hxnc 0 (x),
where

Z
E = −Bc

x
n

H (s) ds + B
0

2

dHxnc (x)

Z
0

and
F = e1 − B(a + b1 Hxnc (x)).

x

Hxnc (s) ds,
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Initial
of g read: g = 0 for x = 0,
R x and boundary conditions in terms
R1
g = B 0 H n (s) ds for t = 0 and g = B 0 Hxnc (s) ds for x = 1. Clearly, g is
uniformly bounded from above on ∂Q.
For B positive and sufficiently large such that F ≤ 0 in Q we have
Z x
Hxnc (s) ds)gx + (c − BdHxnc (x))g + dggx + E.
gt ≤ agxx + (b − B
0

Substituting
g = qeλt ,

(3.3.18)

we get

Z
qt ≤ aqxx + b − Bd
0

x

Hxnc (s)


ds qx + (c − BdHxnc (x) − λ)q + deλt qqx + Ee−λt .

and boundary conditions in terms
q are: q = 0 for x = 0, q =
R 1 of
R Initial
x
n
n
−λt
B 0 H (s) ds for t = 0 and g = e B 0 Hxc (s) ds for x = 1. Again, q is
uniformly bounded from above on ∂Q.
Finally, taking
q = r + ωt,
(3.3.19)
we obtain the equation

Z
rt ≤ arxx + b − Bd
0

x

Hxnc (s)

λt



ds + de ωt rx + (c − BdHxnc (x) − λ)r

+(c − BHxnc (x) − λ)ωt + deλt rrx + Ee−λt − ω.
Taking λ and ω positive and large enough such that c − BHxnc (x) − λ ≤ 0 and
Ee−λt − ω ≤ 0 in Q we obtain


Z x
n
λt
rt ≤ arxx + b − B
Hxc (s) ds + de ωt rx + (c − BHxnc (x) − λ)r + deλt rrx .
0

(3.3.20)
Initial
and
boundary
conditions
in
terms
of
r
read:
r
=
−ωt
on
x = 0,
Rx n
R1 n
−λt
r = B 0 H (s) ds on t = 0 and r = e B 0 Hxc (s) ds−ωt on x = 1. Clearly
R1
max∂Q r = B 0 H n (s) ds =: M .
We will prove that r ≤ M in Q. Assuming that r reaches its maximum
M1 ≥ M at some point (x0 , t0 ) ∈ Q we get rt ≥ 0, rx = 0, rxx ≤ 0 and
(c − BHxnc (x) − λ)r ≤ 0 in (x0 , t0 ), which is in contradiction with (3.3.20).
Therefore r ≤ M on Q.
Going backwards we obtain
q ≤ M + ω, g ≤ eλ (M + ω) and f ≤ eλ (M + ω) in Q.

3.3. Existence of the solution
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Using a similar procedure we find a uniform lower bound for f . First we
take B negative and small enough such that (e1 − B(a + b1 Hxnc (x))) ≥ 0 in Q.
Then g, given by (3.3.17), satisfies


Z x
n
Hxc (s) ds gx + (c − BdHxnc (x))g + dggx + E.
gt ≥ agxx + b − Bd
0

Further we introduce g by (3.3.18) and then q by (3.3.19) and choose λ positive
and large enough such that c − BHxnc (x) − λ ≤ 0 and ω negative and small
enough such that Ee−λt − ω ≥ 0. Then r satisfies in Q:


Z x
n
λt
Hxc (s) ds + de ωt rx + (c − BHxnc (x) − λ)r + deλt qqx .
rt ≥ arxx + b − B
0

(3.3.21)
Initial
and
boundary
conditions
in
terms
of
r
are:
r
=
−ωt
on
x
=
0, r =
R1 n
Rx n
−λt
B 0 H (s) ds on t = 0 and r = e B 0 Hxc (s) ds − ωt on x = 1. We have
R1
min∂Q r = B 0 Hxnc (s) ds =: m < 0.
Assuming that r reaches its minimum m1 ≤ m at some point (x0 , t0 ) ∈ Q
we get rt ≤ 0, rx = 0, rxx ≥ 0 and (c − BHxnc (x) − λ)r ≥ 0 in (x0 , t0 ). This
yields a contradiction with (3.3.21). Thus r ≥ m on Q.
This implies the following lower bounds for q, r and f :
q ≥ m + ω, g ≥ eλ (m + ω) and f ≥ eλ (m + ω) in Q,
which completes the proof of the lemma.

3.3.5



Existence

Using a diagonal procedure we can, as in [3], prove the existence theorem for
Problem P:
Theorem 3.2. The triple (u,p,f ) is a solution of Problem P.
Note that the formulation implies


0
vt + Di (v, t)pvi (v, t)vx = 0 in Qi , i = p, f
x

and, as stated, continuity of the pressure across the paper-felt interface. However, the formulation does not imply that flux is continuous at the interface for
all t ∈ [0, 1] (we had this property in [3]). Instead we have, for any 1 , 2 > 0
Z 1
Z 1 Z xc +2
Z xc +
(x−1 ,t)
(f η)|(x+2 ,t) dt +
vηt + f ηx dxdt +
v0 (x)η(x, 0) dx = 0,
0

0

xc −1

xc −
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implying
Z

1

{f (xc + 2 , t)η(xc + 2 , t) − f (xc − 1 , t)η(xc − 1 , t)} dt = o(1 + 2 ).
0

The above relation represents conservation of the mass. In particular, if
left and right limits of f at the interface exist, the above equality implies that
flux is continuous for a.e. t ∈ [0, 1]. Moreover, in this case (when left and
right limits of f at the interface exist) we can, exactly as in [3], prove the
comparison principle, implying uniqueness of the solution.
In Section 3.3.4 we have shown that, for all n ∈ N, f n is strictly positive
in Qt∗ . By the weak convergence we obtain that f ≥ 0 a.e. in (0, xc ) ∪ (xc , 1),
for t < t∗ . This means that in the early stage of the press nip, the fluid flows
from paper to felt, i.e. paper is compressed by felt.

3.4

Computational results

In this section we consider a typical numerical example. We take the following
functional dependences (in nondimensionless values)


ps (u) = ps0 u−q − u−q
,
0

k = k(u) = k0

u3
(Kozeny-Carman),
(1 − φ0 )2 (1 − φ0 + u)

pa = γ(ρa − ρa0 ) (ideal gas equation),
pT (t) = pT 0 sin2 (πt/tf in ) for 0 ≤ t ≤ tf in ,
and the following values of the physical constants:
hp0 = 1.7 · 10−4 m, hf0 = 1.47 · 10−3 m, tf in = 2.4 · 10−2 s, up0 = 0.55, uf0 = 0.45,
pps0 = 2.3 · 105 Pa, pfs0 = 5 · 105 Pa, rp = 4, rf = 3.5, µ = 10−3 Pa s,
k0p = 5·10−15 m2 , k0f = 10−14 m2 , γ = 8.3·10−2 MPaKg−1 , ρatm = 1.29Kgm−3 ,
ppT 0 = 6 · 106 Pa.
We use the same numerical approach as in [3]. An explicit (in time) scheme
is derived using finite volumes for the spatial discretization. Initial, boundary
and cross conditions are discretized in the same way as in [3].

3.4. Computational results
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Figure 3.2. Computational results: fluid (air) density (in kg/m3 ) in spatial coordinate.

In a straightforward way we derive expressions for the time evolution of
the paper thickness hp (t) and the total mass of fluid in paper mpf :
Z hp
Z hp
0 dz
0
1 dz =
(1 + ) dx
dZ =
dZ
0
0
0

Z xc
Z xc 
1
u
p
p
1+
dx
= h0 (1 − φ0 )
dx = h0 (1 − φ0 )
1−φ
1 − φp0
0
0
Z xc
u dx,
= hp0 (1 − φp0 ) + h0

hp (t) =

Z

hp (t)

0

and similarly
mpf (t) =

Z

hp (t)

Z

0

xc

Z

0

xc

v dx.

ρφ(1 + ) dx = h0

ρφ dz = h0

0

Analogous formulas can be obtained for the thickness and the fluid mass in
felt.
Our parameters satisfy criterion (A0 ). Therefore during compression the
flux is positive, i.e. fluid flows from paper to felt, which is in agreement with
the observation regarding the sign of the flux from Section 3.3. Moreover,
manipulating the discretized versions of cross conditions from Section 3.2 we
can verify that a discrete condition that corresponds to (A0 ) indeed induces
the flow from paper to felt in the beginning of the press nip.
The computed air density reaches (as expected) the highest values near the
middle of the press nip, Figure 3.2. Layers start to expand in the middle of
the nip (see Figure 3.3(a)). Later on, the direction of the flow at the interface
changes, i.e. fluid starts to flow from felt to paper, see Figure 3.3(b).
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Mass of air in paper
0.114

0.17

0.112

0.165

0.11

mass of water [g/m2]

h [mm]

Paper thickness
0.175

0.16

0.155

0.108

0.106

0.15

0.104

0.145

0.102

0.14
0

0.2

0.4

0.6

0.8

t[⋅]

(a) Thickness of paper.

1

0.1
0

0.2

0.4

0.6

0.8

1

t[⋅]

(b) Mass of fluid in paper.

Figure 3.3. Computational results.

3.5

Conclusions

In this paper we have studied a limit case of the three-phase model: the
case when layers are completely saturated by a single compressible fluid (air).
Under an additional assumption we have proven the existence of a (weakened)
global classical solution. Analysis of this simplified model gives an important
criterion for the direction of the flow, i.e. a mathematical interpretation of
the fact that felt is stiffer than paper. This criterion is applicable also in the
three-phase case. For a better insight in wet pressing a realistic, three-phase
(water-air-solid) model should be considered.
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Chapter 4

Analysis of wet pressing of paper: the
three-phase model. Part I: constant air
density

4.1

Introduction

I

n the press section of a paper machine, the wet web, together with one
or two felts, passes through a press nip consisting either of a pair of press
rolls, or a single roll and a shoe. Water is squeezed out from the paper into the
felt(s) by applying a pressure pulse. In the succeeding, drying section of the
paper machine, excessive water is removed from the wet paper by evaporation,
as it passes over a number of heated cylinders. The low efficiency and the
high energy costs for drying are the reasons why much effort has been made
to improve the press section. Even a small improvement in the efficiency of
the press section may lead to a reduction of the drying time and therefore
to a reduction of the energy consumption. Therefore much research, both
experimental and theoretical, has been carried out to understand the wet
pressing process. This has led to the development of new techniques such as
extended nip presses, new multi-layered felts with higher permeabilities or the
application of a heat flux: see for instance [16, 17].
Still, challenging questions remain to thoroughly understand the pressing
process. Additional knowledge needs to be acquired to quantify, for example,
the influence of the air, the mechanical behaviour of the paper web, the magnitude and the direction of flow. Experimental approaches are seriously limited
by the high processing speed of the paper (∼ 10 m s−1 ), and therefore by
the small passage time (∼ 10−2 s), and by the small length-scale of the paper
thickness (∼ 10−4 m). This motivates theoretical studies involving modelling,
analysis and simulation.
63
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In this paper we consider a three-phase (solid-water-air) model describing
wet pressing of paper. It is a continuation of a previous study [3], where the
case of complete saturation by water is considered. This simplifying assumption reduces the general three-phase model, involving a system of two coupled
partial differential equations, to a single equation, allowing for a detailed analysis of global existence, uniqueness, as well as some qualitative properties of
the solutions. In this study we show that the general model is of parabolichyperbolic nature. A particularity of our model is that the computational
domain consists of two parts, corresponding to paper and felt, and that the
systems are coupled across the interface through so-called cross conditions.
Naturally, the coefficients of the equations and the initial conditions are discontinuous over the paper-felt interface. These facts pose a limit on the purely
analytical approach. Thus we combine it with numerical computations.
We study the case of constant air density in this paper. This simplification
makes the structure of the equations more clear for the mathematical discussion, while the type of system and the fundamental properties of its solutions
remain the same as in the general case of non-constant air density. Here we
explain in detail our analytical and numerical methods and results. Then, in
the second part of this paper [4], the general case of nonconstant air density
is studied, using techniques proposed in this study.
This paper is organized as follows: In Section 4.2 we introduce the model
equations, the initial and boundary conditions and the cross-conditions between paper and felt. In particular we obtain two coupled partial differential
equations involving void ratio and water saturation as unknowns. These equations and some qualitative properties of the solutions are studied in Section
4.3. In Section 4.4 we discuss two different numerical methods and we present
and interpret some computational results. The conclusions are given in Section
4.5.

4.2

Mathematical model

In this section we explicit our main assumptions and we present the model
in terms of the void ratio and the water saturation. The approach borrows
ideas from [3]. In particular we state the equations in terms of a material
coordinate.

4.2.1

Main assumptions

Paper and felt are considered as a system of two deformable porous layers
obeying similar laws for water and air transport (Darcy) and having similar
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u p p e r ro ll
p a p e r
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lo w e r ro ll

Figure 4.1. Sketch of the press section of a paper machine.

mechanical properties. Specifically, we assume that the layers exhibit elastic
behaviour with a permeability that changes with deformation (porosity). Because their behaviour differs only in a quantitative way (i.e. the laws have
different constants for paper and felt), we disregard the differences for the
moment. This simplifies the discussion and the notation.
Having in mind the typical geometry of press rolls and the experimental and theoretical arguments stated in [9, 17, 20], we consider the flow and
the deformation only in transversal (vertical) direction z, obtaining a onedimensional transversal model. Thus we disregard horizontal flow and deformation close to the beginning and the end of the nip.
The total pressure is assumed to be time-dependent and is an important
input quantity of the model. The model output is, for instance, the time
evolution of the thickness and the dryness of the paper.

4.2.2

Balance equations

To fix the computational domain we use, as in [3], a vertical material coordinate Z instead of the corresponding vertical spatial coordinate z, see also
Figure 4.1. First we introduce the strain  by
=

∂U
,
∂Z

where U is the displacement: U (Z, t) = z(Z, t) − z(Z, 0) = z(Z, t) − Z. In the
state of compression we have
∗ <  ≤ 0,
where ∗ is the strain corresponding to maximal deformation (zero porosity
with no void space present). We consider an arbitrary control volume V =
(Z1 , Z2 ) that follows the movement of solid particles and is fixed with respect
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to the material coordinates Z = Z1 and Z = Z2 . The integral mass balance
equations for solid, water and air read
Z
d
(1 − φ)(1 + ) dZ = 0,
(4.2.1)
dt V
Z
d
φ(1 + )s dZ − qw (Z1 , t) + qw (Z2 , t) = 0,
(4.2.2)
dt V
and

d
dt

Z
φ(1 + )(1 − s) dZ − qa (Z1 , t) + qa (Z2 , t) = 0.

(4.2.3)

V

Here φ denotes porosity and s water saturation. Further qj (j = w, a) denotes
the discharge of phase j, relative to the solid phase. The subscript j = w
refers to water and j = a to air.
As in [3], Darcy’s law in material coordinates becomes
qj = −

kj
∂pj
,
µj (1 + ) ∂Z

(4.2.4)

where pj is pressure, µj viscosity and kj permeability of phase j = w, a.
The balance of total momentum yields
∂pT
= 0,
∂Z
where pT is the total applied pressure.

4.2.3

State equations

The phases present in paper and felt are assumed to be incompressible with
constant densities ρj = const (j = a, s, w). In the second part of this study [4]
we drop this assumption and consider the more realistic case of compressible
air. Writing Darcy’s law for air assumes that air behaves as a liquid with
a similar momentum balance equation. Following [9], we disregard capillary
effects between water and air and write
pa = pw =: pf ,
where pf denotes the average pressure of the water-air mixture. With this
assumption, the total applied pressure pT is distributed over the solid and
fluid phases accordingly to Terzaghi’s principle [1], implying
pT = p s + p f ,

(4.2.5)
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where ps is the effective structural pressure, see for instance [12]. Further,
disregarding visco-elastic and plastic effects and considering the solid networks
of the layers to behave as elastic media, we have as in [3]
ps = ps (),
where the function ps () is strictly decreasing in  with ps (∗ ) = +∞ and
ps (0) = 0. Specifically, we use


ps () = ps0 ( − ∗ )−q − (−∗ )−q ,
(4.2.6)
where ps0 > 0 and q > 0 are given constants. Our analysis, however, does not
depend on this specific form and applies to all smooth functions ps () having
the above mentioned properties.
The permeabilities kj in the Darcy laws (4.2.4) are, as usual [1], modelled
as products of an intrinsic permeability k and saturation dependent relative
permeabilities kjr = kjr (s). The intrinsic permeability depends on the porosity
to account for the influence of the deformations during passage through the
press section: k = k(φ), where k is an increasing function satisfying k(0) = 0.
The relative permeabilities are given as functions of the saturation. Specifically, we use
k(φ) = k0

φ3
(k0 > 0, Kozeny-Carman)
(1 − φ)2

(4.2.7)

and
r
kw
(s) = s2 , kar (s) = (1 − s)2 .

(4.2.8)

Again we note that our analysis applies to suitable generalisations of these
expressions.
The applied pressure pT acts during passage through the nip. Denoting the
passage time by tf in , pT should be such that pT (0) = pT (tf in ) = 0, p0T (0) = 0
and pT (t) > 0 for 0 < t < tf in with a single maximum. Without loss of
generality we use in this paper


t
2
pT (t) = pT 0 sin
π
for 0 ≤ t ≤ tf in .
(4.2.9)
tf in

4.2.4

The model

Assuming that (4.2.1) is satisfied for any control volume V and that the initial
configuration is undeformed ( = 0), we obtain the corresponding local version
of the solid mass balance:
∂
((1 + )(1 − φ)) = 0,
∂t
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which gives after integration
1+=

1 − φ0
,
1−φ

(4.2.10)

where φ0 is the value of the porosity φ corresponding to the undeformed initial
state. It is convenient to write the equations in terms of the scaled void ratio
u, given by
φ
u = (1 − φ0 )
.
(4.2.11)
1−φ
One easily verifies that ∗ = −φ0 , that
u =  − ∗ with 0 < u ≤ φ0 ,
and that
φ=

u
.
1 − φ0 + u

In terms of the void ratio, the structural pressure (4.2.6) becomes
i
h
,
ps = ps (u) = ps0 u−q − φ−q
0

(4.2.12)

and the intrinsic permeability (4.2.7)
k = k(u) = k0

u3
.
(1 − φ0 )2 (1 − φ0 + u)

Putting the balance equations (4.2.2) and (4.2.3) in local (differential) form as
well, substituting the Darcy laws (4.2.4) into the results and using the state
equations from Section 4.2.3 in terms of u and s we obtain a coupled system
of equations for u and s. In dimensionless form, with
x :=

Z
t
and t :=
,
h0
tf in

where h0 is the total thickness in terms of the material coordinate Z, see also
Figure 4.2, this system reads
(us)t = (Cw (u, s)ux )x ,

(4.2.13)

(u(1 − s))t = (Ca (u, s)ux )x .

(4.2.14)

and
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Z = h0

felt

Z = h0p

paper
Z=0
Figure 4.2. Two layer system.

Here the indices x and t denote partial differentiation with respect to these
variables. The functions Cw and Ca are given by
r (s) dp
tf in k(u)kw
s
2
h0 µw (1 + (u)) du
qtf in k0 ps0
s2 u2−q
=: Cw0 s2 g(u)
h20 µw (1 − φ0 )2 (1 − φ0 + u)2

Cw (u, s) = −
=

(4.2.15)

and
tf in k(u)kar (s) dps
h20 µa (1 + (u)) du
qtf in k0 ps0 (1 − s)2 u2−q
=: Ca0 (1 − s)2 g(u).(4.2.16)
h20 µa (1 − φ0 )2 (1 − φ0 + u)2

Ca (u, s) = −
=
Note that

Cw0
µa
=
= m (air-water viscosity ratio),
Ca0
µw
and that the function
u2−q
g(u) =
(1 − φ0 + u)2

(4.2.17)

depends on the material through the constants q and φ0 .
Equations (4.2.13) and (4.2.14) hold in both the paper and felt domain
where they differ only through the values of Cw0 , Ca0 , φ0 and q. In mathematical terms, these domains are
paper: Qp = {(x, t) : 0 < x < xc , 0 < t < 1},
felt: Qf = {(x, t) : xc < x < 1, 0 < t < 1}.
Here xc = h0p /h0 denotes the paper-felt interface, see Figure 4.2. The values
of the constants in equations (4.2.13) and (4.2.14), when considered in the
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i ,
subdomains Qp and Qf , are denoted by the superscript i. Thus we have Cj0
i
i
i
φ0 , q and g (u), with j = w, a and i = p, f .

4.2.5

Initial, boundary and cross conditions

When solving equations (4.2.13) and (4.2.14) in the paper (Qp ) and felt (Qf )
one needs initial, boundary, and cross conditions between them.

Initial conditions
We assume throughout this study that the layers are initially undeformed, i.e.
 ≡ 0 at t = 0. Using (4.2.10) and (4.2.11) this gives in terms of u:
 p
u0 = φp0 for x ∈ (0, xc ),
(4.2.18)
u(x, 0) =
uf0 = φf0 for x ∈ (xc , 1).
In addition we assume that the initial distribution of the water saturation s
is known and piecewise constant:
 p
s0 for x ∈ (0, xc ),
(4.2.19)
s(x, 0) =
sf0 for x ∈ (xc , 1).
In (4.2.18) and (4.2.19) the data satisfy φi0 > 0 and 0 < si0 < 1 for i = p, f .

Boundary conditions
At the boundary x = 0 we prescribe a no-flow condition, assuming that paper
is in contact with an impermeable press roll. Thus at this boundary both the
water and air flux must vanish. This is ensured by the Neumann condition
ux (0, t) = 0 for 0 < t < 1.

(4.2.20)

The fact that only one condition suffices is a consequence of the local pressure
equilibrium assumption (pw = pa ).
At x = 1 we prescribe a free-flow condition, assuming that the felt is in
contact with a perfectly perforated press roll, allowing for fluid flow without
resistance. Thus we assume as in [15] that the fluid pressure at this boundary
is constant and equal to zero. Combining this condition with (4.2.5) and
(4.2.12) gives the Dirichlet boundary condition

u(1, t) = ub (t)
for 0 < t < 1.
(4.2.21)
with pfs (ub (t)) = pT (t)
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For the particular case of (4.2.9) this means that
ub (0) = ub (1) = uf0 , u0b (0) = 0 and 0 < ub (t) < uf0 for 0 < t < 1.
We need an additional boundary condition for s only when the fluid mixture flows back into the domain, i.e. when ux (1, t) > 0. This has a physical
and a mathematical explanation. In physical terms, when the fluid mixture
enters the domain we need information about the content of air and water
in that mixture. In mathematical terms it is a consequence of the parabolichyperbolic nature of the system. We therefore define
I ± := {t ∈ (0, 1) : ux (1, t) ≷ 0},
and assume that
s(1, t) = 0 for t ∈ I + ,

(4.2.22)

implying that only pure air flows back into the felt through the perforated
press roll.

Cross conditions
To match the equations across the paper-felt interface we first return to the
non-dimensionless formulation. We also introduce the notation
−
[a](t) = a(h+
0p , t) − a(h0p , t)

for functions a = a(Z, t). The superscripts + and − denote the limits from
above (felt) and bellow (paper), respectively.
The mass balance equations (4.2.2) and (4.2.3) imply
[qw ](t) = [qa ](t) = 0 for 0 < t < tf in ,
expressing conservation of mass for these phases. The total momentum balance
implies
[pT ](t) = 0 for 0 < t < tf in .
Applying, as in [5], a regularization of the absolute permeability in a neighbourhood of the paper-felt contact to the momentum balances (4.2.4), gives
[pf ](t) = 0 for 0 < t < tf in .
Hence, by (4.2.5),
[ps ](t) = 0 for 0 < t < tf in .
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In terms of the dimensionless variables, these cross conditions become
g f (u)s2 ux
g f (u)(1 − s)2 ux
and, from (4.2.12),

f
pfs0 (u)−q
+

(xc ,t)

(x+
c ,t)

(x+
c ,t)

− (φf0 )−q

f

=



=

p
C0w
f
C0w

p
C0a
f
C0a

g p (u)s2 ux

(x−
c ,t)

g p (u)(1 − s)2 ux

h
p
= pps0 (u)−q

,

(4.2.23)
(4.2.24)

(x−
c ,t)

− (φp0 )−q
(x− ,t)
c

p

i

.

(4.2.25)

The pressure condition implies that the void ratio u is discontinuous across
the paper-felt interface, see also Figure 4.3. Conditions (4.2.23) and (4.2.24)
imply
s2
s2
=
,
(1 − s)2 (x+
(1 − s)2 (x−
c ,t)
c ,t)
and thus
[s](t) = 0

(4.2.26)

for all 0 < t < 1. If we would have introduced different relative permeabilities
for paper and felt, then a jump discontinuity in saturation may occur. For
instance, if
 r
 r
kwp (s) in Qp ,
kap (s) in Qp ,
r
r
and
k
(s)
=
(4.2.27)
kw
(s) =
f
r
r (s) in Qf ,
a
kwf (s) in Q ,
kaf
then we would have found
r (s)
kwf
r (s)
kaf

=
(x+
c ,t)

r (s)
kwp
r (s)
kap

for 0 < t < 1.

(4.2.28)

(x−
c ,t)

Generalisation (4.2.27) and (4.2.28) will be used in Section 4.4 as part of one
of the numerical examples. Summarizing, we use (4.2.23) and (4.2.25) as cross
conditions for the void ratio and (4.2.26) for the water saturation.

4.3

Analysis of equations

Given appropriate parameter values one has to solve equations (4.2.13), (4.2.14)
in the subdomains Qp and Qf , subject to the initial conditions (4.2.18),
(4.2.19), the boundary conditions (4.2.20), (4.2.21) and (4.2.22), and finally
the cross conditions (4.2.23), (4.2.25) and (4.2.26) across the paper-felt interface.
This is clearly not a simple task. To get some feeling for this complex
system, we first consider some reduced, simpler settings.

4.3. Analysis of equations

73

ps

pfs

0

pps

φf0

φp0

u

Figure 4.3. Pressure curves for paper and felt implying discontinuous behaviour for void
ratio u across the paper-felt contact.

4.3.1

Stationary water saturation

Direct verifications show that equations (4.2.13) and (4.2.14) become identical
if the water saturation is constant and satisfies
Cw0 s = Ca0 (1 − s).
This implies, see (4.2.17),
1
.
1+m
Replacing s by s∗ , both (4.2.13) and (4.2.14) reduce to

i
ut = Cw0
s∗ g i (u)ux x in Qi , i = p, f.
s = s∗ =

(4.3.1)

(4.3.2)

Thus in both subdomains we end up with a nonlinear diffusion equation for
the void ratio u. These equations are coupled across x = xc through the
flux condition (4.2.23) (or (4.2.24), they are identical for constant saturation)
and the pressure condition (4.2.25). In [3] we showed existence and uniqueness for the solution satisfying the piecewise constant initial condition (4.2.18)
and boundary conditions (4.2.20) and (4.2.21). In addition we showed that
ux (1, t) < 0 (outflow) for 0 < t ≤ 1/2. For 1/2 < t ≤ 1, probably ux (1, t) > 0
(inflow) does occur, in particular near t = 1 when the passage through the
press nip is nearly complete. The pair (u, s∗ ) defines a solution of the problem stated in Section 4.2 provided sp0 = sf0 = s∗ and s(1, t) = s∗ for t ∈ I + .
In physical terms, (4.3.1) means that the saturation is frozen and that the
medium behaves as if it is saturated at the value s = s∗ .
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Constant relative permeabilities

As a first step towards the understanding of equations (4.2.13) and (4.2.14)
we disregard the s-dependence in the functions Cw and Ca : i.e. we replace
r (s) = k ∗ in
the relative permeabilities by suitably chosen averaged values kw
w
r
∗
(4.2.15) and ka (s) = ka in (4.2.16). Furthermore we disregard the difference
between the paper and felt, except for the piecewise constant initial conditions
(4.2.18) and (4.2.19). These simplifications result in the equations
∗
(us)t = kw
Cw0 (g(u)ux )x ,

(u(1 − s))t =

ka∗ Ca0 (g(u)ux )x

(4.3.3)
(4.3.4)

in Q = {(x, t) : 0 < x < 1, 0 < t < 1}. We consider solutions subject to initial
conditions (4.2.18), (4.2.19) and boundary conditions (4.2.20), (4.2.21). As
will become clear, boundary condition (4.2.22) is now redundant. Adding
equations (4.3.3) and (4.3.4) gives for u
∗
ut = (kw
Cw0 + ka∗ Ca0 )(g(u)ux )x in Q.

(4.3.5)

This equation is well-known [6, 10]. It has a unique solution satisfying initial
condition (4.2.18) and boundary conditions (4.2.20), (4.2.21). This solution
is smooth and strictly positive for all t > 0. Multiplying equation (4.3.4) by
∗ /k ∗ and subtracting the result from (4.3.3), gives
m∗ := mkw
a
(us − m∗ u(1 − s))t = 0 in Q.
Hence
or

u(s − m∗ (1 − s))(x,

 t) = K(x)
s(x, t) =

1
1+m∗

K(x)
u(x,t)

+ m∗

(4.3.6)

)
for (x, t) ∈ Q,

where

K(x) =

K p := up0 (sp0 − m∗ (1 − sp0 )) for 0 < x < xc ,
K f := uf0 (sf0 − m∗ (1 − sf0 )) for xc < x < 1.

Thus inherited by the initial condition, s has a stationary discontinuity or
shock at x = xc .
The simplifying assumptions allow us to rewrite (4.2.13) and (4.2.14) in
terms of a diffusion equation for u and an ordinary differential equation in
s. In the next section we show that when Cw and Ca do depend on s, it is
possible to rewrite (4.2.13) and (4.2.14) in terms of a diffusion equation and a
transformed hyperbolic equation. In this sense, (4.3.6) describe a degenerate
case with characteristics parallel to the t-axis. This is also the reason why
boundary condition (4.2.22) is redundant. It will, however, be used in the
original setting of (4.2.13) and (4.2.14).
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General case

In this section we introduce an analysis that applies to both the paper and
felt domain. To simplify notation we drop subscripts i = p, f for the moment.
The key idea is to eliminate the term containing uxx in equation (4.2.13) by
introducing a transformation for s.
We first add equations (4.2.13) and (4.2.14) to obtain
ut = (Cw0 s2 + Ca0 (1 − s)2 )g(u)ux


x

.

(4.3.7)

For s given, this is to be considered as a nonlinear diffusion equation for u.
Following [13], we introduce the – as yet unspecified – transformation
s = S(u, r)

(4.3.8)

and obtain a hyperbolic equation for the transformed variable r. Writing out
(4.2.13) and substituting (4.3.8) and
st = Su ut + Sr rt
into the result, gives
ut S + u(Su ut + Sr rt ) = ut (S + uSu ) + uSr rt = Cw0 (S 2 g(u)ux )x .
We eliminate ut from this expression by substituting (4.3.7). This gives
(S + uSu )((mS 2 + (1 − S)2 )g(u)ux )x +

1
uSr rt = m(S 2 g(u)ux )x . (4.3.9)
Ca0

In the next step we eliminate the terms containing (g(u)ux )x . This is achieved
by choosing (4.3.8) such that
(S + uSu )(mS 2 + (1 − S)2 ) = mS 2
or
uSu = F (S) − S =: R(S).

(4.3.10)

Here F (S) denotes the water fractional flow function
F (S) :=

mS 2

mS 2
.
+ (1 − S)2

(4.3.11)

Note that this function also arises in the well-known Buckley-Leverett equation
[11]. A sketch of its behaviour is given in Figure 4.4.
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F (s)
sin s∗

0

1

s

Figure 4.4. Sketch of the water fractional flow function F (s). As indicated in this figure, we
have F (S) < S for 0 < S < s∗ and F (S) > S for s∗ < S < 1. The unique interior intersection
occurs at S = s∗ = 1/(1 + m), see also (4.3.1). Further F is convex for 0 < S < sin and
concave for sin < S < 1, with sin < s∗ .

Using (4.3.10) and Sx = (S(u, r))x = Su ux + Sr rx in (4.3.9), we are left
with
1
Ca0

=


 dF
g(u)
(S)
u x rx
rt − mS 2 + (1 − S)2
dS
u
 dF

R(S) g(u)
mS 2 + (1 − S)2
(S)
(ux )2 .
dS
Sr u 2

(4.3.12)

Substituting (4.3.8) into (4.3.7) and (4.3.12) we now have a coupled system in
terms of u and r: for given r, the u−equation (4.3.7) is second order parabolic;
for given u, the r−equation (4.3.12) is first order hyperbolic. Before we investigate this (u, r)−system further, we first consider transformation (4.3.8).
Since (4.3.10) is an ordinary differential equation for S in terms of u, we introduce the r−dependence through the initial condition. More precisely, we
consider (4.3.8) as the solution of the backward initial value problem

R(s)
 dS
=
for 0 < u < u0 = φ0 ,
(T ) :
du
u
 S(u
0 ) = r.
From (4.3.11), see also Figure 4.4, it follows that R(0) = R(s∗ ) = R(1) = 0
with R(S) < 0 for 0 < S < s∗ and R(S) > 0 for s∗ < S < 1. Hence for
r ∈ (s∗ , 1), solutions of (T ) are decreasing with decreasing u and for r ∈ (0, s∗ )
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s

r

1
s∗

0

u0

u

Figure 4.5. Sketch of solutions of Problem (T ) in (u, S) space plane.

solutions of (T ) are increasing with decreasing u. As u ↓ 0 all solutions end
up at the equilibrium value S = s∗ , except when r = 0 (⇒ S = 0) and r = 1
(⇒ S = 1). The solutions are sketched in Figure 4.5.
For each fixed u ∈ (0, u0 ), s = S(u, r) defines a one-to-one correspondence
between s and r. This is a direct consequence of uniqueness for problem (T ),
implying that orbits cannot touch or intersect. In fact, setting w = dS/dr, we
have
(
dw
1 dR
=
(S)w for 0 < u < u0 ,
du
u dS
w(u0 ) = 1,
giving
Z

u

w(u, r) = exp
u0

1 dR
(S(η, r)) dη
S dS


> 0.

Summarizing, we have obtained the following. Let S(u, r) be the solution of
Problem (T ) for 0 < u ≤ u0 and 0 ≤ r ≤ 1. For given u and r this defines
a unique s. Vice versa, given u and s we obtain a unique r. Using (4.3.8)
in (4.3.7) we have a nonlinear diffusion equation that contains r through the
transformation. Further we have for r the first order hyperbolic equation
(4.3.12).
Applying the above in Qp and Qf means an adjustment of the constants
Cw0 and Ca0 , of the function g(u) and of the initial condition u0 . The initial
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condition for r in this case is given by

r(x, 0) =

sp0 for 0 < x < xc ,
sf0 for xc < x < 1.

The hyperbolic nature of the equation for r explains why only a single cross
condition is required for this variable (and thus for s) at the paper-felt interface. It also explains why we may expect discontinuous solutions or shocks
for r. Since Problem (T ) defines a smooth transformation, shocks in r carry
over to shocks in s. Thus when treating the original system (4.2.13), (4.2.14)
numerically, as we do in Section 4.4, we introduce shock capturing front-track
and upwind methods. Employing such methods, information about the direction of the characteristics in the (x, t)−plane is needed. One easily verifies
that both r and s have the same characteristic speed ẋ(t). From (4.3.12) it
follows that

 dF
g(u)
ẋ(t) = −Ca0 mS 2 + (1 − S)2
(S)
ux ,
dS
u

(4.3.13)

ẋ(t) ≷ 0 if ux ≶ 0.

(4.3.14)

implying
Though the characteristic speeds are the same, the location of the shocks in
r and s may be different. The crucial point here is that only when dealing with
smooth solutions, one is allowed to use (4.3.8) to transform the u, s−system
into the u, r−system. The following example illustrates this observation.
Example 4.1. (see also [18]). Consider for any smooth function f : R → R
the equation
ut + (f (u))x = 0,
(4.3.15)
and suppose that u is a C 1 solution (continuous differentiable in x and t).
Multiplying (4.3.15) by d2 f /du2 and setting v = df /du, gives
vt + vvx = 0.

(4.3.16)

Hence any conservation law of type (4.3.15) can be transformed to the inviscid Burgers equation (4.3.16). The transformation from (4.3.15) to (4.3.16)
fails when dealing with discontinuous solutions. This follows directly from the
Rankine-Hugoniot shock conditions: in case of (4.3.15) we have
shock speed =

f (ul ) − f (ur )
,
ul − ur

4.3. Analysis of equations
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t
Qp

Qf

ζ(t)

0

xc

1

x

f

Figure 4.6. Sketch of shock front x = ζ(t) in Q .

in case of (4.3.16) we have
shock speed =


1
1 0
(vl + vr ) =
f (ul ) + f 0 (ur ) .
2
2

Here ul (ur ) denotes the value of u on the left (right) of the shock. These
shock speeds only coincide for special combinations of f , ul and ur . In general they are different. Note that in both equations (4.3.15) and (4.3.16) the
characteristic speed is given by ẋ = df /du.
Thus the formulation in terms of u and r is only useful when dealing with
smooth solutions. In that case, parabolic-hyperbolic systems such as (4.3.7)
and (4.3.12) have been studied in the mathematical literature [13, 14, 19].
Specifically, if the medium is homogeneous (thus disregarding the difference
between paper and felt) and if the initial data u(x, 0) and r(x, 0) is smooth,
there exists a unique local (in time) solution (u, r). Using (4.3.8) this then
yields a unique local (in time) solution (u, s) of (4.2.13) and (4.2.14).
Concerning the problem proposed in Section 4.2 we have the following
generic behaviour. Initial condition (4.2.19) typically induces a shock front
x = ζ(t) that moves into the felt domain Qf , see also Figure 4.6.
Since u satisfies the nonlinear diffusion equation (4.3.7) in Qf , which we
write here as
ut + (fT )x = 0 in Qf
where fT denotes the total flux
f 2
f
fT = −(Cw0
s + Ca0
(1 − s)2 )g(u)ux ,

(4.3.17)
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it follows by standard arguments that both u and fT are continuous across
x = ζ(t). As a consequence φ and  are continuous across x = ζ(t) as well.
These quantities, together with u, are only discontinuous across the contact
x = xc . Since s is discontinuous at x = ζ(t), the flux expression (4.3.17) gives
that the same is true for the derivative ux . Interpreting equation (4.2.13)
across the shock front gives
[us]

dζ
= [fw ],
dt

where fw denotes the water flux
f 2
fw = −Cw0
s g(u)ux .

(4.3.18)

Again [·] denotes the jump notation. Using the continuity of u we obtain for
the speed of the saturation shock front
1
[fw ]
dζ
=
.
dt
u(ζ(t), t) [s]

(4.3.19)

Remark 4.1. (Criteria for shocks and expansion waves)
Suppose s is discontinuous in space with left and right values sl and sr ,
respectively. This discontinuity can propagate either as a shock, an expansion
wave or a combination of these two. It is useful to have a criterion for the
type of propagating discontinuity, in particular when applying the front tracking method outlined in Section 4.4. Because of the convex-concave nature of
F (s), we can not apply arguments based on the crossing or diverging of characteristics directly, see for instance [11, p. 48]. However if s < sin , the inflection
point of F (s) – see again Figure 4.4, we are effectively dealing with the convex
part of F , which allows us to use the arguments based on the direction of the
characteristics.
First write the characteristic speed of s and r (4.3.13) as
ẋ(t) =

fT dF
(S),
u dS

where fT is the total flux given by (4.3.17). Since fT /u is continuous, we are
only concerned with its sign. If sl , sr < sin the following criteria hold:
1. sl > sr , fT > 0 ⇒ discontinuity propagates as a shock wave;
2. sl < sr , fT > 0 ⇒ discontinuity propagates as a expansion wave;
3. sl > sr , fT < 0 ⇒ discontinuity propagates as a expansion wave;
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4. sl < sr , fT > 0 ⇒ discontinuity propagates as a shock wave.
Analogous criteria hold when sl , sr > sin .
Typical values of s in the numerical examples considered in Section 4.4 are
bellow sin , throughout Qp ∪ Qf . Our application is such that sp0 > sf0 . Hence
initially sl > sr . Furthermore fT > 0 (fluids flow from paper to felt), at least
up to t = 1/2. Consequently we are dealing with case 1 at least up to t = 1/2.

4.4

Computational methods and examples

In this section we first introduce and explain two numerical methods we are
going to use. Then we apply these methods to compute numerical solutions
of two examples.
There are several possible approaches to find a numerical solution of our
model. For instance, one can either try to find a numerical solution of the
system (4.2.13) and (4.2.14) or of the transformed system (4.3.7) and (4.3.12).
The advantage of the second approach is that the system is rewritten into the
standard parabolic-hyperbolic form, and the standard methods for parabolic
and hyperbolic equations can be applied. The disadvantage of this approach
is that the equation for r is not in divergence form and that this procedure
would involve additional computation of the numerical solution s = S(u, r) of
Problem (T ). In addition, as it was mentioned in Section 4.3.3, the r−equation
gives in general the wrong speed of the propagating shock. These are the
reasons to develop a suitable numerical methods for system (4.2.13)–(4.2.14).
We write system (4.2.13)–(4.2.14) in the following form (omitting unnecessary subscripts i = p, f ):
(us)t + (fw )x = 0,

(4.4.1)

(u(1 − s))t + (fa )x = 0.

(4.4.2)

Here the air flux fa is given by fa = fT − fw , where the total flux fT and the
water flux are given by (4.3.17) and (4.3.18), respectively. On the contrary to
r (s) and k r (s) used in Sections
the specific choices for relative permeabilities kw
a
4.2 and 4.3, the numerical methods will be applicable to any choices of these
r (s) and k r (s) will be specified later, in
functions. The specific choices for kw
a
Section 4.4.3.
One direct way of discretizing system (4.4.1)–(4.4.2) would be to apply
the standard finite volume method for spatial discretization combined with
the explicit Euler method for time integration. However, the corresponding
numerical solution of s contains spurious oscillations near the discontinuity.
These effects come from the parabolic-hyperbolic nature of the system (that
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is hidden in the above form) and the fact that all spatial derivatives are approximated by central differences. To avoid these unwanted effects we will
apply a suitable upwinding with respect to s, as it will be explained in the
next subsection.

4.4.1

s−upwind method

We divide the segment [0, 1] into Nx equal control volumes (cells) V1 , V2 , ..., VNx
of size (length) ∆x = 1/Nx , with centers in the points x1 , x2 , ..., xNx , see Figure
4.7. Furthermore we split the time interval [0, 1] into Nt equal time steps, i.e.
we take 0 = t0 < t1 < · · · < tNt = 1, such
that tn+1 − tn = ∆t = 1/Nt ,
R
n = 0, ..., Nt − 1. We assume that unj ≈ Vj u(x, tn ) dx and that the paperfelt interface coincides with the interface between cells VNc −1/2 and VNc +1/2 .
Finally we define interface points x1/2 = 0 and xj+1/2 = xj + ∆x/2, j =
1, ..., Nx .
paper-felt interface
V1

V2

VNc −1/2

VNc +1/2

VNx −1

VNx

x1

x2

xNc −1/2

xNc +1/2

xNx −1

xNx

Figure 4.7. Grid points.

Integration of (4.4.1) and (4.4.2) over the control volume Vj for t = tn ,
combined with explicit Euler approximation of the time derivative, gives

∆t 
n+1
n n
n
n
un+1
s
=
u
s
+
−(f
)
+
(f
)
w j+1/2
w j−1/2 ,
j j
j
j
∆x

∆t 
n+1
n
n
n
n
un+1
(1
−
s
)
=
u
(1
−
s
)
+
−(f
)
+
(f
)
a j+1/2
a j−1/2 .
j
j
j
j
∆x
The next step is to approximate the fluxes at the cell interfaces, given by
(fj )nj±1/2 = −g(u)nj±1/2 kjr (s)nj±1/2 (ux )nj±1/2 , j = w, a.
We approximate (ux )nj+1/2 by (unj+1 − unj )/∆x and (ux )nj−1/2 by
(unj −unj−1 )/∆x. Further we take g(u)nj−1/2 = (g(unj−1 )+g(unj ))/2 and g(u)nj+1/2 =
r
(g(unj ) + g(u)nj+1 )/2. Finally, using (4.3.14) we approximate kj±1/2
(s) at the
interfaces between control volumes in an upwind fashion:
 r n
kj (sj−1 ) if unj−1 ≥ unj ,
r
n
kj (s)j−1/2 =
j = w, a,
kjr (snj ) if unj−1 < unj ,
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end similarly with kjr (s)nj+1/2 .

Approximations of initial and boundary conditions
Initial conditions imply s0j = s0 (xj ) and u0j = u0 (xj ), for j = 1, ..., Nx . The
boundary condition at x = 0 gives (fw )n1/2 = (fa )n1/2 = 0, for n = 0, ..., Nt .
The boundary condition at x = 1 gives unNx +1/2 = ub (tn ), for n = 0, ..., Nt . In
addition, we have snNx +1/2 = sb (tn ) whenever unNx < unNx +1/2 .

Approximations of cross conditions
In order to discretize the cross conditions, for each time step t = tn we introduce four interface variables, as left and right states of u and s at the
paper-felt interface: unp , unf , snp and snf . Straightforward discretization gives
three conditions:
(4.4.3)
psp (unp ) = psf (unf ),
p p n rp n
(fj )nNc : = −Cw0
g (up )kj (sp )(unp − unNc −1/2 )
f f n rf n
= −Cw0
g (uf )kj (sf )(unNc +1/2 − unf ), j = w, a.

(4.4.4)

In addition to three cross conditions (4.4.3)–(4.4.4) we have the following one:
if the flow is from left to right (paper to felt) then we take snp to be equal to
the neighbouring upwind value, snNc −1/2 , otherwise we take snf = snNc +1/2 . On
this way the four interface variables are in general uniquely determined. The
mathematical background of the last condition lies in the following fact: s and
r depend from the values from one side and, knowing the sign of their characteristic speed (4.3.13), these unknowns can be approximated in an upwind
maner (see also Section 4.3.3).
We have just seen how we numerically solve the interface problem for
new time level t = tn+1 , knowing the approximations for t = tn . Since the
procedure depends on the direction of the flow (sign of the fluxes) at the
paper-felt interface, we need a criterion for this sign. As it follows from the
following lemma, this sign is determined by the relation between the values of
structural pressure in the neighbouring cells of the interface.
Lemma 4.1. We have following equivalence:
(fw )nNc > 0 ⇔ pps (unNc −1/2 ) < pfs (unNc +1/2 ).
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Proof. Pressure condition (4.4.3) gives unf = ψ(unp ), where ψ = (pfs )−1 ◦pps is an
increasing function (composition of two decreasing functions). Flux conditions
(4.4.4) yield
sgn(−(fw )nNc ) = sgn(unp − unNc −1/2 ) = sgn(unNc +1/2 − unf )
= sgn(ψ(ψ −1 (unNc +1/2 )) − ψ(unp )) = sgn(ψ −1 (unNc +1/2 ) − unp ).
This yields implications
(fw )nNc > 0 ⇒ unp < unNc −1/2 ⇒ ψ −1 (unNc +1/2 ) < unp .
Consequently ψ −1 (unNc +1/2 ) < unNc −1/2 and thus
pps (unNc −1/2 ) < pfs (unNc +1/2 ).
Similarly (fw )nNc ≤ 0 implies pps (unNc −1/2 ) ≥ pfs (unNc +1/2 ), which completes
the proof of the lemma.


4.4.2

Front tracking method

The s−upwind method is one of the, so-called front capturing method. These
methods are robust since they are able to catch the shocks anywhere in the
domain, and they avoid spurious oscillations by means op upwinding. However, the numerical solutions obtained by these methods differ significantly
from real solutions near the shocks, due to numerical diffusion.
To obtain the real shape of the shock and to follow and illustrate the
qualitative properties of the solutions explained in Section 4.3, we develop a
front tracking method. Naturally, this method is applied if the criteria from
Remark 4.1 imply existence of a shock. The position of the shock is tracked
using the shock conditions that follow from the conservation laws. At the
position of the shock an additional moving grid point xns is introduced. As it
was explained in Section 4.3.3, u and fT are continuous across the shock and
thus they have (single) values at this point, uns and fTns , respectively, while s
has a left and right value, snsl and snsr , respectively. We apply this procedure
only in the case when the combination of initial values u and s imply the
crossing of characteristics and thus the appearance of the shock.
Let us assume that the following values at t = tn are known: unj and snj for
j = 1, ..., Nx , uns , fTns , snsl and snsr , see Figure 4.8. We assume that all fluxes
are positive in Vj i.e. that the flow is ‘from left to right’ and thus we take
kar (s)nj−1/2 = kar (snj−1 ) and kar (s)nj+1/2 = kar (snsr ).
The shock speed is given by (4.3.19), implying a discrete condition


r (sn )
r (sn )
kw
kw
sr
sl
n
−
n
n
r
n
r
n
r
r
f k (s )+k (s ) kw (ssl )+ka (ssl ) 
xn+1
= xns + ∆t  Tns w sr a srn
.
(4.4.5)
s
us
ssr − snsl
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Figure 4.8. Front tracking method; C is the approximation of the shock curve.

Initially (t = t0 ) we have x0s = xNc , since we follow the shock that originates
at the interface.
and sn+1
Consider now the situation for t = tn+1 . Values sn+1
sr are approxsl
n
imated by the values of s at t = t in the closest points from the same side
≈ snj+1 , see Figure 4.8. Similarly as
≈ snj and sn+1
of the shock curve: sn+1
sr
sl
in Section 4.4.1, these approximations are motivated by the fact that s and r
depend on the upwind values along the characteristics (sketched also in Figure
4.8), and that two characteristics from each side of the shock meet at the point
(xn+1
, tn+1 ).
s
Now un+1
is computed using the condition for continuity of water flux
s
un+1
− un+1
s
j
n+1
r
kw (ssl ) n+1
xs − xj

=

n+1
un+1
j+1 − us
r
n+1
kw (ssr )
,
xj+1 − xn+1
s

and one can easily check that this condition implies also the continuity of the
air flux.

4.4.3

Numerical examples

We consider two numerical examples. The following approximations of the
functions are common for both examples: pT (t) = 5 MPa sin2 (πt), t ∈ [0, 1],
µw = 1 · 10−3 Pa s, µa = 1.8 · 10−5 Pa s. The values of used parameters are
given in Table 4.1.
The numerical examples differ only in the choice of relative permeability
functions. We take, for i = p, f ,

2+3λi
 ri
 ri
2
kw (s) = s ,
kw (s) = s λi ,
Ex. 1 :
Ex. 2 :
2+λ
kar i (s) = (1 − s)2 ,
 k r i (s) = (1 − s)2 (1 − s λi i ).
a

86

Chapter 4. Three phase model. Part I
parameter
u0
[·]
s0
[·]
k0
[m2 ]
ps0 [MPa]
q
[·]
λ
[·]
h0
[mm]

paper
0.55
0.75
5 · 10−15
0.23
4
2
0.17

felt
0.45
0.45
1.7 · 10−14
0.5
3.5
1.8
1.47

Table 4.1. Parameter set used in computations.
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Figure 4.9. Computational results of Example 1. (a) Final distribution (t = 1) of saturation
s inside paper and felt domains, computed by s-upwind and front tracking methods. (b)
Saturation in two-dimensional domain in spatial coordinates (s-upwind method).

So, Example 1 corresponds to the same relative permeabilities (as used in
Sections 4.2 and 4.3), while Example 2 corresponds to the general case, when
relative permeabilities for paper and felt are different (here we take BrooksCorey functions, see [7] for instance).
The numerical solutions for Example 1 are given in Figure 4.9. Note that in
Figure 4.9(b) the time t can be considered as a scaled horizontal (longitudinal)
coordinate.
To compete the two numerical methods, we give the final distribution of s
computed by both methods in the Figure 4.9(a). Figure 4.9(b) displays s in
spatial coordinate z. The scaled material coordinate x which is used in the
computations is transformed into the spatial coordinate z using
Z x
Z x
z(x, t) = h0
(1 + (η, t)) dη = h0
(1 + u(η, t) − u0 ) dη.
0

0

So, in fact the right Figure displays not only s, but also u through the com-
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puted geometry (compression) of the domain. One can understand the time
t on this figure as the horizontal spatial direction. This assumes that the
process is homogenous in horizontal direction. With this interpretation, this
figure represents also the corresponding two-dimensional cross section of the
press nip, which is sketched also in Figure 4.1.
In Figures 4.10, 4.11 and 4.12 we give numerical solutions of Example 2. In
this more general case, s has two discontinuities in space: one at the interface
and another inside the felt domain, see Figure 4.11. The interface discontinuity
is natural and expectable, arising from different relative permeability functions
and the arguments of mass conservation. The second discontinuity comes from
the hyperbolical nature of the equations in s and the fact that the initial
values of s for paper and felt are (in general) not in equilibrium, causing an
initial shock. Note that with this new choice of relative permeabilities the
criterion for existence of the shock, analogous to that from from Remark 4.1,
can be derived. Further, s(1, ·) also contains an expansion wave near the right
boundary. Note also that along the boundary line x = 1, s has a discontinuity
corresponding to the moment when pure air starts to flow into the felt.
In the expansion phase, when ux (1, t) > 0 and s(1, t) = 0, case 3 from
Remark 4.1 is satisfied. Therefore an expansion wave near the right boundary
is formed, see Figure 4.12.
The s-upwind method is by its construction (mass) conservative. The front
tracking method is also conservative, since the condition (4.4.5) actually represents the mass conservation. Besides, as we can see, opposite to the s-upwind
method, where mesh refinement is needed to produce a better approximation
of the shock, the front tracking method produces the exact shape of the shock
with a small number of grid points.
The driving force in the proposed model is a given total pressure transformed to a Dirichlet boundary condition for u. This boundary condition
causes in the first part of press nip flow from paper to felt (ux < 0). In the
second part of this paper [4] (compressible air case combined with no-flow
boundary conditions) the driving force will be the source term arising from
the compression of air. This is the fundamental difference between these two
models.
The calculated dryness gain of the paper is 2.4% in Example 1 and 2%
in Example 1, where dryness is defined as mass of solid particles per mass
of complete medium. However, we address in more details these questions of
engineering interest (dryness gain, thickness, compression, etc.) in the second
part of this paper [4], where the more realistic model is studied.
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Figure 4.10. Computational results of Example 2 (s-upwind method): distribution of s and
u at different times. (a) t = 0, 1/5 and 2/5. (b) t = 3/5, 4/5 and 1.
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Figure 4.11. Example 2. (a) Final distribution (t = 1) of saturation s inside paper and
felt domains, computed by s-upwind and front tracking methods. (b) Saturation in twodimensional domain in spatial coordinates (s-upwind method).

1

1

characteritics
shock curve

0.9
0.8

0.95

0.7

0.9

t [⋅]

t [⋅]

0.6
0.5
0.4

0.85

0.3
0.2

0.8

0.1
0
0

0.2

0.4

0.6

x [⋅]

0.8

0.75
0.996

1

(a)

0.997

0.998

x [⋅]

0.999

1

(b)

Figure 4.12. Computed characteristics in Example 2. A) Whole domain. B) Relatively
enlarged region near the right boundary.
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Conclusions

In this paper we have derived a three-phase model for wet pressing of paper.
It consists of a pair of coupled partial differential equations.
In order to understand some fundamental properties of this system, the
type of boundary conditions needed, the qualitative properties of the solutions
etc., we have untangled parabolic and hyperbolic parts by means of a suitable
transformation. To illustrate the analytical results we have employed two
numerical methods to compute two numerical examples. One of them is front
tracking method, which produces the exact shape of the propagating shock in
the saturation.
The simplifying assumption of air incompressibility helps to understand
the mathematical behaviour of the system, but it limits direct applications of
the results. For this reason we consider the compressible air case in the second
part of this paper, using the techniques and results from this study.
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Chapter 5

Analysis of wet pressing of paper: the
three-phase model. Part II:
compressible air case

5.1

Introduction

I

n Part I [5] we outlined under the simplified conditions of constant air
density some characteristics of the wet pressing process, involving two-phase
flow in deformable porous media. In this second part we investigate a more
practical setting. More precisely, we consider compressible air and prescribe
no-flow boundary conditions. In Part I we considered two possible numerical
approaches: saturation upwind (s-upwind) and front tracking. The emphasize
in this part is on the numerical treatment of the extended model. For this
purpose we use the s-upwind scheme introduced in Part I. We will also make
comparisons with other models and experiments.
This paper is organized as follows. In Section 5.2 we recall the equations
for the extended model including initial, boundary and the cross conditions.
The most important analytical features of the model are explained in Section
5.3. In Section 5.4 we first give a typical numerical example. Then we include
the effect of permanent (plastic) deformation of paper and we finally employ
the model to address the problem of the improving the efficiency of press nip.
The conclusions are given in Section 5.5.

5.2

Mathematical model

Most of the assumptions are the same as in Part I. Paper and felt are considered
as deformable porous media and only transversal flow and deformations are
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considered. The mechanical response of the solid structures of the layers is,
for the time being, considered to be perfectly elastic. Water and solid phase
are considered to be intrinsically incompressible.
Opposite to the previous case, the compression of air is now taken into
account. Air is assumed to obey a perfect gas equation:
pa = pa0 + γ(ρa − ρa0 ),

(5.2.1)

where pa0 and ρa0 are the pressure and the density of air at atmospheric
conditions and γ is a known positive constant. Consequently the mass balance
of air in integral form reads
Z
d
φ(1 + )(1 − s)ρa dZ − ρa qa (Z01 , t) + ρa qa (Z02 , t) = 0.
dt V
Here φ denotes porosity, s saturation,  strain, while qa is the specific air
discharge, relative to the solid phase (for more details see again Part I). Instead
of the transversal spatial coordinate z, the corresponding material coordinate
Z is used. Disregarding capillary effects in pores we write
pa = pw =: pf ,
and we refer to pf as the fluid pressure. With this assumption, the total applied
pressure pT is divided over solid and fluid phases accordingly to Terzaghi’s
principle [1], implying
pT = p s + p f ,
(5.2.2)
where ps is the effective structural pressure. We assume that the total pressure is given as a function of time, pT = pT (t). The elastic response of the
solid skeleton of the layers is modelled by a functional relationship between
structural pressure and strain. As in Part I, this relation can be rewritten in
terms of structural pressure and void ratio, yielding


ps = ps (u) = ps0 u−q − u−q
, q > 0.
(5.2.3)
0
Terzaghi’s principle (5.2.2), together with (5.2.1) and (5.2.3), gives
ρa = ρa (u, t) := ρa0 +



i
1h
pT (t) − ps0 u−q − u−q
−
p
.
a0
0
γ

Here, the so-called scaled void ratio u is given by
u = (1 − φ0 )

φ
,
1−φ

(5.2.4)
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where φ0 = u0 is the value of φ that corresponds to undeformed state. We use
Darcy’s law in material coordinates
qj = −

k(u)kjr (s) ∂pj
, j = w, a,
µj (1 + ) ∂Z

where µj is viscosity, k intrinsic permeability and kjr relative permeability of
phase j, j = w, a (subscripts w and a refer to water and air, respectively).
The following functional dependances are used, see [1, 8]:
k = k(u) = k0

u3
(Kozeny-Carman),
(1 − φ0 )2 (1 − φ0 + u)

and
r
kw
(s) = s

2+3λ
λ

, kar (s) = (1 − s)2 (1 − s

2+λ
λ

), 0.2 < λ < 3 (Brooks-Corey).
(5.2.5)
Analogously to Part I we introduce the dimensionless coordinates
x :=

Z
t
and t :=
,
h0
tf in

where h0 is the total initial thickness of the paper-felt system and tf in is
the total time of the press nip. Furthermore, we introduce the dimensionless
pressures and air density by redefining
ps :=

pf
ps
pT
ρa
, pf :=
, pT :=
and ρa :=
.
ps0
ps0
ps0
ρa0

With this change, (5.2.1), (5.2.3) and (5.2.4) become, respectively
pf =

pa0
+ γ ∗ (ρa − 1),
ps0

(5.2.6)

ps (u) = u−q − u−q
0 ,
and



 p 
1
a0
−q
−q
,
ρa (u, t) := 1 + ∗ pT (t) − u − u0 −
γ
ps0

for a dimensionless quantity
γ∗ = γ

(5.2.7)

ρa0
.
ps0

The final system now reads
(us)t = (Cw (u, s)ux )x (water equation),

(5.2.8)
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and
(u(1 − s)ρa (u, t))t = (ρa (u, t)Ca (u, s)ux )x (air equation).

(5.2.9)

Here the indices x and t denote partial differentiation with respect to these
variables. The functions Cj , j = w, a are given by
tf in ps0 k(u)kjr (s) dps
h20 µj (1 + (u)) du
u2−q kjr (s)
qtf in k0 ps0
=: Cj0 g(u)kjr (s).
h20 µj (1 − φ0 )2 (1 − φ0 + u)2

Cj (u, s) = −
=

Equations (5.2.8) and (5.2.9) hold in both the paper and the felt domain:
paper: Qp = {(x, t) : 0 < x < xc , 0 < t < 1},
felt: Qf = {(x, t) : xc < x < 1, 0 < t < 1}.
Here xc = h0p /h0 corresponds to the paper-felt interface. The values of the
constants in equations (5.2.8) and (5.2.9), when considered in the subdomains
i , φi , q i , g i (u)
Qp and Qf , are denoted by the superscript i. Thus we have Cj0
0
and kjri (s), with j = w, a and i = p, f .

Initial, boundary and cross conditions
When solving equations (5.2.8) and (5.2.9) in the paper (Qp ) and the felt (Qf )
one needs initial, boundary, and cross conditions between them.

Initial conditions
The same initial conditions as in Part I are prescribed. Layers are initially
undeformed, giving

u(x, 0) =

up0 = φp0 for x ∈ (0, xc ),
uf0 = φf0 for x ∈ (xc , 1).

(5.2.10)

Furthermore, initial distribution of the water saturation s is known:

s(x, 0) =

sp0 for x ∈ (0, xc ),
sf0 for x ∈ (xc , 1).

(5.2.11)
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Boundary conditions
At the boundaries x = 0 and x = 1 we prescribe a no-flow condition, assuming
that both paper and felt are in contact with impermeable press rolls. This
gives the Neumann conditions
ux (0, t) = ux (1, t) = 0 for 0 < t < 1.

(5.2.12)

Cross conditions
As in Part I, the mass and the pressure conservation yield
f f
rf
C0w
g (u)kw
(s)ux
f
C0a
ρa0 ρa g f (u)karf (s)ux

(x+
c ,t)

(x+
c ,t)

p
rp
,
= C0w
g p (u)kw
(s)ux |(x−
c ,t)

(5.2.13)

p
= C0a
ρa0 ρa g p (u)karp (s)ux |(x−
c ,t)

(5.2.14)

h
p
= pps0 (u)q

(5.2.15)

and
pfs0



qf

(u)

(x+
c ,t)

−

f
(φf0 )q



(x−
c ,t)

− (φp0 )q

p

i

.

The continuity of pa across the interface and (5.2.6) imply that also ρa is continuous. Thus ρa disappears from (5.2.14). The pressure condition implies
that the void ratio u is discontinuous across the paper-felt interface. Conditions (5.2.13) and (5.2.14) now give the jump in the saturation:
rf
kw
(s)

karf (s)

5.3

(x+
c ,t)

rp
(s)
kw
= rp
ka (s)

for 0 < t < 1.

(5.2.16)

(x−
c ,t)

Investigation of nature of system

The model consists of the equations (5.2.8), (5.2.9) in the subdomains Qp and
Qf , subject to the initial conditions (5.2.10), (5.2.11), the boundary conditions
(5.2.12), and the cross conditions (5.2.13), (5.2.14) and (5.2.15) at the paperfelt interface. As we will see, this system has similar mathematical features as
the simplified system from Part I.
Since the following transformations apply to both the paper and felt domain we omit the subscript i = p, f , to simplify notation. Dividing (5.2.9) by
ρa (u, t) we obtain
(u(1 − s))t + u(1 − s)

(ρa (u, t))t
ρa (u, t)

= (Ca0 g(u)kar (s)ux )x + Ca0 g(u)kar (s)ux

(ρa (u, t))x
.
ρa (u, t)

(5.3.1)
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Differentiation of (5.2.7) gives
(ρa (u, t))t =

1 0
1
(p (t) − p0s (u)ut ) and (ρa (u, t))x = − ∗ p0s (u)ux .
γ∗ T
γ

Thus adding (5.3.1) and (5.2.8) and dividing the obtained equation by
A(u, s, t) = 1 − u(1 − s)

p0s (u)
,
γ ∗ ρa (u, t)

we obtain an equation for u:
ut =

1
r
[((Cw0 kw
(s) + Ca0 kar (s))g(u)ux )x + B(u, s, ux , t)] ,
A(u, s, t)

(5.3.2)

where
B(u, s, ux , t) = −

u(1 − s)p0T (t) + Ca0 g(u)kar (s)p0s (u)(ux )2
.
γ ∗ ρa (u, t)

Note that natural bounds for the void ratio (0 < u ≤ u0 = φ0 : state of
compression) and the saturation (0 < s < 1) imply A ≥ 1.
Writing
s = S(u, r, t),
(5.3.3)
where r is a still unspecified function, and using
st = Su ut + Sr rt + St ,
equation (5.2.8) becomes
r
(S + uSu )ut + uSr rt + uSt = (Cw0 g(u)kw
(S)ux )x ,

and, with (5.3.2),
S + uSu
r
[((Cw0 kw
(S) + Ca0 kar (S))g(u)ux )x + B(u, S, ux , t)]
A(u, S, t)
r
(5.3.4)
+uSr rt + uSt = (Cw0 g(u)kw
(S)ux )x .
In order to eliminate uxx in the above equation we choose (5.3.3) such that
S + uSu
r
r
(Cw0 kw
(S) + Ca0 kar (S)) = Cw0 kw
(S).
A(u, S, t)

(5.3.5)

Using (5.3.5) in (5.3.4) we obtain


r
r
uSr rt + F (S)(Cw0 kw
(S) + Ca0 kar (S))0 − (Cw0 kw
(S))0 Sx g(u)ux
= −B(u, S, ux , t)F (S) − uSt ,
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for the fractional flow function F (S) given by
F (S) =

r (S)
mkw
.
r (S) + k r (S)
mkw
a

Here

µa
Cw0
=
µw
Ca0
is the air-water viscosity ratio. After elementary transformations we obtain
an equation for r
m=

rt +

fT F 0 (S)
fT F 0 (S)Su
St
B(u, S, ux , t)
F (S) −
ux − ,
rx = −
u
uSr
uSr
Sr

(5.3.6)

where the total (volume) flux is given as
r
fT = − [Cw0 kw
(S) + Ca0 kar (S)] g(u)ux .

Using (5.3.3) we now have a coupled system in terms of u and r: for given r,
the u−equation (5.3.2) is second order parabolic; for given u, the r−equation
(5.3.6) is first order hyperbolic.
Due to technicalities involved, the details about the transformation (5.3.3)
are moved to Appendix B.
From (5.3.6) it follows that the direction of characteristics for r is
ẋ(t) =

fT dF
(S).
u dS

(5.3.7)

Using the smoothness of transformation (5.3.3) it is possible to verify that
s has the same characteristic speed (5.3.7). No-flow conditions at x = 0 and
x = 1 imply fT = 0 and thus ẋ(t) = 0, for all t ∈ [0, 1]. Therefore no boundary
conditions for r are needed, since the corresponding characteristics at x = 0
and x = 1 do not enter the computational domain. The hyperbolic nature of
the equation for r explains also why only a single cross condition is required
for this variable (and thus for s) at the paper-felt interface. It also explains
why we may expect shocks for r. Since transformation (5.3.3) (more precisely,
Problem (T ), see Appendix B) defines a smooth transformation, shocks in
r carry over to shocks in s. Using the definition of Problem (T ), an initial
condition for r can be derived, as in Part I.
As in Part I, we can show that if a shock in s occurs at some curve x =
ζ(t), than u and the total flux fT are continuous across the shock (u is only
discontinuous across the interface x = xc ). Interpreting equation (5.2.8) across
the shock front yields a shock condition
dζ
1
[fw ]
=
,
dt
u(ζ(t), t) [s]
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where fw denotes the water flux
f
r
fw = −Cw0
kw
(s)g(u)ux .

Comparing to the model from Part I, where the boundary condition for u
at x = 1 causes the flow, here the source term in u−equation acts as a driving
force inside the domain. This is the fundamental difference between these two
models.
For the sake of completeness, we consider briefly a single layer problem
with no-flow boundary conditions. One easily verifies that constant in space
functions u = u(t) and s = s(t) are the solutions of equations (5.2.8) and
(5.2.9) and satisfy no-flow boundary conditions. Having in mind that material
coordinates are used, this form of the solutions implies that there is no flow
of fluids (water and air) relative to the solid particles. Furthermore, one
can verify that u(t) decreases as long as pT (t) increases and vice versa. The
physical interpretation is obvious: as long as the total applied pressure is
increased, the medium is being compressed and inversely. In the case of two
layers, due to cross conditions the solutions u and s depend on x also.

5.4

Computational results

We will first illustrate the main features of the solutions by a numerical example. In order to give a better qualitative description, we then take into account
the plastic deformations of the paper. At the end, we address the problem of
improving the efficiency of the press nip using the proposed model.

5.4.1

Details of the scheme

To compute a numerical solution, a modification of the s-upwind method
introduced in Part I is employed. Segment [0, 1] is split up into Nx equal
control volumes (cells) V1 , V2 , ..., VNx of size (length) ∆x = 1/Nx , with centers in the points x1 , x2 , ..., xNx .The time interval [0, 1] is divided into Nt
equal time steps, i.e. we take 0 = t0 < t1 < · · · < tNt = 1, such that
tn+1 − tn = ∆t = 1/Nt , n = 0, ..., Nt − 1. Interface points are defined as
x1/2 = 0 and xj+1/2 = xj + ∆x/2, j = 1, ..., Nx .
Integration of (5.2.8) and (5.2.9) over the control volume Vj for t = tn ,
combined with explicit Euler approximation of the time derivative, gives
un+1
sn+1
= unj snj +
j
j


∆t 
−(fw )nj+1/2 + (fw )nj−1/2 ,
∆x
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un+1
(1 − sn+1
)ρa (un+1
, tn+1 ) = unj (1 − snj )ρa (unj , tn )
j
j
j

∆t 
−ρa (unj+1/2 , tn )(fa )nj+1/2 + ρa (unj−1/2 , tn )(fa )nj−1/2 .
+
∆x
When all approximations for t = tn are known, the above two conditions
determine uniquely (in general) un+1
and sn+1
. More precisely, using first
j
j
n+1
n+1
equation, sj
is expressed in terms of uj . Substitution into the second
equation gives an equation for un+1
. The fluxes at the cell interfaces are given
j
by
(fj )nj±1/2 = −g(u)nj±1/2 kjr (s)nj±1/2 (ux )nj±1/2 , j = w, a.
At the cells interfaces we approximate ux using the central difference and u
r
and g(u) using centered approximations. On the other side, kj±1/2
(s) is, using
(5.3.7), approximated in an upwind maner:
kjr (s)nj−1/2


=

kjr (snj−1 ) if unj−1 ≥ unj ,
kjr (snj ) if unj−1 < unj ,

j = w, a,

end similarly with kj (s)nj+1/2 .
The initial, boundary and cross conditions are approximated as in Part I.
We consider now the stability of the numerical scheme. Since the numerical
scheme is based on system (5.2.8)–(5.2.9), we can not apply straightforwardly
the criteria for the stability of parabolic and hyperbolic equations, giving the
conditions for time step and grid size. Nevertheless, we will obtain a correct
stability condition by considering the hyperbolic and parabolic parts of the
system.
The stability criterion for one-dimensional hyperbolic equations is based on
the fact that during one time step the information (characteristic) propagates
not further than to a neighbouring cell, see [10] for instance. The second
condition follows the stability condition of the corresponding parabolic part
(equation (5.3.2)), see [7] for instance, implying that
∆t
1
≤
2
(∆x)
2 maxQp ∪Qf

Cw +Ca
a

.

(5.4.1)

This is a dominant condition. If it is satisfied for some ∆t and ∆x, we can
verify (computing the characteristics speed (5.3.7)) that the above mentioned
condition corresponding to the hyperbolic part is readily satisfied. The numerical experiments show that the condition (5.4.1) gives indeed a criterion
for the stability of the numerical scheme.

102

Chapter 5. Three phase model. Part II
parameter
patm
[MPa]
ρatm
[Kg m−3 ]
γ
[MPa Kg−1 m3 ]

value
0.1
1.29
8.3 · 10−2

Table 5.1. Parameter set used in computations.

5.4.2

Numerical example

We consider now a numerical example. The parameters u0 , s0 , k0 , ps0 , λ, q, h0
and pT 0 are the same as in Part I. The parameters for the perfect gas equation
(5.2.1) are given in Table 5.1.
The numerical results are given in Figures 5.1 and 5.2. For a better understanding of the results we can consider the time t as a scaled horizontal
(longitudinal) coordinate.
In this example, using the criterion from Part I, the initial shock is in the
saturation s is formed. This shock in s propagates into the felt domain, the
water and air flow from paper to felt. For t ≈ 0.16, sl becomes larger then sin
and the mentioned criterion from Part I for existence of shock in s is not valid
any more. This, shock like initial behaviour in s, caused by different initial
saturations of paper and felt is reported also in [9].
The fluid pressure and the saturation in paper increase in the first part of
the press nip and reach their maximum just before the mid-nip (middle of the
nip). Consequently, in this region the water flow is the most intensive. These
are well-known features of the wet paper pressing, see for instance [12, 13].
After the mid-nip (middle of the nip) the saturation decreases due to expansion
of air in pores, but the flux at the paper-felt interface keeps the positive sign
up to t ≈ 0.8. After this moment, certain reverse flow, so-called rewetting,
occurs. This effects are also known, see [12, 13] for instance.
To improve the behaviour of the model in expansion phase, in the next
section we will take into account permanent deformation of the paper.

5.4.3

Plastic deformation of paper

In the example from the previous section, the mechanical behaviour of fibrous network of paper was assumed to be perfectly elastic. This implies that
absence of (solid) stress means absence of strain and that the stress-strain
relationship is the same in compression and expansion phase. However, compressed wet paper can experience complicated permanent and semi-permanent
deformations, see for instance [11, 12]. In other words, after releasing of pressure, paper does not regain (or at least not immediately) its original thickness.
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Figure 5.1. Example 2: distribution of s and u (in paper and felt domains) at different
times. (a) t = 0, 1/5 and 2/5. (b) t = 3/5, 4/5 and 1.
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(a)

(b)
3

Figure 5.2. Example 2: saturation (a) and air density (b) (in kg/m ) in two-dimensional
domain in spatial coordinates.

As reported by [6], viscoelastic properties of the wet paper arise from the flow
of fluids through the pores, while the pure fibrous network appears to be nonviscoelastic.
Therefore, we consider only plastic deformations of the wet paper web.
This effect is modelled by assuming that the stress-strain (in fact, structural
pressure-strain) relation is different for the compression and the expansion
phase. Since strain is defined locally, in the expansion phase different particles
inside the paper follow in general different stress-strain curves, see Figure 5.3.
Using the relation (see Part I)
 = u − u0 ,
structural pressure-strain and structural pressure-void ratio relations directly
imply each other, see Figure 5.3.
We consider only the numerical modelling of plastic effects here. We do
not study the (non-trivial) mathematical implications when these different
structural pressure-void ratio relations for compression and expansion used in
the partial differential equations (5.2.8) and (5.2.9).
We will follow the idea from [9], where the two-dimensional (transversallongitudinal) model in stationary case is used to simulate the pressing of wet
paper together with a rigid (incompressible) porous plate. In this study it is
assumed that the particle which is deformed to maximal strain , after releasing
of the pressure returns to a strain pl . Note that, in this interpretation, the
absence of plastic deformations implies pl = 0.
In the compression phase the relation (5.2.3) is used. Let the value of void
ratio of a certain particle in the moment when expansion starts be u1 , see
Figure 5.3. The corresponding strain is 1 = u1 − u0p . As we have mentioned,
we assume that after the releasing of stress, i.e. for ps = 0, the particle returns
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ps

 = −u0  = 1
u=0
u = u1

 = 2
u = u2

=0
u = u0

, u

Figure 5.3. Pressure-strain (void ratio) curves for compression and expansion phase.

to state with strain equal to
2 = pl 1 = pl (u1 − u0p ) ,
and the corresponding void ratio
u2 = 2 + u0p = pl u1 + (1 − pl )u0p .
Taking, as in [9], pl = 1/2 we have
2 =

u1 + u0p
u1 − u0p
and u2 =
.
2
2

We take the structural pressure-void ratio relation in expansion phase as
i
h
−qexp
−qexp
,
(5.4.2)
pexp
(u)
=
p
u
−
u
s0
s
2
i.e. with the same ps0 as in (5.2.3). The parameter qexp is chosen such that
pexp
s (u1 ) = ps (u1 ).
In general, every particle has a different compression history and begins to
expand in a different moment comparing to the other particles. However, due
to no-flow boundary conditions, the gradient of void ratio (and consequently
the gradient of strain) is not large (see Figure 5.1). For this reason we use the
same relation (5.4.2) for all particles, from the moment when paper starts to
expand.
Apart from relation (5.4.2), all others parameters are taken as in example
from the previous section. In Figures 5.4(a) and 5.4(b) we show the evolution
of paper thickness and the mass of water in paper, respectively, both for pl = 0

106

Chapter 5. Three phase model. Part II
0.081

0.175

εpl=1/2
εpl=0

εpl=1/2
εpl=0

0.08

0.17

0.165

p

h [mm]

2

mass of water [g/m ]

0.079

0.16

0.078
0.077
0.076
0.075

0.155

0.074
0.15
0

0.1

0.2

0.3

0.4

0.5

t[⋅]

0.6

0.7

0.8

0.9

1

(a)

0.073
0

0.2

0.4

0.6

t[⋅]

0.8

1

(b)

Figure 5.4. Time evolution of paper thickness (a) and the total mass of water in paper (b)
for cases pl = 1/2 and pl = 0.

(no plastic effects) and pl = 1/2. We immediately observe the significant
effects of permanent deformations on the paper thickness. Further, back flow
(rewetting) occurs for pl = 0 and not for pl = 1/2. Therefore, in the case
pl = 1/2, the water content in paper decreases during the whole nip. The
expansion of paper occurs only due to expansion of air in the pores. Comparing
the influence of plastic deformations on the solutions, [9] reported very similar
observations.
The effects of plastic deformations, in the absence of capillary effects, do
not influence significantly on the quantity of the total water content in paper.
However, they remarkable influence some other important paper properties:
the total thickness and further mechanical behaviour.
There is a quantitative difference regarding the computed magnitude of
water flow, comparing to [9]. The possible explanation could be that in this
study the authors consider the incompressible porous plate. Therefore the
compression of paper-plate is taken only by paper layer, implying a more
intensive flow from paper to felt.

5.4.4

Performance of the model

The often used quantity in wet paper pressing is the ‘press impulse’, i.e. the
integral of the total pressure over the nip residence time, see [2]. This is a
measure of the energy consumed by a press nip. An important problem is to
consider which press regime has the best efficiency for a fixed energy, i.e. to
consider which type of press pulses (which shape of the total pressure curve)
for the same impulse produces best dewatering. This is correlated with the
choice of the size of the press rolls, which consequently exert different pressure
profiles (for the same press impulse, the smaller roll exerts higher maximal
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pressure but has a smaller nip residence time). We do not consider here the
corresponding influences on paper quality.
We employ the proposed model to answer this question and consider three
cases with different press nip time and the maximal applied pressure. For
i = 1, 2, 3 we take
pT i (t) = αi pT 0 sin2 (πt) and tf in = tf in0 /αi ,
Here pT 0 = 5 MPa, tf in0 = 2.4 · 10−2 s, α1 = 3/2, α2 = 1 and α3 = 2/3, see
Figure 5.5(a). Note that in all three case the press impulses are equal:
Z

tf in

0

1
pT i (t) dt = pT 0 tf in , i = 1, 2, 3.
2

Taking into account plastic effects (with pl = 0.5) and computing the evolution of total mass of water in paper (Figure 5.5(b)) we conclude that harder
pressure pulses (with higher maximal pressure) produce better drying results.
This conclusion is in agreement with earlier observations from [2], and it is
characteristic for compression controlled regimes.
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Figure 5.5. Three cases of different press pulses (a) and corresponding (time) evolution of
relative paper dryness (b).

The experiments with different felt permeabilities k0f suggest that, as expected, a larger felt permeability improves the drying results.

5.5

Conclusions

In this paper we have studied a three-phase model for wet pressing of paper
for the compressible air case. We have introduced a suitable transformation
in order to rewrite the model into the standard parabolic-hyperbolic form.
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Employing a suitable upwind method, we have performed the computations,
including also the effects of plastic deformations.
The comparisons with experimental results show that the proposed model,
although one-dimensional, gives a good qualitative description of the wet pressing process. At the other hand, the horizontal air flow, which seems to be of
importations in the beginning and in the end of nip, is not easy to describe
using the proposed one-dimensional transversal model. Therefore a further
step to improve the results could be to consider a two-dimensional model.
In order to compare quantitative output of the model (calculated dryness
gain for instance) with some experimentally obtained values, we need to adjust
values of all parameters to the specific case. We welcome contributions to this
validation process.
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Chapter 6

Modelling of the hot pressing of paper

6.1

Introduction

I

n the press section of a paper machine, water is squeezed out of the wet
paper by applying a sharp pressure pulse, as the paper together with the
felt passes through the press nip. The remaining water is removed in the dryer
section. The low efficiency and the high costs of the dryer section is the reason
why much efforts have been made to improve the rather simple and efficient
press section. The limitations of experimental approaches (high processing
speed, small paper thickness) motivate modelling of wet paper pressing.
One of the advanced technologies used in wet pressing is so-called hot
pressing, where a combined action of pressing and a high temperature is used
to improve the pressing results. In addition to a sharp pressure pulse, web
paper is exposed to a heat flux from a preheated press roll. A high temperature
improves dewatering by (see for instance [6]):
- reducing the flow resistances of water and air by reducing their viscosities,
- thermal softening of the fiber network, allowing for improved web consolidation,
- reducing post-nip rewetting of paper by weakening capillary effects.
In case of impulse drying, where temperatures exceed 100°C and go up to
300°C, additional effects occur:
- increased the hydraulic pressure gradient via steam formation,
- increased evaporation after the press nip.
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fe lt d o m a in
p a p e r d o m a in
ro ll d o m a in

Figure 6.1. Scheme of the press section of paper machine.

Riepen [13] models mathematically hot pressing of paper, by proposing
an essentially two-phase (water and solid) model. The model is applicable
for completely saturated paper, while the effects of air in felt are taken into
account by assuming that water and air are distributed in an a priori known
way. The phase transition of water is also taken into account, i.e. the model
describes also impulse drying. Using homogenization, Bloch [6] derives a model
of heat transfer through nonsaturated porous media and applies it to hot
pressing of paper. An overview of the impulse drying research was made by
Van Lieshout [10].
In this paper we propose a three-phase model for hot pressing of paper,
i.e. we restrict ourselves to temperatures below 100°C. Basically we supply
an already derived model from [5] with energy equations for the porous media
(paper and felt) and the press roll. The temperature dependence of the flow
equations comes through the fluid viscosities, air density and thermal softening
of paper. At the other side the convection of temperature depends on the flow
of fluids, while the effective thermal coefficients of paper and felt depend on
the composition of the water-air-solid mixture.
In Section 6.2 we introduce the model (consisting of flow and temperature
equations and a set of initial, boundary and cross conditions) and outline its
mathematical nature. In Section 6.3 we present and comment on computational results of typical examples of hot pressing. Conclusions are given in
Section 6.4.

6.2

The model

The flow equations model flow of the fluids and compression of the layers.
Since we will consider the case of impermeable press rolls, the flow problem
is restricted only to the paper and the felt domain (see Figure 6.1). On the
other hand, as we will see, the temperature problem considers the temperature
distribution throughout three domains: lower roll, paper and felt.
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Flow equations

In this section we briefly introduce the three-phase flow model that was derived
and studied in more details in [4, 5], and adjust it to non-isothermal conditions.
Paper and felt are considered to be deformable porous layers. The permeability changes with the deformation, giving a relation between permeability
and porosity. Water and solid are assumed to be intrinsically incompressible,
while air is assumed to be an ideal gas. Having in mind the typical geometry
of the press nip (see [9, 15] for instance) we consider only the flow and deformation in the vertical (transversal) direction, obtaining a one-dimensional,
transversal model.
The governing equations are mass balance equations for water, air and
solid, Darcy’s equations for water and air and the balance of total momentum.
The closure is given by a set of state equations (ideal gas assumption for
air, intrinsic permeability as a function of porosity, relative permeabilities as
functions of water saturation, structural pressure as a function of strain).
It turns out that, instead of the porosity φ, the scaled void ratio u defined
by
φ
u = (1 − φ0 )
1−φ
is more convenient to use. Darcy’s laws for water and air read
qj = −

k(u)kjr (s) ∂pj
, j = w, a.
µj
∂z

Here qj , j = w, a (subscripts w and a refer to water and air, respectively) are
specific discharges relative to the solid structure, z is the vertical (transversal) coordinate, s is the water saturation, µj are viscosities, k is the intrinsic
permeability and kjr are relative permeabilities. The specific choice of the
functions k(u) and kjr (s) will be given in Section 6.3.
The mechanical response of the solid skeleton of felt is assumed to be
perfectly elastic and independent on temperature. The second assumption
does not pose a big restriction since temperature changes in felt are limited
(see Section 6.3). These assumptions yield, as in [4, 5], a structural pressurestrain relation. Using the relation between strain and void ratio (see [3])
 = u − u0 ,
we obtain a structural pressure-void ratio relation for felt:


f
f
pfs = pfs0 u−q − u−q
, q f > 0.
0
The superscripts p and f refer to paper and felt, respectively.

(6.2.1)
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Wet paper shows a more complicated mechanical behaviour. First, for
higher temperatures wet paper softens, i.e. the Young modulus of the fibrous
network decreases, see [2, 6]. Back [2] explains this thermal softening by the
reduced inter-fibre and intra-fibre hydrogen bonding. Having in mind that
the Young modulus is given as dps /d (or equivalently dps /du), we model
this phenomenon by introducing an additional temperature dependence in the
structural pressure-void ratio relation:


com,p
com,p
pcom,p
(u) = A(T )pps0 u−q
− u−q
, q com,p > 0,
(6.2.2)
s
0
where the decreasing function A(T ) will be specified in Section 6.3. The
appearance of superscript com suggests that this relation is valid during the
compression (loading) phase.
After the press nip wet paper does not return to its initial thickness (see
[9] for instance), i.e. both semi-permanent and permanent deformations occur. Semi-permanent deformations are associated with a delayed response
during unloading (releasing of pressure). El-Hosseiny [7] reports that this
phenomenon occurs due to the flow of fluids through the pores, while the
plain fibrous structure does not exhibit visco-elastic behaviour. Apart from
this, wet paper is partially permanently deformed, i.e. it never regains its
original thickness after release of pressure. Therefore relation (6.2.2) is used
only in the compression phase. In the expansion phase, as in [5] and following
the idea from [9], a different stress-void ratio relation is used.
We introduce a parameter pl and consider a particle that, at the state
of maximal deformation has the strain equal to 1 . We assume that after
releasing of the pressure this particle returns to state with strain equal to
2 = pl 1 , see Figure 6.2. Letting u1 = 1 + u0 and u2 = 2 + u0 , during
expansion (unloading) we use the relation


exp,p
exp,p
, q exp,p > 0,
(6.2.3)
pexp,p
(u) = A(T )pps0 u−q
− u−q
s
2
where q exp,p is taken such that pcom,p
(u1 ) = pexp,p
(u1 ). Although every particle
s
s
has a different compression history and begins to expand at a different moment,
in order to simplify modelling we use relation (6.2.3) for all particles, from the
moment when the complete paper layer starts to expand. The expression for
paper thickness will be given later, in material coordinates.
Water and air viscosities are temperature dependent (µj = µj (T ), j =
w, a). The functional dependences will be specified in Section 6.3.
Assuming, as in [9], local pressure equilibrium of fluids we write
pa = pw =: pf ,

(6.2.4)
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 = −u0  = 1
u=0
u = u1

 = 2
u = u2

=0
u = u0

, u

Figure 6.2. Pressure-strain (void ratio) curves for the compression and expansion phase,
for a fixed temperature.

where pf denotes the average pressure of the water-air mixture. With this
assumption, the total applied pressure pT is distributed over the solid and
fluid phases accordingly to Terzaghi’s principle [1], implying
pT = p s + p f .

(6.2.5)

Air is considered to be a perfect gas, implying a linear relation between
density and pressure. In addition, the temperature dependence is taken into
account. The specific choice of the function
ρa = ρa (pa , T )

(6.2.6)

is given in Section 6.3.
Using Terzaghi’s principle (6.2.5), a given total pressure as a function of
time (pT = pT (t)) and using (6.2.1) (for felt) and (6.2.2) during the paper compression and (6.2.3) during the paper expansion, we express the fluid pressure
as
pf = pif (u, t) = pT (t) − pis (u), i = p, f.
This relation, together with (6.2.6) and (6.2.4) yields relation
ρa = ρia (u, T, t), i = p, f.
To fix the (paper and felt) domain we use the (scaled) vertical material
coordinate x corresponding to the initially undeformed configuration. As in
[4] we have
∂
∂ ∂x
1
∂
1
∂
=
=
=
.
∂z
∂x ∂z
h0 (1 + ) ∂x
h0 (1 − u0 + u) ∂x
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Here h0 = hp0 + hf0 , where hp0 and hf0 are the initial thicknesses of paper and
felt, respectively. Redefining the time by taking t := t/tf in , where tf in is the
total time of press nip, the paper and felt domains from Figure 6.1 transform
to the rectangles Qp and Qf , from Figure 6.3.
x
1
Qf
xc
0

Qp
1

t

Qr

−1
Figure 6.3. Computational domains Qr , Qp and Qf . xc = hp0 /h0 corresponds to the
paper-felt contact.

As in [5] we rewrite the governing and the state equations into a system of
two partial differential equations:
(us)t = Cwi (u, s, T )ux


x

, i = p, f (water equation),

(6.2.7)

(u(1 − s)ρa (u, T, t))t = (ρa (u, T, t)Cai (u, s, T )ux )x , i = p, f (air equation),
(6.2.8)
where
rf
tf in k f (u)kj (s) f f −qf −1
f
Cj (u, s, T ) = 2
q ps0 u
, j = w, a,
µj (T )
h0
and
Cjp (u, s, T ) =

rp
tf in k p (u)kj (s)
α,p
A(T )q α,p pps0 u−q −1 , j = w, a.
µj (T )
h20

Equations with superscript of the coefficients i = p and i = f are considered in
the paper (Qp ) and the felt (Qf ) domain, respectively. In q α,p we take α = com
at the compression and α = exp in the expansion phase. It is straightforward
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to show that the thickness of paper is given by
Z xc2
p
p
p
u(η, t) dη.
h (t) = h0 (1 − u0 ) + h0
xc1

Clearly hp0 (t) < 0 is a criterion for the compression phase of the paper layer
and hp0 (t) > 0 for its expansion phase.
Remark 6.1. In the derivation of equations (6.2.7) and (6.2.8) we have neglected the flow of fluids caused by temperature gradients. In other words, we
have used the approximation
∂
0
A(T )pis (u) ≈ A(T )pis (u)ux , i = p, f.
∂x
0

This is justified by the numerical results implying that A(T )pis (u)ux is mainly
one order of magnitude larger than A0 (T )pis (u)Tx .
Remark 6.2. (Nature of the flow model (6.2.7)–(6.2.8))
Let us assume for the time being that the temperature distribution is known.
We are left with a closed system of two partial differential equations (6.2.7)
and (6.2.8) in terms of void ratio and saturation. The mathematical nature
of this system and the properties of the solutions are not immediately clear.
Here we omit the superscripts i = p, f since this consideration applies both to
the paper and to the felt.
Following the procedure from [4, 5], by introducing a new unknown r
through a suitable chosen transformation r = r(u, s), the system (6.2.7) and
(6.2.8) can be transformed into a parabolic-hyperbolic system in terms of u
and r:
(
ut = a(r, u, ux , t)uxx + b(r, u, ux , t),
rt + c(r, u)ux rx = d(r, u, ux , t),
for some nonlinear coefficients a, b, c and d. From the r−equation it follows
that the characteristic speed for r is
ẋ(t) = cux .

(6.2.9)

Smoothness of the transformation r = r(u, s) implies that (6.2.9) is also the
characteristic speed of s. No-flow conditions at x = 0 and x = 1 can be expressed as ux = 0, implying that no boundary conditions for r (and s) are
needed, since the corresponding characteristics at x = 0 and x = 1 are parallel
to the t−axis and thus do not enter into the computational domain. Furthermore, the hyperbolic nature of the equation for r explains also why only a single
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cross condition is required for this variable (and thus for s) at the paper-felt
interface. It also explains why we may expect shocks for r and in s. The
choice of the numerical scheme will (by means op suitable upwinding) account
the hyperbolic behaviour of the equations in s.

6.2.2

Temperature equations

In the situation of our interest, the lower roll (see Figure 6.1) is preheated,
while paper, felt and the upper roll are assumed to be initially cold (i.e. at the
ambient temperature). The thickness of the felt layer suggests that its upper
part and the upper roll do not change their temperatures in the press nip (this
is verified by numerical experiments). Therefore the temperature problem can
be restricted to the lower roll and the paper and felt domain. We introduce
here temperature (energy) equations for porous layers (paper and felt) and for
the steel press roll.
Temperature equation for the paper and the felt
We consider the porous media (paper or felt) as mixtures of three intrinsic
phases: solid, water and air. We take into account only heat transfer through
all intrinsic phases by conduction and through fluid phases by convection.
We neglect dispersion of heat in fluids and heat radiation between solid
particles. Furthermore we neglect, as in [6, 13], the temperature differences
beween the intrinsic phases. This assumption depends on the type of porous
medium, the ranges of temperatures and the space and time scales involved.
Naturally, it is more acceptable in the case of ‘fine’ porous media and for ‘slow’
processes, where the total time is much larger than the time needed for solid
and fluid temperatures to approach each other.
The conduction arises from the exchange of kinetic energy by the colliding
molecules. It is macroscopically described by Fourier’s law stating that the
conduction flux is a linear function of the temperature gradient. As the fluid
(water and air in our case) moves, it carries its own heat content with it.
This results into a macroscopical convective term in the energy (temperature)
equation.
As in [13], only transversal transport of energy is taken into account, which
is justified by the following facts. The numerical experiments show that the
convection is in general the dominant mode of the heat transport. At the
other hand the transversal flow (and consequently the heat convection) is one
order of magnitude larger than the longitudinal flow and heat convection.
Under these assumptions, an averaging procedure as in [1] leads to the
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temperature equation for paper and felt:


X
C ef f,i Tt +
ρj Cj qj Tz = λef f,i Tz , i = p, f,
z

j=w,a

(6.2.10)

where ρw is the water density and Cj , j = w, a are the phase heat capacities.
The coefficients C ef f,i and λef f,i respectively are the effective heat capacity
and effective heat conductivity, taken as the volume average of the corresponding phase quantities:
X
C ef f,i =
φj ρj Cj + φs ρis Cji , i = p, f,
j=w,a

and
λef f,i =

X

φj λj + φs λis , i = p, f,

(6.2.11)

j=w,a

where φj is the volume fraction of phase j and ρs is the intrinsic density of
solid particles. Relation (6.2.11) implies that a parallel conduction model is
adopted, i.e. the conduction through all intrinsic phases is assumed to occur separately and simultaneously. There are alternative conduction models
(serial for instance) implying alternative formulas for λef f as averages of λj ,
j = w, a, s.
Using the scaled material coordinate x and the rescaled time t as in Section
6.2.1, equation (6.2.10) becomes
X tf in ρj Cj qj
C ef f,i Tt +
Tx
h0 1 − u 0 + u
j=w,a
(6.2.12)


tf in λef f,i
1
=
Tx , i = p, f.
1 − u0 + u h20 1 − u0 + u
x
Temperature equation for the press roll
Since the press roll does not experience deformation, vertical spatial coordinate x is used. This coordinate is scaled by dividing the nonscaled vertical
coordinate z by the total thickness of the roll hr . Scaling time as in Section
6.2.1 the temperature equation for steel roll reads


tf in r
r r
ρ C (T )Tt =
λ Tx ,
(6.2.13)
(hr )2
x
where ρr , cr and λr are the density, heat capacity and heat conductivity of
steel, and the subscript r refers to (lower) roll. This equation is considered in
the rectangular roll domain Qr from the Figure 6.3.
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Initial, boundary and cross conditions

In order to solve the flow and the temperature problem, apart from the equations (6.2.7), (6.2.8) and (6.2.12) and (6.2.13) we need to specify a set of initial,
boundary and cross conditions.

Initial conditions (t = 0)
It is assumed that the initial distribution of void ratio in paper and felt is
known and uniform. In particular, the values of void ratio in both layers correspond to the undeformed state. In addition, the initial temperature of the
lower roll, paper and felt is assumed to be known (the paper and the felt are
assumed to have the ambient temperature).

Lower boundary of the roll (x = −1)
The temperature of the lower boundary of the press roll is assumed to be
constant and equal to the initial temperature of the roll. This approximation
is justified by the thickness of this roll and the short nip residence time and
it is verified by numerical experiments.

Roll-paper contact (x = 0)
Impermeability of the press roll implies no-flow boundary condition at paperroll interface, which can be expressed as (see [4, 5])
ux = 0.

(6.2.14)

Therefore the flow problem is restricted to the paper-felt domain. Due to the
hyperbolic nature of the flow equations in s (Remark 6.2), no boundary conditions are needed for s. Using the no-flow condition (6.2.14), the conservation
of energy implies (taking into account different scalings of the roll and the
paper-felt domains)
1 r
k Tx
hr

=
x=0−

λef f,p
Tx
h0 (1 − up0 + u)

for all t.
x=0+

Furthermore the temperature is assumed to be continuous at the paper-roll
contact:
T (0− , t) = T (0+ , t) for all t.
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Paper-felt contact (x = xc )
At the paper-felt interface continuity of the structural pressure ps and the
water and air mass discharges ρj qj , j = w, a, is assumed (see [4, 5] for more
details). The temperature is assumed to be continuous, i.e.
+
T (x−
c , t) = T (xc , t), for all t.

The conservation of energy implies


X t

ef
f,p
tf in λ
f in
ρj Cj qj T + 2
Tx
p

h0
h0 1 − u 0 + u 
j=w,a
−
x=xc


X t
tf in λef f,f
f in
ρj Cj qj T + 2
T
.
=
x

h0
h0 1 − uf0 + u 
j=w,a

x=x+
c

Continuity of T , qj and ρj , j = w, a, reduces the above condition to
λef f,p
Tx
1 − up0 + u

=
x=x−
c

λef f,f
1 − uf0 + u

Tx

.
x=x+
c

Upper boundary of the felt (x = 1)
Impermeability of the press roll implies a no-flow condition (6.2.14) at x = 1.
Additionally we assume that the upper boundary of the felt stays at the same
(ambient) temperature during the complete press nip. This assumption is also
justified by the numerical experiments.

6.3

Computational results

We first briefly explain the numerical method. Then we give the solution of
a typical example, comment the main features of the model and compare the
results with other experimental and modelling studies.

6.3.1

Numerical method

In order to compute the numerical solutions of system (6.2.7), (6.2.8) and
(6.2.12), a generalization of the numerical method from [5] is used.
For the equations (6.2.7) and (6.2.8) the same explicit scheme, derived
using finite volumes, is used. The scheme takes into account the parabolic
dependence of the flow equations in u and the hyperbolic dependence in s (see
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Remark 6.2): at the interfaces between control volumes u is approximated by
centered approximations while its x−derivatives are approximated by central
differences; s and sx are approximated in an upwind manner, depending on
the direction of the flow, i.e. the sign of ux .
The explicit Euler method for time integration of (6.2.12) is used. The
convection term is approximated in an upwind way (depending on the direction of the flow), while the conduction term is approximated using central
differences. Namely, the convection of heat physically depends only on upwind values, while the conduction depends on values from both sides of a
given point inside a medium.
Temperature equation (6.2.13) for the press roll is discretized straightforwardly, using an explicit scheme combined with finite volumes, and central
difference approximation of the x-derivatives of T .
The initial and boundary conditions from Section 6.2.3 are discretized
straightforwardly (details for the pressure and flow conditions are given in
[4]).

6.3.2

Numerical solution

We consider a typical example of hot paper pressing, where the lower press
roll which is in contact with paper (see Figure 6.1) is preheated.
First we specify the state equations from Section 6.2. For the intrinsic and
the relative permeabilities we take (see for instance [1, 8]):
k = k(u) = k0
and
r
kw
(s) = s

2+3ν
ν

u3
(Kozeny-Carman),
(1 − φ0 )2 (1 − φ0 + u)

, kar (s) = (1 − s)2 (1 − s

2+ν
ν

), (Brooks-Corey).

The ideal gas equation (6.2.6) is taken as


pT (t) − ps (u) − pa0
+ ρa0 (−γ2 (T − T 0) + γ3 ), γ1 , γ2 > 0.
ρa =
γ1
The fluid viscosities-temperature relation is taken in the form
µj (T ) = µj0 e−cj (T −T0 ) , cj > 0, j = w, a.
The coefficient cj is taken to be equal for water and air. The function A(T )
from (6.2.2) and (6.2.3) is taken as
A(T ) = e−cA (T −T0 ) , cA > 0.
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parameter
u
[·]
s
[·]
T
[°C]
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paper
0.55
0.85
20

felt
0.45
0.45
20

(lower) roll
–
–
100

Table 6.1. Initial conditions.

Here T0 is the ambient temperature, taken to be equal to 20°C. Clearly
A(T0 ) = 1, while cA is chosen such that A(100) = ccom . The coefficient
ccom ∈ (0, 1] thus controls the magnitude of thermal reduction of the Young
modulus and, in particular, ccom = 1 implies the absence of thermal softening.
The total pressure is taken as a function of time:
pT (t) = pT 0 sin2 (πt), t ∈ [0, 1].
The temperature dependence of the thermal coefficients is neglected. The
values of the initial conditions are given in Table 6.1, while the numerical
values of all parameters are given in Table 6.2.
The primary output of the model are distributions of temperature, water saturation, void ratio and air density in material coordinates. Using the
transformation to spatial coordinates other important quantities (the thickness, total mass of water and deformations of paper) are computed.
The computational results are displayed in Figures 6.4 and 6.5. For a better
understanding of the results we can consider the time t as a scaled horizontal
(longitudinal) coordinate. As in the case of cold pressing [5] the main features
of wet pressing are reflected. In the beginning of the nip the flow of water from
paper to felt is negligibly small (see the solid line in Figure 6.5(b)). The flow
is maximal around the mid-nip (middle of the nip), when the water saturation
(Figure 6.4(b)) and the fluid pressure in paper reach the highest values. In
our case no rewetting of paper occurs in the second half of the nip, when the
layers expand (solid-line plot line in Figure 6.5(b) is decreasing for all t). In
fact, as it was verified in [5], if the plastic paper deformations are neglected a
small paper rewetting occurs just before the end of the press nip.
We now comment the mechanisms of the heat transport from the preheated
lower roll into the paper-felt domain (Figure 6.4(a)). The heat is initially
transported to the paper only by conduction. As soon as the high temperature
arrives deeper inside the paper and when the fluid flow becomes more intense
(just before the mid-nip), the fluids bring along the high temperature in the
direction of the felt, and the convection becomes the dominant mode of heat
transfer. The fluid flow, and consequently the convective energy transport, is
maximal around the mid-nip.
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parameter
pa0 [MPa]
ρa0 [kg m−3 ]
γ1 [·]
γ2 [·]
γ3 [·]
tf in [s]
µw0 [Pa s]
µa0 [Pa s]
cw (= ca ) [·]
ccom [·]
cA [·]
pT 0 [MPa]
h0 [mm]
ps0 [MPa]
q [·]
k0 [m2 ]
ν [·]
ρs [kg m−3 ]
λs [J m−1 s−1 kg−1 ]
Cs [J kg−1 K−1 ]
m−1

s−1

−1

λ [J
K
C [J kg−1 K−1 ]
ρ [kg m−3 ]

]

value
0.1
1.2
26
0.003
1.06
2.4 · 10−2
10−3
1.8 · 10−5
0.016
0.8
0.003
5
paper
0.17
0.23
4
5 · 10−15
3
1500
0.33
1.33 · 103
water
0.602
4.18 · 103
103

Table 6.2. Parameter set used in computations.

felt
1.5
0.5
3.5
1.7 · 10−14
2
100
0.03
2 · 103
air
0.026
103
–

roll
50
0.5 · 103
7.8 · 103

6.3. Computational results

(a) Temperature distribution (in °C) in the upper part of the lower
roll, paper and felt domain, in the spatial coordinate z.

(b) Water saturation in paper and felt domain in the spatial coordinate z.
Figure 6.4. Computational results.
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(a) Thickness of paper.
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(b) Mass of water in the paper.

Figure 6.5. Comparisons of the cold and hot pressing (with and without effects of thermal
softening).

In Figures 6.5(a) and 6.5(b) the evolutions of the paper thickness and
the water content for the case of the cold pressing (T r = 20°C) and the hot
pressing (T r = 100°C) are displayed. To understand the effects of thermal
softening of the paper, we add the plots for the case of the hot pressing but
when thermal softening is not taken into account (ccom = 1 ⇔ A ≡ 1).
Due to improved fluid flow caused by the reduced viscosities paper attains
the smallest thickness close to the mid-nip for the case of the hot pressing. The
mid-nip thickness of paper is smaller if the thermal softening of paper is taken
into account. The difference in the final paper thickness in all three cases is
small. The final paper thickness is, knowing the magnitude of the maximal
compression, possible to estimate (approximately), and it follows from the
pressure conditions at paper-felt interface.
The effects of high temperatures on the dewatering of paper (Figure 6.5(b))
are significant. Differences between the flow in the cold and the hot pressing
occur clearly only when the heat is well distributed in the paper-felt domain (in
the second half of the press nip). The temperature dependence enters into the
flow equations (6.2.7) and (6.2.8) through the ratio A(T )/µj (T ), which is an
increasing function. Therefore, when the temperature increases, the diffusion
coefficients of the flow equations increase, and the flow is improved. Since no
rewetting occurs, i.e. during the whole press nip fluids flow from paper to felt,
an improvement in flow directly implies an improvement in the paper dryness.
Thermal softening has a twofold influence on dewatering of paper. The first
effect is positive: when temperature increases, the paper softens and attains
a smaller thickness (comparing to the case ccom = 1). The second effect is
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negative: when temperature increases, the diffusion coefficients in the flow
equations become smaller (than in the case ccom = 1) which reduces the flow.
In Figure 6.5(b) we see that in this case positive effects dominate, i.e. the final
water content is smaller if thermal softening is taken into account.
The effects of high temperatures are however restricted only to the second
half of the nip, when the temperature is well distributed inside the paper. One
way to take more advantage of high-temperature effects would be to use an
extended press nip, i.e. to continue pressing when the high temperature is well
distributed inside the paper. On the other hand, since paper machines have
in general several press nips, in all following press nips paper enters already
preheated and the high-temperature effects are present in the whole nip. In
the next subsection, we will actually apply our model to describe multinip hot
pressing.
Our solutions are in qualitative agreement with the results of Riepen [13],
who also observed that in the initial stage of the nip conduction is the mean
mode of the heat transport, while in the later stage heat is mainly convected
by the fluid.

6.3.3

Modelling of multinip hot pressing

As it was already mentioned, a press section often consists of several press
nips. However, the efficiency of every successive press nip is smaller than the
efficiency of the previous one. The main reasons for this are the consolidation
of paper due to plastic deformations and the reduced amount of water in paper.
To get an idea about the effects arising in multinip pressing, we employ our
model to compute the dewatering for the case of two subsequent press nips.
We assume that not-preheated paper enters into the first nip, see the
scheme in Figure 6.6. After leaving the first nip paper is carried by the felt
towards the second nip, which is assumed to be at 1 m distance from the first
nip. In both press nips only the upper roll, which is in contact with paper, is
preheated (to 100°C).
The pressing in the first nip is already modelled in the previous subsection. We neglect any flow inside paper and felt on the way between two nips,
motivated by the following arguments. First, the total time is small and thus
capillary effects, that are characteristic for much slower processes, can be neglected. Second, the void ratio reaches at the end of the first nip values that
correspond to zero structural pressure. Therefore, between two nips (when
the external pressure is released) there is no flow caused by relaxation of these
layers. We compute however the temperature redistribution in the paper-felt
domain and the effects of cooling of paper by surrounding air. Although being
partially cooled, paper enters the second nip preheated. Moreover, due to the
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Figure 6.6. Scheme of two successive hot press nips.
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Figure 6.7. Evolution of water content in paper in case of two successive nips, for hot and
cold pressing.

redistribution in the region between the nips, high temperature penetrates into
the region around paper felt interface, where the flow is the most intensive.
This has positive effects on the pressing in the second nip.
Our computations show that the application of high temperatures improves
the efficiency of the later (second, third etc.) nip, since paper enters these nips
already preheated. In our example, hot pressing in two successive nips reduces
the amount of water for 14.4% (first nip reduces water amount for 11.3%). In
the case of cold pressing, water content is reduced for 12.2% in total (9.7%
after the first nip). Therefore, applying hot pressing more water is removed
in the press section of the press machine.

6.4. Conclusions

6.4

129

Conclusions

In this study we have proposed a model for hot pressing of paper, basically by
extending our previous model for wet paper pressing with energy equations.
Apart from known effects of enhancing flow by reducing fluid viscosities, the
mechanisms of the influence of thermal paper softening on pressing results
are illuminated. The proposed numerical model is a good tool to study the
influence of parameters and pressing regimes (for instance: different total press
curves associated with extended and multi-nip presses etc.). In particular, the
computations suggest that application of the extended press nips and pressing
by several successive nips improve efficiency of hot pressing.
One of the following steps to improve the proposed model can be to include
the effects of water phase transition and make it applicable for temperatures
higher than 100°C, i.e. for impulse drying.
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Chapter 7

Conclusions

S

erious limitations in the experimental approach of wet paper pressing study
motivate theoretical approaches. In this thesis we derived and studied
several mathematical models of this process. They are based on a continuum
mechanics approach, more precisely on the theory of multiphase (water and
air) flow through deformable porous media (paper and felt). The models are
one-dimensional, since only vertical flow and the deformations are considered.
We started with the limit cases when the water-air mixture reduces to one
of these fluids (Chapters 2 and 3). The corresponding models allow a detailed
mathematical analysis. In particular, in the case of complete saturation by
water (Chapter 2) we have proven the existence and uniqueness as well as
some qualitative properties of the solution of the model. In the next chapter
we have used a similar regularization procedure to show the existence of the
solution in another limit case, when layers are completely saturated by a single
compressible fluid (air).
After these studies we considered the general, three-phase case. By means
of a suitable transformation, we show that the corresponding system is of
parabolic-hyperbolic type. This type of the system implies in particular that
values of the saturation depend on the corresponding values along the characteristic curves. It also explains a shock-like behaviour of water saturation
and the fact that no boundary condition for the saturation is required if noflow conditions are used. Furthermore it suggests that suitable upwinding
should be used in deriving a numerical scheme. In fact, we used two numerical approaches: the first one is the upwind front capturing method. This
method is robust, but it copes with discontinuities by adding numerical diffusion. Therefore it does not produce exact shape of the shock in the water
saturation. To obtain the exact shape of the shock, and to illustrate our analytical observations of the qualitative properties of the solutions, we derived
131

132

Chapter 7. Conclusions

a front tracking method. This method traces the exact position of the shock
and produces a shock-like shape of the saturation. It uses a generalization of
Rankine-Hugoniot conditions that ensure conservation of mass.
At the end we modelled hot paper pressing (Chapter 6) by supplying energy
equations to the previous three-phase model. The model is mainly numerically
treated using a generalization of the previously derived upwind method.
In this thesis we tried to address both theoretical and practical aspects of
the wet pressing study. Concerning the first issue, we showed the existence and
uniqueness of a simplified model. To our knowledge, there were no results of
this type in the previous wet pressing studies. Furthermore we observed that
in the general, three-phase case, the model is of parabolic-hyperbolic nature.
The parabolic behaviour results from the deformation, while the hyperbolic
behaviour comes from the flow through the medium. This gives a theoretical
explanation of the shock-like behaviour of the water saturation, which was
observed by other authors.
Concerning practical issues, the proposed models, in particular the threephase model and the model of hot pressing, seem to reflect the fundamental
features of the corresponding processes. In particular, the coefficient of plastic
deformation is shown to be a determining factor for the appearance of paper rewetting during the expansion phase of the press nip (Chapter 5). The
viscoelastic behaviour of the paper and felt, i.e. the delayed response when
pressure is released, occur due to flow of fluids which tend to occupy an increasing void space. The model for hot paper pressing illuminated the influence of
paper softening, reduced viscosities and convective and conductive transport
of heat through the layers on the drying efficiency of pressing. However, most
of our conclusions are based on qualitative observations. To achieve good
quantitative predictions, it is necessary to adjust all parameters to the specific
case (speed and dimensions of the machine, types and properties of paper and
felt, etc.).
All studies given in this thesis were based on the case when the total
pressure is given as a function of time. In this case one of the model output
is the time evolution of the thickness of paper and felt. The total applied
pressure is in fact the driving force of the corresponding model. We have
seen that, if the free-flow boundary condition is prescribed, this driving force
acts as a boundary condition in terms of void ratio. In the case of no-flow
boundary conditions, the driving force is transformed into a source term which
is concentrated at the paper-felt interface. In both cases we obtain local
conditions in the corresponding models.
However, one can equivalently prescribe the total thickness as an input of
the model. In this case one of the model outputs would be the total applied
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pressure. The total thickness can be transformed into the total integral of the
void ratio. Thus in this case we end up with a nonlocal problem in mathematical terms. This problem is much more complex than the previous (local) one.
One of the approach in proving the existence of the local solution is to use the
theory of analytic semigroups. However, because we do not have a complete
result in this case, we do not present it in this thesis.
All the considered models are one-dimensional, transversal. This approach
was motivated by the scaling arguments based on the typical geometry of the
press nip. Corresponding models are simple enough for analysis but the solutions still describe fundamental properties of the pressing processes. However,
in the small regions in the beginning and at end of the nip, there are significant flow and the deformations in the horizontal, i.e. machine direction.
To describe this phenomena better, a two-dimensional approach should be
considered.

Appendix A

Proof of Lemma 3.4

Proof. We drop the superscript n from the notation. Differentiating (3.3.12)
with respect to t and using (3.3.13) we obtain
!
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Now we perform the main task of this proof: to derive the expressions for the
coefficients of the right hand side of (A.0.1). We have
A=
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Using the Assumption (Apa ) and having in mind uniform bounds for p and
u ((3.3.10) and (3.3.11)), we find that, for some positive constant η1 ,
0

−p−1
a (pT (t) − p)u(p, x) ≤ −η1 .
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Using (3.3.3), (Aui ) and (3.3.10), we deduce that, for some positive constant
η2 ,
∂u(p, x)
p−1
≤ −η2 < 0.
a (pT (t) − p)
∂p
Consequently (3.3.7) implies, for positive constant η,
∂V
≤ −η < 0 in Q.
∂p

(A.0.5)

Expressions (A.0.4), (A.0.2) and (A.0.3), having in mind Assumptions (Aui ),
∂D
(Apa ) and (ApT ), imply that | ∂D
∂p A| and | ∂t | are uniformly bounded.
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Having in mind (Apa ) and (Aps ) and (A.0.5), we deduce that | ∂A
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bounded. Further we have
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Substituting the above expressions in (A.0.1), we find that f satisfies following equation in Q:
ft = afxx + bfx + cf + df fx + e,
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Expressions for terms ∂V
∂p , ∂p , ∂t , ∂p and ω are calculated above. Moreover
those expressions imply that a ≥ µ > 0 and |a|, |b1 |, |c|, |d| and |e1 | are
uniformly bounded.


Appendix B

Transformation (5.3.3)

T

o satisfy (5.3.5) we define (5.3.3) as the solution of the backward initial
value problem
(
dS
1
= (F (S)A(u, S, t) − S) =: Q(u, S, t) for 0 < u < u0 ,
(T ) :
du
u
S(u0 ) = r.

Taking v = 1/u, problem (T ) transforms into a forward initial value problem
(
dS
1
= (S − F (S)A(1/v, S, t)) =: Qv (v, S, t) for v0 < v < ∞,
v
(T ) :
dv
v
S(v0 ) = r,
where v0 = 1/u0 . The smoothness of Qv implies the existence of the solution
S v (v, r, t) of Problem (T v ), see [1, Theorem 1.2, p. 6]) of Problem (T ). By
[1, Theorem 7.2, p. 25] and [1, Theorem 7.5, p. 30] it follows that S v is
continuously differentiable in v and r, as well as in the parameter t. Hence,
Problem (T ) has a solution S(u, r, t) := S v (1/u, r, t) which is smooth in u, r
and t.
Now we fix t ∈ [0, 1] and, to simplify consideration, we restrict to the special
case of Brooks-Corey relative permeabilities (5.2.5). For any û ∈ (0, u0 ] we
have Q(û, 0, t) = 0 and Qs (û, 0, t) = −1/û < 0, whereas Q(û, 1, t) = 0 and
Qs (û, 1, t) = (ûp0s (û)/(γ ∗ ρa (û, t)) − 1) /û < 0. Therefore there exists ŝ ∈
(0, 1) such that Q(û, ŝ, t) = 0. In this specific setting (Brooks-Corey relative
permeabilities), the value ŝ is unique for any given û. In this way we obtain
a curve S = ψ(u, t) for u ∈ (0, u0 ], defined by Q(u, ψ(u, t), t) = 0 (the dotted
curve in Figure B.1). Note that ψ is continuous (by the continuity of Q), and

< 0 for 0 < S < ψ(u, t),
Q:
> 0 for ψ(u, t) < S < 1.
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Q>0
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Q<0
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Figure B.1. Sketch of solutions of Problem (T ) in (u, S) space plane.

Further, since




1
ps0 qu−q
Q=
F (S) 1 + (1 − s)
−S ,
u
kρa (u, t)
and because 1/u, 1/ρa (u, t) and u−q are decreasing in u, Q is decreasing in
u. This implies that curve ψ(u, t) is increasing in u (i.e. ψ decreases with
decreasing u). Therefore there exists limu↓0 ψ(u, t). This limit must be equal
to 0, since all solutions of Problem (T ) end up at the equilibrium value S = 0
for u ↓ 0, see Figure B.1.
For fixed t ∈ [0, 1] and u ∈ (0, u0 ), s = S(u, r, t) defines a one-to-one
correspondence between s and r. This is a direct consequence of uniqueness
for problem (T ) (orbits cannot intersect).
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Summary

I

n the press section of a paper machine, the wet paper, together with one
or two felts, passes through a press nip formed by a pair of press rolls, or a
single roll and a shoe. Water is squeezed out from the paper into the felt(s) by
applying a sharp pressure pulse. Even a small improvement in the efficiency
of the press section may lead to significant reductions of production time and
costs. Limitations of experimental approaches (high machine speed, small
paper thickness), motivate theoretical approaches, in particular: modelling,
analysis and computations.
In this thesis several mathematical models for wet paper pressing are derived and studied. Following scaling arguments, a one-dimensional transversal
approach is adopted. The theory for multiphase (water, air) flow through deformable porous media (paper, felt) is applied. Apart from elastic, also plastic
paper deformations are taken into account. The visco-elastic effects (delayed
response) during the expansion of paper and felt occur due to flow of fluids
into the expanding pores. The total applied pressure, given as a function of
time, is the input of the models. The model outputs are the time evolution
of paper and felt thicknesses, masses of water and air in paper and felt, the
deformations etc.
The physical model, consisting of mass and momentum balance equations
and state equations, is mathematically rewritten into a system of two partial
differential equations in terms of scaled void ratio and water saturation. With
different parameters this system is valid both in the paper and in the felt
domain. At the paper-felt interface, the cross conditions, reflecting the mass
and momentum conservation, are prescribed.
In studying the mathematical model, we first consider two limit cases,
when layers are completely saturated by water and air, respectively. In the
first case the model reduces to a single, nonlinear diffusion equation with
cross conditions, allowing detailed mathematical treatment. In particular,
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existence (method of regularization), uniqueness (comparison principle) and
some qualitative properties of the solution (maximum principle) are shown.
In the study of another limit case, due to complications arising with the air
compressibility, we are not in the position to show pointwise mass conservation
at the intherface and the uniqueness of the solution. Nevertheless, this study
gives a useful mathematical criterion for the relation between stiffnesses of
felt and paper. This criterion determines the direction of the flow (in the
compression i.e. loading phase, fluid (air) flows from paper to felt), and it is
applicable also in the general three-phase case.
In the general case the system is, by means of a suitable transformation,
rewritten into a parabolic-hyperbolic form. The parabolic behaviour results
from the deformation, while the hyperbolic behaviour comes from the flow
through the medium. This form of the system explains why shock-like behaviour of water saturation is to be expected, suggests types and number of
boundary and cross conditions which should be prescribed and motivates specific numerical approaches. In particular we use a shock capturing (saturationupwind) and a shock tracking method. The study of this three-phase model
is performed in two parts: first, simplified, when air is considered to be incompressible, and second, general, when air is compressible and behaves as an
ideal gas.
The last study in this thesis is devoted to modelling of hot pressing. In this
process the roll which is in contact with paper is preheated, and a combined
action of pressing and high temperatures is used to enhance drying results.
The modelling is achieved by adding heat equations (for paper, felt and press
roll) to the three-phase model, and by introducing suitable coupling in the
coefficients of the equations. The resulting model is computationally treated
using a generalization of the previously established, saturation-upwind approach. The results suggest use of extended nip or multinip pressing, in order
to efficiently use the effects of hot temperatures.
Comparisons with the results of other models and experimental studies
show that the proposed models give a good qualitative description of the corresponding processes. Known sub-phases of the press nip are well reproduced,
and insights into influence of certain phenomena (plastic paper deformation,
presence of air in the pores, application of heat flux through the rolls) are
gained. These properties recommend the proposed models as useful tools for
understanding and optimizing of the wet pressing process.

Samenvatting

I

n het persgedeelte van een papiermachine gaat het natte papier, samen met
een of twee lagen vilt, door een press nip gevormd door een paar persrollen,
of een enkele rol en een schoen. Water wordt uit het papier geperst en wordt
opgenomen in het vilt door een scherpe drukstoot toe te passen. Zelfs een
kleine verbetering in de efficiëntie van het persgedeelte zou kunnen leiden tot
significante verminderingen van de produktietijd en -kosten. De beperkingen
van de experimentele benaderingen (hoge machinesnelheid, kleine papierdikte)
motiveren theoretische benaderingen, in het bijzonder: modellering, analyse
en berekeningen.
In dit proefschrift worden verscheidene wiskundige modellen voor het persen van nat papier afgeleid en bestudeerd. Gebruik makend van schalingsargumenten, wordt een eendimensionale transversale benadering aangenomen.
De theorie voor meerfasenstroming (water en lucht) door deformeerbare poreuze media wordt toegepast. Naast elastische worden ook permanente papierdeformaties meegenomen. De visco-elastische effecten (vertraagde reactie)
gedurende de expansie van het papier en vilt worden veroorzaakt door de
vloeistofstroom in de expanderende poriën. De totale toegepaste druk, als een
functie van de tijd, is de invoer van de modellen. Uitvoer van het model zijn
de evolutie in de tijd van de papier- en viltdiktes, de water- en luchtmassa in
papier en vilt, deformaties, etc.
Het fysische model, bestaande uit balansvergelijkingen voor massa en impuls en toestandsvergelijkingen, wordt wiskundig herschreven tot een stelsel
van twee partiële differentiaalvergelijkingen voor de geschaalde vochtverhouding en waterverzadiging. Dit stelsel is geldig zowel in het papier- als in het
viltdomein met verschillende parameters. Bij de papier-vilt overgang worden
overgangsvoorwaarden, die massa en impulsbehoud beschrijven, voorgeschreven.
Bij het bestuderen van het wiskundige model beschouwen we eerst twee
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limietgevallen, waarbij twee lagen volledig verzadigd zijn door respectievelijk
water en lucht. In het eerste geval reduceert het model tot een enkele, nietlineaire diffusievergelijking met overgangsvoorwaarden die een gedetailleerde
wiskundige aanpak toestaan. In het bijzonder worden existentie (regularisatiemethode), uniciteit (vergelijkingsprincipe) en enkele kwalitatieve eigenschappen van de oplossing (maximumprincipe) aangetoond. Bij het bestuderen van
een ander limietgeval, zijn we niet in staat om puntsgewijs massabehoud bij
de overgang en uniciteit van de oplossing aan te tonen, door complicaties die
ontstaan ten gevolge van de compressibiliteit van de lucht. Desondanks geeft
dit onderzoek een nuttig wiskundig criterium voor de relatie tussen de stijfheid van het vilt en papier. Dit criterium bepaalt de richting van de stroming
(tijdens de compressie stroomt er vloeistof (lucht) van papier naar het vilt),
en het is ook toepasbaar in het algemene situatie met drie fasen.
In de algemene situatie wordt het stelsel, door middel van een geschikte
transformatie, herschreven in een parabolisch-hyperbolische vorm. Het parabolische gedrag ontstaat door deformatie, terwijl het hyperbolische gedrag
wordt veroorzaakt door de stroming door het medium. Deze vorm van het
stelsel verklaart waarom schokachtig gedrag van de waterverzadiging te verwachten is, het suggereert typen en aantallen voor te schrijven rand- en overgangsvoorwaarden en het verantwoordt specifieke numerieke aanpakken. In
het bijzonder gebruiken we een shock capturing (verzadiging-upwind) en een
shock tracking methode. Het onderzoek van dit driefasenmodel wordt uitgevoerd in twee delen: eerst, vereenvoudigd, in het geval van incompressibele
lucht, en vervolgens, het algemene geval, als lucht incompressibel is en zich
gedraagt als een ideaal gas.
Het laatste onderzoek in dit proefschrift is gewijd aan het modelleren van
warm persen. In dit proces wordt de rol die in contact is met het papier
verwarmd, en een gecombineerde handeling van persen en hoge temperaturen
wordt gebruikt om het droogproces te verbeteren. De modellering wordt gerealiseerd door het toevoegen van warmtevergelijkingen (voor papier, vilt en
persrol) aan het drie-fasen-model, en door het introduceren van een geschikte koppeling in de coëfficiënten van de vergelijkingen. Het uiteindelijke model wordt numeriek behandeld met een generalisatie van de eerder genoemde
verzadiging-upwind aanpak. Het resultaat suggereert het gebruik van extended nip of multinip persen, om de effecten van hoge temperaturen efficiënt te
gebruiken.
Vergelijkingen met de resultaten van andere modellen en experimentele
onderzoeken tonen aan dat de voorgestelde modellen een goede kwalitatieve
beschrijving geven van de nat en warm persen. Bekende subfasen van de press
nip worden succesvol gereproduceerd, en inzicht in de invloed van sommige
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fenomenen (permanente papierdeformatie, aanwezigheid van lucht in de poriën, toepassing van warmteflux door de rollen) word verkregen. Aldus dienen
de voorgestelde modellen als nuttige gereedschappen voor het begrijpen en
optimaliseren van het persen van nat papier.

Rezime

U

delu mašine za papir koji služi za presovanje, vlažni papir prolazi (u
najvećem broju slučajeva) izmedju dva valjka, istovremeno sa jednim ili
dva sloja filca. Snažnim pritiskom voda se istiskuje iz papira u filc. Čak i
mala poboljšanja u efikasnosti ovog procesa dovode do značajnih vremenskih
i materijalnih ušteda. Ograničenja pri eksperimentalnim pristupima (velika
brzina mašine, mala debljina papira) motivišu primenu teorijskih pristupa:
modeliranje, analizu i proračune.
U ovoj tezi je razvijeno i razmotreno nekoliko matematičkih modela presovanja vlažnog papira. Imajući u vidu argumente skaliranja, jednodimenzionalni transverzalni pristup je prihvaćen. Teorija multifaznog (voda, vazduh)
protoka kroz deformativne porozne sredine (papir, filc) je primenjena. Pored
elastičnih deformacija papira, plastične deformacije su takodje uzete u obzir.
Efekti visko-elastičnosti (odlozena reakcija) tokom ekspanzije papira i filca
uzrokovani su dotokom fluida u pore pri ekspanziji. Ukupan pritisak, zadat
u funkciji vremena, je ulazni parametar modela. Rezultati modela su: vremenska evolucija debljine papira i filca, mase vode i vazduha u papiru i filcu,
deformacije, itd.
Fizički model, koji se sastoji od jednačina za balans mase i impulsa i
jednačina stanja je matematički transformisan u sistem od dve parcijalne diferencijalne jednačine po promenljivim: odnos praznine (‘void ratio’) i zasićenje
(‘saturation’). Sa različitim parametrima, ovaj sistem jednačina je validan u
domenima koje odgovaraju papiru i filcu. Na prelazu izmedju papira i filca
zadati su unutrašnji granični uslovi koji reprezentuju održanje mase i impulsa.
Razmatranje matematičkih modela je započeto graničnim slučajevima, kada su papir i filc potpuno zasićeni vodom i vazduhom, redom. U prvom slučaju
model se redukuje u nelinearnu jednačinu difuzije sa unutrasnjim graničnim
uslovima, dozvoljavajući detaljnu matematičku analizu. Pokazani su: egzistencija rešenja (metod regularizacije), jedinstvenost rešenja (princip poredj-
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enja) i neke kvalitativne osobine rešenja (princip maksimuma). U drugom
graničnom slučaju, zbog komplikacija povezanih sa stisljivošću vazduha, nismo u mogućnosti da pokažemo očuvanje mase u svim tačkama na prelazu
izmedju papira i filca, kao ni jedinstvenost rešenja. Ipak, ova studija daje koristan matematički kriterijum za relaciju izmedju tvrdoće filca i papira. Ovaj
kriterijum odredjuje smer protoka fluida (u fazi kompresovanja, fluid (vazduh) se kreće od papira ka filcu) i primenljiv je takodje i u trofaznom slučaju
(voda-vazduh-čvrsta materija).
U opštem slučaju sistem je, odgovarajućom transformacijom, raspisan u
paraboličko-hiperboličkom obliku. Parabolička priroda je rezultat deformacije, dok hiperboličko ponašanje potiče od protoka fluida kroz materijale. Ova
forma objašnjava zašto se očekuje da funkcija zasićenja ima šok, sugeriše vrstu
i broj neophodnih graničnih uslova i motiviše specifične numeričke pristupe.
Preciznije, primenjeni su metod hvatanja šoka (‘shock capturing’) i metod
praćenja šoka (‘shock tracking’). Razmatranje trofaznog modela je organizovano u dva slučaja: u prvom, jednostavnijem, vazduh je nestišljiv, dok je u
drugom, opštijem slučaju, vazduh stišljiv i ponaša se kao idealan gas.
Poslednja studija u ovoj tezi posvećena je modeliranju toplog presovanja.
U ovom procesu valjak, koji je u kontaktu sa papirom, je zagrejan, da bi se
kombinovanom akcijom presovanja i efektom visokih temperatura poboljšali
rezultati sušenja. Model je dobijen dodavanjem jednačina za energiju (za papir, filc i valjak) trofaznom modelu, kao i uvodjenjem odgovarajućih veza u
koeficijentima jednačina. Model se tretira numerički, generalizacijom prethodno uvedenog numeričkog metoda. U cilju efikasnijeg iskorišćenja efekta visokih
temperatura, rezultati sugerišu primenu presovanja produženim stiskom (’extended nip’) ili uzastopnim stiscima (‘multinip’).
Poredjenje sa rezultatima drugih modela i eksperimantalnih studija pokazuje da predloženi modeli daju dobar kvalitativan opis odgovarajućih procesa.
Poznate medjufaze su dobro reprodukovane. Dobijen je uvid u uticaj odredjenih fenomena (plastičnih deformacija papira, prisustva vazduha u porama i
primena visokih temperatura). Ove osobine preporučuju predložene modele
za optimizaciju procesa presovanja vlažnog papira.
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