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ON THE DIFFERENTIAL EQUATION yy" + 2xy' =0

by
J.J.AM. Brands

Department of Mathematics, Eindhoven University of Technology,

The Netherlands

Abstract

The asymptotic behaviour for x -+ « of solutions y(x) of the initial value
problem yy" + 2xy' = 0, y(0) = o > 0, y'(0) = B8, and also the asymptotic

behaviour for B >+~ and for 8+ ~= of L := lim y(x) is investigated.
K=po0

Introduction

In this paper we consider the following initial value problem

(h yy" + 2xy' =0 (x>0),

(2) y(0) =a >0, v'(0) =B .

Equation (1) occurs in boundary layer theory (see [1], p. 22-23) and arises

from the diffusion equation

- -1 -
If D=c¢e C, and if C only depends on x := }zt %, theny :=e ¢ satisfies (1).



In boundary layer theory one is also interested in the boundary value

problem (1), (3) with

(3) y(0 =a>0 , y()=L>0.
A case of special interest is

2n y© =1 , y'(0) =v,

since all solutions of (1), (2) are expressible in solutions of (1), (2")
by means of the transformation (11) (see Section 2). We shall study the
asymptotic behaviour of solutions y(x,y) of (1), (2') for x > ». Moreover,
we shall pay attention to the asymptotic behaviour of the limit

L(y) := lim y(x,y) for y + » and y » —», since physicists seem interested
X300

in large values of |y




2. Results

In Section 3 the following fundamental results are proved. There exists a
unique solution y(+,x,B) of (1), (2), defined on [0,~). This solution
y(x,a,B8) tends monotonically to a positive limit L(a,B) if x - =, The

transformation rule

Nl

(1) y(x,0,8) = ay(a txy) , L,8) =ally) , vy=oa'g,

enables us to consider only the solution y(+,y) of (1), (2') and its limit
L(y). This limit is a continuous increasing bijection L : R + (0,»). Hence

the boundary value problem (1), (3) has a unique solution.
In Section 4 the asymptotic behaviour of y(x,y) for x » » is determined.

1<% (x > ) ,

-1 - -
(20) y(x,y) =L - Aerfc (L *x) + O(x 2exp[—ZL
where
§ o4 -1 -1
A=4i7nL%yexp |2 s(L - (y(s,y)) )ds]| .
0

In Sections 5 and 6 bounds for the limit L(y) are determined.

(36) 21, log(1 + L v3) < L(y) - Ly v2 < 47 L, log(1 + 3(16) 12y + 47 Ly
(y > 1.8)

-2 1 2 1 =2
(56) I—Y <L('Y)exp[zy +§:|<1+'Y (Y<_7),

where L0 = 0.3574... denotes the limit of the special solution y of (1)

with initial values y(0) = 0, y'(0) = 1.



3. Preliminaries

We shall investigate existence and uniqueness properties, and prove the

continuous dependence of the limit as functions on the initial values.

(4) Theorem. There exists a unique solution y of the initial value problem
(1), (2) which is defined on [0,»). This solution y is positive and mono-

tone, and y(x) tends to a positive limit L if x - =,

Proof. According to well-known existence and uniqueness theorems (see for
example Sections I.l and I.2 of [2]), there is a positive number, say 6,
such that there is a unique solution, say y, of (1), (2), defined on [0,8).
Let I be the maximal interval of the form [0,a), (possibly a may be =) on
which y is positive and satisfies (1), (2). Dividing both sides of (1) by

yy', integrating over [0,x] with x ¢ I we get

X

(5) y'(x) = Bexp [—2 J s(y(s))—lds] xel),
0

a result also correct if y' = 0, It follows that

(6) 0 £ y'"(x) sgnB < |B] (xeI).

Let a > 0, a € I, Dividing both sides of (1) by xy integrating from a to %,

x € I, x > a, taking exponentials, we find

(7 y(x) = y(a)exp[%anly'(a) - %x_ly'(x) -1 J sbzy’(s)ds] .



From (6) and (7) we infer that
(8) y(x) 5 y(a) explia ' y'(a)] (a<x, xeD ,

where < holds if 8 2 0 and > if B8 < 0. It follows from (5) and (8) that y
is bounded, and increasing if B > 0, and that y is bounded away from zero
and decreasing if B < 0, and that I = [0,»), Clearly lim y(x) exists and

X500
is positive.

We shall denote the solution of (1), (2) by y(x,0,8) and its limit by
L(o,8). In the case of (1), (2') we write y(x,y) and L(y). Simply by in-
spection we can prove
(9) Theorem. For every A > 0

2 2 -1 2 . 2
(10) y(,1%0,08) = A%y(h x,a,8)  ,  L(A7a,AB) = A"L(a,B) -

Theorem (9) enables us to consider, without loss of generality, only the

initial value problem (1), (2'). We have

H
=
Wl
w
N

g |
o y(a : X:Y) ’ L{a,B) = aL(y) s Y

(in y(%,0,R)

(12) Theorem. L(+) : R » (0,») is an increasing continuous bijection.

Procf. Let Yo > Y- Then there is a § > 0 such that y(x,yz) > y(x,yl) on
[0,6). Suppose that there exists a positive % such that y(xo,yz) = y(xo,yl)
and y(x,v,) > y(x,y,) for 0 < x < x,. Clearly Y (%y075) < ¥ (X))
Dividing (1) by y and integrating from O to x we find

X

(13) v'(x,Y) - v + 2xlogy(x,y) = 2 [ s logy(s,y)ds .
0



Applying (13) twice with vy = Yo and y = Y and subtracting both results

we get for x = X,

X
Y (xgevy) ¥ T (XKgsy) mvy oy =2 J s log (y(s,7,)/(y(s,y ))ds ,
0
a contradiction since both sides have different signs. It follows that

Y(X,Yz) > y(x,yl) for all x > 0,
In the sequel of the proof we need the formula

(14) logl = | (v - y’(s))snzds ,

0

where y = y{(+,y), L = L{y), and which is obtained by integration of
y'y”‘ = _%}{4 y". The integral in (14) exists since y"(s) = ~2ys + o(s)
(s + 0) and vy ~ y'(5) = ysz + 0(32) (s + 0). Applying (14) to ¥y 3= y(‘,Yz)

and ¥, = y(-,yl) respectively, and subtracting the results we get

x

(15) logLZL;1 =} J [yz -yt yi(s) - yé(s)]s-zds s
0

where L2 1= L(yz) and L, := L(y]).

If ke 0 then by (5), yé > Y27;4 y; which implies directly L2 > 1 + yzyII(L] - 1),
and, by (15) and (14)

-1 -1 -1
1ogL2L] < (v, y])yl logL, < (v, = v v, logL, -



1f Y, = 0 then by (5), yé <Y, exp[-x2 L2] which upon integration gives

i 2
L2<(l+§1rY2).

If vy, = 0 then by (5) yi > Ylexp[-xz] which leads to L, > 1+ gniyl.

If Yy < 0 then by (5) yé < Yzy;]y]' which implies
-1 -1
Lz - Ll < (1 - YZYI )Y - L]) < (1 - YZYI ),

and by (15) and (14) 1ongL;1 > (1 - yly;])long.

It follows that L(+) is continuous and strictly increasing on R, and,

moreover L{y) + o if v » o, L{y) + 0 if y » ==,



4. Asymptotic behaviour

First we investigate the asymptotic behaviour of solutions y := y{(*,Y)

with vy 2 0. Using the inequality y(x) < L := L{y) in (5) we get
, 2
y'(x) £ yexpl-x"/L] ,
from which it follows by integration over [x,») that

3.4 -4
y(x) 2 L - §n*L%erfe(xL %) .
Hence
(16) y(x) = L + 0'(:(“1 exp[-xsz}) (x + =)

It follows that

o2

an Q :=2 { s((y(s))—] - L_l)ds
0
exists and that
-1 -1 -1 2
(18) 2 J s({y(s)) ~ - L )ds = 0(x  exp[-x"/L]) (x > =)

X

Using (17) and (18) in (5) we get

. 2 -1 2 -
(19) y'(®) = yexp[-Q - x° /LI (1 + O0(x  exp[~x"/L1)) (x + @) ,
which upon integration from x to ® gives

(20) y(x) = L - in* L} ye Qerfe(x Lh 4 g2 expl-2x2/L1) (x> .



Secondly we consider the case Y < 0. Then using L < y(x) < 1 in (5) we

get v'(x) 2'yexp[-x2]. By integration over [x,») it follows that
-1 2
y(x) =L + 0(x  exp[-x"1) (x + =) .,

Repeating the same kind of arguments (after (16)) as in the case y 2 0
we arrive at the same Formula (20) except for the order term which is
now d(xnzexp[--xz(Lml + 131). Hence Formula (16) holds. Again by repeating

the arguments after (16) we get (20).
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5. Bounds for the limit if vy > 0

By (10) we have
@21 L(1,y) = yY' LG5 .

We shall prove that there are positive constants C],C2 such that for

a > 0 sufficiently small
(22) Claliogul < L{a,1) - L(O,1) < Czallogul .

For simplicity we write y, L, Vo> L0 instead of y(+3a,1), L(a, D), y(+;0,1),

L(0,1) respectively. It is easily seen that
2 3
(23) Vo) =x - x" + 0x) (x + 0) .

Clearly, Formula (5) with 8 = 1 holds for Yo- It follows by (5) that

initially y'(x) > yé(x), since initially y(x) > yo(x). By standard reasoning

we can conclude that
(24) y'(® >y, y® > yy(x) +a (x> 0) .
For later use we shall prove the following facts:

2 1 3 2

(25) yO(x) > X - X + TX > x =X (C<x< 1)
(26)  yy@ < 40 - &N (x > 0)
(27) L, = 0.35742210059...

0



- 1] -

Proof of (25), (26) and (27). From vy, > 0 and yO(O) = 0 it follows that

1"
0
yo(x) > xye(x) (x> 0). From (1) we deduce y

" > ~2 which leads to

0
Yo > X x2. Using this last result in (5) we find yé > (1 - x}z
2 1 3 1
(0 < x £ 1) whence Yo > X - X +3x (0 < x< 1), Clearly LO > yO(l) > 3.
Using yo(x) < x (x> 0) in (5) we get yé < o %% and y, < (1 - e_zx).

Hence LO < 4. A numerical computation gives (27). We also need

(28) L<(1+ 2»4;)2140 i

let 0 <a< ). The liney = a - a2 + (1 - 2a)(x - a) is tangent to the curve
y =X - x2 in the point (a,a - a2). It follows by (25) that

y,(x) = y(x;az,l - 2a) equals y,(x) for some x =b < a since y,(a) < y,(a).
At x = b we have yo(b) = y,(b) and Yé(b) > Yé(b)° We show that yo(x) > y,(x)

for all x > b, Immediately to the right of x = b we have yo(x) > yz(x). Then

in some interval (b,b +8)

x x
yé(b)exp[—z J s(yO(s))—Ids] > yé(b)exp[-2 J s(yz(s))—lds]
b 0

#

¥ (%)

-1
Vo) (y3(B)) “yy(x) > yi(x) .
By standard arguments it follows that yo(x) > yz(x) (x > b).

Letting x - « we find L(az,l - 2a) < LO' By (10) we have L(az,l - 2a) =

= 2 2 -2 . . i i.-1
= (1 - 2a)"L(a"(1 - 2a) “,1). Substituting a = a?(] + 20°%) ~ we get (28).

Now we proceed with the proof of (22).
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The function K defined by (29) satisfies (30).

29) K(x) := y'(X)/y(‘)(X)

(30) K@@ = 2y - GENTH KO = 1.

Using (24) and the inequalities yo(x) < X, yé(x) < 1 for x > 0, we see that
K'/K > 2a(y, + a)‘i y(') R

from which it follows by integration
K> (1 + yg/u)zu .

Using (29) and integrating we get

20+1

y>a+a+ D700 +y /2 o0

0

Letting x » » we find for all a > 0

20+1

L>a+a2+ DA + Ly/a) - 17 .

Using that Ly < ! we derive

(31D L > LO + 2L0(110g(1 + LO/a)

Now we turn to the proof of the right hand inequality of (22).

Let u =y - Yo° Then u satisfies

(32) yu" = -2xu' - ySu. 3 u(0) = a , u'(0) =0.
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We want an upper bound for u(—}:) .

From (24) we know that u' > 0, and also y > o + y,. Moreover, we have

-y(')’ < 2, and, using (30), yo(x) > x(1 - x + %xz) > %x on [0,%—3. Hence

(33) u' € 2(a + %x)—]u (0 € x < —15)

We introduce a function v as follows: v(0) = a, v'(0) = 0, v satisfies (32)
with equality. Thenv(x) 2 u(x) on [0,%]. This follows by standard arguments
using the differential (in-)equalities for ¢ := u'/u, ¢ := v'/v. Since v is

convex we have v{s) < 4g v, + ol - 4s) (0 £ s < %) where v, := v(-é—). Hence

1
v'(s) £ 2(a + g-s)_I (4sv, +a(l - 4s)). Integrating twice we find

_ 256

9 alv

1 3.1, 4 -1, 1.
v]—asg(vl—a) 1~a~-1-g)[(—£+~§a)log(l+3(16a) ) 4],

from which an upper bound for v, arises, thus also for u(i—). We get

(34) @) <a +alog(l + 3(160) ")

Finally we shall show that u(«) /u(%}-) < ¢, where C is independent of o for
a € (0,-1—). Defining ¢ := u'/u we get from (32):
' _ -1, -1 2 ~
o' = 2x(ygy) yy - 2xy e -9 =: F(x,0) , 9(0) =0.
3/2 -2
P27t

1 - - - - :
+ (2xy(',)§‘(y0) 1(x(2(y) b (¥4 l) + (2xy,) 1). Clearly ¢' _ F(x,@ > 0 for

- 1
Let 4(x) = (3] + ey H 57" Then ¢7 () - FGx,0(0) = 2010y}

- : 1 - -
0 <x <2 % Further ¢' - F(x,4) > 0 for x > 2 2 provided that 2(y) I (yo) L > 0

on EZh%,w). This condition is fullfilled, since by (25) and (28), we have
-1 -
2y,(2°h > (7 - WHGD > (1 + 2/&)25 > (1 + 2/&)2L0 >L > y(x) ,

and the second inequality holds if 0 < a < %
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Further, F(x,0) > 0 (x > 0), and ¢ > 0 (x > 0). It follows (see [3] p. 177)

that 0 < ¢ < ¢. Therefore,

&

1og(u(w)/u(—};)) < J $(x)dx = log(LO/ya(—}T)) +
1
A

[¢]

-1 1 1
. | g iog™ e = 1oy + 207yt -
Z [+ o]
- - i 1
P J X 3/2<y5)=dx < log(Ly/y, @) + 2Q2y)()* .

i

4
Using yoéé) > 37/192 {(from (25)) and yé(%) < e-% (see proof of (26)) we find

i

(35) u(w)/uGz) < 47L0 .
Combining (21), (31), (34) and (35) we can summarize the results of this

section by

(36) 21, log(1 + Lyy*) < L(y) - Lyv? < 471 log(l + 3016) %) + 471

0
(y > 1.8) .

Remark. Numerical experiments suggest that

L - Loyz ~ Clogy (y » =) .
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6. Bounds for the limit if y < 0.

Integrating (1) in the form y" = -2xy—ly' over [1,x] we get

x
(37) y(x) =1 + yx + 2 J (32 - xs)(y(s))—ly'(s)ds .
0

Writing 92 - xs = (8 - %x)z _‘%)52 and taking exponentials we arrive at

-2 - -
(38) y(x) = exp[2x + 2yx L 2y(x) + I(x)] ,
where
X
(39) I(x) := 4x 2 J (s - gx)z(y(s))”‘y'(s)as )
0

Since I(x) < 0 we have
-2 -1
(40) y(x) < expl2x © + 2yx ] (x > 0) .

Obviously, we have the inequality L < y(Zlyl-l) < exp[-%ng, but we can do

much better. First we will show that
- 1 - 2
1) Lz y@ly|THa - gy expl-8/Z |y| 7 expliy 1D .

This inequality states that y(Zlyl—l) is a very good approximation of L for

large |y].

Secondly, we will obtain sharp inequalities for y(Zly{*I) which, by (41),

will result in sharp inequalities for L.
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- - -1
Utilizing (5) with x = o := 2|y]| L 2/2|v| 2 and x = B := 2|y|
respectively, and (40) we have
. 2 2 ~1
y'(B) > yexp[-(B" - a”) (y(a)) 1>
> Y’exp[-(Bz - uz) exp -2a_2 - Zya_l] >

>'yexp[—Bfgyylasexpfiyzl] .

Using this in (8) with a = 2[71-] we get (&41).

In order to obtain good estimates for y(Ziyl-l) we have, by (38), to find

good estimates for I(Zlyl_l). Therefore we put

(42) u(e) = vyylyl oAyl ent .

Then, with ¢ := 2[y\-2 we get

t
(43) 3(t) = -1 + etu(t) exp [ J (u(s))“‘ds] L w©@) =1,
and 2 0
(44) 12ly|™h = f (t - D2y lae .

0

The solution u of (43) has the following global behaviour. It starts with the
value 1, decreases till t = tys where it attains a minimum uy = u(tO) >0
and thereafter it increases very rapidly. Since f£(t) := u{t)exp[oft (ﬁ(s))alds]

is increasing and f(to) = (5:1:0)»I we have u(t) £ ~1 + t/t0 (05 tcx< to),

from which it follows that u(t) < 1 - ¢t + itzlto, whence 0 < u, < 1 - %to.
Hence tO < 2.
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We need the relations

t
(45) t(a + 1)-1 ! - J s(u(S))_IdS >

0
t t

(46) J sz(u(s))']ds = s_l + (u + t) ( [ s(u(s))-lds - s_l) ,
0 0

the correctness of both is easily checked by differentiation. Substituting

tO = t0 in (42), (45) and (46) we obtain

t

(47) ° () 'ds = -log(e tyuy)
0
o -1 -1
(48) s(u(s)) ds = ¢ - t) »
0
(49) o sz(u(s))*]ds =) - t2 - u.t
, 0" Y%
0

We will now prove that ty > I for ¢ > 0 sufficiently small. For suppose that

to < 1. Then on the one hand we have

. . . 1 1.2 1
which implies uy > 1 -ito -’§t0 = s On the other hand we have

t t

0 0 _
e -1z f s(u(s))-lds < J (u(s)) Ids = -1og(a‘a)u0) < =~log(e uo),
0 0

implying that uy < €”lexp[l‘r 8_13 which contradicts uy 2 for 0 < € < 0.23.

1
6
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In the sequel we need the inequalities
-1 -1 ~1
(50) (e to) + log(e ty) = 1 < log(uy’) <e =+ log(e tO) +1- ot

Using (47), (48) and the inequality u(s) 2 1 — s (0 £ s £ 1) we can write

t t
-1 0 -1 0 s = -t 10a ,
e -~ ty = . s(u(s)) ds < £ (u(s)) 5 = tO ogle Q)uo :
0 0
1
-1 [ -1 ‘0 -1
e - tO > s(u(s)) 'ds + J (u(s)) 'ds =
0 1
1 t
( -1 0 -1 -
= (s - D(u(s)) ds + f (u(s)) 'ds > -1 + log(e %)uo)
0 0

from which (50) follows.

The next stage in our treatment is the proof of
51 tg = 1< fe + 4e’|loge] (0 < & < 0.05)

Since U = t—](ﬁ + 1) + u-](ﬁ + l)2 > 0 on [0,t0] we have

(52) u(t)5t0+u0-t (Oststo)
Therefore
‘0 2 -1 ‘o 2 -1
(53) f (s” - s)(u(s)) '‘ds = J (s - s)(tO +uy - s) ds =
1 1
= (. - D[(u, + t)log(u (u + . - 1)) ++ -3¢ —u 71>
0 0~ to/ 08ty ¥y T &y 72 2% " Y

-1 1 3
> (g 1)[t0 log(u0 (to - 1)) + 35t " uyd -
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Using (48), (49), (50) and the inequality u(t) =2 1 - t on [0,1] we find

b, -1 o, -1
to(l -ty - uO) = J (s7 - s)(u(s)) ds + J (s7 = s)(u(s)) 'ds >

0 1
t

0 -
+ { (s2 - ) s s,
1

> -

N —

which with (53) leads to

—] 3
(tg = DL + tylogle ty(ty = 1)) - 5ty + 5 + uylty

from which (51) follows.

Next we show that

2

(54) I (t - D)) lae < 362 (0 < e < 0.05)

)

Since W = 3(4 + 1)2(tu)" + (4 + 1)2(ﬁ + z)u‘2 > 0 we have G(t) > i(ty) =
-1 ~1 -1 1 -1 2 2

= —_ - t

t0 +uy > for t > t0 5 Uy (t O)

Now, using this latter inequality and (50), (51) we have

whence u(t) > uy + (t > tO)'

2 2
(55) J (s - l)z(u(s))_lds = J [(to - 1)2 + 2(t0 - (s - to) +
t t
0 0
+ (s -t Iu(e)) ds <
< (tg - D227 n 4 (2(ty = Duy + u)log(l + gus?) < 3c° (0 < ¢ < 0.05).

t -
Finally, we are able to estimate OJ 0 (1 - s)z(u(s)) ]ds as follows, using
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(48), (51) and (55),

to 1
{ (1 - $)2(u(s)) lds < j (1 - )% - ) las +
0 0

)

n2 | N las <
+ (tO - 1) J s(u(s s <
0

1 1 2 2 4 2 1 1 1
S§+(Z€-+%ll%sl+l& Mgeﬂg-t&:£§+§a (0 < g £ 0.05),

and, using (52) and (51) and (50)

t 1

0
J a - S)z(u(s))—]ds > J (1 - s)z(u0 * oty T s) 1ds =
0 0
1 -]

7 (t0 - 1D + [(u0 + 2t0 - 2)u0 + (t{} - 1)2]1og(u0 + to)(u0 oty - 1) ) - Uy >

1

1 -

1 1 2 1 €
>y -ty =D~y 5 -5e - be |1logel - —e (0 < g £0.05)

Combining the last two inequalities with (38), (41), (44), (54) and (55) we

can obtain

(56) =y 2 L) expliy? + 41 <1 +y 2 G < -T) .

Remark. Numerical experiments suggest that

L(y) expliy2 + 41 = 1~ Cy 2 (y > =)
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