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Parameters in Pure Type Systems

Twan Laan*, Roel Bloo**, Fairouz Kamareddine** *, and Rob Nederpelt!

Abstract. In this paper we add parameters to A-calculus and type theory and show that
the resulting systems have nice meta-theoretical properties. We illustrate that parameters
allow for a better fine-tuning of the strength of type systems and hence allow for a better
description of existing type systems in the framework of pure type systems.

1 What are parameters?

Functions play a fundamental role in logic, mathematics and computer science. In the nowadays
accepted view on functions, they are ‘first class citizens’, being entities on their own which act on
a par with sets, elements of sets and other basic objects. Historically, however, functions have long
been treated as a kind of meta-objects. It is true, function values have always been important,
but abstract functions as such have not been recognised in their own right until the middle of the
previous century.

In order to make clear what we are talking about, we distinguish between the following two
approaches to the notion of function:

1. In the low level approach there are no functions as such, but only function values. So given
a set A and an clement a in A, then f{a) is defined as an element of, say, set B. This is the
operational view on functions. It is unimportant what the function is, as long as we know how
it works: for each = of A we must be able to find a value f(z), and that’s all there is to say.
In this view, the sine-function, for example, is always expressed together with a value: sin(r),
sin(z), etc. This gives formulas like sin(2z) = 2sin(z) cos(x). (Note that it has long been
usual to call f(z}—and not f—the function and this is still the case in many introductory
mathematics courses.)

2. In the high level approach, however, functions are objects in their own right. Given sets A and

B, there are ‘abstract’ functions f ‘from’ A ‘to’ B, which are objects of the function space B4
(also written as A — B). These functions can be indefinite (named by a variable name, like
£}, or definite (i.e. uniquely defined, like sin).
In this approach, a function f of type A — B can be treated just as any other object. It can
even be the value of another function. For exampile, if f is a bijective function from A to B, then
inverse(f) is a function from B to A. Hence, inverse is a function of type (4 — B} — (B — A),
taking functions of type (A — B) as arguments.

In concurrence with the usual terminology, we speak about functions with parameters when
referring to functions with variable values in the low-level approach. So in this approach, the z in
f(z) is a parameter. In the high-level approach, such an z is called a (variable} argument of the
(‘abstract’) function f.

The above shows that an important difference between the low-level and high-level approach
is whether functions are ‘spectators’ in the world under consideration which can be called upon
for services but do not join the ongoing play, or ‘participants’ standing on stage just like the other
players. This has important consequences for the theory in which functions participate. In the
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low-level approach, the corresponding theory can be of lower order than in the high-level case, e.g.
first-order with parameters versus second-order without (cf. Section 1.5). This makes it possible
to fine-tune a theory by using parameters for some classes of functions. An advantage can be, as
we show below, that some desirable properties of the lower order theory (think of decidability,
easiness of calculations, typability) can be maintained, without losing the flexibility of the higher-
order aspects. It will also turn out that using parameters is a natural thing to do in many logical
and mathematical applications and in programming languages and software construction.

Therefore, in this paper we stand up for a revaluation of the low-level approach, which has
been lost sight of in the modern, Bourbaki-inspired style of doing mathematics. We show that
this approach is still worthwhile for many exact disciplines. In fact, both in logic and in computer
science it has certainly not been wiped out, and for good reasons.

1.1 A different form of abstraction and application

The basis of the A-calculus is a mechanism for abstraction and application. For abstraction, we
use A-abstraction, and application is implemented via function application. Abstraction and ap-
plication form the basis of a type system. However, this view of abstraction and application is
rigid and does not represent the development of logic in the 20th century. In particular, Frege and
Russell’s conceptions of functional abstraction, instantiation and application do not fit well with
the A-calculus approach. This is illustrated by *9-14 and +9 - 15 on page 133 of the Principic
Mathematica (cf. [35)):

*9.14. If ‘¢z’ is significant, then if ¢ is of the same type as qa,
‘¢a’ is significant, and vice versa.
+9-15. H, for some a, there is a proposition ga, then there

is a function ¢%, and vice versa.

We see that the function ¢ is not mentioned as a separate entity but always has an argument, be
it &, a or . Indeed, in the formalisation of propositional functions of the Principia Mathematica
given by Laan (cf. {22], def. 2.3), we see that e.g. R(z) and S(z,y) are propositional functions
but R and S alone are not. However, translation of the propositional function R(z) into ordinary
A-calculus results in Az.Rz, since A-abstraction is the only abstraction mechanism available, and
Az.Rz can only be typed if R can be typed on its own.

Allowing parameters in type theory enables one to study Frege and Russell’s work from the
perspective of modern type theory while staying close to the originally intended interpretation as
was done in Laan’s thesis [22].

1.2 Developers versus users of a type theory

The parameter mechanism enables us to describe the difference between developers and users of
certain systems. We illustrate this by expressing the different attitudes of logicians and mathe-
maticians towards the induction axiom for natural numbers. A logician is someone developing this
axiom {or studying its properties), whilst the mathematician is usually only interested in applying
(using) the axiom.

Let’s give an example in type theory. We adopt the PTS-style, where PTS stands for Pure
Type System (cf. [3]). Assuming a variable N (the type of natural numbers) of type x, a variable
0 (representing the natural number zerc) of type N and a variable § (an implementation of the
successor function: $nm is assumed to hold if and only if m is the successor of n) of type N -+ N —
*, the induction axiom can be described by the following PTS-type (let’s call it: Ind), abstracting
over the variable p (a proposition ranging over the naturals):

Hp:(N—*).p0— (IIn:N1m:Npn— Snm—pm)—IIn:N.pn
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in a PTS with sorts %, 0, axiom * : O and II-formation rules (x,*,#), (x,00,0), (O, %, *). With
this type Ind one can introduce a variable ind of type Ind that may serve as a proof term for any
application of the induction axiom. This is the logician’s approach.

For a mathematician, who only epplies the induction axiom and doesn’t need to know the
proof-theoretical backgrounds, this interpretation is too strong. Translating the mathematician’s
conduct to a PTS-like setting, we may express this as follows: The mathematician uses the term
ind only in combination with terms P : N—+, § : PO and R : [Tn:N.ITm:N.Pn—Snm—Pm to
form a term indPQR of type fIn:N.Pn. In other words: he is only interested in the application
of the induction axiom, and treats it as an induction scheme in which values P, @, R have to be
substituted to use it.

The use of the induction axiom by the mathematician is therefore much better described by
the following, parametric, scheme (p, g and r are the paremeters of the scheme):

ind(p:N—*, :p0, r:(In:NLm:Npn— Snm—pm)) : In:N.pn.

If now P : N—=*, @ : PO and R : IIn:NITm:N.Pn—Snm—Pm, then one can form the term
ind(P, @, R) of type IIn:N.Pn. The types that occur in this scheme can all be constructed using
sorts %, 0, axiom # : 0 and rules (%, %, ¥}, (*,0,0), hence the rule (O, %, *} is not needed (in the
logician’s approach, this rule was needed to form the If-abstraction Hp:(N — #)..--).

Consequently, the type system that is used to describe the mathematician’s use of the induction
axiom can be weaker than the one for the logician. Nevertheless, the parameter mechanism gives
the mathematician limited (but for his purposes sufficient) access to the induction scheme. Without
parameter mechanism, this would not have been possible.

We see that the parameter mechanism enables us to describe the difference between a user of a
system (in this example: the mathematician) and a developer of the same system (in this example:
the logician).

1.3 Automath

In light of the previous section, it is interesting to note that the first tool for mechanical represen-
tation and verification of mathematical proofs, AUTOMATH, has a parameter mechanism and was
developed from the viewpoint of mathematicians (see [11]).

The representation of a mathematical text in AUTOMATH consists of a finite list of lines where
every line has the following format:

Ty A, B An b glry, . .o xn) =t T

Here g is a new name, an abbreviation for the expression ¢ of type T and z,,...,%, are the
parameters of g, with respective types Aq,..., 4.

We see that parameters (and definitions as well) are a very substantial part of AUTOMATH since
each line introduces a new definition which is inherently parametrised by the variables occurring
in the context needed for it.

Actual development of ordinary mathematical theory in the AUTOMATH system by e.g. van
Benthem Jutting (cf. [5]) revealed that this combined definition and parameter mechanism is vital
for keeping proofs manageable and sufficiently readable for humans.

1.4 First-order logic in PAT needs paramieters

The representation of mathematics in type theory as done in the AUTOMATH project is generally
called the propositions-as-types (PAT) style. A mathematical proposition then corresponds to a
type, a proof of the proposition corresponds to an inhabitant of the type. Implementations of
first-order logic in PAT style usually use a type system that is a variant of the pure type system
AP'. In AP, it is possible to construct types that are not in #-normal form. Hence, a derivation

1 AP is due to Berardi {7].
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in AP can have non-trivial applications of the conversion rule

FI—A:Bl F|_B2:S BlzﬁBg
FI“A:Bz ’

This can be problematic in implementations. In theory, it is always decidable whether two terms
By, By are 3-equal or not (simply: check whether their S-normal forms are syntactically equal or
not). In practice, such a calculation may take quite some time and memory. Therefore, it would be
better to use a type system in which the conversion rule is superfluous. This is the case if all types
in such a type system are in S-normal form. As all types in simply typed A-calculus A—» (that is:
AP without a rule for forming top-level function types) are in S-normal form, it would be a good
candidate for an implementation of first-order predicate logic. Unfortunately, first-order predicate
logic cannot be desecribed in pPAT-style in A—, since the introduction of the relation symbols in a
first order language involves top-level function types.

But in a first-order language, a relation symbol R always has a fixed arity ar(R). This means
that R itself is not a proposition. It can only be used to construct a proposition: if ¢;,...,t.(g)
are terms, then R(t1,...,t.(R)) is a proposition. Laan and Franssen show in [23] that with the use
of parameters in a type system, it is possible to introduce the relation symbols without need for
the top-level function types. This results in a system in which the conversion rule is superfluous,
and therefore easier to handle in implementations.

1.5 Programming languages need parameters

Programming languages frequently use parameters. For example, consider the Pascal fragment P
defining a function double:

function double(z : integer) : integer;
begin

double := z + 2z
end;

The argument (z : integer) is a parameter in our sense: the function double can only be used
when given an argument of type integer, ergo double is a function in the low-level approach.
Pascal does not allow polymorphism on the type of the parameter z, but in Haskell we can even
define

double :: Num a => a -> a
double z =z + z.

Now double may be used without an argument, e.g. in the composttion

double . double,

so here double is a function in the high-level approach. But in this definition double can be said
to have an implicit parameter a: when evaluating double 3.0, then a is instantiated to Float;
when evaluating double 3 however, a is instantiated to Integer.

Alas, parameters as explained above do not exist in the A-calculus and type theory. In fact,
the first double above can only be represented in the A-calculus as (Az:Int.(z+z)). The second
double is represented as: (Aa:Num.{Az:a.(z+z)}). In the first case, the representation in A-calculus
is unfaithful since double is a A-term on its own, of ‘high-level character’ (it can be used without
a parameter). In the second case the representation in A-calculus of double is unfaithful since the
parameter a is no longer implicit. Note the difference in order between the two representations: the
Pascal representation of double is first order whereas the Haskell representation is second order.

Another use of parameters can be found in the prototype verification system PVS developed
at SRI (cf. [29]). The type system of PVS is more or less similar to simply typed A-calculus,
polymorphic types are not allowed. But in addition, PVS has a mechanism for importing previously
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defined theories with parameters. Together with overloading facilities this allows in practice for an
almost polymorphic use of types since theories can be imported for each parameter type needed.

Let’s discuss the first double (the one from Pascal} in some more detail. Note that another
problem with representing double by (Az:Int.(z+z)) is that the representation in A-calculus does
not give a name to the function {Az:Int.(z+2)}). Therefore every time we want to use double, we
need to use the whole A-expression that represents it. If we wanted to give a name (say double) to
the A-term (Az:Int.(z+2z)), then a natural way of doing so is to use type systems with a definition
mechanism. For example, in the definition systems of {8, 32], P can be represented by the following
context declaration:

In [8): ((Az:Int.(z+2)) §)(A double).?

In [32]: double = (Az:Int.(z+2)) : (Int — Int).

Of course, this declaration can imitate the behaviour of the function double perfectly well.
But it has the following disadvantages:

— The declaration of [32] has as subterm the type Int — Int. This subterm does not occur in
the Pascal fragment P itself. More general,.Pascal does not have a mechanism to construct
types of the form A — B. Note that this disadvantage is not faced by the account of [8].

— Due to the way in which double is defined in [8,32], it is (again) a separate subterm in a
PTS. But double itself is not a separate expression in Pascal; one can’t write x := doublein a
program body. One may use the expression double in a program, provided that one specifies
a parameter p that serves as an argument of double.

We conclude that the translation of P by means of the context declaration above is not fully to
the point. Extending type systems with both a definition mechanism and a parameter mechanism
allows us to translate P by the parametric context declaration double(z:Int) = (z+z) : Int. This
declaration does not have the disadvantages described above:

- It doesn’t have the subterm Int — Int;
— As we will show in this paper, double itself is not a term. We always have to specify an
argument p for double, thus constructing a term double(p).

Similar remarks can be made about the representation of the Haskell-double by the A-term
Aa: Num.(Az : a.z + z).

1.6 Extending pure type systems with parameters and definitions

We believe that the previous sections provide ample motivation for extending type theory with
parameters and definitions. Qur goal is to treat parameters as formal as ordinary abstractions.
Therefore we study the so called pure type systems {PTSs) (cf. [3]) and extend these with both a
parameter mechanism and the definition mechanism of [32].

One important choice to make is whether to restrict the use of parameters. For a parametrised
term #{p;,...,p,) we might want to restrict its formation according to the type of t as well as
according to the types of the parameters py,...,pn. Our choice is to first study the unrestricted
use of parameters. This is done in Section 4.

But however elegant an unrestricted use of parameters may seem from a theoretical point of
view, this is not custom in actual programming langurages.

In many Pascal versions, for instance, parametric terms can only have parameters at term
level, like the integer parameter z of double above. It is, however, not possible in Pascal to write a
function polydouble that takes both a numeric type Z and an element z of type Z as parameters,
and returns the value z+z.

In Section 5 we study PTSs with definitions and restrictions on the use of parameters. Ty-
pability of abstractions (or: the ‘abstraction rights’} in PTSs is governed by a set of triples of
SOrts.

% Note that in [8] we use the item notation (cf. [21]) where the application Fa is written as (a §)F.
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In eight PTSs which together form what is called the Barendregt Cube (cf. [3]), there are two
sorts * and O, and the various systems in the cube are determined by the various ways in which
type abstractions can be made. If all constructions of II-types are allowed, we obtain the Calculus
of Constructions, with rules (x, %, %), (x,0,0), (3, =, %) and (3,0, 0). If we do not allow all fT-type
constructions, we get one of the subsystems of the Calculus of Constructions in the Barendregt
Cube.

We propose to govern the ‘parametrisation rights’ of our PTSs extended with parameters
in a similar way, by a set of pairs of sorts. The first elements of these pairs tell which kind of
paramaters are allowed, the second elements of these pairs tell which kind of terms are allowed to
have parameters. ‘

The combination of the rules for parameter constructions with the well-known rules for the
construction of abstractions in the Barendregt Cube leads in a natural way to a division of the
Barendregt Cube into eight sub-cubes {we illustrate this in Figure 3 on page 31). As in the
Barendregt Cube, one dimension in the cube still corresponds with one of the rules (x, 0), (O, %)
or (O0,0). Following an edge of the cube in dimension (51, s2) can now be done in two ways:

— As was already possible, we can follow the edge to the end. This still corresponds to accepting
the I7-formation rule (s1, 83, 82); '

— We can also follow the edge only half-way. This means that we do not accept the If-formation
rule (s1, 82, $2), but that we do accept the parameter construction rule (s, s2).

This viewpoint suggests that allowing the I7-formation rule (s1, s2,52) also allows the parameter
construction rule (s, s2). Formally, one can work with systems in which we do allow the I7-
formation rule, but do not allow the parameter construction rule. We prove, however, that if the
IMT-construction rule (s1, 2, 82) is allowed, a parameter construction involving rule (51, s2) can be
imitated by A-abstractions {Theorem 100).

This paper is organised as follows:

In Section 2, we give definitions of PTSs extended with parametric constants and definitions.
This definition includes an extension of the §-reduction described in [32] (which unfolds definitions)
to parametric definitions.

In Section 3 we show that the é-reduction and fd-reductions have the Church-Rosser property,
and that é-reduction (under some reasonable conditions) is strongly normalising.

In Section 4, we show some elementary properties of the system introduced in Section 2, like
a Generation Lemma, and the Subject Reduction property for #d-reduction. We also prove that
Bé-reduction is strongly normalising if a slightly stronger PTS is S-strongly normalising,.

Section 5 is devoted to the various ways in which parameters can be added to a PTS (with or
without definitions} in a more restricted way, with the refined Barendregt Cube of Figure 3 as a
result.

In Section 6, we compare our system with some other type systems, like AUTOMATH. We place
various AUTOMATH systems in the refined Barendregt Cube of Figure 3.

Tn Section 7 we see that the use of parameters can sometimes result in simpler and more
realistic implementations of type systems.

2 Parametric constants and definitions

In this section, we extend Pure Type Systems (PTSs) (cf. [3]) with parametric constants and
definitions.

2.1 Pure Type Systems

Pure Type Systems (PTSs) were introduced by Berardi [7] and Terlouw [33] as a general framework
in which many current type systems can be described. The framework is a generalisation of the
well-known Barendregt Cube.
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Though PTSs were not introduced before 1988, they were already implicitly present in Neder-
pelt’s thesis ([27], Chapter III, Definition 1.3) and many rules in PTSs are highty influenced by
rules of known type systems like Church’s Simple Theory of Types [12] and AUTOMATH (see 5.5.4.
of [14]). The description below is based on [3].

Definition 1 (M\-terms} Let V be a set of variables and C a set of constants disjoint with V.
Terms of typed A-calculus are defined by the following abstract syntax:

Az=V|[C|(AA) | (AV: AA) | (TTV : A.4).

We omit brackets when possible and consider terms modulo renaming of bound variables (cf. [3]).
The notions FV(A) denoting the free variables in A-term A and substitution [z:=A] are defined
as usual. Reduction on A-terms is defined as the contextual closure of

(Az : A.B)C —p Blz:=C].

Definition 2 (Specification) A specification is a triple (S, A, R), such that §CC, AC S x S
and R C 8 x S x 8. The specification is called singly sorted if A is a (partial) function § — S,
and R is a (partial) function § x § — §. S is called the set of sorts, A is the set of azioms, and
1 is the set of ({I-formation) rules of the specification.

Definition 3 (Contexts) A contest is a finite (possibly empty) list z1:4,, ..., zn: Ay (shorthand:

— —
Z:A) of variable declarations. {zy,...,2.} is called the domain Dom(%Z:A) of the context. The
empty context is denoted {). We use I', A as meta-variables for contexts.

Definition 4 We define I'[z:=A] by induction on the length of I':

“Oed=gs o
= (I',y:B)[z:=A] = {F’[m;;A],y:B[xznA] if = ; g’

Definition 5 (Pure Type Systems) Let § = (8§, A, R) be a specification. The Pure Type
System AS describes in which ways judgements 'ts A : B (or I"' F A : B, if it is clear which
S is used) can be derived. I" - A : B states that A has type B in context I". AS consists of the
following derivation rules. ‘

(axiom) () F 5182 (51,82) € A
I'HA:s
(sta.rt) m‘m T g Dom(l"}
r'+-A:B '-C:s
(weak) Fz0F A B x & Dom(I)
'FA:35 INz:AF- B :s;
(i T+ (ITzAB) : 53 (o1, 52,50) € B
) Nz:A-b: B I {(Iz:AB):s
't (Az:Ab) : (Iz:A.B)
(appl) DFF:([Ix:AB) I'Fa: A
app '+ Fa: Blz=d]
'-A:B 't B :s B=4 B
(conv) TFA:B

A context I' is legal if there are A, B such that I' - A : B. A term A is legal if there are I B
such that 'FA: Bor I'F B : A.
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An important class of examples of PTSs is formed by the eight PTSs of the so-called Barendregt
Cube. The Barendregt Cube (Figure 1 on page 8) is a three-dimensional presentation of eight
well-known P'T8s. All systems have sorts § = {*, 0}, and axioms A = {(*,0)}. Moreover, all the
gystems have rule (,*, ). System A— has no extra rules, but the other seven systems all have

one or more of the rules (*,0,0), (O,*,*) and (0,0, 0):

— Going to the right in the cube means adding rule (+, 0,0},
— Going upwards in the cube means adding rule (2, #, *);
— Going backward in the cube means adding rule (0,0, 0).

Thus, going to the right, going upwards and going backward means going to a stronger type

system. The systems depicted in Figure 1 have the following /7-formation rules:

The dependencies between these systems are depicted in the Barendregt Cube (see Figure 1).

Ao
A2
AP
Aw

(¥, %, %)
(*1 *1 *) (D’ *) *)
(%, %, %)

{x, %, %)

(+0,0)
(0,0,D)

AP2 (*,*,*) (I:I,*,*) (*,D,D)

Aw

(%, %, %) (O, %, %)

APw (, %, %)

(0,4,0)
(x,0,0) (O0,0,0)

AC (*,%,%) (O,%,%) (x,0,0) (0,5, 0)

e

A2

Aw

AP2

APw

AP,

The systems in the Cube are related to many other type systems. The overview below is taken

from [3].

(O0,%,*)€R

Fig. 1. The Barendregt Cube

(0,0,0) e R

(0,0 R

System

Related system

Names, references

A=

A2
AP

AP2
Aw
Aew
AC

AT

F
AUT-QE
LF

POLYREC
Fw
CC

simply typed A-calculus; {12], [2] (Ap-
pendix A}, [20] (Chapter 14)
second order typed A-calculus; [18], [31]

(10]
[19]
[24]
[30]
18]

Calculus of Constructions; [13]

Another PTS is the Extended Calculus of Constructions ECC (see [25]). This is a PTS with § = I
A={{n,n+1)|neN}and R={{(m,0,0) | me N} U{(m,n,r)|0<m,n <r}. Thisisindeed

an extension of AC {write  for 0 and O for 1).
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Pure Type Systems have some important meta-properties, which we describe below. The proofs
can be found in [17] and [16]. Throughout this section, F denotes derivability in a PTS with a
certain specification & = (S, A, R).

Lemma 6 (Free Variable Lemma) Let I' = z:4;, ..., 2,4, be legal, say '+ B : C. Then

1. The z; are distinct;
2. FV(B), FV(C) C Dom{I),
3 FV(A;)) C{m,... 25} for 1 <i<n.

Lemma 7 (Start Lemma) Let I' be legal. Then

1. 'k sy 59 for all (s1,52) € A;
2. I'tx:Aforeal(s:A) el

Lemma 8 (Transitivity Lemma) Let I, A be contexts. Assume I' is legal, I' & z:A for all
(zzAle A, and A+ B:C. Then '+ B: C.

Lemma 9 (Thinning Lemma) Let I, x:A, I3 be a legal context such that 17,13 F B : C. Then
also 1N, z:A, I+ B: C. :

Lemma 10 (Substitution Lemma) If Iz:A, A+ B :C end I' = D : A then I'Alz:=D] F
Blz:=D] : Clz:=D].
Lemma 11 (Generation Lemma)

1L IfT'Fe:C for ac€C then there is 5 € § such that C =3 s and (cis) € A;

2 Ifrz:CforanxzcVthenthereiss€ Sand B= C such that '+ B:s and (x:B) € I';

3 If 't (IIz:A.B) : C then there is (s1,82,53) € R such that ' - A :s;, I'z:AF B 1 89 and
O =g 83,

4. If '+ (Ax:Ab) : C then there is s € S and B such that ' (Iz:A.B) . s; Ie:A+F b B; and
C =p ([Tz:A.B);

5. If't Fa: C then there are A, B such that '+ F : (IIx:AB}, 't a: A and C =g Blz:=a].

Lemma 12 (Correctness of Types) If 'FA: B then B=s orI'+ DB :s for somes€ S.
Lemma 13 (Subterm Lemma) If A is legnal and B is a subterm of A, then B is legal.
Lemma 14 (Subject Reduction) If ' A: B and A -3 A’ then '+ A': B.

Lemma 15 (Strengthening Lemma) If I z:A, A+ B : C and z ¢ FV(A) U FV(B) U FV(C),
then AR B : C.

The proof of the next lemma is due to van Benthem Jutting {6].

Lemma 16 (Unicity of Types) If § is singly sorted, I' - A : By and I' - A : By, then
Bl =a B2.

Lemma 17 (Strong Permutation Lemma)} If I''z:A,y:B,A - C : D and ¢ ¢ FV(B), then
NyB,xAAFC: D.

Definition 18 (Topsort) A sort s is a tepsort if there is no s' € § such that (s,s') € A.

Lemma 19 (Topsort Lemma) If s is a topsort and I" - A : s then A is not of the form A; Ay
or )\ZE:AI.Az.

Theorem 20 (Strong Normalisation for ECC) Let A be a legal term in the Extended Calculus
of Constructions. Then A is strongly normalising.

As the systems of the Barendregt Cube are subsystems of ECC, all legal terms in the systems
of the Barendregt Cube are strongly normalising, too.
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2.2 Extending PTSs with parametric constants and definitions

Definition 21 The set Tp of parametric terms is defined together with the set Ly of lists of typed
variables and the set L7 of lists of terms as follows:

Tp 2=V {S{C(Lr) | TeTp | AV:Tp.Tp | IV:Tp.Tp | C(Lyv)=Tp:Tp in Tp;
Ly u= & [ {Ly, V:Tp);
Lr u=a | {Lr,Tp).

where, as usual, V is a set of variables, C is a set of constants, and § is a set of sorts. Formally, lists
of variables are of the form (... {{&,z1:4,}, z2:43) ... Tn:An). We usually write (z1:4,,...,2,:4,,)
oreven z1:Ai, ...,y A, A similar convention is adopted for lists of terms. In a parametric term
of the form ¢(by,...,b,), the subterms b,,...,b, are called the parameters of the term.

Terms of the form C(Lv)=Tp:Tp in Tp represent parametric local definitions. An example of
such a term is double(x:N)=(x+x):N in 4. The term indicates that a subterm of A of the form
double(P) is to be interpreted as P + P, and has type N. The definition is local, that is: the
scope of the definition is the term A. Local definitions contrast with global definitions. Giobal
definitions are given in a context I', and refer to any term that is considered within I' (see the
forthcoming Definition 28). The definition system in AUTOMATH can be compared to the system
of global definitions in this paper. However, there are no local definitions in AUTOMATH.

=
Definition 22 Let z:4 denote ; (A1, ..., ZTniAn. We extend the definition of FV{ A}, the set of
free variables of a term A, to parametric terms:

FV(clay,...,an)) = Ui, FV(a:};

FV(c(Z:A)=A:B in C) = P, (FV(A) \ {z1,...,7i1})
U ({(FVA) U FV(B)\ {z1,...,2,}) UFV(C)

We similarly defire Cons{A), the set of constents and global definitions of A:

Cons(s) = Cons(z) = §;
Cons(c(ar,...,a,)) = {c} Ui, Cons(a;);
Cons{AB) = Cons(A) U Cons(B);
Cons(Az:A.B) = Cons(IlIz:A.B) = Cons(A) U Cons(B);

Cons(c(?:z)=A:B in C) = {J, Cons(A;) U Cons(A) U Cons(B) U (Cons(C) \ {c}).
FV(A) U Cons(A) forms the domain Dom(A) of A.

o
Remark 23 The definition of FV(c(z:4)=A:B in C) and Cons(c(Z:4)=A:B in C) make clear

-
what the binding structure in a term ¢(z:4)=A:B in C is:

=

— A variable declaration z;:A; in the parameter list Z:A binds all the occurrences of T; In Ag,
for & > ¢. That is: the type of a parameter x; may depend on earlier declared parameters;

— Moreover, the declaration z;:4; binds all the occurrences of z; in 4 and B. This corresponds
to the intuitive idea of a parametric definition: z; can serve as a parameter in the definiens A
and in the type B of the definiens;

— However, the variable declaration z;:4; does not bind any occurrence of z; in C. The definien-
dum ¢ will occur in C only with a list of parameters a;,...,a, behind it, so in the form
c(ay,...,an). The variables x1,...,z, in the definition of ¢ only serve to indicate what the
type of the a;s must be (below, we will see that a; must have type A; [a:j::aj];;ll), and what
the type of the term c(ay, ..., a,) is (this turns out to be B[xj:zaj]?=1);

5
— Moreover, we see that ¢ is not included in the constants of C(E:A):A:B in C. This is because
¢ is a local definition, and acts as a binder for the occurrences of ¢ in C.
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S
Remark 24 Our reasons for including the type B in a local definition c(Z:4)=A:B in C are:

— We want to remain consistent with other binders, such as A and I7. In a term Az:A.B or
Mx:A.B we mention the type of the binder , therefore we also mention the type of the binder
-
¢ in a local definition c(?:A)=A:B in C;
— Sometimes A : B indicates that the term A is a proof of a theorem B (using PAT). If we want to
use B in the proof of a new theorem B', we must use the proof term A of B in the proof A’ of

B'. In that case it is attractive to abbreviate 4 by introducing a definition ¢(Z :Z):A:B in A"
It is important to remember that ¢ is (an abbreviation of) a proof of B, and that is a reason
to mention B, the type of 4, in the definition declaration;

— For practical purposes like proof assistants or proof checkers, it may seem to be problematic
to have B in the definition declaration. However, the program does not always have to ask the
user to explicitly mention the type of the abbreviation. Often it can find this type itself via a
type inference algorithm. Of course, this also depends on whether type inference is decidable
in the underlying type system.

Sometimes, the user may wish to manually enter the type, because he/she may prefer a certain
formulation of the type to a F-equivalent formulation that the program automatically offers.

As usual in PTSs, we do not distinguish terms that are equal up to renaming of bound variables:
we consider these terms to be syntactically equal. Moreover, we assume the Barendregt variable
convention:

Convention 25 Names of bound variables and constants will always be chosen such that they
differ from the free ones in a term.

Hence, we do not write (Ax:4.x)x but (Ay:A.y}x instead.
Similarly, we write ¢(x":A)=x" 4+ x":4 in c{c(c(x))) instead of c(x:A)=x + x:4 in ¢(e{c(x))).

Definition 26 We extend the definition of substitution of a term a for a variable z in a term b,
b[z:=a], to parametric terms, assuming that x is not a bound variable of either b or a:

. clby, ..., by)z=a] = c(bi[z:=d], ..., bu[z:=a]);
(c(Z:A) = A:B in O)lz:=a] = c(z1:41[z:=q],. .., 2y :An|z:=0])= A[z:=a): B]z:=q] in C[z:=a].

We now define contexts for type systems with parameters and definitions.
Definition 27 The set of contexts which we denote by I', I, ... is given by:
Cp =@ | {Cp,V:Tp) | {Cp,C(Ly)=Tp:Tr) | {Cp,C{Ly):TpP).
Notice that £y C Cp: all lists of variable declarations are contexts, as well.

Definition 28 Let I be a context. Elements : A, c(z1:B1, ..., 2, B )i A, e{zy By, . . ., zn: Bp)=a:4
of I are called declarations.

— x:A is a veriable declaration.
s The variable z is the subject of the declaration;
e A is the type or predicate of the declaration;
— A declaration of the form e(z1:B1,...,2n:Bn):4 is a constant declaration.
e The constant ¢ is the subject of the declaration. As ¢ is introduced without further defini-
tion, ¢ is called a primitive constant (cf. the primitive notions in AUTOMATH);
® T,,...,%, are the parameters of the declaration;
s A is the type (predicate} of the declaration;
— A declaration c(x;: 51, ..., 2, Br)=a:4 is called a global definition decleration or shorthand
global definition or definition.
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e The constant c is the subject or definiendum of the declaration. ¢ is called a (globally)
defined constant;

® Ty,...,T, are the parameters of the declaration;

¢ is the definiens of the declaration;

A is the type (predicate) of the declaration.

The reasons for including the type of a global definition or a parametric constant in its decla-
ration are the same as for local definitions, cf. Remark 24.

In the rest of this paper, A denotes a context 1:51,...,Z,:B, consisting of variable declara-
tions only. Such a context is typically used as a list of parameters in a definition e(A)=a:A. We
write A; = 21:By,...,z;_1:B;_ for 1 <n.

We extend the definition of substitution to contexts:

Definition 29 Let I' € Cp, M € Tp. We define I'[z:=M] as follows:

Ble:=M] = @,
(I 2:A)w=M] = I|z:=M];
(I, 2" AY[z:=M] = ([Mz:=M], 2" Alz:=M]) if 7 % o'

(I e(A): D z:=M] = {FMx:=M], e(Alz:=M]): A[z:=M]);
(I efANy=a:AYz:=M] = {([z:=M } c(Alz:=M))=a[z:=M]: A[z:=M]).

For a term A we defined FV(A) and Cons{A). For a context I" we do not form one set Cons(1"),
but we split this set into a set Prem(I"), containing the primitive constants of I', and a set Def(I"),
containing the defined constants of I".

Definition 30 Let I" be a context. We define the free variables, constants and definitions of I':

r \PV(I")  |Prim(I)  |Defil)

[/ [} %) (%}

IomA FV{r) J{z}|Prim(I) Def(I)
Le(AyA  |[FV(D) Prim(I')y U {c}|Def(I")

I e(A)=a:A|FV(T) Prim(I) | Def(I) U {c}

Finally we define the domain of I', Dom(I}, by FV(I') U Prim(I") U DefiI).

In ordinary Pure Type Systems we have that, for a legal term A in a legal context I', FV{A4) C
FV(I'). The type of a free variable in A, therefore, can always be determined via I'. In our pure
type systems with definitions and parameters we will have: FV{A) C FV(I') and Cons(A) C
Prim{I"YU Def(I'). This has not only as an effect that the type of a free variable or a constant can
be determined via I, but also that I' determines whether a constant in A that is not serving as a
local definition within A, is a defined constant or a primitive constant. We therefore define:

Definition 31 For a context I and a term A with Dom(A} C Dom(I") we define:
Defr{A) = Cons(A) N Def(I"); and Primp(A) = Cons(A) N Prim(I").

We see that a constant ¢ € €' can play three roles in a term A, with respect to a context I':

— If ¢ occurs in a subterm (¢(A)=b:B in a) of A, then c is a locelly defined constant;
— I c € Defr(A), then c is a globally defined constant;
— If ¢ € Primr(A) (or ¢ € Dom(I'}), then c is a primitive constant.

A natural condition on a context I, c(A)=a:4, I, is that all the free variables and constants
of a and A are declared in either I] or A, and that all free variables and constants in a declaration
zi:B; € A are declared in Iy, 4A; (recall that A is a standard context z1:By,...,2.:B, and
Ay =x:By,...,z;_1:8i_1). We call such a context sound:

Definition 32 I' € Cp is sound if I' = I, e{A)=a:A4, I; implies
Domf(a) U Dom(A) C Dom(I) U Dom{A) and Dem(B;) C Dom(I, A;).
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The contexts occurring in the type systems proposed in this paper are all sound (see Lemma
44}. This fact will be useful when proving properties of these systems.
We will consider several extensions of Pure Type Systems (PTSs).

— An extension that includes globally and locally defined constants is described and studied in
[32]): ‘PTSs with definitions’ (D-PTSs);

— Orthogonally, we can extend PTSs with parameter-free primitive constants. Then we obtain
C-PTSs. C-PTSs are not very interesting, as the role of parameter-free primitive constants can
usually be imitated by variables.® One could agree that a parameter-free primitive constant
is a special kind of variable, and promise not to make any (A or {T) abstraction over such a
variable;

— QOur first real extension describes PTSs with parametric primitive constants, but without def-
initions (CP-PT8s). The C*-PTSs include the C-PTSs, as a parameter-free primitive constant
can be seen as a parametric primitive constant with zero parameters;

— Another extension includes parametric defined constants, and can be seen as a generalisation
of D-PTSs: DP-PTSs;

— We can combine the extensions with primitive constants and defined constants, choosing be-
tween parametrised or parameter-free variants. For instance, we can make an extension that
includes parameter-free defined constants, and parametric primitive constants. We call this
extension CPD-PTSs.

Combining the various extensions, we obtain a hierarchy that can be depicted as in Figure 2.

CPDP-PTS

N
/

CPD-PTS CD?-PTS
Cr-pPTS CD-PTS DP-PTS
C-PTS -PTS

s
N,

PTS

Fig. 2. The hierarchy of parameters and definitions

We give some examples of the possibilities of parameters and definitions.
Example 33 We illustrate the difference between PTSs, C-PTSs and CP-PT8Ss.

— In the PTS A— (with only one axiom * : O and one [I-formation rule (*,# %)) we could
introduce a type variable N : » and a variable 0 : N when we want to work with natural
numbers. N represents the type of natural numbers and o represents the natural number zero;

% There are, however, extensions of PTSs in which constants play an essential role. See for instance the
Modal PTSs in the thesis of Borghuis [9], p. 28-29.
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— Though the representation of objects like the type of natural numbers and the natural number

zero as a variable works fine in practice, there is a philosophical problem with such a repre-
sentation. We do not consider the set N and the number 0 € N to be variables, because these
objects ‘do not vary’. If we have a derivation of N:*,o:N F ¢ : N for some term t, it is techni-
cally possible to make a A-abstraction over the variable o and obtain N:xF Ao:Nt: N —+ N.
This is permitted since o is introduced as a variable, but it is probably not what we had in
mind.

In C-PTSs we can distinguish between constants and variables. If o is introduced as a constant,
it is not possible to form a A-abstraction Ao:N.t;

In some cases, we may need to introduce for each proposition X the type proof(X) of proofs
of X. This cannot be done in the PTS A— extended with (unparametrised) constants: such a
constant proof should be of type prop —+ type and this type cannot be constructed in A—
{notice that type = *, so the construction of prop — type would involve the IT-formation
rule (x,0,0)).

However, the term proof will hardly ever be used on its own. It is usually used when applied
to a proposition X'. In CP-PTSs it is possible to introduce a parametric version of proof by
the following context declaration: proof(p:prop) : type.

This does not involve the construction of a type prop — type. Nevertheless it is possible to
construct the term prop( P} for any term £ : prop. We obtain a form of polymorphism without
using the polymorphism of A-calculus.

A disadvantage may be that we cannot speak about the term proof ‘as it is’. When using
proof in the syntax, it must always be applied to a parameter T : prop.

However, an advantage is that we can restrict ourselves to a much more simple type system.
In the situation above we remain within the types of the system A—. We do not need to use
types of the system AP. This may have advantages in implementations of type systems. For
instance, the system A— does not involve the conversion rule

I'tA:B TFB:s B=3B
TFA:FB

while AP does involve such a rule. The conversion rule involves 3-equality of terms, and though
it is decidable whether two A-terms of AP are S-equal or not, it may take a lot of time and/or
memory to establish such a fact. This may cause serious problems when implementing certain
type systems. Using parameters whenever possible may therefore simplify implementations.
We give an example in Section 7.

Example 34 We illustrate the difference between PTSs, D-PTSs and D?-PTSs.

— In a simple PTS like A— one can derive the following statement for an identity function:

s b (Axiax) o= a;

— The same derivation can be made in the corresponding D-PTS, but in that D-PTS we have

the possibility of abbreviating the term Ax:c.x. We can do this in two ways:
1. We can introduce this definition in the context: a:x, id=(Ax:c.x):(a—a) F id : a—a.
2. If we use this definition in the context and derive some judgement o ; #, id=(Ax:a.x):(e—a) F
t : T, then the rules of D-P'I'Ss permit us to introduce a local definition resulting in derivation
of the judgement a : * F id=(Ax:a.x):(a—a) in t : id=(Ax:a.x):(a—a) in T. We see that
the definition of id now appears both in the term and in the type of the term, but no longer
in the context. The advantages of definitions are:
» We can abbreviate long expressions. This makes terms more surveyable: id is shorter than
AXi X,
» We can give names to important expressions. This makes terms more understandeble: id
expresses that we are dealing with the identity function, whilst Ax:a.x does not express
this fact;

— In a DP-PTS we have more options for abbreviating the identity function.
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First of all, we can make the same derivation as in the D-PTS. Formally, there is a small
difference: we cannot use id but must work with id(}, a parametric term with zero pa-
rameters (as in DP-PTSs we can only work with parametric definitions). We obtain (in the
case of the global definition): a:*, id()=(Ax:a.x):{a—a) F id() : a—o;

But we could also decide to use parameters in the definition of id. For instance, we could
parametrise the variable « resulting in the declaration id{a:*)=(Ax:a.x):(a—a).

If we want to use this declaration, we must have a term T of type *. Assuming that we
have such a term 7', we can derive: id{a:*)=(Ax:ax):(a—a) Fid(T): T = T.

We see that we obtain a restricted form of polymorphism in this way. The type system may
not allow the construction of Aa:*.Ax:o.x; nevertheless the parameter mechanism makes
it possible to express id(T") for any type T : *;

We could also decide to parametrise the variable x, and leave the variable ov unparametrised.
This yields a context a:*, id(x:a) =x:ce. We see that the A-abstraction Ax:a.x is parametrised
now. The definition declaration means: For any term ¢ of type «, the term id(¢) of type o
is defined by t. If we have such a term ¢, then we can derive a:*, id{(x:a)=x:a I 1d(t} : a.
Observe that id(t) does not have type a = a (as was the case with id) but type a (which
would also be the type of id t if we had used the identity id=Ax:c.x from A-calculus);

Finally, one could parametrise both ¢ and x. This results in a declaration

id(c:*, x:¢)=x:c in the context. If we have a term T' of type * and a term ¢ of type T, we
can derive id{a:*, x:a)=x:a - id(T,t) : T.

The global definitions given in the D?-PTS case could also be made local, as was done in the
D-PTS case.

We now start a more detailed description of the various extensions of PTSs with definitions and
parameters. We define two reduction relations, namely the 4- and S-reduction. S-reduction is
defined as usual, and we use =g, ¥z, —»E, and =z as usual. As far as global definitions are
concerned, d-reduction is comparable to d-reduction in AUTOMATH. This is reflected in rule (61)
in the definition below. But now, a d-reduction step can also unfold local definitions. Therefore, two
new reduction steps are introduced. Rule {§2) below removes the declaration of a local definition if
there is no position within its scope where it can be unfolded (‘removal of void local definitions’).
Rule (43) shows how one can treat a local definition as a global definition, and thus how the
problem of unfolding local definitions can be reduced to unfolding global definitions (‘localisation
of global definitions’). Remember that A = z,:51,...,zn:B,.

Definition 35 We define the following three reduction rules:

N, c(Ay=a:A4, b Fc(by, ..., by) =5 alz=b], (61)
I'Fe(A)=a:A inb =5 b f c& Cons(b) (82)

I C(A):G:A Fb—; b
't e(A)=a:A in b =5 ¢(48)=a:A in V'

(63)

Furthermore, we have some compatibility rules. These rules are not very complicated, but
unfortunately we need quite a lot of them.

Definition 36 We define the following compatibility rules:



16 Laan, Bloo, Kamareddine, Nederpelt

INAFa-—sa DAFAs A
I'te(A)y=a:A in b =5 c(A)=d A in b 't e(A)=a:A in b =5 c(A)=a:A" in b
F, Al‘ [ Bi —>5 B;—

'k e(A)y=a:A in b5 e(z1:By,...,z:B],..., 20 By)=a:A in b

TFa—sd TEb—y v
I'Fab—sa'b 't ab -5 ab
NaoAra—osa A A
I'FAz:da =5 dz:Aa I'FAr:da =5 Az:d' a
oAla—osa Ao A
TFIHrAa = Oo:Ad ''-HOz:Aoa—s Hx:A'a

Fl—aj 4 a;-
I'tclay,...,an) =sclay, .-, 05, ..,a5)

Remark 37 One might also expect a compatibility rule

'k —*§ b
I'k e(A)=a:A in b =4 c(A)=a:A in b

However, this rule is a derived rule (see the forthcoming Lemma 47).

Now we can give a formal definition of é-reduction:

Definition 38 d-reduction is defined as the smallest relation =4 on Cp X Tp X Tp closed under
the rules (§1}, (62} and (43} of Definition 35 and under the compatibility rules of Definition 36.
't . =4 - denotes the reflexive, symmetric and transitive closure of I"F - —; -.

When I' is the empty context, we write @ =5 o’ instead of '+ a2 —=; a'.
We extend —4 to contexts:

Definition 39 §-reduction between contexts is the smallest relation =5 on Cp x Cp closed under
the following rules:

L A—s A Nn,A—s A
F]_,.CL'ZA,FQ —5 Fl,I:A’,FQ Fl,C(A):A,FQ —>5 FI,C(A’):A,FQ
Fl,A}“A“#,sA’ Fl,A}-a—>5a’
N, e(AYA Ty =5 Iy, e(AVA | T N, cQ)=a:A, I3 =5 I,c(A)=a"4, T
n,Aas LA NAFAs A

Fl, C(A)=G.!A, Fg -3 Fl, C(A’)ZGZA, Is Fl, C(A):(J,ZA, Iy =5 1-‘1, C(A)ZG:A', Fz

We now describe the extensions to PTSs that are needed to obtain CP-PTSs and DP-PTSs.
We don't discuss D-PTSs and CFD-PTSs: D-PTSs are introduced in [32] and C*D-PTSs can be
constructed by extending D-PTSs with the additional rules for C*-PTSs.

Definition 40 {CP-PTS: Pure type systems with parametric constants) The typing rela-
tion FC7 is the smallest relation on Cp x Tp % Tr closed under the rules in Definition 5 and the

following ones (we still write A = 21:By,...,Zn:By):

" . B AR 4.
Ie(Ay: A" b: B

(CP-weak)

N, e(AyA, T B beBylmy=b)iT] (i=1,...,n)
ILe(AA R FC" As (if n=0)
I,e(A):A, T2 97 elby, .., bn) + Alzy:=b,]7,

{CP-app)



Parameters in Pure Type Systems 17

where s € § and the ¢ that is introduced in the CP-weakening rule is assumed to be I'fresh (i.e.,
it does not occur in I).

At first sight one might miss a CP-introduction rule. Such a rule, however, is not necessary, as
¢ {on its own) is not a term. ¢ can only be {part of} a term in the form c(bq,...,b,), and such
terms can be typed by the CP-application rule.

The extra condition I, c(A):A, Iy FE" A : 5 in the CP-application rule for n = 0 is necessary
to prevent an empty list of premises. Such an empty list of premises would make it possible to
have almost arbitrary contexts in the conclusion. The extra condition is only needed to assure
that the context in the conclusion is a legal context.

Remark 41 If we have a parametric constant in the context, for instance plus(z : Ny : N) : N,
then it is tempting to think of plus as a parametric function. Note however that in PTS-terms it
is not a function anymore since the only way to obtain a legal term with it is in its parameterised
form plus(x,y) which has type N, plus{z : N,y : N} itself 1s not a legal term. In order to talk about
properties of plus ‘as a function’ we are forced to consider Az : Ny : Noplus (z,y).

Adapting the rules for F¢" and the rules for definitions of [32] results in rules for parametric
definitions:

Definition 42 (DP-PTS: Pure type systems with parametric definitions) The typing
relation FP° is the smallest relation on Cp x Tp % Tp closed under the rules in Definition 5 and
the following ones:

't 8B AP a: A

D?-weak 3
(DP-weak) T o(A)=aAFD b B
Iy, c(A)y=a:A, Ty FP7 by 2 Bilwyi=b]Z) (i=1,...,n)
N,e(MA=a:A, T F?" a: A (if n =0)
D*- i .
(DF-app)  — e e LT abre o) Aley=bi_,
—_ D® .
(DP-form) Ie(A)=a:AF" B:s

P e(A)y=a:Ain B : s
Ne(A=aArF” 5: B F” ¢(Ay=a:4Ain B:s
I'+P" ¢(A)y=a:A in b : ¢(A)=a:4 in B

'+ . 1+ p. I'tB=; B
(D-conv) b B =

(D?-intro)

where s € §, and the ¢ that is introduced in the D?-weakening rule is assumed to be I'-fresh.

D" includes the definition system of [32]: The DP-application rule for n = 0 can be seen as
the §-start rule of D-PTSs. —¢"P7 is the smallest relation on Cp X Tp x Tp that is closed under
the rules of Definition 5 and the rules of F¢” and FP7.

Definition 43 (Pure Type Systems with (parametric) constants and (parametric) def-
mitions) Let & be a specification (see Definition 2).

— A pure type system with (parametric) constants CP-PTS is denoted as A¢”(S) and consists of
a set of terms Tp, a set of contexts Cp, the S-reduction rule and the typing relation RC7s

— A pure type system with (parametric) definitions DP-PTS is denoted as AP"(S) and consists
of a set of terms 7p, a set of contexts Cp, 8 and d-reduction and the typing relation ¥ "

— A pure type system with (parametric) constants and (parametric) definitions CPDP-PTS is
denoted as A9"P7(S) and consists of a set of terms Tp, a set of contexts Cp, 8 and d-reduction
and the typing relation F¢"P7.
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A term a is legal (with respect to a certain type system) if there are I', b such that either I'-a : b
or I'+ b : a is derivable (in that type system). Similarly, a context I is legal if there are a, b such
that ' a: b

All contexts occurring in CPDP-PTSs are sound (see Definition 32). As C?D?-PTSs are clearly
extensions of PTSs, C7-PTSs and D”-PTSs, this implies that all contexts occurring in PTSs,
CP-PTSs and DP-PTSs are sound. We need this fact in many proofs in the next sections.

Lemma 44 Assume I' F<"P7 b: B. The following holds:
1. Dom(b), Dom(B) C Dom(I"); 2. I is sound.

Proor: We prove the statements (1) and (2) simultanecusly by induction on the derivation of
T FC"D" b . B, We treat the two most important cases:
— (DP-weakening) I, c{A)=a:A+ b:B because I' F b:B and I', A - a:A.
(1) is trivial; (2) follows from the induction hypothesis for (1};
— (DP-formation) I' F (¢{A)=a:A in B) : s because I c{A)=a:AF B : s.
(1) follows from the induction hypothesis for (2); (2) is trivial.

3 Properties of terms

In this section, we prove properties of terms without wondering whether these terms are legal or
not. In Section 3.1 we discuss some basic properties, such as a Substitution Lemma, and substitu-
tivity. Section 3.2 is devoted to the Church-Rosser property for Sd-reduction, and in Section 3.3
we prove strong normalisation for §-reduction.

Though we do not restrict ourselves to legal terms in this section, we often demand that the
free variables and constants of a term are contained in the domain of a sound context.

3.1 Basic properties

In the following lemma, we show that a §-reduction step remains invariant if we enlarge the context.
The proof is done by induction on the definition of — 4.

Lemma 45 (—4-weakening)
Let (I, 5, I3y €Cp be such that I, T3 F b =4 0. Then I, I, I35+ b—s b, <

The implications from left to right of the following lemma are a particular case of Lemma 45.

The implications from right to left allow to make the context shorter. The first two parts
state that declarations of the form ¢(A):4 and z:A in a context do not have any influence on the
reduction relation — 4. The last part states that declarations of the form ¢(A)}=a:A in a context
do not have any influence on the —4; reduction behaviour of terms b € 7Tp with ¢ & Cons(b). This
allows to remove definition declarations, as rule (§2) of the definition of §-reduction does for local
definitions. The lemma is proved by induction on the definition of —g and —;.

Lemma 46

I Let (N,mALYeCpandbeTp. I, 1o Fbogs V ifand only if N, z: A, I H b —ps VY

2. Let (Fl,C(A):A,Fz) €Cpandbe Tp. Fl,FQ Fb —3é b 2f and only ifFl,C(A):A,FQ b A5
b,

2. Let (I, c{A)=a:A, 1) € Cp and b € Tp be such that ¢ & Cons(b).
N, Fb—gs b if and only if N, c(A)=a:A, T Eb —ps b b

Now we show that the compatibility rule for e(A)=a:A in b when we reduce inside b is a
derived rule (and therefore not included in the list of compatibility rules in Definition 36).
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Lemma 47 The following rule is derivable from the ones in the definition of —;:
kb
'k e(A)=a:A in b = e(A)=a:A in V'’

PROOF: Suppose I" i b —; b'. By Lemma 45, I',c(A)=a:4 - b —4 I'. By definition of =, it
follows that I" | ¢(A)=a:A in b =5 ¢(A)=a:A in b'. &

The following lemma is proved by induction on the structure of a.

Lemma 48 (Substitution Lemma)
Suppose x Z y and z € FV(d). Then a[z:=b|[y:=d] = aly:=d|[z:=b[y:=d]]. b

The following lemma shows that — 4 is substitutive. It is proved by induction on the generation
of =g and by the Substitution Lemma.
Lemma 49 (Substitutivity for —3) If a =z a' then a[z:=b] =4 a'[z:=b]. =

The relation — is not substitutive when considered as a binary relation (disregarding the

context). For example, let I' = x:a, x':r, c()=%:0. We have I' -2° ¢() : @ and I' F ¢() = x, but
not I' k ¢()[x:=x"] =4 x[x:=%'].
The reason for this is to be found in the d-weakening rule. When we introduce a new parametric
definition c{A)=a:A, the term @ may contain free variables that are not in the domain of A but in
the domain of I". When unfolding the definition ¢, these new variables can appear, thus destroying
substitutivity. However, we do have the substitutivity property below. The proof is hy induction
on the derivation of 't a —5 a'.

Lemma 50 (Substitutivity for —;) If 't a —; @' then I'z:=b] F az:=b] =5 o' [z:=b].
PRrooF: Induction on the derivation of F'F @ —5 o’ %4

In the following lemma we reduce inside the term b of a[z:=b]. The proof is by induction on
the structure of a.

Lemma 51 If T b —ogs b then I' b a[z:=b] —» 5 a[z:=d]. X

3.2 Church-Rosser for —g;

In this section we prove the Church-Rosser theorem for —»4, —#; and —»gs. The proof is of a
rather technical nature. We suffice by mentioning the necessary lemmas, for proofs the reader is
referred to the appendix.

As for ordinary A-terms, we have:

Theorem 52 (Church-Rosser theorem for (-reduction} If a %5 a1 and a —»g ay then
there exists a term ag such that a1 —»3 az and ay —»3 03.

The proof is similar to the proof for A-terms without definitions and parameters.
For a context I' and a term b we define |b|, which is, intuitively, b in which all definitions are

unfolded. That is: both the local definitions inside b, and the global definitions given in I'. The
definition is by induction on the total number of symbols occurring in I" and b.

Definition 53 For a € 7p and I' € Cp we define a term |a|,. € Tp as follows:
la|, =a(fora=x€Vora=seS)
lair, alza=lbi|plic H 1= (I, c(A)=a:A, I);
c(ibilp, .- |balyp) i c & Def(In);
|lablp = |alp|blp;
|Oz:A.B|, = Oz:|A|p.|Blp,., HOisAor il
le(A)=a:A in b|p = bl 4)a:n (Where cls Ifresh).

|c(bl,...,bn)|rz{



20 Laan, Bloo, Kamareddine, Nederpelt

The following lemima shows that |b| . is independent from variable declarations x: 4 and (prim-
itive) constant declarations ¢(A):4 in I". The proof is by induction on the definition of |b]p .

Lemma 54 [b|y, p, = by o4 5y and Bl p = (07 ogayar,- =
By induction on the definition of |b| . one shows that |b|,. does not contain any local definitions.
Lemma 55 For allb € Tp and I' € Cp, |b| has no subterms of the form (c(A)=a:A in d).

The intuition on |b|, suggests that all definitions of b are unfolded in |b}. However, there
may be global definitions in I' that have not been unfolded in |b|. Take, for example, I’ =
(e()=c"():,c'(}=c"():+). Then [c()|; = 'Oy = ¢'(), but ¢'() is not in d-normal form with
respect to I'. This is due to the fact that I" is not a sound context (see Definition 32).

By induction on the definition of |b| ., we show that if I" is sound, |b| is equal to b with all
the definitions in b and I” unfolded. It is no serious restriction to consider only sound contexts, as
all contexts that appear in CPDP-PTSs are sound (Lemma 44).

Lemma 56 Let I be a sound context such that Dom(b) € Dom(I"). Then Dom(|b|) C Dom(I")\

Def(I'}. =
With the above we can show:
Lemma 57 If I' is sound and Dom(d} C Dom{I'}, then I' - d —»s |d| . &

Corollary 58 In any CPDP-PTS, the relation —+5 is weakly normalising, i.e., each legal term has
a d-normal form.

PROOF: || is in 4-normal form (Lemmas 55 and 56) and |b| . is a é-normal form of  (Lemma
57). ®

The mapping |—|_ also heips us to show that —gs is confluent (Theorem 63). For the proof
we use some lemmas:

Lemma 59 Assume (I',13) is sound and Dom{b) C Dom({1,I3). Then |blp, p, p = b5 - ®

Lemma 60 Assume (I, %) is sound, and Dom(e) C Dom(Iy,I%), Dom(b) C Dem(I1) and
z & Dom(I). Then la|p, p,[z:=[bp,] = |a[z:=b]{p, Ta[z:=b]" =

Lemma 61 IfI'Fd s d, I' is sound, and Dom(d) C Dom(I"), then |d| = |d'|; and Dom(d') C
Dom(I}.

PRrOOF: We prove the following two statements simultaneously by induction on the definition of
|dj: 1.If ' d -5 d' then |d| = |d'|; and 2. If I" =5 I then [d|, = |d| .. ®

Lemma 62 If I' is sound, Dom(d) C Dom(I") and d =5 d', then |d| —»5 {d'|. =
The proof is similar to the proof of Lemma 61.

Theorem 63 (Confluence for —g;) If I" is sound, I' - a —»p55 by and I' & a —»g;s by then there
erists a term d such that ' by —»ps d and I'F by —»p; d.

PRroOF: The proof is illustrated by the following diagram.

Bde by w1 |b2;

i

/j\

-1 Itulr
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3.3 Strong normalisation for —;

In [15], van Daalen presents a proof (originally due to de Bruijn) of strong normalisation for a
definition system that is at the basis of AUTOMATH. De Vrijer uses a similar technique to prove
the finite developments theorem [34]. A similar technique to the one of de Vrijer is also used in [32]
to prove strong normalisation for d-reduction in DP-PTSs. We extend these techniques to prove
strong normalisation for é-reduction in CPD?-PTSs.

First we define the multiplicity M, (I, a} of a variable z in a term a, depending on a context I".

Definition 64 For z € V, I' € Cp and a € Tp we define a natural number M, (I, a) by induction
on the total number of symbols in I and a.

M(T,z)=1; :
M.(la)=0ifa=x#zora=s€S;
MZ((FhA))a) + Z?:l MZ(F: bt) 'max(LM@i((Fl!A)iG))

if I'={,c(A)=a:4, [);
MZ(Fac(blx"':bn)) = '

> Mo(I,b;) otherwise;

M(Fe(A)=a:A in b) =M (I, 4),a) + M (I, A), A) + 37 M({, 43), B;) + M. (T, e(A)=a: 4), b);
M. (7, ab) = Mo(I',a} + M, (I, b);
M (N Ox:Ae) = M (I x:A),0) + M. (I A); if Ois Aor IT.

Following the line of [34] one can prove the following lemma (using induction on the definitions
of M—(_ , _)):

Lemma 65

1. If I is sound, Dom(a) C Dom(I") and = € FV{a) U FV(I'), then M. (Ia} = 0;

2. If (I, I3) is sound and Dom(a) C Dom({I1,{3)), then Mo ({11, [3), 0) = Mo ({1, I3, I3), a);

3. If (I, Iy is sound, Dom(b) C Dom({I1,I%}), Dom(a) C Dom{I}1), z Z z and z & FV(I),
then M (I}, Io[z:=al), b[z:=a]) = M, ({17, I2),b) + M. (1, a) - Mo ({7, ), b). ®

The following lemma requires a somewhat more complicated proof than in [34], as contexts are
involved in our situation.

Lemma 66 Let I” be sound, Dom(a) C Dom(I'). If 't a —4 b, then Mo (I, @) > M.(T, b).

PRrROOF: We simultaneously prove, using induction on the total number of symbols in I and a, the
following two statements:

LIf I Fa —4b, then Mg (I, a) > M (I} b); 2. If I' =5 I', then My(Ia) > M. (I, a).

The proof is straightforward, using the lemma above. X

Next we define, for 7" € Cp and a € Tp, a natural number Lr (a) that decreases with each &
reduction step. It is similar to the mappings defined in [34] (used to prove the finite developments
theorem), in [15] and in [32] (used to prove strong normalisation of d-reduction). This function
L_ {—) computes an upper bound for the length of the longest §-reduction path from a term to
its é-normal form. '

Definition 67 For I' € Cp and a € Tp we define Ly (@) by induction on the total number of
symbols in [ and a: '

Lr(a)=0ifea=c€eVora=se€§;
:-L(FI,A) (a) + E?:l Lr (bt) ' ma.x(l,Mz‘.((Fl, A),G)) +1
Lr (el .. b)) = T T = (D, {d)=a:4, D)y

Yo L {b;) otherwise;
Lp (e{A)=a:A in b) = Lip 4y (@) + Lipay (A) + 300 Lirayy (Bi) + Lirc(ay=a:ay () + 15
Lr{ab) =Lr(a) +Lr (b);
Lr (Oz:A.a) =Lirga (@) +Lr(4); € Oishor II
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Similar properties as in Lemma 65 and Lemma 66 hold for L_ (—):
Lemma 68

1. If (I, Is) is sound, Dom(a) C Dom({I1,I3)), then Liry ryy (@) = Limy muoryy (@) 5
2. If (I, I} is sound, Dom(b) C Dom{{I1,I%)), Dom(a) C Dom(I}), and x ¢ FV(I), then
Liry, rafe:=a) (blz:=a)) = Ly, () +Lr, (a) - Mz ({11, I2), b).

The lemma above is used to prove the crucial property of L_ (—):
Lemma 69 If I' is sound, Dom{a) C Dom{I") and '+ a =4 b, then Lp (a) > Lr (b).
PRrRooOF: Similar to the proof of Lemma 66. =

Theorem 70 (Strong Normalisation for d) The reduction § (when restricted to sound contexts
I' and terms a with Dom{a) C Dom(I')} is strongly normalising, i.e. there are no infinite §-
reduction paths.

Proor: This follows from lemma 69. X

Without the restriction to sound contexts I" and terms a with Dom(a) C Dom(I"), we do not
even have weak normalisation: take I' = (c()=d(}:A,d()=c():A). The term c¢{} does not have a
I-normal form.

4 Properties of legal terms

The properties in this section are proved for all terms that are legal in a pure type system with
parameters, i.e. for terms a for which there are A, " such that I' F¢" P @ : Aor I'FEP% A q. The
main property we prove is that strong normalisation of a PTS is preserved by certain extensions.

Many of the standard properties of PTSs in [3], [16] hold for C¥FDP-PTSs as well. In the same
way as in [3], [16] we can prove the Substitution Lemma, Correctness of Types, Subject Reduction
(for #d-reduction) and Uniqueness of Types (for singly sorted CPDP-PTSs}):

Theorem 71 Let S be a specification. The type system A" P7(S) has the following properties:

— Substitution Lemma;
— Correctness of Types;
— Subject Reduction (for —as).

Moreover, if S is singly sorted then A" P’ (S) has Uniqueness of Types. [

The Generation Lemma is extended with two extra cases:

Lemma 72 (Generation Lemnma, extension)

1. IF D ECYDY ¢by,. .. by) : D then there exist sort s, A = x:By,...,2,:B, and term A such
that I' - D =g5 Alzi=b)",, and I' F"P" b; : Bi[z;:=b;]i2; . Besides we have one of these
two possibilities:

(a) Either I' = (I, c(A):A, I3 and I, AFC"P" At s;
() Or ' = (I, {A)=a:A, ) and [, AF"P" a1 A;
2 If I HO"P" ¢(A)=a:A in b: D then we have two possibilities:
(e) Either I e(A)=a:A FC°P" b . B, I' FP" (c(Ay=a:Ain B) : s and ' + D =gp;
e(A)=a:A in B;
(b) Or [e(A)=a:AFC"P" b5 and I'F D =p; s.
K
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In case 1{b) we do not necessarily have I'1, 4 F¢*P" A : 5. For instance, in the CPDP-PTSs of the
Barendregt Cube one can abbreviate terms a of type O, whilst O is not typable in these systems.

Also Correctness of Contexts has some extra cases compared to usual PTSs. Recall that I is
legal if there are b, B such that I"' €727 b . B.

Lemmma 73 (Correctness of Contexts)

1. If Iz A, T is legal then there exists a sort s such that I'FO7P” A s;
2. If I e(A):A, I is legal then I AFCTP" A g;
8. If I'c(Ay=a:A, I'" is legal then I AFCP" ¢ A. ®

Again, in case 3 we do not necessarily have I, A FC7P" A : 5.

Now we prove that A¢"P7(S) is fé-strongly normalising if a slightly larger PTS M(&') is -
strongly normalising. The proof follows the same ideas of [32] to prove that a PTS extended with
definitions is #4-strongly normalising.

For legal terms a € 7p in a context I', we define a lambda term [|a||» without definitions and
without parameters. If a is typable in a CPDP-PTS A" P7(S), then [|a||~ will be typabie in a PTS
A(S"), where &' is a so-called completion (see Definition 81) of the specification S. Moreover, we
take care that if a —p a', then ||a||, —»g lle’ll- (that is: |lafl, —»s |le'||; and |la|l- 2 |ie'||,).
Together with strong normalisation of d-reduction (Theorem 70), this guarantees that A¢"P"(S)
is Bé-strongly normalising whenever A(S') is f-strongly normalising.

We suppose that VUC, the set of variables and constants that are used to define 7p, is included
in the set of variables that is used to define 7T, the set of terms used for the PTS A(S').

A still denotes a list of variables with types z1:B1,...,z,:8B, and 4; is an abbreviation for
z1:B1,...,zi—1:B;_1. A A.a denotes Al z;:Bj.a and [] A.A denotes [].., z::B;.A.

Definition 74 For a € Tp and I" € Cp we define |Ja||» as follows:

lall, =cifa=seSora=zeV;
N Al [l lball it I = (I, (A)=a:A, T
bi,..., 0. = R
a2 Bulllr =3 il lnll,» otherwise;
lladll - = llell- 18] 5
10:Abll = O |Allp - IMllyeon s if O s A or IT

le(A)=a:4 in blip = (AT A4l 1bllroqayzeia ) 1A Al

The mapping ||}| is shghtly different from the mapping || . This is because we want j|_|| to
maintain A-reductions. In a term e¢(A)=a:A in b, there may he f-redexes in A, a or A. These
redexes may be lost in |c(A)=a:A4 in b, = |blr,c(A)=a;A' Due to the extra A-abstraction in the
definition of |[¢(A)=a:4 in b||, the possible f-redexes in A, @ and A are maintained.

The mapping |||| is extended to contexts.

Definition 75 For a context I' € Cp we define ||| as follows:
2]l = 2;
IozAl =01 2| Al
I, e(A):All = 171 e (T A-Allp) 5
I, e(A)=a:Alf = ||T||, e (Ii[T A.4]| -} -

We have similar properties for |||| as for || :

Lemma 76 If (I, I3) is sound and Dom{a) C Dom({[1,I3)), then |lallp, p, p, = ol g, B
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The proof is similar to the proof of Lemma 59.

Lemma 77 Assume (I',1I%} is sound, and Dom(a) C Dom({I'|,I3)), Dom(b) C Dom(I1), and
z & Dom(I1). Then |lallr, r, [=:=l6ll ) = llalz:=8llr, rypmmy) - X

The proof is stmilar to the proof of Lemma 60.

We now show that ||| translates a d-reduction into zero or more S-reductions, and that it
translates a g-reduction into one or more 3-reductions.

Lemma 78 Let I' be sound, and assume Dom(a) C Dom(I"). If I' - a —35 b then ||a|, —»5 ||b]| -
X

Lemma 79 Let I be sound, and assume Dom(a) C Dom(I"). If a =5 b then |lallp —F ||b]| -

The proof for the cases e(by, ..., b,) and ¢(A)=a:A in b shows that this lemma does not hold
if we use |_|_ instead of |||} . The proof for the case ¢c(A)=a:4 in b shows the need to prove that
lallp =g llallpe 3 T —p I

Definition 80 The specification & = (8, A, i) is called guasi full if for all s,, 53 € S there exists
s3 € § such that (s;,s2,53) € R.

Definition 81 A specification S’ = (§', A', R') is a completion of § = (S, A, R) if

1. SCS', ACA' and RC R,
2. 8’ is quasi full;
3. for all s € S there is a sort 8’ € §' such that (s,5") € A"

Theorem 82 Let S = (S,A,R) and S' = (S',A’, R") be such that &' is a completion of S. If
r ngDP a: A then ||| Fs llallp: 1Al &<

Now we can prove our normalisation result for CPD?-PTSs.

Theorem 83 Let S = (§,A, R) and S’ = (S, A', R'} be such that S' is a completion of S. If the
PTS AS") is B-strongly normalising, then the CPDP-PTS X\°"P7(8) is Bé-strongly normalising.

PRroor: Suppose that A{S') is S-strongly normalising, and suppose towards a contradiction that
ACTP(SY is not Bd-strongly normalising, i.e. there is an infinite #d-reduction sequence a; —35
as —3gs ..., starting at a = a; and T F"P" a1 A,

Observe that the number of S-reductions in this sequence is infinite. Otherwise there would be
n € N such that I' b an =4 apy1 =5 @ni2 ..., which contradicts the fact that d-reduction is
strongly normalising (Theorem 70).

We conclude that the reduction sequence is of the form I' - a@ =5 an, =g an, —#s5 Gn, =5 0n, —
—35 ... By lemmas 78 and 79 there is an infinite S-reduction sequence starting at |la||

lellz —*a llan il —»E lanallr =45 llans |l - _»E landlr —s -

and by Theorem 82, |II'|| Fs ||al| : l|Allf, which contradicts the assumption that A(S") is 8-
strongly normalising. &

Since ECC is J-strongly normalising and a completion of all systems of the A-cube, Theorem 83
guarantees that all systems of the A-cube are Sé-strongly normalising. Note that AC itself is not
a completion since it has a topsort O.
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5 Restrictive use of parameters

In the extension of PTSs to C’D?-PTSs presented in Sections 2-4, we did not put any serious
restrictions on the use of parameters:

1. If § = (S, A, R) is a specification, then the introduction of a parametric constant ¢ in A" (S)
only requires that its intended type A is of type s, for some sort s € §. Similarly, for the
introduction of a parametric definition we only require that its definiens a is of a certain type
A. By correctness of types, either A = s, or A has type s, for some s € §;

2. Similarly, if I' = I, e(A)=a:A, Iy, or I' = I, c(A):A, I, the only restrictions we put on A
are that A must contain only variable declarations, and that I, A must be legal. There are
no additional restrictions on the types B; of the declarations z;:5; in A.

Something similar is the case with [f-formation rules in a (parameter-free) PTS in which
there is no restriction on the use of fI-formation rules: (s, s2,53) € R for any $1,80,83 € §. In
the specific situation that S = {{¥,0)} and A = {*D}, this would give a non-functional PTS
even stronger than AC, the system on top of the Barendregt Cube. AC and the other systems of
the Barendregt Cube cannot be constructed if we do not put restrictions on the rules that are
allowed. It is the variation in the set of JI-formation rules that makes it possible to distinguish
the various type systems in the Cube (and the various logical systems that are behind it, via the
PAT-isomorphism).

In this section we study CPDP-PTSs in which we put restrictions on the types of parametric
constants and definitions, and their parameters. These restrictions can be described in a set P of
parametric rules, just as the restrictions on I/-formation rules are described in R. The effect of
the rules in P is as follows.

— Assume we have a constant declaration ¢(A) : A that is part of a legal context I'. By Cor-
rectness of Contexts, A has type s for some s € 8. Similarly, for each declaration z;:B; in A
there is a sort §; such that B; has type s;. The use of parameters is restricted by demanding
that (s;,s) e Pfori=1,...,n;

— In principle, the same holds for a definition declaration c¢{A)=a:A. However, there is a small
difference on this point. It is not necessary that A has type s for some sort s € S: it can be
the case that A = 5 and that s : 5’ does not hold for any s € §. This is a feature that occurs
in the DPTSs of Severi and Poll. To keep our system compatible with the DPTSs, we want to
maintain this feature.

To cover this case, we do not only introduce rules of the form (s;, s), but also rules of the
form (s;, TOP). If the use of parameters is restricted by a set P, then either (s;,5) € P for
i=1,...,n, or Ais atopsort, and (s;,ToP) ¢ Pfori=1,...,n.

In the specific case of the Barendregt Cube, the combination of R and P leads to a refinement
of the Cube, thus making it possible to classify more type systems within one and the same
framework.

The similarity of restricting the use of parameters by a set P with restricting the use of II-
formation by a set R gives us a theoretical motivation for the work in this section. But there
are also some practical motivations, as several type systems can be described using restriction of
parameters.

Example 84 Consider the Pascal function double that was presented in Section 1.

— Remark that double only takes object variables as parameters. In Pascal, it is not possible to
have functions with type variables as parameters;

— Moreover, double returns an object. It is not possible in Pascal to construct functions that
return a type as result.

So the use of parameters is restricted to the object level.

Other examples (ML, LF, AUTOMATH) are discussed in Section 6.
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5.1 CPDP?-PTSs with restricted parameters

We now give a formal definition of pure type systems with restricted parameters and restricted
parametric definitions.

Definition 85 (Parametric Specification) A parametric specification is a quadruple (S, A, R, P)
such that (S, A, R)} is a specification (cf. Definition 2), and P C S x (SU{T0P}). The parametric
specification is called singly sorted if the specification (S, A, R) is singly sorted.

The set P enables us to present a restricted version of the CP-weakening rule of Definition 40.
We call this rule restricted CP-weakening (C-weak):

T'tCv:B  TLAFC Bi:s; TLARC A:s
Fe(A):AFCH: B

(si,8) € P

The condition (s;,s) € P must hold for all ¢ € {1,...,n}. But it is not necessary that all the s;

are equal: in one application of rule (C-weak) it is possible to rely on more than one element of
P

Definition 86 The typing relation ¢ is the smallest relation on Cp x Tp x Tp closed under the
rules in Definition 5, (CP-app) (see Definition 40), and (C-weak).

Similarly, we present a restricted version of the é-weakening rule of Definition 42. We call this
rule restricted D¥-weakening (D-weak):

T'FPy.:B A FP B :si TIARPa:.A:s
re(A=aArlb:B

(s:,8) € P

Again, (s,,5) € P must hold for all i € {1,...,n}, and again it is not necessary that all the s; are
equal. '

For the case that A4 is a topsort, we present a special version of this (ﬁ—weak) rule. By A : TOP
we denote that A = s and that there is no s’ € S such that (s: &'} € A.

I'tPs.B AP B s, TLLAFPa:A:TOP
Ie(A)=a:ArFPb: B

{(s;,TOP) € P

For all i € {1,...,n}, (5;, TOP) € P must hold, but the s; may, again, be different.

Definition 87 The typing relation FD ig the smallest relation on Cp x Tp x Tp closed under the
rules in Definition 5, (D*-app), both versions of (D-weak), (D”-form), (D-intre), and (DP-conv)
{see Definition 42).

Definition 88 The typing relation FCD is obtained from_the relation FCPD® by replacing rule
(CP-weak) by rule (C-weak) and rule (DP-weak) by rules {D-weak).

Definition 89 (Pure Type Systems with Restricted Parameters and Restricted Para-
metric Definitions) Let & be a parametric specification. The pure type system with restricted
parameters and restricted parametric definitions (CD-PTS) and parametric specification § is de-
noted )\CD(S). The system consists of the set of terms 7p, the set of contexts Cp, G-reduction,

d-reduction, and the typing relation FCD,

We do not extensively discuss the various meta-properties of ¢D-PTSs. This is because a CD-
PTS with parametric specification (S, A, R, P) is a subsystem of the C?DP-PTS with specification
(S, A, R). We only give a stronger formulation of the extension of the Generation Lemma 72
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Lemma 90 (Generation Lemma, second extension)
If r+<p e(br,...,by) o D then there exist s, A and A such that I' + D =p5 Alz;:=b]",, and
kb : B; [xj::bj];;ll. Besides we have one of these three possibilities:

1. Either we have that I' = (I, c(A):A, Iy} and I', AFCD A s, and for each i there is s; with
(siy8) € P and I A; FCD B; : s;;

2. Or we have that I' = (I, e{A)=a:A, I}, and I, A FCD g . A : s, and for each i there is s;
with (si,s) € P and I', A; F°P B : sy;

3. Or we have that I’ = (I, c(Ay=a:A, I3), and 1, A FCD g1 A TOP, and for each i there is
s; with (s;, TOP) € P and I, A; |-CD B; : s,

An important observation is the following one.

Remark 91 Our systems with restricted parameters cover the PTSs with Definitions (D-PTSs)
that were introduced by Severi and Poll in [32]. Let & = (8, A, R) be a specification, and observe
the parametric specification S’ = (S, A, R, @). The fact that the set of parametric rules is empty
does not exclude the existence of definitions: it is still possible to apply the rules D-weak for n = 0.
In that case, we obtain only definitions without parameters, and the rules of the parametric system
reduce precisely to the rules of a D-PTS with specification .4

For the comparison of CD-PTSs with other PTSs, we introduce some terminology.

In the introduction to this paper, we argued that a parameter mechanism can be seen as a
system for abstraction and application that is weaker than the A-calculus mechanism. We will
make this precise by proving {in Theorem 100} that a D-PTS with specification (S, A, R} is as
powerful as any CD-PTS with parametric specification (S, A, R, P) for which {s1,352) € P implies
(s1,52,82) € R. We call such a CD-PTS parametrically conservative:

Definition 92 Let S = (S5, A, R, P) be a parametric specification. § is parametrically conserva-
tive if for all 81,52 € 8§, (s1,82) € P implies (31, 52,52) € R.

Each CD-PTS can be extended to a parametrically conservative one by taking its parametric
closure:

Definition 93 Let § = (S, A, R, P) be a parametric specification. We define cL(S), the para-
metric closure of S, by (S, A, R, P), where R' = RU {(s1, 82,52) | (51,52) € P}.

The Lemma below follows immediately from the definitions above.

Lemma 94 Let S be a parametric specification. The following holds:
1. cL(S) is parametrically conservative; and 2. CL{CL(S)} = cL(S). =

5.2 Imitating parameters by A-abstractions

Let S = (S, A, R, P) be a parametric specification. If § is parametrically conservative, then each
parametric rule {s;,s2) of § has a corresponding II-formation rule (sy, 83, $2). In this section we
show that this I7-formation rule can indeed take over the role of the parametric rule sy, s2). This
means that & has the same ‘power’ (see Theorem 100) as (S, A, R, @). With Remark 91 in mind,
this even means that & has the same power as the D-PTS with specification (S, A, R).

In order to compare & = (S, A, R, P) with & = (S, A, R, @), we need to remove the param-

eters from the syntax of A¥Y(S). This can be easily obtained as follows:

4 The parametric system with specification §' has a C-weakening rule while the systems of Severi and
Poll do not. But the C-weakening rule can only be used for n = 0, and in that case C-weakening can be
imitated by the normal weakening rule of PTSs: a parametric constant with zero parameters is in fact
a parameter-free constant, and for such a constant one can use a variable as well.
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— The parametric application in a term ¢(by, . . ., b,) is replaced by function application cb; - - - by,;

— A local parametric definition is translated by a parameter-free local definition, and the pa-
rameters are replaced by A-abstractions;

— A global parametric definition is translated by a parameter-free global definition, and the
parameters are replaced by A-abstractions.

This leads to the following definitions:
Definition 95 We define the parameter-free translation {t} of a term ¢ € Tp as follows:

{a}=a ifa=zora=s;
{c(br,...,bn)} =c{bi} - {bn}:
{ab} = {a} {b};
{0z:AB}=0z:{A}.{B} fOisAiorll
{e(A)=a:A in b} = c()={A A.a}: {[] 4.4} in {b}.

Definition 96 We extend the definition of {_} to contexts:

{01=0s
{Iz:AYy={I'},=: {A};
[L,e(A):A} = (T} 0 (T1 A-A}
{Ie(A)y=a:A} = {I'},c(}={)Aa}:{[[ A.4}.

To demonstrate the behaviour of {.} under gd-reduction, we need a lemma that shows how
to manipulate with substitutions and {_}. The proof is straightforward, using induction on the
structure of a.

Lemma 97 For a,b € Tp: {a[z:=b]} = {a} [z:= {b}]. X

The mapping {_} maintains f-reduction. A é-reduction is translated into a §-reduction followed
by zero or more 3-reductions. These S-reductions take over the n substitutions that are needed in
a d-reduction ¢(by, ..., bn) —s alzi=b]_;.

Lemma 98

1. Ifa =g a' then {a} =% {a'};
2. If I't a —5 a' then there is a" such that {T'} - {a} =T o = {a'};
3. IfI'Fa —»gs a' then {F} F {a} —*3s {a’}.

Proor: (1) follows easily by induction on the structure of a, and Lemma 97. (3) follows from (1)
and (2). We only show (2) by induction on the definition of I"F @ —5 a’. We treat only one case.
Assume I' = I, ¢{A)=a:A, I3 and I' F ¢(by,...,bn) — a[zii=bi],_;. Observe that {I'} =
(Y, e()={rAa}:{[]A.4}, {13}, so

(97)
{IYFe(){bi} - {ba} =5 {XAa} (b} {ba} =5 {a} [za={b}]L, = {afwe=bi]i,}- X
Remark 99 In 98.1, we cannot replace —»E by —g. This has to do with the definition of

{e(A)=a:A in b}. One S-reduction in A gives rise to (at least) two S-reductions in
c()={rA.a}: {[]A.4} in {b}. Similarly, we cannot replace the =} in 98.2 by —.

Now we show that {-} embeds the CD-PTS with parametric specification S = (S, 4, R, P) in
the CD-PTS with parametric specification &' = (S, A, R, &), provided that S is parametrically
conservative.

Theorem 100 Let S = (S, A, R, P} be a parametric specification. Assume that S is parametri-
cally conservative. Let S’ = (S, A, R, ®). Then I' -7 a1 A implies {I'} FSP {a} : {A}.
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Proor: Induction on the derivation of I ;_g‘f) a : A. With the help of Lemma 97 and Lemma
98.3, all cases are straightforward except for the (C-weak) and (D-weak) rules. We only treat the
(D-weak) rule; the proof for {C-weak) is similar. So: assume the last step of the derivation was

Fl—gbb:B F,A,-I—gﬁB,;:si F,A}-gba,:A:s

— 8,8} € P.
Ie(A)=aAr§Pb: B (8,5)
By the induction hypothesis, we have:
{I'} F&P {b} : {B}; (1)
{F, A,} *_gJD {Bz} T (2)
{[, A} +EP {a} : {4}; (3)
{[, A} FEP {A} @ s, (4)
S is parametrically conservative, so (s;,5,5) € R for ¢ = 1,...,n. Therefore, we can repeatedly
use the IT-formation rule, starting with {(4) and (2), obtaining
{FY RSP Ty =i {Bi} {4} = s. (3)

Notice: [Tie, z:: {B;}. {A} = {[] A4.4}. Repeatedly using A-formation, (3) and (5), results in
lof s IR
{rits ié\l zi: {B;} . {a} : {[] A.4}. (6)

Similarly, AL, z;: {B;}.{a} = {} A.a}. Using (ﬁ:vyeak) (for the specification &) on (1), (2), (5)
and () results in {I'},c()={X A.a}: {I] A.A} F&P {b} : {B}. 4

Remark 101 The results in this section are presented for CD-PTSs. The same result, however,
can be obtained for C-PTSs, that is: for PTSs with restricted parameters, but without definitions.
We can also give an alternative formulation of Remark 91, stating that a C-PTS with specification
(S, A, R, @) is in fact nothing more than a C-PTS with specification (S, A, R).

5.3 Refined Barendregt Cubes

Theorem 100 has important consequences. The mapping {_} is fairly simple. It only translates
some parametric abstractions and applications into A-calculus style abstractions and applications.
Hence a CD-PTS with parametric specification § = (S, A, R, &) can be extended with any set
of parametric rules without extending its logical power, as long as the parametric specification
obtained remains parametrically conservative.

In this section, we will apply the insight obtained in Section 5.2 to a concrete situation: the
Barendregt Cube of Section 2.1. This cube can be constructed not only for PTSs, but also for
C-PTSs, D-PTSs, CP-PTSs, DP-PTSs, and their combinations (see Figure 2 on page 13).

With Theorem 100, we can place certain CD-PTSs in the cube of D-PTSs (and, with Remark
101 in mind, certain C-PTSs can be placed in the cube of C-PTSs). Let us, for example, have a
look at the following parametric specifications (where § = {%,0} and A = {(*,0)}):

(Sv A, {(*7 *, %), (%, 00, D)}’ @);

(8,4, {(*’ *, *)1 (*, o, D)}: {(*, *)}):

(S! Aa {(*1 *, *)? (*; D: D)}! {(*1 U)})1

(S, 4, {(*a *, *)r (*: o, E])}: {(*v *)) (*a D)})

According to Theorem 100, the CD-P'T'Ss with the above specifications are all equal in power, and
according to Remark 91, they are all equal in power to the D-PTS with the specification of AP.
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_Now look at the parametric specification § = (S, 4, {(*,*,%)}, {(x, %), (x,0)}). The C-PTS
AY(8) is clearly stronger than the PTS A—, as in A9(8) it is possible (in a restricted way) to talk
about predicates. For instance, we can have the following context:

EE D
eq(x:a, yio) : *,
refl(x:a)} : eq(x,x),.
symm(x:a, y:a, p:eq(x, y)) : eq(y, x),
trans(x:q, yio, z:x, pieq(x, v), 9:eq(y, 2)) : eq(x, z)

This context introduces an equality predicate eq on objects of type «, and axioms refl, symm,
trans for the reflexivity, symmetry and transitivity of eq. It is not possible to introduce such

a predicate eq in the PTS A— without any parameter mechanism. On the other hand, )\0(8)
is weaker than the PTS AP: in AP we can copstruct the type Ix:elly:a.x, which allows us to
introduce variables eq of type Mx:o.ly:a.x. This makes it possible to speak about any binary
predicate, instead of one fixed predicate eq. It also gives us the possibility to speak about the term
eq without the need to apply two terms of type « to it (cf. the ‘philosophical argument’ in the
introduction to this paper).

Altogether, this puts the C-PTS /\C(S) clearly between the PTSs A— and AP. Similarly, the
CD-PTS A°P(8) is between the D-PTSs A= and AP. We can illustrate this in the Barendregt
Cube by putting the specification S in the middle of the edge that connects the systems A— and
AP.

This idea can be generalised to obtain a refinement of the Barendregt Cube. We start with the
system A—. Adding an extra II-formation rule (s1, sz, 32) to A= corresponds to moving in one
dimension (to the right, upward, or backward) in the Cube. We add the possibility of moving in
one dimension in the Cube, but stopping half-way the Cube, and we let this movement correspond
to extending the system with the parameter rule (s;, s2). This ‘going only half-way’ is in line with
Theorem 100, which says that I7-formation rule (s;, 52, s2) can mimic the parameter rule (s;, 2).
In other words, the system obtained by ‘going all the way’ is at least as strong as the system
obtained by ‘going only half-way’.

The refinement of the Barendregt Cube is depicted in Figure 3.

6 Systems in the refined Barendregt Cube

In this section, we show that the Refined Barendregt Cube enables us to compare some well-known
type systems with systems from the Barendregt Cube. In particular, we show that ML, LF, A68,
and AQE can be seen as systems in the Refined Barendregt Cube. This is depicted in Figure 4 on
page 33, and motivated in the four subsections below.

6.1 ML

In ML (cf. [26]) one can define the polymorphic identity by (we use the notation of this paper. In
ML, the types and the parameters ave left implicit): Id(o:*) = (Ax:ax) : (o — «). Bui it is not
possible to make an explicit A-abstraction over a:*. That is, the expression Id = (Ae*.Ax:a.x) :
(ITo:+.¢ = «) cannot be constructed in ML, as the type Ha:*.¢ = a does not belong to the
language of ML. Therefore, we can state that ML does not have a IT-formation rule (O, %, *), but
that it does have the parametric rule (0, ).

Similarly, one can introduce the type of lists and some elementary operations in ML as follows:
List(a:*} : #; nil{e:#*):List{a); cons{a:x):a — List(a) — List(a),
but the expression Ta:#.% does not belong to ML, so introducing List by List : [a:+.% is not
possible in ML. We conclude that ML does not have a I7-formation rule (3, 0, O}, but only the
parametric rule (O, 0). Together with the fact that ML has a I7-formation rule (*, %, *), this places
ML in the middle of the left side of the refined Barendregt Cube, exactly in between A— and Aw.
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Fig. 3. The refined Barendregt Cube

6.2 LF

Geuvers [16] initially describes the system LF (see [19]) as the PTS AP. However, the use of the
IT-formation rule (*,0,3) is quite restrictive in most applications of LF. Geuvers splits the A-
formation rule in two rules:

's:A-M: B I'Fx:AB:*
e doz:AM : Ix:A.B ’

INepA-M:B ' Hz:AB:O
I'FApz:AM:Hzo:AB )

(A0)

(Ap)

System LF without rule (Ap) is called LF~. F-reduction is split into Fg-reduction and #p-reduction:
(Ao AM)N —p, M[z:=N|; (Apz:A.M)N =5, M[z:=N].
Geuvers then shows that

—IfM:xor M:A:*in LF, then the Sp-normal form of M contains no Ap;
—HIrbpp M: A, and I M, A do not contain a Ap, then I' Frp- M : A,
— I '+ M: A(: %), all in Sp-normal form, then I" by p- M : A(: #).

This means that the only real need for a type Hz:A.B : O is to be able to declare a variable in
it. The only point at which this is really done is where for the bool-style implementation of PAT,
a term is needed to form, given a proposition, the type of proofs of that proposition. Since the
resulting term is only used when it is applied to a proposition, this means that the practical use
of LF would not be restricted if we introduced the type-of-proofs-term in a parametric form, and
replaced the II-formation rule (+,5,0) by a parameter rule (*, 0).

This puts (the practical applications of) LF in between the systems A— and AP in the Refined
Barendregt Cube.
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6.3 )68 and AuT-68

The basic AUTOMATH system AUT-68 and its A-calculus variant A68 (see [22], section 5c for a
detailed description) have a parameter mechanism and a mechanism for global parametric defini-
tions:

— A line (I';k; PN; type) in a book is nothing more than the declaration of a parametric con-
stant k{I"):*, and a line (I'; k; X1; type) is the declaration of a global parametric definition
k(I)=ZX1:*.> There are no demands on the context I", and this means that for a declaration
z:A € I' we can have either A = type (in PTS-terminology: A = *, so 4 : O) or A:type (in
PTS-terminology: A : ). We conclude that AUT-68 has the parameter rules (x,0) and (D, O);

— Similarly, lines of the form (I'; k; PN; X3) and (7 k; Xy; Xo), where Xs:type, represent para-
metric constants and global parametric definitions that are constructed using the parameter
rules (*, %) and (O, ).

Moreover, AUT-68 has a A-calculus mechanism with as only I7-formation rule (*, *,+).
This suggests that AUT-68 can be represented by a CD-PTS with specification

Sag = (S:A? {(*7*5*)}15 X S)

where § = {*,0} and A = {(*,0)}. This system can be found in the exact middle of the refined
Barendregt Cube.

As for the structure of abstraction and application, this gives a good description of AUT-68.
The position of AUT-68 in the Refined Barendregt Cube gives a far better idea of the force of
AUT-68 than, for instance, the description of AUT-68 in [3], where it cannot be clearly positioned
in the Barendregt Cube. Another advantage is that A“?(Sgg) has parameters. Thus, it is closer
to the original system AUT-68 than the system that was described in [3]. On the other hand, we

should not say that AUT-68 is exactly the system ACD (Ses). There are several differences:

— DPTSs have both global and local definitions. AUTOMATH has only global definitions;

— In DPTSs, the type B of a definition x=T"B does not have to be typable itself (B can be a
topsort). In AUTOMATH, B has to be typable;

— The d-reduction of DPTSs is not substitutive; §-reduction of AUTOMATH is substitutive,

6.4 AQE and AuT-QE

In the more sophisticated AUTOMATH system AUT-QE and its A-calculus variant AQE we have
a Il-formation rule (*,0,0) additionally to the rules of A68. This means that the applicational
and abstractional behaviour can be described by the CD-PTS with fT-formation rules (*, %, %) and
{*,0,0), and parametric rules (s, s2) for s1,52 € S. This system is located in the middle of the
right side of the Refined Barendregt Cube, exactly in between AC and AP.

6.5 PAL

The AUTOMATH langunages are all based on two concepts: typed A-calculus and a combined pa-
rameter /definition mechanism. Both concepts can be isolated: it is possible to study A-calculus
without a parameter/definition mechanism (for instance via the format of Pure Type Systems),
but one can also isolate the parameter/definition mechanism from AUTOMATH. One then obtains
a language that is called PAL, the ‘Primitive AUTOMATH Language’. It cannot be described within
the Refined Barendregt Cube (as all the systems in that cube have at least some basic A-calculus
in it), but it can be described as a CD-PTS with the following parametric specification:
S={+0} A= {0} BR=a; P={(+%*),(+0),(0,#,(0,0)}.

This parametric specification corresponds to the parametric specifications that were given for
the AUTOMATH systems above, from which the JI-formation rules are removed.

5 The latter corresponds to the AUTOMATH line I"F k{x1,...,%n) = 1 : #, as discussed in Section 1.3.
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Fig.4.LF, ML, A68, and AQE in the refined Barendregt Cube

7 First-order predicate logic

A standard way to code first-order predicate logic in PAT-style (Curry-Howard variant) uses a type
system that looks familiar to AP. It is due to Berardi, and presented in Definition 5.4.5 of [3].

In order to keep objects and object types separated from proofs and propositions, the sorts
* and O of AP are replaced by *,,*p,+7,0, and £1,. Here, ¥, and O, handle the objects and
object types, whilst Uy, *, are used for propositions and their procfs. The sort *; is used to
store the types of the function symbols of the first-order language. For the construction of logical
implication and universal quantification, the I7-formation rules (x,, *,, *,) and (%, 5, *,) are used.
The IT-formation rule (#,,*g,*,) allows the formation of a function space between object types,
and the [I-formation rule (#,,*s, ) makes it possible to form functions of several arguments
between object types. There is no sort Oy, as free variables for function spaces are not allowed.
The construction of relation symbols requires [f-formation rule (5, 0,,0,).

Thus, we find a PTS (or a D-PTS) with the following specification:

8= {*s: *p: *¥f, Ds: Dp};
A = {(*5,0,), (%, Op) };
R = {(*Sr*Ss*f)s (*51 *fw *f)) (*.5‘) *P:*'P)? (*.‘Pa *p!*p)? (*S: DPJE‘P)}'

Due to the IT-formation rule (x,,0,,p) in the PTS-representation of first-order logic, there
are types that are not in S-normal form:

Example 102 For a term A : #; we can form the type Ilz: 4.+, If b is a term of type *, in which
a variable z:A may occur free, we can form Az:A.b of type ITx: A.%,. Applying this term to a term
a of type A results in (Az:A.b)a of type *,. This term is a type (because it has type *,) and is not
in f-normal form. ‘

If a PTS has types that are not in S-normal form, it is possible that there are applications of

the conversion rule
I'+A:B I'-B':s B=3 B
I'rA: B

in a deduction in such a PTS. The conversion rule has as a disadvantage that its implementation
in computer systems makes the system slow. This is because it may be very time-consuming {or
mermory-consuming) to establish whether two A-terms are S-equal or not. Hence, it would be useful
to have a type system in which all types are in S-normal form.
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In the formulation of first-order predicate logic above, it is only the rule {*,,0,,0,} which
allows to form types that are not in S-normal form. We show this as follows. Assume, I' - P : s,
P is not in f-normal form, and all the subterms P’ of P that are a type are in S-normal form.
Then P cannot be a sort or a variable. As P has type s, P cannot be of the form Az:P,.Ps, either.
If P = [Iz:P,.P, then either P; or P, are not in #-normal form. As P, and P, are both types,
this does not occur. So P must be an application term P P. By the Generation Lemma for PT'Ss,
there is a type A and a sort s such that I"F P, : (IIx:A.s). By Correctness of Types, there is a
sort s’ such that I' b ({Iz:A.s) : s'. By the Generation Lemma, there is {s;,s7,8') € R such that
I'tA:s; and Iz:A b s : s5. This means that (s, sz) is an axiom, and therefore s, € {O,,0,}.
Hence, (s1, 52,83) = (*s, Up, E‘p)'

We conclude that implementations of first-order predicate logic in type theory would be more
efficient if it were possible to avoid rule (*5,0,,0,). With the use of parameters, it is easy to
avoid that rule. This is because rule (x5, 0,, 0;) is only necessary to type the relation symbols of
the first-order language. And as relation symbols in a first-order language are always introduced
with parameters, it is no restriction to introduce them in the type system in a parametrised way.
This can be done with parameter-rule (*5,0,): if we want to introduce a n-ary relation symbol
R with arguments of type Uy,..., U, (where the U;’s are of type %;), we apply CP-weakening (let
A=z:lh, .. ., 20: U, and Ay = 202U, . 21U )

I'+uB DA F U #g DA 0,
NR(A) %+, Fb: B ’

This involves the use of the parameter-rule (%, Op).

Hence, replacing rule (*,,0,,0,) by parameter-rule (*,, ;) enables one to remove the conver-
sion rule in the type-theoretic representation of first-order predicate logic, making it more efficient
{see the forthcoming Theorem 105). It is reasonable to replace even more rules by parameter-rules
in the case of first-order predicate logic, as we presently explain.

Function symbols in a first-order language are also of a parametric nature. The sort ¢, the
II-formation rules (#,, %5, *5) and (*,, ¥4, #7) are only used to construct the types of these function
symbols. We can introduce these function symbols in a more realistic way by using the parametric
rule (*,,*,) instead of the IT-formation rules (#,, %, %f) and (s, * 5, %)

IF'byB A FUss, DAFUs,
T,f(A):UFb:B :

We have now obtained a C-PTS with parametric specification ' = (§', A, R/, P'), where:
S = {*s, *p, Ug, Dp}; A = {(*4,8s), (x5, Dp)}5
R = {(*S: *ps *p): (*p: *py *p)}; P = {A(*Su *5), (s, DP)}'

‘We now prove that types in this C-PTS are always in S-normal form. For the proof we need
as a lemma that any object term (that is: a term P such that there is @ with P : Q : *,) is in
f-normal form.

Lemma 103 If I' I—f—g, P:Q:*, then P is in f-normal form.

PRrRoOOF: Induction on the structure of P,
— The cases P € V and P ¢ §' are trivial;
— If P =c(by,...,b,} then we use the second extension of the Generation Lemma, 90, to find

Bi,...,B,, Bandsi,...,s,,ssuchthat I 1—5;’, b;:B;[z;:=b; ;;11 and I'z1:By, .. .2;-1:8,4 I—g.
B;:s;, and (53, 8) € P'. Due to the definition of P', s; = *, for all i. By the Substitution Lemma,
I'+B; [:I:j::bj]j.;ll : *4, and therefore ' F bi:Bi[mj:zbj};;i : %5. By the induction hypothesis,
the b; are in A-normal form. Therefore, c{by,...,b,) is in f-normal forn};

— If P = P\ P, then there are (Generation Lemma) R, Ry such that I' F§, Py : Iz:R1.Ry, and
Q =5 Ra[r:=P,]. By Correctness of Types there is s € &' such that I’ |—§, {Hz:R:.R,) : s
By the Generation Lemma and the definition of R', I z:R; +% Ry:*,. By the Substitution
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Lemma, I I—g, Bylz:=P,):*,. Let Q' be a common S-reduct of @ and Ru[z:=F;]. By Subject
Reduction, I I—g’, Q@ ix,and I I—g, Q) : *,, which contradicts Unicity of Types. We conclude
that the case P = P, P, does not occur;

— If P = Az:P,.P> then there are Ry, R» such that @ =g IF2:R;.Rs. Let @' be a common -
redu_ct of @ and I x:Ry.R,. There are R}, R} such that Q' = II'z:R{.R)}. By Subject Reduction,
I'+FS, Hz:BY R} : #,. By the Generation Lemma, there are s1,s2 such that (s;,sa,*,) € R
This is not the case. So the case P = Az:P.P does not oceur;

— If P = Hx:P,.P» then there is s such that ) = s. By the Generation Lemma, this would mean
that, s : *; is an axiom, which is not the case. So the case P = ITx:P,.P» does not occur.

&

Remark 104 The proof of this lemma not only shows that a P for which P : § : %, is always in
normal form. It also shows that P can only be a variable or an expression of the form e(by, ..., b,)
such that there are By, ..., B, with b; : B; : ;. This corresponds exactly to the definition of terms
in first-order logic. We conclude that our specification &' results in an exact description of the
terms of first-order logic.

Theorem 105 Assume I’ :~§, P :s. Then P is in S-normal form.

Proor: Induction on the structure of P.

— The cases P € V and P € §' are trivial;

— P = ¢(b1,...,bn). By the second extension of the Generation Lemma 90, there are sorts
81,...,8n and terms By,...,B, such that )

(s!,s) eP' ¢ b Bz '_bj.-]j,'.;l1 and I',71:By, ..., 2;—1:Bi1 F& Byis;.
By the definition of P’, s; = *, for all i. By the Substitution Lemma, I" |—§, b;: By [ﬂ:j::bj};;:li :
*;. By Lemma 103, the b; are in S-normal form. Therefore ¢(by,...,b,) is in B-normal form;

— P = P P;. By the Generation Lemma, there are Ry, R such that F !— : xRy .Ra and
s =g Rg[:c =P,]. By Correctness of Types, the Generatlon Lemma and the definition of R’,
Iz R1 FS, Ry : #,. By the Substitution Lemma r I—Sr Ra|z:=PF5)] : ;. By Subject Reduction,
'+, s *,. This means that (s,+,) is an axiom, which is not the case. We conclude that the
case P = P, P, does not occur;

— P = Az:P,.P,. By the Generation Lemma, s =3 IIz:R;.R» for some R;, Ra. This is impossible.
We conclude that the case P = Az:P,.P; does not occur;

— P = lIz:P,.P;. By the Generation Lemma, there are s;,ss such that I" I—g, P 15 and
I'o: Py I—g, Ps : 59. By the induction hypothesis, Py and P are in §-normal form. So P is in
f-normal form.

[

We conclude that replacing the /T-formation rules (¥s, %, %), (*s,%s,%¢) and (x,,0p,0,) by
parametric rules (#,,*;) and (x, Op) makes the implementations of first-order languages in type
theory

— eagier to implement, as the conversion rule becomes superfluous;
— more realistic; it gives, for example, an exact description of the terms in first-order logic,
something that cannot be done in the parameter-free PTS proposed by Berardi.

8 Conclusions: Yet another extension of PTSs?

Since PTSs have been introduced, many extensions have been proposed (see [4] for a non-exhaustive
list). The reader may wonder why we propose yet another extension of PTSs, and whether it is
more interesting than those other extensions or not. Here we answer to these questions.
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— Our extension is compatible with (and can be seen as an extension of) the extension of PTSs

with definitions as proposed by Poll and Severi, which is considered to be a standard way to
introduce definitions in PTSs. In fact, allowing only parametric constants with zero parameters
resuits in the D-PTSs of [32];
Parameters and parametric definitions occur in many implementations of type systems and
programming languages. The Pascal-function double given at the beginning of this paper can
be described in our formalism by the context declaration double(z:Int)=z+z:Int;
The AUTOMATH systems, which form the basis for most modern proof checkers that are based
on type theory, can be described in our system. A description of AUTOMATH that includes
parameters does justice to that system and places it in a more general framework, so that it
can more easily be compared with other type systems (see Figure 4 on page 33);
Modern type systems, like LF and ML, have already been described as one of the systems
of the Barendregt Cube (Figure 1 on page 8}. In Section 6 we showed that a more detailed
description can be given in the refined Barendregt Cube of Figure 4;
As argued in Section 7, parameters are useful when describing first-order logic in type theory.
Compared to the traditional PTS-representation (systems related to AP of the Barendregt
Cube) of first-order logic, parametric representations are

e eagier to implement (because the conversion rule is not needed);

e closer to the first-order language and therefore closer to the intuition;
As argued in the beginning of this paper, parameters make it possible to distinguish the atti-
tude of users and developers of a system. Often, the user only needs a (partiatly) parametrised
version of the system, whilst the developer wants to have the possibilities of full A-abstractions.

Future work

There are several issues concerning parametric type systems that deserve to be studied in the
future:

-- The meta-theoretical properties may have easier proofs than the ones presented in this paper.

In particular, the proof of strong normalisation for a parametric type system is based on strong
normalisation for a PTS that may have more IT-formation rules. It would be interesting to
know whether (and to what extent) these rather strong demands can be weakened;

— There may be a relation between the parameter mechanism of this paper and AUTOMATH,

and the use of parameters in the representation of higher order propositional functions in the
ramified theory of types of Russell and Whitehead.
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A Proofs

PROOF oF LEMMA 56: Induction on the definition of |b| .. We treat the two most interesting cases

{at (TH) we use the induction hypothesis):
—b=clby,...,b,) and I' = (I, e(A)=a:A4, I»}.
Dom(|blp) = Domfla|p, alzi=[bilpli,

¢ (Dom(lalry a)\ {m1, -+ 12n} ) U Domilti] )

i=1

(1H)
< (Dom(I1, 8)\ DeftI1)) \ {1, .-, 5} U (Dom(I") \ Def(I")
= Dom(I") \ Def(I"}.
We can use the induction hypothesis at (IH} because I" is sound, and therefore Dom(a) C
Dom(I7, A);
— If b= ¢(A)=a:A in ¥ then Dom(|b|.) = Dom(|V'| 1 o Ay=n.a)
(IH)
C Dom(Ie{A)=a:A)\ Def{I", c(A)=a:A) = Dom(I") \ Def(I").
=
Proor oF LEmMmA 57: Induction on the total number of symbols occurring in I" and d. We treai

two cases:
~ I'=(N,c(A)=a:A, I3) and d = ¢(by, ..., b,). Notice that I' F d =4 a[z:=b]%,.
By induction, I, A Fa —»5 |alp, 4,50 I'Fa - |a|p, 4 (Lemma 45), so by Lemma 50,
F[mi::bi]?=1 !_ a’[:Ei::bi]?:l 4 |a‘|F1,A[$i::bi]‘?2].'
As the z; are bound in ¢(A)=a: A, they do not occur free in I, so I'[z;:=b;])L, = I'. Therefore
" n (I1H, 51} n
'+ a[mi::bi}'z':l —#§ |a|r ,A[m‘i::b‘i]izl —bs |a|n alze=|b|plie, = |C(bla---,bn)|ri
— d = c(A)=a:A in b. By the induction hypothesis, 1 c{A)=a:4 F b —»5 bl 4)=aia
hence I't c(A)=a:A in b =5 c(A)=a:4 in [b] 1 4)=0.4-
Now Dam(d) C Dom(1), so Dom(b) C Dom(T,c(A)=a:A), so by Lemma 56,
Dom{|bl p og ay—a:a) € Dom(I c(A)=a:A) \ Def(I', c(A)=a:4),
s0c ¢ GO"S(|b|r,C{A):a;A)= so ' d —5 c(A)=a:A in |b|F,c{A):a:A —+g IblF,c(A):a:A'
=
PROOF OF LEMMA 59: Induction on the definition of b, . We consider only a few non-trivial

cases!:
- b= C(b]_,. .. ,bn) and F3 = (F;;I,C(A):LIIA, Fgg).

lc(bla-'-:bn”n,ra = |a|1‘1,1“31,4[33-i51bi|r1,r3]
(IH,51) ‘
= "lalp alzi=biln b pl = e, L b)) ;
— b=c(A)=a:4 in b. Notice that Fool, o, A5 fudels ekt
!C(A):(J,ZA in blr‘[,Fg = |b'F1,F3,C(A):ﬂ:A
(IH)

= IblFl,F2,F3,c(A)=a:A = |e(A)=a:A in blry, oy R
PROOF OF LEMMA 60: Induction on the definition of |al;, . We treat only a few non-trivial

cases:
- = C(bl, - ,bn) and Pg = le,c(A):CJ:C,FQQ.

|a|rl,r2 [$3:|b|n]

= |Cl|r1,F;,I,A[mi:=|bi|rhr2]?=1[$:=’b|n}

=
Nz

n
i=

)
|C'|r1,rm,A[$::|b|r1][$'i==ibi|n,rz[x:_fimn] i=1

(TH)

e

|c'{z:=b]|, T [ =b], Alw:=] [zi:=|bs[z:=d]|, ,rztz:=b]]?=1
le(br, - - bn)[#:=bll 1y, py ey
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- a=c(A)=c:C in d.
|a|r1,r2[$‘=|b|rl] = |d|F1,F2,c(A)=c’:C[$::|b,P1]
(IH)

|d[m::b]|n Jofz:=b]c(Alz=b])=c'[z:=b]:C[x:=b]
|(c(Q)=c":C in d)[z:=blp, ryppms)-

X

ProOOF oF LEMMA 78: Using induction on the definition of i+ a —4 b, we simultaneously prove:
1.If I' + a —5 b then |la||, —»g ||bll;; and 2. If I' =5 I then (la|l; —#g |la]| -
We only treat two non-trivial cases.
~ N, e(Ay=a:A, Iy - e(by, ..., by) =5 alzi=hi]] . Observe:
lle(bs,-- - bn)llr = (A Al [1balir - Hball p

= (X o008l a,-dallra ) ol il

o (78) n
=% llailp, 4 lza=bdlris, = llally, [za=116ill Pl

(76) - (77) n
= lallp o= bl )y = llalze=bli_ |-

— I't e(A)=a:A in b —+;5 b because ¢ & Cons(b). Then ¢ € FV{||b||-). Hence
le(d)=ad sn bl = (A NI AANR Wbl yaaoan) 1A Aclly

~rg ”b”F,c(A):a:A [e:= 1A Aall ] = Nblip -
X

Proor oF LEMMA 79: The following statements are proved simultaneously by induction on the
structure of a: 1. If a =4 b then ||a|j A}E 16l p; and 2. If I' —5 I then [ja|| —»3 |lall -
(IH 1) refers to the induction hypothesis on 1, (IH 2) to the induction hypothesis on 2. We do not
treat all cases, and only prove the first statemens.
= efb1,...,bn) =g c(by,..., b5, ..., by), where b; 25 b, and I' = (I, c(A)=a: A, I3). We have:
letbr, -6l = 1A Adallp, Borll - 1oally
(IH 1)
=5 Al [oullp - 5] Moallp = [leBr, - 0 B0) ] s

— (Az:p.q)r =3 g[z:=r|. Observe:
(el = (Ao llpll - Nallap) Il

D gze=rlliy

=g lallr ., ==l )
— (A)=a:Ad in b —p ¢(A')=a:A in b, where A" = z1:By,...,15:B},...,2, : Bp; and B; —p
B
V\;rite C;i=B;ifi#jand C; = B;. and let A} = z,:Cy, ..., 5i—1:Ci—;. Observe that
|e(A)=e:A in b||

= (Acs (AR Wlro(a—an)

(1A A.all )

(TH 1)

3 (e AT A" Allp) - 18l ro(ay=a:n)
(I &"all )

2 ()\c (I A’.A||F).||b||r,c(A,):a:A) = |le(A)=a:A in b,
(I A'all )
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PROOF OF THEOREM 82: Induction on the derivation of I' F¢"P” @ : A. The rules of normal PTSs
do not cause any problem, and the proof for the rules for parametric constants are simplifications
of the proofs for the rules for parametric definitions, We therefore only focus on the rules for
parametric definitions.

— d-application:
Iy,e(A)=a:A, I FOP7 by s Bilwy=b;1i0) (i=1,...,n)
N, e(N=a:A, T FCP a4 (if n = 0)
Iy, o(A)=a:A, I FO77 efby,. . ba) 1 Alzji=by]) )

Write I' = Iy, c(A)=a:A, I, If n = 0 then we know by induction that |!I'|| Fs ||af] - : || A} f
7
and we are done because ||c(by, ..., bu)ilp = liallf © [Yeef] -

Now assume 7 > 0. As we have a derivation of I, c(A)=a:4, I FC"P° b:B,, we can use
Correctness of Contexts to find a (shorter) derivation of I, A F€"P” ¢:A. By the induction
hypothesis, we have

1T, Al Fs llalip o 1Al a - (7

Moreover, we can use the induction hypothesis to find

12l (TTAAllp 7 b il | Bilesi=bilii| - (®)

We can use Correctness of Types for the PTS AS' to find s € S’ with
I3l s ITT A-Allp, : 5. o)

Using rule (A), (7) and (9) result in [|11]| ks [[AA.all, : I[TA.All,- By definition of
I[TA-All,, this means

17N Fs 1A Auallyy =TTy = IBillry - D41l 4 (10)

i—1
j=1

By Lemma 77, ”Bi[xj:zbj]
rule, we can derive from (10) that:

1Tl ke (I Aallp, ol oall ) < (Al Fgi= D511 17, )

We are done because |le(by,. .., bu){l; = |A Al Noa|lp - - lonlly and

= I1Billp 4, [z5:= ||bj||r];.;11. Using {8) and the application

VAl foi= s Ty 1Al = Wl Ty 2 A=t
- Bweakening: £ lh et
By induction, ||I, A|| s lallp 4 : 4]l 7.5 50
1Tl 21 1Bl - o Bl s, Pl 1A - (11)
By Correctness of Contexts for AS', there are s;,...,5, € §' such that
) za: |1 Billp a5 e e s i1t [Bicallp 4, Fse HBi”F,A,- 5. (12)

By Correctness of Types for A P, there are two possibilities:
e There is s € § such that A = s. As &' is a completion of S, there is s’ € §' such that
I, Al ks s 8.
o There is s’ € § such that I, A 2" A : &', Then by induction, |1, Al & [|All; 4 : 8"
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In any case: we can determine s € §' such that

I 20l Bilip,ay o - - s 2nt 1Bnllp s, s 1Al g a ¢ so- (13)
As &' is quasi-full, we can subsequently determine s{,...,s!, such that (s;,s}_,,s}) € R’ for
i =1,...,n. This allows us to apply JI-formation n times, with as premises (12) and (14), and

as conclusion: ||I'|| s+ [T, it |1Bill p a,- Al 4 ¢ S0
Notice that JT%. | z:: |Billp a, - I1Alir 4 = IT] A-Ajlr- As the induction hypothesis gives us also
1Tl Fs ||Bli < || B|l -, we can use the weakening rule of AS' to obtain

000, e ITTA-Allp ko bl 2 1B -

We are done because |||, = ”b”r,c(a):a:A and (B[l = ||B||r,c(4):a;,4 (Lemma 76);
d-formation: -
I, e(A)=a:AFC"P" B 5

NEC"D? o(A)=a:Ain B: s’
Write I' = I'1,¢(A)=a:A. By the induction hypothesis, we have ||I'|| b5 || B]|[ : s, so

3] e ITT A-Allp, Fs 1Bl = s- (14)
By Correctness of Contexts on (14) there is 5; € $’ such that
I3l Fs ITTA-Ally, = 51 (15)

Moreover: As S’ is a completion of S, there is s € S’ such that (s:s;) € A'. By the Start
Lemma,

Il e IITAAllp, b st 52 (16)
As 8’ is quasi-full, there is s3 € §' such that (s,, s2, 33) € R'. Hence we can apply I7-formation:

Il b e |[[TA-Allp, 5 83. (17
We can now apply A-formation on {14) and (17):

10l ks (Ae:iTTA-All, -IBlF) : (He:IITAAlly, s) - (18)

As we have a derivation of I, ¢(A)=a:4 FC"D” B . s, we can apply Correctness of Contexts to
find a (shorter) derivation of I, A FE"P" a: A4, so by induction: ||, A|| Fs- lallry,a 14ll5 A
Using (15), we can repeatedly apply A-abstraction and obtain

(1l Fs A A.alip - (ITTA-All, - (19}
Using (18) and the application rule, we find: ||I1]| ks (Ac: T A-Ally, AlIBIF) 1A Aallp s
d-introduction:

I, e{A)=a: A" D" b:B nreP" e(A)=a:A in B : s
I FOPDF (e(A)=a:A in b) : (c(A)=a:A in B) ’

In a similar way as in the previous case, we can find derivations of (19) and

17l Fsr (A ITTA.Allp, -8l 7}« (e lITT AAlly, 1By - (20)

Using (19), (20) and the application rule, we find

0l ks (e [TTA-Ally, - Bll) 1N Aallp, < 1Bl [e=11X Aally, ] -

By the induction hypothesis, [[11]| s (Ac:[[[T A-Ally, - IBllp) ([A A-ally, ¢ s, so we can apply
the conversion rule to find ||I1|| ks ||c{A)=a:A in b]|, : [|c(A)=a:A in Bl ;

d-conversion:

rEeDP g IEE'P" By ' B=; B
[HC7DF . B '
By induction, ||| s 8]l : |Bl and |7 bsr {|B']if : s. By Lemma 78, ||B|{y =g ||B]|r-
By Conversion, ||| Fs [16]] 5 : [|B’]| -

X
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