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1
I NTRODUCTION
Abstract /
This chapter introduces and motivates the data-based controller design
methodology for mechatronic systems, that is proposed in this thesis. A description of properties and design requirements for feedback control systems
in state-of-the-art mechatronic equipment is given. Based on this description,
it is motivated that an extension of currently available data-based controller
design techniques is required to cope with the challenges in controller design
for state-of-the-art mechatronic devices. This results in the main research
objective and a list of subtopics that contribute to the data-based controller
design methodology posed in this thesis.

1.1

General scope

Mechatronic systems play an important role in modern industrial production facilities and consumer products. Examples of such devices are robotic assembly
lines, lithographic machines used for the production of integrated circuits but also
wind-turbines or drive-by-wire systems found in modern automobiles. These systems require a tight integration of mechanics, electronics and software design to
achieve desired performance specifications in a cost-effective manner.
To achieve desired system responses in the presence of uncertainty and disturbances, for example induced by: production tolerances, varying working regimes
or unknown external forces, these systems are typically equipped with feedback
control systems. These feedback control systems play an important role in the
overall system performance and are therefore a key element to cope with increasing demands on accuracy and productivity.
1
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It is the interaction between the plant and the feedback controller that determines
the response of the total system. As such, optimal tuning of the feedback controller
can only be performed if knowledge about the plant dynamics is available, possibly
also including knowledge about external signals such as setpoints and disturbances.
Such a description of the plant dynamics can either be a parametric model or a
set of input and output signals that contain relevant information about the plant.
In conclusion, it can be stated that a good representation of the plant dynamics
is crucial for controller design.
The complexity of the dynamics exhibited by high performance motion systems is
typically high. As a result, the structure of a parametric model that describes the
system behavior will be of high complexity as well. On the other hand, mechatronic equipment is designed to behave linear and time invariant (at least around
a certain operating point). Due to this linear behavior, the dynamic response of
these systems is particulary well described by non-parametric means, e.g. impulse
responses or frequency response data samples. For mechatronic systems, such nonparametric data can typically be obtained at low cost, which is due to the following
reasons. Modern controller systems are most often implemented by digital systems
that run at relative high sample frequencies, in the order of several thousands of
Hertz. Furthermore, the time constants of the relevant dynamics are relatively
small. As a result, large amounts of data can be obtained in a short period of
time. Due to the fast response of the system, these short measurement periods are
still sufficient to capture the relevant dynamics of the plant. This makes that data
samples are available abundantly and of low cost. It is this low cost that permits
post-processing of large amounts of experimental data to reduce the influence of
external disturbances on the experimental data obtained from the system.
The descriptive power of non-parametric data to describe the behavior of linear
systems combined with the low cost to obtain these data samples makes that
experimental data have appeared to be a favorable starting point for controller
synthesis of mechatronic equipment.
Two approaches are discussed that are widely applied for the design of feedback
controllers in mechatronics systems. The description of these approaches will be
used to motivate the controller design methodology that is proposed in this thesis.

1.1.1

Manual controller design

The celebrated Nyquist stability criterion [94], combined with the insight to map
closed-loop performance specification into specifications on the open-loop, enables
controller design in terms of the Nyquist curve. This idea gave rise to several manual control design approaches such as loopshaping [116] and Quantitative Feedback
Theory (QFT) [68, 69]. These design approaches offer a transparent and quan-
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titative method to design single-input-single-output (SISO) controllers based on
closed-loop requirements and experimental data of the plant. Due to the quantitative relation between the open-loop and closed-loop specifications, the trade-off
between complexity of the controller and performance of the closed-loop can be
made in an intuitive manner. As a result, graphical design methods, such as the
loopshaping approach, are now the de facto standard for controller design in the
modern mechatronic industry.
The loopshaping design methodology is based on the assumption that the plant is
SISO. Although generalizations of the Nyquist stability criterion exist for multipleinput-multiple-output (MIMO) systems [84], graphical means to represent closedloop performance requirements in terms of the open-loop transfer function, which
is multidimensional in this case, appeared to an obstacle in the multi-variable
case. Nevertheless, the SISO assumption has not appeared to be restrictive to
handle MIMO systems if the system at hand can be decoupled. By considering
the mechanical construction elements as rigid, decoupling along the rigid body
modes can be applied to obtain a system that acts as a multi-loop SISO system
in the frequency region of interest, in many cases [33, 113].
Driven by market demands, mechatronic systems are pushed to their limits in
terms of accelerations and accuracy. With this increase in performance demands,
the validity of the assumption of rigid mechanical construction elements is disputed. To meet the requirements, the internal deformation of the mechanical components has to be taken into account explicitly which tackles the design paradigm
that relies on static decoupling along the rigid body modes.
The presence of internal deformations makes that the following aspects have to be
taken into account in the control design methodology.
• Since the number of relevant dynamical modes in the frequency region of
interest increases, the number of actuators and sensors might be smaller
than the number of relevant dynamic modes. This obstructs decoupling of
the system into multiple SISO loops. As a consequence, the multivariable
nature of the system has to be taken into account explicitly during controller
design.
• Since the mechanical construction elements can not considered to be rigid,
dynamic effects occur between the positions measured by the metrology of
the feedback system and performance relevant locations, e.g. the end effector
of a robotic arm or the surface of a wafer in a lithographic machine. As a
result, performance requirements can not directly be linked to the servo
error in the feedback loop but requires additional dynamics to be taken into
account.

4
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These aspects hamper the applicability of controller design approaches that rely
on a SISO assumption of the plant dynamics.
Some methods exists that cope with the interaction between the servo-loops by
considering the interaction as uncertainty in the dynamics, e.g. via Greshgorin
bounds [113]. This approach however introduces conservatism.

1.1.2

Norm-based design

The previous section shows that manual controller design methodologies are pushed
to their limits by the design requirements of state-of-the-art mechatronic systems.
Examples of requirements that are difficult to embed in a loopshaping context are:
dynamics coupling present in MIMO systems, uncertainty in the system dynamics
and unmeasured performance channels. Norm-based controller synthesis methodologies, on the other hand, offer a well established framework to deal with these
specifications [113, 135].
The so called standard plant offers a powerful framework to enable advanced controller design specifications for norm-based controller synthesis. Figure 5.1 depicts
the typical setup of the standard plant, which shows the interconnection of: the
plant P , the controller C and an uncertainty block ∆. The main idea of norm-based
approaches is to consider the mapping between all inputs and outputs of a system
simultaneously via a the concept of system norms. As a result, the multivariable
aspects of a system, such as coupling, are inherently taken into account. Moreover,
robust performance and stability can be guaranteed via the presence of the uncertainty block represented by ∆. Also performance specifications on unmeasured
performance channels can be embedded in the standard plant framework.
Available controller synthesis methodologies to solve design problems posed in
terms of the framework of generalized plants, e.g. H∞ and H2 optimal controller
synthesis methods, most often require a parametric description of the plant dynamics. As a result, these approaches require an intermediate plant parametrization
step between the mapping from data samples, obtained from the plant, towards a
parametric controller of low complexity that is suited for implementation.
To reduce the numerical burden of the controller synthesis routines, the order of
the plant model is generally much smaller than the number of data samples. The
resulting data-reduction step, however, should be performed with the performance
of the closed-loop in mind. The closed-loop performance is typically more sensitive
to perturbations in the open-loop around the bandwidth than perturbations in
the high and low frequency region. To come up with a low complexity plant
model based on experimental data, a "control relevant identification" problem
is to be solved [14, 35, 60, 63, 124]. However, to find a plant model that is
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Figure 1.1 / Generalized plant configuration

tuned with respect to closed-loop relevant aspects, an estimate of the controller
to be designed is required. The approach which is often applied to tackle the
dependency between system identification and controller synthesis is to apply an
iterative identification-synthesis approach. Most recent work includes closed-loop
relevant identification with improved synergy between the identification and the
controller synthesis framework [98].
The proof of convergence of iterative control relevant identification schemes however appears to a non-straightforward problem [61]. By applying a robust control
approach [13], convergence can be proved but the result of such a method depends on many aspects. Recent results described in [96], for example, showed that
an alternative factorization approach results in improved closed-loop performance
compared to [13]. To reduce design time and prevent possible conservatism, a
design approach is desired that does not depend on such an iterative procedures.
To come up with a non-iterative design approach, we propose to perform the design
directly in terms of the controller. Both the controller and the plant play a dual
role in the dynamic behavior of the closed-loop system. This results in a highly
interactive design problem where either plant identification or controller design
requires knowledge about its dual part. Consequently, if the design procedure
is initiated with a plant identification step, an estimate of the controller to be
designed is required. Whereas an a priori estimate for the controller to be designed
may be difficult to obtain (see "Control relevant Identification"), prior knowledge
about the plant is directly available by the data, albeit in a non-parametric manner.
As a result, it is expected that if the design is directly performed in terms of
the controller, i.e. no parametric plant model is required, a design procedure is
obtained that does not require any iterative procedure. However, this method

6
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can not rely on a parametric plant model which requires an alternative design
methodology.
The objective of this research is to investigate the design of a methodology to
perform norm-based optimal controller synthesis based on experimental data of
the plant directly. The idea to perform controller synthesis directly on data has
been described extensively in the literature. The next section describes an overview
of the available controller synthesis techniques.

1.2

Overview of data-driven controller synthesis

The objective of this section is to give an overview of several approaches in the
field of data-based synthesis of feedback controllers. The objective of this overview
is to investigate if existing data-based methods can be applied to perform normbased controller synthesis. As a result, this overview is by no means complete but
is rather meant to be an introduction to related approaches.

1.2.1

Data-based control

Self tuning PID regulator
Automated controller synthesis based on experimental data has a long history.
First examples of automated controller tuning were based on empirical tuning
rules posed by Ziegler and Nichols [136]. These tuning rules rely on time-domain
tuning of a critical gain and corresponding frequency. An improved version of
these tuning rules is posed in [8]. More recently, methods have been described
that enable extension towards MIMO systems which deal with the coupling in the
system via Gershgorin uncertainty bounds [130].
These approaches, however, lack the ability to explicitly deal with multivariable
systems and uncertainty present in a system. Moreover, the procedure is often
restricted to a PID controller structure which may be inadequate for more demanding applications. Nevertheless, due to their simplicity, these auto-tuning
methods are widely applied in auto-tuning software for industry automation.

Open-loop design
The use of frequency domain stability criteria and corresponding tuning methods
enables controller design based on open-loop characteristics [113]. The fact that
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the controller appears linearly in the open-loop makes these approaches transparent and therefore suitable for manual design approaches. Whereas loopshaping
is very well suited for SISO systems, the complexity of the design increases if
the system contains multiple inputs and outputs or uncertain dynamic behavior.
[85, 113].
As a response to the need to handle uncertainty structures and extended closedloop performance specifications, the Quantitative Feedback Theory (QFT) framework was posed [68, 69, 133]. The QFT approach offers a methodology to guarantee
closed-loop performance based on frequency response data, even these frequency
response data contains uncertainty. QFT approaches that are capable to handle
the interaction present in a MIMO system are described in [69, 133]. These approach however consider interaction from an uncertainty perspective and therefore
introduce conservatism.
Several automated tuning procedures can be found in the literature that rely
on the main idea of QFT to translate closed-loop specifications into open-loop
specifications. As a result, these approaches are sometimes classified as automated
loopshaping procedures [16, 34, 73, 76]. The main advantage of these approaches
is that the controller appears convex in the open-loop transfer function. So, if a
control structure is chosen where the parameters appear affine in the controller
(i.e. the poles of the controller are fixed), this controller design problem can be
solved efficiently. In order to reduce the limitations imposed by fixing the poles
of the controller, the controller can be decomposed as a series of real rational
basis function as performed in [71]. A slightly different approach is proposed in
[4, 5], which describes a method to map closed-loop performance specifications and
uncertainty structures directly into constraints in the controller parameter space.

Reference model feedback tuning
Instead of specifying closed-loop requirements in terms of bounds or weightings on
the closed-loop transfer functions, several controller design methodologies specify
the desired closed-loop responses in terms of a reference model. The chosen performance criterion is to match the input-output behavior of the closed-loop system
to the behavior of this reference model. Several approaches can be found within
this framework which will be shortly listed.
Iterative feedback tuning (IFT) [59, 62] proposes an iterative experimental scheme
to locally optimize the controller parameters of a predefined controller structure.
Via two sequential experiments, the gradient of the controller with respect to its
parameters is computed in such a way that the mismatch with respect to the
reference model is reduced. Via sequential parameter updates, controller parameters can be obtained that minimizes a given performance criterion. A frequency

8
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domain implementation of this idea can be found in [70].
Virtual Reference Feedback Tuning (VRFT) is a method to optimize the parameters of a fixed controller structure based on one experiment [15]. The main idea
is to fix the plant input and output and construct a fictitious reference signal
[39]. This is the reference signal that would have caused the measured plant output if the closed-loop system behaves exactly as the reference model. Based on
this fictitious reference signal, the desired controller input-output behavior of the
controller is known, which renders the controller design problem into an controller
identification problem. A recent contribution that describes an alternative method
to perform VRFT can be found in [74].
The concept of unfalsified control is an alternative approach that exploits the idea
of a fictitious reference signal [51, 109]. Via the concept of a virtual reference,
every experiment is written in terms of constraints on the desired input-output
behavior of the controller. If the controller structure is chosen to be affine in
the parameters, this procedure results in inequality constraints in the controller
parameter space and therefore results in a polytopic description of the allowable
controller parameters. In [52], a numerical attractive algorithm is posed to sequentially update the set of controller parameters. The idea to map constraints
on the desired input-output behavior into a set of allowable parameters, can be
considered as a specific case of membership identification [26, 92] applied in the
context of controller design.
In [57, 72], a model reference feedback tuning procedure is described that is based
on a correlation approach. By minimization of the correlation between the excitation signal and the mismatch with the reference model, the parameters of an affine
controller structure can be optimized in such a manner that the influence of noise
is reduced.
In general, closed-loop stability in model reference methods requires special attention. This is due to the fact that the chosen reference model may imply poor
robustness margins of the feedback interconnection. Furthermore, the chosen performance criterion is often based on mismatch with the reference model and therefore does not weight all signals in the feedback interconnection. This might result
in pole-zero cancelation near the stability boundary resulting in poor robustness
margins and undamped transient behavior. A short overview of several approaches
that can be applied to assure robust stability will be given in Subsection 1.2.2.

Optimal control with impulse response models
Impulse responses offer a non-parametric method to predict dynamic responses
of a system to arbitrary inputs signals without making specific choices regarding
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the model structure. In [1, 21, 25, 30, 31, 112], an impulse response model of
the system dynamics is exploited to solve an optimal (MIMO) LQG problem. By
optimizing the impulse response coefficients of the closed-loop with respect to the
H2 norm, the impulse response of the controller can be found.
Using a similar approach, [131, 132] describes a method to solve a 2-block H∞ synthesis problem via a description of the worst-case excitation signal of the closedloop system. The approach proposed in[1] showed that a receding horizon algorithm can be used to track changes in the system dynamics over time. In [23], it
is illustrated that impulse response descriptions based on subspace identification
combined with impulse based controller synthesis are capable to handle systems
of large complexity.
Two remarks can be made:
• the controller obtained via impulse response based methods is described in
terms of an impulse response as well. As a result, an order reduction step is
required to enable practical implementation,
• most impulse response based methods require an infinite number of impulse
response coefficients of the plant in order to be able to prove closed-loop stability. Since only a finite number of data samples are available, assumption
have to be made with respect to the dynamic behavior outside the observation interval. A detailed description of open problems in this line of work is
given in Section 1.5.

1.2.2

Non-parametric stability measures

Closed-loop stability is a necessary requirement during the design of feedback
control systems. If a parametric model is not available, closed-loop stability can
not be verified from parametric measures of the closed-loop, e.g. pole locations.
As a result, data-based controller synthesis procedures have to rely on alternative
criteria. The objective of this subsection is to give a short overview of stability
measures that are often applied in data-based controller synthesis.
Iterative approaches that are signal based, such as IFT, require an initial controller
that is known to be stabilizing. The prior knowledge that the signals are deduced
from a stable system, can be exploited to assure stability of controllers that have
not been implemented. If the controller parameters approach the boundary of the
stabilizing parameter set, the signals in the feedback loop diverge. So by using a
cost-criterion that contains all signals in the feedback loop, stability is inherently
maintained over the iterations if the parameters updates are sufficiently small.

10
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An alternative approach is to specify the allowable maximum perturbations of
the controller based on a small gain criterion [57, 59]. In [126], the ν-metric is
introduced as a measure to describe the maximum perturbations (see [59] for a
practical application of this measure).
The approaches listed above can only test stability of the controller that is contained in the same connected set of stabilizing controllers as the initial controller.
Since the set of stabilizing controllers is not necessarily connected, controller optimization procedures that rely on iterative updating have to be initiated with a
controller close to the optimal controller.
Approaches that rely on a non-parametric impulse response model can exploit
this data to test stability of the closed-loop. Based upon this impulse response
model, stability of the closed-loop system can be predicted for an arbitrary choice
of the controller [1, 25, 31, 112]. These approaches however only assure closed-loop
stability if the length of this prediction horizon tends to infinity.
Alternative to these time-domain methods, powerful frequency domain stability
criteria are available to test stability of a feedback interconnection. The Nyquist
stability criterion [94] offers a powerful method to test stability of a feedback
system via the frequency response of the open-loop. This Nyquist stability criterion
can be generalized towards MIMO systems as well as described in [113]. As an
alternative to the Nyquist criterion, [80] and [10] describe two different criteria
to verify stability of the feedback system based on amplitude and phase of the
closed-loop transfer functions. In [10], this condition is exploited to describe the
set of all stabilizing PID controllers based on frequency response data of the plant
data.

1.3

Relying on the data

A powerful aspect of data-based approaches for controller synthesis is that there
is no need for a plant model or assumptions regarding the dynamical structure of
the plant other than causality, linear time invariance and some weak assumptions
regarding the pole locations of the system (e.g. with respect to damping). These
assumptions preserve no other objective than that the behavior of the plant can
be described in terms of impulse response samples or frequency response samples.
This lack of prior assumptions regarding the dynamical structure of the plant also
implies a risk since it obstructs a mechanism to check the validity of the data.
As a result, data-based approaches put much faith in the data, which might be
unjustified.
Since no parametric plant identification step is performed, no data-reduction is
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performed before synthesis such all plant data that is possibly relevant for the
closed-loop behavior is handled with equal importance. This on the one hand
heavily reduces the amount of prior knowledge required. On the other hand, data
samples that are collected from an experimental setup might be biased due to
disturbances. As a result, the data does not represent the "true" plant behavior.
A data-based controller design algorithm that relies on this biased data might
come up with a solution that results in degraded closed-loop performance or even
a controller that results in an unstable closed-loop system. Due to the central
limit theorem, the combination of many disturbance sources tend to sum up to a
Gaussian distributed additive noise to the plant data samples [83]. As a result, the
influence of experimental noise on the data samples can be reduced to an almost
arbitrary level via post-processing of the data [104], e.g. via averaging of over
several experiments. By monitoring the data over several experiments, statistical
quantities such as variance can be determined which can be used a quality measure
for the data.
In this research, the following definition of a data-based controller design methodology is used:
Definition 1.1 (Data-based controller synthesis). A method to synthesize or
optimize a controller based on a finite number of experimental data samples of the
plant without making specific assumption about the structure of the plant dynamics
other that causality, linear-time-invariance and damping (or any other restrictive
assumption regarding the location of poles of the plant).
It has to be emphasized that it is not the objective to perform a hidden plant
parametrization, i.e. perform an automated plant identification step followed by
a controller synthesis step. Instead, we investigate the required assumptions to
bridge the gap between a finite number of samples and systems properties such as
closed-loop stability and performance.

1.3.1

Frequency response data

The controller synthesis approach described in this research mainly focusses on
a frequency domain representation of the measured data. This can be motivated
as follows. The frequency domain has appeared to be a favorable domain to:
represent system responses (possibly deduced from data), perform system analysis
and specify performance requirements. Invariance of spectral content with respect
to LTI systems makes the frequency domain very suited for interpretation of plant
dynamics and formulation of controller design objectives. Moreover, well developed
frequency response identification techniques are available to identify the plant but
on the other hand also supply a quality measure for the data via an estimation
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of the variance [83, 104]. Another motivation for the use of a frequency domain
approach is that magnitude and measurement quality of experimental data can
vary heavily as function of frequency. By using a frequency domain approach,
both magnitude and measurement quality remain isolated.
The presence of well developed methods for frequency response identification, combined with the fact that the frequency domain has been a favorable domain for system analysis and controller design specification, makes that this research focusses
on analysis and controller synthesis methodologies based on frequency response
data. Several contribution given in this thesis, however, have their dualities in the
time domain.

1.4

Research questions

It has been motivated that the norm-based controller design framework offers
a suitable framework to embed design specifications of high performance mechatronic equipment. For example, this norm-based framework can cope with: MIMO
systems that can not be statically decoupled, can deal with unmeasured performance variables or handle uncertainty present in the system or the data.
An overview of existing data-based controller design methodologies was given in
Section 1.2. The question is whether these approaches satisfy the need to perform
norm-based controller synthesis based on experimental data, preferably frequency
response data. Whereas many data-based methods are capable to optimize controller parameters with respect to a cost-criterion, the flexibility to choose this
criterion equal to the norm of an arbitrary design problem posed in the standard
plant framework appears to be difficult. Approaches that are capable to do so,
such as the LQG approaches based on impulse response models, can only assure
closed-loop stability if the number of data samples tends to infinity. Furthermore,
these approaches do not have a means to ensure robustness against uncertainty
in the data. So, although data-based controller design approaches can be found
that are based on a norm-based criterion, an extension of these approaches is required to be able to exploit the full potential of the norm-based controller synthesis
framework. Section 1.5 will give a more detailed discussion about shortcomings of
currently available techniques.
Motivated by the descriptive power of the norm-based control synthesis problems
formulated in the generalized plant framework, the objective of this thesis can be
formulated as follows:
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Develop a data-based controller synthesis methodology that is capable to solve
norm-based control design problems specified in terms of the generalized plant.
This data-based approach is based on frequency response samples of the plant
only and does not rely any specific assumptions regarding the dynamical structure of the plant other than the properties defined in Definition 1.1.
Investigate the underlying phenomena and principles that are associated with
the design of closed-loop systems from data samples and cope with these phenomena by proposing guarantees for: stability, norm-based performance and
robustness of these properties.

Relying on the work that has been performed in the area of data-based controller
synthesis, it can be stated that the following subproblems are crucial to come
up with a data-based controller design methodology that is capable to synthesis
norm-optimal controllers based on experimental frequency response data:

Non-parametric stability
Closed-loop stability is a necessary requirement for feedback control systems. As a
result, the controller synthesis is restricted to the set of controllers that renders the
feedback interconnection stable. As mentioned in the previous sections, data-based
approaches can not rely on parametric measures such that closed-loop stability
has to be deduced via non-parametric criteria. Since the focus is on automated
synthesis/tuning, several properties with respect to the non-parametric stability
test are required:

• a stability condition should be as generic as possibly and should omit prior
knowledge about the unstable open-loop poles. Instead, the stability test
may rely on knowledge about a stabilizing controller, which is indisputable
known from the identification experiment of the plant,
• the criterion preferably describes the set of all stabilizing controllers, instead
of testing separate controllers individually,
• a numerical condition for stability is preferred over a graphical criterion,
• a method that tests internal stability of the feedback interconnection is preferred over a criterion that tests external stability.
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Sampling
The dynamics of the plant are only observed via a finite number of data samples of
the inputs and outputs of the plant. The underlying plant dynamics are however
not uniquely defined by these samples, i.e. many interpolating and extrapolating
functions results in different models but are based on the same data set. In order to
assure both robust stability and performance of the closed-loop system, quantification of the set of all frequency responses that possibly correspond to the data is
required. Significant emphasis is to be devoted to the characterization of relevant
system properties that determine the size of this set of frequency responses while
making a minimum number of prior assumptions with respect to the dynamics of
the plant.

Optimization
Typically, the controller parameters appear in a non-convex manner in the closedloop transfer function and therefore also appear non-convex in the chosen normbased performance criterion. Moreover, the number of data samples of the plant is
most often large. As a result, a strong focus should be devoted to reformulation of
the controller optimization problem to embrace the property that large amounts
of data can be handled in an efficient and effective manner. Two subproblems are
considered.
• Optimal controllers: since the order and the structure of the optimal controller is unknown, the chosen parametrization of the optimal controller
should be as generic as possible such that the behavior of any controller
can at least be approximated.
• Low complexity controllers: due to practical constraints, the design objective
is not only focussed on optimality but rather on a trade-off between the
complexity of the controller and the corresponding closed-loop performance.
As a result, a data-based method to optimize the parameters of a fixed
structure controller in the generalized plant setting is to be considered.

1.5

A critical review of data-based controller synthesis ingredients

The previous section described several necessary ingredients to come up with a
controller synthesis methodology that is capable to perform norm-based synthesis
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based on data. The necessary theoretical parts that contribute to such a synthesis
methodology are, however, scattered over several domains in the literature. The
status quo with respect to these sub-topics will be given and some open problems
in this field are pinpointed.

1.5.1

Limitations of frequency response set characterization

Frequency responses offers a non-parametric manner to describe the dynamic response of a system [83, 104]. Experimental identification of these frequency responses, however, is unavoidably restricted to a finite number of data samples
only. Moreover, these data-samples are possibly corrupted by measurement noise.
In order to be able to guarantee robust performance and stability of the feedback
control system to be designed, characterization of the set of all possible system
responses that corresponds to the data is required.
The frequency response samples of a system can be interpreted as samples of a
transfer functions that describes the behavior the underlying system. As a result,
the gap between samples and the underlying sampled transfer functions can be
considered as an interpolation problem. An extensive field in the literature can
be found in the area of interpolation theory and worst-case H∞ -identification
[2, 3, 35, 38, 49, 91, 127].
The line of work described in [47, 48, 87, 100, 102] proposes a nonlinear algorithm
that is able to solve the worst-case H∞ -identification problem (a two-step approach
is used to tackle the divergence problem present in the worst-case identification
setting). Based upon: an upper bound on the H∞ norm of the system, an upper
bound on the noise combined with a lower bound on the damping, a hard bound on
the interpolation error is given. It was, however, recognized that these worst-case
H∞ identification methods result in conservative uncertainty bounds [37, 91, 128]
if the noise does not appear in a worst-case manner on the data. In this case, the
assumption is valid that the noise is not "playing against the experiment" but is
has a stochastic nature [83].
By making the assumption that the measurement noise has a stochastic distribution, the divergence problem mentioned in the previous paragraph is not present
such that linear algorithms can be applied. Interpolation by real rational basis
expansions is an attractive method to perform interpolation of the data and characterize a bound on the maximum interpolation error [55]. A well known concept
in interpolation theory is the Kolmogorov n-width theory [103, 129], that quantifies the maximum interpolation error given prior knowledge about the set of all
possible pole locations of the system. It has been recognized that any prior knowl-
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edge about the poles of the system can be used to tune the basis functions such
that the worst-case interpolation error is reduced [55]. An important observation
to be made is that the interpolation error used in [55] is formulated in terms of
an H∞ upper bound and therefore lacks the ability to describe the exact coarse of
the uncertainty set between subsequent frequency points.
Approaches that describe the exact coarse of the frequency response uncertainty
interval between the given data samples can be found in [78, 79, 127]. These
methods are based on assumptions regarding the smoothness of the underlying
transfer function. The set of all frequency responses that correspond to the data is
computed via knowledge the about maximum derivative of the underlying transfer
function. These approaches are, however, restricted to prior information about
the damping of the system and therefore lack the ability to take into account any
additional prior knowledge about the poles of the system.
Our objective is obtain a generic characterization of the uncertainty set irrespective
from the chosen frequency grid and the chosen basis expansion. As a result,
any prior knowledge about the poles of the system can be taken into account to
reduce the size of the inter frequency grid uncertainty set. Moreover, we seek to
characterize the coarse of the intergrid uncertainty between the frequency grid
points.

1.5.2

Extending non-parametric stability measures

Since closed-loop stability is a necessary requirement for feedback control system,
controller design has to be restricted to the set of stabilizing controllers only. To
classify this set of stabilizing controller, we can only make use of non-parametric
data of the plant, possibly extended with generic properties such as passivity,
damping or open-loop stability of the system at hand (see Definition 1.1).
Approaches that are commonly applied to identify the set of stabilizing controller
in the context of data-based control where discussed in Section 1.2.2. We will
briefly motivate why extension of available techniques is required in order to deal
with automated controller synthesis problems.
In iterative approaches such as [56, 59], the knowledge that the initial controller
is stabilizing, is exploited to estimate the maximum allowable controller update.
As a result, the search space is limited to controllers that are contained in the
same connected set of stabilizing controllers as the initial controller. If the initial
controller is not chosen close to the optimal one (which is unknown), the optimal
controller will not be found.
Section 1.2.2 described several approaches to verify closed-loop stability of an ar-
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bitrary chosen controller based on non-parametric models. Some critical remarks,
however, can be made.

• Stability tests such as the Nyquist stability criterion, rely on prior knowledge about the number of unstable open-loop poles. Although stability of a
system can observed by practical means, information about the number of
unstable poles is generally not available. As a result, stability criteria should
preferably rely on prior knowledge about a stabilizing controller, which is
known from the frequency response identification experiment and therefor
more easy to obtain than prior knowledge about the number of unstable
poles of the plant.

• Due to the qualitative nature of stability, available tests in literature verify
if the system at hand is stable only. Most of these criteria, however, do
not supply any information how the initial destabilizing controller should
be adjusted to obtain a stabilized closed-loop. Especially for fixed structure
controller optimization, this information would be helpful since this nonconvex optimization problem is to be started with many initial (possibly
destabilizing) controllers.
Although in the SISO case, such information can be deduced from the
Nyquist plot by an experienced designer, this transparency is lost in the
MIMO case. The work described in this thesis contributes to this requirement by posing a stability criterion that indicates which elements of the
transfer matrix contains unstable poles, in which frequency region the unstable poles is located, and how to change the controller parameters such
that closed-loop stability is obtained.

• Existing stability tests are formulated in terms of continuous criteria over
the frequency axis [10, 80, 94]. In practice, these criteria are evaluated on
sampled data, thereby making assumption about the interpolating behavior. The uncertainty induced by this sampling deserves additional attention.
Whereas a human control designer is able to estimate the implications of
this interpolation step, a more thorough analysis of the induced uncertainty
is required to a guarantee robust stability in the context of automated controller synthesis. Within this research, the objective is to bridge the gap
between sampled transfer functions and continuous criteria in a fundamental manner such that robust stability can be guaranteed even if the number
of data samples is limited.
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Towards norm-based optimization approaches

Section 1.1.2 motivated the use of norm-based synthesis methodologies for the design of state-of-the-art mechatronic devices. The overview given in Section 1.2,
however, showed that available data-based methodologies are only partially capable to deal with norm-based specifications in terms of coupling (MIMO behavior)
and uncertainty.
The line of work posed [1, 25, 31, 112, 132] is one of the methods that is able to
perform H2 norm-optimal controller synthesis by using MIMO impulse response
models. These methods optimize the impulse response of the closed-loop based on
an impulse response model of the plant.
These approaches assume that the closed-loop impulse response can be computed
over an infinite "prediction horizon". To satisfy this assumption, infinitely many
impulse samples are required such that these approaches effective neglect the sampling effect that is inherent to data-based control. In practical design problems, the
number of samples is always restricted, such that uncertainty due to sampling has
to be taken into account explicitly to guarantee robust stability and performance.
To meet this practical requirement, certificates are required that guarantee robust
stability and performance for arbitrary chosen number of data samples. Moreover,
insight has to be gained in possible performance degradation that occurs when
optimization criteria are applied that are based on frequency sampled evaluations
of the closed-loop only.
The generalization described in this research shows that synthesis approaches that
are based on impulse responses, can be considered as a specific case of optimization over generic stable real rational basis functions. Via tight integration of uncertainty and stability measures, that deal with sampling effects in the frequency
domain, a design methodology is obtained that is able to deal with practical design
problems.
Opposite to synthesis methods that apply optimization over generic basis functions, contributions can be found in the literature that optimize the coefficients of
a predefined controller structure. Automated loopshaping approaches are posed
that optimize the controller parameters based on open-loop constraints [34, 71, 76].
QFT is an attempt to deal with uncertainty, and coupling within the manual design
framework. Within this framework, MIMO systems are, however, handled by sequentially processing of individual loops constraints. As a result, these approaches
introduce conservatism [69, 133].
By formulating the controller parameter optimization in terms of a minimization
of the H∞ norm of the closed-loop directly, without mapping the constraints to
the open-loop, conservatism can be reduced. Our contribution is to propose a
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gradient based method to solve the H∞ controller design problem. Via a numerical
tractable approach, the parameters of a fixed structure controller are optimized
with respect to the maximum singular value of the closed-loop system directly.
Via tight integration of non-parametric stability tests combined with parameter
optimization, a design approach is obtained that able to solve design problems of
practical complexity.

1.6

Outline and contributions

The outline of the thesis can be roughly divided into three parts. The first part,
represented by Chapter 2 and Chapter 3, starts with a description of fundamental
topics of data-based controller synthesis in the frequency domain. Chapter 2 describes the relation between frequency responses and stability, Chapter 3 focusses
on the sampling and interpolation of frequency responses. The generic theory
described in these chapters is applied in the Chapters 4, 5 and 6 that focus on
subtopics that contribute to the total controller synthesis methodology. Chapter
4 characterizes and quantifies the set of all frequency responses that correspond
to the data. Knowledge about the magnitude of the uncertainty induced by sampling is used in Chapters 5 and 6 that describe two distinct approaches to solve
the data-based controller synthesis problem. Chapter 5 focusses on a method to
obtain an approximation of the optimal H2 controller. Chapter 6 describes an
approach to optimize the coefficients of a fixed structure controller with respect
to the H∞ norm of the closed-loop system.
In Chapter 7, the theory described in this thesis is evaluated by using frequency
response data from an experimental setup. The thesis finishes with Chapter 8 that
gives the main conclusions and recommendations of this thesis.
An overview of the main contributions per chapter is given.

Chapter 2:
This chapter studies the relation between stability and frequency response behavior. Two main contributions with respect to existing results in analytical function
theory are given.
• Whereas analytical relations found in the literature most often rely on the a
priori knowledge that the system is known to be stable, this chapter shows
that this relations can be reversed as well. By extension of existing results,
a necessary and sufficient condition for stability can be derived that is formulated in terms of the frequency response behavior only.
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• Insight in the underlying phenomena that constitute to the analytical properties of transfer functions is given. This insight can be used to generalize
performance limitations, such as Bode’s sensitivity integral, towards arbitrary transfer paths, or reconstruct frequency responses that are only partially known.

Chapter 3:
A general framework for sampling of signals and functions is described. It is
shown that sampling phenomena that are well known from signal theory can be
generalized toward the sampling of frequency response functions. By considering
the system behavior as an expansion along a set of real rational basis functions,
the uncertainty induced by sampling can be characterized via aliasing effects and
projection errors. The proposed approach is generic and can be used to deal with
non-equidistant sampling grids and arbitrary chosen basis functions.

Chapter 4:
The analytical properties described in Chapter 2 and the sampling framework
described in Chapter 3 are combined in this chapter. The resulting contribution
is twofold:
• a frequency dependent description of the set of all frequency responses that
corresponds to the data is obtained. Since the approach is based on the
generalized framework described in Chapter 3, any prior knowledge about
the poles can be taken into account to reduce the size of the set of frequency
response. This generalization is an advantage over approaches that rely on a
bound on the derivative of the underlying function (see Section 1.5.1), which
can only take into account prior information about the damping.
• if noise is present on the frequency response samples, the best approximation of the frequency response of the underlying system behavior does not
necessary interpolate the given data samples. The second part of Chapter 4
proposes a method to reduce the influence of measurement noise by means
of a filtering operation performed on the frequency response data.

Chapter 5:
This chapter proposes a data-driven synthesis methodology for controller design
problems posed in terms of the H2 norm of the closed-loop system. It is shown that

1.6 / O UTLINE AND CONTRIBUTIONS

21

via the Youla parameter, the H2 controller design problem can be rendered into
a least squares optimization problem. This approach can be seen as a frequency
domain analogue of the impulse response based methods described in Section 1.2.1.
However, whereas most impulse response based approaches found in the literature
assume that an infinite amount of data samples is available, this chapter explicitly
deals with the limited availability of data. One contribution to achieve this, is the
derivation of a robust stability condition that assures closed-loop stability even if
uncertainty is present in the description of the plant, e.g. due to sampling. The
other contribution is the insight that is gained with respect to inter-frequency
grid performance degradation phenomena that occur if a frequency sampled cost
criterion is applied for controller synthesis. Some guide-lines are given to reduce
these performance degradation phenomena.

Chapter 6:

A method is proposed to optimize the coefficients of a fixed-structure controller
with respect to the H∞ norm of the closed-loop system based on frequency response samples. A two step procedure is described that subsequently focusses on
stability and performance optimization by using a steepest descent approach. As
a novel contribution, a cost function is proposed that enables convergence from
a destabilizing controller parameter set to a stabilizing parameter set. Via linearization, the non-convex performance optimization problem is approximated by
a matrix inequality. Based on this matrix inequality, methods from interior point
algorithms for LMI problems can be used to compute a gradient in the controller
parameter space that reduces the H∞ norm of the closed-loop system. It is shown
that the optimization approach remains computationally feasible even if the number of frequency response samples is large.

Chapter 7:

This chapters validates many of the concepts described in the preceding chapters using experimental data from a practical setup. This chapter illustrates the
sequential steps to preprocess the data and perform an optimization of the coefficients of a diagonal PID controller while taking into account the multivariable
aspects of the plant. It is shown that the proposed data-based controller synthesis
approach is capable to effectively reduce the H∞ norm of the closed-loop system.
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Chapter 8
The main results of the thesis are summarized in the conclusions given in this
chapter.

2
A NALYTICAL PROPERTIES OF
TRANSFER FUNCTIONS

Abstract /
The introduction given in the previous chapter, motivated a controller synthesis approach based on frequency response data of the plant directly. The
lack of a parametric description of the plant, however, makes that elementary
system properties such as stability and performance of the feedback control
system to be designed, can not be deduced via parametric measures. This
chapter describes how these elementary system properties can be computed
from frequency response information.
The analysis performed, shows that there is a directly link between stability
and the frequency response behavior of a system. This link can be exploited
to obtain a criterion to test stability of a system in terms of its frequency
response behavior. Conversely, it is derived that stability imposes constraints
on the frequency response behavior of a system. This on the one hand results
in performance limitations but on the other hand enables the reconstruction of
unknown function values, or parts of the function based on partial information
such as the phase or imaginary part. These elementary relations will be applied
in sequel chapters to reconstruct inter-frequency grid behavior and perform
controller synthesis.

2.1

Introduction

The data-based controller synthesis approach proposed in Chapter 1 motivates the
synthesis of norm-optimal controllers while omitting plant parametrization. As a
result, fundamental properties of the closed-loop system, such as stability and performance, can not be deduced via parametric measures but have to be determined
23
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via the frequency response samples of the plant. This chapter proposes a method
to verify stability of a real rational transfer function based on its frequency response only, without the need for parametric knowledge about the poles of the
system. This is achieved by exploiting the mathematical properties of transfer
functions.
From a mathematical perspective, real rational transfer functions belong to the
class of meromorphic complex functions. This class of functions satisfies particular
properties that were already described by the seminal work of Cauchy [53]. It was
via the application of these mathematical properties that the Hilbert transform
was derived, thereby actually bridging the gap between system theory and the
fundamental results in complex function theory. This Hilbert transform relates
the real and imaginary part of a causal frequency response function [93, 118].
Application of this transform can by found in many practical applications where:
stability, causality and frequency response behavior are related. Some examples are
given. Within the area of numerical simulation, the Hilbert transform is applied
to check if the system responses are consist with the physical constraints (such
as causality) [120, 121]. For signal processing of high frequent microwave signals,
complex function theory is applied to obtain information about the time domain
responses based on the magnitude of the frequency response only [117]. Via the
use of complex function theory, important results in control theory, such as Bode’s
sensitivity integral and Bode’s gain-phase relation [29], could be derived.
It is, however, important to observe that application of these results appears to
be limited to the situation where the system is known to be stable. As a result,
these relations are of limited value for controller synthesis where stability is the
property to be verified. Although results can be found that focus on stability, these
approaches are based on gain-phase relations and therefore require assumptions
regrading the number of non-minimum phase zeros [10, 80], or require knowledge
about the number of unstable open-loop poles [94]. The objective of this chapter
is to extend existing results such that a condition for stability is obtained that is
based on frequency response data only and does not rely on any prior knowledge
about the poles or zeros of the system.
Aside from this stability contribution, the analysis performed in this chapter gains
insight in the relation between stability and frequency response behavior. This
insight shows that Bode’s sensitivity integral can be considered as specific cases of
a generic expression. This insight makes that the analysis of performance limitations can be generalized towards arbitrary transfer paths, including feed-forward
controllers. Furthermore, it can be used to reconstruct functions that are only
partially known. This result is applied in Chapter 4 to reconstruct unmeasured
frequency response behavior between the given frequency grid points.
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The outline of this chapter is as follows. Section 2.2 introduces the basis notions
of stability and performance. Section 2.3 introduces the analytical properties of
transfer functions that are used to bridge the gap between frequency response
behavior and the stability of a system. In the subsequent sections, these relations
are made more specific resulting in criteria to prove stability of both continuous
and discrete time systems based on frequency response only. The implications
of this stability test are given in Section 2.7.1-2.7.3. The relation between our
stability test and alternative tests found in the literature is shortly described. In
Section 2.7.3, the underlying analytical properties are used to construct transfer
function data at arbitrary points outside unit disk/inside the right-half plane for
discrete and continuous time systems respectively.
In this chapter, it is assumed that infinitely many frequency response samples
are available. Discretization aspects, unavoidably required to evaluate the derived
integral relations on a finite number of experimental data samples, are discussed
in Chapter 3.

2.2

Stability and performance of LTI systems

This section introduces the terminology and necessary assumptions required to
relate stability of a system to the poles of a transfer function. Subsequent sections exploit these properties to formulate a non-parametric stability test that
can be evaluated based on knowledge about the frequency response of the system
only. This section starts by introducing the basic notions of qualitative system
properties: stability, causality, linearity and time-invariance.
Consider a system M with an input u(t) ∈ U and an output y(t) ∈ Y, where
t ∈ R is the time variable. We assume that the output y(t) is a cause of the input
u(t) only, thereby neglecting the influence of initial conditions. As a result, the
system M can be considered as a mapping M : U 7→ Y. As a result, we use the
terminology system, mapping and operator as synonyms, unless stated otherwise.
Assume that both the input and the output space U and Y are normed vector
spaces, then M is defined to be stable if the following definition holds.
Definition 2.1 (Stability). A system M : U 7→ Y is defined to be (BIBO) stable
if a bounded u(t) results in a bounded y(t), i.e. [77]:
kuk < ∞ ⇒ kyk < ∞

(2.1)

for every u ∈ U. Here y = M(u) and k.k represents an arbitrarily chosen norm.
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Obviously, our definition of stability depends on the choice of the norms. Most
interesting norms are defined in Lp which represent a norm of a signal, i.e. kx(t)kp :
Rn 7→ R, which is defined by:
 Z ∞
1/p

p

|x(t)|
dt
, p<∞


kxkp :=

−∞

(2.2)




 sup |x(t)|,

p=∞

t>0

Besides stability, the notion of causality is introduced. A system is called causal
if it does not react on a change in the input signal that occurs in the future. This
can be written in a formal manner [77]:
Definition 2.2 (Causality). A system M : U 7→ Y is defined to be causal if for
all t ∈ R:
u1 (τ ) = u2 (τ )

for all

τ ≤t

y1 (τ ) = y2 (τ )

for all

τ ≤t

implies that:

Here, y1 = M(u1 ) and y2 = M(u2 ).
Within this research, the focus is restricted to the class of linear time invariant
systems. To define these systems, the notion of linearity and time invariance are
given:
Definition 2.3 (Linearity). The operator M : U 7→ Y is linear if M as an
operator satisfies:
M(α u1 + β u2 ) = αM(u1 ) + βM(u2 )

for all

α, β ∈ R

(2.3)

A system is denoted to be time invariant if the following definition applies:
Definition 2.4 (Time invariance). A system if defined to be time invariant if:


y(t) = M u (t) ⇒ y(t + T ) = Mu (t + T )

(2.4)

The combination of Definition 2.3 and 2.4, defines the class of linear time invariant
systems. Within this research, it is assumed that the following assumption applies
to all systems under consideration.
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Assumption 2.5 (Linear Time Invariance). The system M under consideration is assumed to be both linear and time-invariant and is therefore denoted by
a Linear Time Invariant (LTI) system.
To describe the behavior of a given LTI operator M : U 7→ Y, both a time and
a frequency domain representation can be used. The mapping of the operator
M : U 7→ Y can be described in the time-domain using the impulse response
function m(t):
y(t) = (m ∗ u)(t)
Z ∞
:=
m(t − τ )u(τ ) dτ

(2.5)

−∞

where ∗ represents the convolution operator. The frequency domain description
of the mapping performed by M is described by:
Y (s)

= M (s)U (s)

(2.6)

where M (s) is the transfer function of M and the symbols Y (s), M (s) and U (s)
are defined as: Y (s) := L (y(t)), M (s) := L (m(t)) and U (s) := L (u(t)) where
L (.) represents the bilateral Laplace transformation described by [20, 118]:
Z ∞
X(s) := L (x) =
x(t) e−st dt
(2.7)
−∞

Remark that depending on the behavior of y(t), u(t) and m(t), the region of
convergence (ROC) of the integral given in (2.7) varies. As a result, the inverse
Laplace transform is only defined in a unique manner if the region of the ROC is
known. This will be illustrated in Example 1.
Given Assumption 2.5, the notions of stability and causality in the sense of Definition 2.1 and 2.2 can be formulated in terms of the impulse response m(t) and the
transfer function M (s). The analysis is started with the time-domain description
of m(t). It directly follows from the convolution operator that a necessary and
sufficient condition for stability of the system M is given by [77, 106]:
Z ∞
|m(t)| dt < ∞
(2.8)
−∞

A condition for causality in terms of m(t) can be obtained via substitution of
y(t) = m(t) ∗ u(t) into Definition 2.2. Via linearity and shift-invariance, it can be
derived that causality is implied by:
m(t) = 0 for t < 0

(2.9)
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Eq. (2.8) and (2.9) show that stability and causality can be specified in terms of
the impulse response in a relative straightforward manner. An important question
for frequency domain controller synthesis is how these notions of stability and
causality of M relate to the frequency domain description M (s).
It has to be emphasized that the inverse Laplace transform is only uniquely defined
if the ROC is known. The ambiguity induced by the ROC makes that several
impulse responses m(t) may corresponds to the same transfer function M (s). It
will appear that causality of M is directly coupled to the ROC of M and therefore
plays a prominent role in the derivation of a frequency domain measure for stability.
This is illustrated by the following example.
Example. Given two systems that are described by the same transfer function but
have different ROC regions:
1
,
s−a
1
M2 (s) :=
,
s−a
M1 (s) :=

with ROC

Re(s) > a

(2.10)

with ROC

Re(s) < a

(2.11)

with a > 0. Via the inverse Laplace transform,
Z ∞
x(t) =
X(s)e−st ds

(2.12)

−∞

it can be verified that the corresponding impulse responses m1 (t) and m2 (t) equal:

−eat t ≥ 0
(2.13)
m1 (t) =
0
t<0

0
t≥0
m2 (t) =
(2.14)
−eat t < 0
This example shows that, depending on the choice of the ROC, a given transfer
function can equally well describe a causal unstable system as well as non-causal
stable system.
As a result, it can be concluded from Example 1 that the pole locations of M (s)
are not sufficient to guarantee stability in the sense of (2.8) but also knowledge
about the ROC is required.
If causality is assumed, i.e. m(t) equals zero for t < 0, there always exists a right
half-plane where L (m(t)) converges [20]. Vise versa, every anti-causal impulse
response has a ROC that is a left half-plane. From this perspective, causality is
directly related to the ROC of the Laplace transformation.
The following statements about the ROC can be made in this context:
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• every causal system has a transfer function whose ROC is a right half-plane,
i.e. ROC = {s ∈ C | Re(s) > σ} for some σ ∈ R,
• the ROC is always a strip in the complex plane that is parallel to the imaginary axis, i.e. s ∈ ROC, s + jβ ∈ ROC with β ∈ R,
• the ROC of the transfer function of a causal system is bounded from the left
by the singularities of M (s).
If a point s ∈ C+ exists for which L (m(t)) does not converge, i.e. a singularity,
m(t) contains exponentially increasing components. As a result, the following
statements can be made:
Proposition 2.6. Given a causal operator M, then the following statement are
equivalent:
• the system M is stable,
• the ROC of M (s) includes C+ ,
• M (s) has no singularities in C+ .
In conclusion, it can be stated that stability of a system M can only be determined
from the poles of M (s) if causality is assumed. Although this condition is omitted
in many cases, it is often naturally satisfied for the type of systems that are
considered in a practical environment. The objective of the next section is to
related the presence of poles in C+ to the frequency response behavior of the
system M, i.e. evaluations of M (s) on the imaginary axis.
Once stability is guaranteed, performance in terms of the H∞ and the H2 norm
of M can be formulated in terms of the frequency response of the system. The
set of all systems in RH∞ and RH2 are introduced that contain all systems for
which the following norms are defined (i.e. are finite) respectively [17, 22]:
Continuous time:
kMkH∞ :=

sup



σ̄ M (σ + jω)

(2.15)



σ̄ M (rejθ )

(2.16)

σ>0, ω∈R

Discrete time:
kMkH∞ :=

sup
r>1, θ∈[0,2π]

with σ̄ represents the maximum singular value. The H2 norm is defined as:
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Continuous time:
kMkH2 :=

sup

Z

σ>0,ω∈R

∞



trace M (σ + jω)H M (σ + jω) dω

(2.17)

−∞

Discrete time:
kMkH2 :=

Z

sup
r>0,θ∈[0,2π]

2π



trace M (rejθ )H M (rejθ ) dθ

(2.18)

0

Note that H∞ and H2 norm are only defined if stability of the system is guaranteed. Consequently, the maximum values for kM kH2 and kM kH∞ occur on
the imaginary axis and unit circle respectively (see Maximum Modulus Principle
[135]). As a result, the H∞ norm for continuous time and discrete time systems,
can be computed from evaluations of M (s) on the imaginary axis and unit circle
respectively:



kMkH∞ := sup σ̄ M (jω)
ω∈R


kMkH∞ := sup σ̄ M (ejθ )

(2.19)
(2.20)

θ∈[0,2π]

and the H2 norm by:
kMkH2 :=
kMkH2 :=

Z

∞

−∞
Z 2π



trace M (jω)H M (jω) dω

(2.21)



trace M (ejθ )H M (ejθ ) dθ

(2.22)

0

So if stability is a guaranteed property, performance can simply be specified in
terms of a convex expression in terms of the closed-loop via (2.19) and (2.21). The
sequel of this chapter will focus on the derivation of a stability criterion that can
be evaluated based on frequency response data of a system.

2.3

Transfer functions as complex functions

Specification of performance in terms of (2.19), (2.20), (2.21) and (2.22), only
make sense if stability of the closed-loop system is guaranteed. The objective of
this section is to introduce the fundamental properties to reveal a relation between
stability and frequency response behavior.
The frequency response of a system that can be described by a real rational transfer function, is a direct consequence of the location of poles and zeros of the
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underlying transfer function. As a result, information about the pole locations is
intrinsically embedded in the frequency response data itself. To obtain a formal relation between the frequency response behavior and the stability of a (closed-loop)
system, a short description of the mathematical properties of transfer functions
that constitute to such a relation will be given.
In order to maintain generality of the discussion, we start by considering the
relation between function values on an arbitrarily chosen contour in the complex
plane and the presence of poles in the region enclosed by contour. The choice for
this contour will be made more specific later to prove stability of both discrete
time and continuous time systems in Section 2.5.1 and Section 2.5.2 respectively.
Due to Assumption 2.5, the dynamic system behavior of an LTI system can be
described by a set of linear differential equations. Mapping of these differential
equations into the frequency domain via the Laplace transform results in a real
rational function, i.e. a function that can be written as a fraction of two polynomials in z. It will be derived that these transfer functions are contained in a
mathematical class of functions that exhibit the remarkable property that the real
and the imaginary part of the function do not behave as independent variables.
This class is defined as follows [75, 88]:
Definition 2.7 (Holomorphic functions). A function F : C 7→ C is said to be
holomorphic on U ⊂ C if F is continuously differentiable on U.
The notion of differentiability in the context of complex functions needs some special attention. A complex function F : C 7→ C is said to be complex differentiable
[75] if:
F (z0 + ) − F (z0 )
dF
(z0 ) := lim
(2.23)
dz

||→0
exists and is independent from the direction at which z0 is approached, i.e. is
independent from the argument of  ∈ C. As a consequence, the derivative taken
along  ∈ R and  ∈ jR has to be equal. Due to independence between the real
and imaginary part, differentiability of the function F is implied by the so called
Cauchy Riemann equations:
∂u
∂v
=
∂σ
∂ω
∂u
∂v
=−
∂ω
∂σ

(2.24)

with u(σ, ω) := Re(F (σ + jω)) and v(σ, ω) = Im(F (σ + jω)). These equations
describe a necessary and sufficient condition for a complex function F (z) to be
holomorphic [75].
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Stated alternatively, a real rational function is said to be holomorphic in U ⊆ C if
no poles are present in U. Examples of functions that are holomorphic on a some
subset of the complex plane are: polynomials, fractions of polynomials, inverses,
exponentials, logarithms and square roots.
Remark 2.8. The terminology "holomorphic" is sometimes referred to as "analytic" or "complex differentiable" functions on U. The terminology holomorphic
function is introduced to be consistent with the literature on complex analysis. The
term analytic is often used in systems and control literature and strictly refers to
the class of functions that can be locally approximated by power series. To be consistent with systems and control literature, the terminology "analytic" is applied
in the rest of this chapter.
Given the definition of analytic functions (see remark 2.8), one of the most constitutional theorems from complex function analysis can be posed.
Theorem 2.9 (Cauchy Integral Theorem). Suppose that F : C 7→ C is a
complex function that is analytic on a subset U ⊂ C. Let γ be a Jordan curve1
defined by γ : [a, b] → C that represents the boundary of U, then
I
F (z) dz = 0
(2.25)
γ

For a detailed description of integration in the complex domain, we refer to Appendix A. A more elaborated description of Theorem 2.9 can be found in [53, 75].
The main idea of the proof originates from the idea that evaluation of an integral
of a holomorphic function is independent from the path as long as no singularities
are present in the area enclosed by the paths.
Although Theorem 2.9 assumes that no singularities are present in U, (2.25) can
be easily generalized towards the case that singularities are present in U. The class
of meromorphic functions is introduced to describe this case [32, 75]:
Definition 2.10 (Meromorphic functions). F is said to be meromorphic on
the domain U if F is analytic on U except for a finite number of isolated singularities S = {p1 , . . . , pn }. These singularities are referred to as the poles of F . Let S
denote the set of poles of F , then F is meromorphic if:
• the set S contains a finite number of poles only,
1 A Jordan curve is a closed non-intersecting curve, i.e. γ(a) = γ(b) and γ(c ) 6= γ(c ) ∀ a ≤
1
2
c1 < c 2 ≤ b
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• F is analytic on U \ S,
• the poles corresponding to the singularities are of finite multiplicity.
By isolation of the singularities of a meromorphic function, e.g. via a contour as
depicted in Figure 2.1, it can be understood that the following theorem is a direct
consequence of Cauchy Integral Theorem:
Theorem 2.11 (Cauchy Residue Theorem). Given a function F (z) : C 7→ C
that is meromorphic on U ⊂ C with a finite number of singularities denoted by
S = {p1 , . . . pn }. Let γ be a Jordan curve defined by γ : [a, b] → C that describes
the boundary of U, then:
I
X
F (z) dz = 2πj
Res(F, pi )
(2.26)
γ

pi ∈S∩U

with:
Res(F, pi ) := lim

r→0

Z

2π

F (pi + rejφ ) dφ

(2.27)

0

The proof of Theorem 2.11 can be found in [53, 75]. The important observation
to be made from Theorem 2.11 is that the presence of poles in U is related to the
function values at the boundary described by γ. This property will be exploited
in Section 2.4 to link function values at the boundary of U to the presence of poles
in U.
Remark 2.12. Instead of computing the residues of the poles via (2.27), the
residues can be obtained directly from F (s). If a pole pi ∈ S has a multiplicity
of one, this residue can be computed via:
Res(F, pi ) = lim (z − pi )F (z)
z→pi

(2.28)

:= αi
and in fact:
F (z) =

X
pi ∈S

αi
z − pi

(2.29)

Computing the residues of poles with multiplicity larger than one results in a more
elaborate expression based on the Laurent series. For a detailed derivation is referred to [75, 88].
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Figure 2.1 / Redefinition of γ to exclude poles.

2.4

Stability of transfer functions

The objective of this section is to formulate a criterion to test stability based
on frequency response data. The starting point of the analysis is Theorem 2.11
which relates the presence of poles inside a contour to the behavior of frequency
response function at the boundary. It has to be emphasized that we do not pursuit
to exactly locate the positions of these poles but only check the presence of poles
in a given subdomain based on transfer functions values at the boundary. The
analysis, results in an integral expression that can be exploited to link stability
to frequency response behavior. Again the analysis is presented from a general
perspective such that no particular choices are made regarding the domain U.
Theorem 2.11 is applied to test the absence of poles in U. The difficulty however
is that if the following condition is satisfied:
X

Res F (z), pi = 0
(2.30)
pi ∈S∩U

this not necessarily implies absence of poles in U. Two things can happen if (2.30)
is satisfied, i) no poles are present in U, ii) the poles that are present in U have
residues that sum up to zero, i.e. poles are present in U.
The new idea here to reveal the latter case, is to introduce the following function:
F ∗ (z) =

F (z)
z − p∗

(2.31)

where p∗ ∈
/ U. Now, the poles of F ∗ are given by S ∗ = {S, p∗ }. The important
observation to be made is that the residues of F ∗ are now a function of p∗ . Due
to the dependence on p∗ , the residues of F ∗ can only sum up to zero for distinct
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values of p∗ . This is formalized in the following lemma that constitute the new
result given in Theorem 2.14:
Lemma 2.13. Given a function F (z) =
F (z)
z−p∗

αi
i z−pi ,

P

then the residues of F ∗ (z) =

are given by:
αi
− pi
X αi
∗ ∗
Res(F , p ) = −
p∗ − pi
i
Res(F ∗ , pi ) =

p∗

(2.32)
(2.33)

Proof. The partial fractions of F ∗ can be
 obtained by rewriting the multiplicative
P
αi
1
1
relation F (z) z−p
=
∗
pi ∈S z−pi z−p∗ in terms of a partial fraction expansion.
The approach is to perform this operation for one partial fraction of F separately.
It can be derived that:
αi
1
ai
bi
=
+
z − p∗ z − pi
z − pi
z − p∗
with
ai =

αi
,
p∗ − pi

bi =

αi
pi − p∗

Applying this expansion to all partial fractions of F ∗ , then applying (2.28) and
summing over all fractions gives (2.32) and (2.33).
Several observations can be made from Lemma 2.13.
• The magnitude of the residues is inverse proportional to the distance between
pi and p∗ .
• The total sum of the residues equals zero, independent from p∗ , i.e.
X
X
Res(F ∗ , p) = Res(F ∗ , p∗ ) +
Res(F ∗ , pi )
(2.34)
p∈S ∗

pi ∈S

=0

(2.35)

The first observation may result in practical problems if unstable poles with a
small residue are located far away from γ. This results in a small contribution in
the local function value at γ that can not be separated from the contribution of
noise.
Based upon Lemma 2.13, the main new result of this section is given by the
following theorem.
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Theorem 2.14. Let F be a meromorphic function F (z) : C 7→ C, then F (z) is
analytic in U ⊂ C with a boundary γ, if and only if:
I
F (z)
dz = 0
(2.36)
z
− p∗
γ
for all p∗ ∈
/ U.
Proof. The proof is started with the ’only if’ part. Via Theorem 2.11, an analytical
expression for (2.36) can be obtained, i.e.:
I
I
F (z)
dz
=
F ∗ dz
∗
γ
γ z−p
(2.37)
X
=
Res(F ∗ , pi )
pi ∈S ∗ ∩U

where the set of poles S ∗ is given by: S ∗ = {S, p∗ }. If F (z) is analytic in U, it is
known that S ∪ U = ∅. Since p∗ ∈
/ U, and F has no poles in U, it directly follows
that U ∪ S∗ = ∅ such that:
X
Res(F ∗ , pi ) = 0
(2.38)
pi ∈S ∗ ∩U

Substitution of (2.38) into (2.37) finishes the proof of the only if part.
To proof the ’if’ part, we need to show that (2.36) implies S ∪ U = ∅. Suppose the
contrary. Thus there exist multiple poles pi ∈ S ∪ U with corresponding residues
αi such that:
I
F ∗ (z) dz = 0

(2.39)

γ

By Theorem 2.11:
I

F ∗ (z) dz = 0

γ

X
pi

X
pi ∈S∩U

Res(F ∗ , pi ) = 0

∈S ∗ ∩U

Res(F ∗ , pi ) +

X

(2.40)

Res(F ∗ , p∗ ) = 0

p∗ ∩U

P
since p ∈
/ U, it holds that p∗ ∩U Res(F ∗ , p∗ ) = 0. Consequently:
I
X
αi
F ∗ (z) dz = 0 ⇔
=0
p∗ − pi
∗

(2.41)

pi ∈S∩U

Due to the presence of p∗ in the denominator, the right hand side condition can
only be satisfied for an finite number of poles p∗ or if the residues corresponding
to the poles in U equal zero. This finishes the proof of Theorem 2.14.
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As a practical rule of thumb, it is sufficient to choose the number of test points p∗
much larger than the expected number of poles of F (z).
The proof of Theorem 2.14 is directly based on the Cauchy Residue Theorem.
This latter theorem has been exploited extensively in literature and has been the
basis for the derivation of many properties of analytical functions [29, 93, 117,
120, 121]. It is however important to remark that in these derivations, stability
is often a pre-assumed property rather than the property to be verified. The
novelty of Theorem 2.14 consists of the fact that stability is guaranteed rather
than assumed. The resulting condition, described in (2.36), is very interesting
from a data-based control synthesis perspective since it enables verification of
stability of an arbitrary transfer function, e.g. the closed-loop transfer function
based on frequency response information.

2.5

Stability of strictly proper transfer functions

Theorem 2.14 can be used to prove analyticity of a transfer function in a domain U.
This relation can be applied to test stability of both discrete time and continuous
time systems based on their frequency response behavior. The result of Theorem
2.14 can be used for this purpose by choosing the contour U equal to the exterior
of the unit disk, denoted by E, or the right half-plane, denoted by C+ respectively.
Both contours are depicted in Figure 2.2(a) and Figure 2.2(b).

(a) Contour U for continuous time systems

(b) Contour U for discrete time systems

Figure 2.2 / Stability regions for continuous- and discrete time systems.

To test if the system under consideration is analytic in E or C+ , transfer func-
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tion evaluations on the boundary of U are required. Although function values on
the unit disk, and the imaginary axis, respectively, can be obtained from measurements, both contours also contain values at |z| → ∞. The corresponding
function values can not be obtained from frequency response measurements. However, under the assumption that F (s) is strictly proper, it can be proven that the
evaluation of the contour integral for |z| → ∞ does not constitute to the integral
described in (2.36) and therefore can be omitted.
Remark that this property does not follow immediately since convergence of the
function to zero is not sufficient if the length of the integration domain converges
to infinity. The following lemma shows that the contribution of the function values
at |z| → ∞ in the integral converges to zero.
Lemma 2.15. Let F ∗ (z) represent a real rational transfer function with relative
degree of at least 2. Then,
I
F ∗ (z) dz = 0
(2.42)
lim
r→∞

γr

for γr : [a, b] 7→ C defined as γr (φ) := rejφ .
Proof. The following change of integration variables is introduced 2 :
I

F ∗ (z) dz =

b

Z

γr

dγr
dφ
dφ

(2.43)

F ∗ (rejφ ) rejφ dφ

(2.44)

F ∗ (γr (φ))

a

=j

Z

b

a

Observe that if the relative degree of F ∗ is at least 2, then:
lim F ∗ (z) z = 0

|s|→∞

(2.45)

Hence, with z = rejφ it is inferred from (2.44) that:
lim

r→∞

I

F ∗ (z) dz = j

γr

=j

Z

b

lim F ∗ (rejφ ) rejφ dφ

a r→∞
Z b

0 dφ

a

=0
which proves Lemma 2.15.
2 See

Appendix A for more information regarding integration in the complex domain.

(2.46)
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Lemma 2.15 shows that the function values at |z| → ∞ can be omitted in (2.36).
As a result, stability of a strictly proper system can be tested based on frequency
response data only. Since the stability test described in Theorem 2.14 performs a
contour integral over F ∗ (z), the condition that F ∗ has a relative degree of at least
1
2 is implied by strictly properness of F (due to the extra term z−p
∗ ).
Remark 2.16. An important observation to be made is the following. It appears
from Lemma 2.15 that if a contour is chosen with a radius that tends to infinity,
(2.36) holds while all poles are enclosed in U. This shows that one can not distinguish the case that all poles are located outside U and the case that all poles are
inside U. However, since the manually added poles p∗ is known to be outside U,
(2.36) can only be satisfied if all poles of F ∗ (z) are located outside U.

2.5.1

Continuous time case

A continuous time system is stable if it does not contain any pole in the right
half-plane. By making U equal to U = C+ \ ∞, Theorem 2.14 can be exploited to
verify stability of continuous time systems. This results in the following theorem.
Theorem 2.17. Suppose that F (s) is a strictly proper real rational transfer function corresponding to a continuous time system, then F (s) is stable if and only if:
Z ∞
F (jω)
dω = 0
(2.47)
jω
− p∗
−∞
for all p∗ ∈ C− .
Proof. Stability of F (s) is implied by the absence of poles in C+ . The proof can
be obtained by application of Theorem 2.14 and Lemma 2.15. Application of
Theorem 2.14 and choosing U = C+ \ ∞ shows that stability is implied via:
I
F
ds = 0
(2.48)
∗
γ s−p
for all p∗ ∈ C− and with γ the boundary of U. The contour γ can be splitten:
I
γ

F (s)
ds =
s − p∗

Z

∞

−∞

F (jω)
jdω + lim
r→∞
jω − p∗

Z

1
2π

− 12 π

F (rejφ )
rejφ dφ
rejφ − p∗

(2.49)

According to Lemma 2.15, the latter term converges to zero. As a direct result,
(2.47) guarantees stability of strictly proper system F (s).
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Remark 2.18. The frequency range where frequency response data can be measured is limited by practical constraints. This makes that the integral expression
described in (2.47) can only be evaluated if the domain of integration is truncated.
In some cases, this truncation does not significantly change the result. Strictly
properness of F (s), for example, can be exploited. Frequency response data is
collected till the frequency region where significant roll-off is present in the system, the truncated part can be omitted in the evaluation of the integral expression
described in (2.47). Alternatively, if assumptions are made about the dynamic behavior in the unmeasured frequency region, e.g. a roll-off with certain degree, this
contribution of the truncated frequency region can be computed analytically.

2.5.2

Discrete time case

In analogy to Subsection 2.5.1, Theorem 2.14 can be used to verify stability of a
discrete time system. To prove stability of a discrete time system, a contour γ is
chosen that encloses the exterior of the unit disk, as depicted in Figure 2.2(b).
Theorem 2.19. Suppose that F (z) is a strictly proper real rational transfer function corresponding to a discrete time system, then F (z) is stable if and only if:

I
T

F (z)
dz = 0,
z − p∗

(2.50)

for all p∗ ∈ D. Here, T and D represent the unit circle and the unit disk respectively.
Proof. The main line of the proof is analogue to the proof of Theorem 2.17. To
perform the analysis, γ is split into four parts as depicted in Figure 2.2(b). From
Lemma 2.15, it is known that the contribution of Part I converges to zero if F
is strictly proper. Since Part II and Part III represent the same line which is
evaluated in opposite direction, their contribution cancels. As a result, stability
can be guaranteed by (2.50).
Eq. (2.50) shows that stability can be guaranteed by evaluating function values on
unit disk only.
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Relations with alternative non-parametric stability conditions

Previous sections focussed on the derivation of a stability test that can be evaluated based on the frequency response information of a (closed-loop) system. The
objective of this section is to put the analysis in a broader scope by linking the
results to alternative tests presented in literature. A comparison is made with the
Nyquist stability criterion
The Nyquist stability criterion is based on the property that the poles of the
closed-loop system appear as zeros of the function 1 + L(s) whereas the poles
of the open-loop appear as poles of the function 1 + L(s) [28]. Using this basic
principle, mathematical properties such as conformal mapping or the argument
principle can be exploited to link the number of encirclements of the origin, made
by the function 1 + L(s), to the number of closed-loop unstable poles and the
number of open-loop unstable poles.
The Nyquist stability criterion for the SISO case is formulated as [113]:
Theorem 2.20 (SISO Nyquist stability criterion). Let NL denote the number of open-loop unstable poles in L(s). The closed-loop system with loop transfer
function L(s) and negative feedback is stable if and only if L(s) makes NL anticlockwise encirclements of the critical point −1 in the Nyquist plot.
The fact that the Nyquist criterion can be evaluated based on the open-loop frequency response makes it very suited for manual design, which is commonly performed in terms of the open-loop. Although the number of encirclements of the
critical point −1 are easily verified by a human designer, this criterion is more
difficult to evaluate by an algorithm since several implicit assumptions are made.
Especially in the presence of pure integrators in the open-loop, assumptions are
needed with respect to the asymptotic behavior around frequency zero, i.e. clockwise or anti-clockwise closing of the contour. Where a human control designer
relies on prior experience based on the class of systems at hand, an algorithm is
designed to be generic and therefore does not have this prior knowledge to its
disposal.
In the next chapter it will be derived that stability of the closed-loop system can
alternatively be proved via the Youla parameter and the use of Theorem 2.17 or
Theorem 2.19. By exploiting knowledge about a stabilizing controller, stability of
this parameter implies stability of the closed-loop system. This approach omits
the requirement for information about the number of unstable open-loop poles,
which is generally not directly accessible in a non-parametric design approach
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(see Remark 2.21). Examples of existing automated controller design methods
that circumvent this problem are for example described in [76], where a reference
model for the open-loop is applied to obtain the correct number of encirclements.
Remark 2.21. The Nyquist criterion requires knowledge about the number of unstable open-loop poles to determine closed-loop stability based on the number of
encirclements of the point −1. This could be considered as a drawback in relation to Theorem 2.17 and Theorem 2.19. However, in the next Chapter it will be
revealed that a stabilizing controller is required in order to apply the Youla parameterizations to guarantee closed-loop stability. This condition is equally stringent as
the Nyquist stability condition which can be explained as follows. If a controller is
known to be stabilizing, then the Nyquist plot and the knowledge about the unstable poles of the given controller are sufficient to determine the number of unstable
poles of the plant.

2.7

Implication and relations with existing analytical results

Section 2.5 posed a stability test which is derived based upon complex function
theory. The resulting stability condition, however, has many relations with existing
results in systems and control theory. The objective of this section is to show these
relations.

2.7.1

Interpretation via orthogonality

The inner product in L2 (in the sense of L2 = H2 ⊕ H2⊥ ) is defined as:
Z ∞
hF, GiL2 :=
GH (jω)F (jω) dω

(2.51)

−∞

Via (2.51), it can be derived that (2.47) and (2.50) can be interpreted as an
1 H
orthogonality condition between the functions F (z) and G := z−p
.
∗
By definition:
hF, GiL2 = 0

(2.52)

if G ∈ H2⊥ and F ∈ H2 .
1
Since p∗ is contained in C− , this implies that z−p
∗ ∈ H2 . The hermitian operator,
1
however, maps the poles of z−pi from the stable to the unstable half-plane and
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H

1
vise versa (see Appendix B) such that G = z−p
∈ H2⊥ . This shows that (2.47)
∗
and (2.50) indeed describe an orthogonality condition between H2 and H2⊥ .

The derivations above reveal a direct relation between the posed stability test from
complex function theory and orthogonality between the class of stable and unstable
proper systems. The added value of the proposed result in Theorem 2.14 compared
to orthogonality between H2⊥ and H2 , is, however, twofold. As a first contribution,
the proof of Theorem 2.14 showed that only a limited number of poles p∗ , i.e. larger
that the number of poles of F , is sufficient to prove stability of F . Moreover, the
result described in (2.36) holds for general choices of the contour. This could be
exploited to prove analyticity with respect to alternative "stability" domains, e.g.
to prove a certain degree of relative stability. It has to be mentioned, however,
that this requires parametric knowledge of F since transfer function evaluations
are required at points z ∈ C that do not coincide with the imaginary axis, i.e.
data that can not be deduced from frequency response experiments directly.

2.7.2

Link with Hilbert and Kramer-Kronig relations

Via a specific choice of the point p∗ in (2.47), a relation can be made with existing
results in analytic function theory. The following choice is made for the point p∗ :
p∗ := lim a + jω
a↑0

(2.53)

where ω ∈ R. Remark that Re(p∗ ) < 0 such that the points p∗ are contained in
the stable half-plane. Based upon this choice for p∗ , the following proposition can
be posed.
Proposition 2.22. Given a strictly proper transfer function F (z), then F (z) is
analytic in C+ if and only if:
Z ∞
1
F (jω)
∗
F (jω ) =
P
dω
(2.54)
πj
ω
− ω∗
−∞
for all ω ∗ ∈ R. Here P represents the so-called Cauchy-principle value, i.e. the
evaluation of the integral while omitting the singularity at jω ∗ .
Proof. Theorem 2.17 is used as staring point for the proof. The integral described
in (2.47) is evaluated along the imaginary axis while indentions around p∗ are
made via the right half-plane, as depicted in Figure 2.3(a). The main observation
is that the contribution around the singularities can be computed analytically, i.e.:

 1 Z −π/2 F (jω ∗ + ejφ )
1
jφ
je
dφ
= − F (jω ∗ )
lim
↓0 2πj π/2
(ejφ )
2

(2.55)
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Isolating the contribution around the singularity
Z ∞
1
F (jω)
d jω −
P
2πj
jω
− jω ∗
−∞

ω ∗ in (2.47) shows that:
1
F (jω ∗ ) = 0
2

(2.56)

Via manipulation of (2.56), the proof of Proposition 2.22 is finished.

(a) Nyquist D-contour

(b) Nyquist D-contour zoomed in at the singularity at ω ∗

Figure 2.3 / Nyquist D-contour with indention around ω ∗

Eq.(2.54) is well known as the Hilbert transform [75, 118]. This equation shows
that a function value at one point on a contour, i.e. F (jω ∗ ), is uniquely determined
by the function values at all the other points on a contour γ \ jω ∗ . This property is
exploited in Chapter 4 for the characterization of the set of all frequency responses
that correspond to the given data samples.
Since the real and imaginary part of (2.54) are independent per frequency, it is
allowed to split (2.54) in both real and imaginary part. Due to the term j occurring
in the denominator of (2.54), this results in the remarkable property that stability
results in a unique relation between the real and imaginary part and vise versa:
Z
1 ∞ Re(F )
Im(F (jω)) =
dω
(2.57)
π −∞ ω − ω ∗
Z
1 ∞ Im(F )
Re(F (jω)) = −
dω
(2.58)
π −∞ ω − ω ∗
Eq.(2.57) and (2.58) are well known as Kramers-Kronig or dispersion relations.
These relations show that if a system is stable, the imaginary part can be uniquely
reconstructed from the real part and visa versa.
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Remark 2.23. The link between Kramers-Kronig/Hilbert transform and stability
and causality is known in literature [93]. Practical application of these relations
however has been mainly focussed on cases where stability is assumed. Examples
are the reconstructed amplitude-phase behavior in high frequency application [6,
117] and dispersion of passive media [120]. We believe that the use of (2.54) to
test stability within data-based controller synthesis, appears to be novel.

2.7.3

Reconstruction of the transfer function on a different
location in the complex plane

The Hilbert transform shows a direct relation between the frequency response values along the frequency axis and the function value at one location. This relation
shows that under the assumption of stability, partial information is sufficient to
reconstruct the behavior of the transfer function. E.g. the imaginary part can be
obtained from the real part (see (2.57) and (2.58)), or the phase can be obtained
from the magnitude behavior. Moreover, under the assumption of stability, the
transfer function evaluation at an arbitrary point z in the unstable half-plane can
be computed based upon frequency response behavior. This property is exploited
in Chapter 4 to compute a function value at inter-frequency grid points in the
presence of noise.
Proposition 2.24. Given a function F (z) that is analytical in a subset U ⊂ C
with a boundary γ, then the function value F (z ∗ ) of every point z ∗ ∈ U can be
computed from the function values at the boundary γ via:
I
1
F (z)
F (z ∗ ) =
dz
(2.59)
2πj γ z − z ∗
Proof. The proof is based on Theorem 2.11. If F is analytic in U, the sum of the
F
residues in U equals zero. If a new function F ∗ is defined as F ∗ = z−p
∗ , with
∗
p ∈ U, it can be derived via the analytical computation given in (2.28) that the
residue of F ∗ at p∗ is given by:
Res(

F (z) ∗
, p ) = F (p∗ )
z − p∗

(2.60)

By applying the following shift of variables: z ∗ := p∗ , it can be derived that:
I
F (z)
F (z) ∗
1
dz = Res(
,p )
2πj γ z − z ∗
z − z∗
(2.61)
= F (z ∗ )
which finishes the proof.
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Proposition 2.24 shows that the behavior of a function that is analytic on U is
completely defined by the function-values on the boundary of U. This shows that
for stable strictly proper systems, the function value can be computed from every
points in E or C+ respectively based on the frequency response only.

2.8

Stability versus performance constraints

It is well known that feedback control is subjected to fundamental performance
constraints such as Bode’s sensitivity integral [29]. These performance limitation
can be understood in the context of the previous sections.
According to Cauchy integral theorem, every system that is analytic in C+ satisfies:
I
F (z) dz = 0
(2.62)
γ
+

with γ the boundary of C \ ∞
If F has a relative degree of at least 2, it can be proved via Lemma 2.15, that (2.62)
can be formulated in terms of frequency response data only. In the continuous time
case, this results in:
Z
∞

F (z) dz = 0

(2.63)

−∞

Due to independence between real and imaginary axis, it holds that:
Z ∞
Re(F (z)) dz = 0
−∞
Z ∞
Im(F (z)) dz = 0

(2.64)
(2.65)

−∞

This relation is however not very informative with respect to restrictions in terms
of the magnitude of performance relevant transfer functions.
The link between (2.64) and (2.65) and constraints on the amplitude behavior of
F can be made by introducing a logarithmic mapping H : C 7→ C, i.e.
H(z) := ln(F (z))
= ln(|F |) + j arg(F )

(2.66)
(2.67)

This logarithmic mapping satisfies the Cauchy-Riemann equations (see (2.24)) and
therefore obeys Cauchy Residue Theorem. Application of Cauchy residue theorem
to this new function H(z) gives:
I
X
H(z) dz =
Res(H(z), si )
(2.68)
γ

si ∈S∩U
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where si represent the singularities of H(z). An important observation to make
however is that the singularities of H(z) are induced by both the poles and the
zeros of F (z). Hence, S = {ln(pi ), ln(zi )} with pi and zi the poles and zeros of
F (z).
Instead of strictly properness of F , strictly properness of H := ln(F (z)) is required.
As a result, (2.68) is particulary useful for the analysis of performance constraint
in systems whose transfer function converges to 1 for |z| → ∞ such that ln(F (z))
converges to zero. The sensitivity function in a feedback interconnection is an
example of such a function.
Applying Lemma 2.15 and (2.68) on the sensitivity function S shows that performance limitations are described by:
Z ∞
X

ln(|S(jω)|) djω = 2π Re j
Res(ln(S(z)), si )
(2.69)
−∞

si ∈S∩U

Since the closed-loop is assumed to be stable, there are no singularities of ln(S)
in the unstable halfplane that are caused by the poles of S. The righthand side
of (2.69) is therefore only a function of the singularities of ln(S) that are caused
by the zeros of S. Since these zeros are equal to the open-loop poles, it can be
derived that the righthand side of (2.69) is a function of the unstable open-loop
poles only. By positive frequencies are considered only, the factor 2 vanishes in the
right hand side of (2.69) such that (2.69) describes the Bode sensitivity integral
[29].
Remark 2.25. The combination of (2.67) and (2.58) reveals the Bode’s gainphase relationship. Based upon the analysis given in Section 2.7.2, it can be derived
that the Bode’s gain-phase relationship implies that all poles and zero’s are present
in the stable half-plane. This idea is exploited in [65, 66], to perform a data-based
spectral factorization step that is applied for controller synthesis.
The results described in this chapter show that stability and causality impose
restrictions on the frequency response behavior for systems with a relative degree
of at least two. It has to be emphasized that the performance limitations described
above holds for transfer functions in general and therefore do not assume any
specific structure, neither a feedback nor a feedforward control configuration. As
a result, even a control structure that contains feedforward elements may suffer
from performance limitations. From this perspective, the following observations
can be made:
Proposition 2.26. Fundamental performance constraints induced by analytical
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properties, such as Bode’s sensitivity integral, can be omitted by the use of noncausal feedforward controllers.
Proof. The preceding analysis shows that fundamental performance constraints
such as the Bode’s sensitivity integral, originates for the contour integral expression
given in Theorem 2.14. As a result, these fundamental performance constraints
only apply if all poles are contained in the stable half-plane and the relative degree
of the system is at least 2.
According to Section 2.2, right-half-plane poles do not necessary imply unstable
dynamics in the sense of Definition 2.1 if non-causal behavior is allowed. So via
the use of non-causal system response, poles are allowed in the unstable halfplane
without introducing unstable dynamics. So via this non-causal behavior, analytical
constraints and their related properties such as Bode’s sensitivity integral can be
tackled.

Although non-causal dynamics are not allowed in the feedback interconnection,
this non-causal behavior can be applied in the feed-forward path. In many cases,
the reference signal is known on beforehand such that this "non-causal" behavior
can be implemented in the feed-forward path via a time-shift of the reference
signal.
Remark 2.27. Most common feedforward structures are driven by derivatives of
the reference signal. However, to compute these derivatives at time t, future information of the signal is required such that these approaches can be classified as
non-causal.

The observation made above explains the performance improvement that can be
obtained via feedforward control methods such as Iterative Learning Control (ILC)
which explicitly allow for non-causal behavior.
Optimal control strategies that incorporate the possibility of a feedforward structure, such as 2 DOF control configuration, are restricted to causal behavior only.
As a result, they are not able to exploit the advantages of non-causal feedforward actions. It is expected that extension towards non-causal feedfoward control
structure increases performance achieved by these controllers.
In conclusion it can be stated that the interconnection between stability and the
frequency response behavior, as made explicitly in Theorem 2.14, can be well
exploited to understand fundamental performance limitations.
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Conclusions

Closed-loop stability and performance are of primary importance during the design
of feedback control systems. Due to the lack of a parametric model of the plant,
these qualitative and quantitative properties of the closed-loop system have to be
extracted from experimental data directly.
By exploiting fundamental relations from complex function theory, a novel stability
test is proposed that can be evaluated based on frequency response only. The novel
idea here is to extent the transfer function under consideration with an additional
pole such that a necessary and sufficient condition for stability is obtained. This
test is formulated in a generic manner and can be applied for arbitrary chosen
"stability" regions. As a result it is applicable to both continuous time and discrete
time systems.
The insight gained from the analysis reveals a direct relation between stability and
the frequency response behavior. This generic scope can be exploited to understand fundamental performance limitations of stable causal systems for arbitrary
transfer paths, including feedforward controllers. This agitates the use of noncausal feedforward controllers. Furthermore, the described analytical relations
can be used to reconstruct frequency response information that was only partially
given. This will be used in Chapter 4 to reconstruct the frequency response behavior between the given frequency grid points.
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3
S AMPLING OF FREQUENCY RESPONSE
FUNCTIONS

Abstract /
Practical constraints impose a limit on the number of input- output-data samples that can be obtained from a system during an experiment. Stability and
performance of a system on the other hand can only be determined based on
an infinite number of samples (see Chapter 2). This invariably requires an
extrapolation step to be performed on the measured time sequences, or an
interpolation step in the frequency domain. The result of such an interpolation step however is not unique and heavily depend on the prior assumptions
made. If the amount of prior knowledge about the system is limited, the
original function can only be approximated to a certain extent.
The objective of this chapter is to gain insight in the phenomena that appear
during interpolation of samples. The gap between the finite number of available samples and the underlying system behavior, is made via interpolation
with real rational basis functions. It is shown that exact reconstruction of
the frequency response behavior from samples can be performed if the plant is
contained in a known finite dimensional span of basis functions. In many practical cases, such information however is not present, resulting in uncertainty
at the inter-frequency grid intervals.
To characterize and quantify this uncertainty interval, the concept of aliasing
is generalized. It appears that the concept of aliasing, well known from harmonic analysis of time domain data samples, can be generalized to describe
reconstruction phenomena of real rational functions from frequency domain
data as well. This results in a method to describe the uncertainty in the interfrequency grid behavior as function of prior knowledge about the poles of the
system.
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Introduction

The number of data samples that can be obtained from a system is inherently limited by practical constraints. System properties such as stability and performance,
on the other hand, can only be deduced from an infinite number of frequency response samples of the system (see Chapter 2). So to judge these qualitative and
quantitative system properties from a finite number of frequency response samples, an interpolation step has to be performed. The result of this interpolation
step, however, heavily depends on the prior assumptions made. Interpolating the
data samples with a different set of interpolating functions results in a different
interpolant, which consequently might result in a different qualification of stability
and performance. In order to reduce the dependency on prior knowledge about
the system, this chapter focusses on the characterization of the set of all frequency
responses that possibly correspond to the given data samples.
The reconstruction of frequency responses from samples can be considered in the
context of sampling and interpolation theory. Classical results in this fields can
be found in [9, 58, 101], which describe both linear and non-linear interpolation
algorithms. To be able to merge interpolation results with the integral expression
given in the previous chapter, we will limit our scope to linear approaches. Classical
results in this field were initiated by the analysis of sampling and recovery of
harmonic components via the Fourier transform [111]. Later work showed that
the results described by Shannon can alternatively be interpreted as projections.
This insight enabled generalization of the classical sampling theory towards the
more generic setting of interpolation theory in the Hilbert space [58, 89, 123].
This work shows that sampling phenomena that are well known in the context of
Fourier transforms, such as aliasing, can be generalized towards the reconstruction
of signals and systems using a much broader class of basis expansions.
Interpolation of samples does not necessary results in the original function if this
function is incompatible with the prior assumptions made. In [58, 89, 101], it is
shown that the resulting error can be characterized in terms of several contributions such as aliasing and truncation errors.
This chapter puts the general mathematical concepts of interpolation theory in
the context of real rational basis functions. This class of basis functions is particulary suited for the approximation of real rational functions and enables to take
advantage of available prior knowledge about the set of possible locations of the
poles of the system at hand [55]. The objective of this chapter is characterize the
interpolation error and quantify an upper bound for this error in terms of available
prior knowledge about the underlying system.
The results obtained in this chapter will be applied in the subsequent chapters to
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translate the integral relations obtained in Chapter 2 into approximating Riemannsums and understand and quantify the intergrid performance degradation in Chapter 5.
The outline of this chapter is as follows. Section 3.3 introduces the concept of
expansion of a system along a set of basis functions. Section 3.4 shows that a
system can only be reconstructed exactly from frequency response samples if the
system is contained in a known finite dimensional basis of frequency responses.
The aliasing phenomenon, that occurs if the required number of basis functions
is larger than the number of samples, is described in Section 3.5. Section 3.5.2
shows that via prior assumptions on the decay of the basis expansion, an upper
bound on the inter-frequency grid uncertainty can be computed. The approach is
validated via a brief example given in Section 3.6.
Without loss of generality, the presented results are described for the class of
discrete time systems. It has to be emphasized however that the results can
directly be extended towards the class of continuous time systems.

3.2

Notation

Let R, C and j denote the space of all real-valued numbers, the space of all
complex-valued numbers and the imaginary unit, respectively. Define the following
subspaces in the complex plane: D represents the unit disk, T the unit circle and
E the exterior of the unit disk. For σ < 1, we define Dσ := {z ∈ C : |z| < σ, σ < 1}
and Eσ := {z ∈ C : |z| > σ, σ < 1}.

3.3

Describing systems by basis expansions

Interpolation involves the mapping from a discrete number of samples to continuous functions. This mapping, however, can only be performed if assumptions are
made regarding the class of interpolating functions. To limit prior knowledge, a
generic set of basis functions is used that can be applied to describe every type
of system in a class of systems under consideration without making assumptions
regarding the exact pole locations of the system at hand. These basis expansions
will be used in the next sections to perform an analysis of interpolation artifacts.
The analysis is started by the expansion of a system on a generic set of basis
functions. The following assumptions are made to enable such a basis expansion:
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Assumption 3.1. The transfer function P (z) and the set of interpolating basis
functions Φ = {φk (z)}∞
k=1 satisfy the following properties.
• The system P (z) is contained in H2 .
• The set of basis functions Φ = {φk }∞
k=1 generate a span that is complete in
H2 .
Under Assumption 3.1, there always exist a set of (scalar valued) basis coefficients
βk such that:
∞
X
P (z) =
βk φk (z)
(3.1)
k=1

with φk (z) representing the corresponding basis functions. If the set of basis
functions is orthonormal in H2 , the coefficients βk can be obtained via projection,
i.e.:
βk = hP (z), φk iH2
(3.2)
Here, < ., . > represents the inner product in H2 which is defined by [55]:
Z π
1
< X, Y > :=
X(ejω ) Y H (ejω ) dω
2π −π
I
1
1
:=
X(z) Y H (z) dz
2πj T
z

(3.3)
(3.4)

Remark 3.2. Even if the set of basis functions Φ is not orthonormal, a set of
orthogonal basis functions can always be obtained from the set Φ, e.g. via a GramSchmidt orthogonalization procedure [55].
The infinite expansion defined in (3.1), should be interpreted as1 :
lim kP (z) −

K→∞

K
X

βk φk (z)kH2 = 0

(3.5)

k=1

If the expansion in (3.1) is truncated to the first K terms, an approximation error
K may remain. This approximation error K is given by:
K = kP (z) −

K
X

βk φk (z)k2H2

(3.6)

k=1

=

∞
X

βk2

(3.7)

k=K+1
1 This is different from saying that for all z ∈ C, the left and the righthand side of (3.1) are
equal (the error could contain a finite number of points where the error signal is non-zero).
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Due to orthogonormality of the basis function contained in Φ, the approximation
error can alternatively be written in terms of the basis coefficients [55]:
K = kP (z)k2H2 −

K
X

βk2

(3.8)

k=1

The magnitude of K depends on βk and therefore is a function of the set of basis
functions Φ = {φk }K
k=1 . It will appear later that also the pole locations of function
P are an important parameter that determine the magnitude of K .
The convergence of a basis expansion is said to be large if the approximation error
decays rapidly, i.e.:
K  K+1
(3.9)
As a result, the approximation error in the sense of (3.8) will be small if the
convergence of the basis expansion is large. This convergence property will be
used later in this chapter.
The convergence of the basis expansion heavily depends on the pole locations of
the system and the chosen set of basis functions [55, 129]. One of the concepts
to quantify this approximation error in the presence of uncertain pole locations is
based on Kolmogorov n-width theory [95, 101]. This concept quantifies the worstcase approximation error given the knowledge that the poles are located in a known
region of the complex plane. If no prior knowledge is available about the system
except that all the poles are contained in Dσ , the work initiated by [103] shows
that a FIR basis is optimal in sense of the Kolmogorov n-width [55, 122, 134]. As a
result, the minimum error in both H2 and H∞ sense is obtained for the worst-case
location of the poles if a FIR expansion is used. Using the same machinery, it can
be derived that a Laguerre basis with a pole location tuned with respect to prior
knowledge is optimal in case of continuous time systems [129].
If additional prior knowledge is available about the location of the poles, e.g.
the poles are contained in a subset other than Dσ , an alternative set of basis
functions can be chosen that results in faster convergence of the basis coefficients
βk [19, 55, 122]. So to minimize the mismatch between the interpolating function
and the real system behavior, the choice of the basis functions have to be tuned to
the available prior knowledge. Several types of Orthogonal Basis Functions (OBF)
are described in the system identification literature [2, 19, 54, 55]. Examples of
basis expansions that are often applied are: Fourier-, FIR-, Kautz- and Laguerrebasis functions whereas more recent work describes Hambo functions and rational
wavelets [55].
In the case that the pole locations are exactly known, a finite dimensional set of
basis function can be computed that exactly describes the system. If it is known
that the multiplicity of the poles equals one, such a choice for the basis functions
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is given by the partial fraction expansion of the system as was derived in Chapter
2:
X αi
P (z) =
(3.10)
z − pi
i
Here, pi represent the poles of the system and αi the so called residues corresponding to the poles pi . Detailed information about the properties of residues can be
found in Chapter 2.

3.3.1

Computation of basis coefficients via analytic properties

The analysis of the approximation error, as will be performed in next sections,
requires an upper bound on the sequence βk in order to compute a maximum for
K . To obtain such an upper bound in terms of the properties of the system, it is
required to compute the coefficients βk = hφk (z), P (z)i explicitly in terms of the
poles of the system and the poles of the basis functions. The analysis made in this
section shows that the convergence of the basis expansion depends on the distance
between the poles P (z) and the poles of the basis functions φk (z).
By exploiting the analytical properties of the system described in Chapter 2, an
analytical expression for the coefficients βk in (3.2) can be computed as function of
the poles. This is performed by interpretation of (3.2) as a contour integral along
the unit disk, such that Cauchy Residue Theorem (see Sec.2.11) can be exploited.
An analytical expression for the coefficients βk = hP (z), φk i can be computed via
the following proposition and the observation that every real rational transfer function contained in H2 can be written in terms of a partial fraction expansion. Here,
we only consider systems that contain poles with multiplicity one. We believe,
however, that the same analysis can be performed for systems that contain poles
with higher multiplicity. This however results in a more complicated expression
for the residues [88].
Proposition 3.3. An explicit expression for the innerproduct of
a function φk (z) ∈ H2 is given by:
<

1
1
1
, φk > = Res(
φk (z)H , pi )
z − pi
z − pi
z
1
1
+ Res(
φk (z)H , 0)
z − pi
z

with the operator Res(., .) defined as in (2.27) and (2.28).

1
z−pi

∈ H2 and

(3.11)
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Proof. Theorem 2.11 is exploited to prove Proposition 3.3. According to (3.4),
the inner product hP, φk i can be considered as an contour integral along the unit
circle. Via the use of Cauchy’s Residue Theorem, the result of this integral can be
computed explicitly via:
1
, φk i
z − pi
I
1
1
1
φH (z) dz
=
2πj T z − pi k
z

βk = h

(3.12)
(3.13)

Since φk (z) is assumed to be stable, φH (z) has all its poles in the exterior of D.
As a consequence, the only poles contained in D are pi and z = 0. Application of
Theorem 2.11 for U = D, immediately results in Proposition 3.3.
If Φ = {φk (z)}∞
k=1 is chosen to be orthonormal and complete, a system P (z) =
P αi
can
be
decomposed on the basis Φ using Proposition 3.3. This will be
i z−pi
illustrated in the next example.
Example. This example applies Proposition 3.3 to find an analytical expression
αi
for the decomposition of z−p
onto both a Laguerre and FIR basis. The same
i
procedure can be applied for other choices of real rational basis functions. We start
by the analysis of the expansion along a Laguerre basis. The sequence of Laguerre
basis functions is given [55, 129]:
φk (z) =

p

1 − a2

(1 − az)k−1
(z − a)k

(3.14)

with the parameter a ∈ R such that φ(z) is a real rational function. It can be
derived that the Hermitian of φk (z), denoted by φH
k (z), is given by (see Appendix
B for a detailed derivation):
φH
k (z) =

p

1 − a2

z
(z − a)k−1
(−a)k (z − a1 )k

(3.15)

Substitution of (3.15) into (3.13) gives an expression for βk . The analytical solution of this expression can be computed via Proposition 3.3. Since φH
k (z) contains
no poles in D, due to the hermitian operator and the knowledge that φk (z) ∈ H2 ,
(3.13) can be computed explicitly via the sum of the residues of pi and the residues
of the term z1 . Note that the residue of z1 equals zero (due to the appearance of z
in the numerator of (3.15)) such that:
1
φk (z)H
z − pi
p
pi
= αi 1 − a2
(−a)k

βk = Res(

1
, pi )
z
(pi − a)k−1
(pi − a1 )k

(3.16)
(3.17)

i
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The resulting sequence {βk }N
k=1 is depicted in Figure 3.1 for several choices of
pi . This figure shows that the closer the pole a is located to pi , the faster the
convergence of the expansion. The limit that a is exactly located on pi , results in
the case that only one basis function is required. Figure 3.1 illustrates that the
convergence of a basis expansion heavily depends on the chosen basis and the pole
locations of the system at hand. According to (3.7), the truncated part of the basis
coefficients is directly related to the approximation error k . So by proper tuning
of the parameter a, i.e. choosing a close to the pole pi , the convergence can be
optimized with respect“Kautz˙expansion˙beta˙temp”
to the prior knowledge about the
As —
a result,
— poles.
2010/3/4
14:59 the
— page 1 — #1
approximation error k in the sense of Kolmogorov n-width is minimized. This
can be clearly observed from Figure 3.2 and Figure 3.3 which depicts the frequency
response behavior of a finite dimensional basis expansion with dimension K = 10
for three cases of a and the corresponding magnitude of the error K = |P (z) −
PK
k=1 βk φk (z)|.
2
1.8
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1.4
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i

58

1

0.8
0.6
0.4
0.2
0

1

2

3

4

5

6

7

8

9

10

k
1
Figure 3.1 / Basis expansion coefficients βk for one partial fraction P (z) = z−p
i
with pi = 0.9 + 0.15j for a = {0.1, 0.5, 0.9} depicted by (- -), (-) and
(-.) respectively.

The decomposition of P (z) onto a FIR basis can be obtained via substitution of
a = 0 in (3.17). The resulting expansion coefficients are:
βk = lim αi
a→0

= αi pki

p
1 − a2

pi (pi − a)k−1
(−a)k (pi − a)k

(3.18)

i
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with pi = 0.9 + 0.15j for a =
Figure 3.2 / Approximation of P (z) = z−p
i
{0.1, 0.5, 0.9}, depicted by (- -), (-) and (-.) respectively.

It can be observed from (3.18) that convergence of βk in the case of a FIR basis
is directly coupled to the relative stability of the poles, i.e. the magnitude of pi .
Furthermore it can be deduced from (3.18) that if the dimension of the basis expansion is finite, and the only available prior knowledge about P is that all poles
are contained in Dσ , a FIR basis expansion results in a minimal K with respect
to the worst-case pole locations pi ∈ Dσ . This corresponds to results described in
literature [55].

3.4

Exact reconstruction from samples

The concept of basis expansions described in the previous section is exploited
to perform interpolation. This section assumes that the underlying sampled frequency response behavior is contained in a known span of basis functions. It will be
shown that for this particular case, a finite number of frequency response samples
is sufficient to exactly reconstruct the original frequency response behavior.
The following assumptions are made regarding the plant P (z) and the describing
basis.

i
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Figure 3.3 / Approximation error 10 := P (z) −
for a =
k=1 βk φk (z)
{0.1, 0.5, 0.9}, depicted by (- -), (-) and (-.) respectively.

Assumption 3.4. The system P (z) is contained in a finite dimensional span of
basis functions φk ∈ ΦK :
P ∈ span(ΦK )
(3.19)
with ΦK = {φk }K
k=1 and φk ∈ H2 . The basis functions contained in ΦK are
assumed to be orthonormal. To classify functions that are sampled on a grid of
frequencies, the function class N is introduced:
N = {f : Ts 7→ C}

(3.20)

where Ts = {z1 , . . . , zN } contains a finite number of disjoint points on the unit
circle. Functions contained in N map frequency points into frequency response
samples, i.e. N contains all function that are restricted to samples that belong to
Ts . Thus P̂ := P |Ts ∈ N , i.e. P̂ (zn ) = P (zn ).
The function space N is equipped with an inner product defined as:
hx, yiN :=

N
X

x(zi )H γi,j y(zj )

(3.21)

i,j

where γi,j is the (i, j)th entry of the N × N matrix:
Γ = Φ̂ (Φ̂H Φ̂)−1 (Φ̂H Φ̂)−1 Φ̂H

(3.22)
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and Φ̂ is a matrix of dimension N ×K whose columns represent the basis functions
sampled at Ts , i.e.:


φ1 (z1 ) φ2 (z1 ) . . . φK (z1 )

 φ1 (z2 )


Φ̂ =  .
zi ∈ Ts
(3.23)
,
.
..

 ..
φ1 (zN ) φ2 (zN ) . . .

φK (zN )

The following proposition shows that the inner product described in (3.21), has a
following favorable property that will be exploited to perform interpolation over
the samples P (zn ).
Proposition 3.5. Let x, y ∈ span(ΦM ) and x̂ = x|Ts , ŷ = y|Ts . Then if Φ̂ is
injective, the inner product proposed in (3.21) has the following property:
hx, yiH2 = hx̂, ŷiN

(3.24)

for all x, y ∈ span(ΦM ).
Proof. The proof can be obtained via a generalization of the approach described
in [7] towards complex valued functions. Let x, y ∈ span(ΦM ), then x and y can
be written as the following basis expansion:
x=

K
X

y=

ak φk ,

k=1

K
X

bk φ k

(3.25)

k=1

Then due to orthonormality of the functions φk ∈ ΦK :
hx, yi = h

K
X

H
aH
k φk ,

k=1

=

K X
K
X

K
X

bm φk iH2

k=1
H
aH
i bj hφi , φj iH2

(3.26)

i=1 j=1
K
X

=

aH
k bk

k=1

This can be written as hx, yiH2 = aH b with a := col(an ) and b := col(bn ).
Now consider:
x̂ =

X

ak φ̂k ,

ŷ =

X

bk φ̂k

(3.27)
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which can be written as:
x̂ = Φ̂ a,

ŷ = Φ̂ b

(3.28)

If Φ̂ is injective, then a, b are uniquely defined by x̂, ŷ and in fact given by:




b = (Φ̂H Φ̂)−1 Φ̂H ŷ
(3.29)
a = (Φ̂H Φ̂)−1 Φ̂H x̂,
This means that:
hx, yi = aH b


= x̂H Φ̂ (Φ̂H Φ̂)−1 (Φ̂H Φ̂)−1 Φ̂H ŷ
= x̂H Γ ŷ

(3.30)

= hx̂, ŷiN
Which finishes the proof of Proposition 3.5.
The result described in Proposition 3.5 hold irrespectively of the chosen set of basis
functions or the chosen grid of frequency points as long as the basis functions φk
are orthonormal in H2 . Some specific choices of the basis however render the term
Φ̂H Φ̂ to unity, e.g. a FIR expansion evaluated on an equidistant grid. If the basis
φk is orthonormal in H2 and the columns of Φ̂ are orthogonal such that Γ = I,
then:
X
hx, yiH2 =
xH
(3.31)
i yi
i

If this condition is fulfilled, it can be observed that the computational demands to
compute the inner product h., .iN described in (3.21) are significantly reduced.
Proposition 3.5 is exploited to perform interpolation. The main idea here is to
invert the sampling operation, i.e. obtain the original function P (z) from the
samples P̂ (zn ). The crucial step needed to perform this interpolation, is to find
the coefficients βk from the samples P̂ (zn ). The main observation to be made from
Proposition 3.5 is that βk = hφk (z), P (z)i can be computed even if only a finite
number of samples is available. This however requires an assumption regarding
the span that contains P , as made in Assumption 3.4.
Theorem 3.1. Given samples P̂ of a real rational transfer function P (z) ∈ span(ΦM )
with ΦK = {Φk }K
k=1 . Then the frequency response of the function P (z) can be
uniquely reconstructed from its samples P̂ (zn ) if the matrix of sampled basis functions Φ̂ is injective. That is, we have:
P (z) =

K
X
k=1

β̂k φk (z)

(3.32)
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βk = hφˆk , P̂ iN
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(3.33)

Proof. The proof directly follows from (3.2) and Proposition 3.5.
Theorem 3.1 shows that the number of available data samples directly imposes
restrictions on the number of basis coefficients that can be uniquely reconstructed
from the data. I.e. the requirement that Φ̂ is injective, makes that the number of
basis coefficients that can be distinguished from N data samples is restricted by
K ≤ N.
On the other hand, Section 3.3 showed that the number of basis functions required
to describe a system at hand might tend to infinity. Since the number of basis
functions to describe P , is larger than the number of available samples N , the
original transfer function can not be uniquely reconstructed from data.

3.5

Basis expansions and aliasing effects

Limited prior knowledge about the poles of a system makes that the number of basis functions required to describe the frequency response behavior of a system may
tend to infinity (see Example 2). As a result, the number of basis functions exceeds
the number of available samples, which obstructs the application of Proposition
3.1, since the requirement that Φ̂ is injective can not be satisfied.
The effect that sampling induces a restriction on the number of basis coefficients
that can be uniquely reconstructed from data is well known from harmonic decomposition of time domains, e.g. during Discrete Fourier Transformation. Given N
data samples, one can only distinguish N frequencies. If the number of harmonics
present in the time sequence exceeds the number of data samples, the contribution
of the harmonics present in the time sequence can not be separated individually
which results in leakage and aliasing effects.
This section shows that the concept of aliasing can be generalized towards arbitrary
chosen basis expansions. The main idea is based on the work presented in [7], which
describes a generalization of sampling effects for real-valued functions, but can also
be considered as an application of the work described by [58, 89].
In analogy to aliasing that occurs during sampling in the time-domain, the continuous frequency domain "signal" P (z) is sampled on the points zn ∈ Ts . The
idea is to extend the well known framework for the analysis of sampled time domain signals towards the interpolation of sampled frequency response functions.
The objective is to obtain a quantification of the interpolating uncertainty via the
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characterization of aliasing effects. The novel contribution here is that it is shown
that prior knowledge about the convergence rate of the basis expansion, which
depends on the prior knowledge about the system, is directly related the size of
the resulting interpolation uncertainty interval.

3.5.1

Aliasing effects

The number of basis function coefficients that can be reconstructed from data is
restricted by the number of available samples. If P (z) contains dynamics that
are not contained in the basis functions that constitute to the matrix Φ̂, artifacts
occur during the reconstruction of P (z) from the sampled function P̂ (zn ). This
will be explained in more detail.
If Ts contains only N points, the rank of Φ̂ is restricted to N . Stated otherwise,
if Φ̂ has full rank, the behavior of every basis φ ∈
/ ΦK at the samples zi ∈ Ts
can be written in terms of the span(φ̂k )K
,
the
columns
of Φ̂. This results in a
k=1
non-uniqueness relation between the basis coefficients that correspond to a certain
frequency response behavior, i.e. K > N makes that invertibility of the Φ̂H Φ̂
is lost (see (3.22)). This loss of invertibility makes that basis functions that are
orthogonal in H2 loose their orthogonality in N . The resulting coupling, results
in reconstruction errors which are denoted by the terminology aliasing error. This
is the topic of the next paragraphs.
Given ΦK and samples P̂ (zn ) of an unknown plant P ∈ H2 . Now, define the
estimate:
K
X
P̃ (z) :=
β̂k φk (z)
(3.34)
k=1

where β̃k := hφ̂k , P̂ iN are the estimated basis coefficients from the samples P̂ (zn ).
We now investigate the error between P and the estimated transfer function P̃ by
assuming that P is given by the infinite dimensional expansion:
P =

∞
X

βk φ k

(3.35)

k=1

By substitution of (3.35) and (3.34), it can be derived that the difference between
P̃ and P is given by:
P̃ (z) − P (z) =

K
X

k=1

|

∞
X

(β̃k − βk )φk (z) +

βk φk (z)

k=K+1

{z

aliasing error

}

|

{z

}

projection error

(3.36)
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The first term at the right hand side of (3.36) is denoted as aliasing error. According to the approach presented in [7], the coefficients of the aliasing term can
be quantified via:

β˜k − βk =

∞
X

βl < φk , φl >N

(3.37)

l=K+1

The second term in (3.36) occurs since the chosen set of basis functions is not rich
enough to describe P (z). The resulting mismatch is denoted by the terminology
projection error. Remark that if P ∈ ΦK , the basis coefficients βk = 0 for k > M .
As a result, both aliasing and projection error vanishes such that Proposition 3.1
is obtained.
In practice, the coefficients βk are unknown, which makes exact quantification
of aliasing errors and projection errors impossible. However, by exploiting prior
knowledge about the convergence of the basis expansion, e.g. P (z) has all poles in
Dσ and a FIR expansion is used (see Example 2), the uncertainty of both aliasing
and projection error can be upper bounded.

3.5.2

Upper bound on the aliasing and projection error

It can be observed from (3.36) that both the projection error and the aliasing error
depend on the coefficients βk . Although the value of βk is not known exactly, the
objective of this subsection is to show that prior knowledge about the convergence
of the basis expansion can be used to upper bound the aliasing error and the
projection error. This insight is used to obtain a description for the uncertainty
on the interpolating behavior based on the prior knowledge about the system.
The problem considered is the following:
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Problem 3.6.
Given:
• samples P̂ (zi ) of a transfer function P (z)
• prior knowledge about a subset Dσ of the complex plane that contains all the
poles pi of P (z).
Find: a function Pnom (z) and an uncertainty interval |δP (z)| such that the frequency response of every transfer function that interpolates the samples P̂ (zn ) and
satisfies the prior assumptions made with respect to the location of the poles, is
contained in the set:
P(z) := Pnom (z) + δP (z)
(3.38)
with z ∈ T where Pnom : C 7→ C and δP (z) ⊂ C is a set. Both Pnom and δP (z)
are chosen such that |δP (z)| is minimal.
The main approach to quantify the interpolation uncertainty δP is the following.
Based on Section 3.3.1, the convergence of the sequence βk can be upper bounded
as function of the worst-case pole locations (see Example 2). This knowledge is
exploited to upper bound the magnitude of both aliasing and projection errors.
Without loss of generality, it is chosen to restrict the analysis to expansions along a
FIR basis. Using a similar approach, the result can be generalized for any arbitrary
chosen real rational basis expansion.
The following assumption is made to simply the analysis.
Assumption 3.7. The frequency grid points ωi ∈ Ω are distributed homogeneously and equidistantly along the unit circle.
Given Assumption 3.7, it can be verified that the aliasing effects < φi , φk >N of
the FIR basis functions are aligned with multiples of N , i.e.:
< φl , φk >= 1
< φl , φk >= 0

for
for

l = k + nN,
l 6= k + nN,

n = {1, 2, . . . , ∞}
n = {1, 2, . . . , ∞}

(3.39)

Based upon (3.36) and under Assumption 3.7, the following statement can be
made regarding the magnitude of the inter-frequency behavior.
Proposition 3.8. Given N samples P̂ (zn ) of a transfer function P (z) that belongs to an infinite dimensional span of FIR basis functions:
P (z) =

∞
X
k=1

βk z −k

(3.40)
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Let P̃ be an interpolant obtained from N samples P̂ (zn ), i.e.:
P̃ (z) =

N
X

β̃k z −k

(3.41)

k=1

with β̃k = hP̂ , φ̂k iN , then the interpolation error is upper bounded by:
kP (z) − P̃ (z)k∞ ≤

∞
X

2 |βk |

(3.42)

k=N

Proof. The aliasing- and projection-error can be written explicitly as function of
βk . The aliasing term, as described in (3.37), induces an offset on β̃k :
β̃k = βk +

∞
X

βl < φl , φk >N

(3.43)

l=N

The corresponding projection error, as defined in (3.36), is given by:
proj (z) =

∞
X

βk φk (z)

(3.44)

k=N

So under Assumption 3.7, substitution of (3.39) into (3.43), shows that(3.40) and
(3.41) can be written as:
P (z) − P̃ (z) =

∞
X

∞
X

βl z −k +

l=N +1

βk z −k

(3.45)

k=N +1

An upper bound for |(P (z) − P̃ (z))| can be obtained by assuming a worst-case
occurrence of phases of the separate basis coefficients. The knowledge that the
amplitude of the FIR basis coefficients are bounded by 1 combined with the assumption of worst-case occurrence of the phases of βk , k = N, . . . , ∞ over all k,
makes that the interpolation error over all basis functions is given by:
kP (z) − P̃ (z)k∞ ≤ 2

∞
X

|βk |

(3.46)

k=N

which proves Proposition 3.8.
It is important to observe that the approximation error is twice the size of the
error that is described in (3.7). This can be explained as follows. Besides the fact
that unmodelled dynamics induce an approximation error since the description
is not rich enough (projection error), the unmodelled dynamics also disturb the
estimation of the dynamics that is present in the model (aliasing effects).
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Given the result described in Proposition 3.8, a solution to Problem 3.6 can be
posed as follows.
Proposition 3.9. Given Assumption 3.7, the solution to Problem 3.6 is given by:
Pnom (z) =

N
X

β̃k φk

(3.47)

k=1

with β̃k = hPi , φk iN . The additive uncertainty set is given by:
|δP (z)| =

∞
X

2|βk |

(3.48)

k=N

Proof. Based on the knowledge that all poles of P (z) are contained in Dσ , a FIR
basis expansion is optimal with respect to the Kolmogorov n-width and therefore
results in a minimal uncertainty region δP . The estimated basis coefficients that
correspond to the FIR expansion are given by:
β̃k = hφk (z), P̂ iN

(3.49)
(3.50)

Proposition 3.8 showed that the corresponding uncertainty set δP is given by:
|δP (z)| =

∞
X

2|βk |

(3.51)

k=N

which finishes the proof.
Since we assume a FIR basis evaluated on a equidistant grid, Γ renders to unity.
As a result, the basis coefficients of the interpolating model can be obtained via:
β̃k =

N
X

φH
k (zi )P (zi )

(3.52)

i=1

In the case of a FIR basis, convergence of the basis expansion coincides with convergence of the impulse response and is therefore directly coupled to the damping
of P (z). Via prior knowledge about the damping of P (z), the decay rate of the
FIR expansion can be upper bounded.
A practical method to obtain such an upper bound on the relative stability of a
system can, for example, be obtained via damping properties of the material that
is used to construct a system at hand and knowledge about the maximum gain
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of the system. As an alternative, the convergence of the impulse response. It is
important to realize that digital recording of impulse response may suffer from
sampling artifacts as well.
Description of inter-frequency behavior based on the decay rate and the maximum
gain is applied in several papers [49, 128]. The novel contribution of this chapter
with respect to given derivations is that intergrid uncertainty can be interpreted
in the framework of aliasing and projection errors. This makes that the results
of this section are easily generalized for an arbitrary choice of the basis functions
such that they optimal with respect to prior knowledge about the poles [122], or
an arbitrarily chosen frequency grid that is not necessarily chosen equidistant.
Remark 3.10. The magnitude of the uncertainty region |δP (z)|, depends on the
convergence the FIR basis expansion. Since the FIR components with high indices
can alternatively be interpreted as the basis functions with "high frequent" content
in the frequency response plot, the intergrid uncertainty is linked to the smoothness
of the frequency response function. I.e. if a transfer function is known to be
smooth, it can be understood that the uncertainty between samples is small.
Remark 3.11.
In the case that βk = 0 for k > N , both the aliasing and projection error vanishes
such that the result obtained in (3.47) and (3.48) coincides with the result described
in Section 3.4.

3.5.3

Unstable plants

The preceding analysis described a method to reconstruct interpolating frequency
response behavior via the idea that a frequency response function can be approximated by a (finite dimensional) basis expansion. The size of the interpolation
uncertainty interval δP , as described by (3.48), is directly related to the decay of
the basis expansion.
If stability of the system can not be assumed a priori, basis functions contained in
the orthogonal complement H2⊥ are required to be able to describe the frequency
response behavior of P (z). This however has a large impact on the magnitude
of the upper bound on the inter-frequency grid behavior. Due to orthogonality
between stable and unstable transfer functions, the required number of basis functions doubles if both stable and unstable contributions in the frequency response
behavior have to be taken into account. In accordance with Theorem 3.1, N frequency response points allow for the reconstruction of only N basis functions.
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Choosing a basis that is optimal with respect to the Kolomorov n-width, results in
a symmetrical distribution of basis functions over both stable and unstable functions. That is, N/2 stable and N/2 unstable basis functions. So if stability of a
system is not known a priori, the number of basis functions required to describe the
frequency response with the same uncertainty level, doubles compared to the case
where stability can be assumed. Stated alternatively, the number of data-samples
that are required to obtain the same size of the uncertainty interval |δP (z)| is twice
as large.
Remark 3.12. If stability is known a priori, the decomposition onto unstable basis
functions result in basis coefficients that equal zero. From this perspective, the
stability test described in Chapter 2 can be interpreted as test where decomposition
on unstable basis function result in basis coefficients that equal zero. As a result,
the system under consideration has a frequency response that is orthogonal to the
set of unstable systems (see Section 2.7.1).

3.5.4

Remarks

• Figure 3.1 shows that the magnitude of the interpolation error decreases
with exponential decay. This non-linear relationship is important to make
the tradeoff between conservatism induced by (3.48) and computational costs
due to the increase in the number of data samples.
• Many physical systems contain pure integrators which hamper convergence
of the series decomposition, i.e. the discrete time representation of these
integrators contains poles on the unit circle. In order to handle the presence
of these poles on the unit circle, one can add pure integrators to the set
of basis functions. This however may introduce loss of orthogonality in the
set ΦK . Two approaches are proposed. Either one can apply a procedure
to orthogonalize a set of basis functions, e.g. via Gram-Schmidt procedures
as described in [19, 55]. Orthogonality of the set ΦK however does not
guarantee orthogonality of the columns of Φ̂ which heavily increases computational demands. As a second approach, the rigid body behavior can be
identified separately based on the low frequent region and subtracted from
the frequency response before processing. An additional advantage of this
approach is that unreliable measurements at low frequencies can be replaced
by exploiting the prior knowledge that the low frequent behavior can be
described by pure integrators.
• Evaluation of (3.48) requires an infinite sum to be evaluated. Due to convergence of the basis expansion, a good approximation for this infinite sequence
can be obtained by truncation of this series at several multiples of N .
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Example

An example is given to illustrate the interpolation approach and the corresponding
error bounds derived in this chapter. The objective is to illustrate the artifacts
that may occur during the reconstruction of a function from samples, as described
in this chapter.
To perform interpolation, it is assumed that the frequency response can be described by a linear combination of frequency response basis functions. The following system is used for analysis:
P6
an z n
P (z) = P7n=1
(3.53)
m
m=1 bm z
with a = [0.782, −0.635, 0.746, 0.556, −0.638, 0.969]T and b = [0.708, −1.65, 3.17,
−3.78, 3.60, −2.16, 1.00]T . Frequency response samples P̂ (zn ) are generated via
substitution of the following grid points zn ∈ Ts with:
Ts = {2π

n
, n = 0, . . . , N − 1}
N

(3.54)

and N = 75.
It is assumed that no prior information about pole locations of the plant is available
except that a certain amount of relative decay is present in the system, i.e. all
poles of P (z) are contained in Dσ with σ = 0.95. As a result, the number of FIR
basis coefficients required to describe the frequency response of P tends to infinity.
On the other hand, the dimension of the basis expansion that can be reconstructed
from N data points is restricted to N (see Section 3.4). As a result, the frequency
response behavior of P can not be deduced uniquely from samples P̂ (zn ), zn ∈ Ts .
Depending on the available prior knowledge, a basis expansion can be chosen that
minimizes the truncated part of the basis coefficients and therefore results in the
smallest uncertainty in terms of (3.8).
Since the prior knowledge is restricted to the relative stability of the system, a
FIR basis is optimal with respect to the Kolmogorov n-width [55]. An estimation
for the basis coefficients that correspond to this FIR expansion can be obtained
from the given samples via:
β˜k = hφ̂, P̂ iN
(3.55)
The estimated basis coefficients are depicted in Figure 3.4 whereas the difference
with the analytical result is depicted in Figure 3.5. The difference between βk
and its estimate β̃, depicted in Figure 3.5, can be explained via the presence of
aliasing. Due to the equidistant sampling of a FIR basis, the aliasing is described
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by (3.39). Indeed it can be observed from Figure 3.5 that the basis coefficients
βk+N , βk+2N , . . . explain the mismatch between βk and β̃k (see the derivation
made in 3.5.2).
The data interpolating function computed from the estimated coefficients β̃ is
depicted in Figure 3.6. The mismatch between the sampled function P (z) and the
estimated interpolant P̃ (z) can be clearly observed. Using (3.7), the error |P (z) −
P̃ (z)|H2 can be computed based on the basis coefficients. Numerical evaluation
P∞
shows that |P (z) − P̃ (z)|H2 = 0.0499 whereas k=N +1 βk2 = 0.0546.
To verify the result described Proposition 3.8, an upper bound for |P (z)− P̃ (z)|H∞
is computed based on the coefficients βk . Whereas |P (z) − P̃ (z)|H∞ = 1.7, nuP∞
merical verification shows that 2 k=N +1 |βk | converges to 2.4, which validates
(3.42).
By exploiting the results of Section 3.3, which shows that the convergence of this
basis expansion can be improved by exploiting prior knowledge about the poles
of the system (see Example 2), the interpolation uncertainty can be reduced by
increasing the convergence of the basis.
Remark 3.13. Special care has to be paid to numerical aspects if alternative basis
functions are used. Whereas many types of real rational basis functions are proposed in the literature that are orthogonal with respect to H2 [55], orthogonality of
H
the sampled basis functions is not assured, i.e. φˆk φ̂k 6= I. As a result, conditioning of the inverse (Φ̂H Φ̂)−1 will be deteriorated. Numerical evaluation shows
that interpolation with a 20-dimensional Kautz basis with a = 0.5 results in condition number of O(1016 ). So to guarantee numerical robustness, tuning of the basis
functions with respect to orthogonality of the discretized innner product defined in
(3.21). A more detailed consideration with respect to numerical conditioning of the
basis can be found in [19, 98, 108].
Remark 3.14. To validate the criterion given in (3.48) based on data, the basis
expansion coefficients βk have to be known. This knowledge would however circumvent the need to compute an interpolating function at all. It can however also
be observed that the relative error remains equal and is dependent on the decay
rate only. This is exploited in the next chapter to generate a relative uncertainty
region.
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Figure 3.4 / Basis coefficients βk () and the estimate β˜k suffering from aliasing
(*).
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Figure 3.5 / The error (βk − β̃k ) (--) and the truncated basis coefficients that induced aliasing effects: βN +k (grey) and β2N +k (grey --)
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Figure 3.6 / Reconstruction of interpolating behavior: samples (), interpolant
P̃ (z) (grey) and sampled function P (z) (--)

3.7

Conclusions

The number of samples that can be obtained from a physical system is limited by
practical constraints. System properties such as stability and performance, on the
other hand, can only be determined based on an infinite number of samples. To
bridge the gap between samples and the underlying frequency response function,
a method is proposed to describe the set of all frequency responses that possibly
correspond to the samples and available prior knowledge about the system at hand.
The performed analysis shows that sampling artifacts, that are well known from
harmonic decomposition of time domain signals, can be generalized towards sampling of real rational transfer functions. In order to perform this generalization, the
frequency response is considered as a decomposition of frequency response basis
functions. The analysis shows that exact reconstruction of the underlying function
from the data can only be performed if the underlying system is contained in a
known finite dimensional span. If the exact location of the poles of the system
are unknown, the number of basis function required to describe the frequency response of a system tends to infinity. This results in uncertainty induced by two
phenomena denoted by projection errors and aliasing errors.
The analysis shows that the magnitude of the resulting uncertainty induced by
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aliasing and projection errors is directly related to the convergence of the basis
expansion. If no prior information about the system is present except that the
system is analytic outside Dσ , a FIR expansion result in the smallest interpolation
error such that the interpolation uncertainty is directly coupled to decay of impulse
response, which is well know from literature. An important contribution is generic
and can be applied on an arbitrarily chosen basis expansion. As a result, any prior
knowledge about the pole locations can be applied to improve the convergence of
the basis expansion and thereby reduce the uncertainty. Furthermore, frequency
response data that is obtained on a non-equidistant frequency grid can taken into
account without any additional effort.
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4
R ECONSTRUCTION OF INTERGRID
POINTS VIA INTEGRAL CONSTRAINT

Abstract / The number of input-output data-samples that can be collected from
a system is constrained by practical limitations. Verification of qualitative and
quantitative system properties such as (closed-loop) stability and performance
on the other hand, can only be determined based on an infinite number of
samples. As a result, a data interpolation step is required to infer properties
of the underlying frequency response function. The result of this interpolation
step is, however, not unique and heavily depends on prior assumptions made.
To reduce the dependency on prior assumptions, this chapter describes a
method to quantify the envelope of all frequency responses that interpolate
the data and satisfy prior assumptions regarding the pole locations of the system at hand. The method is based on a combination of the analytical function
theory described in Chapter 2 and the sampling theory presented in Chapter
3. The combination of both parts results in a description of a nominal interpolating function and a corresponding uncertainty set that describes the exact
coarse of the uncertainty interval between two subsequent frequency points.
In the second part of this chapter, an extension of the proposed approach is
presented that enables to perform interpolation on frequency response samples
that are corrupted by measurement noise. Examples are given that validate
the results and show the correspondence with existing results in the area of
worst-case identification.

4.1

Introduction

Practical constraints impose a limit on the number of samples that can be obtained from a physical system. While the number of experimental data samples is
77
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necessarily finite, quantitative and qualitative system properties such as (closedloop) stability and performance can only be evaluated by considering the frequency
response on a continuum of frequencies. To infer these system properties from finite data sets, an extrapolation or interpolation step needs to be performed for
time-domain and frequency-domain analysis respectively. The result of such an
interpolation or extrapolation step heavily depends on the prior assumptions made
and therefore most likely results in a mismatch with the real system response if
limited prior knowledge is available. Quantification of this uncertainty, induced
by sampling, is required in order to be able to guarantee robust stability and
performance.
This chapter focusses on the characterization and quantification of uncertainty
induced by sampling of the frequency response. In order to minimize the required
number of prior assumptions made, a method is proposed to describe the envelope of frequency response behavior that contains any frequency response function
that interpolates the given frequency response samples of the system and satisfies
prior assumptions made regarding the pole locations of the underlying system.
Observe that the usual notion of convergence, often used in system identification
algorithms, is of limited practical value for this purpose since the number of data
samples is limited.
The description of inter-frequency grid behavior from data samples can be considered in the framework of H∞ identification. A longstanding history of contributions can be found in this area. In [38, 47, 87], non-linear methods are presented
that are robustly convergent in the presence of a worst-case distributed noise. This
approach attains an upper bound on the identification error based on assumptions
on the relative stability of the system, the maximum gain and the magnitude of
the noise. It was, however, recognized in several contributions in the literature
[37, 40, 91, 128] that the assumption of worst-case noise results in highly conservative estimates if the noise does not appear in a worst-case manner on the data. To
overcome this conservatism, methods are described that perform H∞ identification
under the assumption that the noise is stochastically distributed [40, 128].
This stochastic assumption allows for linear interpolation methods since the divergence problem, present for worst-case noise, does not appear in this case. An
overview of interpolation theory using real rational basis functions is given in [55].
This work shows that the interpolation error can be reduced by tuning the pole
locations of the basis expansion with respect to the prior knowledge about the
poles of the system. The given expressions for the interpolation error, however,
are only specified in terms of an H2 or H∞ upper bound on the interpolation error.
The exact coarse of the uncertainty set between the frequency points, however, is
unknown. In [78, 127], a method is given that describes the set of inter-frequency
grid responses based on a bound on the maximum derivative of the underlying
function, thereby restricting the prior knowledge to damping of the poles.
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This chapter shows that the coarse of the uncertainty set of the inter-frequency grid
behavior can be computed for an arbitrarily chosen real-rational basis expansion.
This allows to take advantage of any prior knowledge about the poles of the system.
This shows that any additional knowledge on the system, e.g. about the noise
distribution or pole-locations, is useful to reduce the uncertainty set.
The computation of this uncertainty set is obtained via a combination of the analytical properties described in Chapter 2 and the framework described in Chapter
31 . The analytical properties described in Chapter 2 are exploited to reconstruct
unknown transfer function values via integral expressions. These integral expressions are discretized using the framework of Chapter 3. The uncertainty induced
by this discretization step is quantified via interpolation phenomena such as aliasing and projections errors, and corresponds to the size of inter-frequency grid
uncertainty set.
The outline of the chapter is as follows. The chapter starts by formulating the
mathematical problem in Section 4.3. It is shown in Section 4.4 that every stable transfer function that is analytic outside the unit disk satisfies an integral
constraint that couples all function values on the unit circle. This allows for the
reconstruction of unmeasured frequency response points via integral expressions.
Discretization of the corresponding integral relations is performed in Section 4.5
which results in a description of the uncertainty set. Section 4.5 shows that if
a transfer function is locally dominated by one resonance peak only, an explicit
description of the uncertainty set can be obtained in terms of a multiplicative
uncertainty description. The approach is extended towards systems with several
pole-pairs in Section 4.6. The influence of measurement noise on the computed
inter-frequency grid uncertainty set, is described in Section 4.7. This section shows
that the resulting intergrid uncertainty interval is heavily affected by the assumptions made regarding the distribution of the noise, e.g. a worst-case versus a
stochastic approach. The chapter is finished by a short discussion and conclusions
of the described procedure.

4.2

Notation

Let D, T and E denote: the unit disk, the unit circle and the exterior of the unit
disk respectively. For σ < 1, we define Dσ := {z ∈ C | |z| < σ, σ < 1} and
Eσ := {z ∈ C | |z| > σ, σ < 1}.
To handle frequency response samples that are only known at distinct frequency
1 This

chapter can be considered a generalization and extension of the work presented in [45]
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points, the following domain of samples is introduced:
Ts := {z1 , . . . , zN },

zn ∈ T

(4.1)

That is, Ts contains a finite number of points on the unit circle such that Ts
represents a sampled subset of T with N distinct points. Given a transfer function
P ∈ H2 , its corresponding sampled transfer function is the mapping P̂ : Ts 7→ C
defined by:
P̂ (zn ) := P (zn ) for

zn ∈ Ts

(4.2)

φk (z) ∈ H2

(4.3)

Φ denotes a set of generic basis functions:
Φ := {φ1 , . . . φK },

Let the sampled basis functions φ̂k : Ts 7→ C, k = 1, . . . , K be the restriction of
φk to the samples contained in Ts , i.e.:
φ̂k (zn ) := φk (zn ) for zn ∈ Ts

(4.4)

.
The discretized elements of Φ are represented by the matrix Φ̂ which contains the
basis functions as columns evaluated on Ts :
φ1 (z1 ),

..
Φ̂ := 
.

φ2 (z1 ),



φ1 (zN ),

φ2 (zN ),

...

φK (z1 )

...



φK (zN )


(4.5)

In accordance with Chapter 3, the following inner products are defined for X, Y ∈
H2 :
I 2π
1
1
X(z)H Y (z) dz
(4.6)
hX, Y i :=
2π 0
z
The discretized equivalent defined on the domain Ts is given as:
H 

X(z1 )
Y (z1 )




:=  ...  Γ  ... 
Y (zN )
X(zN )


hX, Y iN

(4.7)

with (see (3.22)):
Γ = Φ̂ (Φ̂H Φ̂)−1 (Φ̂H Φ̂)−1 Φ̂H

(4.8)
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Problem Statement

The formal problem statement considered in this chapter is the following:
Problem 4.1.
Given:
• N frequency response points P̂ (zn ) of an unknown stable plant P (z) ∈ H2
described by:
P̂ (zn ) := P (zn ), zn ∈ Ts
(4.9)
with Ts = {z1 , . . . zN } ⊂ T.
• Prior knowledge about the pole locations of the plant represented by, for example:
– all poles pi of P (z) are contained in Dσ := {z ∈ C | |z| < σ} for some
σ < 1.
– the poles pi of P (z) belong to specific subsets of D.
Find: the envelope of all frequency responses:
P (z) ∈ {P | P = Pnom (z) + δP (z)}

(4.10)

such that |δP (z)| is minimal. Here, Pnom ∈ H∞ represent the nominal model and
δP (z) the uncertainty set δP (z) ⊂ C for a given z ∈ T.
Please observe that no particular restriction is formulated regarding the spacing
of the points zn in the sample set Ts . As a result, the frequency points zn are
not necessary required to be distributed in a equidistant manner along the unit
circle T. It will, however, appear that an equidistant distribution results in reduced numerical costs for specific choices of basis expansions and is therefore often
favorable.
A short outline of the steps that are performed to solve Problem 4.1, is given:
• Section 4.4 shows that the frequency response of every stable rational transfer function satisfies an integral relation that couples all frequency response
points in a unique manner. This integral relation is exploited for the reconstruction of unmeasured frequency response points, i.e. inter-sample behavior.
• Discretization of the integral relation is performed to enable reconstruction
of inter-frequency grid behavior based on a finite number of samples only.
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Analogue to Chapter 3, it is illustrated that the finite availability of frequency
response points P̂ (zn ), with zn ∈ Ts , induces uncertainty due to aliasing
effects and truncation. Many elements in the truncated part of the basis
expansion, however, vanish due to the use of the integral expression, which
reduces conservatism.
The performed analysis gives an explicit description for the coarse of the
uncertainty set between subsequent frequency points zn and zn+1 , which is
an extension over the approach of Chapter 3.

4.4

Reconstruction of intergrid points via analytical properties

The a priori knowledge that the points P̂ (zn ) are obtained from a stable system
P (z), makes that the frequency response of P (z) satisfies the analytical relations
that were derived in Chapter 2. It is known from Chapter 2 that these analytic
properties can be represented by integral constraints formulated in terms of the
frequency response behavior. This section shows that these integral expressions
can be used to express the behavior at one point on the unit circle, in terms of
the behavior at all other points on the unit circle. In the following sections, this
relation will be discretized and used to reconstruct the frequency response between
the frequency samples zn .
In order to reconstruct the inter-frequency grid behavior, while respecting the
analytical properties of the underlying system, it is temporarily assumed that
infinitely many frequency response points are available. The main result of this
section is the following.
Theorem 4.1. Given the frequency response of a stable system P (z), the function
value P (z ∗ ) can be reconstructed for every point z ∗ ⊂ T based on the function
values P (z), z ∈ T \ {z ∗ } via:
P (z ∗ ) = −P


 1 I P (z)
dz
∗
πj T z − z

(4.11)

where P represents the Cauchy principle value which is the operator that evaluates
the integral while omitting the singularity at z ∗ [18, 32].
The proof is analogue to the proof of Theorem 2.22 and the theory described in
Section 2.7.3. Since these derivations are limited to continuous time systems only,
a brief description of the proof of Theorem 4.1 will be given in the sequel.
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(a) Contour U
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(b) Singularity on the unit circle

Theorem 4.1 bridges the gap between the behavior of a transfer function at one
point z ∗ on the unit circle and the function values at all other locations on the unit
circle Ts \ z ∗ . This property is the key to reconstruct the set of inter-frequency
grid behavior based on a finite points P̂ (zn ).
Eq.(4.11) is known as the Hilbert transformation, or if both real and imaginary
part of P are considered separately, also known as the Kramers-Kronig relation,
or dispersion relation [93]. The connection of (4.11) in relation to stability and
causality is mentioned in several papers and several application domains [93, 120].
The use of (4.11) related to uncertainty description of inter-frequency grid behavior, however, appears to be novel.
The availability of a finite number of data samples makes that the integral expression given in Eq.(4.11) can not be computed directly. However, by exploiting the
basis expansion described in Section 3.3 as a quadrature formula, an approximation of (4.11) is obtained that allows P (z ∗ ) to be computed from a finite number
of samples only. This will be described in Section 4.5.

Proof of Theorem 4.1
We start by making a generic statement about the behavior of a transfer function
on a closed contour.
Theorem 4.2. Given a strictly proper transfer function P (z) that is analytic outside the unit disk D. Then the frequency response of P (z) satisfies the property
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that:

I

P (z)

T

1
dz = 0,
z − p∗

∀p∗ ∈ D

(4.12)

Proof. The proof is given in Section 2.5.2 and directly follows from Cauchy Residue
1
Theorem given in Theorem 2.11. If both P (z) and z−p
∗ have all their poles within
the unit disk, no poles are contained in E such that the sum of the residues is
zero.
Now let the pole p∗ converge to the unit circle, i.e. p∗ = limr→1 rejθ := z ∗ as
depicted in Figure 4.1(b). Isolation of the singularity by splitting the integral
given in (4.12) gives:
Z
P (z)
1
lim
dz
∗
↓0 2πj γ ∗ (z + z) − z ∗
|
{z
}
I
(4.13)
I
1
P (z)
+
P
dz = 0
2πj
z − z∗
}
| T {z
II

with γ ∗ : [− π2 , π2 ] 7→ C is defined as γ(ϕ, ) = ejϕ . By substitution of γ(ϕ, ) =
ejϕ into (4.13), it can be verified that term I can be replaced by the analytical
expression:
lim
↓0

1
2πj

Z

π
2

−π
2

P (z ∗ + ejϕ )
1
jejϕ dϕ = P (z ∗ )
∗
jϕ
∗
(z + e ) − z
2

(4.14)

Substitution of (4.14) into (4.13) finishes the proof of Theorem 4.1.

4.5

Reducing conservatism via integral constraints

Theorem 4.1 is exploited to relate the transfer function value at an inter-frequencygrid point z ∗ ∈
/ Ts to the function values on the entire unit circle T \ z ∗ . In order
to enable evaluation of (4.12) based on a finite number of frequency points, the
integral relation given in (4.11) is approximated via the use basis functions as
applied in Chapter 3. According to Chapter 3, the number of basis coefficients that
can be reconstructed from data is limited by the number of available data samples.
So if the underlying system is not contained in the chosen span of basis functions,
uncertainty is induced in the corresponding basis coefficients. The section shows
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that the uncertainty, induced by aliasing, is directly coupled to the uncertainty in
the estimation of P (z ∗ ).
The main advantage of the approach presented in this section compared to the
approach presented in Section 3.5.2, is that many aliasing and projection terms
of the basis functions vanish during the evaluation of the integral expression of
Theorem 4.1, which reduces conservatism. Furthermore, an explicit expression for
the uncertainty set is given as function of z instead of an H∞ upper bound on the
mismatch as given in Section 3.8.
Without loosing generality, the following assumptions are made to reduce the
notational complexity:
Assumption 4.2.
• The samples P̂ (zn ) are given at a grid of frequency points zn ∈ Ts that are
homogeneously distributed along the unit circle.
• The system behavior of P (z) is written in terms of an infinite dimensional
expansion of FIR functions φk (z) = z −k , k = 1, . . . ∞.
Although Assumption 4.2 is not strictly required to apply the described procedure,
an N dimensional FIR basis combined with an equally spaced frequency grid renders the matrix Γ (used in the discretized inner product defined in (3.21)) diagonal
and furthermore results in a relative easy description of the aliasing properties as
discussed in Section 3.5.
For the purpose of the analysis only, it is temporarily assumed that the poles and
corresponding residues of P (z) are known. This knowledge is however not required
to apply the final result of the analysis.
Based upon Assumption 4.2, the following main results can be posed that describes
the behavior of P (z) at an arbitrary point on z ∈ T based on information of P (z)
at the samples P̂ (zn ), z ∈ Ts only.
Theorem 4.3. The function value of an unknown stable transfer function P (z)
can be reconstructed at a point z ∗ ∈ T from a finite number of data samples P̂ (zn )
via:
P (z ∗ ) = Pnom (z ∗ ) + δP (z ∗ )
(4.15)
with:
N

1
1 X
P̂ (zn )
z
j∆
Ψ(z ∗ )
n
πj n=1
zn − z ∗

X αi
X
δP (z ∗ ) = 2
pki Ψ(z ∗ )
∗
z − pi
i

Pnom (z ∗ ) = −

k={N,2N,...,∞}

(4.16)
(4.17)

86

4 / R ECONSTRUCTION OF INTERGRID POINTS VIA INTEGRAL CONSTRAINT

and
N
−1

1 X
1
z
j∆
Ψ(z ∗ ) = 2 −
n
πj n=1 zn − z ∗

(4.18)

where pi and αi represent the poles and corresponding residues of the partial fracPI
αi
tion expansion of P (z) = i=1 z−p
and ∆ represents the spacing of the equidisi
tant frequency grid ( see Assumption 4.2).
Proof. A detailed proof of Theorem 4.3 is given in Subsection 4.5.1.
Theorem 4.3 shows that the function value P (z ∗ ) can be reconstructed exactly
from the samples P̂ (zn ) if the residues αi and the corresponding poles pi are
known. This prior knowledge is however not available in general (and would omit
the need for interpolation anyhow). Nevertheless, Section 4.6 will show that the
magnitude of |δP | can be bounded via prior knowledge about the subset of D that
contains the poles of P (z).
Eq.(4.16) and (4.17) may appear rather complicated at first sight. However, at the
end of this section, it is illustrated that (4.15-4.18) can be split in several terms,
each having a particular role in the reconstruction of P (z ∗ ).

4.5.1

Proof of Theorem 4.3

Theorem 4.3 shows that the function value at one point z ∗ ∈ T can be uniquely
reconstructed from the function values at all other points z ∈ T \ z ∗ by exploiting
analytical properties. Since only a limited number of samples P̂ (zn ) is available,
the corresponding integral expression given in (4.11) can not be evaluated directly
but requires a discretization step to be performed. This approximation step is
based on the framework described in Chapter 3, that performs the analysis of
sampling via the use of basis expansions.
In analogy to Section 3.5, the integrant of (4.11), denoted by
P ∗ (z) :=

P (z)
zn − z ∗

(4.19)

is rewritten in terms of a basis expansion along a set of basis functions Φ :=
∗
{φk }∞
k=1 . This expansion of P (z) along Φ is given by (see Example 2 in Chapter
3):
∞
X
P ∗ (z) =
βk φk (z)
(4.20)
k=1
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Since the basis coefficients βk do not depend on z, substitution of (4.20) into (4.11)
shows that:
I
I
∞
1
1 X
∗
P (z) dz =
βk φk dz
(4.21)
πj T
πj
T
k=1
H
The terms T φk dz can be computed analytically such that approximation of
(4.11) based on a finite number of frequency response samples is directly coupled
to the estimation of the coefficients βk . As a result, the basis functions can be
considered as a quadrature formula to approximate (4.11).
Using the theory of Section 3.5, an estimate for the first K coefficient βk can be
obtained from N data samples P̂ ∗ (zn ) via the discretized inner product introduced
in Proposition 3.5:
β˜k = hφk (zn ), P ∗ (zn )iN ,

k = 1, . . . , K

(4.22)

It is known from Chapter 3 that this inner product suffers from aliasing and
projection effects if the number of basis functions, required to describe P (z) is
larger than N . This makes that the estimated coefficients β̃k deviate from the
true coefficient βk . The error (β̃k − βk ) in the coefficients, combined with the
truncation of the basis expansion results in an error in the estimation of (4.21)
from the samples P̂ (zn ). As a result, this error  is defined as:
(z ∗ ) :=

I
I
∞
K
1 X
1 X
βk φ(z) dz −
β̃k φ(z) dz
πj
πj
T
T
k=1

(4.23)

k=1

Remind that the number of basis coefficients K is restricted by the number of data
samples via K ≤ N , where N represents the number of available data samples.
Manipulation of (4.23) shows that  can be written in terms of the basis coefficients
βk and the estimated basis coefficients β̃k :
(z ) =
∗

K 
X
k=1

1
(βk − β̃k )
πj

I
T



φk (z) dz +

∞
X
k=K+1

1
βk
πj

I

φk (z) dz



(4.24)

T

Eq.(4.24) shows that the magnitude of the discretization error is directly coupled to the estimated coefficients β̃k and truncation effects. This uncertainty is
introduced via aliasing and projection errors of the basis expansion, which are
represented by respectively the first and the second terms in the righthand side of
(4.24). An estimation for an upper bound of these errors can be quantified via the
framework described in Chapter 3, which revealed a relation between uncertainty
and convergence of the basis expansion.
Without loss of generality, the sequel of this section assumes that the basis functions φk , k = 1, . . . K in (4.20) are FIR basis functions (see Assumption 4.2).
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Due
to this choice, the complexity of (4.24) significantly reduces since many terms
R
φ
dz vanish. This becomes apparent in the following lemma:
T k
Lemma 4.3. Given a set of FIR basis coefficients Φ = {z −1 , z −2 , . . . , z −K } with
amplitude normalized with respect to H∞ , then:
K
X

βk

k=1

1
πj

I

φk (z) dz = 2 β1

(4.25)

T

Proof.
By rewriting the contour T as γ = ejϕ , ϕ = [−π, π], an expression for
R
φ dz can be obtained per basis function:
T k
Z

z −k dz =

T

=

Z

−k

ejϕ

T
Z 2π

d ejϕ

−k

ejϕ

jejϕ dϕ

0

=j

Z

=j

Z

(4.26)

2π

e(1−k)jϕ dϕ

0
2π



cos (1 − k)ϕ + j sin (1 − k)ϕ dϕ

0

This shows that:
R −k
RT z −k dz
z dz
T

= 2πj
= 0

for k = 1
for k = 0

(4.27)

Substitution of (4.26) into (4.3) finishes the proof of Lemma 4.3.
Substitution of (4.25) into (4.21), shows that:
1
πj

I
T

P (z)
dz = 2β1
z − z∗

(4.28)

As a result, computation of (4.11), reduces to the estimation of the first basis
coefficient β1 of the expansion of P ∗ along a set of FIR basis functions φk (z) =
z −k , k = 1, . . . K. We would like to obtain an estimate β̃1 of β1 , as given in (4.28),
from the data-samples P̂ (zn ). This estimate for β̃1 can be obtained via projection
of P̂ ∗ (zn ) onto the basis φ1 :
β̃1 = hφ1 , P̂ ∗ iN

(4.29)

Due to Assumption 4.2, the matrix Γ (see (3.21)) in the projection hφ1 , P̂ iN renders
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∆
∆
to diag( N1 , . . . , N1 ) = diag( 2π
, . . . , 2π
). As a result:

β̃1 = hP̂ ∗ , φ1 iN
=

(4.30)

N
1 X P (zn )
zn ∆
2π i=n zn − z ∗

(4.31)
(4.32)

To be consistent with the expressions given in (4.11), this is written as:
β̃1 =

N
1 X P (zn )
zn j∆
2πj i=n zn − z ∗

(4.33)

It is known from Chapter 3, that the estimation of the coefficient β1 from data is
prone to aliasing effects. Substitution of (4.33) and (4.25) into (4.24) shows that
the resulting error  is directly related to the error (β1 − β̃1 ) via:
=P

1
πj

I
T

N
P (z)
1 X P (zn )
dz
−
zn j∆
z − z∗
πj n=1 zn − z ∗


(4.34)

= 2 β1 − β̃1

According to Chapter 3, the difference (β1 − β̃1 ) is directly related to the conP∗
vergence of the decomposition of z−z
∗ onto the chosen FIR basis functions. As
mentioned in Chapter 3, the convergence of the basis expansion coefficients βk depends on the pole locations of P ∗ (z). The poles of P ∗ (z) are given by S ∗ = {S, z ∗ }
where S represents the poles of P . Due to the deviating behavior of the pole z ∗
compared to the poles S of P (z), the analysis is split in two parts. First, the
analysis is made for poles in Dσ , for which the exact location is unknown. As a
second step, the analysis is made for the pole z ∗ , which has a known location.
Finally both parts are combined to prove Theorem 4.3.
In order to be able to perform the analysis for every partial fraction separately, the
partial fractions of the integrant of (4.11) are computed via the partial fractions
P αi
of P (z) given by P (z) =
z−pi ( see (3.10)):
I

P (z)

X αi
1
1
1 
∗
=
P
(z
)
−
z − z∗
z − z∗
z ∗ − pi z − pi
i

See [43] for a detailed derivation.

(4.35)
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Substitution of the partial fraction expansion given in (4.35) into (4.34) gives:
I
I
I 


X
1
1
1
αi
1
(z ∗ ) = P (z ∗ )
dz
+
dz
(4.36)
πj T z − z ∗
pi − z ∗ πj T z − pi
i=1
N
I 
N


X
1
1 X
1
αi
1 X
jz
∆
+
jz
∆
− P (z ∗ )
n
n
πj n=1 zn − z ∗
pi − z ∗ πj n=1 zn − pi
i=1

(4.37)

Reordering terms shows that  can be written in two terms that each correspond
1
1
to either the partial fraction z−z
∗ or the fractions z−p :
i
(z ) = P (z )
∗

∗

1
z−z ∗

(z ) −
∗

I
X
i=1


αi
 1 (z ∗ )
z ∗ − pi z−pi

(4.38)

with:
1
1
1 X
dz −
jzn ∆
∗
z
−
z
πj
z
−
z∗
n
T
n
I
1
1
1
1 X
∗
1
(z ) := P
 z−p
dz −
jzn ∆
i
πj T z − pi
πj n zn − pi



1
z−z ∗

(z ∗ ) := P

1
πj

I

(4.39)
(4.40)

It will appear in the next section that the role of both terms in the estimation of
Pnom (z ∗ ) and δP (z ∗ ) is totally different. Whereas the behavior of  1 ∗ is exactly
z−z
1
known since z ∗ is known, the term  z−p
introduces uncertainty since the exact
i
location of pi is unknown.
The approach to quantify both terms is to perform the analysis for every partial
fraction each term separately. Due to the linearity of integral and sum operator,
the result of every partial fraction can be combined afterwards.
1
The analysis is started by the quantification of  z−p
:
i

1
Proposition 4.4. Consider the error  z−p
that corresponds to the approximation

of

1
z−pi

i

via a K-dimensional FIR expansion, then error is given by:
I
1
1
1 X
1
1
 z−p
=
dz −
jzn ∆
i
πj T z − pi
πj n zn − pi
X
=2
pki

(4.41)
(4.42)

k=[N,2N,...,∞]

Proof. Similar to (4.34), it can be derived that:
1
 z−p
= 2 β1 (
i


1
1
) − β˜1 (
)
z − pi
z − pi

(4.43)
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1
1
where β1 ( z−p
) represents the basis coefficients of z−p
projected onto the FIR
i
i
1
−1
along a FIR basis is
basis function z . Recall that the basis expansion of z−p
i
described by (see Section 3.5):

βk = pki

(4.44)

1
) from data samples introduces an error induced by aliasThe estimation β˜1 ( z−p
i
ing. The magnitude of this aliasing term can be computed via (see (3.37)):
∞
X

β̃1 − β1 =

βk < φ1 , φk >N

k=N

X

=

βk hz −1 , z −k iN

(4.45)

k∈{N,N +1,... }

Under Assumption 4.2, aliasing only occurs with components that are shifted N
index terms away such that:
X

β1 − β̃1 =

pki

k=N,2N,3N,...∞

(4.46)

By substitution of (4.46) into (4.45), the following expression is obtained:
X

1
=2
 z−p
i

pki

(4.47)

k=N,2N,3N,...∞

which finishes the proof of Proposition 4.4 and finishes the analysis for damped
poles of P (z) contained in Dσ .
The proof of Theorem 4.3 is continued by considering the partial fraction
Proposition 4.5. Consider the error 
error of the partial fraction



1
z−z ∗

=

1
z−z ∗ .

1
P
πj

= 1−

I
T

1
z−p∗

1
z−z ∗ .

that corresponds to the approximation

Then:

N
1
1 X
1
dz
−
jzn ∆
z − z∗
πj n=1 zn − z ∗

N

1 X
1
jzn ∆
∗
πj n=1 zn − z

(4.48)

(4.49)
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Proof. Via Theorem 2.22, the integral part of (4.48) can be computed exactly:
I
1
P
dz = πj
(4.50)
∗
T z−z
Since z ∗ is exactly known, the discrete part of (4.48) can be computed exactly as
well. Substitution of (4.50) into (4.48), proves (4.49).
Substitution of (4.42) and (4.49) into (4.38) and summing over all partial fractions
given in (4.35) show that (4.11) can be written as:
I
1
P (z)
P (z ∗ ) = − P
dz
∗
πj
T z−z
1 X P̂ (zn )
=−
jzn ∆ + 
πj n zn − z ∗
=−


1
1 X P̂ (zn )
1 X
∗
jz
∆
−
P
(z
)
2
−
jzn ∆
n
πj n zn − z ∗
πj n zn − z ∗
−2

I 
X
i

αi
z ∗ − pi

X

pki

(4.51)



k={N,2N,...∞}

By recollection of terms, (4.17) can be obtained from (4.51). This finishes the
proof of Theorem 4.3.

4.5.2

Interpretation of Theorem 4.3

Theorem 4.3 describes the reconstruction of P (z ∗ ) for an arbitrary point z ∗ ⊂ T in
terms of a nominal part Pnom (z ∗ ) and a term δP (z ∗ ) that represents the mismatch
of the interpolating function Pnom (z ∗ ) with respect to P (z). Each of the terms
Pnom (z ∗ ), δP (z ∗ ) and Ψ(z ∗ ) have a particular role in the reconstruction of the
inter-frequency grid behavior, which will be briefly discussed.
We start with the nominal part Pnom (z ∗ ). Pnom (z ∗ ) can be interpreted as the
interpolant obtained via the discretized inner product defined in Section 3.4. According to Section 3.4, P (z) can be reconstructed exactly from N data samples if
P (z) is contained in a known N dimensional span of basis functions. In this case,
no aliasing effects are present such that β̃1 = β1 , resulting in δP = 0.
Most often, the system behavior can not be described by a known N dimensional
span of basis functions. As a direct consequence, aliasing and truncation effects are
present that generate an error in the estimate of the data-interpolating function
Pnom . This uncertainty is quantified via δP .
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If a FIR basis expansion is used combined with an equidistant grid, the uncertainty in the estimation of the basis coefficients due to sampling is represented
PI
αi P
k
by (4.45), resulting in the term i=1 z−p
k={N,2N,...,∞} pi . The magnitude of
i
PI
P
αi
k
i=1 z−pi
k={N,2N,...,∞} pi is directly related to the location of the poles. If
the damping of the poles P (z) is small, convergence of the basis expansion will
P
be slow and the term k={N,2N,...,∞} pki will be relatively large. As a result, the
uncertainty induced by aliasing and projection errors will be large.
If the poles are assumed to be contained in Dσ , the convergence of the FIR basis
expansion is optimal with respect to the worst-case pole locations. So, given the
prior knowledge that P (z) is analytic outside Dσ , a FIR basis expansion results in
an uncertainty radius |δP | that is minimal.
P
αi
The behavior of the term (β̃k −βk ) = k={N,2N,...,∞} pki is weighted by z−p
, which
i
on itself varies smooth over the frequency grid points, and a term Ψ(z ∗ ) which
varies fast and repetitive between the samples. Figure 4.1 depicts the behavior
of Ψ(z ∗ ) over z ∗ ∈ T. It can be observed from Figure 4.1 that Ψ(z ∗ ) equals
zero on the grid points zn ∈ Ts and equals one exactly in the middle of two
subsequent grid points. As a result, the term Ψ(z ∗ ) is mainly responsible for the
variation of the uncertainty set δP (z ∗ ) between two subsequent frequency points,
i.e. the uncertainty set has it’s maximum amplitude exactly in the middle of two
subsequent frequency points whereas the uncertainty is zero on the given sample
points. An example of the resulting uncertainty set can be found in the example
that is given in the next section. Figure 4.2 illustrates the effect of Ψ(z ∗ ) on
Pnom (z) and δP (z). This clearly shows that δP (z) varies between subsequent
frequency points.
Remark 4.6. It can be observed that the magnitude of the relative uncertainty,
P
described by k=N,2N,... pki , depends on the damping of the poles pi and the number
of data-points available. This shows that the relevant parameters are equal to the
approach presented in Section 3.5. The resulting magnitude, however, is smaller
since only basis functions with a multiple of N are relevant. Furthermore, the size
of the intergrid uncertainty set varies between the samples, i.e. the uncertainty is
large in the middle of two subsequent points and equals zero on the frequency grid
points zn ∈ Ts , which reduces conservatism.

4.6

Several dominant pole pairs

To apply to results presented in Theorem 4.3, knowledge about the terms αi and
P
αi
k
pi is required in order to compute the terms z−p
k={N,2N,...,∞} pi . Prior
i
knowledge about αi and pi is, however, not present in general and therefore would

i
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Figure 4.1 / Interpolating behavior of Ψ(z ∗ ) between grid points zn .

require an identification step to be performed. In order to reduce the requirement
for prior knowledge, this section describes several approaches to
 quantify an upper
P
PI
αi
k
bound for the uncertainty term i=1 z−p
that does not rely
k={N,2N,...,∞} pi
i
on prior knowledge about αi and pi .

4.6.1

Case I: one dominant partial fraction

If the frequency response behavior is dominated by one partial fraction only, say
αi∗
1
z−pi∗ such that P (z) ≈ z−pi∗ , then:
I
X
i=1

z∗

αi
− pi

X
n={N,2N,... }

pki ≈

αi∗
z − pi∗

≈ P (z )
∗

X

pki∗

k={N,2N,... }

X

(4.52)

pki∗

k={N,2N,... }

By substitution of (4.52) into (4.17) of Theorem 4.3, it can be observed that
δP (z) becomes a function of P (z ∗ ) itself. This renders (4.15) into a multiplicative
expression for the uncertainty interval. Precisely,
−1
P (z ∗ ) = I + δP (z ∗ )
Pnom (z ∗ )

(4.53)
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with:
N

1
1 X
P̂ (zn )
zn j∆ Ψ(z ∗ )
∗
πj n=1
zn − z
X
δP (z ∗ ) = 2
pki Ψ(z ∗ )

Pnom (z ∗ ) = −

(4.54)
(4.55)

k={N,2N,...,∞}

This means that under the assumption that the frequency response is locally dominated by one conjugated pole pair, the requirement of prior knowledge about αi
can be omitted.
To quantify the uncertainty term δP , as given in (4.55), an estimate for
P
k
k={N,2N,...,∞} pi remains. Whereas an estimate of |pi | can be obtained from prior
assumptions regarding the damping of the poles of the system, the exact location
P
of the poles pi is unknown. To handle uncertainty in the phase of k={N,2N,... } pki ,
the multiplicative uncertainty is evaluated for all possible phases of pi , i.e.:
X
|δP (z ∗ )| <
|pni | |Ψ(z ∗ )|
(4.56)
n={N,2N,...,∞}

Substitution of (4.56) into (4.52) shows that δP represents a complex circular
uncertainty.
The preceding analysis shows that, if P (z) is dominated by one partial fraction,
the size of the uncertainty interval depends on prior knowledge about an upper
bound on |pi | only. An upper bound for |pi | can be obtained via prior knowledge
about the system, i.e. a lower bound on the damping.
Example. The following example illustrates Theorem 4.3. The set of all frequency
responses that correspond to the data is computed and it is verified that the underlying sampled transfer function is contained in this set. We assume that the
frequency response is dominated by one partial fraction, given by:
P (z) =

αi
z − pi

(4.57)

with αi = 0.0048 − 0.0497j, pi = (0.975 + 0.123j)
To mimic experimental data samples, the transfer function P (z) is evaluated for
the gridpoints zn = ejωn with ω ∈ 2π
N {1, . . . , N } and N = 150.
The envelope of all possible frequency responses that correspond to the data can
be computed based on the samples P̂ (zn ) and the assumption that the poles are
contained in Dδ , δ = 0.98.
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Since P (z) contains one partial fraction only, Theorem 4.3 can be written as (4.53).
It can be observed from (4.54) that Pnom (z ∗ ) can be computed from the samples
only. The uncertainty set δP can be upper bounded via knowledge about the number
of samples, N , and knowledge about the damping by making use of (4.56). Using
the knowledge that |pi | < 0.98, shows that the magnitude of the multiplicative
uncertainty set is bounded by |δP (z ∗ )| < 0.05 |Ψ(z ∗ )|.

5
abs [dB]

i

The computed nominal interpolant Pnom and the uncertainty interval δP are depicted in Figure 4.2. The data-points P̂ (z ∗ ) are depicted by the squares whereas
the computed uncertainty interval δP is depicted in grey. The frequency response
of the function P (z), that was used to obtain the samples P̂ (zn ), is added for
evaluation purposes.
It can be observed that the computed
uncertainty
“bode˙intergridset˙zoomed˙temp”
— 2010/8/23
— interval
11:58 — page 1 — #
Pnom (z ∗ ) + |δP (z ∗ )| contains the frequency response of the sampled transfer function P (z). The reason that the frequency response behavior P (z) is exactly located
on the border of interval is due to the fact that the value of |pi |, used to compute
and upper bound for |δP |, is exact. As a result, the upper bound coincides with
real system behavior such that the interval has no conservatism.
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Figure 4.2 / Data-points with computed envelope of frequency responses: points of
the sampled function P̂ (), underlying transfer function (-), Pnom (:)
and the computed uncertainty interval δP ().

Remark 4.7. We believe that an equivalent analysis can be performed for systems
with resonant dynamics, i.e. system that have two dominant partial fractions that
are complex conjugate. This is due to the fact that the poles and residues of a
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resonant pole pair satisfy α1 = −α2 and p1 = pH
2 . Further research is, however,
required obtain a formal expression of the uncertainty interval δP for this case.

4.6.2

Case II: additive uncertainty via maximum gain assumption

The description of dynamics of practical systems, most often requires more than
one dominant partial fraction. As a result, frequency regions appear where the
frequency response behavior is dominated by several partial fractions. Consequently, the result given in (4.52) is not applicable in this case. Especially at
anti-resonances, where two (or more) partial fractions occur with approximately
same magnitude and opposite sign, partial cancelation of the contribution of partial
αi
occurs. As a result, a small magnitude of P (z), due to cancelation
fractions z−p
i
of partial fractions, does not imply that the partial fractions itself are small such
that (4.52) does not hold. As a consequence, quantification of the resulting uncertainty interval in multiplicative manner, as described in (4.53), generally result in
an underestimation of the uncertainty interval δP (z ∗ ).
The objective of this section is to quantify an upper bound for |δP | that can be
applied even if several partial fractions are present, albeit by introducing conservatism. This can be achieved by making assumption on the maximum gain of the
transfer function.
Recall that the uncertainty term δP in Theorem 4.3 is given by:
δP (z ∗ ) = 2

I 
X
i=1

z∗

αi
− pi


pki Ψ(z ∗ )

X

(4.58)

k={N,2N,...,∞}

P
As mentioned in the previous subsection, the phase of k={N,2N,...,∞} pki is unknown and heavily depends on the location of pi with respect to the grid points
zn . To upper bound |δP (z)|, the right-hand side of (4.58) is split in two separate
terms:
|δP (z ∗ )| = 2

I
X
i=1

≤2

I
X
i=1

z∗

αi
− pi

αi
z ∗ − pi

X

pni Ψ(z ∗ )

(4.59)

n={N,2N }

·

X

pni Ψ(z ∗ )

(4.60)

n={N,2N }

Given prior knowledge about the convergence of the partial fraction expansion
P
results in an upper bound for | n={N,2N } pni |. An upper bound for the maximum
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PI
i
|.
gain of the transfer function implies an upper bound for the term | i=1 z∗α−p
i
This upper bound does not depend on any assumptions regarding dominance by
one partial fraction or knowledge about αi .
Two remarks are to be made about the approach described in this subsection. As a
first remark, the upper bound of |δP | is uniform (up to Ψ) for all frequencies which
may result in a very conservative estimate of the uncertainty interval especially
around the anti-resonances. As a second remark, the assumption that an upper
bound on the gain of frequency response function is present, is not very strong from
a practical perspective. Determination of such an upper bound almost implies the
prescription of the inter-frequency response behavior by itself.

4.7

Reconstruction of intergrid behavior in the presence of noise

All practical frequency response identification procedures are subjected to unknown disturbances. As a result, the samples P̂ (zn ) are unavoidably corrupted by
measurement noise. The objective of this section is to perform an analysis that
shows how the reconstruction of P (z ∗ ) via (4.17) is influenced by the presence of
noise. Furthermore, an approach is described to reduce the effect of this noise
on the estimated frequency response by exploiting the knowledge that the data
is obtained from a system that is analytic outside Dσ . The following notation is
introduced to perform the analysis:
P̄ (zn ) := P̂ (zn ) + η(zn )

(4.61)

where P̄ (zn ) represents the measured data samples, corrupted by a complex valued
noise contribution η(zn ) that possibly varies over the frequency band.
Substitution of (4.61) into (4.3) of Theorem 4.3, shows that Pnom (z ∗ ) is the only
term that depends on the samples P̂ (zn ) and therefore is the only term that is
affected by the noise contribution η(zn ) :
P̄nom (z ∗ ) := −

1 X P̄ (zn )
∆jΨ(z ∗ )
πj n zn − z ∗

(4.62)

Due to linearity of the operation performed in (4.62), it can be derived that:

1 X η(zn )
P̄nom (z ∗ ) − Pnom (z ∗ ) = −
z
j∆
Ψ(z ∗ )
(4.63)
n
πj n zn − z ∗

Quantification of the estimation error P̂nom (z ∗ ) − Pnom (z ∗ ) , induced by measurement noise, is performed for two cases of the noise distribution: (i) the phase
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and amplitude of η(zn ) are distributed over the samples P̂ (zn ) in a worst-case
manner, or (ii) the phase of η(zn ) is distributed randomly over the frequency axis
with a gaussian complex circular distribution.

4.7.1

Worst-case distribution of η

This section quantifies an upper bound |P̄nom (z ∗ ) − Pnom (z ∗ )| under the assumption that the samples are corrupted by a noise η that appears in a worst-case
manner over the sample grid zn ∈ Ts . It is assumed that the magnitude of η(zn )
is bounded and the phase of η(zn ) is allowed to occur in a worst-case manner over
the samples zn .
An important observation to make is that the worst case noise η(zn ) has maximum
amplitude and a phase distribution over n such that:
∠η(zn )worst-case = arg max P̄nom (z ∗ ) − Pnom (z ∗ )

(4.64)

∠η(zn )

= arg max

∠η(zn )

1 X η(zn )
zn j∆Ψ(z ∗ )
πj n zn − z ∗

This is achieved if the phase of η(zn ) exactly cancels the phase of
per frequency such that:
X
n

(4.65)

1
∗
zn −z ∗ zn Ψ(z )

 X

1
1
∗
∗
z
j∆
Ψ(z
)
η(z
)
=
z
j∆Ψ(z
)
·
η(z
)
(4.66)
n
n
n
n
zn − z ∗
zn − z ∗
n

Via (4.63), the resulting bias on the estimation of Pnom can be obtained from
(4.63):
|P̄nom (z ∗ ) − Pnom (z ∗ )| = −

1 X
1
zn ∆Ψ(z ∗ )
πj n
zn − z ∗

·

η(zn )



(4.67)

Without loss of generality, it is assumed that |η(zn )| appears with constant magnitude over the frequency axis. Given this assumption, |P̄nom (z ∗ ) − Pnom (z ∗ )| can
be computed while varying the number of samples that are taken into account.
The result is depicted in Figure 4.3 for
 |η(zn )| = 1, n = 1, . . . N . This figure shows
that the error P̂nom (z ∗ ) − Pnom (z ∗ ) logarithmically diverges with increasing N .
From Figure 4.3, the remarkable observation can be made that the uncertainty due
to measurement noise increases with the number of samples that are taken into
account. As a result, the worst case occurrence of noise disturbs convergence of the
linear interpolation algorithm described in Theorem 4.3 for N → ∞. So although
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Figure 4.3 / Presence of worst-case noise tackles the convergence of uncertainty set

the inter-grid uncertainty δP decreases in the noise-free case, the uncertainty due
to measurement noise increases.
The observation that noise in a worst-case setting disturbs convergence of linear
interpolation algorithm corresponds to the well known fact that there does not exist
a linear algorithm that is robustly convergent in the presence of worst-case noise
[38, 100]. So , in order to minimize the uncertainty in the estimation of P (z ∗ ), a
trade-off has to be made between the uncertainty
due to the term |δP (z ∗ )|, as given

in (4.17), and the term |P̄nom − Pnom | given in (4.67). Increasing the number
samples N reduces the uncertainty δP (z ∗ ), induced by aliasing effects, while on the
other hand a decrease of N reduces the uncertainty induced
by worst-occurrence

of measurement noise represented by |P̄nom − Pnom | .

4.7.2

Stochastic distribution of η

For a wide number of experimental disturbances, it can be shown that the resulting
measurement noise manifests itself in a stochastic manner over the frequency axis
[12, 104, 128]. If the number of measurements tends to infinity, the assumption that
the noise has a variance that appears circular complex normal, is asymptotical for
N → ∞. As a result, the worst-case phase distribution described in the previous
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paragraph is very unlikely to occur and therefore results in highly conservative
estimates of the set of frequency responses that correspond to the data.
The presence of measurement noise makes that the best nominal estimate for the
underlying function P (z) does not necessary interpolates the samples P̄ (zn ) that
are corrupted by noise η(zn ). To come up with the best nominal model Pnom (z ∗ )
based on samples P̄ (zn ), the following statistical analysis is made.
The effect of measurement noise on the term P̄nom (z ∗ ) was described
by (4.63).

For analysis, the statistical properties of P̄nom (z ∗ ) − Pnom (z ∗ ) are characterized
in terms of the expectation operator E and the corresponding standard deviation
ς of the samples η(zn ). Since P̄nom depends linearly on the noise η(zn ) at the
samples, it can be derived via (4.63) that:
 1 X η(z )

n
∗
E(P̄nom (z ∗ ) − Pnom (z ∗ )) = E
z
j∆Ψ(z
)
n
2πj n zn − z ∗
=

0

(4.68)
(4.69)

If it is assumed that the measurement noise η(zn ) is independent over the frequency

axis, it can be derived from (4.67) that the variance of P̄nom (z ∗ ) − Pnom (z ∗ ) ,
induced by η(zn ), is given by:
 X 2
ς 2 P̄nom (z ∗ ) − Pnom (z ∗ ) =
ς (η(zn ))
n

1
1
|Ψ(zn )|2 ∆2 (4.70)
2
|2πj| |(zn − z ∗ )|2


It can be observed from (4.70) that the variance ς 2 P̄nom (z ∗ )−Pnom (z ∗ ) is a result
1
2
of the variance of every sample ς 2 (η(zn )) weighted by the function |(zn −z
∗ )|2 |Ψ(zn )| .
1
2
Figure 4.4 depicts the behavior of |(zn −z∗ )|2 |Ψ(zn )| which shows that the noise
on the samples around z ∗ heavily contribute the estimation of P̄nom (z ∗ ).
The main idea to reduce the influence of η(zn ) on the estimation of P (z ∗ ), is to
approximate the behavior of P (z ∗ ) with P (z̄ ∗ ) where z̄ ∗ is located in the exterior
of the unit disk:
z̄ ∗ = δz ∗ , z ∗ ∈ T, δ > 1
(4.71)
We now apply a procedure to reconstruct P (z̄ ∗ ) from the samples P̄ (zn ) which is
similar to Section 4.5. According to Section 2.7.3, the function value P (z̄ ∗ ) with
z̄ ∗ ∈ E can be obtained from the frequency response of a stable system via:
I
1
P (z)
∗
P (z̄ ) =
dz
(4.72)
2πj T z − z̄ ∗
By applying a similar approach as used in the proof of Theorem 4.3, it can be
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Figure 4.4 / Function | zn −z
∗ zn Ψ(zn )| scaled by maxn | z −z ∗ zn Ψ(zn )|. This funcn
tion performs a smoothing operation of the samples P (zn ) to reconstruct the function value at n = 50.5. The function is depicted for
several choices of z ∗ : |z ∗ | = 1 [:], |z̄ ∗ | = 1.05 [--] and |z̄ ∗ | = 1.1 [-]

derived that the integral expression given in (4.72) can be approximated by:
P (z̄ ∗ ) =

N
N
1 X η(zn )
1 X P̂ (zn )
∗
z
∆j
Ψ̄(z̄
)
+
zn ∆j Ψ̄(z̄ ∗ )
n
2πj n=1 zn − z̄ ∗
2πj n=1 zn − z̄ ∗

+

I
X
i=1

αi
z̄ ∗ − pi

X

pki

(4.73)

Ψ̄(z̄ )
∗

k={N,2N,∞}

with:
N

1 −1
1 X
Ψ̄(z̄ ∗ ) = 1 −
2πj n=1 zn − z̄ ∗

(4.74)

The important observation to be made is that due to the shift z ∗ → z̄ ∗ , the
1
∗
term zn −z̄
∗ zn j∆Ψ̄(z̄ ) behaves more smooth over the frequency axis. This effect can be well observed from Figure 4.4 that depicts the local behavior of the
1
∗
function zn −z̄
∗ zn Ψ̄(z̄ ) for several choices of δ. It has to be remarked that the
scaling, that has been performed in Figure 4.4 to illustrates that the function
1
∗
zn −z̄ ∗ zn j∆Ψ̄(z̄ ) becomes broader for increasing δ, on the other hand hides that
1
the function zn −z̄∗ zn j∆Ψ̄(z̄ ∗ ) has a much larger maximum amplitude for δ ≈ 1
compared to δ  1.
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1
∗
Figure 4.4 shows that by increasing δ, the smoothness of the term zn −z̄
∗ zn Ψ̄(z̄ )
over the frequency axis is increased such that a local averaging of the noise samples
η(zn ) is performed. It is this local averaging that reduces the variance of the
estimate P̄ (zn ). This reduction of variance, however, comes with the cost of a bias
term P (z ∗ ) − P (z̄ ∗ ) . As a result, a trade-off appears between variance reduction
and the introduction
of bias. To make this trade-off, the relation between δ and

P (z ∗ ) − P̄ (z ∗ ) is examined.

According to (4.72), the shift of z ∗ → z̄ ∗ can be interpreted as the reconstruction
of P (z̄ ∗ ) instead of P (z ∗ ). For analysis, P (z ∗ ) is written in terms of its partial
fractions and z̄ ∗ :
P (z̄ ∗ ) =

I
X
i=1

=

I
X
i=1

=

αi
z̄ ∗ − pi

(4.75)

αi
− pi

(4.76)

δz ∗

I
1 X
αi
∗
δ i=1 z − pδi

(4.77)

This shows that P (z̄ ∗ ) can alternatively be interpreted as a transfer function in
terms of z ∗ with poles that have additionaldamping compared to the poles of P (z ∗ ).
As a result, the bias term P (z̄ ∗ ) − P (zn ) will be typically large at the resonances
peaks and at the anti-resonances, where the dynamics response is heavily affected
by the damping properties of the system.

The bias term P (z̄ ∗ ) − P (z ∗ ) can be expressed in terms of the FIR basis coefficients. The FIR basis expansion introduced in Chapter 3 is applied which shows
that:
P (z̄ ∗ ) =

I
X
i=1

=
=

z̄ ∗

I 
X

αi
− pi

αi

K
X

i=1

k=1

I 
X

K
X

αi

i=1

As a result:
P (z̄ ∗ ) − P (z ∗ ) =

I
X
i=1

(4.78)
pki z̄ −k



pki δ −k z −k

(4.79)


(4.80)

k=1

αi

K
X
k=1

(1 − δ −k )pki |{z}
z −k
{z
}
|
βk

(4.81)

φk

Eq. (4.81) shows that the basis coefficients with higher indices k are modified by
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the filtering operation. As a result, systems with slow convergence of the FIR
basis expansion, i.e. undamped systems, will suffer the most from bias.
The trade-off between bias versus variance can be well understood. Undamped
dynamics result in sharp peaks in the frequency response that can alternatively be
interpreted as noise contributions. By making assumptions regarding the damping
of the system, these peaks can not be induced by the system dynamics such that
these peaks can be classified as noise, which allows for averaging. Additional research, however, is required to obtain quantitative guidelines to tune δ as function
of the system properties and information about the variance of the noise present
at the samples P̄ (zn ).
Remark 4.8. The value of δ is not necessarily constrained to be constant over
the frequency axis. In frequency areas with relative good measurements, i.e. the
variance ς(η)2 is low, or frequency areas with very undamped behavior, δ ≈ 1
results in the best estimate for P (z ∗ ). At frequencies where the contribution of
noise in the measurements is significant, a larger value for δ is more suitable,
resulting a more smoothed behavior with improved noise suppression.
Example. This example considers the reduction of the variance of the frequency
response estimation P (z ∗ ) via the approach described in this section. The system
used for evaluation is given by:
P6

P (z) = Pm=1
7

am z m

n=1 bn z

n

(4.82)

with a = [1.007, −0.70, 0.68, 0.76, −0.70, 0.92] and b = [1, −2.2, 3.83, −4.18,
3.64, −1.98, 0.87].
The chosen frequency grid points zn are given by:
Ts = 2π {

n N
}
N n=1

(4.83)

with N = 500. To mimic experimental data while enabling evaluation with the
analytical result, samples P̂ (zn ) are generated by substitution of the grid points
zn ∈ Ts into P (z) given in (4.82). The resulting samples are defined as P̂ (zn ) :=
P (z)|Ts .
It is assumed that the samples P̂ (zn ) are corrupted with noise η(zn ) that appears
circular complex distributed with a variance of ς(η)2 = 1.5. As a result, the "measured" frequency response samples P̄ (zn ) equal:
P̄ (zn ) = P̂ (zn ) + η(zn )

(4.84)
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The objective is to reduce the influence of the noise η(zn ) by reconstruction of
P (z̄ ∗ ) instead of P (z ∗ ), as proposed in the preceding part of this section. Here,
δ represents the scaling of z̄ ∗ with respect to the origin, i.e. z̄ ∗ = δz ∗ , z ∗ ∈ T.
The parameter δ is to be tuned such that the trade-off between bias and variance
is made in an optimal manner.
To make this trade-off, the sum of the contributions of the variance term induced
by the noise η, which is given in (4.70), and the bias term given in (4.77) should
be minimized per frequency. This on the one hand requires information about the
variance of the frequency response samples, which could be obtained via experimental means [104]. On the other hand, the behavior of the bias term over the
frequency axis is required, which depends heavily on the exact location of the poles
which are unknown.
Due to the lack of a quantitative criterion to tune δ based on the system properties and variance information, the value of δ is tuned via manual inspection of
the estimation P (z̄ ∗ ). For simplicity of the analysis, the value of δ is chosen to
be constant over the frequency axis. Eq. 4.73 is applied to perform the actual
reconstruction of Pnom (z ∗ ). Practical evaluation revealed that a suited value for
δ is given by δ = 1.008. The result is depicted in Figure 4.5. It can be observed
from this figure that the variance of the estimation P (z ∗ ) is heavily reduced by the
filtering operation. As a result, the anti-resonance, which totally covered by noise,
is unveiled. On the other hand, comparison with the analytical result shows that
the the filtering operation induces a bias at the resonance peaks. Due to this bias
and the presence of noise, the filtered frequency response data does not represent
the actual system behavior. It is important to be aware of this mismatch during
further use of the data.
Remark 4.9. It is expected that a frequency dependent choice for δ improves the
performance at the anti-resonances while the bias the resonance frequencies is
reduced. This can for example be achieved by making δ a function of the local
variance information of the samples P̄ (zn ). Since the variance is commonly low
around the resonance frequencies, where the signal to noise ration is small, δ ≈
would preserve information at the resonance peaks while reducing the influence of
noise at the anti-resonances. An alternative idea to detect the frequency regions
that are sensitive to bias, is to observe the change in the magnitude of the frequency response between two sequential filtering steps that are performed with a δ
that is large enough to eliminate the influence of noise. Further research, however,
should be devoted to obtain a quantitative criterion to tune δ.
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Figure 4.5 / Variance reduction via filtering: analytical solution P (z) (:), measured
data corrupted by noise (grey) and Pnom obtained via filtering (black).

4.8

Conclusions

Characterization of the set of all possible frequency responses that correspond to
the data, is required to guarantee robust stability and performance of the closedloop system. This chapter describes a method to quantify this set of frequency
responses by exploiting the analytical properties of a system.
Based upon the theory of Chapter 2, the frequency response at one frequency point
can be written in terms of the system response at all other frequency points on
the unit circle. This result, combined with the framework described in Chapter
3, enables the description of the set of frequency responses in terms of a nominal
frequency response and frequency dependent uncertainty set. It appears that the
size of the uncertainty set for a given point z ∗ is related to: the number of data
samples, the convergence rate of the basis expansion, that can be tuned with
respect to the available prior knowledge, and the location of z ∗ with respect to the
frequency grid of the given data samples.
To deal with the fact that experimental data is unavoidable corrupted by measurement noise, an analysis is made to reveal the effect of measurement noise on
the estimation of the inter-frequency grid behavior. It is shown that in the case of
worst-case occurrence of noise, the size of the uncertainty diverges if the number
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of samples increases. This loss of convergence corresponds to well-known results in
literature and therefore can be seen as a validation of the given approach. Under
the assumption that the measured samples are corrupted by stochastic noise, a
filtering approach is proposed to reduce the effect of noise on the estimation of the
frequency response set at the cost of bias. Quantitative measures to optimize this
filtering operation based on system properties and information about the variance
of the noise, however, require further research.
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5
CONTROLLER SYNTHESIS OVER
GENERIC BASIS FUNCTIONS

Abstract / This chapter considers the synthesis of an H2 optimal controller
based on frequency response samples of the plant. Since the approach relies
on a non-parametric description of the plant, prior information about the
structure and the order of the controller to be designed is unknown. The
proposed approach to circumvent this lack of prior knowledge is to perform
controller synthesis via optimization over a high dimensional set of generic
basis functions.
A frequency domain approach is proposed where the Youla parameter is introduced as optimization variable. The approach is to compose the Youla
parameter out of a set of stable rational basis functions and perform optimization over the corresponding basis coefficients. As a result, the corresponding
H2 controller design problem can be rendered into a least-squares optimization
problem in terms of the basis coefficients.
One of the focus points of this chapter is to explicitly deal with the limited
availability of frequency response data from the plant. This limited availability
of data samples makes that the H2 performance criterion can only be approximated due to unknown inter-frequency grid behavior. It is shown that such
a frequency gridded criterion of the closed-loop performance unavoidably induces performance degradation between the frequency grid points. Practical
means to reduce this effect, are given. Furthermore, a robustness criterion
in terms of the Youla parameter is proposed that guarantees robust stability
in the presence of plant uncertainties. This allows to explicitly deal with the
uncertainty induced by the sampling of frequency responses of the plant.
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Introduction

Optimal controller synthesis amounts to the synthesis of a controller that renders
the closed-loop system optimal with respect to a predefined norm of the closedloop system. Within this research, we have chosen to perform the synthesis of
the controller directly based on frequency response data of the plant, i.e. without
using a parametric model of the plant. The lack of a parametric model of the
plant, however, makes that no knowledge is available about the structure or even
the order of the optimal controller.
To omit the need for assumptions regarding the structure of the controller to be
designed, the proposed design methodology described in this chapter is to perform
the synthesis via a set of generic basis functions. By increasing the number of basis
functions, this set can be chosen rich enough to enable approximation of every type
of controller. Once this high order description is known, order reduction techniques
can be applied to obtain a low-order parametrization of the controller that contains
closed-loop relevant aspects.
The proposed approach exploits the Youla parameter as optimization variable [27,
125]. By composing the Youla parameter out of a set of stable basis functions, the
H2 controller synthesis problem can be written in terms of a least squares problem.
This type of problem is numerically very tractable via standard optimization tools,
even if a large number of frequency response samples is involved.
The presented approach can be considered as a frequency domain equivalent of
the line of work presented in [1, 25, 112, 132]. These approaches describe a timedomain approach to perform non-parametric H2 controller synthesis via optimization over the basis coefficients of Finite Impulse Response (FIR) basis functions.
The approach presented in this chapter, however, can be considered as a generalization of these approaches in the sense that optimization can be performed with respect to an arbitrary set of generalized basis functions, not necessarily restricted to
FIR basis functions. Furthermore, the approaches described in [25, 112, 131, 132]
only guarantee stability and performance if the number of samples of the plant
tend to infinity. Thereby, these approaches effectively neglect the inter-frequency
grid behavior that is inherent to practical limitations on the number data samples
that can be obtained.
Our contribution is to explicitly take into account the effects that occur during
controller synthesis from finite data sets. We aim to bridge the gap between a
finite number of data points and quantitative and qualitative properties of the
closed-loop system such as performance and stability. The contributions of this
chapter are shortly listed:
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• the lack of a parametric plant model makes that evaluation of closed-loop
performance measures is restricted to a limited number of frequency samples only. As a result, performance degradation might occur between the
frequency grid points that is not observed at the samples. Using the framework of aliasing phenomena, as introduced in Chapter 3, this performance
degradation is quantified. This results in guidelines to make the tradeoff
between the descriptive power of the generic basis expansion of the Youla
parameter, the number of data samples of the plant and prior assumptions
regrading the damping of the plant,
• as a novel contribution, a robust stability criterion in terms of the Youla
parameter is proposed to guarantee closed-loop stability for an arbitrary
density of the frequency response samples of the plant. This need for robustness is inherently present since the dynamics of the plant are only given
by a finite number of samples, i.e. the inter-frequency sample behavior is
unknown.
The outline of this chapter is the following. After a section on notations, Section
5.3 starts with the formulation of the problem and describes the steps to be taken
to solve the described problem. In Section 5.4, the Youla parameter is introduced
as optimization variable. By decomposing the Youla parameter in terms of a set
of stable basis functions, optimization over the set of stabilizing controllers can be
performed. In Section 5.5, closed-loop stability based on the Youla parameter is
extended towards a robustness stability condition that handles uncertainty of the
plant. By decomposing the Youla parameter as a sum of stable basis functions,
the H2 optimization problem can be rewritten as a Least Squares optimization
problem in terms of the basis coefficients as described in Section 5.6. Section 5.8,
shows that a bias between the sampled and the analytical H2 norm can occur.
Based on the aliasing framework presented in Chapter 3, a quantitative relation
for this bias, i.e. the resulting performance degradation, is given. The chapter
finishes with an example that illustrates the obtained results.
Without loss of generality, the presented results are applied to discrete time systems. The main idea, however, can be generalized towards continuous time systems
without further technical difficulty.

5.2

Notation

Let E, D and T represent the exterior of the unit disk, the unit disk and the
unit circle respectively. Then define the following subspaces in the complex plane:
Eσ := {z ∈ C | |z| > σ} with σ ≥ 1 and Dσ := {z ∈ C | |z| < σ} with σ ≤ 1.
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To handle frequency response samples that are only known at distinct frequency
points, the following domain of samples is introduced:
Ts := {z1 , . . . , zN },

zn ∈ T

(5.1)

That is, Ts = {z1 , . . . , zN } contains a finite number of points on the unit circle
such that Ts represents a sampled subset of T with N distinct points. Given
a transfer function G ∈ H2 , its corresponding sampled transfer function is the
mapping Ĝ : Ts 7→ C defined by:
Ĝ(zn ) := G(zn ) for

zn ∈ Ts

(5.2)

φk (z) ∈ H2

(5.3)

ΦK denotes a set of generic basis functions:
ΦK := {φ1 , . . . φK },

Let the sampled basis functions φ̂k : Ts 7→ C, k = 1, . . . , K be the restriction of
φk to the samples contained in Ts , i.e.:
φ̂k (zn ) := φk (zn ) for zn ∈ Ts

(5.4)

.
The sampled basis functions contained in Φ are represented by the matrix Φ̂:
φ1 (z1 ),

..
Φ̂ := 
.

φ2 (z1 ),



φ1 (zN ),

φ2 (zN ),

...

φK (z1 )

...



φK (zN )


(5.5)

In accordance with Chapter 3, the following inner products are defined for X, Y ∈
H2 :
I 2π
1
1
X(z)H Y (z) dz
(5.6)
hX, Y i :=
2π 0
z
The discretized equivalent defined on the domain Ts is given as:
H 

X(z1 )
Y (z1 )




:=  ...  Γ  ... 
X(zN )
Y (zN )


hX, Y iN

(5.7)

with (see (3.22)):
Γ = Φ̂ (Φ̂H Φ̂)−1 (Φ̂H Φ̂)−1 Φ̂H

(5.8)
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Problem statement

The controller design objective is to find a controller that is optimal with respect
to the H2 norm of the closed-loop system. To formulate the desired closed-loop
behavior, the controller synthesis performance specifications are formulated in the
standard plant framework, a favorable and commonly applied framework for optimal controller synthesis [113, 135]. This standard plant is represented by the
transfer matrix P as depicted in Figure 5.1. The main idea is to enforce the desired closed-loop behavior via a norm defined on the transfer functions between
w and z. By extension of P with real rational weighting filters Ww and Wz , as
depicted in Figure 5.1, emphasis can be put on particular frequency regions.

Figure 5.1 / Generalized plant framework

Since only a finite number of frequency response samples of the plant are available,
the input-output mapping of P is only known at the grid points contained in Ts .
This is represented by the sampled transfer function P̂ (zn ):



z(zn )
w(zn )
= P̂ (zn )
y(zn )
u(zn )



(5.9)

with P̂ (zn ) representing the generalized plant including weighting filters:
P̂ (zn ) =
where zn ∈ Ts .





Wz (zn ) 0 P̃11 (zn ) P̃12 (zn ) Ww (zn ) 0
0
I P̃21 (zn ) P̃22 (zn )
0
I

(5.10)
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The behavior of the closed-loop system, denoted by Mcl :
z = Mcl w

(5.11)

is represented by the LFT transform F(C, P ) that represents the feedback interconnection of the controller and the plant. As a result, the behavior of M̂cl (zn ) at
the samples zn ∈ Ts is given by:
M̂cl (zn ) := F(C, P )|Ts
:= P11 (zn ) + P12 (zn ) I − C(zn )P22 (zn )

−1

C(zn )P21 (zn )

(5.12)

The objective is to find a controller C(z) that internally stabilizes P (see Definition
5.2) and minimizes the norm kMcl k2 . The issue here is that knowledge about P (z)
is restricted to the samples P̂ (zn ) only.
The formal problem statement is defined as:
Problem 5.1.
Given: samples P̂ (zn ) of an unknown stable transfer matrix P (z) obtained
at zn ∈ Ts
Find: a controller C(z) that:
• renders the feedback interconnection Mcl := F(C, P ) internally stable.
• results in a closed-loop system Mcl that is optimal in the sense that kMcl kH2
is minimal among all stabilizing controllers.
It is important to observe that the problem is specified in terms of qualitative and
quantitative specifications that depend on the frequency response behavior at a
continuum of frequencies. Hence, the closed-loop specifications on Mcl (z) depend
on the system behavior on the domain T. Plant data is, however, only given on
a finite number of points contained in Ts ⊂ T. One of the main focus points of
this chapter is the derivation of required assumptions and synthesis criteria that
are needed to guarantee stability and performance based on frequency response
samples only.

5.4

The Youla parameter for non-parametric controller synthesis

Closed-loop stability is of prime interest during the design of feedback control
systems. If only a finite number of frequency response samples of the plant are
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available, parametric system properties such as pole locations or eigen-values of
the state-space matrices are not directly accessible without making a parametric
model. In order to enable controller synthesis directly in terms of the frequency response coefficients, the Youla parameter is used. The class of stabilizing controllers
is then parameterized by the set of stable Youla parameters.
The Youla parameter is well known in the area of classical frequency domain
optimal controller synthesis [27, 125, 135]. In analogy with these approaches,
we will show that the Youla parameter can be very effective within the area of
data-based controller synthesis in the frequency domain as well.
The use of the Youla parameter can be motivated by the following arguments:
1. The Youla parameter appears convex in the closed-loop transfer function Mcl
(see (5.12)). Hence, optimization of the H2 and H∞ norm of the closed-loop
system in terms of the Youla parameter, renders to optimization problem
convex optimization problem (see Section 2.2).
2. The Youla parameter defines a bijective mapping between the set of stabilizing controllers and the set of stable systems. As a result, optimization can
be performed over the space of stable transfer functions. Once the optimal
Youla parameter is known, the corresponding controller C can be obtained
from the Youla parameter Q via a bijective mapping.
Before introducing the Youla parameter, we start by introducing the notion of
internal stability. To define the notion of internal stability, the feedback interconnection depicted in Figure 5.1 is extended with additional input signals v1 and v2 ,
as depicted in Figure 5.2.
Definition 5.2 (Internal stability). Consider the feedback interconnection depicted in Figure 5.2. The feedback interconnection of P and C is defined to be internally stable if any bounded input [v1 , v2 , w]T results in a bounded output [z, y, u]T
(see [135]).
To formally introduce the Youla parameter, we start by posing the classical result
of Youla [27, 125, 135]:
Proposition 5.3. Suppose P is internally stabilizable and let C0 be a controller
that internally stabilizes P . Let P22 = N M −1 = M̃ −1 Ñ and C0 = U0 V0−1 =
Ṽ0−1 Ũ0 represent the right and left coprime factorizations of the P and C0 respectively, Then, the set of all controllers that stabilizes P is parameterized by:
C = {C = (U0 + M Q)(V0 + N Q)−1 , Q ∈ H∞ }

(5.13)
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Figure 5.2 / Feedback interconnection extended with additional external inputs to
prove internal stability

or equivalently:
C = {C = (Ṽ0 + QÑ )−1 (Ũ0 + QM̃ ), Q ∈ H∞ }

(5.14)

where Q denotes the so called Youla parameter.
Remark 5.4. Instead of formulating Proposition 5.3 via the use of a stabilizing
controller, closed-loop stability via C0 can also be written in terms of the so called
Bezout identity. From [135, Prop.5.10], it is known that:
−1
Ṽ0 M − Ũ0 N
∈ RH∞
(5.15)
is equivalent to internal stability. This requirement is automatically fulfilled if the
Bezout identity is satisfied, i.e.:
Ṽ0 M − Ũ0 N = I

(5.16)

Vise versa, if the Bezout identity is fulfilled, U0 and V0 correspond to a stabilizing
controller.
Proof. A detailed proof can be found in [135] and [125]. We give an alternative
way to prove Proposition 5.3 via the use of kernel representations.
Using the matrix fraction descriptions of the plant and the controller, the inputoutput-behavior of the plant and the controller are described by:
Ũ0 y(z) = Ṽ0 u(z)

(5.17)

Ñ u(z) = M̃ y(z)

(5.18)

5.4 / T HE YOULA PARAMETER FOR NON - PARAMETRIC CONTROLLER SYNTHESIS

117

where u(z) and y(z) are the frequency domain representations of the signals u
and y defined as in Figure 5.1. Remark that (5.17) represents the behavior of the
controller which performs the mapping y 7→ u. Since all signals in the feedback interconnection have to be compatible with these relations, the closed-loop behavior
can be described by the following kernel representation:
R(z)



u(z)
=0
y(z)

(5.19)

with R : H2 7→ H2 a multiplicative operator defined as:

Ṽ0 (z) −Ũ0 (z)
R(z) :=
Ñ (z) −M̃ (z)


(5.20)

Consequently, the behavior of the closed-loop system, depicted in Figure 5.2, can
be written in terms of R:


 
Ũ0 v2
u(z)
(5.21)
R(z)
=
y(z)
−Ñ v1
As a result, internal stability of the closed-loop system now corresponds to invertibility of the matrix R as an operator in H∞ . To describe the set of all stabilizing
controllers, the following stable unitary transformation is applied:

I
0

Q
I


Ṽ0
Ñ

−Ũ0
−M̃



u(z)
=0
y(z)

(5.22)

Remark that this premultiplication leaves the behavior the kernel of R unchanged.
Using the property that (AB)−1 = B −1 A−1 for square and invertible matrices,
shows that stability of (5.22) is equivalent to invertibility in H∞ of both matrices
separately. Since stability of the operator R in (5.19) is guaranteed by C0 , closedloop stability of the new feedback interconnection (5.22) is implied by:

I
0

Q
I

−1
∈ H∞

(5.23)

Due to the zero-block, it can be derived that invertibility in H∞ requires that
Q ∈ H∞ . In similarity to (5.19), (5.22) can also be interpreted as a feedback
interconnection. The set of all stable closed-loop systems is therefore given by:


Ṽ0 + QÑ
Ñ

−Ũ0 − QM̃
−M̃



u(z)
=0
y(z)

(5.24)

Since P22 u(z) = y(z) is equivalent to [Ñ , −M̃ ][u(z), y(z)]T = 0, the second row
in (5.24) represents the plant. The first row [Ṽ0 + QÑ , −Ũ0 − QM̃ ][U, Y ]T = 0

118

5 / CONTROLLER SYNTHESIS OVER GENERIC BASIS FUNCTIONS

represents a stabilizing controller for any Q ∈ H∞ . In terms of transfer functions
of the controller C, this means that:
u(z) = C y(z)
= Ṽ0 + QÑ

−1


Ũ0 + QM̃ y(z)

(5.25)

This shows that the set of controllers that result in a stable closed-loop system, is
given by:
C = (Ṽ0 + QÑ )−1 (Ũ0 + QM̃ )
(5.26)

The Youla parameter defines a bijective mapping between the set of stabilizing
controllers C and the set of stable Youla parameters Q ∈ H∞ . This mapping can
be computed using the coprime factorizations Ñ , M̃ , Ṽ0 and Ũ0 . If stability of P
is assumed, i.e. P ∈ H∞ , stability of the closed-loop is maintained with C0 = 0.
Hence, in this case, a valid choice for the coprime factors is given by:
Ñ = P22 , M̃ = I, Ũ0 = 0, Ṽ0 = I

(5.27)

Given the coprime factors in (5.27), (5.13) results in the following bijective mappings:
C = (I − QP22 )−1 Q

(5.28a)

Q = C(I + P22 C)

(5.28b)

−1

According to Theorem 5.3, stability of Q is directly coupled to internal stability of
the closed-loop system. Furthermore, the Youla parameter appears convex in the
closed-loop transfer functions and therefore is convex in the H2 and H∞ norms
of the closed-loop. This makes the Youla parameter a very suited optimization
variable for controller synthesis.
It has to be emphasized that the mappings described in (5.28a) and (5.28b) are also
defined for sampled functions denoted by P̂ (zn ), Ĉ(zn ) and Q̂(zn ). This can be
understood by substituting the transfer functions P (z) and C(z) into (5.28a) and
(5.28b), and perform pointwise evaluation over the domain Ts . It is important
to realize that the frequency gridded case, specific care should be taken to the
intergrid behavior, i.e. the behavior of P (z), C(z) and Q(z) for T \ Ts . This is the
topic considered in Section 5.5.

5.5

Mapping Q to C: Robust stability

The controller to be designed can be deduced from the synthesis variable Q via the
LFT described in (5.28b). However, this mapping requires parametric knowledge
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about Q and P22 . Although parametric knowledge about Q is available via the
chosen set of basis functions, P22 is only known in terms of a finite number of
frequency response samples P̂22 (zn ). As a result, many interpolating functions
exist that interpolate the samples P̂22 (zn ). Proposition 5.3, on the other hand,
only guarantees closed-loop stability for one specific plant P = M̃ −1 Ñ .
The main focus of this section is the derivation of a criterion that guarantees robust
stability for all possible interpolating functions that correspond to the data samples
P̂22 (zn ). Via the framework described in Chapter 4, an upper bound for the
maximum deviation between a nominal interpolating model and the "true" system
can be obtained via assumptions on the damping of the plant. We pose a criterion
that guarantees robust stability for all system responses that are contained in this
set if frequency responses that correspond to the data.
The main result of this section is the following:
Theorem 5.1. Let P22 (z) denote the transfer function of the plant and P̂22 (zn )
the corresponding frequency response samples at the grid Ts . Define P ⊂ H∞
as the set of all stable transfer functions that interpolate the frequency response
samples P̂22 (zn ). Let P̃22 denote an arbitrary element in P and let Q̃ ∈ H∞ , then
the controller:
C̃ = (I − Q̃P̃22 )−1 Q̃
(5.29)
stabilizes P̃22 . Moreover, C̃ also stabilizes P22 ∈ P if
kQ̃ (P̃22 − P22 )kH∞ < 1

(5.30)

In particular, C̃ stabilizes all plants in P if (5.30) holds for all P̃22 ∈ P.
Proof. Let P̃22 represent an arbitrary element from the set P
To test if the feedback interconnection of C̃ and the real plant P22 results in a stable
closed-loop system, stability of the corresponding Youla parameter is verified. The
Youla parameter that corresponds to F(P22 , C̃), as can be obtained (5.28b) (mind
the .̃), is given by:
Q = C̃ (I + P22 C̃)−1
(5.31)
To test if Q is stable, C̃ is written in terms of Q̃ via (5.29). Substitution of (5.29)
into (5.31) gives:

−1
Q = (I − Q̃P̃22 )−1 Q̃ I + P22 (I − Q̃P̃22 )−1 Q̃
{z
}|
|
{z
}
A

B

(5.32)
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Using B −1 A−1 = (AB)−1 gives:
Q = I − Q̃(P̃22 − P22 )

−1

Q̃

(5.33)

Eq.(5.32) can be considered as the result of a feedback interconnection of Q̃ with
(P̃22 − P22 ). Since Q̃ is stable by construction, P̃22 , P22 ∈ RH∞ by assumption, it
−1
follows that Q ∈ H∞ if I − Q̃(P̃22 − P22
∈ H∞ ∀P̃22 ∈ P. By the small gain
theorem [135], this is equivalent to saying that:
kQ̃(P̃22 − P22 )kH∞ < 1 ∀ P̃22 ∈ P

(5.34)

which ends the proof of Theorem 5.1.
It has to be mentioned that Q̃ is obtained via optimization over a set of basis
functions. As a result, the inter-frequency grid behavior is exactly known. On
the other hand, the amplitude behavior of (P̃22 − P22 ) is not. A quantitative
expression of k(P̃22 − P22 )k∞ for the set of all possible interpolants P̃22 is required
to guarantee robust stability. An in depth procedure how such an upper bound
for (P̃22 − P22 ) can be computed, was given in Chapter 4. This chapter showed
that the magnitude of k(P̃22 − P22 )k∞ is directly related to the decay rate of the
basis expansion used to approximate P22 , the number of data samples taken into
account and the available prior knowledge about the system. If a FIR basis is
used for interpolation, the decay rate of the basis expansion is directly related
to the damping of P22 . Consequently, prior assumptions on the damping of the
system, e.g. based upon material properties, make that the uncertainty set can be
upper-bounded.
Example. This example shows that for a SISO controller, Theorem 5.1 can be
interpreted in terms of the Nyquist stability criterion. According to the Nyquist
stability criterion, stability of the closed-loop system can be deduced from stability
of the open-loop system and the number of encirclements of the critical point −1
in the Nyquist plot.

If the plant is contained in a set P = P22 + ∆P with ∆P = P̃22 − P22 and the
controller C stabilizes the nominal plant P22 , robust stability of the closed-loop
system is assured for all plants in P if the number of encirclements of the point
−1 by the open-loop Nyquist curve remains unchanged for all P̃22 ∈ P.
The set of frequency responses of the open-loop L is given by:
L(ejφ ) := {P̃22 (ejφ )C(ejφ ), P̃22 ∈ P}
:= L(e ) + ∆L (e )
jφ

jφ

(5.35)
(5.36)


with L(ejφ ) := P22 (ejφ )C(ejφ ) and ∆L (ejφ ) = { P̃22 − P22 C(ejφ ), P̃22 ∈ P}.
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The number of encirclements do not change if −1 is not contained in the set of
frequency responses L(ejφ ). This is satisfied if for all elements δL ∈ ∆L :
L(ejφ ) + δL (ejφ ) 6= −1

(5.37)

Manipulation of (5.37) shows that robust stability over the set of open-loop responses L + ∆L is maintained if:
1

6=

δL
1+L

∀

δL ∈ L

6=

δP C
1+P C

∀

δP ∈ P̃22 − P22



(5.38)

This condition is satisfied if the following condition holds:
k

C
δP k∞ < 1
1 + PC

(5.39)

C
Using the knowledge that for the SISO case Q = 1+P
C , and δP ∈ (P̃22 − P22 ), it
can be verified that this condition is equal to the condition given in (5.29).

Figure 5.3 / Uncertainty in the Nyquist plot

5.6

Controller synthesis

The optimal controller with respect to the Problem 5.3 corresponds to a Youla
parameter that minimizes the H2 -norm of the closed-loop system Mcl . The closed-
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loop system Mcl can be written in terms of the Youla parameter Q via:
Mcl (z) := F(P, C)

(5.40)

:= P11 (z) + P12 (z)Q(z)P21 (z)

(5.41)

with Q = C(I + P22 C)−1 . If stability of the closed-loop system is guaranteed,
the H2 -norm of Mcl can be written in terms of the frequency response behavior
(see Section 2.2). By exploiting Proposition 5.3, closed-loop stability is guaranteed
if Q is constrained to the set of stable transfer functions only. As a result, the
optimization problem to be solved is to minimize the H2 norm of Mcl (z) over the
set of stable Q functions:
Qopt := arg min

Q∈H∞

kMcl kH2

(5.42)

where Mcl depends on Q as in (5.41). Substitution of (5.41) into (5.42) results in
the well known matching problem where the norm of Mcl (z) is to be minimized
over the set of stable Q’s [27]. The chosen approach to assure stability of Q, is to
compose Q out of a set of stable rational basis functions:
Q(z) =

K
X

βk φk (z),

(5.43)

k=1

where φk (z) ∈ RH∞ for k = 1, . . . , K. If the span of basis functions is chosen to be
rich enough, the frequency response of an arbitrary transfer function Q can be approximated to a certain extend. Increasing the number of basis functions increases
the descriptive power of the basis and therefore reduces the approximation error
as described in (3.8). This however comes at the cost of intergrid performance
degradation, as will be discussed in detail in Section 5.8.

5.7

From the H2 norm to a least-squares problem

Based on the definition of the H2 norm (Section 2.2), the optimization problem
described in (5.42) can be written in terms of the frequency response function of
the closed-loop:
Z
1
1
trace(Mcl (z)H Mcl (z)) dz
(5.44)
kMcl k22 =
{z
} z
2π T |
kM (z)k2F

The limited availability of frequency response samples however obstructs the evaluation of the integral expression given in (5.44). The following assumption is made
in order to cope with this finite availability of samples.
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Assumption 5.5. Mcl (z) is contained in a K dimensional span of predefined
basis functions φ1 , . . . φK ∈ H2 that are orthogonal in H2 .
Since this assumption is not valid in general, Section 5.8 will consider that case
the Assumption 5.5 does not hold.
Using Assumption 5.5, (5.44) can be cast into a Least Squares optimization problem. The following analysis will show that (5.44) can be considered as an inner
product in H2 . As a result, the framework developed in Chapter 3, can be exploited to compute (5.44) based on a finite number of samples M̂cl (zn ) only.
In contrast to the examples given in Chapter 3, the transfer matrix Mcl of the
closed-loop system may be multidimensional, i.e. it maps multiple inputs into
multiple outputs. As a result, the basis functions that generate Mcl are multidimensional as well. The used notation to represent these multidimensional basis
expansions is briefly described. The system Mcl (z) is written in terms of the
following basis expansion:


(1,1)
(1,m)
φk (z) . . . φk
(z)
K
X 

..

βk 
Mcl (z) =
(5.45)
.


k=1
(n,1)
(n,m)
φk (z) . . . φk
(z)
|
{z
}
φk

Via vectorization, this equation can be written as:



vec(Mcl (z)) = vec(φ1 (z)), vec(φ2 (z)),

...





vec(φK (z)) 




β111
β121
β112
β122
..
.











(5.46)

n,m
βK

Sampling of the basis functions gives:

 
vec(Mcl (z1 ))
vec(φ1 (z1 )),

 
..
..

=
.
.


vec(Mcl (zN ))

vec(φ2 (z1 )),
..
.

...

vec(φ1 (zN )), vec(φ2 (zN )),

...


vec(φK (z1 )) 


..

.

vec(φK (zN )) 


β111
β121
β112
β122
..
.











n,m
βK
(5.47)

Based on the notion of multidimensional basis expansions, the following result can
be formulated.
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Theorem 5.2. Given a K-dimensional set of basis functions {φ1 , . . . , φK } that
PK
is orthonormal with respect to H2 . Suppose that Mcl (z) = k=1 βk φk (z). Then
the H2 -norm of Mcl (z) can be exactly reconstructed from N discrete frequency
response samples M̂cl (zn ) of Mcl if the matrix Φ̂:
vec(φ1 (z1 ))
 vec(φ1 (z2 ))

Φ̂ = 
..

.


...
..

vec(φk (z1 ))






.

vec(φ1 (zN ))


(5.48)

vec(φK (zN ))

of sampled basis functions is injective.
If Φ̂ is injective, then:


H
vec(M̂cl (z1 ))
vec(M̂cl (z1 ))




..
..
kM k22 = 

 Γ 
.
.
vec(M̂cl (zN ))
vec(M̂cl (zN ))


(5.49)

where the matrix Γ is defined as (see (3.22)):
Γ = Φ̂(Φ̂H Φ̂)−1 (Φ̂H Φ̂)−1 Φ̂H

(5.50)

Remark that Φ̂ now contains multivariable basis functions.
Proof. The 2-norm kMcl kH2 can be computed by:
I
1
2
kM k2 =
trace(Mcl (z)H Mcl (z)) dz
z
T

(5.51)

Since the (multidimensional) basis functions φk and φl are chosen to be orthogonal
in H2 , it holds that:
hφk , φl i = 1 for k = l
= 0 for k 6= l

(5.52)

As a result:
kM k22 = hMcl , Mcl i
=h

K
X

βk φ k ,

k=1

=

K
X
k=1

βkH βk

(5.53)
K
X

βk φ k i

(5.54)

k=1

(5.55)
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Since Φ̂ is injective, the coefficients βk can be deduced from the sampled transfer
matrix M̂cl (zn ) (see Section 3.4). We have by injectivity of Φ̂ that (see Chapter
3):
X
hM̂cl , M̂cl iH2 =
βkH βk
(5.56)
k

= hM̂cl , M̂cl iN

(5.57)

which completes the proof.
If the basis functions contained in Φ, are chosen such that they are orthonormal
with respect to H2 and result in orthogonal columns of Φ̂, the matrix Γ, required
to compute the inner product h., .iN , renders to unity. As a result, the inner
product given (5.57) can be obtained via:
kM k22 =

N
X



trace M̂ (zn )H M̂ (zn )

(5.58)

n=1

 vec(M̂ (z

=

1 ))
vec(M̂ (z2 ))

..
.

H  vec(M̂ (z

1 ))
vec(M̂ (z2 ))



 
 

..
.




vec(M̂ (zN ))

 vec(M̂ (z

:= 

1 ))
vec(M̂ (z2 ))



..
.




vec(M̂ (zN ))

(5.59)

vec(M̂ (zN ))
2

(5.60)
2

An example of a basis and a frequency grid that renders Γ to unity, is a FIR basis
combined with an equidistant grid Ts .
Given the discretized formulation of the H2 -norm of the closed-loop system as
described in Theorem 5.2, we are ready to proceed with the formulation of the
synthesis problem as a Least Squares optimization problem.
Since Mcl = P11 +P12 QP21 , and under Assumption 5.5, the H2 controller synthesis
problem can be written as an optimization in terms of Q:
 2

 
vec(P11 (z1 ))

min

Q∈RH∞

 vec(P11 (z2 ))  

+
..
.
vec(P11 (zN ))

vec(P12 (z1 ) Q(z1 ) P21 (z1 ))
vec(P12 (z2 ) Q(z2 ) P21 (z2 ))

..
.

vec(P12 (zN ) Q(zN ) P21 (zN ))

(5.61)



2

Where closed-loop stability is assured by Q ∈ H∞ . By exploiting the Kronecker
product, it can be seen that vec(AXB) = (B H ⊗ A) vec(X) [135]. This is used
to rewrite (5.61). For brevity, the dependency on z is omitted in the remaining part of this section. Let us introduce the following short-hand notation :
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vec(x) = [vec(x(z1 )), vec(x(z2 )), . . . , vec(x(zN ))]. Applying this short-hand notation to (5.61) results in the following optimization problem:

H
min k vec(P11 ) + diag P21
⊗ P12 vec(Q)k2

Q∈RH∞

(5.62)

The main idea is to parameterize Q as an expansion of stable basis functions, as
in (5.43), to assure stability of the closed-loop system. Since Q is allowed to be
multiple-input-multiple-output, the basis functions φk are MIMO as well. Without
loss of generality, it is assumed that the basis decomposition is element wise, i.e.
every basis functions φk has only one non-zero element in the transfer matrix:
nm

Q

(z) =

K
X

βknm φnm
k (z)

(5.63)

k=1

This results in a block-wise structure of the vectorization of the sampled transfer
functions on the grid Ts :
 11
φk (zn )
K 
X
φ21
k (zn )

vec(Q̂(zn )) =


k=1

0

..

.

0




β 11
  k21 
  βk 

 ... 
n,m
βkn,m
φk (zN )

(5.64)

which is written as:
vec(Q) = Φ̂ β

(5.65)

The basis expansion described in (5.65) is substituted in (5.62) to replace the
optimization problem over the set of stable rational functions with an optimization
over β ∈ CK . Substitution of (5.63) into (5.61) shows that the optimal basis
coefficients βopt are given by:

H
βopt := arg min k vec(P11 ) + diag P21
⊗ P12 Φ̂ β k2
K
{z } |
β∈C |
{z
} |{z}
−b

A

(5.66)

β

To solve this optimization problem, this complex valued least-squares problem is
written as a real-valued least-square problem. Define:
E = Ax − b

(5.67)


H
with A := diag P21
⊗ P12 Φ̂ and b := − vec(P11 ) as in (5.66). Consequently:
kEk22 = kRe(E)k22 + kIm(E)k22

(5.68)
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This results in the following real valued least squares optimization problem:
2

βopt := arg min
βk




 

Re(A) −Im(A)
Re(β)
Re(b)
−
Im(A) Re(A)
Im(β)
Im(b)
|
{z
} | {z } | {z }
Areal

βreal

breal

(5.69)
2

Eq.(5.69) describes the least-squares problem to be solved in order to find the
optimal Youla parameter with respect to (5.42). Such a least-squares problem
can be solved via standard numerical optimization routines. Practical controller
design problems, however, typically require a large number of samples to be taken
into account which may easily exceeds the order of a few thousand samples. As
a result, special care should be taken to the numerical aspects required to solve
the least squares problem in a numerical robust manner. This will be shortly
discussed.
A standard solution to solve the Least-Squares problem, as described in (5.69), is
to solve the normal equations [36, 81], i.e. the optimal solution to (5.69) is given
by the solution of the equality:
H
AH
real Areal βreal = Areal breal

(5.70)

The dimension of the A matrix, however, can increase tremendously if the number
of frequency points increases or the number of elements in Q or P11 increases. This
may easily exceed the storage capacity of a computer if a realistic problem is to
be solved.
The required storage capacity to solve the normal equation can be reduced via the
following observation. From (5.64), it can be observed that the matrix A typically
has a band-diagonal structure which results in a large amount of sparsity. This
sparsity can be exploited to reduce the numerical burden required to solve the
problem.
We have applied the following approach to solve the least squares problem. Via a
Gram-Schmidt procedure, a linear combination of the basis functions φk , i.e. the
¯
columns of Φ̂, can be found that renders the following term to unity:
¯
¯
(5.71)
Φ̂H AH A Φ̂ = I
¯
where Φ̂ represents a scaling matrix such that:
¯
βk = Φ̂ β̄k
(5.72)
The advantage of this new basis is that the normal equations can be solved without
the need to compute an inverse. The important observation here is that the
computation costs to compute the inner product required to apply such a modified
Gram-Schmidt procedure heavily reduces due to sparsity of A.
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Inter-grid performance degradation

The controller design objective is to minimize the H2 norm of the closed-loop
system, i.e. to minimize a performance criterion that depends on Mcl , evaluated
on a continuum of frequencies. Due to the limited availability of frequency response
samples of the plant, the actual controller optimization is performed with respect
to an estimate of the 2-norm that is based on the samples M̂cl , zn ∈ Ts . Section
5.7 showed that under Assumption 5.5, it holds that kMcl k2 = hMcl , Mcl iN . So in
this case, kMcl k2 can be computed from a finite number of data samples M̂cl (zn ).
The assumption that Mcl is contained in a known K dimensional span(φ1 , . . . , φK )
however does not hold in general such that Assumption 5.5 does not apply, which
tackles the exact computation of the 2-norm from the samples M̂cl (zn ).
This section shows that the presence of dynamics that are not contained in
span(φ1 , . . . , φK ) result in a bias on the estimated H2 -norm of Mcl , which is defined
as:

 = kMcl kH2 − hMcl , Mcl iN

(5.73)

Since the closed-loop performance is optimized on a grid of frequency response
points M̂cl (zn ), the synthesis algorithm inherently maximizes the bias . This can
be understood as follows. The performance of a stable causal system is restricted
by fundamental performance limitations that were discussed in Chapter 2, e.g.
Bode’s sensitivity integral. Since the controller design objective is formulated in
terms of a finite number of frequency response samples Mcl (zn ) only, the performance at the grid points is improved at the cost of performance degradation
between the frequency grid points. As a result, the algorithm intrinsically tries
to achieve a solution that does not satisfy Assumption 5.5. This effect should be
minimized in order to reduce intergrid performance degradation.
We are now interested in the error  that appears if Assumption 5.5 does not hold.
This section focusses on a derivation of a quantitative description of the mismatch
. The presented analysis shows that inter-frequency sample performance degradation, represented by , can be reduced by limiting the number of basis function
used to approximate the optimal Youla parameter Q. This results in a trade-off
between the number of basis functions, used to approximate the optimal Q, and
the intergrid performance degradation.
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Aliasing effects and performance degradation of H2
norm

This section shows that the presence of dynamics that are not contained in a
predefined span(φ1 , . . . , φK ) results in a bias in the estimation of kMcl kH2 from the
samples M̂ (zn ). The objective is to characterize the magnitude of  as function of
the system properties of the plant and the basis coefficients of the Youla parameter.
To reduce notational complexity, it is assumed that Q, P12 and P21 are SISO
transfer matrices. Without loosing generality, we have chosen to approximate the
system by a span of FIR basis functions evaluated on an equidistant frequency
grid. As a result, Γ, applied to compute hMcl , Mcl iN , renders to unity such that
hMcl , Mcl iN can be computed in a straightforward manner.
The framework described in Chapter 3 is exploited to quantify an upper bound
for . To perform the analysis, we start with the description of the closed-loop
system in terms of Q:
Mcl (z) = P11 (z) + P12 (z)Q(z)P21 (z)

(5.74)

Eq.(5.74) shows that even if P11 , P12 , P21 and Q are contained in a known finite
dimensional span Φ, Mcl (z) is not necessarily contained in Φ since this span is not
invariant for the multiplicative operation performed in (5.74). As a result, additional "unmodelled" dynamics are induced by the multiplication term P12 QP21 .
These new dynamics generate aliasing and projection errors and therefore contribute to the bias . To quantify the generation of additional dynamics by the
feedback interconnection, the following lemma is posed to describe the dynamics
that are generated by the multiplication operations performed in (5.74).
Lemma 5.6. Consider two system H(z) and G(z) that are represented by a finite
dimensional FIR basis expansion φk = z −k with k = 1, . . . , K according to:
G(z) =

KG
X

βGm φm (z),

H(z) =

m=1

KH
X

βHl φl (z)

(5.75)

l=1

Then the basis expansion of the multiplication G and H is defined as:
G(z)H(z) =

KGX
+KH

βk φk (z)

(5.76)

k=1

where the basis coefficients βk are given by:
βk =

k−1
X
m=1

βGm βHk−m

(5.77)
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Proof. The multiplication of G(z) and H(z) can be written in terms of the basis
expansion:
G(z)H(z) =

KG X
KH 
X


βGm βHl φm (z)φl (z)

(5.78)

m=1 l=1

Since φk represents a FIR basis φk = z −k , it can be derived that φk (z) = φk (z) ·
φl (z) = φm+l (z). To obtain (5.77), the following change of variables is introduced:
k := m + l such that l = k − m. Given k, the corresponding basis coefficients βk
are given by:
βk =

k−1
X

βGm βHl=k−m

(5.79)

m=1

Note that the upper bound m ≤ k − 1 is induced by the constraint l ≥ 1. This
finishes the proof of Lemma 5.6.
Remark that (5.79) can be considered as a convolution operation of the basis
coefficients βG and βH . This insight is used to obtain a relation between  given
in (4.34) and the properties of the system.
Theorem 5.3. Given the samples of a closed-loop transfer function M̂cl (zn ) obtained from an equidistant grid zn ∈ Ts , then the mismatch between the sampled
2-norm and the H2 -norm, defined as , is given by:
 = kMcl k2H2 − kM̂cl k2N
=

∞
X

K
X
βkH
βkH βk + 2Re

k=K+1

+

(5.80)

K 
X

k=1
∞
X

∞
X

∞
X

βl < φk , φl >N



m=K+1

βl < φk , φl >N

(5.81)
H

βm < φk , φm >N



k=1 l=K+1 m=K+1

where βk represents the basis coefficients of Mcl (z) decomposed into FIR basis
functions φk (z) = z −k
Proof. Section 5.7 showed that the H2 norm of Mcl can be considered as an inner
product. To perform the analysis of this inner product, the work presented in
Chapter 3 will be exploited. The additional contribution is that the analysis is
performed for an inner product hMcl , Mcl iH2 instead of the projection onto a single
basis function.
The basis used to describe Mcl (z), i.e. φk = z −k , is chosen to be orthonormal. As
a result, the norm of Mcl can be written in terms of the basis coefficients only.
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K
βk=1
φk gives

kMcl k2H2 =
=

∞
X
k=1
∞
X

βkH βk < φk , φk >H2

(5.82)

βkH βk

(5.83)

k=1

The sampled H2 norm can be written in an similar manner:
kMcl kN =

K
X

β̃kH β̃k

(5.84)

k=1

where β̃ represent the basis expansion coefficients estimated from data via β̃ =
(Φ̂H Φ̂)−1 Φ̂H vec(M̂ (zn )) (see Section 3.4). Hence:
=

∞
X

K
 X

βkH βk −
β̃kH β̃k

k=1

(5.85)

k=1

As described in Chapter 3, the coefficients β̃ can not be uniquely reconstructed
from the samples M̂ (zn ) but suffer from aliasing effects. As a result, the estimated
basis coefficients equal:
∞
X

β̃k = βk +

βl < φk , φl >N

(5.86)

l=K+1

Substitution of (5.86) into (5.85) finishes the proof of Theorem 5.3.
It can be directly observed from (5.81) that the mismatch between the sampled
H2 norm and the analytical H2 norm is directly related to the magnitude of the
basis expansion coefficients above index N . If βk = 0 for k > N , the estimation of
the 2-norm based on finite frequency grid points is exact, which is in accordance
with Theorem 5.2.
To obtain a relation between the properties of the plant, the number of basis
functions used to approximate Q and the resulting bias on the estimation of H2
norm, the basis expansion, as given in Lemma 5.6, is combined with Theorem 5.3.
Assume that P11 , P12 and P21 are decomposed on the basis functions φk :
P21 (z) =
P12 (z) =
Q(z) =

∞
X
k=1
∞
X
k=1
∞
X
k=1

βk (P21 )φk (z)

(5.87)

βk (P12 )φk (z)

(5.88)

βk (Q)φk (z)

(5.89)
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where βk (P12 ), βk (P21 ) and βk (P22 ) represent the basis expansion coefficients of
P12 , P21 and P22 respectively. Via Lemma 5.6, it can be derived that the basis
expansion of P21 (z)Q(z)P12 (z) can be computed via:
βk (Mcl ) = β(P12 ) ∗ β(P21 ) ∗ β(Q)

(5.90)

where ∗ denotes the convolution operator and βk (Mcl ), β(P12 ), β(P21 ) and β(Q)
represent the vector of basis coefficients corresponding to the basis expansion of
Mcl , P12 , P21 and Q respectively.
According to Theorem 5.3, an error on the estimation of the H2 is induced by
aliasing of the basis functions with index larger than N . Substitution of (5.90) into
(5.81) shows that this bias is directly related to the convergence of the coefficients
of the FIR basis expansion of the plant and Q. If convergence of the series βk (P12 )
and βk (P21 ) is relatively slow, the length of the vector β(Q) has to be short in
order to prevent that β(Mcl ) has non-zero elements for the basis coefficients with
large index. This can be achieved by limiting the number of basis functions used to
describe Q, which can be interpreted as constraining βk (Q) to zero for the higher
indices.
From Chapter 3, it is known that the convergence of the bais coefficient vectors
β(P12 ) and β(P21 ) depends on the relative stability of the plant. If the relative
stability of the plant is small, i.e. the convergence of the basis expansion is slow,
such that the number of basis function applied to optimize Q should be chosen
small.
In conclusion, it can be stated that reduction the number of basis functions in Q
reduces the bias  described in Theorem 5.3. On the other hand, a large number of
basis functions is required to obtain a rich span which reduces the approximation
error of the optimal Q. Consequently, this yields a tradeoff between freedom of
Q on one hand side, against minimization of the approximation error  of the H2
norm on the other. Alternatively, by increasing the number of data samples, N
increases and aliasing effects are reduced. As a result, the bias in the sampled H2
norm is reduced at the cost of additional computational cost.

5.9

Example

This example describes the design of a H2 optimal controller based on frequency
response samples via the controller design approach as developed in this chapter.
The system used for evaluation is depicted in Figure 5.4. The inputs of the system
consist of the forces F1 and F2 whereas the plant outputs are the position and the
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rotation of the mass m2 in the x direction and the Rz direction. As a result, the
system P used for evaluation is given by:
 
 
x
F1
=P
(5.91)
Rz
F2

Figure 5.4 / Graphical representation of the example system to be controlled

A discrete time approximation of P is used to generate frequency response data
samples. The samples are obtained by evaluation of P (z) at the points Ts = {zn =
ejωn | ωn = 2π{ N1 , N2 , . . . , 1}} where N represents the number of frequency grid
points, which was taken N = 500. These data samples are only deduced from
a parametric model to enable verification with the analytical result. In practice,
these data-samples are obtained via frequency response experiments [104].
To specify the control objectives, the 4-block standard-plant formulation is used
as depicted in Figure 5.5. The performance objectives are specified via weighting
filters on the signals w(t) := [w1 (t), w2 (t)]T and z(t) := [z1 (t), z2 (t)]T . In order
to emphasize tracking behavior, the tracking error, represented by the signal z1 ,
is weighted with a low-pass filter. To prevent noise amplification in the highfrequency region, the signal z2 is weighted with a high-pass filter. The resulting
closed-loop system including weighting filters is described by:
 
 
z1
w
= Mcl 1
(5.92)
z2
w2
with


S
Mcl := W
PS


CS
V
T

(5.93)
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Figure 5.5 / Standard plant

where V and W represent the input and output weightings respectively.
To find the optimal controller that minimizes kMcl kH2 over all stabilizing controllers, the following steps are applied.
1. The Youla parameter Q is written as an expansion of a high dimensional
PK
span of real rational basis functions, i.e.: Q(z) = k=1 βk φk (z).
2. The H2 synthesis problem is written in terms of a least squares problem over
βk as described in Section 5.7.
3. The optimal Q is mapped onto C(z) via (5.28b). To perform this mapping,
either a parametric fit of P (z) has to be deduced from the samples P̂ (zn ),
or the mapping from Q to C is performed at the points zn ∈ Ts only. Consequently, either P (z) or C(z) has to be fitted on the data. The important
observation to make, however, is that in both cases, such a fit can be made
with respect to closed-loop relevance. This is an important advantage with
respect to a sequential plant-parametrization controller-synthesis procedure
where the plant is identified without exact knowledge about the optimal
closed-loop behavior to be designed.
4. Robust stability is checked via verification of (5.29) in Theorem 5.1. If this
condition is not satisfied, the following steps could be performed:
• reduce P22 − P̃22 ∞ by increasing the order of the approximation
function and
 adding a weighting to the fit of P̃22 such that the error
P22 − P̃22 is reduced in the frequency region where kQ̃ P22 − P̃22 k∞ <
1 is invalidated.
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• put a penalty on the magnitude of Q(z), e.g. by extending the leastsquares problem into a weighted least-square problem that reduces the
amplitude of Q in the frequency region where (5.29) is invalidated.
5. Compute an upper bound on the intergrid performance degradation via Theorem 5.3 and reduce/increase the number of basis functions if necessary.
To illustrate the trade-off between the descriptive power of the basis expansion
and the intergrid performance degradation, two cases are considered. In the first
case, the number of basis functions to approximate Q is chosen equal to 100, which
is denoted by optimization over the set of basis functions Φ100 . In the second step,
the number of basis functions is increased to 500, denoted by the set Φ500 . It will
appear that this increase in the number of basis functions reduces the performance
of the closed-loop behavior. This result, that may be counter intuitive at first sight,
can be well explained from intergrid performance degradation aspects described
in Section 5.8.
We start with the optimization of the Youla parameter over a basis expansion
using Φ100
100
X
βk φ k
(5.94)
Q=
k=1

The optimal Q is found by solving a least-squares optimization problem over βk
as described in Section 5.6.
The closed-loop behavior at the samples zn ∈ Ts , given by
M̂cl (zn ) = P̂11 (zn ) + P̂12 (zn )Q̂(zn )P̂21 (zn ),

(5.95)

is depicted in Figure 5.6. Both the data-based controller and the optimal controller obtained via analytical computation are depicted whereas the relative error
between the analytical optimal closed-loop system and the data-based solution is
depicted in Figure 5.7. This figure shows that the data-based solution for Φ100
corresponds very well to the analytical solution. This also manifests itself in the
small difference between the analytical H2 norm of the closed-loop system and
the estimated of the H2 norm computed via (5.58). The corresponding values are
given in Table 5.1.
To illustrate the effect of intergrid performance degradation due to optimization
over a high dimensional basis, the descriptive power of basis is increased by increasing the number of basis functions from 100 to 500. According to Section 5.8,
this will induce additional aliasing effects that result in performance degradation
between the grid points Ts . The resulting frequency response of the controller is
depicted in Figure 5.6 as well. It can be observed that the optimal Youla parameter
optimized over 500 basis coefficients exhibits completely different behavior than

136

5 / CONTROLLER SYNTHESIS OVER GENERIC BASIS FUNCTIONS

the optimization performed over 100 basis functions and the analytical solution.
This difference can be well explained by observing the basis coefficients βk for both
Φ100 and Φ500 as depicted Figure 5.9. This figure shows that there is a relative
large contribution of the basis functions with large index for optimization over
Φ500 . The relative large contribution of FIR basis functions with a large indices
enables sharp transitions in the Bode diagram that generates inter-frequency grid
effects. This can also be understood from Section 5.8, which described that the
coefficients β(Mcl ) can be computed via convolution of β(P12 ), β(P21 ) and β(Q).
So if β(Q) and β(P12 ), β(P21 ) have non-zero elements for k  1, β(Mcl ) will have
an even larger contribution of non-zero elements for k  1. The presence of the
resulting inter-frequency grid performance degradation can be well observed from
Figure 5.8 and Figure 5.10. These figures show that the performance at the grid
points is optimized at the cost of intergrid performance degradation. This illustrates the trade-off between aliasing effects, that results in inter-grid performance
degradation, and the descriptive power of the basis expansion.
Remark 5.7. The presence of basis coefficients for high indices k, can alternatively be interpreted as non-causal elements in the impulse response of Q. This is
due to the observation that the basis functions for high indices, evaluated at the
grid points zn ∈ Ts , exhibit the same behavior as the non-causal basis functions
φk = z k with low indices. This is in accordance with Chapter 2, which stated that
fundamental performance limitations do not hold for stable non-causal controllers.
DIM

Φ100

Φ500

hM̂cl , M̂cl iN
kMcl kH2

2.57
2.57

0.814
74.7

Table 5.1 / Comparison of hM̂cl , M̂cl iN and kMcl kH2 for optimization over a high
dimensional basis and a low dimensional basis.

The preceding analysis showed that a parametric description of Q can be found
via optimization over stable real rational basis functions. To map Q into C via
(5.28b), a parametric description of the plant dynamics P22 (z) is required. The
"true" plant behavior is however unknown. Theorem 5.1 shows that stability of
the closed-loop system is maintained even if an approximation P22 (z) is used to
map Q onto C. Theorem 5.1 is evaluated to assure robust stability. According to
Proposition 5.1, robust stability is assured if:
kQ(P22 − P̃22 )k∞ < 1

(5.96)
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Figure 5.6 / Frequency response of closed-loop at the samples M̂cl (zn ): analytical
solution (black), data-based solution based on 100 basis functions (grey
dotted (--)), data-based solution based on 500 basis functions (black
dotted (:))

where P̃22 is a transfer matrix that approximates the real plant behavior P22 (z).
Let P̃22 represent the N th order FIR function that interpolates the points P̂ (zn ).
Since Q is known from the design steps described in the previous sections, Eq.(5.96)
can be written as a criterion on the maximum uncertainty of (P22 − P̃22 ) via:

σ̄(Q(z)) σ̄ P22 (z) − P̃22 (z) < 1, ∀z ∈ T
(5.97)

1
, ∀z ∈ T
(5.98)
σ̄ P22 (z) − P̃22 (z) <
σ̄(Q(z))
where σ̄ represents the maximum singular values.
Chapter 4 offers a framework
to quantify the uncertainty in every element of the

matrix P22 (z) − P̃22 (z) separately. Once a bound on every matrix element of

P22 (z) − P̃22 (z) is known, this information has to be translated into a bound

on σ̄ P22 (z) − P̃22 (z) . We apply the Frobenius norm for this purpose. The
Frobenius norm relies on a quadratic criterion and therefore enables to compute
an upperbound for σ̄ P22 (z) − P̃22 (z) based on an upperbound on the magnitude

of the individual matrix elements of P22 (z) − P̃22 (z) .

i
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for optimization over Φ100


Via the Frobenius norm, the uncertainty in every separate term of P22 (z)−P̃22 (z)
can be linked to the singular values via:
sX

s2i
(5.99)
k P22 (z) − P̃22 (z) kF =
i

where k.kF represents the Frobenius norm and si the ith singular value of P22 (z)−

P̃22 (z) . The Frobenius norm can be computed as function of the uncertainty in
the separate terms of the transfer matrix via:

k P22 (z) − P̃22 (z) kF = k vec(P22 (z) − P̃22 (z))k22
(5.100)

As a result, the Frobenius norm can be used as upper bound for σ̄ P22 (z)− P̃22 (z)
via the uncertainty computed in every element of the transfer matrix separately.

5.10

Discussion

The procedure described in this chapter results in a high order description of the
controller. An interesting line of future research could be to iteratively update the
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Figure 5.8 / Intergrid behavior for Q11 for Φ500 : analytical solution (black), sampled solution (dotted) and intergrid behavior (grey)

poles of the basis functions based on the optimized behavior of Q. By tuning the
basis functions with respect to the optimal behavior of Q, the required number of
basis function can be reduced. In the same line of reasoning, the high dimensional
description of the optimal controller could be exploited to find a suited structure
for the fixed structure controller optimization that is described in the next chapter.
The proposed controller synthesis methodology generates the optimal basis coefficients of Q. The corresponding controller can be obtained directly as a frequency
sampled result, or, if an implementation is necessary, as an LFT of Q and P22 , as
described (5.28b). Since both Q and P22 are described in terms of a large number of basis coefficients, this may appear a very computational demanding way
of implementing a controller. However, since a FIR basis is chosen to describe
the behavior of Q and P , C can be implemented as a LFT of two FIR filters.
Such an implementation of FIR filters requires multiplication-addition operations
only, which can be implemented very efficiently on a processor. As a result, the
computational costs required to implement a FIR based controller may be feasible
under practical constraints.
Instead of optimizing the closed-loop system with respect to the H2 norm, the
approach described in Section 5.6 can be applied to H∞ synthesis problems as
well. Although the H∞ synthesis problem is convex, the required numerical ef-

i
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Figure 5.9 / Basis coefficients for Φ100 (grey) and Φ500 (dotted black) of Q11 .

fort to actually solve such an H∞ problem might increases tremendously. For a
SISO controller, the resulting min-max optimization problem could be solved via a
sequential weighted least-squares optimization problem based on the Lawson algorithm. Solving a MIMO controller synthesis problem, however, requires a method
that not only updates the weighting over the frequency axis, but also takes into
account the directionality that corresponds to the maximum singular value for
every frequency point. So in order to apply the synthesis approach of this chapter
for the design of MIMO H∞ controller synthesis problems, a numerical efficient
algorithm is required to minimize the maximum singular values for a large number
of frequency points.

5.11

Conclusions

This chapter proposes a methodology to solve the data-based H2 controller synthesis problem. The proposed approach is to compose the Youla parameter as a
basis expansion along a set of stable real rational basis functions. As a result, the
MIMO H2 controller synthesis problem can be written as a least squares optimization problem over the corresponding basis coefficients.
Since only a finite number of frequency response samples of the plant is available,
both evaluation of closed-loop performance and stability is restricted to a finite

i
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Figure 5.10 / Intergrid performance degradation: analytical solution (dotted
black), data-based with 100 basis functions (solid black) and databased with 500 basis functions (grey).

number of points only. This chapter proposed a method to explicitly take into
account the limited availability of data samples. To achieve this, heavy emphasis
is devoted to bridge the gap between the qualitative and quantitative properties
of the closed-loop and synthesis criteria that are based on a finite number of data
samples. A criterion is presented that guarantees robust stability even if the exact
plant behavior is unknown. The combination of this criterion with the quantification of inter-frequency grid uncertainty described in Chapter 4, proves robust
stability in the presence of uncertainty induced by sampling of the frequency responses. This is an advantage compared to existing approaches [25, 112, 132] which
assume an infinite prediction horizon, and therefore implicitly neglect the interfrequency grid effects by making the practically invalid assumption that infinitely
many frequency response samples are available.
Furthermore, it is shown by the performed analysis that controller synthesis based
on a frequency sampled criterion, unavoidably induces inter-frequency grid performance degradation. This effect, however, can be reduced by limiting the number
of basis functions of the Youla parameter. As a result, a trade-off appears between the descriptive power of the basis expansion and the intergrid performance
degradation as function of prior knowledge of the plant.
An illustrative example is given that validates the proposed approach by synthesizing a MIMO H2 optimal controller.
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6
F IXED STRUCTURE CONTROLLER
SYNTHESIS

Abstract /
This chapter considers the data-based fixed structure controller optimization
problem. Based on frequency response data of the plant, the parameters of a
predefined controller structure are optimized directly with respect to closedloop performance specified in terms of the H∞ norm of the closed-loop system.
The proposed controller optimization approach consist of a stability and a performance optimization step, which are performed sequentially via a steepest
descent algorithm. To guarantee stability, the data-based stability test proposed in Chapter 2 is combined with the presented discretization framework
of Chapter 3. As a novel result, a cost-function is introduced that enables
convergence from a destabilizing- to a stabilizing controller parameter region.
This cost-function can be computed directly from the given data samples and
is therefore particulary suited for data-based controller design.
After a stabilizing controller parameter region is found, a sequential performance optimization step is performed. This performance optimization algorithm uses a gradient descent direction that is based on a linearized relation
between the maximum singular values of the closed-loop frequency response
and the controller parameters.
Both stability and performance optimization step are combined in one controller optimization algorithm. The resulting algorithm is illustrated by means
of an example.
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Introduction

This chapter describes a procedure to optimize the coefficients of a fixed structure
controller with respect to a predefined norm of the closed-loop system. This work
is motivated by the observation that the complexity of the controller is restricted in
many applications, e.g. due to hardware constraints or limitations in the computational cost. Even for more performance demanding applications, a cost effective
controller implementation is often required where the complexity of the controller
is to be minimized with respect to some bound on the closed-loop performance.
While the controller structure is often restricted, it was shown in Chapter 1 that
many control design problems benefit from the ability to specify design objectives
in terms of a criterion that is based on the H∞ norm of the closed-loop system.
Such norm-based specifications enable the control designer to deal with systems
that have a high level of dynamic coupling between the multiple inputs and outputs, or systems that suffer from uncertainty in the plant behavior. In addition,
the designer can explicitly take advantage of present knowledge about disturbance
spectra. While norm-based controller design has many favorable properties, most
standard procedures for norm-based control synthesis are not able to constrain the
structure of the controller to be designed 1 .
Several procedures can be found in the literature that enable the design of a low
complexity controller based on experimental plant data directly. An overview of
data-based controller design methodologies was given in Section 1.2. Although
many of these approaches optimize the closed-loop behavior with respect to a chosen performance criterion, they do not allow to take advantage of the full flexibility
of norm-based controller specifications posed in the generalized plant framework,
e.g. specification of a four-block control design problem with plant uncertainty
and performance channels that are not directly measured by the metrology of the
feedback control system.
To deal with the requirements listed before, this chapter proposes a data-driven
approach to optimize fixed structure controllers with respect to the H∞ norm of the
controlled generalized plant, which embeds the performance requirements. From
this perspective, the approach combines the advantages of a gradient based datadriven approach with the ability to use norm-based performance specifications.
The approach consists of two steps that subsequently focus on a stability and a
performance optimization that are performed via a steepest descent algorithm.
To guarantee stability based on frequency response samples only, the framework
1 Recent

work in the area of model-based control enables prescription of a specific controller
structure [64]. The computational demands of this approach however increase rapidly with the
complexity of the model of the plant.
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presented in Chapter 2 is combined with the results of Chapter 3 to obtain a discretized approximation of the stability test described in Theorem 2.19. As a novel
result, a cost-function is introduced that enables convergence from a destabilizing
controller parameter set to a stabilizing parameter set. Such a cost-function is
non-trivial since all closed-loop system norms explode if closed-loop poles cross
the unit circle. As a second contribution, a gradient based procedure is described
to optimize the parameters of a fixed structure controllers with respect to the
H∞ norm performance specifications. The minimization of the maximum singular values with respect to the controller parameters is written as an eigenvalue
minimization problem via a linearization step. This results in an Linear Matrix
Inequality (LMI) formulation such that standard results from LMI solvers can be
exploited to compute a gradient in the controller parameter space that reduces
the H∞ norm of the closed-loop system. Both the stability and performance optimization step are combined in one optimization algorithm which is validated via
a simulation example.
The approach is described for discrete time systems. However, by using the continuous time analogues of the stability test described in Chapter 2, everything that is
said here generalizes directly towards continuous time systems in a straightforward
manner2 .
The outline of the chapter is as follows. After the notation introduced in Section
6.2, Section 6.3 gives the formal problem definition and introduces the proposed
approach which sequentially focusses stability and performance optimization. To
verify stability of the closed-loop system, Section 6.4 poses a stability test that
can be evaluated based on the given data samples of the plant. This result is
extended in Section 6.5 which presents a cost-function that enables convergence
from a destabilizing to a stabilizing parameter set of the controller. In Section
6.8, a performance optimization procedure is described that minimizes the largest
singular values of the closed-loop frequency response matrices over all frequencies.
Both stability and performance optimization are combined in one optimization
algorithm that is presented in Section 6.9. A simulation example is given to
illustrate the proposed approach.

6.2

Notation

Let P (z) and C(z, θ) represent the plant and the controller parameterized via θ
respectively. The set of all allowable controller setting, not necessarily restricted
to stabilizing solutions, is represented by Θ ⊂ Rp . The set Θstab represent all
2 The continuous time equivalent of some of the results described in this chapter were presented
in [44]
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controller parameters θ that results in an internally stable feedback interconnection
of P (z) and C(z, θ), represented by F(P (z), C(z, θ)) (see definition 5.2).
Ts represents a equidistant frequency grid that is homogeneously distributed along
the unit circle. P̂ (z) and Ĉ(z, θ) represent the frequency sampled transfer functions
at the grid Ts , i.e. P̂ (zn ) = P (zn )|Ts and Ĉ(zn ) = C(zn )|Ts . M̂cl represents the
transfer function of F(P (z), C(z, θ) restricted to the samples zn ∈ Ts ,
M̂cl := F(P, C)|Ts

6.3

(6.1)

Problem formulation

The mathematical formulation of the problem treated in this chapter is given by:

Problem 6.1.
Given:
• N samples P̂ (zn ) of an unknown MIMO transfer matrix P (z) : C 7→ Ck×n ,
• a controller C0 (z) that internally stabilizes P (z),
• a set of parameterized controllers C(z, θ) with θ ∈ Θ ⊂ Rp .
Find:
• θopt ∈ Θstab such that:
k F(P (z), C(z, θopt ))k∞ = min k F(P (z), C(z, θ))k∞
θ∈Θstab

(6.2)

where Θstab represents the set of parameterized controllers that are internally stabilizing with respect to P (z).
Any controller C(z, θopt ) with θopt ∈ Θstab that satisfies (6.2) is called H∞ -optimal
in the class of parameterized controllers. Note that the plant P (z) can be extended
with weighting filters such that the design specifications for the closed-loop can be
embedded in P (z).
The difficulty of the problem defined in Problem 6.1 is that the dynamical behavior
of P (z) is only known via a limited number of samples P̂ (zn ). As a result, both
stability and performance of the closed-loop system can not be obtained from
parametric measures but have to be deduced directly from the samples.
Due to the finite availability of frequency response data samples, performance
evaluation of the closed-loop is restricted to the sample points zn ∈ Ts only such
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that the optimization problem described in (6.2) is approximated by:

θopt := arg min max σ̄ M̂cl (zn )
θ∈Θstab zn ∈Ts

(6.3)


where M̂cl represents the closed-loop transfer function F P (z), C(z, θ) evaluated
at the frequency samples zn ∈ Ts . In order to deal with this discretization aspect,
emphasis has been place to bridge the gap between the H∞ norm and the "Ts
sampled" H∞ norm, which will be discussed in Section 6.6.
Since no assumptions are made regarding the structure of the controller C(z, θ), the
parameters θ might appear in a non-convex manner in the optimization criterion
given in (6.3). The chosen approach to minimize this non-convex problem is via
local optimization using a steepest descent algorithm in the parameter space θ ∈
Θstab that is given by:
θk+1 = θk + αOf (θk ),

where (θk+1 , θk ) ∈ Θstab

(6.4)

Here, Of (θk ) represents the gradient of the performance criterion with respect to
θ and α determines the step-size.
The parameter update described in (6.4) has to be restricted to the set of stabilizing controllers only, i.e. θk+1 ∈ Θstab . Section 6.9 will show that if an H∞
controller optimization criterion is chosen that weights all signals in the feedback
interconnection, stability is inherently maintained over the iterations of the steepest descent algorithm described in (6.4). This reduces complexity since it suffices
to initialize the performance optimization algorithm with a parameter θ ∈ Θstab .
By initializing the steepest descent algorithm with many starting points, the
chance that the global optimum θopt is found, increases. Initialization of the
optimization scheme with many distinct stabilizing controllers, however, requires
knowledge about the set Θstab . This set Θstab is often unknown in beforehand.
Arbitrary chosen starting points in the controller parameter space Θ might destabilize the closed-loop system. The next section describes a method to test if a given
θ is contained in Θstab and therefore is a suited candidate for the performance
optimization procedure.

6.4

Closed-loop stability

Closed-loop stability is of primary interest during the design of feedback control
systems. The set of stabilizing controller parameters Θstab is, however, unknown
on beforehand in many applications. This section describes a method to verify if
a chosen starting point θ0 corresponds to an internally stabilizing controller. This
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test is based on knowledge about the data samples of the plant P̂ (zn ) and the
controller C(z, θ) only.
The subproblem to be solved in this section is the following:
Problem 6.2.
Given: a predefined controller parameter θ ∈ Rp and the samples P̂ (zn ), n =
1, . . . , N , verify if C(z, θ) is internally stabilizing for P (z). In other words, decide
whether a given θ satisfies θ ∈ Θstab or θ ∈
/ Θstab .
In order to solve Problem 6.2, theory from Chapter 5 is exploited. Chapter 5
showed that internal stability of the feedback interconnection is implied by stability
of the Youla parameter Q(z). This mapping between C(z) and Q(z) was given in
Section 5.4:
Q = (M − CN )−1 (CV0 − U0 )

(6.5)

where P = N M −1 and C0 = U0 V0−1 represent stable coprime factorizations such
that M, N, U0 , V0 ∈ H∞ . Remark that contrary to the proof of Proposition 5.3,
we have chosen to apply the right coprime factorization to describe the Youla
parameter. If stability of P (z) is assumed, it is known that C0 = 0 stabilizes the
system such that a valid choice for the coprime factorization of the plant and the
controller is given by N = P , M = I, U0 = 0 and V0 = I. Substitution of these
coprime factors into (6.5) results in the following mapping from C(z) to Q(z):
Q(z) = I − C(z)P (z)

−1

C(z)

(6.6)

As a result, every point θ ∈ Θ can be mapped into the corresponding Youla
parameter Q(z, θ) via:
−1
Q(z, θ) := I − C(z, θ)P (z)
C(z, θ)

(6.7)

It is well known that the set of internally stabilizing controllers is parameterized
by Q(z) ∈ H∞ [27]. As a result, Q(z, θ) ∈ H∞ implies that θ ∈ Θstab . So to verify
if a given θ corresponds to a stabilizing controller, stability of the corresponding
Q(z, θ) is tested.
Since the knowledge about P (z) is restricted to the samples zn ∈ Ts , the mapping
performed in (6.7) can not be computed in a parametric manner but is restricted
to point-wise evaluation over zn ∈ Ts . As a result, knowledge about Q(z) is
limited to the frequency response samples Q̂(zn , θ). These samples Q̂(zn , θ) can
be deduced from C(z, θ) and the samples P̂ (zn ) via sampled evaluation of the
mapping described in (6.7). For brevity of notation, the samples Q̂(zn , θ) will be
denoted by Q̂(zn unless stated differently.
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In order to test if the samples Q̂(zn ) corresponds to a stable system, a discretized
equivalent of the frequency response-based stability test described in Theorem
2.19 is applied. For brevity of notation, the following analysis assumes that Q
represents a SISO transfer function. The stability test for the SISO case, however,
can easily be generalized towards the MIMO case by validating stability of all
elements of the transfer matrix Q separately.
In order to test stability of Q(z) based on the samples, the function Qδ (z) is
introduced:
Qδ (z ∗ ) := −
+

N

1 X
1
Q̂(zn )
jz
∆
Ψδ (z ∗ )
n
2πj n=1
zn − δz ∗

I 
X
i=1

αi
z ∗ − pi

X


pni Ψδ (z ∗ )

(6.8)

(6.9)

n={N,2N,...,∞}

with:
Ψδ (z ∗ ) = −(

N
1
1 X
jzn ∆)−1
2πj n=1 zn − δz ∗

(6.10)

and δ ∈ (0, 1). Here, pi and αi represents the poles and corresponding residues of
Q respectively. Now, the following analysis result can be posed:
Proposition 6.3. Given frequency response samples Q̂(zn ), n = 1, . . . , N of
a real rational strictly proper function Q with poles and corresponding residues
(pi , αi ), i = 1, . . . , I. Then Q ∈ H∞ if:
Qδ (z ∗ ) = 0

for all z ∗ ∈ T, δ ∈ (0, 1)

(6.11)

Proof. The proof of Proposition 6.3 is based on Theorem 2.19 which show that
stability of a strictly proper Q is implied by the following relation (see Section
2.5.2):
I
1
Q(z)
dz = 0
for all
p∗ ∈ D
(6.12)
2πj T z − p∗
To parameterize all p∗ ∈ D, we define p∗ := δz ∗ with z ∗ ∈ T and 0 < δ < 1.
The limited availability of frequency response points makes that the integral expression given in (6.12) can not be evaluated directly. It was already discussed in
Chapter 4 that a combination of the discretization framework described in Chapter 3 and the integral expressions derived in Chapter 2 enables approximation of
(6.12). This approximation enables the verification of stability of Q(z) based on a
finite number of frequency response samples only.
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To obtain an approximation of (6.12) that can be evaluated based on samples only,
the derivation given in Section 4.5.1 is exploited. The fact that the pole p∗ := δz ∗
is located inside the unit disk instead of outside the unit disk, however, requires
a slight modification of the result computed for the term Ψδ (z ∗ ) in Section 4.5.1.
Since δz ∗ is not contained in U := E, the expression given in (4.50) results in:
I
1
dz = 0
(6.13)
(z
−
δz ∗ )
γ
with γ : [−π, π] 7→ C with γ(ϕ) = ejϕ .
Modification of the corresponding terms in (4.16) and (4.17) shows that for all
z ∗ ∈ T and 0 < δ < 1, (6.12) can be written as:
Z
1
Q(z)
∗
Qδ (z ) :=
dz
2πj T z − δz ∗
N

1
1 X
Q̂(zn )
z
j∆
Ψδ (z ∗ )
=−
n
(6.14)
2πj n=1
zn − δz ∗
+

I 
X
i=1

with

z∗

αi
− pi


pki Ψδ (z ∗ )

X
k={N,2N,...,∞}

N
−1

1
1 X
z
j∆
Ψδ (z ∗ ) = 0 −
n
2πj n=1 zn − δz ∗

(6.15)

which finishes the proof.
In order to solve Problem 6.2, we define an estimate Q̂δ of Qδ that is computed
based on the samples Q̂(zn ) only:
N

1
1 X
Q̂(zn )
jz
∆
Ψδ (z ∗ )
Q̂δ (z ) :=
n
2πj n=1
zn − δz ∗
∗

(6.16)

The purpose is to show that the sequence
I 
X
i=1

αi
∗
z − pi

X

pki



(6.17)

k={N,2N,...,∞}

given in (6.9) converges to zero as N → ∞ and |pi | 6= 1. In this case, Q̂δ (z ∗ )
converges to Qδ (z ∗ ) such that the stability test given in Proposition 6.3, can be
computed based on the samples Q̂(zn ) only, i.e. no parametric knowledge about
Q(z) is required. Based upon this observation and Proposition 6.3, the solution
to Problem 6.2 can be posed.
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Proposition 6.4. If N → ∞ and the poles of Q(z) are not located on the unit
circle, then Q ∈ H∞ if and only if:
Q̂δ (z ∗ ) = 0

for all

0 < δ < 1,

z∗ ∈ T

(6.18)

where Q̂δ (z ∗ ) is computed via (6.16) and therefore can be computed directly from
the samples Q̂(zn ) that are given by:
−1
Q̂(zn ) = I − C(zn , θ)P̂ (zn )
C(zn , θ)
(6.19)
If (6.18) is satisfied, it is known that a given θ ∈ Θstab , i.e. θ corresponds to a
controller that is internally stabilizing for P (z).
Observe that the computation of the samples Q̂(zn ), and therefore also the computation of Q̂δ , does not rely on any parametric knowledge about P .
In practice, the number of samples N can be chosen large but never reach infinity.
It can, however, be observed from (6.17) that if the number of samples is large
and |pi | +  < 1 with  a small positive number, the term given in (6.17) will be
sufficiently small to enable practical evaluation.
An important observation to be made is that apparently, stability can not be determined uniquely from finite samples without making assumption on the damping of
the closed-loop. This can be well understood. If Q contains undamped dynamics,
very local resonance peaks can occur between two subsequent frequency samples
that are not observable at the samples Q̂(zn ). This observation induces the question whether the presence of undamped dynamics tackles the practical value of
Proposition 6.3. A comment is made from this perspective.
P
If undamped dynamics are present in Q(z), the term k={N,2N,...,∞} pki does not
converge to zero such that the stability test described in Proposition 6.4 might
qualify a stable Q as unstable. The corresponding controller parameters, however, are undesired starting points for the performance optimization algorithm.
This is because the sampled H∞ norm, as used later in the Section 6.3, does not
approximate the real H∞ norm if undamped closed-loop dynamics are present.
The measured samples of the plant may be corrupted by noise. As a result, the
qualitative test described in (6.9) is perturbed by an additional uncertainty term.
To reduce the influence of measurement noise, the plant data can be filtered using
the techniques described in Section 4.7.
Remark 6.5. Data-based stability tests are often non-decisive. An example is the
ambiguity that occurs during evaluation of the Nyquist stability test (see Theorem
2.20) based on data samples. The outcome of this criterion heavily relies on the
assumptions made with respect to the interpolation of the samples, especially if
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the critical point −1 is located in the vicinity of the open-loop data samples. The
case that the point −1 is located near the data samples, typically corresponds to
the presence of undamped dynamics in the closed-loop. Consequently, stability
can only be uniquely determined by making assumptions that bound the intergrid
uncertainty, e.g. damping of the open-loop and closed-loop response.
Remark 6.6. Proposition 6.4 assumes that the samples Q̂(zn , θ) are obtained on
an equidistant frequency grid. A similar result can be obtained for non-equidistant
frequency grid, by using a similar derivation as made in Section 4.3.

6.5

Gradient to stabilizing region

Problem 6.1 is a non-convex optimization problem in terms of the controller parameters θ. So to increase the chance that the global optimum θopt is found, the
steepest descend algorithm has to be initialized with many points in the controller
parameter space θ ∈ Θstab . The set of stabilizing parameters Θstab is however
unknown.
An approximation of the set of stabilizing parameters can be found by using a grid
of points in the controller parameter space Θ and testing each of these grid points
via the stability test proposed in the previous section. The number of starting
points that can be tested for stability is, however, limited by practical constraints.
As a result, small stabilizing subsets of Θ are not guaranteed to be found if a
coarse grid of starting points is used.
This section proposes an algorithm to converge from a destabilizing starting point
θ0 ∈
/ Θstab to a neighboring stabilizing parameter θ ∈ Θstab . As a result, the density of starting points can be reduced which subsequently lowers computational
costs and increases the chance that starting points for the performance optimization step are present in all stabilizing subsets in the parameter space. Once a
stabilizing parameter θ ∈ Θstab is found, this cost-function is replaced with the
performance criterion described in (6.3). The resulting algorithm will be discussed
in more detail in Section 6.9.
The main idea is to construct a cost-function that enables converge to a stabilizing
parameter set. Construction of a cost-function that is related to stability is not
trivial since all system norms diverge if poles move to towards the unit circle.
The novel idea here is to define the cost-function as a fraction of 2-norms. This
section shows that a specific choice for these norms eliminates the barrier between
a stabilizing parameter set Θstab and a destabilizing parameter set Θdestab := {θ ∈
Θ | θ ∈
/ Θstab |}. Furthermore, it can be shown that the resulting cost-function
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creates a gradient towards the set of stabilizing parameters Θstab .
For analysis purposes, the cost-function is constructed in terms of Q. Once this
cost-function in terms of Q is available, a gradient with respect to the controller
parameters can be computed and a stabilizing parameter set can be found via
steepest descent or simplex methods.
The composition of the cost-function is based the fraction of two specific 2-norms.
For completeness, the generic definition of the 2-norm as defined in Chapter 2 is
given for the SISO case:
kQk22

Z 2π
1
=
Q(ejϕ )QH (ejϕ ) dϕ
2π 0
I
1
1
Q(z)QH (z) dz
=
2π T
z

(6.20)
(6.21)

where QH represents the complex conjugate of Q. Since we do not know if Q ∈ H2 ,
the 2-norm given above should be interpreted in terms of L2 .
In a non-parametric setting, QH can be computed directly by taking the complex
conjugated of Q(ejϕ ) per frequency. In a parametric case, QH can be obtained by
taking the complex conjugate of all coefficients (see Appendix B).
Two Lemma’s are stated that constitute the main result that is posed later. To
enable analysis, it is temporarily assumed that parametric knowledge about Q
is present. The result of the analysis, however, can be applied directly to nonparametric data, i.e. without using parametric knowledge about Q.
Lemma 6.7. The 2-norm of a strictly proper system Q =
in terms of the residues and poles of Q via:
kQk22 = −

X X
pm ∈SD pn ∈S

PI

αi
i z−pi

can be written

H
X X αH αn
αm
αn
m
+
pH
pH
m pn − 1
m pn − 1

(6.22)

pm ∈SE pn ∈S

where S represents the set of poles of Q, SE represents the set of unstable poles
and SD the set of stable poles of Q(z) .
PI αi
Proof. Substitution of Q = i z−p
into (6.21) shows that kQk22 can be computed
i
as a contour integral over the unit circle. Similar to Example 2, given in Chapter
3, an analytic expression for the result of this contour integral can be computed
via Cauchy’s Residue Theorem (see Theorem 2.11). According to this theorem,
kQk22 , as formulated in (6.21), can be computed by taking the sum of the residues
of the integrand corresponding to the poles inside the unit circle.
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As a first step, (6.21) is written in terms of the poles and the residues. It can be
P αi
derived via substitution of Q(z) = i z−p
into (6.21) that (see Appendix B):
i
kQk22

1
=
2πj

Z

X

T p ∈S
m

H 1
αm
 X
αn 
pH
m
−
·
dz
1
z
−
pn
z − pH
p ∈S
m

(6.23)

n

It is known from Cauchy’s Residue Theorem that only residues that correspond
to the poles contained in D contribute to the integral described in (6.21). In order
to compute the corresponding residues, (6.23) is written as:
Z  X
H 1
H 1
X
αm
αm


1
pH
pH
2
m
m
−
+
−
(6.24)
kQk2 =
2πj T
z − p1H
z − p1H
pm ∈SD
pm ∈SE
m
m
|
{z
}
|
{z
}
I
II
 X
X
αn 
αn 
·
+
dz
(6.25)
z − pn
z − pn
pn ∈SD |
p
∈S
n
E |
{z }
{z }
III

IV

It can be observed that only the term II and III that contain poles in the unit
disk that contribute to the integral. For the poles pn ∈ SD , the corresponding
residues can be computed via (see Theorem 2.11):
Res(−

H 1
αm
pH

m

z−

1
pH
m

H 1
αm
αn
αn
pH
m
·
·
, pn ) = lim −(z − pn )
z→pn
z − pn
z − p1H z − pn
m

(6.26)

αH αn
= − Hm
pm pn − 1
If

1
pH
m

∈ D, the corresponding residue of the corresponding cross-term equals:
Res(−

H 1
αm
pH

m

z−

1
pH
m

·

H 1
αn
1 H
1 αm pH
αn
m
,
) = lim1 −(z − H )
·
z − pn pm
pm z − p1H z − pn
z→ pm

(6.27)

m

=

H
αm
αn
H
pm pn −

1

(6.28)

Summing over all terms under the summations given in (6.25) finishes the proof.
Remark 6.8. The continuous time equivalent of Lemma 6.7 can be found in [44].
It is interesting to note that an equivalent formulation for the continuous time
expression is found in [17]. However, that result is obtained via a different method.
To proceed with the construction of a cost-function that enables convergence of
poles of Q from E into D, the function Qδ is written in its integral form (see (6.14)):
Z
1
Q(z)
Qδ (z ∗ ) =
dz
(6.29)
2πj γ z − δz ∗
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with δ ∈ (0, 1) and z ∗ ∈ T. The following lemma gives an analytic expression for
the 2-norm of Qδ .
PI
αi
Lemma 6.9. Given a function Q = i=1 s−p
, and let Qδ (z ∗ ) be defined as in
i
(6.29), then for any δ ∈ (0, 1), the 2-norm kQδ k2 satisfies:
X X

kQδ k22 =

pm ∈SE pn ∈S

H
αn
αm
H
pm pn − δ 2

(6.30)

Proof. The function Qδ can be written explicitly in terms of δ and the poles and
residues of Q.
Similar to the proof of Lemma 6.7, an analytic expression for (6.29) can be obtained
via Cauchy’s Residue Theorem. Substitution of the partial fraction expansion
PI αi
Q = i z−p
into (6.29) gives:
i
Qδ (z ∗ ) =

I X
I
γ

i

αi
1
dz
·
z − pi z − δz ∗

(6.31)

According to Theorem 2.11, an analytical solution for this expression can be obtained by taking the sum of the residues corresponding to the poles in D. Application of Theorem 2.11 over an anti-clockwise evaluation over the unit circle
corresponds to clock-wise encirclement of E, which induces a minus sign. As a
result,
Qδ (z ∗ ) = −

X

Res(

I
X

pi ∈SE

=−

X
pi ∈SE

=

X
pi ∈SE

=

X
pi ∈SE

i

1
αi
·
, pi )
z − pi z − δz ∗

lim (z − pi )

z→pi

1
αi
z − pi z − δz ∗

(6.32)
(6.33)

αi
δz ∗ − pi

(6.34)

α 1δ
z ∗ − pδi

(6.35)

Lemma 6.7 is applied to compute the 2-norm kQδ k2 . By applying a procedure
that is is analogue to the proof of Lemma 6.7, it can be derived that:
kQδ k22 =

H H
αm
αn
H
pm pn − δ 2
pm ∈SE pn ∈SE

X

X

(6.36)

i
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Figure 6.1 / Behavior of kQk22 (grey) and kQδ k22 (black) for Q(z) =
1π
2

0.5j
z−p1

1.2

+

−0.5j
z−p2

with p1 = |p|ej
and p2 = pH
1 for δ = 0.9. For completeness, a dotted
black line is plotted that represents the 2-norm of Q with poles scaled
as pδi .

An important observation to make is that contrary to kQk2 , kQδ k2 not only depends on the damping of the poles of Q but also on the stability of the poles, i.e.
only the unstable poles of Q contribute to kQδ k2 . This correspond to Proposition
6.3, which showed that Qδ equals zero if Q ∈ RH∞ .
It can be observed from (6.35) that the magnitude of the poles of Qδ are scaled
by δ and therefore appear more damped in the frequency response function than
the poles of Q. As a result, the behavior of the function kQk2 as function of
the pole locations is different than the behavior of kQδ k2 . Figure 6.1 depicts
the behavior of the two functions kQk2 and kQδ k2 for a given Q and varying
pole locations. The difference in the behavior of kQδ k2 and kQk2 is exploited to
compose a scalar function that results in a gradient from the destabilizing to the
stabilizing controller parameter set.
The main new result posed in this section, is described by the following proposition:
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Proposition 6.10. Given a cost-function φδ (θ) : Θ 7→ R that is defined as:
φδ (θ) :=

kQδ (z, θ)k22
kQ(z, θ)k22

(6.37)

with Q(z, θ) and Qδ (z, θ) defined as in (6.7) and (6.14). Then:
i) if Θstab 6= ∅ and θ∗ minimizes φδ in the sense that:
φδ (θ∗ ) = min φδ (θ)

(6.38)

θ∈Θ

then Q(z, θ∗ ) ∈ H∞ and θ∗ ∈ Θstab .
ii) if Q contains one conjugate pole pair only, then Q(z, θ) has poles that monotonically converge to D as function of φδ (θ). Stated otherwise, the gradient
of the cost-function φδ with respect to the poles pi of Q represents a global
region of attraction for the poles pi towards D.
Proof. The first part of Proposition 6.10 follows immediately from Lemma 6.7 and
6.9. Since both the numerator and the denominator of φδ (θ) represent a 2-norm,
it holds that kQk2 ≥ 0 and kQδ k2 ≥ 0. Eq. (6.12) shows that:
Q ∈ H∞

kQδ k2 = 0

⇒

(6.39)

So if Θstab 6= ∅, there exist a minimum of φδ (θ) that equals zero and the corresponding minimizer θ∗ satisfies θ∗ ∈ Θstab .
The second part of Proposition 6.10 requires to compute the function φδ (θ) explicitly in terms of the poles of Q. By substitution of (6.22) and (6.30), the following
expression is obtained for φδ :
P
φδ =

−

P

pm ∈D

pm ∈SE

αH
m αn
2
pn ∈E pH
m pn −δ

P

αH
m αn
pn ∈S pH
m pn −1

P

+

P

pm ∈SE

αH
m αn
pn ∈S pH
m pn −1

P

(6.40)

which can be simplified if Q contains one conjugated pole pair. The following
notation is applied: p := p1 = pH
2 and α = α1 = −α2 . If p1 , p2 ∈ E then:
φδ =

H
αH α
− pHαpH α−δ2
pH p−δ 2
H
αH α
− pHαpHα−1
pH p−1

−
−

αH α
αH α
pp−δ 2 + ppH −δ 2
αH α
αH α
pp−1 + ppH −1

(6.41)

−1
1
pp−δ 2 + ppH −δ 2
−1
1
pp−1 + ppH −1

(6.42)

Dividing by αH α gives:
φδ =

1
+ pH p−1
H −δ 2
pH p−δ 2
1
−1
+ pH pH −1
pH p−1

+
+

i

i
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Figure 6.2 / Behavior of the function φδ for δ = 0.5

If p1 , p2 ∈ D, it directly follows from (6.39) and the numerator of (6.40) that
φδ = 0. The function φδ is plotted as function of the location of the poles in
Figure 6.2. It can be observed that the gradient of the function φδ with respect
to the poles results in a gradient towards the unit disc.
The result presented in Lemma 6.10 can be generalized towards the case that
Q contains several pole pairs, albeit with local convergence properties instead of
global convergence.
PI αi
.
Proposition 6.11. Given an arbitrary real rational transfer function Q = i s−p
i
Then the gradient of the cost-function φδ (as presented in (6.37)) with respect to
the poles pi of Q represents a local region of attraction towards the stabilizing
region.
By observing (6.40), it can be seen that φδ is not only reduced by moving unstable
poles to unit disk but also by moving stable poles to the unit circle, which increases
the denominator term. However, if unstable poles are located in the vicinity of the
unit circle, the denominator term of φδ is dominated by the corresponding term
ααH
such that the analysis of Theorem 6.10 applies. As a result, it is expected
pH p−1
that the steepest descent direction of φδ with respect to θ shifts unstable poles
near the stability border over the unit circle into unit disk.
i

i
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To enable practical evaluation of φδ based on experimental data, the computation
of the integral expressions kQδ k22 and kQk22 has to be approximated by discretized
equivalents. Via the approach similar to the discretization performed in Chapter
4 and Section 6.4, such a discretization procedure can be performed.
Using the framework described in Chapter 3, a FIR basis expansion is the best
quadrature formula to approximate the integral if no prior information is available
about the poles of Q except that there is some knowledge about a lower bound on
the damping present in the system. If a FIR expansion is used and the frequency
samples are distributed equidistantly, the framework described in Chapter 3 shows
that:
N
X
kQk2 ≈
QH (zn )Q(zn )∆
(6.43)
n=1

It is known from Chapter 3 that this estimate converges to kQk2 if the poles of Q
are not located on the unit circle and N → ∞.
An estimate for Qδ based on the samples Q̂(zn ) is more elaborate to obtain but
can be performed via the approached presented in Chapter 4. In similarity to the
derivation made in Section 6.4, it can be derived that if the number of samples N
is chosen large compared to the damping of the poles of Q, an estimate for Qδ (z ∗ )
is given by Q̂δ (z ∗ ) as defined in (6.16).
Remark 6.12. The filtering operation described in (6.30) results in a smoothing
of the frequency response of Q(z), i.e. the poles are shifted away from the unit
disk as described in (6.35). Due to this smoothing, small resonance peaks may
disappear. On the other hand, this filtering can be exploited to reduce the influence
of noise at the samples P̂ (zn ). As a result, a trade-off exists between elimination
of noise and elimination of small resonance peaks that correspond to poles with
a small residues. If the contribution of noise increases, the value of δ has to be
reduced and vice versa.
If a large amount of noise is present on the frequency response samples of the
plant, it could be beneficial to compose φδ as a fraction of Qδ1 divided by Qδ2 with
δ1 < δ1 . Via this approach, the data that contributes to the denominator of φδ is
filtered as well. This will be described in more detail in Chapter 7.

6.6

Sampling and the H∞ norm

The optimal controller mentioned in Problem 6.1 satisfies two essential properties.
It stabilizes the feedback interconnection, and it minimizes the maximum singular
values along the unit circle.
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Due to the limited number of frequency response samples available, the closedloop frequency response can only be evaluated on a finite number of grid points.
Consequently, evaluation of the maximum singular value, that is used to compute
the H∞ norm of the closed-loop system, is restricted to a distinct grid of frequency
points only, as described in (6.3).
Analogue to the proof of stability, assumptions are required to bridge the gap between the H∞ norm and the "sampled H∞ " norm of the closed-loop system. This
section focusses on the characterization of the relevant parameters that determine
the magnitude of the discrepancy between the samples and the actual norm of the
closed-loop.
Although there is an overlap with the reconstruction of intergrid uncertainty considered in Chapter 4, a different approach is applied here. Chapter 4 was devoted
to the quantification of the intergrid uncertainty region using prior knowledge
about the poles of the system. Knowledge about the poles of the closed-loop system is however not available so that we seek to quantify the uncertainty by using
knowledge about the properties of the open-loop poles.
The approach is the following. The closed-loop behavior is known at a finite
number of distinct frequency points zn ∈ Ts . To compute the H∞ norm, knowledge
about the frequency response has to be incorporated beyond the samples zn , i.e.
z ∈ T. To obtain an estimate for the maximum deviations that may occur in the
intervals [zn , zn+1 ], a Taylor expansion is used. Via this expansion, the behavior
between the samples can be written as a function of the behavior at the samples
and the derivative of the open-loop with respect to z, which can be deduced from
prior assumptions.
A matrix valued Taylor expansion is applied. Each element of the closed-loop
transfer matrix can be considered as a polynomial in z −1 which allows a Taylor
expansion per element. Performing a Taylor expansion for all elements in the
matrix results in a Taylor expansion in matrix sense which can be written as:
Qi,j (zn + h) = Qi,j (zn ) +

dQi,j
(zn ) · h + i,j
dz

(6.44)

for the (i, j)th entry of Q. For the sake of conciseness, Qi,j (zn + h) will be denoted
by Q(zn + h).
Here, i,j represents the higher order terms of the Taylor expansion of Qi,j . These
higher order terms are assumed to be small due to smoothness of the underlying
transfer function Q(z). Remark that |h| < |zn+1 , zn | < 2π
N for an equidistant
grid. As a result, the interval |zn+1 , zn | decreases with increasing N , such that
i,j = O(h2 ) can be made arbitrary small by increasing N .
The objective is to make a qualitative analysis of the size of the uncertainty interval
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d
in terms of open-loop properties. To quantify the term dz
Q(zn ) in (6.44), matrix
differential calculus is exploited. According to [86, 105], a matrix derivative is
notated by:
d vec F (A)
d F (A)
(6.45)
:=
dA
d vec AT

Using this definition, it can be derived that the product rule in matrix sense is
given by [86, 135]:
dAB
dA
dB
=
B+A
(6.46)
dX
dX
dX
Furthermore, the derivative of the inverse of a matrix equals [86]:
d F −1
d F −1
= −F −1
F
dX
dX

(6.47)

Via (6.46) and (6.47), it can be derived that:

−1
dQ(z)
d
(zn ) =
I − C(z)P (z)
C(z) (zn )
dz
dz
−1 d

= I − C(zn )P (zn )
·
C(z) (zn )
dz

−1

d
+ I − C(zn )P (zn )
·
C(z)P (z) (zn )
dz

−1
C(zn )
· I − C(zn )P (zn )

(6.48)

Eq. (6.48) shows that the inter-frequency grid uncertainty of Q is directly coupled
d
to the smoothness of the open-loop, i.e. dz
P (z)C(z), and the sensitivity function
at the samples. As a result, it can be concluded that if: the damping of the openloop is large, the frequency grid spacing ∆ is small, and the sensitivity function
at the samples zn is bounded, the value of Q(zn + h) converges to the value at the
samples Q(zn ) such that the sampled H∞ norm is a good representation of the
actual H∞ norm.
If the performance objective function contains a weighting on the peak sensitivity,
the peak sensitivity at the samples reduces over the iterations. As a result, the
discrepancy between the H∞ norm and the sampled H∞ norm will be reduced over
the iterations. So although initial iterations of performance optimization step may
suffer from a large amount of inter-frequency grid uncertainty, this effect reduces
as iterations proceed.
The presence of pure integrators in the plant result in open-loop poles on the unit
d
circle which makes that the derivative dz
C(z)P (z) given in (6.48) tends to infinity
if zn → 1. It can however be observed that the large gain in the open-loop, induced
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by this integral action, actually reduces the inter-frequency grid uncertainty. To
illustrate this, assume that the term P (z) is a SISO transfer function that is locally
dominated by a pure integrator. Suppose that the open-loop can be approximated
by:
1
(6.49)
C(z)P (z) ≈
(z − 1)
Then:

d 
1
C(z)P (z) ≈ −
(6.50)
dz
(z − 1)2
2
≈ − C(z)P (z)
(6.51)
Since the open-loop gain is large around z = 1, it holds that:
(I + CP )−1 ≈ (CP )−1

(6.52)

Substitution of both (6.51) and (6.52) into (6.48) shows that the interfrequency
uncertainty induced by the open-loop cancels against the contribution of the sensitivity. As a result, it can be concluded that the intergrid uncertainty is automatically reduced around the frequency range where the open-loop is dominated
by the integral actions. A similar analysis can be performed if multiple integral
actions are present. As a result, the most critical frequency regions are expected
to be around the bandwidth, i.e. the frequencies where the gain of the sensitivity
function is large.

6.7

H∞ performance constraints and the controller
parameter space

Under the condition of closed-loop stability, Problem 6.1 can be considered as a
minimization problem of the maximum singular value of the closed-loop transfer
matrix at the samples zn . In order to find θopt , that minimizes the maximum singular values of Mcl (zn ) for n = 1, . . . , N , the steepest descent algorithm described
in (6.4) is applied.
In order to gain insight in the optimization problem and the outcome of the steepest descent algorithm, the level curves of the sampled H∞ performance criterion
are characterized in terms of the parameter space Θ.
Rather than looking for the θopt , we consider the set of controller parameters Θγ
that satisfy an upper bound γ for the maximum singular values of M̂cl (zn ) over
the samples zn ∈ Ts . This set is defined by taking the intersection of the allowable
parameter set evaluated for all frequencies, i.e.:

Θγ := {θ ∈ Θ | max σ̄ M̂cl (zn ) < γ}
(6.53)
zn ∈Ts
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In order to obtain a description for Θγ , the closed-loop system Mcl is made more
explicit by rewriting the plant as:
  
 
z
P
P12 w
= 11
(6.54)
y
P21 P22 u
where [w, u]T are the exogenious inputs and controller output respectively and
[z, y]T represent the performance variables and controller input. By using the
Youla parameter, as introduced in (6.7), the closed-loop behavior Mcl at the samples zn can be written as:
Mcl (zn ) = P11 (zn ) + P12 (zn )Q(zn , θ)P21 (zn )
As a result, (6.53) can be written as:


Θγ := {θ | max σ̄ P11 (zn ) + P12 (zn )Q(zn , θ)P21 (zn ) < γ}
zn ∈Ts

(6.55)

(6.56)

In order to characterize the set Θγ , (6.56) is formulated in terms of a LMI condition
in terms of Q(zn ). By using the Schur complement, it can be derived that:

σ̄ Mcl (zn ) < γ ⇔ Tn (γ)  0
(6.57)
with:
Tn (γ) :=



γI
(P11 (zn ) + P12 (zn )Q(zn , θ)P21 (zn ))H


P11 (zn ) + P12 (zn )Q(zn , θ)P21 (zn )
γI
(6.58)

As a result, the set Θγ is parameterized by all Q(zn ) that satisfy Tn (γ)  0, n =
1, . . . , N . The set of all Q(zn ) ⊂ C that correspond to Θγ , can be parameterized
by the feasible region of (6.58). The following proposition is used to obtain an
analytical expression for this feasible region in terms of polynomial inequalities in
Q(zn ).
Proposition 6.13 (Sylvester criterion). Let Tn be an l × l symmetric matrix,
then Tn is positive definite if and only if all its l leading principal minors are
strictly positive [67].
The leading principal minors can be computed directly from Tn , n = 1, . . . N .
Since the mapping between Q(zn , θ) and C(zn , θ) is bijective (see Chapter 5), the
feasible region of all Q(zn ) for which Tn (γ)  0 can be mapped into the set of
allowable C(zn ). If the mapping C(zn ) 7→ θ is bijective, this set can be mapped
into the allowable set Θγ in parameter space.
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The mapping between C(zn ) and θ is, however, not bijective in general. To obtain
a generic solution, Section 6.8 describes an approach to minimize the maximum
singular values via a gradient based approach.
In the remainder of this section, an example is given that visualizes the set Θγ for a
given sampled H∞ performance criterion. This insight is exploited to gain insight
in the outcome of the steepest descent performance optimization algorithm.
Example. This example computes the set Θγ which is defined as:

Θγ = {θ ∈ Θ | σ̄ Mcl (zn ) < γ, n = 1, . . . , N }

(6.59)

where:
Mcl :=



W1 S
W2 T


(6.60)

Here, S and T represent the sensitivity and complementary sensitivity function of a
SISO feedback loop. S and T are given by S := (I+P C)−1 and T := P C(I+P C)−1
whereas the controller C(z) that is used, is parameterized in the following manner:


kd
C(z, θ) = kp +
(1 − z −1 ) Croll−of f (z)
Ts

(6.61)

with θ = [kp , kd ] ∈ Θ and where Croll−of f (z) represents a high-frequent secondorder roll-off filter with fixed parameters. The parametrization of C(z, θ) can be
seen as a discrete-time equivalent of a continuous-time PD-controller.
Due to the specific structure of Mcl , the parameter set Θγ corresponds to all parameters θ that satisfy a performance bound on the weighted mixed sensitivity problem.
Both S(z) and T (z) can be written in terms of Q(z). Via the definition of Q(z, θ),
given in (6.59), it can be verified that:
S(z) = I − P (z)Q(z)

(6.62)

T (z) = P (z)Q(z)

Substitution of (6.62) into (6.59) and (6.60) shows that the set Θγ can be parameterized via the LMI condition:
Tn (γ)  0,

n = 1, . . . , N

(6.63)

with:
"
Tn (γ) =

γ
0
W1 (zn )−W1 (zn )P (zn )Q(zn ,θ)

0
γ

H

W1 (zn )−W1 (zn )P (zn )Q(zn ,θ)
W2 (zn )P (zn )Q(zn ,θ)

H

W2 (zn )P (zn )Q(zn ,θ)

γ

(6.64)

#
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Employing the Sylvester criterion on this 3 × 3 matrix Tn , results in quadratic
inequalities in terms of Q(zn ) for every zn , n = 1, . . . , N . It can be derived that
the behavior of Q(zn ) is required to belong to:

H
Qf eas (zn ) = {Q(zn ) ∈ C | γ 2 − W2 (zn )P (zn )Q(zn , θ) W2 (zn )P (zn )Q(zn , θ)
H

− W1 (zn ) − W1 (zn )P (zn )Q(zn , θ)
W1 (zn ) − W1 (zn )P (zn )Q(zn , θ) > 0}
(6.65)
That is, Qf eas (zn ) represents the set of all Youla frequency responses Q(zn ) at zn
that satisfy the bound γ on the maximum singular value of Mcl (zn ). Since (6.65)
describes a quadratic inequality in terms of Q(zn ), the boundary of the feasible
region of Qf eas (zn ) is described by the quadratic equality:

γ 2 − W2 (zn )Q(zn ))H W2 (zn )Q(zn )
(6.66)
H

− W1 (zn ) − W1 (zn )P (zn )Q(zn )
W1 (zn ) − W1 (zn )P (zn )Q(zn ) = 0
Due to the specific parametrization of C(z, θ), as given in (6.61), the mapping
Q(zn ) 7→ (kp , kd ) defines a bijective mapping. As a result, the boundary on
Qf eas (zn ), as given in (6.66), can be mapped into the parameter space Θ. Since
the mapping Qf eas (zn ) 7→ C(zn ) represents a Möbius transform [75], the boundary of the set is preserved during the mapping Qf eas (zn ) 7→ Θγ . As a result, the
mapping of the boundary of Qf eas (zn ) is sufficient to describe the set Θγ .
The result for the boundary of Θγ , as defined in (6.59), is depicted in Figure 6.3.
Each ellipsoid corresponds to the constraint in the controller parameter space for
one frequency point zn . The point (∗) represents a feasible point in the controller
parameter space and the arrow represents the corresponding steepest descent direction that will be computed in the next section.
It is important to observe that although the boundary is preserved during Qf eas (zn ) 7→
C(zn ), this mapping is non-affine. Depending on the mapping, the set of feasible
controller parameters θ may be located at the outside of the computed boundaries in
the space Θ. This effect can be observed from Figure 6.3 where the feasible region
is located outside the computed ellipses.
Remark 6.14. In addition to the computation of the feasible region via analytical methods, numerical LMI tools such as Yalmip combined with Sedumi offer
a numerical method to compute and visualize the feasible set in terms of Q(zn ).
This enables the approximation of the feasible set for more complex problems. Via
the linearization approach described in the next section, this approach can also be
applied to obtain the feasible region Θγ in the parameter space for more complex
controller structures.

i
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Figure 6.3 / Feasible region and gradient resulting from several Tn ’s and a fixed
value of γ

Several observations can be made from Example 6:
• the performance constraint described by (6.64) does not impose stability.
Consequently, stability of the closed-loop system can not be determined by
considering the set Θγ only such that Θγ ∩ Θstab 6= ∅ is interesting for γ as
small as possible.
• the LMI condition described in (6.63) describes a convex optimization problem in terms of Q(zn , θ). It is however due to the mapping from {Qf eas (zn ) |
zn ∈ Ts } 7→ (kp , kd ) that non-convexity in introduced in the problem. As
a result, several local minima may appear in the controller parameter space
when γ is minimized. To increase the chance that the global optimum is
found via a steepest descent algorithm, a large number of starting points
θ ∈ Θstab are required.
• by relaxing the performance boundary γ, the feasible region Θγ is expanded
such that the size of the ellipsoids depicted in Figure 6.3 reduces. If γ is
chosen large with respect to the spacing of the frequency grid, the ellipsoids
depicted in Figure 6.3, does not necessarily overlap for subsequent frequency
points zn . As a result, the boundaries Θγ (zn ), represented by the ellipsoids,
do not generate a closed boundary. This on the one hand induces the risk that
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a steepest descent algorithm converges from Θstab to Θdestab . Furthermore,
the steepest descent direction, which is perpendicular to the ellipsoids, does
not necessary result in the steepest descent of the H∞ norm. This results in
loss of efficiency in the performance optimization procedure can be prevented
by choosing a dense frequency grid. This on the other hand, increases the
numerical costs of the algorithm.
More complex control synthesis problems result in larger dimensions of the LMI
constraints such that the polynomials that describe the feasible region will be more
complex. It is, however, expected that the observations made from Example 6 hold
in general.
Remark 6.15. In [42], an alternative procedure is described to compute the set of
frequency responses in terms of Qf eas via the use of Nevanlinna-Pick interpolation
theory. This approach, however, relies on prior knowledge about the zeros of the
plant and is furthermore only applicable in the single-input-single-output case. As
a result, this approach can not be applied in a data-driven controller synthesis
approach where the zeros of the plant are assumed to be unknown.

6.8

Norm minimization

According to the problem statement and the approach presented in Section 6.3,
the H∞ norm minimization problem can be approximated by minimization of the
maximum singular values of Mcl (zn ) over all zn ∈ Ts while verifying closed-loop
stability with the non-parametric stability test described in Section 6.4.
The following optimization problem is considered:

min γ

θ∈Θstab

s.t. : Tn (γ)  0,

for all n = 1, . . . , N

(6.67)

with Tn (γ) defined as in (6.58).
The proposed approach to compute this steepest descent direction is to fix γ to:

γ = max σ̄ Mcl (zn ) + 
(6.68)
zn ∈Ts

with  chosen small and compute the steepest
 descent direction in the controller
parameter space Θ via the gradient of σ̄ Mcl with respect to θ. Once, this steepest
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descend direction is known, an update of the parameters can be performed within
the set of closed-loop stabilizing controllers that are parameterized by θ ∈ Θstab .
This procedure will be explained in more detail.
To compute the direction in the controller parameter space that increases the
minimum eigenvalue of Tn , n = 1, . . . , N , we now interpreted Tn as function
the controller parameters θ, i.e. Tn (θ) as described by (6.58). Observe that the
controller parameters θ appear non-convex in the elements of Tn (θ) (since Q(zn )
is non-convex in θ). This section shows that via local linearization, the behavior
of the non-linear matrix inequality given in (6.67) can be locally approximated
by a set of LMI’s formulated in θ. Once such an LMI approximation of the
Tn (θ), n = 1, . . . , N is known, methods from interior point LMI solvers can be
used to compute the steepest descent
direction in the controller parameter space

that reduces maxzn ∈Ts σ̄ Mcl (zn ) .
The proposed optimization algorithm is as follows:
1. linearize the non-linear matrix inequality Tn (θ) described in (6.67) around
the current parameter θ̄ to obtain an LMI in terms of θ. This LMI describes
the relation between the maximum singular value over all Mcl (zn ), zn ∈ Ts
and the controller parameters θ in the vicinity of θ̄.
2. Compute the gradient via LMI optimization tools and perform a line search
to obtain θ(k + 1).
The performance optimization part will be combined with the stability part of Section 6.4 and 6.5 and integrated into one optimization algorithm which is presented
in Section 6.9.
Remark 6.16. The proposed approach has similarities with the path following algorithm proposed by [46]. However, contrary to [46], the assumption of small
deviations is automatically fulfilled since the closed-loop system is sequentially linearized around θ(k).
The following proposition is used to prove that the non-linear matrix inequality
given in (6.67) can be locally approximated by a set of LMI’s.
Proposition 6.17. Let Tn (θ) denote the non-linear matrix inequality described in
(6.67). Then Tn (θ) ∈ Θ can be locally approximated around θ̄ by:
T¯n (θ) := Tn (θ̄) +

X d Tn (θ̄)
k

d θk

(θk − θ̄k ) + 

(6.69)
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where T¯n (θ) represents the linearized function Tn (θ) around the point θ̄. Then
kTn (θ) − T̄n (θ)k converges to zero if:
• (θ̄k − θk ) is sufficiently small,

n
1
k(I − CP )−1 )k∞
• limn→∞ n!
is sufficiently small,
• a controller structure is chosen such that the frequency response of C(z, θ)
behaves smooth with respect to θ.
Proof. In order to prove Proposition 6.17, Tn (θ) is written as a Taylor expansion along θ. To compute d dT (θ)
θ , we temporary interpreted Tn (θ) as a composite
function Tn (Q(zn , θ)) where Tn depends on Q via (6.58) and Q depends on C via
expression (6.7).
By employing the matrix derivative rules given in (6.45-6.47), it can be derived
that:
dTn (θ)
d Q(zn , θk )
d C(zn , θ)
d Tn (Q(zn , θ))
·
·
=
(6.70)
dθk
d Q(zn , θk )
d C(zn , θ)
d θk
The right hand terms

d Tn (θ)
d Q(z,θ)

and

d Q(zn ,θ)
d C(z,θ)

are computed separately:

#
"
n)
d Tn (θ)
0
P12 (zn ) dQ(z
P
(z
)
21
n
dC
=
n)
d Q(zn , θ)
P12 (zn ) dQ(z
0
dC P21 (zn )

(6.71)

and:
−1 dC(zn , θ)
d Q(zn )
= I − C(zn , θ)P (zn )
d C(zn , θ)
dθ
−1 d C(zn , θ)
− I−C(zn , θ)P (zn )
P (zn )
dθ

(6.72)
−1
I − C(zn , θ)P (zn )
C(zn , θ)
(6.73)

n ,θ)
The term d C(z
depends on the chosen controller structure and is therefore not
dθk
given explicitly. However, in order to obtain a smooth relation between C(zn , θ)
and θ, a minimum distance between the poles of C and the unit circle is required
(see the last point of Proposition 6.17).

In a similar manner, high order derivatives can be computed. It can be observed
from (6.73) that the contribution
in the Taylor expansion
 of high order derivatives

n

1
converge to zero if limn→∞ n!
k(I − CP )−1 )k∞
6= ∞ and C(z, θ) is behaving
smooth with respect to the parameters θ. Under this condition, the Taylor expansion is dominated by the first order derivative for small perturbations (θ̄ − θ),
which finishes the proof.
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Proposition 6.17 results in an LMI that describes the relation between the maximum singular value and the controller parameter update (θk − θ̄k ). To minimize
the maximum singular value over all frequencies zn ∈ Ts , the LMI conditions per
frequency are stacked into one matrix, i.e.:
T̄n (θ)  0 ∀ n = 1, . . . N ⇔ T̄ (θ)  0

(6.74)

T̄ (θ) := diag T̄n (θ), n = 1, . . . , N

(6.75)

with:


with T̄n (θ) is defined as in (6.69).
Based on (6.8), the gradient that minimizes the maximum singular value over all
frequencies can be computed via gradient descent methods from interior point LMI
barrier solvers. The main idea here is that once a controller parameter set θ is found
that renders T̄n (θ) positive definite, the minimum eigenvalues of the matrix
T̄n (θ)

can be maximized via minimization of the cost function log det T̄n (θ) [11, 90]. In
this application, the condition that a feasible starting point θ0 has to be known,
can always be achieved by choosing γ equal to the maximum singular value of the
closed-loop transfer matrix over all frequencies zn ∈ Ts .

The gradient of the cost-function log det T̄ (θ) with respect to θ := [θ1 , . . . , θK ]T
is given by [11, 90]:
g = [g1 , . . . , gK ]T
(6.76)
where:
gk = trace(S −1
and S := T (θ̄) −

P

k

∂T (θ¯k )
(θk
∂ θ̄k

∂T (θ̄)
),
∂θk

i = 1, . . . , N

(6.77)

− θ̄k ).

The numerical cost to compute this gradient may become excessive if the number
of frequency samples zn increases. However, it can be observed from (6.8) that
the matrix T̄ (θ) has a block-diagonal structure. The following proposition states
that due to this block-structure, the gradient of the problem formulated in (6.67)
can be obtained by taking the sum of the gradient obtained per frequency.
Proposition 6.18. Let gk denote the gradient of T̄ (θ) with respect to parameter
θk . Then the gradient that minimizes the singular values of the closed-loop Mcl
over all frequencies zn ∈ Ts can be computed by taking the sum the gradients
computed for each frequency separately, i.e.:
gk =

X

trace(Sn−1

n

where Sn := Tn (θ̄) −

P

k

∂Tn (θ̄)
(θk
∂ θ̄k

− θ̄k ).

∂Tn (θ̄)
)
∂θk

(6.78)
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Proof. The block diagonal structure of T̄ (θ) makes that S −1 has a block-diagonal
(θ̄)
structure as well. Consequently, S −1 and ∂T
∂θk are block diagonal such that the
gradient of the problem described in (6.67) can be computed by a summation of
the gradients computed for every frequency separately:
X
gk =
gk,n
(6.79)
n

=

X

trace(Sn−1

n

∂Tn (θ̄)
)
∂θk

(6.80)

where gn,k denotes the gradient in the direction of θk at frequency zn .
The advantage of (6.80) is that the data-capacity and computation costs required
to compute gk for all frequencies zn is heavily reduced compared to the full-matrix
T described in (6.8).
Remark 6.19. The number of frequency points contained in Ts is typically large.
This makes that the optimization algorithm has to take into account a large number
of LMI constraints. Due to the log-barrier-function used to compute the gradient
of the LMI, the gradient will be dominated by frequencies where σ̄ is relatively
large. Hence, from a practical point of view, it is sufficient to take into account
the LMI conditions
that correspond to frequencies where the maximum singular

value σ̄ Mcl is large. This can significantly reduce computational costs.

6.9

Optimization procedure

This section combines the stability condition described in Section 6.4 with the
performance optimization step described in Section 6.8. The following proposition
enables to split the optimization process into two sequential steps which reduces
the complexity of the resulting optimization procedure.
Proposition 6.20. Consider the feedback interconnection depicted in Figure 5.2
and extend the closed-loop system with additional exogenous output signals z̄ :=
[z, y, u]T . Then, internal stability is automatically maintained by minimization of
the H∞ norm of the input-output mapping w 7→ z̄.
Proof. According to Definition 5.2, internal stability is guaranteed if any bounded
input [w, v1 , v2 ]T results in a bounded output [z, y, u]. Since an excitation on w
maps to all signals [z, y, u]T , closed-loop poles can not cross the unit circle without
causing one of the signals [z, y, u]T going to infinity. Since all signals [z, y, u]T
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contribute to the synthesis criterion, this can not occur since the H∞ norm is
minimized.
Remark 6.21. The condition posed in Proposition 6.20 can be easily satisfied by
using a 4-block H∞ synthesis criterion [113], i.e. a performance criterion that
puts a weighting on all signal of a classical feedback interconnection.
Lemma 6.20 allows that the stability and performance optimization step can be
performed separately. The following procedure is proposed:
1. test if a starting point θ0 corresponds to a stabilizing controller using Proposition 6.3 and 6.4,
yes: proceed with step 2),
no: converge to a neighboring stabilizing region θ ∈ Θstab via the approach
presented in Section 6.5,
2. once a stabilizing parameter θ ∈ Θstab is reached, the performance optimization procedure, as discussed in Section 6.8, is applied. By sequential linearization and performing small parameter updates in the steepest descent
direction, the maximum singular value over all frequencies is minimized.
This approach is schematically depicted in Figure 6.4. Some additional comments
are made about the proposed optimization procedure.
• Since LMI interior point solvers exploit barrier functions [11, 90], the optimization can only be started using a feasible starting point. These points
can be easily obtained by choosing:

γ = max σ̄ P11 (zn ) + P12 (zn )Q((zn ), θ)P21 (zn ) + 
(6.81)
zn ∈Ts

where  represents a small offset. The offset  is required since the gradi
ent tends to infinity if the constraint maxzn ∈Ts σ̄ F(P (zn ), C(zn , θ)) = γ
is exactly met. Introducing an additional safety margin results in a more
averaged gradient over the frequency points zn ∈ Ts . After each iteration,
the value of γ is updated using (6.81).
• Concordance of barriers [90] is often used in LMI solvers to maintain the
update speed of the parameters. This approach is not applicable in this
setting due to the sequential linearization procedure and updating of γ. By
applying (6.81) after each iteration, it is assured that convergence speed is
maintained.
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Figure 6.4 / Optimization scheme
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• The linearized matrix inequality only holds in the vicinity of θ̄. If the stepsize (θ(k + 1) − θ(k)) is large, performance can be deteriorated or even a
parameter-value outside Θstab can be found. By checking high order terms of
Taylor approximation, applying proper step-size control (e.g. via backtracking [11]), and regularly checking stability, it is expected that these problems
can be avoided in practice.

6.10

Simulation study

A simulation example is given to illustrate and validate both the stability and
the performance optimization step. The system depicted in Figure 6.5 is used for
validation. The system input is a force f applied on m1 whereas the outputs are
the positions x1 and x2 of the masses m1 and m2 respectively.
The dynamical behavior of the system is described by the following continuous
time transfer functions:


x1 (s)
= P (s) f (s)
(6.82)
x2 (s)
with:

P (s) :=

1
1
 10 s2
1
1
10 s2

+
−



2

ωn
2
s2 +2ξωn s+ωn
2

ωn
2
s2 +2ξωn s+ωn

(6.83)

with ωn = 5 and ξ = 0.025.
The controller is assumed to be implemented in a digital system. To mimic the
plant behavior observed by this digital controller, the corresponding continuous

Figure 6.5 / System used for evaluation of the proposed approach
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time dynamics of the plant are described by discretization of (6.82) via a zero-order
hold approximation.
To validate both the stability and performance optimization procedure, two separate feedback configurations are considered. For both cases, the controller output
is defined to be the force f , i.e. u = f . For the first case, that characterizes the
set of stabilizing parameters, the input of the controller y is defined to be:
ycase I := r − x2

(6.84)

where r defines the reference signal and x2 the position of m2 . This case is particulary interesting from a stability point of view since the system can be easily
destabilized by increasing the gain of the controller due to non-collocated closing
of the feedback loop.
To show the potential of the performance optimization procedure, a second case
is considered where the controller input is defined to be:
ycase II := r − x1

(6.85)

Due to the collocated closing of the feedback loop, almost every controller parameter θ ∈ Θ results in a stable closed-loop system. As a result, the corresponding
set Θstab does not impose any restriction to the performance optimization which
enable evaluation of this part.
To mimic experimental data, the discretized approximation of the plant transfer
matrix is sampled by substitution of z ∈ Ts = {zn = ejϕn | ϕn = 2π{ N1 , . . . , 1}},
with N = 5000. It has to be emphasized that this data is only generated from the
transfer function to allow comparison with the analytical results. In a practical
situation, these frequency respons samples are obtained from the experimental
setup by frequency response identification procedures as, for example, described
in [83, 104].
A discrete time implementation of a PD-controller combined with a high-frequent
roll-off filter is chosen as the parametrization of the controller C(z, θ):
C(θ, zn ) = (kp +

kd
(1 − z −1 )) · Clow−pass
Ts

(6.86)

with θ = [kp , kd ] represent the proportional and differential actions and Clow−pass
representing a second order high frequent roll-off filter with fixed parameters that
represent a roll-off frequency at 50[rad/s]:

6.10.1

Stability

The example starts with the verification of the theory described in Section 6.4 and
6.5. As a first step, stability of a grid of controller parameters θ ∈ Θ is validated
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based on the frequency response samples of the Youla parameter Q(zn ). According
to Proposition 6.3, the closed-loop system is internally system is stable if:
Q̂δ (z ∗ ) = 0

∀

δ ∈ (0, 1), and z ∗ ∈ Ts

(6.87)

with:
Q̂δ (z ∗ ) = −

N

1 X
1
Q̂(zn )
Ψδ (z ∗ )
z
j∆
n
2πj n=1
zn − δz ∗

(6.88)

and
N
−1
1 X
1
Ψδ (zn ) = −
zn j∆
.
(6.89)
2πj n=1 zn − δz ∗
P
k
Remark that (6.87) implies that the term
k={N,2N,...,∞} pi is assumed to be
zero. This assumption is however not valid if closed-loop poles are present in the
vicinity of the unit circle. Moreover, both numerical and measurement noise will
be present in practice such that the condition given in (6.87) is not satisfied exactly
even if the system is stable.

To reduce the effect of undamped poles and measurement noise, we use kQδ (z ∗ )k2
as a measure for stability. Here, Qδ (z ∗ ) is computed for:
z ∗ = δz,

for all z ∈ Ts

(6.90)

and δ a fixed value in the interval (0, 1). Since the noise effects and the influence
P
of the term k={N,2N,...,∞} pki varies as function of z ∈ T, it is expected that a
large amount of these disturbance is cancelled in the computation of the 2-norm.
To get an impression of the set Θstab , the function kQδ (z ∗ )k22 is computed for many
points in the controller parameter space. The result is depicted in Figure 6.6. The
dark region in Figure 6.6 corresponds to small values of the function kQ̂δ (z ∗ )k, i.e.
points that approximate the stability condition of Proposition 6.87. For evaluation,
the stability region obtained from the parametric properties of the closed-loop system is depicted in Figure 6.8(b). It can be observed that even in the presence of
P
numerical noise and the fact that k={N,2N,...,∞} pki 6= 0, there is a large correspondence between the black region in Figure 6.8(b) and the analytical result
depicted in Figure 6.8(b).
It can, however, also be observed from Figure 6.6 that the steepest descent of
the function kQδ k2 does not supply any information about the direction towards
the stabilizing parameter set. This is related to the fact that the 2-norm of Q
is directly related to the gain of the controller due to the choice of the coprime
factorization chosen in (6.7), i.e. minimization of the controller gain reduces the
norm kQδ k2 . The function φδ , as introduced in Section 6.5, scales Qδ by the 2norm of Q and therefore eliminates the dependency on the gain of the controller.

i
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Figure 6.6 / kQ̂σ k2 as function kp and kd

In this example, φδ is defined to be a fraction:
φδ =

kQδ1 k2
kQδ2 k2 + c

(6.91)

with δ1 = 0.8 and δ2 = 0.99 and c ∈ R+ . Figure 6.7 depicts the cost-function φδ
described in (6.91). The top-view of φδ is shown in Figure 6.8(a). Two important
observations can be made from this figure. As a first observation, it can be seen
that the minimum of φδ is a good representation of the analytical stability region.
Furthermore, it can be observed that, although Q contains several pole pairs, the
steepest descend of φδ is in the direction of the stabilizing region. As a result, it can
be concluded that the performed simulation verified the stability test proposed in
Proposition 6.4 and the corresponding cost-function proposed in Proposition 6.10.

6.10.2

Performance

The preceding analysis showed that the parameter subset that corresponds to
stable parameters is rather restricted. To illustrate the performance optimization
step, an alternative feedback configuration is considered where the feedback loop
is closed over x1 . As a result, the set of stabilizing parameters is much larger,
which creates the freedom to obtain the performance that is specified via the use
of weighting filters.

i
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Figure 6.7 / φ as function kp and kd

The chosen performance objective is to obtain good tracking behavior for both
m1 and m2 . This is not trivial due to the presence of undamped dynamics in
the system. As a result, good tracking performance of m1 does not imply good
tracking behavior of m2 .
To define the performance objective, the following performance signals are defined:


r − x1
z=
(6.92)
r − x2
with r the reference. The corresponding closed-loop transfer function is defined
as:
z = Mcl r

(6.93)
(6.94)

with z := [z1 , z2 ]T and Mcl the closed-loop transfer function to be designed. An
expression for Mcl can be computed via the corresponding generalized plant:
  
 
z
P̃11 P̃12 w
=
(6.95)
y
P̃21 P̃22 u
with:
P̃11 =

 


1
−P(1,1)
, P̃12 =
1
−P(2,1)

P̃21 = 1,

P̃22 = −P(1,1)

(6.96)

i

i
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Figure 6.8 / Closed-loop transfer functions and corresponding weighting filters.

The closed-loop transfer function Mcl (z) can be written in terms of Q(z):
Mcl (z) = P11 (z) + P12 (z)Q(z, θ)P21 (z)

(6.97)

To perform the actual synthesis, the following performance objective is defined:
min γ

(6.98)

kW M k∞ < γ

(6.99)

θ∈Θstab

s.t.
with:

W =


W1
0

0
W2


(6.100)

The weighting filter W is used to specify the desired closed-loop performance. The
following weighting function is used:
W1 = W2 =

z 2 − 1.93z + 0.93
z 2 − 2z + 1

(6.101)

An impression of the frequency response of W can be obtained from Figure 6.10
and Figure 6.11.
The controller parameters of the controller structure given in (6.86) appear nonlinear in Mcl . To compute the parameter update that minimizes the maximum
singular value σ̄(Mcl ), the local linearization procedure as described in Proposition
6.8 is applied.
The update of the controller parameters kp and kd over several iterations is depicted in Figure 6.12(a). It can be observed that the norm of the closed-loop,
as depicted in Figure 6.12(b), reduces every iteration till convergence is reached.
The corresponding frequency responses of Mcl are depicted in Figure 6.10 and
i

i

i

i
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Figure 6.11. The frequency response of Mcl is a result of the weighting filters W1
and W2 that were applied to shape the frequency responses of the closed loop.
In order to validate the shaping of the closed-loop response via these weighting
filters, the frequency response of W1−1 and W2 −1, scaled by γ, are depicted in
Figure 6.11 as well. Indeed, it can be observed that the responses of M1 and M2
have a gain that is lower than the gain of W1−1 and W2 −1 scaled by gamma.
The trade-off made in the optimization can be understood from a manual loopshaping perspective. An increase in the controller gain increases the size of the
resonance circle in the Nyquist plane and thereby reduces the gain in M1 at the
resonance frequency around 5Hz. This, however, results in performance degradation at m2 since the internal flexibility in the system is not suppressed in an
optimal manner. Lowering the gain, on the other hand,results in a lower bandwidth and thereby reduces the performance in the low-frequent region, especially
of M1 .
To validate stability during performance optimization, the course of the open-loop
over the iterations is depicted in Figure 6.9. Via the Nyquist stability criterion (see
Theorem 2.20), it can be observed that stability is maintained over the iterations.
Remark 6.22. The optimization problem posed in this example does not satisfy
the requirement with respect to robust stability as set in Proposition 6.20. As a
result, it is not guaranteed that stability is maintained during performance optimization. Nevertheless, this lack of guaranteed stability over the performance
optimization iterations did not appear to be a problem during practical application
of the theory discusses in this chapter. However, in order to guarantee stability, every performance optimization step could be followed by the non-parametric
stability test described in Proposition 6.3.

6.11

Conclusions

This chapter presents a method to optimize the parameters of a fixed structure
controller based on frequency response data. The proposed procedure optimizes
the coefficients of a parameterized controller with respect to the H∞ norm of the
closed-loop system. As a result, the procedure enables to perform data-based
synthesis of low complexity controllers while taking advantage of norm-based performance specifications.
A two-step approach is proposed that subsequently focusses on stability and performance optimization. The proposed approach with respect to stability, is to
apply a discretized approximation of the non-parametric stability test described

i
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Figure 6.9 / Nyquist plot over the iterations with: initial controller (--), during
optimization (grey), controller obtained after optimization (black)

in Chapter 2 to the frequency response samples of the Youla parameter. In this
manner, internal stability of an arbitrary parameterized controller can be evaluated
based on frequency response data of the plant and knowledge about a stabilizing
controller only. As a novel contribution, a cost-function is proposed in (6.37) that
enables convergence from a destabilizing parameter set towards a stabilizing controller parameter set. The composition of such a costs-function is non-trivial since
all system norms diverge if the closed-loop poles approach the unit circle.
To allow performance optimization, the steepest descent direction of the maximum singular values at the given frequency grid with respect to the controller
parameters is computed. Via a linearization approach, the non-convex relation
between the H∞ norm of the closed-loop and the controller parameter is locally
approximated by an LMI formulated in terms of the controller parameters. Based
on this linearized LMI formulation, tools from interior point methods, used in LMI
solvers, can be exploited to compute the corresponding gradient in the parameter
space. The result is a numerically tractable method to compute the gradient of
the posed optimization problem. The resulting gradient information is applied in
an iterative parameter updating procedure that minimizes the norm of the closedloop system via a steepest descent algorithm. Both stability and performance
optimization are combined in one optimization algorithm which is illustrated and
validated by means of a simulation study.

182

6 / F IXED STRUCTURE CONTROLLER SYNTHESIS

Figure 6.10 / Frequency response of the closed-loop over several iterations: M1
with initial controller (- -), M1 during iterations (grey), M1 with optimized controller (black) and γW1−1 (:)

Figure 6.11 / Frequency response of the closed-loop over several iterations: M2
with initial controller (- -), M2 during iterations (grey), M2 with optimized controller (black) and γW1−1 (:)
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7
E XPERIMENTAL VALIDATION
Abstract /
This chapter combines the individual theoretical parts, that were developed in
the previous chapters, into one controller design methodology that optimizes
the parameters of a low-complexity controller based upon frequency response
coefficients of the plant. The objective is to illustrate the practical applicability
of the proposed design approach by using measured frequency response data
collected from an experimental setup. The system chosen for evaluation is a
system with 2 inputs and 2 outputs that exhibits dynamical coupling in the
frequency region of interest. The presence of this dynamic coupling makes
controller design for this system a suited design case to show the added value
of norm-based controller synthesis (see Chapter 1).
This chapter shortly describes how frequency response samples can be obtained
even if nonlinear effects such as friction and cogging forces are present in the
system. Using the frequency response data obtained from the system, two
sequential steps are performed to optimize the fixed structure controller. As a
first step, the influence of noise on the frequency response samples is reduced
using the prior knowledge that data is obtained from a stable system with
a known lower bound on the damping. The resulting enhanced data is used
for the fixed structure controller optimization step that subsequently assures
closed-loop stability and optimizes the parameters with respect to the H∞
norm of a 4-block design problem, i.e. a weighting of all signals in the feedback
interconnection.

7.1

Introduction

The objective of this chapter is to illustrate the practical applicability of the proposed data-based controller design methodology. Based on frequency response
185
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samples obtained from a practical setup, the parameters of a fixed-structure controller are optimized with respect to a 4-block H∞ controller synthesis problem.
The setup, that is used to illustrate the approach, has two inputs and two outputs
that can not be decoupled in the relevant frequency range via static decoupling. As
motivated in Chapter 1, this coupling in the system makes the corresponding design problem particulary suited to show the added value of norm-based controller
synthesis methodologies.
Several steps are performed in the controller synthesis methodology, the first step
being the measurement of the frequency response samples. Although approaches
to obtain frequency response data from an experimental setup are well described
in the literature [83, 104], we start by briefly discussing our approach to obtain frequency response data in the presence of nonlinear effects such as static friction and
cogging forces. As a second step, the filtering approach described in Chapter 4 is
applied. This method exploits the prior knowledge that the data is obtained from
a stable closed-loop system to reduce the effect of noise. The resulting enhanced
frequency response data is applied as input for the fixed structure controller optimization method that was described in Chapter 6. Via a sequential stability
and performance optimization step, the parameters of a diagonal PID controller
structure are optimized with respect to the H∞ norm of the closed-loop system.
The several steps that will be performed, can be seen as a validation of the theoretical contributions described in the Chapters 4 and 6. In an indirect manner,
the underlying theory of Chapters 2 and 3 is validated as well since these chapter
supply the generic theory used in the other chapters. The theory of Chapter 5
is, however, only partly exploited via the use of the concept of the Youla parameter. It is chosen to omit the practical evaluation of the controller optimization
over generic basis functions. This is due to the fact that practical implementation
of a high order FIR expansion requires an additional order reduction step to be
performed, which was not considered in this thesis and requires further research.
Moreover, the H2 synthesis approach via generic basis functions was already evaluated on a MIMO system using the simulation study described in Chapter 5.
The outline of the Chapter is as follows. Section 7.2 starts with the description of
the experimental setup and describes the properties that motivate the use of this
setup to validate the proposed controller design methodology. Section 7.3 describes
how frequency response samples are obtained from the system in the presence of
non-linearities. In Section 7.4, the measured frequency response samples are preprocessed using the analytical properties described in Chapter 2. The resulting
filtered data is used for fixed structure controller synthesis in Section 7.5. This
section sequentially focusses on the construction of the generalized plant, validation of closed-loop stability based samples and the optimization of the controller
parameters with respect to the maximum singular values along the unit circle.
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System description
Overview

In order to show the potential of the proposed norm-based design methodology, a
system is selected that satisfies the following criteria:
• the system dynamics in the selected operating range are approximately linear
time invariant (see Definition 2.3 and Definition 2.4),
• the system has multiple inputs and multiple outputs that can not be decoupled in the relevant frequency region via static decoupling.
The first requirement naturally fits in the frequency domain approach considered
in this research as it relies on the fact that the dynamic responses of the system
are assumed to be predictable via the use of frequency response data. The second
argument does not originate from a limitation of the approach but is a property
that emphasizes the added value of norm-based controller synthesis compared to
manual loop-shaping methods. Whereas application of a multi-loop SISO controller design approach applied to a system with dynamic coupling may induce
conservatism, e.g. due to the use of Greshgorin bounds [113], this conservatism
can be omitted if the interaction present in the system, is explicitly taken into
account via a norm-based multivariable synthesis methodology.
A double SCARA (Selective Compliant Assembly Robot Arm) system is selected
for verification. The system is denoted by FAMM (Fast and Accurate Manipulator
Module) and has been developed by Philips CFT [115]. The system is currently
located in the laboratory of the Control Systems Technology Group at the Eindhoven University of Technology and is therefore easily accessible for experiments.
A photographic representation of the system is depicted in Figure 7.1(a) whereas
a schematic figure of the robot is shown in Figure 7.1(b). The system has four
degrees of freedom (DOF). The DOF’s ϕ1 and ϕ2 represent the rotation of the
two upper arms around the main shaft as depicted in Figure 7.1(b). The DOF’s
ϕ3 and ϕ4 represent the rotation and translation of the end-effector with respect
to the wrist, as depicted in Figure 7.1(a).
From a theoretical point of view, coupling is present between the dynamics of all
degrees of freedom (DOF’s) of the manipulator [50]. In this research, however, we
limit our scope to the DOF’s ϕ := [ϕ1 , ϕ2 ]T and thereby neglect the interaction
with the control loops for ϕ3 and ϕ4 . This limitation can be justified under
the condition that the feedback loops for the DOF’s [ϕ3 , ϕ4 ]T are low-bandwidth
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controllers that are not destabilized by any feedback controller for the DOF’s ϕ1
and ϕ2 .
The actuators for the motion degrees ϕ1 and ϕ2 are concentric motors that are
located in the main shaft. These direct drive motors generate the torques T1 and
T2 on the corresponding arms. These torques are defined to be the inputs of the
system whereas the outputs are defined to be the positions ϕ1 and ϕ2 . As a result,
the system used for the controller design is defined as:
  
 
ϕ1
P11 P12 T1
(7.1)
=
ϕ2
P21 P22 T2
{z
}
|
P

(a) Photographic representation of the system

(b) Schematic representation of the system

Figure 7.1 / The setup used to obtain frequency response data (top-view of the
system)

The inertial properties of the system vary as function of (ϕ2 − ϕ1 ), which changes
the distance between the end-effector and the main shaft. To reduce the resulting
nonlinear behavior, the system will be operated along trajectories where (ϕ2 − ϕ1 )
is held constant, i.e. a trajectory where the distance between the end-effector and
the main shaft does not change. By adding a static transformation on the inputs
and the outputs of the system, the inputs and outputs can be defined with respect
to a different coordinate frame that better suits the trajectories performed by the
system.
The following coordinate transformation is proposed:
  
 
ϕθ
1 1 ϕ1
=
−1 1 ϕ2
ϕr

(7.2)
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Tθ
1
=
Tr
−1

 
1 T1
1 T2

(7.3)

The system, redefined with respect to this new coordinate frame, results in a
system P̄ given by:
  
ϕθ
1
=
ϕr
−1
|


1 P11
1 P21

P12
P22
{z
P̄

1
−1



−1  
Tθ
1
Tr
1
}

(7.4)

Since the controller to be designed is applied to this redefined plant P̄ , the frequency response experiments and controller design considered in the next sections
is performed with respect to P̄ , i.e. the system with inputs [Tθ , Tr ]T and outputs
[ϕθ , ϕr ]T .
The dynamics between the two inputs [Tθ , Tr ]T and outputs [ϕθ , ϕr ]T is strongly
coupled. This coupling is already apparent from a quasi-static consideration of the
system. Moreover, also coupling is introduced by dynamic effects. An impression
of the dynamical behavior of the system can be obtained from the frequency response behavior of the system as depicted in Figure 7.4. From this figure, it can be
observed that a dominant resonance is present around 140 [rad/s]. The presence of
this low-frequent resonance makes that static decoupling on the rigid body modes
is only valid in the low -frequent region. Via the proposed norm-based design
approach, the coupling between the degrees of freedom can be taken into account
explicitly such that controller design does not rely on a decoupling step that may
be difficult to perform in the presence of low-frequency internal dynamics.
Remark 7.1. The redefinition of the coordinate frame, as proposed in (7.2), does
not imply a decoupling in terms of the rigid body modes. This can be observed from
Figure 7.4 where the off-diagonal terms are significant in the low-frequency region
and therefore can not be neglected with respect to the diagonal terms.

7.2.2

Non-linearities

Although the system exhibits several favorable properties as listed in the previous
section, the dynamics of the FAMM system unfortunately also contains nonlinear
effects. The presence of these non-linearities makes non-parametric identification
via frequency response measurements challenging. The non-linearities that are
present in the system are shortly listed whereas the effect of these non-linearities
on the estimation of the frequency response samples is shortly described. This
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insight is used in the next section to motivate the approach that is applied to
obtain frequency response samples in the presence of these non-linearities.
A nonlinear effect that is clearly observed from the kinematic structure of the
manipulator is induced by the variation of the inertial properties of the system as
function of φr . This change in inertia, however, appears smooth as function of φr .
So to avoid the non-linearities induced by varying inertial properties, this chapter
assumes that the system is operated around trajectories with (nearly) constant φr .
For future analysis, the variation in dynamics as function of φr could be exploited
to validate robustness stability of the controller with respect to varying dynamics.
Apart from the non-linearities due to changing inertial properties, the system
also exhibits non-linearities that are less apparent. Two effects that were clearly
observable from the time-domain responses of the system are:
• the presence of static friction,
• the presence of cogging forces due to the permanent magnet motors.
Both effects result in dynamics that are respectively position or velocity dependent
but can not be described by a linear time invariant representation. The presence of
these non-linearities, however, can induce a bias on the estimation of the frequency
responses [104].
It is an ongoing discussion how to deal with the presence of these nonlinear dynamics during frequency response identification for controller synthesis. Several
methods are available. The work described in [24, 107] shows how an estimate
of the frequency response of the underlying linear system can be obtained. Alternatively, [104] focusses on the identification of a best linear approximation,
and therefore explicitly takes into account the nonlinear dynamics. Such a linear approximation, however, heavily depends on the operational conditions of the
system. As a result, the set of all possible linear approximations of the nonlinear
dynamics under operational conditions should be taken into account. To be able
to apply the theory of the preceding chapters, we have chosen to limit our scope
to the frequency response identification of the linear part.
In order to find the underlying linear part of the system, the spectral content of
the cogging force and the friction force should preferably appear at a frequency
that is irrelevant for plant identification. To isolate the spectral content of the
disturbance force generated by static friction, the identification of the system is
preferably performed with unidirectional velocity. This results in a constant static
friction force that has a static component only.
Cogging forces are induced by the direct drive motor that relies on permanent
magnets. The combination of slots in magnetic-sensitive material combined with
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permanent magnets, generates cogging forces that appear approximately sinusoidal
as function of the position ϕ1 and ϕ2 .
To deal with both effects, ideally, the frequency response measurements should
be obtained along trajectories with constant velocity and a length equal to an
integer number of periods of cogging harmonics. This makes that both static
friction and cogging forces are mapped onto the first spectral lines of the Fourier
transformed signal. The limited working range of the system, however, makes that
a trajectory that satisfies these requirements only allows a limited measurement
time and therefore reduces the number of data samples that can be obtained from
the system. This restriction can be omitted by allowing a repetitive trajectory,
thereby accepting that both static friction and cogging forces unavoidably induce
forces with spectral content over a broad range of frequencies. Consequently, a
bias on the estimate of the frequency response of the system might occur. The next
section describes a method to reduce the effect of this bias during the estimation
of the frequency responses of P̄ .

7.3
7.3.1

Identification of frequency response samples
Approach

The frequency response samples of the plant are measured from a closed-loop
configuration. Once the frequency response of the closed-loop system is known,
an estimate of the frequency response of P̄ can be deduced.
The objective is to find the frequency response samples of the closed-loop system,
denoted by Mcl (z) at a discrete number of points zn ∈ Ts . Here Ts represents a
set of points that are equidistantly distributed along the unit circle. The system
Mcl is depicted in Figure 7.2 and is defined as:
Y (z) = Mcl (z)U (z)

(7.5)

with U (z) := [Ue , Uu ]T and Y (z) := [Ye , Yu ]T . The variables Y (zn ) and U (zn )
represent the Fourier transformed excitation and output signals [83]. The signal r
represents a reference signal that is chosen to be a pure sinusoid with a frequency
that is located at one frequency bin of the Fourier transformed signal. A more
detailed discussion about the choice of this frequency will be given in the next
section.
All signals depicted in Figure 7.2 are two-dimensional. Consequently, the transfer
function Mcl to be identified has matrix dimensions 2 × 2. Via the approach
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Figure 7.2 / Configuration and signals used to identify the frequency response of
the closed-loop system Mcl (z).

described in [104], these four elements can be identified via two experiments. This
will be shortly explained.
The closed-loop frequency response samples M̂cl (zn ) can be identified by concatenation of the vectors U and Y over several experiments, i.e.:


 1
 1
Ue (zn ) Ue2 (zn )
Ye (zn ) Ye2 (zn )
(7.6)
= M̂cl (zn ) 1
Uu (zn ) Uu2 (zn )
Yu1 (zn ) Yu2 (zn )
where U 1 (zn ), Y 1 (zn ) and U 2 (zn ), Y 2 (zn ), zn ∈ Ts represent the data of the first
and second experiment, respectively. Note that this description can be generalized
towards a system of arbitrary dimension by concatenation of an arbitrary number
of experiments.
Manipulation of (7.6) shows that the frequency response function Mcl (zn ) for zn
can be computed by considering (7.6) for every frequency separately, i.e.:
M̂cl (zn ) =




−1
Ye1 (zn ) Ye2 (zn ) Ue1 (zn ) Ue2 (zn )
Yu1 (zn ) Yu2 (zn ) Uu1 (zn ) Uu2 (zn )

(7.7)

As a result, the matrix [U 1 (zn ), U 2 (zn )]−1 is required to have full rank. Moreover,
the computation of [U 1 (zn ), U 2 (zn )]−1 is best conditioned if the condition number
of the matrix U (zn ) equals one. The matrix [U 1 (zn ), U 2 (zn )]−1 is chosen to be:
 1



Ue (zn ) Ue2 (zn )
1 0
:=
V (zn )
(7.8)
Uu1 (zn ) Uu2 (zn )
0 1
where V (zn ) ∈ C1×1 , zn ∈ Ts represents the sampled frequency domain representation of a predefined excitation signal v(t).
An important observation to be made from the preceding analysis is that there is
no coupling between the frequencies in the estimation of the frequency response
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M̂cl (zn ). As a result, it is allowed to shape the spectral content of V (zn ) such
that the signal to noise ratio at the frequencies of interest is optimized. Once
the transfer matrix M̂cl (zn ) is known for zn ∈ Ts , the transfer matrix of the
plant can be computed by deduction of P̄ (zn ) from the closed-loop matrices, e.g.
by exploiting knowledge about the controller that was implemented during the
identification experiment.
The controller used during identification is a diagonal PID controller given in
(7.25). Its coefficients are given in Table 7.1.

DOF

kp

kd

ki

φθ
φr

25
25

5
5

5
5

Table 7.1 / Controller parameters for identification

The experiment performed to measure frequency response coefficients is unavoidably subjected to external disturbances. Under the assumption that the external
disturbances are described by filtered random noise, the energy of the noise is
distributed over all frequencies. As a result, the signal to noise ratio can be improved by using an excitation signal with sparse frequency spectrum which allows
for a large magnitude in the frequency domain while limiting the energy of the
signal in the time-domain [104]. A standard method to generate such a sparse
excitation signal is the use of periodic excitation via multi-sines [83, 104]. Using
this approach, the excitation signal v(t) is designed such that the spectral content
is limited to the frequency bins that correspond to zn ∈ Ts where the frequency
response of the system is to be measured. This idea will be exploited in the next
section.
The sparsity in the excitation signal, required to reduce the influence of noise, combined with need for a large number of points contained in Ts , which is required to
characterize sharp resonance peaks, results in long measurement intervals. However, since the number of samples that can be obtained at low cost is typically
large for the class of mechatronic systems, this can not be seen as a practical
obstructions to apply this approach.
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Non-linearities

It was already described in Section 7.2.2 that the system contains several non-linear
dynamic effects. Although we do not emphasize on the identification of these nonlinearities, the presence of non-linearities can induce a bias on the estimation of
the frequency response coefficients.
As motivated in Section 7.2.2, we have chosen to identify the linear part of the
system only. As a result, we seek to obtain an estimate of the frequency response
where the effect of non-linearities is minimized. In order to obtain such an estimate
for the frequency response, special attention is paid to the design of the excitation
signal and the design of the measurement grid Ts .
The presence of non-linearities in the system makes that the output of the system
contains higher and lower harmonics of the input signals. These higher and lower
harmonic components are induced by so-called odd and even non-linearities that
generate higher harmonics with multiples of two and three [24, 104]. The presence
of these additional harmonic components can be well observed in Figure 7.3. This
figure shows the spectrum of the output while the system follows the reference that
equals a sinusoid of approximately 0.25 Hertz. This reference signal is combined
with a sparse spectrum of sinusoids that is applied as the excitation signal Ue . It
can be observed that many frequency components are present in the output signal
that were not present at the input. It can be observed from Figure 7.3 that the
major contribution of the higher harmonics, however, is a multiple of the frequency
content of the reference signal. The fact that the higher harmonics of the reference
signal are dominant, can be well understood since the magnitude of the reference
signal r(t) is relatively large compared to the amplitude of the excitation signal
v(t).
The presence of the higher harmonics has to be taken into account during the
measurement of the frequency response samples. The main idea is to obtain the
frequency response samples of the system at frequencies that are not perturbed by
the higher harmonics of the reference signal. Several approaches to achieve this,
can be found in the literature. An example is the use of an excitation spectrum
where the spectral content of v(t) is put on the prime indices of the Discrete
Fourier Transform (DFT) grid [107]. An alternative excitation signal that is often
applied in the presence of non-linearities, is a so called Odd-Odd excitation signal
that contains spectral content on the indices 4k + 1 [24].
It is described in [24] that the bias due to higher harmonics caused by the presence
of odd- nonlinearities can not be avoided but can only be reduced by choosing a
excitation signal with a low crest-factor. To reduce the influence of the static
friction effect, the frequency response is measured around a trajectory of nonzero velocity. As a result, the signals injected into the feedback loop unavoidably

i
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Figure 7.3 / Presence of higher-harmonics in the output signal: spectral content of
the excitation signal v(t) [•] and the spectral content of output signal
ye(2) (t) [grey]

violate the minimal crest-factor assumption. Consequently, the presence of oddnonlinearities will induce a bias. It was observed from experimental data that
higher harmonics are mainly induced by the reference signal. The chosen approach
to reduce bias, is to design the spectrum of r(t) such that the higher harmonics of
the reference signal do not coincide with the spectral content of v(t). To achieve
this, the excitation signal v(t) is chosen to be a periodic excitation signal which is
designed such that v(t) has a sparse frequency content given by:
V (zn̄ ) = 1

for n̄ ∈ K

V (zn̄ ) = 0

for n̄ ∈
/K

(7.9)

with K := {K, 2K . . . , L}. Here, V (z) represents the Fourier transformed excitation signal v(t), L represents the length of the total experiment and K represents
the number of periods of the periodic excitation in the total experiment. Furthermore, the number of samples in one period of the periodic excitation is represented
by N .
Remark that L satisfies:
L = KN

(7.10)

After Fourier transformation of the input and output signals of Mcl , the total
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number of frequency samples remains equals to L. The corresponding frequency
bins are located at the frequencies:
zn̄ = ejϕn̄ , n̄ = 1, . . . , L with ϕn̄ = n̄

2π
L

(7.11)

The periodic excitation contains N samples. As a result, the frequency grid of
relevant frequencies Ts is given by:
zn = ejϕn , n = 1, . . . , N

with ϕn = n

2π
N

(7.12)

Via (7.10), this can alternatively be written as:
zn = ejϕn , n = 1, . . . , L with ϕn = nK

2π
L

(7.13)

This shows that every K th element of the grid zn̄ contains relevant information,
which was represented by n̄ ∈ K in (7.9).
The main idea to avoid interference between the higher harmonics of the reference signal r(t) and the excitation signal v(t), is to put the energy of r(t) at the
frequency bin n̄ = (K − 1). As a result, the corresponding higher harmonics of
this frequency correspond to multiples of (K − 1). It can be observed that the
higher harmonics of v(t) only coincide with the grid of relevant frequencies Ts if
n is a multiple of K, i.e. if n̄ is a multiple of K 2 . So by choosing K large, the
bias on the frequency response estimation, induced by non-linear effects, can be
reduced to a limited number of grid points. Since these frequencies are known, the
frequency response data that corresponds to these frequencies could be omitted
from the analysis.
From the analysis made above, the following observations can be made:
• to minimize the number of frequency bins where the higher harmonics of the
reference interfere with the spectrum of V (z), K should be maximized. On
the other hand, increasing K increases the length of the total experiment
which might be undesired,
• since the reference signal repeats with (N −1) time-domain samples, while the
periodic excitation signal repeats with N time domain samples, the length
of the experiment should be chosen such that both sequences fit an integer
number of times in the total length L of the experiment. Stated differently,
L should be a multiple of N times (N − 1). This is required to avoid leakage
of the frequency content of either the reference or the excitation signal.
Once the samples M̂cl (zn ) have been identified, the frequency response samples
of the plant P̄ˆ (zn ) can be computed. Knowledge about the controller is exploited
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abs[dB]

to perform this computation. The resulting frequency response samples of the
plant, obtained via the preceding frequency domain identification procedure, are
depicted in Figure 7.4.
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Figure 7.4 / Measured frequency response samples P̄ˆ (zn ) of the plant.

Remark 7.2. Since both higher harmonics and relevant frequency content is present
in subsequent frequency bins (see Figure 7.3), it is important that leakage between
the frequency bins is avoided. As a result, it has to be emphasized that windowing should not be applied since it introduces smearing of spectral content between
V (zn ), zn ∈ Ts and the higher harmonics of the reference.
As a result, it is important to assure that the all signals are periodic. Although
this might appear trivial, experimental validation showed that an offset between the
position at the start and the end of the experiment might easily occur (possibly due
to static friction in combination with heating). This effect was reduced by adding an
integral action to the controller that was used during identification. This appeared
to significantly improve the results of the frequency response identification.
Remark 7.3. Decomposition of signals on a harmonic basis via Fourier transformation, can be considered in the framework of Chapter 3. This chapter showed that

198

7 / E XPERIMENTAL VALIDATION

the presence of signal content that is not contained in the chosen basis expansion
results in both aliasing errors and leakage effects. Although aliasing phenomena for
harmonics on equidistant grids are well understood, the theory of Chapter 3 could
also be useful to extend the standard identification approach to cases where signals
are not obtained on an equidistant time scale, e.g. experimental data obtained from
a multi-rate system. This could be an interesting topic for further research.
Remark 7.4. The proposed approach exploited the difference in the spectrum content to differentiate between the contribution of r(t) and its higher harmonics, and
the contribution of v(t). A similar idea is applied in [114] where a difference in the
spectral content between the several system inputs is used to identify all columns
of the transfer matrix with one experiment.

7.4

Noise filtering and inter-frequency grid uncertainty

The experimental data obtained from a practical setup is unavoidably corrupted
by noise due to the presence of unknown disturbances acting on the system during
the experiment. The effect of this noise on the estimation of the frequency response
samples, however, can be reduced by exploiting the knowledge that the frequency
response data is obtained from a stable system whose dynamics can be described
by a real rational transfer function. As a result, the methodology developed in
Section 4.7 can be applied to reduce the influence of measurement noise.
Although the plant dynamics evolve in continuous time, the data of the closedloop system is obtained via sampling performed by a discrete time system that
represents the controller. As a result, the behavior of the closed-loop system is
best described by a discrete time representation of the dynamics. This makes that
the theory of Chapter 4 can be applied to reduce the effect of noise (albeit at the
cost of bias).
In order to reduce the influence of noise on the samples, the result of Section 4.7.2
is applied. The main idea is to approximate (4.73) by making the assumption that
P
k
k={N,2N,∞} pi converges to zero:
P̂ (z ∗ ) =
with:

N
1 X P̂ (zn )
zn ∆j Ψ̄(z̄ ∗ )
2πj n=1 zn − z̄ ∗

N

1 X
1 −1
Ψ̄(z̄ ∗ ) = 1 −
2πj n=1 zn − z̄ ∗

(7.14)

(7.15)

7.4 / N OISE FILTERING AND INTER - FREQUENCY GRID UNCERTAINTY

199

By choosing z̄ ∗ = δz ∗ , δ > 1, an estimate for P̄ (z̄ ∗ ) can be computed based on
the samples P̄ˆ (zn ) only. It was described in Section 4.7.2, that the choice for δ
imposes a trade-off between bias, induced by smoothing of resonance peaks, and
variance. A rough idea how to make this trade-off can be obtained from (4.70) and
(4.77), which give a quantitative expression for the variance and bias respectively
in terms of the properties of the system, and a lower bound on the damping of the
system.
Due to the lack of knowledge about the variance, this tradeoff is made by visual
inspection of the resulting filtered data. The result is depicted in Figure 7.5. This
result is obtained by substitution of z ∗ = δz, z ∈ Ts with δ = 1.0025 into (7.14).
The black line represents the frequency response of the plant reconstructed from
the filtered closed-loop transfer functions.
It can be observed that the variance of the filtered data is significantly reduced.
It can, however, also be observed that a significant bias is introduced in the first
resonance, i.e. the resonance is smoothed which lowers the peak value. It is
expected that this bias is reduced if the parameter δ is chosen to be a function of
the variance of the frequency response samples in the vicinity of z ∗ . Around the
resonance peaks, the variance of the frequency response is typically low such that
δ ≈ 1 is optimal and smoothing will be reduced in this region. Around the antiresonances, the variance in the frequency response samples will be large, resulting
in a larger value for δ.
Remark 7.5. Noise reduction via filtering operation described in (7.14) appeared
to be very valuable to check the validity of the obtained experimental data. E.g.
the presence of leakage effects, due to discontinuities between the start and the end
of measured time-signals, resulted in a response that can was incompatible with a
causal stable transfer function. This was clearly observed from a large mismatch
between the measured frequency response and the filtered frequency response. As
such, this mismatch can be seen as an indication for the validity of the obtained
experimental data.

Remark 7.6. The noise filtering exploits the analytical properties of rational transfer functions. This approach is closely related to the work described in [119] where
the Hilbert transform (see Section 2.7.1) is used to detect the presence of nonlinearities. An important difference is that our approach focusses on discrete time
systems. As a result, the restrictive assumption of undamped dynamics and availability of frequency response data along the entire imaginary axis [110] can be
omitted. Furthermore, our approach can be seen as an extension of [119] since
the results of Section 4.7.2 enable a trade-off between variance and bias, which is
not made in the Hilbert transform which is restricted to reconstruction at the unit
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Figure 7.5 / Frequency response samples of the (2, 2) element of the transfer matrix
of the plant P̄ . The measured and filtered data are represented by the
grey and black line respectively.

circle.

7.5

i

Fixed structure controller synthesis

The frequency response samples that are obtained from the FAMM-manipulator
and processed via the filtering operations described in the previous section, are
used as input to perform the fixed-structure controller optimization. Several steps
are performed for controller design. These steps are shortly listed:
i

i

1. the frequency response data of the plant is embedded in the generalized plant
description that represents the design objectives of the closed-loop system in
terms of the relevant transfer functions and corresponding weighting functions,
2. a desired controller structure is chosen,
3. the set of stabilizing parameters is characterized,

i
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4. optimization of the controller parameters with respect to the maximum singular values of the frequency response of the generalized plant is performed.
These steps are sequentially described in the following subsections.

7.5.1

Formulation of the generalized plant

The controller design objectives are formulated in terms of the generalized plant. It
is chosen to weight all transfers in the feedback interconnection that is depicted in
Figure 7.6. This results in a so called 4-block controller design problem. Since the
signals e and u contribute to the performance channel z = [z1 , z2 ]T , Proposition
6.20 applies. As a result, the fixed structure optimization problem can be separated
into a stability and performance optimization step (see Chapter 6).
The generalized plant G, as depicted in Figure 7.6, is defined as follows:
  
 
z
G11 , G12 w
=
y
G21 , G22 u

(7.16)

with w = [w1 , w2 ]T and z = [z1 , z2 ]T the exogenous disturbance and performance
channels. The transfer blocks of G are defined as:




−W1 V1 , −W1 P̄ V2
−W1 P̄
G11 =
, G12 =
0,
0
W2
(7.17)


G21 = −V1 , −P̄ V2 ,



G22 = −P̄

Since the system P̄ has two inputs and two outputs, the signals z1 , z2 , w1 and w2
are two-dimensional.
Via manipulation of (7.16), it can be verified that the closed-loop system Mcl can
be written in terms of G11 , G12 , G21 and the Youla parameter Q, i.e.:

 



−W1 V1 , W1 P V2
W1 P
Mcl (z) =
+
Q −V1 , −P V2
(7.18)
0,
0
W2
Alternatively, (7.18) can written as:


−W1 SV1 , −W1 P SV2
Mcl (z) =
W2 CSV1 ,
W2 T V2

(7.19)

where S = I − P Q, T = P Q, CS = Q and P S = P (I − P Q) represent the
sensitivity, complementary sensitivity, control sensitivity and process-sensitivity
respectively. This shows that the four blocks in the closed-loop system Mcl can be
interpreted as a weighting of S, T , CS and P S. The weighting filters are chosen
in accordance with the described design objective.
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Figure 7.6 / Generalized plant with weighting filters

Remark 7.7. Figure 7.6 does not consider the case where unmeasured plant output signals are present that contribute to z. This situation could be encountered in
that case where the performance is required on a different location than the metrology of the feedback system is present. By applying a procedure similar to Section
6.10, the generalized plant structure can be easily extended to take into account
these unmeasured performance channels.

7.5.2

Controller structure

The approach described in Chapter 6 is applied to optimize the controller parameters with respect to the H∞ norm of the closed-loop system. This method enables
the design of a low-complexity controller that takes into account the full complexity of multivariable controller design. On the other hand, such a fixed structure
optimization approach requires a controller structure to be defined on beforehand.
The controller structure is chosen to be diagonal:


C(1,1)
0
C=
0
C(2,2)

(7.20)

Such a diagonal controller structure is often applied in industry and is easily accessible for human interpretation. To enforce high frequent roll-off, an additional
second order roll-off filter is added to each diagonal term. Without loss of generality, the parameters of the PID controller are subjected to optimization whereas
the parameters of the high frequent roll-off filter are fixed.
The optimization of the PID controller structure is performed directly in terms of
discretized representation of the PID controller structure. This has the advantage
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that the optimization procedure implicitly takes into account the delay introduced
by the discretized representation.
To obtain the discrete time approximation of the continuous PID controller, Euler’s
method is applied [28], i.e.:
ẋ ≈

x(k) − x(k − 1)
Ts

(7.21)

with Ts the sample time of the discrete time controller. Using this approximation,
the discrete time approximation of the continuous time PID controller
Z t
d
u(t) = kp e(t) + kd e(t) + ki
e(τ ) dτ
(7.22)
dt
0
is given by [28]:
1
e(k)
Ts
1
1
− kp + 2kd
e(k − 1) + kd
e(k − 2)
Ts
Ts

u(k) = u(k − 1) + kp + ki Ts + kd

(7.23)

In the frequency domain, the delay operator can be written in terms of z, i.e.
u(k − 1) = z −1 u(k) and e(k + 1) = z −1 e(k). As a result, the frequency domain
representation of the discrete time PID controller is given by:

1
U (z) = (1 − z −1 )−1 kp + ki Ts + kd
Ts
(7.24)

1  −1
1
− kp + 2kd
z + kd z −2 E(z)
Ts
Ts
As a result, the controller C(z) given in (7.20) can be parameterized as:


1
1  −1
1
− θ1 + 2θ3
z + θ3 z −2
C(1,1) = (1 − z −1 )−1 θ1 + θ2 Ts + θ3
Ts
Ts
Ts

 (7.25)


1
1
1
C(2,2) = (1 − z −1 )−1 θ4 + θ5 Ts + θ6
− θ4 + 2θ6
z −1 + θ6 z −2
Ts
Ts
Ts
(1,1)

(1,1)

(1,1) (2,2)

(2,2)

(2,2)

with θ = [θ1 , . . . , θ6 ]T := [kp , ki , kd kp , ki , kd ]T . The superscript
of the parameters represent the corresponding term in the controller transfer matrix given in (7.20).

7.5.3

Weighting filter design

The performance objectives of the controller synthesis problem are specified via the
weighting filters that are embedded in the generalized plant . The configuration
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of these weighting filters is depicted in Figure 7.6, which shows that exogenous
inputs and outputs of the closed-loop system are respectively weighted by V and
W.
Via the weighting filters, the performance requirements for the controller design
can be specified. It is important to observe that the role of weighting filters for fixed
structure controller optimization is different than the role of the weighting filters
in a classical optimal control synthesis problem. This will be shortly explained.
In the model-based framework for optimal controller synthesis, the dynamics of
the weighting filters constitute to the structure of the controller. In the fixedstructure case, the structure of the controller is fixed a priori. Hence, the objective
of the weighting filter is to enforce the desired closed-loop behavior given the
structure of the controller. E.g. enforcing high frequent roll-off of the openloop only makes sense if the controller contains a rol-off filter of the appropriate
order. Alternatively, if the shape of the weighting filter is motivated based on the
spectrum of the external disturbances and specifications, a controller structure is
to be chosen that matches the requirements imposed by the weighting filters.
We have chosen to design the weighting filters from a loopshaping perspective.
From this perspective, the low-frequency regio of the open-loop requires a high
gain to enforce good tracking behavior. In the high frequency region, the openloop is required to have a low gain to prevent noise amplification. Based upon
these arguments, the controller structure and the weighting filters are chosen such
that these requirements on the open-loop are satisfied.
The closed-loop transfer functions satisfy several dependencies, e.g. S + T = I.
During the design of the weighting filters, these dependencies have to be respected.
To reduce complexity while enforcing low-frequent gain and high-frequent roll-off,
we have chosen to shape the open-loop via emphasis of the weighting on the
sensitivity function. Weighting of the remaining closed-loop transfer functions is
required to guarantee internal stability over the performance iterations but is not
used to enforce performance. Its has to be emphasized that the applied procedure
is not limited to weighting of the sensitivity function only but is only applied to
reduce the complexity of the weighting filter design.
The structure of the weighting filter with respect to low-frequent behavior of the
plant and the controller can be motivated by considering the sensitivity function
which is given by:
S = (I + P C)−1
(7.26)
In the low-frequent region, the pure integrators in the plant, due to rigid body
modes, and the pure integrator in the controller dominate the open-loop. Consequently, the integral actions contained in P and C imply dominance of the term
P C in (7.26) for low frequencies. It is assumed that the low frequent behavior of P
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is described by a double integrator and the low frequency behavior of C described
by a single integrator such that the singular values of S will decay with −3 in
the low-frequency region. To enable low-frequent weighting, a weighting filter is
applied with a +3 slope at low frequencies and a slope of 0 in the high frequency
region. An impression of the weighting filters can be obtained from Figure 7.12
which depicts the the inverse of the weighting filters scaled by γ.

7.5.4

Stabilizing parameter set

Closed-loop stability is a necessary requirement during the design of feedback
control systems. This section focusses on the description of the set of controller
parameters Θstab that correspond to internally stabilizing controllers. To obtain an
estimate for Θstab , a grid of starting points θ is generated. Each point in the grid is
tested for closed-loop stability using frequency response data of the plant only. If a
given parameter θ appears to be contained in Θstab , this parameter corresponds to
a stabilizing controller and can be used as input for the performance optimization
procedure.
Section 6.4 showed that stability of the Youla parameter Q is directly related to
internal stability of the closed-loop system. Hence, we will verify closed-loop stability via the frequency response samples Q̂(zn ) based on Proposition 6.3. Under
the assumption that the uncontrolled plant is stable, it can be verified that a valid
choice for the Youla parametrization is given by (see (6.5)):
Q = (M − CN )−1 (CV0 − U0 )

(7.27)

with M = I, N = P, U0 = 0 and V0 = I. As a result, the frequency response
samples of the Youla parameter can be obtained from the frequency response of
the plant P̄ (zn ) and C(zn ) via:
−1
Q(zn ) = I − C(zn )P̄ (zn )
C(zn )
(7.28)
According to Proposition 6.3, stability of Q can be verified via the function Qδ .
Similar to the example described in Section 6.10, an estimate for Qδ is computed
P
which is denoted by Q̂δ (thereby assuming that the sequence n=N,2N,...∞ pni =
0):
Q̂δ (z ∗ ) = −

N

1
1 X
Q(zn )
zn j∆ Ψδ (z ∗ )
∗
2πj n=1
zn − δz

(7.29)

with zδ∗ = δz, z ∈ T, δ < 1 and:
Ψδ (z ∗ ) =

N
−1
1 X
1
zn j∆
∗
2πj n=1 zn − δz

(7.30)
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This function Q̂δ can be computed from the samples P̄ (zn ) and the controller
via (7.28) and (7.29). As a result, closed-loop stability can be verified without
parametric knowledge about the plant.
To enable evaluation of many test points z ∗ , it is chosen to compute Qδ for all
z ∗ = δzn , z ∈ Ts with δ = 0.99 and combine these points into a scalar function
kQ̂δ k22 by taking the discretized 2-norm. The result is depicted in Figure 7.7(a).
(1,1)
This figure depicts the value of kQ̂δ k22 for variations of the kd
parameter of
the controller while the other parameters are held constant at the values given
(1,1)
in Table 7.1. Figure 7.7(a) shows that around kd
= 20, the function kQδ k2
increases with 60dB, i.e. a factor of 1000. This large difference in kQ̂δ k22 around
(1,1)
kd
= 20 corresponds to a shift from a stabilizing to a destabilizing controller.
For verification, the generalized Nyquist stability criterion [113] is evaluated in
(1,1)
the parameter region around kd
= 20. The corresponding Nyquist plot is
given in Figure 7.9. This shows that although the theoretic condition described
in Proposition 6.3 can not be evaluated exactly since knowledge about pi is not
present, kQ̂δ k22 appears to be good measure to verify if a given θ is contained in
Θstab .
The (1, 1) term of the transfer matrix of the Youla parameter and the correspond(1,1)
(1,1)
ing filtered version Q̂δ are depicted in Figure 7.8 for kd
= 16 and kd
= 24.
It can be observed that, although the amplitude behavior of the unstable transfer
function only slightly deviates from the frequency response of the stable transfer
function, the filtered frequency responses Qδ exhibit a huge difference in magnitude. Furthermore, it be observed in which frequency region the unstable pole is
located by observing the resonance peak of Qδ . Such information is not supplied
by the generalized Nyquist criterion which does not give information about the
stability of separate transfer matrix elements or the frequency region where the
unstable pole is present.
Remark 7.8. The closer δ is chosen to the origin, the more smoothing is performed during the operation described in (7.29). This smoothing action may eliminate small resonance peaks that correspond to unstable dynamics. Alternatively,
these small peaks could correspond to noise. As a result, a trade-off between noise
suppression and elimination of dynamic effects corresponding to poles with small
residues has to be made. A pragmatic method to make this trade-off is to estimate
δ by manual verification that all relevant dynamics are maintained during the filtering operation. Practical tests indicate that the accuracy of the estimate of δ is
not very critical for the practical applicability of the stability test.
Remark 7.9. Even if θ is located in Θstab , kQδ k2 does not exactly equals zero.
This can be understood via Remark 6.5, which mentions that non-parametric sta-
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Figure 7.7 / H2 norm of filtered samples Qδ (zn ) and φδ (zn ).

The preceding analysis made, supplies a method to test if a given θ is contained
in Θstab via evaluation of kQ̂δ k22 . It was illustrated in Chapter 6 that kQδ k2 does
not give any information about the change in the controller parameters that is
required to converge from a destabilizing to a stabilizing parameter set. To obtain
such a gradient, the function φ was introduced in Chapter 6. This function will
be computed.
According to Section 6.5, the function φ is defined as:
φ :=

kQδ1 k22
kQδ2 k22 + c

(7.31)

with 0 < δ1 < δ2 < 1. To avoid division by zero in the stable region, indeed kQ̂δ2 k2
equals zero for a stabilizing solution, the constant c is added to the denominator.
This constant c is chosen such that it is much smaller than Qδ2 in the destabilizing
region and therefore can be neglected in this region.
The function φ is evaluated for δ1 = 0.99, δ2 = 0.9 and c = 50. The choice for
these parameters is motivated by the bias variance trade-off. The parameters δ2 is
chosen such that relevant dynamics are maintained whereas a difference between
δ1 and δ2 is required to generate a gradient over a large domain in the parameter
space.
Figure 7.7(b) depicts the behavior of the function φ in the direction of kd of
C(1, 1). The important observation to be made is that in contrast to the function
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Figure 7.8 / Youla parameter Q for kd = 16 (solid black ) and kd = 24 (dashed
black) and filtered frequency response Qδ for kd = 16 ( solid grey) and
kd = 24 (dashed grey)

Qδ depicted in Figure 7.7(a), the function φ shows a clear steepest descent for
values of kp that are relatively far away from the stability boundary. The ripple
in Figure 7.7(b) at kp = 20 can be understood since the closed-loop contains poles
that are located exactly on the unit circle and therefore invalidates the assumptions
P
k
made with respect to damping, i.e.
k={N,2N,... } pi 6= 0. It is however expected
that this ripple does not results in any problems if an optimization algorithm is
used that is less sensitive to local minima, such as a simplex algorithm.

7.5.5

Controller optimization

This section focusses on the optimization of the controller parameters with respect
to the sampled H∞ norm of the closed-loop system, i.e. minimization of the
maximum singular values along the frequency points zn ∈ Ts . The approach to
solve this non-convex optimization problem is to apply a steepest descent algorithm
as described in Section 6.8. By increasing the number of starting points, the chance
that the global minimum of this non-convex optimization problem is found, can
be increased.

i
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Figure 7.9 / Nyquist plot for kd = 19 (grey) and kd = 24 (black).

Without loss of generality, it is chosen to formulate the controller optimization
problem in terms of the Youla parameter. This on the one hand supplies a unified manner to formulate the linearization process described in Section 6.8. On
the other hand, the Youla parameter is directly coupled to stability and therefore
can be used to evaluate stability of the closed-loop system during subsequent iteration steps. An example of a design problem where this could be valuable, is
the optimization of a mixed-sensitivity problem. Such a problem does not satisfy the condition posed in Proposition 6.20, such that internal stability is not
automatically maintained over performance optimization steps.
Using the generalized plant described in (7.18), the closed-loop behavior Mcl can
be written in terms of Q via the following formulation:
Mcl (zn ) = G11 (zn ) + G12 (zn ) Q(zn ) G21 (zn )

(7.32)

The corresponding controller optimization problem is given by:
θopt := arg

min kMcl k∞

θ∈Θstab

(7.33)

where Θstab represents the set of stabilizing controller parameters. Due to limited
availability of frequency points zn , the H∞ norm is approximated by means the
maximum singular values over a grid of frequency points zn ∈ Ts . The resulting
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optimization problem is described by:
θopt := min

max σ̄ Mcl (zn )



θ∈Θstab zn ∈Ts

(7.34)

where Mcl (zn ) is the closed-loop matrix evaluated at zn . According to Section
6.6, approximation of (7.33) via (7.34) is only allowed if the sensitivity function
is relatively small on the grid points zn ∈ Ts , the distance between the frequency
grid points is small, and the open-loop has no undamped poles.
The minimization of the maximum singular values over the frequency axis, as given
in (7.34), can be written as an eigenvalue minimization problem in terms of the
following matrix inequality:
θopt = min γ,
θ∈Θstab

subjected to:

Tn (θ)  0,

with n = 1, . . . N

(7.35)

where N represents the number of frequency points contained in Ts and Tn is
defined as:
"
#
γI,

H G11 (zn )+G12 (zn ) Q(zn ,θ) G21 (zn )
Tn (θ) =
,
γI
G (z )+G (z ) Q(z ,θ) G (z )
11

n

12

n

n

21

n

(7.36)
In order to compute a gradient that minimizes the maximum eigenvalue of Tn ,
for n = 1, . . . N , this nonlinear matrix inequality in terms of θ is linearized via a
Taylor expansion. Section 6.8 shows that the behavior of Tn around the controller
parameters vector θ̄ can be approximation by the following LMI condition:
T̄n (θ) = Tn (θ̄) +

X d Tn (θ)
k

d θk

(θk − θ̄k )

(7.37)

with T̄n the linearized version of the transfer matrix Tn . If Tn behaves smooth
with respect to θ, which is true if the sensitivity function of the closed-loop is
finite and the controller behaves smooth with respect to θ, it can be derived that
 converges to zero as (θ̄k − θk ) converges to zero (see Proposition 6.17). Using
the derivation made in Section 6.8 and the Youla parameter defined in (7.28), it
can be derived that (the dependency on (zn ) is omitted for the sake of brevity):

dQ
d 
=
(I − CP )−1 C
d θk
dθk
dC
= −(I − CP )−1
P (I − CP )−1 C
d θk
dC
+ (I − CP )−1
dθk

(7.38)

(7.39)
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The term dd θCk follows directly from the chosen diagonal PID structure of the
controller given in (7.24):


dC
1 0
=
,
(7.40)
(1,1)
0 0
dkp
 1

0
dC
(1−z −1 )
=
T
,
(7.41)
s
(1,1)
0
0
dki
"
#
(1−2z −1 +z −2 )
1
dC
0
−1
(1−z )
=
(7.42)
(1,1)
Ts
0
0
dkd
(2,2)

(2,2)

(2,2)

and kd
can
In a similar manner, the derivative terms with respect to kp , ki
be computed. Substitution of (7.39) and (7.42) into (7.37) gives an expression for
the linearized expression T̄n (θ). Using the approach of Section 6.8, this expression
is used to compute the gradient that locally minimizes the maximum singular value
along the frequency axis.
The block-diagonal structure of T̄ (θ), as described in (6.8), makes that the gradient can be computed per frequency and summed afterwards. This, however, may
n)
induce a singularity in the computation of the gradient d Q(z
d θk . This is due to the
fact that the degrees of freedom of C (1,1) and C(2, 2) at a particular frequency point
zn are given by the real and imaginary part of C(1, 1)(zn ) and C (2,2) (zn ) respectively. On the other hand, the number of parameters that influences the frequency
response behavior of the controller equals six, i.e. θ = [kp1 , ki1 , kd1 , kp2 , ki2 , kd2 ]T .
This induces a singularity in the computation of the gradient per frequency. In
order to omit this singularity, it is chosen to sequentially optimize either the kd
and kp values or the ki and kp values (see also the discussion given in Section 7.6).
Based upon the linearized expression described in (7.37), the optimization approach presented in Section 6.8 can be applied. The numerical results of the
optimization routine are given for one starting position in the parameters space
for which the numerical results are given in Table 7.2.
DOF

kp

kd

ki

φθ
φr

25
25

5
5

100
100

Table 7.2 / Initial controller parameter for the optimization algorithm.

The coarse of the controller parameters over the iterations is depicted in Figure 7.10.
The corresponding frequency response of the sensitivity matrix over the iterations
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DOF

kp

kd

ki

φθ
φr

223
143

5.1
5.1

1100
1500

Table 7.3 / Controller parameter after optimization.

is given in Figure 7.12 and Appendix C. It can be observed from Figure 7.11 that
the H∞ norm of the closed-loop system monotonically decreases till convergence
is reached. Although it is not guaranteed that the corresponding solution is optimal, due to non-convexity of the optimization problem, it can be observed from
Figure 7.11 that the performance of the closed-loop system with respect to the
performance requirements is significantly improved.
For verification of the result, the inverse of the weighting filter scaled by γ is
depicted in Figure 7.12. This shows that the performance specifications in terms of
the weighting filters is satisfied. Since we have chosen to put the main emphasis on
the weighting of the sensitivity function only (see Section 7.5.3), the other closedloop transfer functions such as the complementary sensitivity are less relevant from
a performance point of view, and are therefore not depicted.
Figure 7.13 shows the corresponding MIMO Nyquist curve for positive frequencies
over several iterations. Since the origin is located at the left hand side if one
moves over the Nyquist curve in the direction of increasing frequencies, it can be
derived from the Nyquist criterion [113] that stability of the closed-loop system is
maintained over the iterations.
It is important to realize that the controller design is based on frequency response
data that has been filtered in order to reduce the influence of noise. This filtering
is on the one hand is required to remove the influence of noise that might results
in an inaccurate estimation of the H∞ norm. On the other hand, the filtering step
slightly modifies the frequency response data such that the resulting frequency
response samples do not represent the frequency response of the real system.
The generalized plant that embeds the controller design objectives, however, does
not contain an uncertainty structure to deal with this discrepancy. As a result,
small perturbations in the frequency response data, induced by the filtering or
presence of non-linearities, could reduce performance, or even result in a destabilizing controller for the real system. Indeed, the actual implementation of the
controller on the system revealed that the values given in Table resulted in an
unstable system. Only by reducing the kd gains to kd = 3.5, a stable closedloop system was obtained. In order to deal with the bias in the estimation of
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the frequency response, an uncertainty structure has to be added to the synthesis
problem. This step is one of the main recommendations for further research.

Remark 7.11. The starting parameters for the integral action used for optimiza“kp˙kd˙over˙iter˙temp” — 2010/5/10 — 17:30 — page 1 — #
tion are significantly increased with respect to the controller used for identification.
This is required to assure that the breakpoint between integral and proportional action is contained in the frequency region considered during the optimization. This
prevents the algorithm to convergence to negative ki values which induce both satisfactory gain and phase behavior but renders the closed-loop system unstable.
250

200

parameter value

i

i

Remark 7.10. Although the parameter optimization procedure described in this
chapter was formulated in terms of discrete time transfer functions, practical implementation of the controller parameter optimization algorithm is performed in
terms of a continuous time description of the controller. This choice was made
since it appeared that this continuous time representation resulted in a reduced
sensitivity for local minima of the optimization problem compared to the discrete
time representation of the controller. The exact explanation of the observation,
however, requires additional research.
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Figure 7.10 / Controller parameters over several iterations: C11 (grey) and C22
1
(black) whereas: kp (-), ki (scaled by 10
) (--) and kd (scaled by 10)
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Figure 7.11 / The H∞ norm of the closed-loop norm over several iterations

7.6

Discussion

This section discusses a few topics that might be interesting for further research.
In order to assure robustness against uncertainty in the frequency response behavior, the controller synthesis problem should be considered in a robust controller
synthesis framework. This can be achieved by embedding a ∆-structure in the
generalized plant framework. Deduction of a non-parametric description of the
uncertainty and the consequences for the actual parameter optimization, is a topic
that requires additional research.
Due to varying inertial properties, the dynamics of the FAMM manipulator vary
over φr . This effect could be exploited as a test-case for robust performance and
stability. By measuring frequency response samples in several working points, an
estimate can be obtained for the variations in the system dynamics. Such a nonparametric uncertainty description in terms of the frequency response samples has
the advantage that the uncertainty is directly coupled to uncertainty in the data
and not to deficiencies in the parameterization of the uncertainty model.
In [64], it is shown that the relation between the H∞ norm of the controlled
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Figure 7.12 / Frequency response the of the sensitivity S(1,1) over the iterations
(black) and the inverse of the weighting filters scaled by γ −1 . The result for the other elements of the transfer matrix is given in Appendix
C

system and the order of the controller is highly non-linear. A huge reduction
in the complexity of the controller may be allowed without significantly deteriorating performance of the closed-loop system. A more thorough analysis of the
trade-off between controller order/structure and resulting closed-loop norm would
be interesting for further research. This analysis could be valuable for proper
order/structure selection of the controller.
The approach described in Section 7.5.5 computes the gradient of the controller
parameters based on the frequency response data. Section 6.8 showed that due to
the diagonal structure of the matrix T (θ̄), it is allowed to compute the gradient for
every frequency point separately and combine the gradients by taking the sum over
all frequencies. It was mentioned that singularities might occur during frequency
pointwise computation of the gradient if the number of frequencies increase. These
singularities are introduced by the fact that the number of degrees of freedom of
the frequency response at one frequency point might be smaller than the number
of parameters. Within this chapter, this ambiguity is approached by sequentially
optimizing over (kp , kd ) or (kp , ki ). An alternative approach to deal with this
ambiguity per frequency, is to compute a hyperplane that contains all allowable
gradients per frequency. By taking the intersection of the hyperplanes over several
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Figure 7.13 / The generalized Nyquist plot over the iterations. The Nyquist curve
that is obtained after convergence is reached, is depicted in black.

frequency points, a unique gradient direction might be computed. In order to
estimate the value of this conceptual idea, further research is required.
During the use of the data-based parameter optimization approach, the optimization algorithm often appeared to converges to a local minimum. Depending on
the initial values, different solutions are found. As a result, an interesting line for
further research is to explore the use of alternative optimization routines that are
less sensitive to local minima, such as simplex-based methods.

7.7

Conclusions

This chapter focusses on the combination and practical verification of the theoretical parts developed in the previous chapters. These parts were combined in one
methodology to optimize the parameters of a low-complexity controller based on
frequency response samples obtained from a physical system. To show the potential of the proposed approach, the parameters of a diagonal PID-controller were
optimized with respect to a multivariate 4-block H∞ problem.
It is shortly described how frequency response samples can be obtained from the
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chosen experimental setup in the presence of non-linear dynamics effects. By
choosing an excitation signal with sparse frequency content, deterioration of the
measured frequency response due to non-linearities is reduced. Once the frequency
response samples are available, this data is pre-processed via the approach proposed in Section 4.7. This pre-processing step reduces the influence of noise such
that the resulting filtered data can be used as input for the fixed structure controller optimization.
The controller optimization procedure starts with the verification of closed-loop
loop stability for many points in the controller parameter space by using the nonparametric stability test described in Proposition 6.3. Evaluation shows that the
theoretical condition described in Proposition 6.3 can be well applied in practice
since it accurately describes the stability boundary in the parameter space by a
relative increase of 60 dB between the stable and unstable parameter region.
Performance specifications for the closed-loop are embedded in the generalized
plant framework. Since the controller structure is fixed a priori, the weighting filters, used to specify design objectives, have to be matched to the chosen controller
structure. Minimization of the maximum singular values of the given controller
design problem shows that the proposed optimization algorithm succeeded to reduce the norm of the closed-loop system, thereby improving the performance of
the closed-loop system. Verification with the generalized Nyquist criterion showed
that stability is maintained during optimization. As a result, it can be concluded
that the chosen design example verifies and illustrates the practical value and
potential of the proposed data-based norm-optimal controller design procedure.
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8
CONCLUSIONS AND
RECOMMENDATIONS

Abstract / This chapter summarizes the main results of this thesis. The technical contribution of every separate part to the proposed data-driven controller
synthesis methodology is described whereas the integration of these parts into
the total controller design methodologies is given.

8.1

Conclusions

This thesis proposes a methodology to perform norm-based controller design based
on frequency response samples of the plant. This approach, on the one hand,
benefits from the ability to handle norm-based performance specifications that
are imposed during controller design requirements for state-of-the-art mechatronic
equipment. On the other hand, the proposed methodology is based on frequency
response samples of the plant. This frequency response data, most often, can be
obtained much easier than the low-order parametric model that is often required
for available norm-based design procedures.
By performing controller synthesis directly in terms of the data of the plant, closedloop relevant information about the plant, that is contained in the data, is inherently taken into account. The lack of a parametric model, however, makes that
data-based controller synthesis can not exploit available criteria for closed-loop
stability and performance that are formulated in terms of parametric knowledge
about the system, e.g. a state-space description of the system. In order to enable a
data-based controller synthesis approach, research effort has been focussed on the
219
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development of synthesis and analysis criteria for stability and performance that
can be evaluated based on frequency response samples of the underlying system
only. Insight is gained in the phenomena that are inherent to the use of sampled frequency response functions and frequency sampled criteria for closed-loop
performance. Quantitative expressions are given for the possible inter-frequency
sample effects in terms of the properties of the underlying system.
An overview of the main topics that are discussed in this thesis is given:

8.1.1

Frequency response data and closed-loop stability

Closed-loop stability is crucial during the design of feedback control systems. Due
to the data-based nature of the approach, these tests can only rely on samples
of the frequency response. Chapter 2 shows that the mathematical properties
of transfer functions can be exploited to derive a relation between the frequency
response behavior and stability of a system. The novel contribution here is that
by extension of the existing results in the literature, a criterion is obtained to
verify stability of a system directly from a finite number of frequency response
data samples. This criterion does not rely on any parametric knowledge, such
as the number of non-minimum phase zeros or the number of unstable open-loop
poles, as alternative non-parametric stability criteria do.
It is shown that internal stability of a given feedback interconnection can be inferred from stability of the Youla parameter and knowledge about a stabilizing
controller. By applying the non-parametric stability test, described in Chapter 2,
on the frequency response samples of the Youla parameter, stability of an arbitrary feedback system can be determined based on the frequency response samples
of the plant and knowledge about a stabilizing controller. This approach can be
applied to multi-variable systems in a flawless, direct manner by giving information such as: which element in the transfer matrix contains unstable poles and at
which frequency region these unstable poles are present. This is an advantage over
existing non-parametric stability tests which supply qualitative information only.

8.1.2

Sampling and interpolation

Finite measurement time and limited computer capacity makes that the system
dynamics are only observed on a finite number of frequencies. To infer stability and
performance of the closed-loop system, knowledge about the set of all frequency
responses that are compatible with the plant data is required.
Chapter 3 and 4 describe a framework to obtain a description for the set of fre-
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quency responses that corresponds to the given data samples of the system. The
proposed method to characterize the set of data interpolating frequency responses,
is to compose the dynamic behavior of the system as an expansion along an infinite
dimensional span of generic basis functions.
The analysis made in Chapter 3 shows that the uncertainty induced by sampling
can be considered as a generalization of an aliasing and a truncation phenomenon
of the assumed infinite dimensional span of basis functions. This analysis reveals
that the size of the inter-frequency grid uncertainty set is directly coupled to
convergence of the basis expansion coefficients, which can be lower bounded via
prior knowledge about the poles of the underlying system. Due to the generic
approach, any additional knowledge about the poles of the system can be exploited
to reduce the corresponding uncertainty set.
The analysis made in Chapter 4 gives an explicit description for the envelope of
all frequency response that correspond to the data. This reveals an explicit relation between the number of samples, the convergence of the basis expansion and
the uncertainty set at an arbitrary frequency point. The approach is furthermore
extended to handle data samples that are corrupted by measurement noise. The
resulting filtering operation can be used as a preprocessing step before the data is
applied for controller synthesis. Analysis shows, however, that this filtering operation results in a tradeoff between bias and variance of the interpolating frequency
response behavior. To make this tradeoff, a quantitative expression for both bias
and variance was given in terms of the properties of the underlying system.

8.1.3

Optimal controller synthesis

In this research, it is assumed that the knowledge about the dynamics of the plant
is restricted to a finite number of frequency response samples only. As a result,
the structure and even the order of the optimal controller is generally unknown.
Chapter 5 proposed a method to circumvent this lack of prior knowledge by performing controller synthesis via a set of generic basis functions. By composing
the Youla parameter from stable basis functions, the H2 controller synthesis problem reduces to a least-squares optimization problem in terms of the corresponding
basis coefficients of the Youla parameter.
The novel contribution here is that we explicitly deal with the finite availability
of samples. On the one hand, this is achieved via a criterion that guarantees
robust stability in the presence of plant uncertainty induced by sampling of the
frequency responses. On the other hand, an analysis of inter-frequency grid behavior is made. This shows that any controller design method that relies on a
frequency sampled performance criterion of the closed-loop performance, suffers
from performance degradation due to inter-frequency grid behavior. The analysis
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performed in Chapter 5, however, shows that the resulting performance degradation can be reduced by limiting the dimension of the generic basis expansion
that is used to approximate the Youla parameter. As a result, a trade-off appears
between a high number of basis functions, which allows an exact description of
the optimal controller, and a low number of basis function which reduces intergrid
performance degradation.
Tight integration of all ingredients into one controller synthesis algorithm results
in an optimization algorithm that is able to guarantee performance and stability
for a given H2 problem based on an arbitrary chosen number of frequency response
data samples.

8.1.4

Fixed structure controller synthesis

Motivated by the practical demand to obtain a cost effective (low order) implementation of the controller, data-based fixed structure controller optimization is
considered in Chapter 6.
A two step controller design procedure is proposed that sequentially focusses on
stability and performance. The first step exploits the proposed data-based stability
test to verify stability of the closed-loop system via the frequency response samples
of the Youla parameter. The second step optimizes the controller parameters with
respect to the maximum singular values of the closed-loop frequency response
matrices via a steepest descend algorithm. As a novel contribution, the nonparametric qualitative stability test, as described in Chapter 2, is extended towards
a quantitative measure that enables convergence from a destabilizing controller
to a stabilizing controller via a steepest descend algorithm. To perform closedloop performance optimization, a local linearization approach is applied. This
shows that the non-convex H∞ optimization problem can be written as an LMI
optimization problem in terms of the controller parameters. Due to the specific
block structure of this LMI, the gradient of the maximum singular values with
respect to the controller parameters can be computed efficiently.

8.1.5

Experimental validation

The filtering approach described in Chapter 4 and the data-based fixed structure controller optimization approach described in Chapter 6 are combined into
one controller design methodology that is evaluated based on frequency response
samples of a multivariable experimental setup.
Practical evaluation shows that proposed fixed structure optimization procedure
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iteratively reduces the H∞ norm of the closed-loop by sequential updating the
parameters of a diagonal PID-controller. This illustrates the effectiveness of the
proposed data-based approach for the design of fixed structure controller for multivariable systems.
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Recommendations
Trade-off prior knowledge versus data

The data-based controller synthesis approach described in this research focusses
on the use of experimental data samples while minimizing the dependency on
any prior assumptions about the system. The analysis performed in Chapter 3
and Chapter 4 shows that the uncertainty about the underlying dynamics can
be reduced by increasing the number of data samples. As an alternative, this
uncertainty can also be reduced by adding additional prior knowledge about the
dynamic structure of the system. In some cases, prior information about the
dynamics might be easy to obtain. For example, many mechatronic systems exhibit
rigid body behavior in the low frequency region. By using this information, the
uncertainty can be improved in the low frequency region without the need for
extensive measuring effort.
To make the right balance between black-box identification and white-box identification, additional insight has to be gained in the cost and validity of prior
knowledge compared to the costs of measurement time required to obtain additional samples.

8.2.2

Uncertainty structures in fixed-structure synthesis

In order to cope with uncertainty in the data, the proposed fixed structure controller optimization approach should be extended with an uncertainty structure.
Although uncertainty can be embedded in the H∞ synthesis framework relatively
easy via an uncertainty block ∆ in the generalized plant, deduction of a nonparametric uncertainty representation from experimental data is a topic that is to
be investigated in more detail.

8.2.3

H∞ controller optimization

The controller synthesis approach posed in Chapter 5 describes a method to solve
the H2 controller synthesis problem via optimization over the basis coefficients of a
real rational basis expansion. From a mathematical perspective, a similar approach
can be applied to solve the H∞ synthesis problem. The resulting optimization
problem, however, requires minimization of the maximum singular values and is
therefore much more difficult to solve than a least-squares optimization problem.
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Available numerical tools such as LMI-solver are not capable to deal with the large
dimensionality of the problem.
Weighted least-squares approaches have appeared to be a valuable method to solve
such min-max problems [81, 82]. In [97], this approach in a multivariable setting
by is minimizing the maximum singular values within an identification procedure.
This approach however omits the directional aspect of the singular values. So
besides a varying weighting over the frequency axis, the weighting should have a
directional component per frequency as well. In order to solve the H∞ via weighted
least square approaches, additional effort is required to be able to into account the
directionality present in multivariable problems.

8.2.4

Optimal control with non-causal feedforward structures

Section 2.8 showed that every system with all poles in the stable halfplane and a
relative degree of at least 2 suffers from fundamental performance limitations. The
performed analysis showed that also system driven by feedforward controllers are
subjected to these performance limitations. One of the methods to tackle these
limitations is to allow non-causal feedforward actions. This non-causal behavior
allows poles of the control system to be placed in the unstable halfplane (see Section
2.8), thereby tackling analytical constraints such as Bode’s sensitivity integral.
This non-causal behavior is usually not contained in the set of solutions of standard
model-based H∞ and H2 controller synthesis methods. Due to the performance
improvement expected from non-causal feedforward design, it would be interesting
to study if and how the methods described in Chapter 5 can be extended towards
the design of non-causal feedforward design in the optimal control framework. It
is expected that via optimization over basis functions that represent non-causal
operators, such non-causal feedforward structures can be designed.
The work described in [41] is an example of an approach where the practical applicability of feedforward controller design via non-parametric plant data is shown.
Further extension of this approach is however desired to obtain a more generic
methodology that is able cope with uncertainty and multivariable design problems.

8.2.5

Order reduction

The procedure proposed in Chapter 5 describes a method that computes the desired response of the controller in terms of a high order representation. In order
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to be able to implement such a controller, a low-order description of the high
dimensional representation of the controller is preferred.
Results from realization results could be applied to find a minimal state-space
realizations from this high dimensional representation. In [55], such a realization procedure is described based on the Ho-Kalman algorithm. This algorithm
performs elimination of redundant dimensions via order reduction of the Hankel
matrix. Another option is to apply subspace identification techniques [23, 99]
Alternatively, the high dimensional basis expansion obtained from the H∞ optimization procedure can be used as reference model in iterative feedback design
approaches (see Section 1.2). The advantage of this approach is that the reference model: satisfies robust performance specifications, deals with unmeasured
performance variables and disturbance models. The combination of off-line design procedures combined with on-line updating of the parameters might results
in an approach that results in improved performance under slight variations in the
behavior of the plant.

8.2.6

Fixed-order controller optimization

The fixed structure optimization procedure described in Chapter 6 describes a
gradient based method to optimize the parameters of a predefined controller structure. The proposed method performs the computation of the gradient for every
frequency point separately and combines these results. This approach, however,
results in singularities if the number of parameters increases. The approach applied
in Chapter 7, copes with this limitation by sequentially restricting the gradient to
a two-dimensional subspace of the parameter space. Improvement of this approach
is however desired.
As an alternative to this approach, the redundancy per frequency could be handled
by computing a hyperplane of allowable parameter updates that minimize the
maximum singular values per frequency point. By taking the intersection of all
hyperplanes over the frequency axis, the ambiguity in the computation of the
gradient might be circumvented.
Alternatively, optimization algorithms such as simplex methods could be applied.
These algorithm are less sensitive for local minima and therefore better suited to
the non-convex controller design problem. A further study of maximum step-size
control, possibly via the use of stability criteria based on small-gain (see Section
1.2.2) would be valuable in order to successfully apply these algorithms in the
performance optimization procedure.

A
COMPLEX I NTEGRATION
Chapter 2 heavily relies on the concept of integration of a complex valued functions
F : C 7→ C along a contour. The objective of this appendix is to give a more
detailed description of the notion of integration in the complex domain.

A complex valued function F (z) can be seen as a mapping from x := Re(z), y :=
 

Im(z) to U := Re(F (z)), V := Im(F (z)) . Although it appears as if the function
F (x + jy) is defined over two dimensions x and y, these two dimensions represent
a one-dimensional complex number z = x + jy.
Integration of a complex function can be seen as integration along a line, represented by γ in a two dimensional space spanned by x and y. This line can be
parameterized as γ(t) : R 7→ C. Figure A.1 gives a graphical representation of
γ(t) and function F (z). Note that due to limitations of a graphical representation,
Figure A.1 is restricted to 3 dimensions only such that the vertical axis of the
figure is chosen to represent the real part of F (z) only.
The integral of a complex valued function along a contour γ is given by:
Z
F (z) dz

(A.1)

γ

Via the parametrization γ(t) : [a, b] 7→ C, (A.1) can be written as:
Z b
dγ
F (γ(t))
(t) dt
dt
a

(A.2)

Due to linearity of the integration operator, this integral can be computed by
integration over both the real and imaginary axis respectively via the usual notion
of integration in the real valued domain.
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Figure A.1 / Integration of a complex function along a contour γ

B
COMPLEX H ERMITIAN OF A
TRANSFER FUNCTION

It can be derived that the hermitian of a transfer function described by F =
P αi
i z−pi is given by:

FH =

X
i

=

X
i

αi H
z − pi

αiH
z H − pH
i

(B.1)
(B.2)
(B.3)

Multiplication of each numerator and denominator term in the summation by
gives:
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(B.4)

(B.5)

(B.6)

Evaluation of the contour integrals described in Chapter 6 is based on frequency
response data and therefore restricted to the unit circle T. As a result, the fre229
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quency response of F H can be written as:
F (z) = −
H

X
i

z

αH
i
z
pH
i
− p1H
i

,

z∈T

(B.7)

C
F IGURES OF CONTROLLER
OPTIMIZATION

This appendix depicts the magnitude the sensitivity matrix over the iterations
performed by the fixed structure optimization approach described in Chapter 7.
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Figure C.1 / Frequency response behavior of the sensitivity matrix over the iterations (black) and the inverse of the weighting filters scaled by γ (dotted)
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Figure C.1 / Frequency response behavior of the sensitivity matrix over the iterations (black) and the inverse of the weighting filters scaled by γ (dotted)
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D
N OMENCLATURE
Variables and signals
Symbol

Description

α
β
β̃
∆

E
gk,n
j
Γ
kp
ki
kd
K
L
pi
φδ
Φ̂
ϕ

residue of partial fraction
basis coefficient
estimate for β
distance between subsequent points {z1 , . . . zN } ⊂ T
mismatch, small number
expectation operator
gradient along k th coefficient at frequency point zn
imaginary unit
matrix to compute discretized inner product (see Eq. (3.21))
proportional action of PID-controller
integral action of PID-controller
differential action of PID-controller
set of indices corresponding to samples with relevant information
Laplace transform
pole of transfer function
cost function for stability (see Eq.(6.37))
matrix with sampled basis functions
angle of z in the complex plane
position of rotational joint
magnitude of z

r
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s
σ
σ̄
ς
θ
Tn (θ)
T̄n (θ)
u
u(t)
v
v(t)
V (z)
w(t)
y(t)
z

z∗

D / N OMENCLATURE

complex indeterminate in transfer function
of continuous-time system
real part of s
magnitude of z
maximum singular value
variance
parameter vector of parameterized controller
matrix representing performance specifications at zn
Tn (θ̄) linearized around θ̄
real part of transfer function
output signal of controller
imaginary part of transfer function
excitation signal
frequency domain representation of v(t)
exogenous input signal of generalized plant
input signal of controller
exogenous output signal of generalized plant
complex indeterminate in transfer function
of discrete-time system
complex indeterminate at specific point of interest

Operators
Symbol

Description

h., .iN
h., .iH2
C
C(z)
Ĉ(zn )
C(z, θ)
δP (z)
F (z)
F(., .)
G(z)
L(z)
M
Mcl
M̂cl (zn )
m(t)

inner product computed from samples
inner product in H2
controller
transfer function of controller
sampled transfer function of controller
parameterized controller
uncertainty set of frequency response
transfer function
lower fractional transform
transfer function
transfer function of open-loop
coprime factor of plant
transfer function of closed-loop system
sampled transfer function of closed-loop system
impulse response of system M
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N
η(zn )
P
P (z)
P̂ (zn )
P̄ (z)
P̄ (z)
P ∗ (z)
Pnom (z)
φ(z)
φ̂(zn )
Q
Q(z)
Q̂(zn )
Qδ (z)
Q̂δ (z)
S
T
U
V
W

coprime factor of the plant
noise contribution at zn
plant
transfer function of plant
sampled transfer function of plant
sampled transfer function of the plant
corrupted by noise (Chapter 4)
plant including transformation matrices (Chapter 7)
transfer function of plant with additional pole
estimate of frequency response of P (z)
basis function
sampled basis function
Youla parameter
transfer function of Youla parameter
sampled transfer function of Youla parameter
filtered transfer function of Youla parameter
estimate of Qδ (z) computed from samples
sensitivity function
complementary sensitivity function
coprime factor of controller
coprime factor of controller
input weighting filter
output weighting filter

Sets
Symbol

Description

C
D
∆P
E
Φ
ΦM
H∞

space of all complex numbers
unit disk
uncertainty set of plant
exterior of unit disk
set of basis functions
set of M basis functions
set of all transfer functions that are bounded
and analytic in the stable halfplane
set of all transfer functions that are square integrable
on the unit circle
or the imaginary axis and are analytic in the stable halfplane
set of plants
space of all real numbers

H2

P
R
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S
SD
SE
T
Ts
Θ
Θstab
Θγ

D / N OMENCLATURE

set of all poles
set of all stable poles
set of all unstable poles
unit circle
sampled subset of T
set of all controller parameters
set of all parameters of internally stabilizing controllers
set of all θ ∈ Θ that satisfy a bound on σ̄(Mcl )

Indices
Symbol

Description

i
k
n
I
K
N

index of partial fraction expansion
index of basis expansion
index of samples
number of partial fractions
dimension of span of basis functions
number of samples
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S UMMARY
Data-driven optimal controller synthesis
a frequency domain approach
Mechatronic systems play an important role in many industrial production facilities and consumer products. To attain desired dynamic responses of these systems, proper design of the embedded feedback control systems is essential. Ever
increasing performance demands, however, put a severe challenge to the available
methodologies to design these controllers. To meet design specifications of next
generation motion systems, control design methodologies are required that explicitly take the multivariable nature of multi-degree-of-freedom motion systems into
account while guaranteeing robust performance and stability in the presence of
plant variations or uncertainties.
Norm-based controller design offers a methodology to deal with these design specifications via the framework of generalized plants. Existing norm-based controller
synthesis methodologies, however, have to rely on a parametric model of the system at hand. The plant identification process, required to obtain such a model,
can be seen as a bottleneck in the practical applicability of norm-based controller
design procedures. On the other hand, the dynamic responses of high performance motion systems can be well predicted via non-parametric descriptions such
as frequency response data samples or impulse responses.
This research presents a methodology to perform norm-based controller design
based on frequency response data samples of the plant directly. To come up with
such a methodology, the underlying phenomena that are inherent to limited availability of samples are studied and alternative criteria for stability and performance
are posed that can be evaluated based on data samples only. An overview of the
main results described in the thesis is given.
A novel data-based stability test is proposed that enables validation of stability
of a system based on frequency response samples only. This test is well suited
for numerical evaluation and does not rely on knowledge about the number of
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unstable open-loop poles.
Research efforts have been focussed to bridge the gap between a finite number of
samples, and the set of all possible underlying frequency responses. It appears
that sampling theory, well known in the context of harmonic decompositions of
time domain signals, can be generalized towards the analysis of sampling of transfer functions. By combining analytical properties of transfer functions with this
sampling framework, an explicit expression for the set of all frequency responses
is given in terms of the available prior knowledge about the system.
Two controller design approaches are proposed. As a first case, the H2 controller
synthesis problem is considered. By composing the Youla parameter from a set of
stable basis functions, the H2 controller synthesis problem can be rendered into
a least squares optimization problem that can be solved via available tools. The
performed analysis, however, shows that controller synthesis based on a frequency
sampled performance criterion, unavoidably induces inter-frequency grid performance degradation. Practical means to reduce this effect are given. Furthermore,
a robust stability criterion is posed in terms of the Youla parameter that assures
robustness with respect to plant uncertainty and therefore eliminates the usual
assumption that infinitely many data samples are available.
Alternative to the data-based H2 problem, fixed structure controller parameter optimization is considered. A two-step optimization algorithm is posed that sequentially focusses on stability and performance optimization via a steepest descent
algorithm. A novel cost function is introduced that enables convergence from a
destabilizing controller parameter set to a stable parameter set. For performance
optimization, the gradient of the maximum singular values with respect to the controller parameters is found via a linearization approach. This approach enables to
optimize the coefficients of a given fixed structure controller with respect to the
H∞ norm of the closed-loop system.
The proposed data-based controller design methodology is evaluated on frequency
response data samples that are obtained from an experimental setup. This validates the proposed stability test and illustrates the effectiveness of the proposed
approach for fixed structure controller optimization.

S AMENVATTING
Mechatronische systemen spelen een belangrijke rol in industriële fabricagelijnen
en consumentenproducten. Een goed ontwerp van de bijbehorende regelsystemen
is noodzakelijk om het gewenste gedrag van deze systemen te verkrijgen. De steeds
toenemende prestatie eisen zorgen er echter voor dat beschikbare methodieken om
deze regelaars te ontwerpen tot de grens van het haalbare gedrongen worden. Om
met de eisen van de volgende generatie mechatronisch systemen om te kunnen
gaan, zijn regelaar ontwerp technieken nodig die expliciet rekening houden met de
multivariabele eigenschappen van positioneer systemen terwijl robuuste prestatie
en stabiliteit gewaarborgd blijven in de aanwezigheid van systeem variaties en
onzekerheden.
Norm-gebaseerde regelaar ontwerp technieken in combinatie met het "standard
plant" concept, bieden een methode om met deze ontwerp specificaties om te gaan.
Beschikbare methoden op dit gebied gebruiken echter vaak een parametrisch model
als uitgangspunt. Het verkrijgen van een dergelijk model is vaak lastig en kan
als een belemmering gezien worden voor de praktische toepasbaarheid van normgebaseerde regelaar ontwerptechnieken. Anderzijds, kan het gedrag van een mechatronisch systeem goed beschreven worden door middel van een niet-parametrisch
model, zoals bemonsteringen van de frequentie-responsie van het system.
Dit onderzoek richt zich op de ontwikkeling van een norm-gebaseerde regelaar
ontwerp methodiek die direct toegepast kan worden op data verkregen uit bemonstering van de frequentie-responsie. Om een dergelijke methodiek te verkrijgen,
zijn de onderliggende fenomenen bestudeerd die inherent zijn aan het bemonsteren
van overdrachtsfuncties. Daarnaast zijn er criteria voor stabiliteit en prestatie
ontworpen die geëvalueerd kunnen worden op basis van enkel frequentie-responsie
punten. Een overzicht van de belangrijkste resultaten is gegeven.
Een nieuwe test is voorgesteld die stabiliteit van een systeem kan verifiëren op
basis van bemonsteringen van de frequentie-responsie. Deze test is erg geschikt
voor numerieke evaluatie en is niet afhankelijk van parametrische kennis van het
systeem, zoals bijvoorbeeld het aantal instabiele polen van de open lus.
Een deel van het onderzoek heeft zich gericht op het bestuderen van de samenhang
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tussen een eindig aantal bemonsteringen van de frequentie-responsie en de set van
alle mogelijke bijbehorende frequentie-responsies. Dit onderzoek heeft aangetoond
dat theorie op het gebied van bemonstering, vooral bekend van het ontbinden
van bemonsterde tijdssignalen in harmonische componenten, ook toepasbaar is op
frequentie-responsie-functies. Door een combinatie deze theorie en de analytische
eigenschappen van een overdrachtsfuntie, is een uitdrukking verkregen voor de set
van alle frequentie-responsies in termen van de beschikbare kennis van het systeem.
Er zijn twee methodieken voor regelaar ontwerp voorgesteld. De eerste is een
methode om regelaars te ontwerpen op basis van de H2 -norm. Door de Youla
parameter op te bouwen uit een set van stabiele rationele basis functies, kan het
H2 regelaar ontwerp probleem omgeschreven worden naar een kleinste-kwadraten
probleem. Dit kan opgelost kan worden via beschikbare algoritmes. De beschreven
analyse laat echter zien dat ieder, op een frequentie grid bemonsterd prestatiecriterium, aan prestatieverlies onderhevig is door het gedrag tussen de gegeven frequentie punten. Praktische handvatten om dit effect te beperken, zijn gegeven.
Daarnaast is een criterium ontwikkeld dat robuuste stabiliteit garandeert in de aanwezigheid van systeemonzekerheid. Hierdoor kan expliciet rekening gehouden worden met de onzekerheid die ontstaat wanneer kennis over de frequentie-responsie
van het systeem beperkt is tot een eindig aantal bemonsteringen.
Als alternatief voor het data-gebaseerd oplossen van een H2 regelaar ontwerp probleem, is een methode gegeven voor het optimaliseren van een regelaar met een
vaste geparametriseerde structuur. Er is een tweetraps optimalisatie algoritme
voorgesteld dat zich sequentieel richt op stabiliteit en prestatie optimalisatie. Een
nieuwe kosten functie is geïntroduceerd die het mogelijk maakt om van een nietstabiliserende regelaar-parameterset te convergeren naar een stabiliserende set via
een "steepest descent" methode. Voor de prestatie optimalisatie, is het verband
tussen de maximale singuliere waarde over de frequentie-as en de parameters van
de regelaar lokaal gelineariseerd. Deze aanpak maakt het mogelijk om de coëfficiënten van een parametriseerde regelaar te optimaliseren op basis van de H∞
norm van het gesloten lus systeem.
De voorgestelde data-gebaseerde regelaar ontwerp methodologie is geëvalueerd op
basis van bemonsteringen van de frequentie-responsie van een experimentele opstelling. De resultaten hiervan valideren het voorgestelde stabiliteitscriterium en
laten de effectiviteit zien van de ontwikkelde optimalisatie methode voor geparametriseerde regelaars.
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besef dan ook dat dit proefschrift er waarschijnlijk nooit was geweest zonder de
mensen om mij heen.
Maarten, bedankt voor het gestelde vertrouwen en de kans die je mij gegeven hebt
om dit onderzoek uit te voeren. Je inspirerende coaching, onvoorwaardelijke steun,
maar zeker ook de vrijheid om als onderzoeker een eigen richting te bepalen, heb
ik als zeer prettig ervaren.
Siep, jouw enthousiasme, technische inbreng en scherpe kijk op zaken zijn onmisbaar geweest voor het werk zoals dat er nu ligt. Je enorme geduld om zaken
te doorgronden was in het begin even wennen, later ben ik dit juist erg gaan
waarderen. Mijn analfabetisme op het gebied van de wiskunde heeft aardig wat
verwarring veroorzaakt, we hebben dit gaandeweg gelukkig wat bij kunnen spijkeren. Ik heb enorm veel van je geleerd, bedankt.
Medewerkers van Philips, in het bijzonder: Gregor, Marc en vooral ook Georgo,
zonder jullie bijdrage was dit werk er om meerdere redenen waarschijnlijk nooit
geweest. Terugkijkend, besef ik dat het vooral mijn afstudeerperiode bij het CFT
is geweest waardoor ik de lol in begon te zien van meer abstracte problematiek.
Toen in 2005 de lijn met PhD projecten bij Philips voorgezet werd, was er bij mij
geen twijfel mogelijk dat dit mijn promotieonderzoek zou gaan worden. Ik wil jullie
bedanken voor de steun tijdens dit project, financieel maar vooral ook persoonlijk.
Met plezier denk ik terug aan de Q-meetings waar diepgaande technische discussie
werd gecombineerd met een aangename persoonlijke atmosfeer. Dit bleek een
ideale bron van nieuwe inspiratie. Naast Georgo, Gregor en Marc bedank ik dan
ook: Dennis, Jeroen, Martijn, Okko, Rob, Tom en de vele studenten die gaandeweg
deelnamen.
Verder bedank ik de leden van de kern-commissie: Okko Bosgra, Johan Schoukens
en Jan Swevers. Jullie waardevolle feedback heeft dit werk een stuk verder ge251
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bracht.
De samenwerking met andere mensen bleek een aangename en zeer nuttige bezigheid. Klaske, bedankt voor je bezoek aan Eindhoven, het is fijn om met iemand te
werken die de problematiek maar al te goed kent. Daarnaast bedank ik de mensen
die als student een hoop werk verricht hebben. Bas, Jamie, Pieter, Irmak, Rob en
Roel, ik heb genoten van onze samenwerking.
De goede sfeer in de groep heb ik als één van de meest prettige onderdelen van
mijn promotie gezien. Het uitgebreide avond- en nacht-programma van menig conferentie, mijn activiteiten binnen Hora-est en het MTB-en zijn hier onder andere
getuige van. Dank hiervoor aan alle (oud)collega’s. In het bijzonder bedank ik
mijn (oud)kamergenoten, waarvan ik er in de afgelopen jaren een redelijk aantal
versleten heb: Alex, Eloisa, Ewout, Heico, Jeroen, Jos, Rob, Stijn en Wouter, bedankt voor de interessante discussies en ontspanning op zijn tijd. Daarnaast heb
ik ook veel plezier beleefd aan mijn deelname in het Tech United robocup team.
Terwijl de techniek na elk toernooi weer voor verbetering vatbaar bleek, heeft het
team vanaf het eerste moment perfect gefunctioneerd, super!
Als laatste bedank ik mijn (schoon)familie en vrienden, ook uit het zeeuwse, die
ondanks mijn vaak drukke agenda toch steeds in waren voor gezelligheid. Pa
en Ma, dankzij jullie steun, vertrouwen en keuzevrijheid, ben ik wie ik nu ben,
bedankt voor alles! Dianne, Nico, Jantiene en Jaco, de gezelligheid die automatisch
ontstaat wanneer we bij elkaar zijn is uniek en moeten we er zeker inhouden.
Tenslotte, Chrétiënne, bedankt voor alles wat je voor mij hebt gedaan, met name
tijdens het afronden van dit proefschrift. Je gezelligheid en nuchterheid vormden
een broodnodige afwisseling om dit werk tot een goed einde te brengen. Uiteindelijk zijn het toch vooral de zaken van niet-technische aard die het leven mooi
maken. Ik hoop dan ook nog vele mooie momenten met jouw te delen.

Arjen den Hamer, 25 augustus 2010
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