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ABSTRACT

This paper considers off-line synthesis of stabilizing static feed-
back control laws for discrete-time piecewise affine (PWA) sys-
tems. Two of the problems of interest within this framework are:
(i) incorporation of the .#-procedure in synthesis of a stabiliz-
ing state feedback control law and (ii) synthesis of a stabilizing
output feedback control law. Tackling these problems via (piece-
wise) quadratic Lyapunov function candidates yields a bilinear ma-
trix inequality at best. A new solution to these problems is pro-
posed in this work, which uses infinity norms as Lyapunov function
candidates and, under certain conditions, requires solving a single
linear program. This solution also facilitates the computation of
piecewise polyhedral positively invariant (or contractive) sets for
discrete-time PWA systems.

Categories and Subject Descriptors
G.1.0 [Numerical analysis]: General—Stability (and instability)

General Terms
Theory

Keywords

Stability, Lyapunov methods, Piecewise affine systems, Output feed-
back, Infinity norms

1. INTRODUCTION

The problems encountered in stability analysis and synthesis of
stabilizing control laws for hybrid systems led to many interest-
ing developments and relaxations of Lyapunov theory. Perhaps
the most important breakthrough was the concept of multiple Lya-
punov functions, which was introduced in the seminal paper [1].
Ever since, the focus has been on designing multiple Lyapunov
functions for specific relevant classes of hybrid systems. One of
the most successful approaches, which was initiated in the PhD
thesis [2] (later published in the book [3]), considers piecewise
affine (PWA) systems [4] and piecewise quadratic (PWQ) Lya-
punov functions. The relaxation proposed therein requires each
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quadratic function, which is part of a PWQ global function, to
be positive definite and/or satisfy decreasing conditions only in a
subset of the state-space, relaxation often referred to as the ./’-
procedure [5]. The stability analysis with the .’-procedure re-
laxation can be carried out efficiently, both for continuous-time
and discrete-time PWA systems, as it requires solving a semidef-
inite programming problem. However, when it comes to synthesis,
which consists of simultaneously searching for a PWQ Lyapunov
function and a static state feedback control law, the .¥’-procedure
leads to a nonlinear matrix inequality that has not been solved sys-
tematically so far, although several works considered this problem
[3,6-10]. Another relevant, non-trivial problem for PWA systems
is the synthesis of a stabilizing output feedback control law. When
tackled via quadratic Lyapunov functions this problem is known to
be challenging even for linear systems, as it leads to a nonlinear
matrix inequality. For PWA systems in particular the output feed-
back problem is of great interest, as for this class of systems, the
observer design is a difficult problem, see, e.g., [11-13] and the
references therein.

In this paper we consider discrete-time PWA systems and infin-
ity norm based candidate Lyapunov functions. Notice that trading
quadratic forms for infinity norms as Lyapunov functions does not
necessarily make any of the above-mentioned problems easier, on
the contrary. The application of most Lyapunov criteria expressed
using infinity norms, see, for example, the seminal papers [14—18],
is limited to stability analysis for linear systems or linear polytopic
inclusions [19]. An extension of stability analysis via piecewise
linear Lyapunov functions to certain classes of smooth nonlinear
systems was proposed in [20]. Recent results on stability analy-
sis of discrete-time linear systems via polyhedral Lyapunov func-
tions can be found in [21]. As far as synthesis is concerned, it is
worth to mention the set-based approach for constructing polyhe-
dral control Lyapunov functions presented in [22]. Unfortunately,
neither of the above procedures translates to PWA systems straight-
forwardly. To the best of the authors’ knowledge, the existing re-
sults for hybrid systems consist of: stability analysis of continuous-
time PWA systems via piecewise linear Lyapunov functions [2],
switching stabilizability for continuous-time switched linear sys-
tems via polyhedral-like Lyapunov functions [23] and, synthesis of
stabilizing state-feedback control laws for discrete-time PWA sys-
tems via nonlinear programming [24,25]. In this context it is worth
to mention also the on-/ine synthesis method based on linear pro-
gramming and trajectory-dependent Lyapunov functions, proposed
recently in [26], which can be used to stabilize the closed-loop tra-
jectory of a PWA system for a given initial condition.

Perhaps the main reason for the limited (in terms of synthe-
sis in particular) applicability of infinity norms as Lyapunov func-
tions lies in the corresponding necessary stabilization conditions



[14, 15, 18] that require the solution of a bilinear matrix equation
subject to a full-column rank constraint. Starting from the standard
Lyapunov sufficient conditions, in this work we propose a novel,
geometric approach to infinity norms as Lyapunov functions that
leads to a new set of sufficient conditions that can be expressed via
a finite number of linear inequalities. For discrete-time PWA sys-
tems and static output feedback PWA control laws, we provide a
solution for implementing the corresponding Lyapunov conditions
that requires solving a single linear program. Moreover, in the case
of a polyhedral state space partition, we demonstrate that the de-
veloped geometric approach provides a natural and simple way to
implement the .7-procedure relaxation into synthesis, while still
requiring solving a single linear program. This method also allows
the direct specification of polytopic state and/or input constraints,
as additional linear inequalities.

2. PRELIMINARIES

In this section we recall preliminary notions and fundamental
stability results.

Let R, R4, Z and Z. denote the field of real numbers, the set of
non-negative reals, the set of integer numbers and the set of non-
negative integers, respectively. For every ¢ € R and IT C R we de-
fine [ (<) :={k €Ml |k>c(k<c)}and Zp:={k € Z | k€ IT}.
For a set . C R”, we denote by int(.#’) the interior and by cl(.¥)
the closure of .. A polyhedron (or a polyhedral set) in R” is a
set obtained as the intersection of a finite number of open and/or
closed half-spaces. A piecewise polyhedral (PWP) set is a set that
consists of a finite union of polyhedra. For a vector x € R”, [x];
denotes the i-th element of x. A vector x € R” is said to be non-
negative (nonpositive) if [x]; > 0 ([x]; < 0) for all i € Z; ), and
in that case we write x > 0 (x < 0). For a vector x € R” let || - ||
denote an arbitrary p-norm. Let ||x||c := max;—; _,|[x];|, where
| - | denotes the absolute value. In the Euclidean space R” the stan-
dard inner product is denoted by (-,-) and the associated norm is
denoted by || - ||2, i.e. forx € R”, ||x||2 = (x7x)% = (xTx)%. For
a matrix Z € R"™*", [Z];; denotes the element in the i-th row and
Jj-th column of Z. Given Z € R™*" and | € Zj; ,,;, we write [Z];,
to denote the /-th row of Z. For a matrix Z € R™*” let ||Z|| :=
SUp,.2g % denote its corresponding induced matrix norm. It is

well known that || Z[| = max, <j<m Xj_ |[Z]ij]. 1, € R"" denotes
the n-dimensional identity matrix.

Let {x1,...,xn} with x; € R” be an arbitrary set of points. A
point of the form Y7, a;x; with o; € R is called a conic combina-
tion of the points {xy,...,x,,}, while a point of the form ¥ | o;x;
with o; € Ry and Y77, o; = 1 is called a convex combination of
{x1,-.-,Xm}. Aset Qis called a cone if for every x € Qand a € Ry
we have ox € Q. A set Q is a convex cone if it is convex and a
cone, which means that for any xj,x; € Q and 7,00 € R, we
have oqx] + opxy € Q. A convex hull of a set Q, denoted Co(€),
is the set of all convex combinations of points in €.

Let Q C R” be an arbitrary set. Then the set

2(Q):={veR" | (vx) >0, Vx € Q}

is called the dual cone to the set Q. Cone(Q) := {Z2(2(Q))} de-
notes the closure of the minimal' convex cone that contains the set
Q. An illustration of the cones Z(€2) and Cone(Q) for some set Q
is presented in Figure 1.

A function ¢ : Ry — Ry belongs to class ¢ if it is continu-
ous, strictly increasing and ¢(0) = 0. A function ¢ : Ry — Ry

!By this we mean the convex cone that contains Q and it is con-
tained by all the other convex cones that contain €2.
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[x]

[xi

2(Q)

Figure 1: Ilustration of the cones 2(Q) and Cone(Q) for some
set Q C R,

belongs to class He if @ € # and it is radially unbounded (i.e.
limg—eo @(s) = o0). A function 8 : Ry x Ry — R belongs to class
A %L if for each fixed k € Ry, B(-,k) € % and for each fixed
s € Ry, B(s,-) is decreasing and limy_... B (s,k) = 0.

Next, consider the discrete-time autonomous nonlinear system

x(k+1)=®(x(k), keZ,, (1

where x(k) € R” is the state at the discrete-time instant k and the
mapping ® : R” — R” is an arbitrary nonlinear, possibly discon-
tinuous, function. For simplicity, we assume that the origin is an
equilibrium of (1), i.e. ®(0) = 0.

Definition 2.1 Let A € R[071]~ We call a set &2 C R” A-contractive
(or shortly, contractive) for system (1) if for all x € &7 it holds that
®(x) € AZ. When this property holds with A =1 we call & a
positively invariant (PI) set.

Definition 2.2 Let X with 0 € int(X) be a subset of R”. We call
system (1) AS(X) if there exists a .#.%-function f(-,-) such that,
for each x(0) € X it holds that the corresponding state trajectory of
(1) satisfies ||x(k)| < B(||lx(0)],4), Vk € Z. We call system (1)
globally asymptotically stable (GAS) if it is AS(R”).

Theorem 2.3 Let X be a PI set for (1) with 0 € int(X). Further-
more, let oy, 0 € Ho, p € Ry 1) and letV : R" — R be a function
such that:

(2a)
(2b)

o ([lxll) <V (x) < ea(flxll), vx € X,
V(®x)) <pV(x), VxeX
Then system (1) is AS(X).

A proof of the above theorem can be found in [27,28]. We call a
function ¥ that satisfies (2) a Lyapunov function.

3. PROBLEM FORMULATION

In the remainder of this article we focus on discrete-time, possi-
bly discontinuous, PWA systems of the form

x(k+1) = ¢ (x(k),u(k)) := Aix(k) + Biju(k) +a; if x(k) e Q;,
3)
where x(k) € R” is the state vector at time k € Z, u(k) € R” is the
input vector at time k € Z, A; € R"™" B; € R"*™ a; € R" for all
i€ .f and . C Z> is afinite set of indices. The collection of sets
{Q; | i € #} defines a partition of R”, meaning that U;c »Q; = R”,



QNQ;=0for (i,j) € & x I, i# jandint(;) # 0 forallic ..
Each Q; is assumed to be a polyhedron (not necessarily closed).
Let #y:={ie J|0eccl(Q;)}, ¥ :={ic 7 |0&cl(Q)} and let
e i={i€ I |a; # 0}, Fin :={i € & | a; =0}, so that

JoUI| = IagU Ihin = 7.
Associated with system (3) we define the output

y(k) = Cix(k) if  x(k) € Q;, (©)
where y(k) € R’ is the output vector at time k € Z, and C; € R/*"
for all i € .#. We parameterize the control input as u(k) = h(y(k)),
keZ,,with h: R — R” defined as:

h(y) =Fy+fi if xeQ

=FCx+fi if xeQ, )
and where F; € R”*/_ f; € R™ for all i € .#. The implementation
of the above output feedback control law requires the following
standing assumption.

Assumption 3.1 Atevery time instant k € Z, the region Q;, i € .¥
where the state x(k) lies is known. O

The above assumption requires estimating the system’s mode, i.e.,

the region €2; where the state lies, from the output, which is a

non-trivial problem, see, for example, [11-13] and the references

therein. An alternative would be to consider output based switch-

ing and formulate partial stability conditions in terms of the output

only. Obviously, for C; = I,, we recover the state-feedback case.
Next, we define the candidate Lyapunov function:

Vix)=Vi(x) if xe

(6)

with V;(x) := ||Px||- for all i € .#, where P, € RPP*" is a matrix
that satisfies || Bl # 0 for all i € .# and p; € Z>,. Observe that
this property ensures the upper bound in (2a) for all x € R”, with
05 (s) := max;c g ||P;||sos. Usually, it is also assumed that each P,
has full-column rank, which ensures the lower bound in (2a) for all
x € R", with o (s) := minjc o %s, where 0; > 0 is the smallest
singular value of P, respectively. However, this assumption in-
troduces a certain conservatism as, according to the .¥’-procedure
relaxation, V;(x) > 0 should only hold for x € €; and not for all
xeR".

Remark 3.2 For clarity of exposition we used the system’s state-
space partition {€; }, s as the control input and Lyapunov function
partition and we assumed that the state, input and output have the
same dimension for all regions {€;};c ». In general one can have
different partitions and different dimensions, case in which the de-
veloped results still apply directly. Also, it is well known [3] that
further partitioning the state-space regions €2;, which leads to more
different input feedback and Lyapunov weight matrices decreases
conservativeness. This will be illustrated in the example presented
in Section 5. m|

Next, we state the standard stability result for system (3)-(4) in
closed-loop with (5) with the .’-procedure relaxation. Let

(I)(x) = (Ai+BiF}Ci)X+ (Biﬁ+af) if xeQy

denote the closed-loop dynamics that correspond to (3)-(5). Notice
that for the origin to be an equilibrium in the Lyapunov sense for
@ it is necessary that f; =0 for all i € %y N .Hjy and B fi+a; =0
for all i € #yN Fyg. This is usually circumvented [3] by assuming
a; = 0 and setting f; = 0 for all i € .%,.
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Theorem 3.3 Let o ;,00; € e and p € Rio,1)- Suppose that
there exists a set of functions V; : R" — Ry, i€ &, with V;(0) =0
for all i € %, that satisfy:

Vilx) < on(llx[]) if xe€Q;, (7a)
Vilx) > o i([lx[]) if x€Q;, (7b)

Vi(®(x)) < pVi(x) if xe€Q;,®(x) € Q;, V(i,j) € I xI.
(7¢)

Then, V : R" — R, V(x) := V;(x) if x € Q; is a Lyapunov func-
tion in R” for the closed-loop system (3)-(5) and consequently, its
origin is GAS.

The proof of the above theorem can be found in [1, 3, 28]. Further
generic relaxations for which the results developed in this paper
still apply directly include a different p; € Ry 1) for each i € 5
and reducing the set of pairs of indexes in (7c) via a reachability
analysis. However, the most important relaxations with respect to
Theorem 2.3 are in conditions (7b) and (7¢) that impose the lower
bound and the one-step decrease region-wise for each function V;.
For example, in the case of a PWQ Lyapunov function, these con-
ditions relax the positive definiteness requirement on certain matri-
ces.

In what follows we focus on piecewise polyhedral (PWP) Lya-
punov functions of the form (6). Notice that if for such a function
(7b) holds, it necessarily holds that ||P||. 7# 0, which further im-
plies (7a) with o ;(s) := ||P]|ss. Also, it holds that V;(0) = 0 for
all i € 7. As such, it is sufficient to focus on finding a solution to
the conditions (7b) and (7c), which is formally stated in the next
problem.

Problem 3.4 Find a set of matrices {P,,F;},c.», a set of vectors
{fitier with f; =0 for all i € .9 and a set of constants {¢;};c
with ¢; € Ry for all i € .# such that:
cillxlleo = [|Px]le <0 if x€Q;,
(8a)
1P;((4i + BiFiCi)x + Bifi + ai) [0 — p[|Pix[| o <O
if xeQ;,®(x)eQ;,V(i,j)eIxI.
(8b)

The difficulty of Problem 3.4 comes mainly from the following is-
sues: (i) the left-hand expression in both (8a) and (8b) is a non-
convex function of x and (ii) the left-hand expression in (8b) is
bilinear in P;,F; and P}, f;, respectively. To the best of the authors’
knowledge, the only solution to the above problem was presented
in [24,25] for the case when f; =0 and a; = 0 forall i € .#. Therein,
(8a) is attained by requiring each P; to have full-column rank? and
(8Db) is achieved by asking that

IPj(4;+ BiF,C)P |l —p < 1, V(i,j) € 5 x .7,

where PfL = (PiTP,-)*lPiT. This solution, which does not include
the .#-procedure relaxation, requires solving a finite dimensional
nonlinear program subject to nonlinear constraints, which can be
tackled using standard nonlinear solvers, e.g., finincon of Matlab.
In the next section we will provide a novel solution to Prob-
lem 3.4 that can be implemented by solving a single linear program.

ZRecently, a technique for attaining full-column rank of a unknown
matrix via linear inequalities in the elements of the matrix was pre-
sented in [26].



4. MAIN RESULTS

Before continuing with the solution to Problem 3.4 and the com-
plete presentation of the controller synthesis procedure, we need to
introduce an appropriately defined set of vertices that corresponds
to each region Q;, i.e.,

V()= {xl?,. . M), MieZsies. )

This set of vertices will differ depending on the type of the set Q;,
i.e., bounded or unbounded, and will be instrumental in the formu-
lation of the synthesis algorithm.

For the remainder of the article we assume the following prop-
erty concerning the state-space partition {Q; | i € .7 }.

Assumption 4.1 For each Q;, i € .7, there exists a closed half
space #; of R" defined by a hyperplane through the origin, i.e.
R;:={x € R" | r] x>0} for some r; € R”, such that cl(Q;) C %;
holds. a

Note that the above assumption eliminates any state-space region
Q; that contains the origin in its interior, as well as the case when
cl(€;) is itself a closed half space defined by a hyperplane through
the origin. However, in the case that the original partition {€; |
i € 7} of the state space for system (3) is such that for some i €
# Assumption 4.1 is not satisfied, the corresponding sets Q; can
easily be further partitioned into new polyhedral sets with the same
dynamics, so that the above assumption holds for the new partition.

At this point we will make a distinction between bounded and
unbounded sets €;. If the set €; is bounded, since it is assumed
to be a polyhedron, there necessarily exists a finite set of vertices

{xlx2,... ,x;w"}, withx] € R” forall j € Zyy py)» such that
cl(Q;) = Co({x},x?,... xM}).
In this case the elements of the set ¥ (Q;) are simply the vertices

of the polyhedron €;. In the case that the set €3; is unbounded, let
{x},xiz, .. ,xfu"}, withx{ eR" forall j € 21 v be such that

Cone(€;) = Cone({x} ,x?,... ,le}),

i.e. the set of vertices {le .,xlz, ... ,xﬁw"} define a set of points on the
rays of the minimal convex cone containing the set €2;. In this case
the elements of the set #'(Q;) can be chosen arbitrarily as non-zero
points on the rays of Cone(£2;). Any element of the set £; can be
written as a conic combination of the elements of the set ¥ (Q;).

An illustration of the set of vertices #'(£2;) for a bounded and an
unbounded state-space region €2; is shown in Figure 2.

[x]>

2\
% *
\

[x]

Cone(Q))

o
Gt |
X;

[x]: [x]:

a)

Figure 2: a) Set of vertices for a bounded set ;; b) Set of ver-
tices for an unbounded set Q;.

b)

Let .Z.. C .7 denote the set of indices that correspond to the un-
bounded regions €2; and consider the following set of inequalities:
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[Plos € 2(cl(R)), Ve€Zy,,, Vic.s,
cillx} o — [Pix}]e 0, V) € ¥(Q), Ve € Zyy ), Vi€ S,
(10b)

(10a)

+ [P/'(Ai +BiE'Ci)x}'} +Bifi +ai]€1 - p[PixHez <0,
VXYGV/(Q,'), V(€17€2)€Z[ ] XZ[lﬁp[],V(l’,j)Efo.
(10¢c)

Lpi

Lemma 4.2 Suppose that the set of inequalities (10) is feasible
and let {P,,F}, fi,ci}ic.s denote a solution for which it holds that
Bifi+a; =0 for all i € Jw. Then {P,F}, f;,ci}tics satisfies the
inequalities (8).

PROOF. For an arbitrary i € .# the constraint (10a) implies that
[P]eex > 0 holds forall e € Z[l_’pi] and for all x € Q;. In other words
Px>0forallxe Q;andi€ .7.

Consider an arbitrary x € Q; for an arbitrary i € .#. Then x can
be obtained either by a convex or by a conic combination of the
elements of ¥(€;), i.e., there exists a set of nonnegative scalars
{%}VEZ[LM[] such that x; Zﬂ/i  Avx}. Then (10b), by appropriate

multiplication with A, and summation, implies Zjv\i LcillAxt e —

Zlv\il Ay[Pix{le <O foralle € Zy; ). Using the triangular inequality
for norms this further implies that ¢;||x||. — [Pix]e < 0 for all e €
Zyy p,)» or equivalently

(11)

cil|x[e — mmax [Px]e <O0.
(L.pi]

Since [Pix]e > 0 forall e € Zy; ) it follows that

i
|Px|l = max |[Px]e| = max [Px],
e€Z Z

[1.pi] €CL1p))

i.e., (11) implies (8a).

Next we show that (10c) implies (8b). Again, suppose that x is a
point obtained either by a convex or by a conic combination of the
elements of ¥ (), i.e., x = ZJVW:"I Ax! for some set {lv}vez[]_w,
Ay € R, Appropriate multiplication with A, and summation over
the indices v in the inequalities (10c) yield

M;
+[Pi(4;i+BiF,C)x+ Y, M(Bifi+ai)|e, — p[Pixle, <0,

v=1
V(61762) € Z[l,p,-] X Z[l,p,-]a V(Z,j) eIxI, (12)
which further implies that
M,
max (i[l’j(Ai +BiFC)x+ Y, h(Bifi+ ai)]m)
€L p) v=1
—p max [Pale, <0, V(i,j)e S x.7. (13)

€21 p)

As for an arbitrary vector z € R”, maxccy,, , (+[z]e) = ||z[| by def-
inition and using the non-negativity of the vector Py, the above
inequality yields

M,
Pi(Ai+BiFiCi)x+ Y, Av(Bifi+ai)

v=1

—plPx[l <0,

oo

V(i,j)e I xI.

(14)

To conclude the proof, from this point we make a distinction
between unbounded and bounded regions ;. Firstly, suppose that
i€ I\ Seo, i.€., that Q; is a bounded set. In that case any x € Q; can



be represented as a convex combination of the corresponding set of
vertices ¥(€;), i.e., the non-negative scalars A, from the expres-
sion x = Z]V\/i | Avx} have the additional property that Zﬁi 1A= 1.
Using this equality it is obvious that (14) corresponds to (8b). Sec-
ondly, suppose that i € 7., i.e., any x € Q; can be represented as
a conic (rather than convex) combination of elements of the corre-
sponding set of vertices ¥ (€2;). In this case (14) corresponds to
(8b) since Bifi+a;=0forallie .. [

Remark 4.3 The essential step in overcoming the first difficulty
of Problem 3.4, which comes from non-convexity of both (8a) and
(8b) in x, is provided in Lemma 4.2 and consists of constraining the
rows of each matrix P;, via (10a), so that Px is non-negative for all
x € Q. O

From the inequalities (10) one can deduce that it necessarily
holds that Px} > 0 for all x} € 7(€;), even in the case when
x} € Q;, as it can happen when €; is an unbounded set (see Fig-
ure 2). This is shown as follows. Since for a closed and convex
cone C it holds that 2(2(C)) = C, see e.g., [29], and since the
dual cone 2(cl(Q;)) is always closed and convex [29], we have
that Z(Cone(cl(Q;))) = 2(2(2(cl(€2)))) = Z(cl(Q;)). There-
fore (10a) implies Px} > 0 for all v € Zy; ), as x} € Cone(cl(€2;)).

Similarly, it can be shown that in the case of a bounded set €;,
the condition (10a) implies Pix > 0 not only for x € Q;, but also for
all x € Cone( 7 (Q;)).

As such, we can conclude that (10a) does not necessarily impose
Pix >0 for any x ¢ Cone(7'(Q;)), i.e. the .#’-procedure relaxation
on the positive definiteness and the lower bound on each function V;
is attained with respect to each region Cone(# (€2;)) that contains
Q;, respectively. This can be more or less conservative, depending
on the polyhedron Q;, i € ., but it is, however, relaxing the stabi-
lization conditions in comparison with not having an .’-procedure
relaxation at all. It is worth to mention that an exact implementa-
tion of the .7’-procedure relaxation is obtained when the regions €;
are cones, i.e. for conewise linear systems.

Another interesting aspect regarding Lemma 4.2 is the condition
Bifi+a; =0 for i € Z,. This condition needs not hold for the
indexes i € Z. N .7} to allow for a Lyapunov stable equilibrium.
As such, if for a certain i € Y. N .7, a; # 0, it may be possible that
for a certain B; there does not exist an f; such that B;f; +a; = 0.
This problem is avoided if the dynamics and the control laws are
linear, instead of affine, for all i € .7, N .4].

A possible solution to deal with both problems mentioned above,
i.e. to further relax (10a) and to discard the condition that B;f; +
a; =0 for i € 7., is to use functions of the form Vj(x) := ||Px+
zi|| and exploit the freedom from the newly added parameters in
z;. This makes the object of future work.

Remark 4.4 The issues discussed above are inherent problems re-
lated to affine dynamics and polyhedral regions Q; with 0 ¢ cl(€;).
For example, when using PWQ functions either for analysis or syn-
thesis one has to deal with the same problems. The solution pro-
posed in [3] relies on augmenting the state vector with the affine
term, which transforms the original PWA system into a lifted, piece-
wise linear (PWL) form. The techniques developed in this paper
would then apply directly to the lifted PWL system. However, it is
known [3,6,10] that the lifted PWL system also introduces a certain
conservatism. m|

Next, we continue with the solution to the second difficulty of
Problem 3.4. Let {R;,7}ic.s WithR; € R™*! and r; € R™ forall i €
¢ and £ € R~ denote unknown variables. Consider the following
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inequalities in {P;,R;,ri}ic.s and &:
+[(EA4;i + BiRiCi)x} + Biri + Eaile, — p[Pix}]e, <0,
VX}) S V(Qi), V(el,ez) (S Z[l,n] X Z[l,p,-]’ Vie <ﬁ,
(15a)
(15b)

[Pl =& <0, VieJs.

Lemma 4.5 Suppose that the set of inequalities (15) is feasible and
let {P;,R;,ri}ic.y and & € R~ denote a solution for which it holds
that Biri+Ea; = 0 for all i € . Then {P,,F}, fi}ic y with F; :=
%Ri and f; ;= %ri for all i € .7 satisfy the inequality (10c) and
Bifi+a; =0 foralli € Y.

PROOF. The proof is based on two arguments, i.e. the fact that
for an arbitrary vector z € R” and ¢ € Z it holds that |z|| < ¢ &
*x[z]; < c forall je Zj ) and the Cauchy-Schwarz inequality.
Starting from (15a) we obtain

1(E4i+ BiRiCi)x] + Biri+ &aillw — p[Pix]e, <0,
Vx} € ¥V (Q;), Ve, € Z[l,p,]7 Vie J.

Using the fact that || Px||ce < ||Bi]|eo|| ]| for any x € R”, i € .# and
(15b) in the above inequality we obtain:

1 1
£ RiC)x} + Bigri+aill — p[Pxi]e, <0,

¢ g
Vx}’ €V (Q;), Yey € Z[l$p;]7 V(i,j) € I X I.

[1P;(4; + B;

Letting F; = %Ri and f; = éri in the above inequality and using the
first argument mentioned above yields (10c). Furthermore, from
Biri+E&a; =0 forall i € ., we obtain B; f; +a; =0 for all i € Y.,
which completes the proof. [

Observing that for any matrix P; € RP"*" the condition || Bl < &
for some & € R+ is equivalent to +[P];1 = [B]j2... £ [B]jn < ¢
for j € {1,...,p;}, it follows that both constraints in (15) can be
written as linear inequalities in the elements of {P;,R;,r;};c » and
£. As such, we are now ready to define a single set of linear in-
equalities whose solutions solve Problem 3.4. As the set Z(cl(2Q;))
is defined by hyperplanes, there exists a set of matrices and vec-
tors {Gi,gi}ic.r such that [B]), € 2(cl(Q;)) is equivalent with
GilPles < gi-

Next, consider the following /inear inequality and equality con-
ditions in the unknowns {5, R;,7;,¢;}ic.s and &:

GilPlde <gi, Ve€Zy, Vic.s,

cillxf lleo — [Pxf]e <0, Vxj € ¥ (), Ve €Zyy ), Vi€ I,
(16b)

(16a)

Vx}’ € Af/(QiL V(el,ez) S Z[Ln] X Z[l,p;]? Vie 7, (16¢)
j:[Pi}el:t[Pi}eZ:t-"i[Pi]en Sé, veeZ[l,pi]avi6 ﬂ’ (16d)
B,-r,-+€a,- =0, Vi€ . (16e)

+ [(gAi+BiRiCi)x}) + Bjr; +§ai]el _P[Pix;')]ez <0,

Theorem 4.6 (i)-Output feedback synthesis:

Suppose that the set of inequality and equality conditions (16) is
feasible and let {P;,R;,ri,ci}ic.s with c; € Ry foralli € .# and
& denote a solution®. Let Vi(x) := ||Pix||« and let F} := %Ri and
fi= %ri forallie€ #. ThenV (x) = V;(x) ifx € Q; is a Lyapunov
function in R” for the closed-loop system (3)-(5) and consequently,
its origin is GAS.

3Notice that (16b), (16d) and ¢; € R~ imply & € R+.




(i1)-Analysis:

Suppose that a; = 0 for all i € #yU I and F; =0, f; =0 for
all i € 4. Moreover, suppose that the inequalities (16a), (16b)
and (10c) are feasible. Let {P;,c;}ic » with ¢; € Ry for all i €
¥ denote a solution of (16a)-(16b)-(10c) and let Vi(x) := ||Pix]|co.
Then V (x) = Vj(x) if x € Q; is a Lyapunov function in R” for the
dynamics ®(x) = A;x + a; ifx € Q; and consequently, its origin is
GAS.

PROOF. Both statements follow from their corresponding hy-
pothesis and by applying Lemma 4.5, Lemma 4.2 and Theorem 3.3
for the first statement and Lemma 4.2 and Theorem 3.3 for the sec-
ond one. [J

Remark 4.7 The essential step in overcoming the second difficulty
of Problem 3.4, which comes from bilinearity in certain variables,
is provided in Lemma 4.5 and consists of substituting the matrices
{P;}je.s in (10c) with the scalar variable §. This makes it possible
to define new variables corresponding to the feedback gain matrices
{F;}ic.# and vectors { f;};c » from which these initial variables can
be reconstructed. Some conservatism is introduced by assigning a
common variable £. Unfortunately, assigning different variables &;
for each matrix P; does not allow reconstruction of {F;};c » and
{fi}ticr from the new variables. Future work deals with finding
another substitution of variables that is less conservative. a

Remark 4.8 The results of Theorem 4.6 could be recovered, mu-
tatis mutandis, for continuous-time PWA systems using the results
of, for example, [22] to obtain an expression of the derivative of
the PWP Lyapunov function (6) and imposing continuity of V" at
the boundaries of the regions €;, i € .#. Further working out the
continuous-time case will be addressed in future work. ad

Next, we propose two alternative sets of inequalities to the set of
inequalities (16c), which have a significantly smaller number of
inequalities.

Corollary 4.9 Suppose that the hypotheses of Theorem 4.6 hold
for (16¢) replaced by
£ [(§4i + BiRiCi)x} + Biri +8aile, — peillx|l- <0,
Vx}’ S 4//(91'), Ve, € Z[l‘n]> Vie . 7. (17)

Then, both statements of Theorem 4.6 hold.

The result of Corollary 4.9 is obtained by substituting [Pix}],, in
(16¢) with the lower bound, which is possible due to (16b). In
this way, checking (16c¢) for all possible combinations (e},e;) €
L1 ) X Ly p,) is reduced to checking (17) for ey € Zyy ).

Corollary 4.10 Suppose that the hypotheses of Theorem 4.6 hold
for (16c) replaced by
[Pix{11 > [Px]e,,Vea € Zpp py, V) € ¥ (Qi), Vi€ 7, (18a)
£ [(84i + BiRiCi)x{ + Biri + Eaile, — p[Pixj]1 <0,
Vle S 7/(91')7 Ve, € Z[l,n]? Vie 7. (18b)
Then, both statements of Theorem 4.6 hold.

The result of Corollary 4.10 is obtained by substituting [Px}], in
(16¢) with [Px}];, which is the dominant row due to (18a). In
this way, checking (16¢) for all possible combinations (eq,e;) €
L1 ) X L1 ;) Is reduced to checking (18b) for e; € Zy; ) and adding

(18a). It should be mentioned also that the approach of Corol-
lary 4.10 is less conservative than (16¢), while the approach of
Corollary 4.9 is more conservative.

It is worth to note that the smaller the region €; is, the larger the
feasible dual cone Z(cl(€;)) is. As such, further partitioning each
region €; does not only decrease conservativeness, but it also in-
creases the feasible cone corresponding to each P;. An extreme re-
alization is obtained when each region €2; consists of a single ray in
the state-space, i.¢., a possibly different matrix P; and hence, a pos-
sibly different Lyapunov function V}, is assigned to each state vec-
tor. Recently, in [26] it was shown that this “least conservative” ap-
proach, when the feasible Z(cl(£;)) covers the largest area, leads
to a trajectory-dependent Lyapunov function that can be searched
for via on-line optimization (linear programming) for a given initial
condition. In contrast, the results presented in this paper amount to
solving a linear program off-line and provide GAS.

An advantage of considering PWP functions over PWQ ones
comes from the fact that polytopic state and input constraints, which
are often encountered in practice, can easily be specified via linear
inequalities. For example, suppose that the constraints are defined
by

{(v,u) € R" X R" | Mx+Gu < A,

for some matrices .#,% and vector .7 of appropriate dimensions.
Then, these constraints can be imposed by adding the following
linear inequalities in {R;,7;}ic» and & to (16):

A ((A; + BiRiCi)x{ +Biri+ai&)+9 (Rix} +ri) < EH,
vx} € ¥ (Q;),Vie I.

As such, the techniques developed in this paper can be used to syn-
thesize stabilizing PWA control laws for constrained PWA systems,
which can constitute an alternative to predictive control laws. Ob-
viously, they can also be used to analyze stability of closed-loop
MPC systems that are equivalent to an explicit PWA form.
Another attractive feature of PWP Lyapunov functions is that
they generate a family of positively invariant (for p = 1) or con-
tractive (for p < 1) sets that are piecewise polyhedral. Given a set
of functions Vj(x) = ||Px|| that are computed via (16), the corre-
sponding family of contractive sets is formally defined as

ecr [ceRy}, %= (@n7),
i€y

where 7 := {x € R" | Vi(x) < c}. As each region Q; is a polyhe-
dron, the above family consists of PWP sets, with each of them fur-
ther consisting of the union of a finite number of polyhedra equal to
the number of regions €2;. As such, we have obtained a solution for
computing PWP contractive or invariant sets for PWA systems that
requires solving a single linear program. Notice that the maximal
invariant set for PWA systems is a PWP set and its computation suf-
fers from a computational explosion in the number of constituent
polyhedra, see, e.g., [25] and the references therein. The solution
developed in this paper allows the number of constituent polyhedra
of the resulting invariant or contractive PWP set to be fixed a pri-
ori, via the partition {Q;};c ». This will be illustrated in the next
section.

5. ILLUSTRATIVE EXAMPLE

Consider the following open-loop unstable discrete-time PWA



system of the form (3) with .% = %y = A = {1,...,4},
0.5 0.6l —0.92 0.644
Ar=ds = [0.9 1.345]’ Ar=4ds= {0.758 —0.71} ’
Bi=h,Vie s, Ci=C=[04 1],C,=C4=[0 04].

The state-space regions are defined as Q; = {x € R” | E;x > 0} for
i€{l,3} and Q; = {x e R" | Eix > 0} for i € {2,4}, with

1 -1 -1 1
E1:—E3:|:1 1:|7 EZZ—E4:[1 1:|.

The state-space partition is illustrated in Figure 3.

Figure 3: Initial state-space partition.

Following the procedure of Section 4 we have defined a PWP
Lyapunov function of the form (6) with P, € R2*2, P, = P; and
P, = P4. Similarly, we have defined the feedback matrices F; €
R2*! ¢; € Rug, € € Rug, p = 0.94 and the new variables R; €
R2<! for all i € #. As each ; is a cone, each set of vertices
Y (Q;) C R? consists of two non-zero points, one on each ray of Q;,
which can be chosen arbitrarily. For example, we chose ¥ (Q) =
{x},x3} with x] = [5050] T and x = [S0 —50]T. Unfortunately,
the resulting set of inequalities (16) did not yield a feasible solution.

Next, to decrease conservativeness, we further partitioned each
region ; into two conic sub-regions Q;; and Q; for all i € ..
This is graphically illustrated in Figure 4, for regions € and ;.
Accordingly, we defined a more complex PWP Lyapunov function
of the form (6) with P;; € R>*2, Py; = Py; and Py; = P, for all
(i,j) € & x {1,2}. Similarly, we have defined the feedback matri-
ces Fj; € R2*1, cij € Ry, & € Ry, the new variables R;; € R2x1
and the sets of vertices ¥/ (€;;) for all (i,/) € # x {1,2}. For
example, we chose 7 (Q1) = {x},,x%,} with x}, = [5050] " and
2 = [500]".

As it was explained in Section 5, having a smaller region €; in-
creases the feasible set where the elements of each P; live. The
resulting feasible dual cones Z(Q;;) are illustrated for the refined
regions Q;;, (i,/) € {1,2} x {1,2} and the corresponding P;; ma-
trices in Figure 5. By constraining the transpose of each row of 7;;
to lie in Z(€;;) we guarantee that Px > 0 for all x € Q;;. Solv-
ing the resulting set of linear inequalities (16) yielded the following
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Figure 5: Dual cones 7(Q;;).

feasible solution:

po [0:29097 48651 [47802 03846
1= 148651 —0.2997| 127 |0.3846 —4.0110]"
p, _ [5:0549 0.1099) ., [-0.1099 5.0549
217 10.1099  5.0549|° "2 7 | 5.0549  0.1099]°
P31 = Pi1, Py =Pio, Py1 = Py, Py = P,
—1.3864 —1.4250
Fi=F= {—2.1971] Pz =Fp = {—2.0750} !
—1.6600 —1.5600
F="Fa= { 1.7250 ]’FZZ—F‘Q— { 1.7250 }
5 = 5.1648, C1]1 = €31 =0.29977

¢ij =0.1,V(i,j) € 7 x{1,2}\ {(1,1),(1,3)}.

In total, (16) consisted of 125 linear inequalities. To verify the re-
duction in the number of linear inequalities we solved (16) with
(16¢) replaced by (18a) and (18b), which also led to a feasible so-
lution, as expected, and consisted of 93 linear inequalities.

The closed-loop state-trajectories and corresponding input his-
tories obtained in 4 simulations for the initial conditions x(0) =
[-5 =57, x(0) =[1.84.5]T,x(0) =[5 —4]", x(0) = [2 —4.8]T
are plotted in Figure 6 and Figure 7, respectively. The static out-



Figure 6: Closed-loop state trajectories versus the refined par-
tition and a PWP sublevel set of J/(x).

put feedback PWL control law successfully steers the state to the
origin for all 4 initial conditions. In Figure 6 we have also plotted
the PWP sublevel set 71, of the corresponding Lyapunov function,
which consists of the union of 8 polyhedra, defined by Q;; N {x €
R” | ||Bjx|| < 12}. As mentioned at the end of Section 5, #1; is a
contractive and positively invariant set for the closed-loop system.
This can also be observed in Figure 6, as the trajectory, once it has
entered 7;, it has never left #], while converging to the origin.
The input histories shown in Figure 7 reveal that convergence to

Simulation 1 Simulation 2
4 4
2\
\
a \
2 oI
=] v
&
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0 2 4 6 8 10 0 2 4 6 8 10

Time instants Time instants

Figure 7: Input histories.

the origin is attained.

6. CONCLUSIONS

This paper considered off-line synthesis of stabilizing static feed-
back control laws for discrete-time PWA systems. The focus was
on the implementation of the .¥-procedure in the output feedback
synthesis problem. This problem is known to be challenging when
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tackled via PWQ Lyapunov function candidates. A new solution
was proposed in this work, which uses infinity norms as Lyapunov
function candidates and, under certain conditions, requires solving
a single linear program. It was demonstrated that this solution also
facilitates the computation of piecewise polyhedral positively in-
variant (or contractive) sets for discrete-time PWA systems and it
allows the incorporation of polytopic state and/or input constraints.
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