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Introduction

1.1

Motivation

Flows of two distinct adjacent fluids occur in a wide variety of physical systems and
engineering applications. The interaction of the fluids at their mutual interface
gives rise to a multitude of complex phenomena. In many cases, however, one of
the fluids exerts negligible stress on the interface, so that the other fluid can be
considered separately. The interface then acts as a free surface, i.e., a boundary
of which the position depends on the behavior of the enclosed flow. A specific
instance of such a free-surface flow, that is of great practical relevance, is the flow
of water underlying air. Accurate prediction of the behavior of free-surface flows
is therefore important, e.g., in the assessment and design of immersed structures
and vessels, such as ships.
Predictions of the behavior of free-surface flows are made on the basis of
models. These models can be constructed at various levels of approximation. A
particularly reliable mathematical model of fluid flow is a system of nonlinear
partia.l differential equations, referred to as the Navier-Stokcs equations. These
equations were formulated independently by Navier (1822) and Stokes (1845). Unfortunately, these equations are too complicated to explicitly extract their solution.
It
however, possible to construct discrete approximations to the solution. The
discretization of the differential equations yields a system of nonlinear algebraic
equations. The solution of the algebraic system can be formulated in terms of
recurrence relations. which are ideally suited to treatment by computers. Consequently, the prosperous development of computers has made it possible to consider
increasingly cornplex flow problems. The investigation of flow problems by means
of a computer is called Computational Fluid Dynamics (CFD). Figure 1.1 on the
following page displays the steps in the solution of a flow problem
CFD, including some examples.
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Figure 1.1: Steps in the solution of a flow problem by means of CFD.

The numerical solution of the Navier Stokes equations with a free boundary has only recently become tractable. Previously, one had to revert to simpler
models, for instance, the free-surface potential-flow equations. The free-·surface
potential flow equations already describe many of the prominent features of freesurface flow. The numerical techniques for these potential-flow equations are well
developed, and
are routinely used in the investigation of practical flow problems. However, to include viscous effects, e.g., the interaction between the viscous
boundary layer and the free surface near a surface-penetrating
it is necessary to progress to the Navier-Stokcs equations. Unfortunately, many of the
nunwrical techniques for free-surface potential flow cannot be extended straightforwardly to the free-surface Navier Stokes equations.
An important class of problems for which efficient numerical
are
available for the potential-How equations, but not for the Navier- Stokes equations,
arc steady free-surface flows. An example of such a
free-surface flow is the
wave pattern carried by a ship at forward speed in still water. In the field of ship
hydrodynamics, dedicated techniques have been developed for solving the steady
free-surface potential-flow equations. In contrast, methods for the Navier-Stokes
equations typically continue a transient process until a steady state is reached.
This time-integration method is often computationally inefficient, due to the specific transient behavior of free-surface flows. Alternative solution methods for
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the steady free-surface N a vier-Stokes
exist. However, the performance
of these methods usually depends sensitively on the para1neters in the problem,
or their applicability is too restricted. In generaL the numerical solution of the
steady free-surface Navier Stokes equations
current
methods is
prohibitively expensive in actual design processes.
The need for efficient numerical techniques for the steady free-tmrface N avier ·
Stokes equations in practical applications, and the inadequacy of available methods, provide the motivation for the research presented in this tract.

1.2

Outline

The contents of this tract are organized as follows:
In Chapter 2 \Ve present the mathematical formulation of free-surface flow.
The N avier--Stokes equations are introduced. In addition, we discuss boundary
conditions and initial conditions and their relevance for well-posedness of the corresponding initial boundary value problem. Furthermore, we state the interface
conditions for two contiguous fluids and we derive the free-surface conditions as a
case.
Chapter 3 contains an analysis of the free-surface N a vier -Stokes equations
in primitive variables, by means of perturbation methods and Fourier techniques.
In contrast to the classical analyses of free--surface flows (e.g., Refs. [42, 46, 65]),
we adhere to a formulation of the equations in primitive variables, instead of a
vorticity-based formulation. By virtue of the formulation in primitive v;:criablcs,
the analysis can serve in the investigation of numerical methods for the free-surface
Navier-Stokes equations, if the differential operators in the continuum equations
are replaced by their difference approximation. Moreover, the formulation in primitive variables permits a convenient treatment of the practically relevant case of
three spatial dimensions, whereas the classical analyses are restricted to two spatial dimensions clue to the properties of the vorticity formulation. The analysis
yields important information on the properties of viscous free-surface fiows in two
and three spatial dimensions, e.g., on the dispersive behavior of surface gravity
waves, the asymptotic temporal behavior of wave groups and the structure of the
free-surface boundary layer.
In Chapter 4 we propot-Je a novel iterative solution method for solving the
steady free-surface Navicr Stokes equations. l\Ioreover, we prove that the usual
time-integration approach is generally inappropriate for solving
free-surface
flows. The proposed iterative solution method is analogous to methods for solving
steady free-surface potential-flow problems. The method alternatingly solves the
steady Navier-Stokes equations with a so-called quasi free-surface condition imposed at the free surface, and adjusts the free surface on the basis of the computed
solution. The quasi free-surface condition ensures that the disturbance induced
the subsequent displacement of the boundary is negligible. Each surface adjustment then yields an improved approximation to the actual free-boundary position.

4
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To establish the efficiency of the method, we show that its convergence behavior is
asymptotically independent of the mesh width of the applied grid. The asymptotic
computational complexity (computational cost per grid point) of the method deteriorates only moderately with decreasing mesh width. Mesh width independence
of the computational complexity can be achieved by means of nested iteration.
Numerical experirneuts and results are presented for a two-dimensional test case.
Iu Chapter 5 we consider an alternative approach to solving steady freesurface How problems, viz., the optimal shape design method. A general characteristic of free-boundary problems is that the number of free-boundary conditions
is one more than the number of boundary conditions required by the governing
boundary value problem. A free-boundary problem can therefore be refonnulatecl
into the equivalent
optimization problem of finding the boundary that minimizes a nonn of the residual of one of the free-surface conditions, subject to the
boundary value problem with the remaining free-surface conditions imposed. Such
optimal shape dc;,ign problems can in principle be solved efficiently by mean;, of
the adjoint method. Chapter 5 investigates the suitability of the adjoint
optimization method for solving steady free-surface flow problems. Because inviscid,
irrotational flow adequately describes the prominent features of free-surface How,
we base our investigation ou the free-surface potential-How
The adjoint
shape optimization method is equally applicable to the free-surface Navier-Stokes
equations, but the specifics of the method arc in that case much more involved.
Our investigation serves as an indication of the properties of the adjoint shape optimization method for steady free-surface Hows. vVc formulate the optimal shape
design problem associated with steady free-surface potential flow, and we examine
the properties of the optimization problem. In addition, we
the convergence behavior of the adjoint method, by means of Fourier techniques. l\fotivatcd
by the results of the analysis, we addrcs;; preconditioning for the optimization
problem. N urnerical experiments and results are
for a two-dimensional
model problem.
Chapter 6 presents a preliminary investigation of the interface capturing approach to solving free-surface flow problems. Free-surface Hows form a specific
class of two-fluid flow. If the objective is the numerical solution of a free-surface
flow problem, then it can be attractive to adhere to the underlying two-fluid How
formulation. In the absence of viscosity, two-fluid fiow is described
a system
of hyperbolic conservation laws. The numerical techniques for such systems of
hyperbolic conservation laws arc well developed
in particular, cf!icient al-·
gorithms arc available for solving steady hyperbolic problems. In Chapter 6 we
present the prerequisites for a Godunov-type interface capturing method. We
consider all Osher-type approximate Riemann solver awl ~ove elaborate its application to two-fluid flows. 1\Ioreovcr, we address the spurious pressure oscillations
that are connnonly incurred
conservative discreti:.mtions of hvo-fluid
and
we construct a non-oscillatory conservative discretization. The implementation of
the interface capturing
with efficient techniques for
problems is
deferred to future research.

Chapter 2

Mathematical Description of Free-Surface
Flow

2.1

Introduction

Flows of two distinct, contiguous fluids are encountered in many practical applications. A free-surface flow is a particular instance of such a two-fluid flow, in which
the properties of the fluids are such that one fluid exerts negligible stress on the
other. A model for free-surface flow is therefore included in a model for two-fluid
flow. The mathematical model for two-fluid flow comprises governing equations
for fluid flow and interface conditions, which describe the interaction of contiguous fluids at their interface. In this chapter we present the governing equations
for fluid flow and the interface conditions for two-fluid flow, and we derive the
free-surface conditions from the general interface conditions.

2.2
2.2.1

Governing Equations for Fluid Flow
Conservation laws

Fluid flows are presumed to be governed by conservation laws. These conservation
laws state that mass, momentum and energy are conserved during the motion of the
fluid. To model a fluid flow, the state of the flow is described by a set of designated
fluid-properties called the state variables, e.g., velocity, pressure, density, etc. The
conserved quantities can be expressed in these state variables. The mathematical
description of the conservation laws for the derived quantities is a system of partial
differential equations for the state variables.
To present the governing equations for fluid flow, we consider a volume of
fluid. The fluid occupies an open domain V c JRd (d = 2, 3). Positions in V are
identified by spatial coordinates (x 1 , ... , xd) relative to the horizontal Cartesian
base vectors e 1 , ... , ed-l and the vertical Cartesian base vector ed. The gravi-
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Figure 2.1: Schematic illustration of the free-surface flow problem.

tational acceleration, g, is constant and vertically downward, i.e., g = -ged for
some constant g 2: 0. See Figure 2.1 for an illustration.
Suitable state variables for a viscous, compressible fluid are the velocity,
the pressure, the density, the temperature and the internal energy of the fluid.
Denoting time by t 2: 0, we identifY the velocity by v(x, t), the pressure by p(x, t),
the density by p(x, t), the temperature by T(x, t) and the internal energy per unit
mass by e(x, t). The total energy is defined byE:= p(e + lvl 2 /2). Conservation
of mass, momentum and energy is then expressed by, respectively,
:tp+div(pv) =0,
[)

.

8t pv + d1v (pvv +pi - r) - pg

= 0,

X

E V, t

> 0'

(2.1a)

X

E V, t

> 0'

(2.1 b)

t>O,

(2.lc)

[)

01E + div ((E + p)v- V · T - k"VT)- pv·g = 0,

xE

with k: the thermal conductivity of the fluid. The tensor r in
1b) is called the
viscous stress tensor. In the absence of r and k:, the equations
1) are called the
Enler equations.
The velocity vector can be represented by d Cartesian components v1 := v·e:i.
Similarly. the viscous stress tensor has d 2 Cartesian components T;J. Hence, the
unknowns in (2.1) are p, VJ (j = 1, ... , d), p, T, e and Ti.J (i,j = 1, ... , d), and
their number is d 2 + d + 4. The momentum equations (2.1 b) can be separated
into d independent conditions. Hence,
1) specifies d + 2 relations. Closure of
the system of equations therefore requires d 2 + 2 supplementary relations. These
relations are provided
a constitutive r-elation, which relates the viscous stress
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tensor to the state variables, and two additional equations of state, which give a
mutual relation between the state variables; see also [77].
A common constitutive relation for the viscous stress tensor is (see, for instance, Ref. [6])
(2.ld)
T := p, (C~7v) + (Vvf- ~(divv)

I),

where p, is the dynamic viscosity of the fluid. A fluid with constitutive relation (2.1d) for the viscous stress tensor is called a Newtonian fluid. The momentum equations (2.1b) with T according to (2.1d) are called the Navier-Stokes
equations.
The flows considered in the sequel have a constant temperature and internal
energy. The considered fluid either satisfies a barotropic equation of state p :=
p(p), or it is homogeneous and incompressible, i.e., pis constant and vis solenoidal.
In both cases, conservation of mass and momentum implies conservation of energy,
and (2.lc) is redundant.

2.2.2

Dimensionless Equations

It is often convenient to express the quantities that are used to describe the flow
problem on scales that are relevant for the considered problem. For example, an
appropriate reference length for flow around a ship hull is the length of the hull.
For the considered fluid flows, three independent reference scales can be assigned,
viz., a reference length Lo, a reference velocity Vo and a reference density Po· All
other scales in the problem are then implicitly defined, e.g., the implied time scale
is Lo/Vo.
Let L 0 , V0 and p0 denote a suitable reference length, velocity and density,
respectively. We introduce the dimensionless variables

p':=(p-po)/poV02 ,
(2.2)
with p0 a reference pressure, typically, the atmospheric pressure. The dimensionless form of the Navier-Stokes equations is obtained by inserting (2.2) into (2.lb),
(2.1d). Upon omitting the primes, we obtain
x':=x/Lo,

t':=tVo/Lo,

v':=v/Vo,

:tpv + div (pvv +pi- r)
with

T

p':=pfpo

+ pFr- 2 ed = 0,

X

E V,t

> 0'

(2.3a)

the dimensionless viscous stress tensor,
T

:=

Re- 1 ((Vv)

+ (Vvf- ~(div v) I),

and
Re := PoVoLo,
J1,

Fr :=

Vo

,;gr;o .

(2.3b)

(2.3c)

The dimensionless numbers Re and Fr are called the Reynolds number and the
Froude number, respectively. The Reynolds number is the ratio of inertial and
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viscous forces in the flow. The Fronde number is the ratio of the reference velocity
over the velocity of a particular gravity wave, viz., a sinusoidal wave with dimensionless wave-number one in a fluid of infinite depth. In the absence of free-surface
stresses, such as surface tension, the parameters Re and Fr are the distinguishing
parameters for a viscous flow subject to gravity.

To complete the description of a flow problem, the governing equations (2.1) must
be provided with additional conditions. The additional conditions specify conditions which the state variables must satisfy at the boundaries of the considered
space-time domain. In general, we can distinguish i·nitial conditions and boundary
conditions. The partial differential equations (2.1) and the additional conditions
form an in-itial bmmdaTy 'Value pmblern.
The properties of an initial boundary value problem depend critically on the
additional conditions. In particular, the additional conditions detennine whether
a boundary value problem is well posed or ill posed. An initial boundary value
problem is said to be well
if it possesses the following properties:
Existence: a solution exists,
Un:iqu.eness: the solution is unique,
Stability: the solution is stable,

and ill posed otherwise. The stability requirement implies that the solution can
be bounded in terms of the right-hand side of the differential equations and of the
additional conditions (in some appropriate sense).
Only in specific cases has it been established that initial boundary value
problems from fluid dynamics are well posed. A detailed discussion of additional
conditions and of existence, uniqueness and stability of initial boundary value problems is beyond the scope of our research. Relevant references on the subject of
additional conditions and posedness include, e.g.: [70, 71] for homogeneous, incompressible fluids, [62] for non-homogeneous incompressible fluids, [41] for boundary
conditions for hyperbolic systems with constant or variable coefficients, ancl [17]
for absorbing boundary conditions on truncated spatial domains.

2.3

Interface Conditions

\Ne consider a flow of two distinct contiguous fluids, separated

an interface.
Equations
1) describe the behavior of the flow in each of the fluids. At the inthe state variables must comply with interface conditions. These interface
conditions provide a relatiou between the state variables of the
fluids.

2.3.

Interface Conditions

9

The interface conditions consist of kinematic and dynamic conditions. The
kinematic conditions are related to the continuity of velocity of the fluids at the
interface. The dynamic conditions express conservation of momentum at the interface. A detailed model for the behavior of fluid interfaces and the corresponding
interface conditions are presented in [5, 58]. Without additional assumptions on
the properties of the interface, the dynamic conditions depend in a complicated
manner on the geometry of the interface. To simplify the dynamic interface conditions, we assume that the contributions of interface viscosity, interface tension
and interface density to the dynamic conditions are negligible. These assumptions
are valid in many practical applications.
To present the interface conditions, we consider an interface S between the
two contiguous fiuids. One fluid is designated the primary fluid and the other fiuid
the secondary fiuid. Denoting the unit normal vector to S from the primary to
the secondary fluid by n(x, t), we define
x± := lirnx ±En,

dO

i.e., x- and x+ are at the interface in the prirnary and secondary fluid, respectively.
Under the aforementioned assumptionD, the stresses exerted on the interface by
the primary and secondary fluid must cancel:

(2.5)

-n·

Conditions
are called the dynamic inte-rface condit·ions. In equation
we
can distinguish d separate conditions. If (x, t) (.j = 1, ... , d - 1) are orthogonal
tangent vectors to S, the inner product of
and t.i yields d- 1 conditions:
ti·r·n l

x+
x-

=0,

j=L ... ,d-1.

(2.6a)

Conditions (2.6a) prescribe continuity of shear stresses acrose; the interface. These
conditions are called the tangential dynamic conditions. The inner product of
and n yields:
+

-(p- r : nn) [_ = 0.

(2.6b)

This condition is called the normal dynamic condition.
The kinematic conditions for the interface prescribe that the flow
continuous across the interface:

is

(2.'7a)
and that the interface moves with the local How
if the interface position is written in parametric form as

S := {x

E

:x=X(y,t)}

The latter implies that
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Table 2.1: Appropriate number of interface conditions n, for different combinations of the contiguous fluids in a two-fluid flow in IFE.d
combination
viscous /viscous
viscous /inviscid
inviscid/inviscid

n
2d + 1
d+2

:3

withy E JRd-l, then

aX(y,t)
( (
at
=vXy,t),t).
Note that the velocity at the interface is uniquely defined by virtue of (2.7a).
The interface conditions (2.6) and (2. 7) are only valid if both fluids are
viscous. If either of the fluids is inviscid, the kinematic conditions
7) must be
modified. The continuity condition (2. 7a) then only applies in the direction normal
to the interface, i.e.,
+

n·vlx

x-

=0,

(2.8a)

and only the normal velocity of the interface is prescribed:
[JX

n·-=n·v.
at

(2.8b)

Moreover, the tangeutial dynamic conditions then imply that the shear stress of
the viscous fluid must vanish at the interface.
If both fluids are inviscid, the dynamic conditions are modified as well. In
that case, the tangential dynamic conditions (2.6a) are discarded and the normal
dynamic condition reduces to:
+

-'[JIXx-

=

0.

(2.9)

Condition (2.9) states that the pressure is continuous across the interface.
The above implies that the mrmber of interface conditions depends ou the
properties of the contiguous fluids. Table 2.1 lists the appropriate number of
interface conditions for different combinatious of the contiguous fluids.

2,3,2

Free-Surface Conditions

A free surface can be regarded as a particular instance of an interface, in which
the stresses exerted on the interface by one fluid are negligible ou a reference scale
that is appropriate for the other. This occurs if the difference in densities of the
contiguous fluids is large.
In order to derive the free-surface conditions from the general interface condi-tions, we consider a flow of two adjacent fluids with different densities. Let p 0 and

2.3.
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Pt denote the reference densities for the primary and secondary fluid, respectively,
and let V0 be a suitable reference velocity for the flow. The derived reference stress
ptV02 is suitable for the secondary fluid if moderate constants r;.J and c1 (j = 1, 2)
exist such that

llrll
(2.10)
+ v; 2 ::::: c1 ,
~2 ::::: +-=? ::::: c2 ,
Po o
Po Vet
with I · I the maximum norm of · in the secondary fluid for all t > 0. Equation (2.10) is expressed with respect to the reference stress p 0 t·02 , which is suitable
for the primary fiuid, by
~1

:::::

liP- Poll

.c: 1 (P~)::::: IIP~P~II :::;r: 1 (P~),
Po

Po Vr1

11)

Po

Pt /

This implief:l that if the density ratio
p0 is srna.ll, the deviation from pon of
the stress exerted on the interface
the secondary flow is insignificant for the
primary flow. The primary flow is then independent of the secondary flow and,
moreover, the motion of the interface depends exclusively on the primary flow. In
this case, the interface is called a free surface (or free boundary) of the primary
flow.
The free-surface conditions follow from the general interfacu conditions under
the assumption that the secondary flow is inviscid and exerts a constant pressure on
the interface. The dynamic free-surface conditions follow immediately from (2.5):
in dimensionless form,
n·

=

xES,t>ll,

0'

(2.

with p and T the dimensionless pressure and viscous stress tensor, respectively.
The kinematic condition (2.8b) describes the motion of the free surface. Conclition (2.8b) can be recast into a convenient form, if the free surface is represented
as a level set:
13)
8 := {x E JR": 4'(x,t) = 0}.
The kincnmtic free-surface condition can then be recast into
(J«;

-+v·

XES, t > ().

= ())

at

(2.14)

In the absence of overturning waves, the free surface is often
by a height
function of the horizontal coordinates. If
, .... :rd-l, t) denotes the height of
the surface with
to some fixed reference surface, then the corresponding
level set is
i;) =
, ... , xd~l, t) XrJ. The kinematic condition then assumes
the familiar form:
8r;

d-J

OIJ

-at + '\""
V ..,-~ 'ox
.J=l

J

-

VrJ

=

.
l) .

·

XES, t > 0.

(2.15)

Equations (2.8b), (2.14) and
15) are different formulations of the condition that
the free surface moves in its normal direction with the normal component of the
local fiow
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Problem Statement

We are concerned with the steady flow of water underlying air. The ratio of the
density of air to the density of water is sufficiently small to treat the water-air
interface as a free surface. Moreover, for our purposes, water can be treated as a
homogeneous, incompressible, viscous fluid.
To formulate the free-surface flow problem, let V denote the volume occupied
by the water, 8V its boundary, S the free surface and R. = 8V \ S the rigid
boundary; see Figure 2.1 on page 6. The steady free-surface flow problem is
described by the aforementioned equations with the partial derivatives with respect
tot omitted. Because the water is assumed to be homogeneous and incompressible,
the density can be removed from the dimensionless governing equations. The
steady free-surface flow problem is then stated as: Given the rigid boundary 1?,
find S and v : V ~--.> JE.d and p: V ~--.> lR such that:
div (vv +pi- r) = -Fr- 2 er1,
divv=O,
with the viscous stress tensor
conditions

T

X

E V,

(2.16a)

X

E V,

(2.16b)

according to (2.3b), subject to the free-surface

n · (pi - T) = 0 ,

XES,

(2.17a)

n·v =0,

XES,

(2.17b)

and the rig·id-boundaTy conditions on J?.
The above problem statement contains the envisaged problem. However,
to facilitate the investigation of numerical techniques, in the ensuing sections we
will also consider closely related problems, e.g., the two-flnid compressible Euler
equations or the steady free-surface potential flow equations.

Chapter 3

Analysis of Viscous
Primitive Variables

3.1

Su

Introduction

Flows that are partially bounded by a freely moving boundary occur in many
practical applications, for instance, ship hydrodynamics, hydraulics and coating
technology. Classically, free-surface flow problems have been examined by means
of perturbation methods and Fourier techniques; see, e.g., Refs. [42, 46, 65]. These
analyses are restricted to generic problems, such as perturbations of a uniform
flow. However, these generic problems already contain important information on
the general properties of free-surface flow problems. Presently, computational
methods play an important role in the analysis of free-surface flow problems that
occur in actual engineering applications.
The analysis of numerical methods for (initial) boundary value problems generally proceeds in the same manner as the classical analyses based on perturbation methods and Fourier techniques. The differential operators in the continuum
problem are then replaced by their difference approximation. The familiar von
Neumann stability ana.lysis (see, for instance, Refs. [27, 53, 77]) is in fact an application of perturbation methods and Fourier techniques to difference equations.
The analyses are important in the assessment of the stability of discretizations and
of the convergence behavior of numerical solution methods.
It appears that an analysis of viscous free-surface flow problems in primitive
variables, i.e., velocity and pressure, is not available. The classical analyses of
viscous free-surface flows [42] and, in a. more general context, stratified flows [28]
adopt a vorticity-based formulation of the flow equations. Recent investigations of
viscous free-surface flows (e.g., Ref. [16]) maintain this formulation. This outset
has two disadvantages. Firstly, these analyses are generally inappropriate for the
investigation of numerical methods, because most numerical methods for viscous
free-surface flow problems treat the flow equations in primitive variables. Secondly,
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the analyses are restricted to two spatial dimensions and, due to the properties of
the vorticity formulation (see, e.g., Ref. [20]), cannot be straightforwardly extended
to include the practically relevant case of three spatial dimensions.
In this chapter we present an analysis of the viscous free-surface flow equations in primitive variables. We consider the generic problem of perturbations in a
uniform horizontal flow of finite depth in two- and three spatial dimensions. Only
first-order perturbations are considered. Our primary interest is in the application
of the analysis to the assessment of numerical methods for the viscous free-surface
flow problem. However, this application is not currently presented. The presented
analysis has mison d 'etTe independently, as it yields important information on the
properties of viscous free-surface flows in three spatial dimensions. Classical re.
suits in two spatial dimensions are included as a special case. The results concern
the dispersive behavior of surface gravity waves, the asyrnptotic temporal behavior of wave groups, and the structure and properties of the free-surface boundary
layer.

2
We consider the dimensionless Navier-Stokes equations for au incompressible homogeneous fluid subject to gravity. The velocity being solenoidal, divr = !Lf:,v,
with fJ := 1/Re. Hence, we consider
Vt

+ divvv +

- pf:,v =
divv=O,

> 0,
Vry, t > ().

V, 1, t

X

E

X

E

(3.1a)
1b)

The considered spatial domain Vry is defined by

V,1 := {x E JR.d: -oo < :.r:1, ... , ;r;cl-1 < +oo, -1 <

:rd

<

(:3.2)

with T) := TJ(:rt, ... 'Td-1, t). The domain v,) is bounded by the moving boundary
S,7 :=
= Tl} and the rigid boundary R := {:.r:c1 = -1}.
At the boundary R we impose the free-slip boundary conditions:
eel ·v

= 0,

X

E

R,t > 0'

(3.3)

with j = 1, ... , d- 1. At S,1 the clymunic free-surface conditions are imposed:
p-2p.n·Vv·n=O,

n· ((Vv)

+ (Vvf) ·tj =

0,

X

E 8, 1, t

> 0, (3.4)

with n the unit normal vector to S" and tj, j = 1, ... , d- 1, orthogonal unit
tangential vectors to S". Moreover, the vertical displacement T) of the moving
boundary S,7 is related to the velocity of the underlying Buid flow
the kinematic
condition
xE
t > 0.
!Jt + v · Vr1 - vd = 0 ,
The

boundary

iti then a free surface.

3.3.
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Equations (3.1 )-(3.5) must be supplemented with suitable initial conditions

p(x, 0)

v(x, 0) = vo(x) ,

= Po(x) .

XE

Vr1 ,

(3.6a)

with V 71 the closure of Vrp and

(3.6b)

x E So,

rJ(x. 0) = T)o(x),

with Vo, Po and 17o given.
Our objective it to determine asymptotic solutions of (3.1) -(3.6) in the limit
as ll17ll ----+ 0, i.e., for small displacementt> of the free surface. l\Ioreover, we investigate the properties of such solutions.

3
1
If the initial displacement of the free surface is specified

T)(X, 0)

(3.

x E So,

= (),

and the initial conditions (:3.6a) are specified
v(x, 0)

x E Vo,

(vi

(iUb)

vi

0 l, .. , '1',~~ , 0), with
0 l, ... , v~~ constant velocity components,
where v(OJ :=
1
1
and ~ denotes closure, then the corresponding solution of (3.
reads

rJ(x,

t) = 0,

x E S0 , t

:2: 0 ,

(3.8a)

and
v(x, f)

= v(Ol

,

p(x, t)

x

=

E

Vo, t :2: 0.

(3.8b)

The above solution corresponds to a uniform horizontal flow. A uniform horizontal
How is indeed a (steady) solution of the considered free-surface flow problem.
If, instead, the initial displacement of the free surface is
0)

= Eho

x

E

So,

with h 0 independent of c and, accordingly,
v(x,

0) = vo(x; t:),

p(x, 0)

=

Po(x; t:),

xE

(3.9b)

where Vo
E) ~7
and Po
t:) ----+ -Fr- 2:rd as E----+ 0, then the corresponding
solution of (3.1) (3.5) approachc::; (:3.8) a::; f----+ 0. In this context, the solution (3.8)
is called a
solntion.
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3.3.2

Infinitesimal Conditions

We consider the free-surface flow problem (3.1)-(3.5), supplemented with the initial conditions (3.9). Motivated by §3.3.1, we assume that as E __, 0 the corresponding perturbed solution can be expanded asymptotically as
n

rJ(x, t; c.)=

L Xt(E) r/ l(x, t) + o(xn),

(3.10a)

1

1=1
11

u7(x, t; e)= v~o)

+L

1/Ji (c) u)'\x, t)

+ o(~;~),

j

=

1, ... 'd

1

(3.10b)

1=1

n

p(x, t; E)= -Fr·- 2 xd +

L cPt(e) p(ll(x, t) + o(cj;n),

(3.10c)

i=l

for all n = 1, 2, ... , with respect to certain uniform asymptotic sequences {1P/ (e)},
j = 1, ... , d, { cj; 1(e)} and {x 1(E)}, with l = l, 2, .... For a definition of asymptotic
sequences and the Landau symbols, o and 0, used below, see, e.g., Ref. [39].
The condition that (3.10a) complies with (3.9a) implies that x1 must be of
O(E). We choose x1 = E. The functions
(e) and cj; 1(E) are required to be of
o(1) as f __, 0. We assume that the expansion (3.10) is uniformly valid in (x, t)
for x E V,7 and t 2 0. The representation (3.10) of the solution as an asymptotic
series is referred to as a formal solution. \iVe refer to the first term in the series
expansion as the infinitesimal perturbation or the first-order
Upon inserting (3.10) in (3.1), we obtain

(3.11a)
and

~ (~'N':L' Co(#,)) ~o

llb)

for all x E V17 , t 2 0. Because terms of different order in E must vanish separately
as E __, 0, (3.11a) implies: (1) that 1/Jf = O(cj;z) to maintain a meaningful relation
between v and p; (2) that cf;z = 0(¢; 1 cf;z_J) = O(cj;i) to maintain a meaningful
relation between successive terms in the expansion. Based on ( 1), we choose

V;l=cPl·
The requirement that (3.10) satisfies (3.1)-(3.5) and (3.9) imposes certain
conditions on the successive terms in the expansion. The infinitesimal conditions,
i.e., the conditions which the first-order perturbation must
are obtained

3.3.
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by inserting the expansion (3.10) in (3.1)-(3.5) and (3.9), and collecting terms of
order 0( (PI).
Collecting terms of order O(c/Jl) in (3.11):
vP)

+ v(O) · Vv(l) + Vp(l)

- 11/J.v(lJ = 0,
divv(l) = 0,

xEV,"t>O,

(3.12a)

t>O.

(3.12b)

xE

Inserting (3.10) in (3.3) and collecting terms of O(ejJ 1 ), the boundary conditions at the rigid boundary R yield

t > 0'

X

E R,

X

E R, t

(3.13a)

> 0, j = 1, ... 'd- 1.

(3.13b)

To obtain the free-surface conditions for the infinitesimal perturbation, an
asymptotic expansion of the unit tangential and normal vectors to S,1 is required.
If the tangential and normal vectors to the undisturbed free surface S 0 are e 7
ancl ed, respectively, then the unit tangential and normal vectors to S1J can be
expanded as
(3.14a)
d-1

+ Ti(X, t) e,t) = ed- L

+ 0(E 2 ) '

(3.14b)

t) + O(t: 2 ),

(3.L5a)

(ej. vr,(x, t)) ej

.J=l

with x E S 0 . The remainder is O(t: 2 ) because 17 = O(t:).
Taylor expansion of v(x, t) around x E So yields
v(x + 1;(x) ed, t) = v(x, t) + 17(x, t)

ed · Vv(x,

Vv(x + 77(x) ed, t) = Vv(x, t) + 'l(x, t) ed · VVv(x, t) + 0(f 2 ).
l-Ienee,

(3.15b)

(3.10),
v(x + n(x) er~, t) = v(o) + ejJ 1 vC 1 l(x, t) + r(t:),
Vv(x + q(x) er~, t) = ejJ 1

(3.16a)

(x, t) + r(E),

(3.16b)

with x E S0 and the remainder r(E) = 0(E 2) + O(t:c/J 1) + O((pf). Similarly, we
obtain for the pressure

x

E

So,

(3.17)

with f'(e) = O(<,t>i) +O(t:c/JI) +0(x 2 ). Equation (3.17) yields a meaningful relation
between p <tll(t 17, provided ejJ 1 = 0( E). V\/e choose (;J 1 = r::. From the remainder f
we infer that a meaningful relation between successive terms in the approximation
is
obtained if x1 = 0(E1). Hence, the remainders rand fare both of
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>0

T/

Figure 3.1: The spatial domain
not contained in

v,l.

<0

V, 1 and the undisturbed free surface

5 0 is

Inserting (~UO) and (3.14)--(3.17) in (3.4) (3.5) and collecting terms of O(c),
we obtain the infinitesimal conditions
x E So, t

> 0.

x E So, t

> 0,

(3.18a)

and
:::>

(1)

_ur_l_

at

" (l)
~. ,(0) _u_r)_ _

d-1

+ .::::_.. l j

r. . l)
vd

_
-

0'

t > 0.

xE

( 3.18c)

]=l

Observe that (3.18) must be satisfied on the undisturbed free surface S 0 .
However, vUl and p(lJ arc defined on the spatial domain V,1. Because S 0 is not
necessarily contained in V,1, it can occur that y(l) and p(ll in (:3.18) are not
properly defined; see Figure 3.1. To avoid this, we assume that y(l) and p(lJ can
be extended smoothly beyond the boundary S,1 in such a manner that they are
well defined in a neighborhood of s1J including So. For X E So, X t/:. V,p we then
define
and
in (3.18) by their smooth extension from s1J.
Ignoring terms of O(c 2 ), the initial couditions (:3.9) yield

Er/l 1) (x, 0)

= d1o

v(ll(x, 0) = v 0 (x; f)- v(lJ),

(x, 0)
Equation

=

Po(x; E)+ Fr-:"-,:d,

x E So,

19a)

X

E

V,1 ,

19b)

X

E

V, 7 •

(3.19c)

19) specifies the infinitesimal initial conditions.
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3.3.3

Generic Modes

13) and
To determine the infinitesimal perturbation, i.e., the solution of
Subse(3.18)-(3.19), we first determine generic modes in compliance with
quently, we use these generic modes to form the infinitesimal perturbation.
Forconvenientnotation,letq(x,t) := (v~ 1 l .... ,v,~ 1 l,p(ll)
t)andh(x,t) :=
1Pl(x,t). To construct a Fourier representation of q(x,t), we first consider an
isolated mode:
q(x, t) := q(k, s, w) exp (ik · x
h(x, t) := fL(k, w) exp (ik · x

+ s:r:d + iwt) ,

+ iwt)

(3.20a)
(3.20b)

,

with k := k: 1 e 1 + · · · + kd-led-l, kj E JR. the horizontal wave number, wE C the
rndian frequency and s E C. Note that the product kx yields k: 1 :r 1 + ... +kcL-LXd-1·
Inserting (3.20a) into (3.12), we obtain
P(k, s, w) · q(k, s, uJ) exp (ik · x

+ 8:rc~ + iwt)

=

0,

(3.21)

with the Fov.rieT syrnbol P(k,s,w) according to

H(ks,w)

0

0

H(k,s,w)

0
ikl

0
ik2

0
0

ikl
ik:2

P(k,s,w):=
H(k, s,w)

8

8

0

where
H(k, s, w) := iw

+ iv(D) · k + fi.([k[ 2 -

s 2 ).

(3.22b)

Hence, (3.20a) complies with (3.12) if
(3.23)

q(k,s,w) E kcrnel(P(k,s,w)).

Equation (3.23) only allows nontrivial q(k, s, w) if P(k, 8, w) is rank-deficient. This
requires that k, 8 and w satisfy
det(P(k,w))

of

=

•
) d-]· =
- 8 2) ( H(k,s,w)

0.

For d = 2, the kernels of P(k, s, w) corresponding to the different roots
are:

if k s,w

=

0'

20
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or otherwise

span { (

ik:l
) }
(-l)ilkl
-i(w + v( 0 ) ·k)

if

epan{ (+)}

8

(.i

= (-

=

L 2) ,

(3.25b)

ifii(k,s,w)=O.

Ford= 3,

epan{m'm'm'm}

if k,

8'

w

(3.26a)

= () '

or otherwise

ifs=(-l)ilkl (j=1.2),

(3.26b)

if H(k, s, w) = 0.

(i3.26c)

Note that (:3.25a) and (3.26a) correspond to constant modes. Bccan1:>e (3.25b)
and (3.26b) are independent of JL, the associated modes are called inviscid modes.
In contrast, the modes corresponding to (3.25c) and (3.26c) are viscous modes.
In view of the linearity of (3.12), a solution of (3.12) can be represented as a
linear combination of the modes (3.25) or (3.26). Hence, a
irw-iscid mode
can be defined by
2

q;(k,w,x,t) = LB)(k,w)

(k,uJ)exp (ik·x+ (--1) 7

J=l

with

Bj : J.Fii.rl-l

x C

f--7

C (j = 1, 2), and

(k.

1

(-l)ilkl
-i(w + y(O) · k)

+ iwt)

.

(3.27a)

21
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A generic viscous mode is
d-1 2
qv(k, w, x, t) =I:
e~j(k, w) ftY,j(k, w)exp (ik-x+ ( -1)jcrxd + iwt)'
!=1 j=1

L

with B~j : JRd- 1 X C

1--+

(3.28a)

C (l = 1, ... , d- 1, j = 1, 2),

cr := cr(k,w) = Vlkl 2 + i(w +

v(O)

(3.28b)

·k)/p,,

and
(3.28c)

ifd=2,
and

if d = 3

3.3.4

0

(3.28d)

Surface Gravity Waves

A solution of (3.12)-(3.13) and (3.18) can be formed by linear combination of the
generic modes (3.27)-(3.28). The cased= 2 can be treated as a particular case of
d = 3, with B2,j and k2 set to 0, and will therefore not be considered separately.
To enforce the boundary conditions (3.13), we choose

Bj(k,w) = Bi(k,w) exp (( -1)jlkl),

e~j(k,w) = ey(k,w) exp (( -1)jcr)' (3.29)

with Bi (k, w) : JRd- 1 x C ~---+ C and BY(k, w) : ]Rd-l x C ~---+ C, where j = 1, 2 and
l = 1, 2. Equations (3.27) and (3.28) then yield
ik1 cosh (lkl(1 + xd)))
.
( ik2cosh(lkl(l+xd))
8 (k, W)
lkl sinh (lkl(1 +X d)) exp (lk.
i

X

.
+ Iwt) '

(3.30a)

-Dcosh (lkl(1 + xd))
with

n := D(k,w) =

i(w + v 0 ·k),

(3.30b)

22

Chapter 3. Analysis of Viscous Free-Surface Flow

and

qv(k,w,x,t)=Bf(kw) (

crcosh(cr(l+:rd)))
.," . .
·)) exp(ik·x+iwt)
(0 (
-1"' 1 sm11 cr 1 + .J d
0

v

+8 2 (k,w) (
·

crcosh(cr(l+xd))
.
.
)) ) exp(tk·x+Iwt),
.k . 1 (0 ( 1
'z sm 1 cr + x r1
0

(3.30c)

-1

respectively.
The sum of the above inviscid and viscous modes, qi + qv, and the infinitesimal surface displacement (3.20b) satisfy the conditions
18) if the following
conditions hold:

BiD cosh lkl + F\'- 2 lL + 2p( Bi lkl 2 cosh lkl - icrcosh cr (Of k1 + 8~ k2)) = 0 , (3.3la)
+ 8~k2)) = 0,

Diz- (Bilklsinh lkl- isinhcr

+

8; 2ik1lklsinh lkl + fJ{
2

L

.• •)

(3.31b)

sinh cr = 0 ,
.

(cr +k::;Jsmhcr=O,

(3.3ld)

Eliminating the ratios i1j8i, 81/fJi and fJJ}jfJi from these equations, we obtain
( kf(cr 2 +

k~) + k:~(cr 2 +

k:f)) ( 4p.DCJikl(tanh lkl/tanhcr) + 2F:r- 2 lkltanh lkl)

- (cr 2 + k:i}(o 2 +

k~) ( D(D +

2p.lkl 2 )

+ FJ·- 2 Ikltanh lkl)

=

0.

(3.32)

Recall that cr is defined by (3.28b). Hence, (3.32) specifies a relation between the
radian frequency w and the wave number k. Such a relation is called a d·ispersion
relation. Elimination of cr 2 from (3.32) by means of the definition (3.28b) yields
the following implicit relation for the dispersion relation:
D(D + p.lkl 2 )
-IL 2 (

(

(n +

2tLikl 2 ) 2 + Fr- 2 lkltanh lkl)

4Dcrlkl(tanh lkl/tanhcr) (1kl 2 (n + p.lkl 2 ) +

+ktk~(3FI·- 2 Ikltanh

-n(f2+2plkl 2

l)) =0.

It appears impossible to explicitly extract the dispersion relation

from
(3.33). However, an asymptotic expansion of the dispersion relation in
the limit p. -+ 0 can be constructed. As !L -+ 0, (3.33) possesses two distinct roots
WJ (k;

p.)

= -v(O) · k

+ ( -1 )J <P(k)

+ i2ttlkl 2 +

o(p.) ,

3.3.

23

Infinitesimal Solutions

with j = 1, 2 and
(3.34b)

<P(k) = jFr- 2 lkitanh lkl.
To construct the expansion (3.34), it is important to note that

as fJ

~'

0. Hence, the remainder in (3.34) is indeed o(p).
If (3.34) is inserted in (3.20a) and terms of o(f.L) are ignored, it follows that
an isolated Fourier mode behaves in :r: 1 , ... , :rd_ 1 and t as:
exp (- 2!.tlkl 2 t)exp (ik·x- i(v(o) ·k- (-1):i<P(k))t).

(3.36)

Equation (3.36) associates a traveling wave with each root of the dispert->ion relation. These waves are called surface grav'ity wa1'es. The surface
waves
move with the phase veloci.ty
j = 1,2)

(3.3'7)

e.g., Ref. [78]) and attenuate as exp (-2f.Likl 2 t).

A solution of (3.12}(3.13) and (3.18) can also be formed by linear combination
of the constant modes (3.26a). One can infer that for d = 3 any such constant
Can be represented as
'flf'lrT1J'rnri<T'Irl'n

(1))

vl

(~!l)

(1)

(x, t) = w,

with

w

p(l)

m.

(3.38a)

and
(3.38b)
constants D1 , D2 and j5. The case d = 2 can
be treated as a
for
particular case of d = 3, with ii 2 set to 0, and will not be considered

3,6

Compatibility of Initial Conditions

The surface gravity waves express the infinitesimal perturbation corresponding to
a disturbance in the initial conditions in the form of an isolated Fourier mode. A
general infinitesimal perturbation can be represented as a linear combination of
the constant mode and the Fourier integral of these surface gravity waves,
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that the perturbation in the initial conditions complies with certain compatibility
conditions.
To facilitate the description of the compatibility conditions, we note that
the conditions (3.3lc)--(3.3ld) specify an interdependence between the inviscid
mode (3.30a) and the viscous mode (3.30c). For each root w.i(k) of the dispersion
relation (3.33), we can condense the corresponding surface gravity wave into
Wj (k, :rd) exp (ik · x + iwj

(3.39a)

where
(3.39b)
with

,vj(k,

(3.39c)

and

wj'(k

with nj := n(k, Wj (k)) and (J"j := a(k, Wj (k)) according to (3.3Qh) and (3.28b) 1
respectively.
Moreover, from the conditions (3.31) it follows that the surface displacement
carried by the surface gravity wave (3.39) is
h.j(k)exp(ik·x+w:i(k)t),
with

(:3.40a)

3.3.

25

Infinitesimal Solutions

To specify the compatibility condition for the initial conditions (3.9), we
define
. l ( v0(x;E)-v(o))
q 0 ()
x := 1nn _·)
.
e~o E p 0 (x; e)+ Fr -:rd
Let rn denote the number of roots of the dispersion relation (3.33). The initial conditions (3.9) are called compatible with (3.1)-(3.5) to 0(E 2 ) as e _.., 0, if
ej : JRd-l -; c exist such that
exp (ik·x) dk

+ O(E),

(3.42a)

(3.42h)

ho

with w E JRd+ 1 a constant vector in accordance with (3.38a). The compatibility
conditions (3.42) imply that the infinitesimal initial conditions
can be
satisfied to O(e 2 ) by a linear combination of the constant modes (3.38) and a
Fourier integral of the surface gravity waves.
Existence of the integrals in (3.42) implies certain restrictions on the initial
conditions, in addition to the compatibility conditions; see, e.g., Ref. [73]. However, many of these restrictions can be relaxed if 8j is understood in a generalized
sense [45].

The infinitesimal perturbation corresponding to an arbitrary compatible initial
condition can be represented as
q(x, i;) =

w+~

t) = Fr 2 ID4

£:

Bj(k) Wj(k, :rrt) exp (ik · x

+~I: Bj(k) hJ(k) exp (ik·x

+ iwj (k)t)

dk,

+

dk,

iw:i

(3.43a)

for
w aud e:i(k). If Bj
and B:i(k) f1j
an;
functions of k for all considered Xd, then the integrals describe the behavior of 'Wil'i'C
gronps, i.e., a group of contiguous (in Fourier space) surface gravity waves.
Denoting the Fourier transforms of q 0 (x) and h 0 ( x) from :r 1 , ... , xd-J to k
w0 (k and f~o (k), respectively, the infinitesimal initial conditions imply the

Chapter 3. Analysis of Viscous Free-Surface Flow

26

following conditions on wand G7 (k):
m

wo(k,:r:c~)

=

+ I:ei

wb"(k)

(k.

(3.44a)

BJ(k)h1 (k),

(3.44L)

j=l

rn

f~. 0 (k)

=

Fr 2 1D 4

b"(k)

+L
i=l

with b"(k) the Dirac 5-function. If the conditions (3.44) uniquely determine w
and RJ(k) for all k such that wj(k.:rd) f 0 or k.i(k) f 0, then the infinitesimal
perturbation (3.43) is uniquely determined by (3.
(3.5) and the initial conditions (3.9). This is, of course, a prerequisite for well posedncss of the problem
defined
(3.1 )-(3.5) and (3.9).
From (3.33) and (3.39) (3.40) it follows that wj(k.
= 0 and
(k) = 0
iff k = 0. The conditions (3.44) with k = 0 then uniquely determine w. For all
k f 0, the conditions (3.44) uniquely determine G:i(k), provided that the pairs
(w.7(k, :rd), h'.i(k)), j = 1, ... , m, are linearly independent for some :1:d E [0, 1].
For sufficiently small p, the infinitesimal perturbation is unique: From (3.34)
and (3.39) it follows that the munber of roots of the dispersion relation is m = 2
as p. ~ 0 and that the associated pairs (wi (k,
/1j (k)), j = 1, 2, are linearly
independent for all k f 0.

In thit> section we summarize several characteristic features of surface
and of surface gravity wave groups.

1

waves

local Disturbances

The dispersive behavior of the surface gravity waves implies that the velocity of
the waves varies with the wave number. This is apparent from expression (3.37) for
the phase velocity. Consequently, the Fourier modes that are present in an initiall.Y
local disturbance in the ftow appear later at different positions. This well-known
phenomenon is also described in the classical references [42, 46].
To ill ustratc this behavior, we consider the cvol ution of the free-surface clisplacenwnt for a stagnant inviscid free-surface ftow in two
dimensions. i.e ..
vio) = 0, p. = 0 and d = 2, in the case that the infinitesimal initial displacement
of the free surface is given by
ho(:r) =

~oo<x<oc.

The Fourier components of the initial displacement h. 0 (.1:) arc
1
2rr

(k) := ; -

ho

d:x:=

--~.

2j'ir

3.4. Solution Behavior

27

The infinitesimal free-surface displacement is expressed by (3.43b). Considering
the typical case fh (k) = 0, we obtain that the infinitesirnal free-surface displacemcnt is given
the wave group

t)

=

!= e-k~cJ
-=

exp

2y1f

Figure 3.2 plots the real part of h(:r, t) according to (3.47) for Fr = ~· The
separation of the Fourier components with different wave numbers that occurs due
to the dispersive behavior of the surface gravity waves is indeed apparent.

0.8
0.6
~(h) 0.1
0.2

0

-0.2
0

0

Figure 3.2: Evolution of a local disturbance in the free-surface position according to (:3.4 7).

Equations (3.:39) (:3.40) imply that a surface gravity wave with wave number k ic;
if the dispersion relation (3.33) has a root wJ(k) = 0. For inviscid fiowc;
(!L = 0), it follows from (3.34) that this occurs fork such that
(:3.48)

Without loss of generality, below we assmne that the reference
such that lv(OJ I = 1.

is chosen
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}or d = 2, equation (3.48) yields a relation between the wave number and
the Froude number:
(3.49)
For subcritical flows, i.e., for Fr < 1, equation (3.49) specifies a unique
between the Froude number and the wave length A := 211/ k. Figure 3.3
the relation between the wave length of the steady surface gravity wave
Froude number, according to (3.49). For supercritical fimvs
> 1) a

relation
displays
and the
solution

10 , - - - - - - - - - - - - - - - - - - - - - - - - - - - - · - , - - ,

8

4

2

0

2/5

4/fS

Fr

Figure 3.3: Relation between the wave length, ,\, and the F'roude number, Fr,
for steady surface gravity waves in a channel of unit depth.
to (3.49) does not exi~ts and, accordingly, a steady surface gravity wave docs not
occur.
To facilitate the derivation of the steadv waves ford = 3. we assmne, without
loss of generality, that v(o) = e 1 , so that v(Ci\ · k =
. Equation (3.48) then yields
the following relation between k: 1 , k: 2 and Fr:

k:2
1

y'k:? + k~ tanh y'kr + k~

=

Fr-2.

(3.50)

Figure 3.4 on the next page displays curves in the
, k2 )-plane on which the
condition (3.50) is fulfilled for different values of Fl·- 2 . From Figure 3.4 it bceomes
apparent that for d = 3 the inviscid free-surface flow problem allmvs surface gravity
waves with unbounded jkj. From (3.36) it follows that these high wave number
modes are effectively removed by viscosity.
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10

0
8

6

/s
4

2

4

G

8

10

Figure 3.4: VI/ave-number curves of steady surface gravity waves in 3 dimensions for Fr- 2 = 0, ~' ~' 1, 2, 4, 8.

3.4.3

Asymptotic Temporal Behavior of Wave Groups

The asymptotic temporal behavior of a group of inviscid surface gravity waves
is determined by the asymptotic properties of the inverse Fourier transforms
in (3.43), with wj(k) by (3.34) and fJ = 0. The behavior of these integral transforms for t -> oo can be determined by means of the asymptotic expansion

reo .f(k) exp(i~(k:)t) dk =

.fo

(.f(ko)

le'~:o) It exp (i[~(ko)t + }1r sign(' (k )l) + 0 ( ~)) +
0

with ,6 a positive constant, /(k) an analytic: function and k 0 a stationary point
of ~(k), i.e .. ('(k 0 ) = 0. In the absence of stationary points, the bracketed term
vanishes and only the exponentially decaying term remains. The expansion
requires that ~ (k) is smooth in the neighborhood of stationa.ry points in the sense
that the ratio ("'(k 0 )/le'(ko)l 3 12 is small: see Ref. [42]. The method of stationary
phase (sometimes called method of steepest descent) can be used to prove (3.51);
see, e.g., Refs. [46, 79].
The inverse Fourier transforms in (3.43) can be evaluated fort -+ oo by introducing a suitable coordinate transformation fork and applying (3.51) recursively
with respect to the transformed coordinates. The following asymptotic behavior
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of the inverse Fourier transforms (:5.43) is then obtained:

(27r /t)(d-1)/2
as t

---*

H(ko))

-1/?

- exp(i~(k 0 )t +

+

(3.52a)

oo, where
~(k) := k·x/t+w7 (k),

(3.52b)

H(k) denotes its Hessian and ( is a multiple of
depending on the properties
of the Hessian; see also Ref. [78].
If {l = 0 in (3.34), then for fixed x and t ___. oo, a
point k 0 of ~(k)
occurs when

~~(k) =
Dk:j

}J.···l

tanhlkl + lkl(l- tanh 2 lkl) ki
2 Jlkltanh lkl
lkl

=

v(Ll)
J

j=l, ... ,d-1.
'

Without loss of generality, we assume that v(o) is scaled such that lv(Cl) I = l. A
necessary and sufficient condition for a stationary point to exist is
= 1,
with
) ·= (tanh lkl + lkl(l- tanh 2 lkl)) 2
A(
·
4lkltanh lkl

One can show that A(lkl) is a bijection from IR+ to (0, 1].

a stationary
exists iff}!.· :::=; 1, i.e., for subcritical flows. This stationary point corresponds
to a wave of which the group velocity (see, e.g., [46, 78]) equals the flow--velocity.
Consequently, the energy associated with this wave remains at a fixed position
and decays only due to dispersion.
By (;L52a), at subcritical Fronde numbers the asymptotic
of the wave groups in (3.43) in JRrl is O(t(l-rl)/ 2 ) as t -> oo. In
, the
wave groups attenuate as 1//t in IR 2 and as 1/t in IR 1 . At supercriticaJ Fronde
a
point of ~ (k) does not exist and the first term in
disappears. The wave groups then vanish exponentially as t -> oo.

3.4.4

Free-Surface Boundary layer

A particular feature of viscous free-surface flows is the boundary
that is
present in the vicinity of the free surface. The boundary layer of a surface gravity
wave (3.39) is contained in the viscous contribution (3.39d). From (3.39d) it follows
that the typical structure of the free-surface boundary
rs
cosh (aJ(l + xr~))
sinh a.i
and

sinh ( a 1 (1 + :rr~))
sinh a7

for the horizontal and vertical
components,
does not exhibit a free surface boundary layer.

(3.55b)
The pressure
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Figure 3.5 plots the modulus of (3.55a) versus the vertical coordinate for
several values of f-L· The modulus of (3.55b) behaves similarly. The setting of the
remaining parameters is Fr = v'tanh 1, k1 = 1 and k 2 = 0. In the absence of
viscosity, this setting corresponds to a steady surface gravity wave with d = 2;
cf. (3.49). To create Fig. 3.5, for each value of f-L we extracted the n closest to
-i from (3.33) and, subsequently, we obtained the corresponding a from (3.28b).
The free-surface boundary layer structure is apparent in Figure 3.5 .

...., 0.8
b

..<::
;::
"Ul
---..__

_......._
~

""' 0.6
f-l

+

...,

'-"'
.

b
'::;;' 0.4
rn
0

u

0.2

oL-~~~~~~~~~~~==~~~~~~~~~~~~

-1

-0.8

-0.6

-0.4

0

-0.2

Figure 3.5: Structure of the free-surface boundary layer according to (3.55a)
for J-t = 10-1,10- 2,10- 3 ,10- 4 , with Fr = Jtanh 1, k 1 = 1 and k2 = 0.

The free-surface boundary layer is weak in the sense that the boundary layer
vanishes as J-L --+ 0. From (3.33) it follows that

nj

=

O(l),

(3.56)

The definition (3.28b) then implies
aj

= 0(1/ y/i) ,

(3.57)

Hence, by (3.39), the viscous contribution to the horizontal velocity is O(y'ii) and
the viscous contribution to the vertical velocity is only O(p). This result is consistent with the statement in [6] that the velocity deviation through the free-surface
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boundary layer is 0 ( 1/ VRe). The above implies that the free-surface boundary
layer indeed vanishes as p --+ 0. In contrast, the deviation of the horizontal and
vertical velocities through the boundary layer near a rigid no-slip boundary is 0( 1)
and 0( ,jii), respectively; see, e.g., Ref. [39]. Hence, the boundary layer near a
rigid no-slip boundary persists as p --+ 0.

Chapter 4

Efficient Numerical Solution of
Free-Surface Navier-Stokes Flows

4.1

Introduction

The numerical solution of flows that are partially bounded by a freely moving
boundary is of great importance in ship hydrodynamics [3, 13, 18, 47], hydraulics,
and many other practical applications, such as coating technology [54, 55]. In
ship hydrodynamics, an important area of application is the prediction of the
wave pattern that is generated by the ship at forward speed in still water. This
wave generation is responsible for a substantial part of the ship's resistance and,
therefore, it should be minimized
a proper hull form design. Computational
methods play an important role in this design process. Most computational tools
that are currently in use for solving gravity subjected free-surface fiows around
a surface-piercing body rely on a potential flow approximation. Present developments primarily concern the solution of the free-surface Navier Stokes (or RANS)
flow problem.
For time-dependent free-surface flows, generally there is no essential differ··
ence in the treatment of the free surface between numerical methods for potential
flow or Navier-Stokes flow. Typically, the solution of the flow equations and
the adaptation of the free boundary are separated. Each time step begins with
computing the flow field with the dynamic conditions imposed at the free surface.
Next, the free surface is adjusted through the kinematic condition, using the newly
computed velocity field.
For Bteadu free-surface flows, however, such a conformity of approaches for
viscous and inviscid flow cannot be observed. For instance in ship hydrodynamics,
whereas dedicated techniques have been developed for solving the free-surface potential How problems (see, e.g., Ref. [52]), methods for Navier Stokes flow usually
continue the aforementioned transient process until a steady state is reached (see,
e.g., Reft:>.
13]). However, this time-integration method is often computation-
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inefficient. In general, the convergence to steady state is retarded by slowly
transient surface gravity wavct;. l\Ioreover, the separate treatrnent of
the fiow equations and the kinematic condition yields a re8triction on the allowable time-step. Due to the specific transient behavior of free-surface flows and the
time-step restriction, the performance of the time-integration method deteriorates
rapidly vvith decreasing mesh width. In practical computations, tens of thousands of time
are often required, rendering the
approach
prohibitively expensive in actual design processes.
the efficiency of timeSeveral approaches have been suggested to
integration methods, e.g., pseudo-time integration aud quasi-steady methods; sec
Ref;;;. [18,
It appears that these approaches indeed improve the elJ.lucl:l.tc;
but do not
improve the asymptotic convergence behavior of the timeintegration method.
Alternative solution methods for steady free-surface Navier Stokes fiow exist, but they have not been widely applied in the field of ship hydrodynamics. In
the field of coating techllology successive approximation techniques are ofteu employed, in particular, kinematic iteration and
iteration [55]. Kinematic
iteration imposes the dynamic conditions at the free surface aud uses the kinematic
condition to displace the boundary. Dynamic iteration imposes the kinematic and
the tangential dynarnic conditions at the free surface and uf3es the normal dynamic
condition to adjust the boundary position. However, the convergeuce behavior of
both iteration schemes depends sensitively on parameters in the problem; sec,
e.g., Refs.
61]. A method that avoids the deficiencies of the aforementioned
iterative methods, is ::Jewton iteration of the full equation set
. The positions
of the (free-surface) grid nodes are then added as additional unknowns and all
equations, including the free-surface conditions, are solved simultaneously. An obto this method is that simultaneous treatment of all equations il3 infeasible
for problems with many unknowns, such as three-dimensional
and problerns requiring sharp resolution of boundary layers. Finally, the free-snrface fiow
problem can be reformulated into an optimal shape design problem, which can then
in principle be solved cfliciently by the adjoint optimization method. A problem
with thi8 approach is its complexity: although much progress has been made in
the formulation of adjoint equations for problems from fluid
including
the N avier-Stokes equations [22], setting up the adjoint method remains involved.
efliciency is only obtained if proper preconditioning is applied [67, G9],
and coustrncting the prcconditioner for the free-surface l'\avicr Stokes flow problem is intricate.
The current work presents an iterative method for efficiently solving
free-surface Navicr Stokes flow problems. Although our interest is the previously
outlined ship hydrodynamics application, it is anticipated that the method is
abo applicable to other
dominated steady viscous free-surface flows at
high
numbers, such a.s occur, for instance, in hydraulics. Tbe proposed
method is
to the method for solving
free-surface
flow
in [52]. The method
solves the
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Stokes equations with a so-called quatii free-surface condition imposed at the free
::mrface, and adjusts the free surface using the computed solution. The quas1
free-surface condition ensures that the disturbance induced
the
displacement of the boundary is negligible. Each surface adjustment then
an
improved approximation to the actual free-boundary position.
The contents of this chapter are organized as follows: In Section 4.2 the
equations governing incompressible, viscous free-surface flow are stated and the
quasi free-surface condition is derived. Section 4.3 proves that the usual timeintegration approach is generally unsuitable for solving steady free-surface flows.
Section 4.4 outlines the iterative solution method and examines its convergence
behavior. Numerical experiments and results for a two-dimensional test case arc
presented in Section 4.5. The application to actual ship wave computations is in
progress and will be reported in a sequel. Section 4.6 contains concluding rernarks.

2
4.2.1

Incompressible Viscous Flow

An incompressible, viscous Huid How, subject to a constant gravitational force
is considered. Although only steady solutions are of
for the purpose of
analysis the equations are considered in time-dependent form.
The Huid occupies an open, time-dependent domain V 11 c JRd (d = 2, 3),
which is enclosed
the free boundary, s,}l and a fixed boundary, av,, \ s,,.
Positions in JRd arc identified
their horizontal coordinates (x 1 , ... , :r;d-d and a
vertical coordinate y, with respect to the Cartesian base vectors e 1 , ... , ed-I and
j,
The origin is located in the undisturbed free surface S 0 , and the
gravitational acceleration, g, acts in the negative vertical direction. We consider
free surfaces that can be represented by a so-called height function., i.e., S'l =
{ ·r1( x, t))}. The height function r7 is assumed to be a smooth function of the
horizontal coordinates and time. See Figure 4.1 on the following page for an
illustration.
The distinguishing parameters of the viscous free-surface flow problem are
the Fronde number, Fr := U/,f'if., and the Reynolds number, Re :=
with
U an appropriate reference velocity, g the gravitational acceleration, f! a reference
length and J1 the dynamic viscosity of the fluid. The Huid density pis assumed to be
constant. The state of the flow is then characterized by the (non-dimensionalizecl)
fluid
v(x, y, t) and pressure
y, t). Incompressibility of the fluid implies
that the velocity field is solenoidal:
divv=O,

y) E V'7, I> 0.

(4.

Con10ervation of momentum in the fluid is described by the Navicr Stokes equatious. The pressure is separated into a hydrodynarnic component tp and a hydrostatic contribution as
y, t) =
y, t)- Fr- 2 y. Because the
of the
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j
e.i.

'

'
'

\

av,l \

Figure 4.1: Schematic illustration of the free-surface flow problem.

hydrostatic pressure and the gravitational force canceL the Navier -Stokes equations for a gravity subjected incompressible fluid reacl:
iJv

fii + divvv +

- divr(v)

= 0,

(x,y) E V,1,t > 0,

(4.

where r(v) is the viscous stress tensor for an incompressible Newtonian fiuid:
r(v) := Re- 1 ((Vv)

+ (Vv)l}

( 4. lc)

Our primary interest is in turbulent flows. We consider the Reynolds A veraged Navier-Stokes (RANS) equations, supplemented with a turbulence model
that is based on eddy viscosity. For our purpose, the RANS equations are essentially the same as the Navier-Stokes equations, with the important difference that
the RANS equations have steady solutions even at the envisaged high Reynolds
numbers.

4.2.2

Free-Surface Conditions

Free-surface flows are essentially two-fluid flows. of which the properties of the
contiguous bulk fluids are such that their mutual interaction at the interface can
be ignored. For an elaborate discussion of two-fiuid flows, sec, e.g., Refs.
58].
The free-surface conditions follow from the general interface conditions and the
assumptions that both density and viscosity of the adjacent fluid vanish at the
interface and, furthermore, that the interface is impermeable. Here it will moreover
be assumed that interfacial stresses can be
which is a valid
in
the practical applications envisaged.
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On the free surface, the fluid satisfies a kinematic condition and d dynamic
conditions. Impermeability of the free surface is expressed by the kinematic condition
OTJ
.
(4.2a)
at + v · V(r1- y) = 0,
Supposed that the viscous contribution to the normal stress at the free surface is
negligible, continuity of stresses at the interface requires that the pressure vanishes
at the free surface. This results in the normal dynamic condition
if - Fr- 2 17 = 0,

(x, y) E Sry, t > 0.

(4.2b)

The requirement that the tangential stress components vanish at the free surface
is expressed by the d - 1 tangential dynamic conditions
(4.2c)

Here, t' (i = 1, ... , d- 1) are orthogonal unit tangent vectors to Sr1 and n denotes
the unit normal vector to Sry.
One may note that the number of free-surface conditions for the viscous freesurface flow problem is d + 1. The incompressible Navier Stokes equations in JR:.d
require d boundary conditions. Hence, the number of free-surface conditions is
indeed one more than the number of required boundary conditions.

Free-Surface
A fundamental problem in analyzing and computing free-surface flow problems, is
the interdependence of the state variables v, p and their spatial domain of definition through the free-surface conditions. This problem can be avoided
deriving
a condition that holds to good approximation on a fixed boundary in the neighborhood of the actual free boundary. We refer to such a condition as a quasi free·swface condit·ion, because the qualitative solution behavior of the initial boundary
value problem with this condition imposed is similar to that of the free-boundary
problem, but the boundary does not actually move. A suitable quasi free-surface
condition for the free-surface Navier-Stokes flow problem is derived below.
Let 8 17 denote the actual free surface, as defined before. In a similar manner,
a nearby fixed boundary Se := { (x, e(x))} is introduced, with e(x) a smooth
function on 5 0 . We require that Se is close to the actual free surface in such a
manner that
( 4.3)
J(x, t) := IJ(X, t)- e(x),
is small and sufficiently smooth. In particula.r, for all t > 0, 5 rnust satisfy ll5llse +
IIVbllse + ll5tlls8 :::_: E, for some E « 1. Here II· llsr, is a suitable norm on the
approximate boundary. Assuming that p and v can be extended smoothly beyond
the boundary Se, Taylor expansion in the neighborhood of Se yields for p and v
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at the actual free surface,

+ o(x, t) j. Vp(x, e(x), t) + 0(E 2 ),
v(x, ry(x, t), t) = v(x, e(x), t) + o(x, t) j. Vv(x, e(x), t) + 0(E 2 ),
p(x, 1J(X, t), t)

=

p(x, e(x), t)

(4.4a)
(4.4b)

The normal dynamic condition (4.2b) demands that the left-hand side of (4.4a)
vanishes. Hence, the elevation of the free surface can be expressed in terms of the
pressure and its gradient at the approximate surface:

p(x, B(x), t)
( B( ) )
p X, X, t

ry(x, t) = e(x)- .. v
J

+0

(

2)
E

.

( 4.5)

To obtain an 0(E 2 ) accurate quasi free-surface condition, i.e., an 0(E 2 ) approximation of the conditions at Se, v and rJ in the kinematic condition (4.2a) can
be replaced by (4.4b) and (4.5), respectively. The resulting condition is, however,
intractable. Instead, two additional assumptions concerning v and p are introduced to obtain a convenient quasi free-surface condition. The first assumption is
that the vertical derivative of the pressure is dominated by the hydrostatic component, -Fr- 2 . Generally, this assumption is valid for waves of moderate steepness.
Specifically, we suppose that a constant ap « 1 exists such that for all t > 0,

(4.6)
The second assumption is that the vertical derivative of v is small, in such a
manner that a constant av « 1 exists with the property that for all t > 0,
(4.7)
Under this assumption, the velocity at the actual free boundary, v(x, ry(x, t), t),
can be accurately approximated by the velocity at the fixed boundary, v(x, e(x), t).
By (4.4b), the error in the approximation is only O(Eav)· In [6] it is shown that
the velocity-deviation through the free-surface boundary layer is proportional to
the surface curvature and 1/VRe. Moreover, av in (4.7) increases with the wave
steepness. Therefore, the assumption av « 1 is valid if the steepness and curvature
of the free-surface waves are moderate and if Re is sufficiently large.
Under the above assumptions a convenient quasi free-surface condition can
be derived. Substitution of the hydrostatic approximation of the pressure gradient
in (4.5) yields
ry(x, t) = e(x)-

p(~, B(x), t) = e(x)
-Fr- (1 + O(ap))

+ Fr 2 p(x, e(x), t)(1 + O(ap)).

(4.8)

The dynamic condition (4.2b) and (4.4a) imply that p = O(E) on Se. Hence,
ignoring terms 0 (E2 , w P), the free-surface elevation is related to the hydrodynamic
pressure at the approximate boundary by
ry(x, t) = e(x)

+ Fr 2 p(x, (}(x), t)

= Fr 2 cp(x, e(x), t).

(4.9)
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Governing Equations

To transfer the kinematic condition (4.2a) to the approximate surface Se, 17 is
replaced by (4.9) and von S,1 is replaced by von S 0 . The error thus introduced
is only 0( E2 , Eap, Eav). Special care is required in expressing the gradient of 7J,
because
relates '1/ to zp on the curvilinear snrfacc So:

-. = Fr·2 ( 8zp + 8zp 8() ) = Fr2
8x

rlx

8y 8x

(v co' + 8zp
( 88 8y 8x

) .

It then follows that
at + v · V (r7 - y)

=

Fr 2

(

~~

+ v. V ( zp - Fr - 2

y)) +

( 8e
·)
2
Fr 2 -azp
8 y v· -8 X -J +O(E ,wp,

= 0.

11)

Using the kinematic condition (4.2a) and definition (4.3), the second term on the
right-hand side of
11) can be recast into
?

8zp

.

Fr--. v· V(B- y)
~

.., 2 8zp

-

= Fr - v · V(17- ri- y)
~

=

2

8zp

-Fr -(v· Vo + r\"1)
~

(4.12)

o,

By virtue of the smoothness of the term in parenthesis is just O(E) and (4.12)
is only O(wp)· The second term on the right-hand side of
11) can therefore be
ignored. Hence, it follows that

azp
2
Dt +v·V(zp-Fr·- y)=O,

13)

approximates the conditions at the boundary Se to 0(E 2 ,wp,wv)· This implies
that (4.13) is a quasi free-surface condition on any fixed boundary that is sufficiently close to the actual free surface, provided that (4.6) and
are fulfilled.
One may note that (4.13) is exactly satisfied at the actual free surface.
Therefore, the quasi free-surface condition can replace either the kinematic condi-·
tion (4.2a.) or the normal dynamic condition in the formulation of the free--surface
conditions in §4.2.2.
The importance of the quasi free-surface condition is that the quasi freesurface flow solution, i.e., the solution of the NavierStokcs equations with (4.13)
and
imposed at a fixed boundary in the neighborhood of the actual free
surface, is an accurate approximation to the actual free-surface flow solution. Because the tangential dynamic conditions are largely irrelevant to the shape of the
free surface (see Ref. [6]), it is anticipated that the change in the solution clue to
imposing (4.2c) at Se instead of S,1 is negligible. In that case, if (4.13) holds at Se,
then the free surface conditions (4.2b) and (4.2a) are satisfied to 0( t: 2 , Errp, Wv) at
the bounda.ry
{(x,Fr 2 zp(x,R(x,t)))}.
(4.
Therefore, the solution of the quasi free-surface flow problem is an 0( f 2 ,
approximation to the solution of the free-surface flow problem. Moreover,

Wv)
14)
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is an equally accurate approximation of the actual free-surface position. One may
note that (4.14) just uses the normal dynamic condition to determine the position
of the free surface.

4.3

Time Integration Methods

The most widely applied iterative method for solving gravity dominated
free-surface Navier--Stokes flow is alternating time integration of the kinematic
condition, and the Navier--Stokes equations subject to the dynamic conditions,
until steady state is reached. This section examines the computational complexity
of this time-integration method, i.e., the number of operations per grid point
expended in the solution process.
The computational complexity of the time-integration method depends on
the physical time that is required to reduce transient wave components in the
initial estimate to the level of other errors in the numerical solution. The transient behavior of HUrface gravity waves therefore playf:> an essential part in the
complexity analysis. This transient behavior is discussed in detail in Chapter 3.
Sections 4.3.1 and 4.3.2 below smnmarize the main results. The implications on
the computational complexity is examined in Section 4.3.3.

1
\Ve consider the specific case of a small amplitude disturbance of a uniform horizontal flow on a domain V c JRd of infinite horizontal extent and unit vertical
extent. The domain is bounded by the undisturbed free surface S 0 := { (x, 0)}
and a rigid impermeable free-slip bottom B := { (x, -1)}. The uniform fiow velocity is v(o) := (v)0 l, ... , v~~ 1 , 0), with lv(O) I = 1. The above implies that the
undisturbed fluid-depth and flow velocity are designated as reference length and
velocity, respectively.
Suppose that a disturbance is generated in the flow, such that for all t > 0
the resulting surface elevation satisfies lli7llso + llvrJIIsn + llr!tllso ::; E, for some
positive E. VVe assume that the corresponding perturbed free-surface flow solution
can be written as

y,t;t)=

(v(ll) (x,:y,t)+0(E
(v(O))
+c
0
if?(l)

2 ),

asc-dl.

From §4.2.3 it follows that the solution of the quasi free-surface tlow problem on V
is an 0( E2 , fO"p, EO" v) approximation of the actual free-surface flow, with a P and a v
defined by (4.6) and (4.7), respectively. However, (4.15) implies that O"p and O"v are
of 0( E). Hence, the quasi free-surface flow solution on V iR an 0( E2 ) approximation
to the actual free-surface flow solution. Consequently, for sufficiently small and
smooth perturbations the results on the behavior of the quasi free-snrface fiow
solution apply immediately to the behavior of the actual free-surface flow solution.
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Suppose that the disturbance can be written as a linear combination of horizontal Fourier modes exp(ik·x + iwt), with k E JFtd-l the wave number of the
Fourier mode and w its radian frequency. Because the perturbed quasi free-surface
flow problem is linear to O(t 2 ), it suffices to consider a single mode. If the following
Fourier mode is inserted for the perturbations in (4.15),
ik1 cosh(lkl (1 + y))

v~~ 1

(x,y,t)

=

ikd_ 1 cosh(lkl(1+y))

v~l)

exp(ik·x+iwj(k)t),

lkl sinh(lkl (1 + y))
( -1)1

<p(l)

i<I>(k) cosh(lkl (1 + y))
(4.16a)

where w1(k) is either of the two roots of the dispersion relation:
j

= 1,2,

(4.16b)

and
(4.16c)
then the corresponding v and <p comply to O(t 2 ) with the quasi free-surface flow
problem, except the tangential dynamic conditions (4.2c), which yield
ti · r(v) · n

= Re- 1 E 2 i kj lkl sinh(lkl) exp(ik · x +

iwj (k)

t) .

(4.17)

Because (4.17) is only 0( Elkl 3 /Re) as lkl -+ 0, the error is negligible for sufficiently
small k and large Re. Hence, equation (4.16a) accurately describes the behavior of
smooth free-surface waves in a uniform horizontal flow at sufficiently high Reynolds
numbers. The perturbations (4.16a) are called surface gravity waves. For an
elaborate discussion of surface gravity waves in potential flow see, e.g., Refs. [42,
46].

4.3.2

Asymptotic Temporal Behavior

The asymptotic temporal behavior of surface gravity waves is determined by the
asymptotic properties of the Fourier integral of the modes (4.16a). The behavior
of the integral transform for t -+ oo can be determined by means of the asymptotic
expansion

1

00

F(k) exp(it1P(k)) dk

( F( ko)

=

ti1P~~ko) I exp (i[t1P( ko) + i1r sign 1P" (ko)]) + 0 ( ~)) + 0( e-/3t),
(4.18)
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with (3 a positive constant, F(k) an analytic function and
a
point of
1/;(k), i.e., 1j/(k0 ) = 0. In the absence of stationary points, the bracketed term vanishes and only the exponentially attenuating term remains. The expansion ( 4.18)
requires that 1j1(k) is smooth near stationary points in the sense that the ratio
1/;"' (k:o) /11//' (k 0 ) 1:3; 2 is small; see Ref. [42]. The method of stationary phase (sometimes called method of steepest descent) can be used to prove
18): sec, e.g.,
Refs. [46, 79].
The Fourier integral of ( 4.1Ga) can be evaluated for t _, oc by introducing a suitable coordinate transformation for k and applying ( 4.
with respect to the transfonned coordinates. Denoting by cr(x, y, t) a component
in (4.1Ga) and by 8-(k, y) its Fourier transform, one obtains

cr(x, y, t)

&(k 0 , 11) (27T jt) (d-l)/ 2 ( det H(k 0 )) -l/ 2 exp(it1j;(k0 )

=

+ i() +

),

(4.19a)
as t -> oc. In (4.19a) we have ignored O(td/"2) contributions of the stationary
points. The phase function 1/J(k) is defined as
1/J(k) := k · xjt

+ Wn(k)

H(k) denotes its Hessian and ( is a multiple of
and (4.
of the Hessian; see also [78]. By ( 4.
stationary point k 0 of
occurs when

[i<J'>(k)

-··-·-- =

8kj

.-l

Fr

tanh lkl

+ lkl(l- tanh 2 lkl) -k:j

2 Jlkitanh lkl

lkl

19b)

,

depending on the properties
, for fixed x and t _, oc, a

(OJ

= v.

J

j=l. ... ,d-1. (4.20)
'

Assuming that v(O) iro rocaled such that lvUl! I = 1, a sufficient and necessary
condition for a stationary point to exist is Fr- 2 A(lkl) = 1, with
A(lkl) := (tanh lkl

+ lkl(l- tanh 2 lkl)) 2
4lkitanh lkl

One can show that A(lkl) is a bijection from JR.+ to (0, 1]. Therefore, a single
stationary point exists iff Fr :::; 1, i.e., for subcritical flows. This stationary point
corresponds to a wave of which the group velocity (see, e.g., Refs. [46, 78]) equals
the flow-velocity. Consequently, the energy associated with this \vave remains at
a fixed position and decays only due to dispersion.
By ( 4.1 9a), at subcritical Fronde numbers the asymptotic temporal behavior
of the surface gravity waves (4.16) in JR.d is O(t(l-d)/ 2 ) as t __, oc. In particular,
surface gravity waves attenuate as 1/ Vi in JR:2 and as 1/t; in JR 3 . At supercritical
Fronde numbers, a stationary point of lj;(k) does not exist and the first term
in ( 4.19a) vanishes. The surface gravity waves then decay exponentially as t _, oc.

If the
is to solve a steady free-surface flow problem
the time-integration
method, then the asymptotic temporal behavior of surface
waves can be
used to estimate the asymptotic computational complexity of the method.
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Spatial discrethmtion of the incmnpressible Navier--Stokes equations with appropriate boundary conditions on fixed boundarietJ and the free-surfctce conditions
on the free boundary yields a discrete operator J..,h : Ah c---+ Bh, with Ah denoting
the space of grid functions on a grid with characteristic mesh width h. The operator
is assumed to be stable and pth order cowsistent, i.e., the discretization
<TTOT, Eh, is O(hP) ash c---+ 0.
Numerical time integration of the spatially discretizecl free-surface i1ow problem yields a sequence qh E Ah, n = 0, 1, 2, .... The grid-function qi; is a restriction
of initial conditions to the grid. Assuming the time step in the time--integration
method, T, to be constant, q}: approximates the solution of the free-surface flow
problem at time t = rn. Snppo,;e that the discretized free-surface flow problem
has a unique solution
E Ah, and that the sequence q/; indeed approaches q/;
as nT -> ex::. The evaluation error is defined by
(4.22)

U the aim is to approximate the solution of the steady free-surface flow problem, it is sufficient to reduce the evaluation error to the level of the discretization
error. J:<'nrther reduction does not yield an ec-;sential improvement in the approximation of the continuum solution anyway. By ( 4.19a), the asymptotic behavior of
the evaluatiou error at subcritical Fronde numbers is

= O((m)(l-cl)/2),

as

nT c---+

oo.

For an example of this convergence behavior in actual computations, sec the nunwrical
on fine grids in [75]. From (4.23) it follows that
::; Eh

n

=

O(h 2P/(l--J)r- 1 ),

ash

c---+

0.

( 4.24)

Equatiou (4.24) implies an increase of the number of time-steps to reach
state within the required tolerance. This is particularly manifest for high-order
discretizations (large p) and low spatial dimension (d = 2).
An additional complication is that usually the allowable time-step decreases
with h. Time integration of free-surface flow problems typically
in two
alternating steps:
the iucompressible N a vier Stokes
namic conditions at the free surface and appropriate
fixed boundaries.

(T2)

to the
conditions at

the kinematic condition to adjust the free-surface position, using
the solution from (Tl).

Due to this separate treatment and the hyperbolic character of the kinematic
condition, stability of the numerical time-integration method
that the
time step complies with a CFL-condition, T ex h.
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Summarizing, equation (4.24) and the CFL-condition impl,y that the number
of time steps required to reach 1" ::::; Eh is O(h-(1+ 2 P/(d-l)l). Assuming that the
computational complexity of the time-integration method is proportional to the
number of time steps, at subcritical Froude numbers the computational complexity
IS

W

=

O(h-(1+2p/(d-1Jl),

ash-+ 0.

(4.25)

Equation (4.25) implies a severe increase in the computational expenses as h decreases. For example, in the typical case of a 2-nd order discretization of the
three-dimensional problem, if the mesh-width is
the required computational work per gTid point increases by a factor of 8.

4.4

Efficient Solution of Steady Free-Surface Flows

From Section 4.3 it is evident that the usual time-integration approach is inappropriate for solving steady free-surface flows at subcritical Fronde numbers. In
this section we present an efficient iterative solution method for gravity subjected
steady free-surface flows. The method is outlined in Sect. 4.4.1. The convergence properties of the method and its computational complexity are examined in
Sects. 4.4.2 and 4.4.3.

1
From the results in §4.2.3, it follows that an accurate approximation to the freesurface flow and to the free-surface position can be obtained by the following
operations:

(Il) For a given iuitial boundary S, solve (v, tp) from
divvv

+ Vtp- divr(v)

= 0}
divv=O '

(x,y)E

B(v,p) = b(x, y),
ti ·r(v)

·11 =

0}

- Fr- 2 j · v = 0

V·

'

:v)

E

av \ s,

(4.26b)

y)

E

S,

(4.26c)

where ( 4.26b) represents boundary conditions on the fixed boundary.
(I2) Use the solution of (Il) to adjust the boundary S to

{

y+

y)) :

y) E

S} .

( 4.27)

Note the appearance of the quasi free-surface condition in its
form in (4.26c).
The modified boundary approximates the actual free surface more
than
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the initial boundary, provided that the conditions discussed in
arc fulfilled.
Hence, it is anticipated that the solution to the free-surface flow problem can be
obtained by iterating the operations (Il) and (I2).
If S is the actual free surface, then the normal dynamic condition is sa.tisfied,
i.e., p vanishes on S. In that case, n II Vp, and (4.26c) implies that the solution
of (4.26) complies with the kinematic condition and the tangential dynamic conditions. Hence, operation (Il) then yields the free-surface flmv. Moreover, the
normal dynamic condition ensures that the surface adjustment in (12) vanisheH,
so that the solution of the free-surface flow problem is indeed a fixed point of the
iteration.
It is important to notice the absence of time-dependent terms in (Il) and (12).
Therefore, the slow decay of transient waves described in Section 4.3 is irrelevant
to the convergence of the iterative process. The actual convergence properties
of (Il)-(I2) are examined below.

Convergence
The convergence behavior of the iterative method (Il)-(I2) can be conveniently
examined
rephrasing the free-surface flow problem as an optimal shape design
problem. A general characteristic of free-boundary problems is that the number
of free-boundary conditions is one more than the number of boundary conditions
required by the governing boundary-value problem. A free-boundary problem can
therefore be reformulated into the equivalent optimal shape design problem of
finding the boundary that minimizes a norm of the residual of one of the freesurface conditions, subject to the boundary-value problem with the remaining
free-surface conditions imposed.
To obtain an optimal shape design formulation of the steady free-surface flow
problem, the cost functional E is defined by

E(S, (v,p))

:=

f

.fs

y)l dS .

(4.28)

Assuming that (4. 26) is well posed for all surfaces S in a space of admissi hle
boundaries 0, and that 0 contains the actual free-surface, the free-surface fiow
problem is equivalent with the optimal shape design problem
min

SEO

{E(S,

p)) : (v,p) satisfies (4.26)}.

Notice that (4.29) is in fact a constrained optimization problem, with the boundary
value problem (4.26) acting as a constraint on (v,p).
The optimal shape design formulation of the free-surface flow problem al-lows convenient assessment of the convergence properties of the iterative method
(Il)-(12). Each iteration adjusts the approximation to the free-surface position.
Convergence of the iterative method is ensured if each surface adjustment yields a
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reduction of the cost functional (4.28). Moreover, the reduction of the cost functional between successive iterations is a measure of the efficiency of the method.
To determine the effect of a surface adjustment, consider the boundary S
and the modified boundar.v

Sw := {(x,y) + f<:t(x,y)j: (x,y)

E

(4.30)

S},

for a f:lUitably smooth function a independent of E on S. The modified boundary
i::; the boundary of a domain Vu,, which approaches V a::; e ---> 0. Following; [51],
V and Vw are embedded in a bounded set E ancl it is assumed that for all V C E
with S E 0, a solution of (4.26) can be extended smoothly
the boundary,
so that (v,p) is well defined everywhere in£.
The displacement of the boundary from S to Sw induces a disturbance in the
solution of (4.26). Denoting by (v,
the solution of (4.26) on Vw, the ind'uced
dishtTbance is defined
(4.31)
Taylor expansion of the cost functional then
as

E(S,.",

E --->

0.

In (4.32), the function J.i·a : S >-+ JFI1. accounts for the change in the surface area
from dS to dSw. Ignoring terms 0(E 2 ), the 1nodified boundary
improve" on
S if a positive constant ( < 1 exists such that
( 4.33)

If
holds for some ( < 1, then the modification of the boundary from S
to Sw yields a reduction of the cost functional. The smallest positive constant
that satisfies (4.33) is called the contraction numbe-r. Clearly, a small contraction
number implies a successful surface modification.
Operation (I2) in the iterative procedure gives a correction of the boundary
position Ea = Fr 2p. In that case, the value of the co::;t functional corresponding to
the modified surface is bounded by

·Vpj(l+E~tn)dS+

E

Hence, the contraction number ( of the iterative process
r'

<

"

-

(J p

dS
, jEp'.j
· "
+ 0(

+ JS

./~

IPI dS

)
E

'

{

.is

jdS

(4.34)

is bounded
(4.35)

with CJp defined
(4.6). From (4.35) it follows that if E and CJ P arc indeed small.
then the induced disturbance determines the convergence behavior of the iterative
method.
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To establish convergence of (Il)-(12), it remains to show that the induced
disturbance p;, is indeed small. Sec. 4.2.3 shows that the quasi free-surface ccmdition
13) approximates the conditions at a fixed boundary in the neighborhood of
the free surface to O(c 2 ,wp,wv)· Hence, displacing this condition from S to
yields no greater disturbance than that. In [6] it is shown that the
namic conditions are largely irrelevant to the shape of the free surface. Conversely,
the induced disturbance due to enforcing the tangential
conditions at S
instead of Sw can be neglected. Therefore, the contraction number of the method
(II )-(12) is estimated
(4.36)

Eq. (4.36) provides an upper bound for the contraction number of the method
(12). One may note that if the approximate boundary is sufficiently close to the
actual free surface (e small), then (4.36) depends on properties of the continuum
solution
Therefore, if the free-surface fiow problem is solved numerically, the
behavior of the iterative method is asymptotically independent of the mesh width.
The iteration must be continued until the pressure defect at the free surface (4.28) has been reduced to the level of the spatial discretization error. Further reduction does not essentially improve the approximation of the continnnm
solution anyway. Each iteration rcch1ccs the pressure defect at the free-surface by
a factor ( Therefore, the munber of iteratious n must

where p denotes the order of consistency of the spatial discretization. This implies
that n = O(p log h/log (). Assuming that the computational complexity of the
iterative method is proportional to the number of iterations, the following estimate
of the computational complexity is obtained:
Hl = O(log h) .

(4.38)

Hence, the efficiency of the method (Il)-(12) decays only moderately ash decreases.
To eliminate the remaining weak h-clependence of the
complexity, nested itemtion can be used. Generally, an iterative solution method is
used to solve the boundary value problem ( 4.26) in step (Il) of the algorithm. The
nesting involves the use of the solution from the prcvions iteration as an initial
estimate for the solution process. Because this initial estimate becomes increasingly accurate, the cost of performing (Il) reduces as the iteration progresses. In
particular, assuming that the cost of solving ( 4.26) is proportional to the pressure
defect at the free surface, the amount of work that is required to achieve
is
W=w-t-(w-t-

with

1

< -w
.
1( ..

initially. Observe that the
independent of the mesh width.

(4.39)
corn-
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Figure 4.2: Example of a grid used in the numerical experiments. The grid
is coarsened for illustration purposes.

4

Numerical Experiments and Results

The method is tested for subcritical flow over an obstacle in a channel of unit
depth, at Fr = 0.43 and Re = 1.5 x 105 , with the undisturbed fluid depth and the
undisturbed flow velocity at the free surface assigned as the reference length and
velocity, respectively. The ?;eometry of the obstacle is

y(x) = -1

27

+4

H

L 3- :r (:r- L) 2

,

(4.40)

with H and L the (non-dimensionalized) height and length of the obstacle, respectively. Choosing H = 0.2 and L = 2, the setup is in agreement with
. At
the bottom boundary no-slip boundary conditions are imposed. A boundary-layer
velocity profile in accordance with the experiments from [12] is imposed at the
inflow boundary.
The test case with H = 0.2 displays large amplitude waves that exhibit
typical nonlinear effects, such as sharp wave crests and wave-length reduction. In
addition, H = 0.15 is considered. This test case displays waves more in accordance
with linear wave-theory, see, e.g., Refs. [42, 46].
The experiments are performed on grids with horizontal mesh widths h =
2- 5 , 2- 6 . The number of grid cells in the vertical direction is 70 and exponential
grid stretching is applied to resolve the boundary layer at the bottom. Furthermore, the grid is coarsened towards the inflow and outflow boundaries to reduce
reflections. A typical example of a grid used in the numerical experiments is presented in Figure 4.2. The RANS equations, dosed with an eddy viscosity model
due to Cebeci and Smith [14], and the boundary conditions are discretized and
solved by the method described in [32]. After each evaluation, the grid is adapted
using vertical stretching. An initial estimate of the solution on the adapted grid
is subsequently generated by linear interpolation from the solution on the previous grid. Details of the discretization method and the setup of the numerical
experiments can be found in

4.5.
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Figure 4.3: Wave profile obtained after successive iterations (H = 0.

Figure 4.3 and Figure 4.4 show the wave profiles obtained in successive iterations for H = 0.15 and H = 0.2, respectively. The initial estimate (Oth iterate) is
just the undisturbed free surface. One may note that the first iterate already displays a qua.litatively correct wave profile. This confirms that the quasi free-surface
flow solution is an accurate approximation to the actual free-surface flow solution.
A converged solution is obtained in approximately 2 iterations for H = 0.15 and
in approximately 10 iterations for H = 0.2. Due to the decreasing computational
cost of each iteration (refer to §4.4.3), even for H = 0.2 the entire computation
is just 2 to 3 times as expensive as the corresponding fixed domain problem with
symmetry boundary conditions at the undisturbed surface.
Figure 4.5 on page 51 displays the pressure defect at the free surface after consecutive iterations. The results confirm convergence of the method. For
H = 0.15, the average contraction number is ( ~ 0.15 and the convergence behavior is indeed independent of h. After several iterations the contraction number
increases. However, this is entirely due to the fact that the quasi free-surface flow
problem (4.26) is solved only by approximation. If the tolerance on the residual
of (4.26) is reduced, i.e., if (4.26) is solved more accurately, then the original contraction number is recovered. For H = 0.20, the average contraction number is
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Figure 4.4: Wave profile obtained after successive iterations

( ~ 0.45 for h = 2-G and ( ~ 0.52 for h = 2-G. As a result of strong nonlinearity,
the
mesh width independence of the convergence behavior is in this
case not yet apparent.
A detailed investigation of the convergence behavior of time-integration methods for the test case with H = 0.20 is presented in [75]. Typically, the timeintegration method requires approximately 10 4 surface adjustmeuts to reduce the
initial error by a factor of 10. The presented method achieves this in approximately
4 iterations, for a similar setting of the numerical experiment.
Figure 4.6 on page 52 compares the computed wave elevation with measurements from [12]. In [12], a non-clirnensionalized amplitude a= 4.5 x 10- 2 ± 15%
and wave length A = 1.10 ± 10% arc reported for the trailing wave. The trailing
wave of the computed wave elevation on the grid with h = 2- 6
amplitude
a = 6.5 x 10- 2 and wave length A = 1.11. Hence, the computed wave length
agrees well with the measurements. The amplitude appears to be overestimated.
However, the difference between the amplitude of the numerical results and of
the experimental data is not unusual, see, e.g., Refs. [75,
. Observe also that
the difference in the amplitude of the first wave and the second wave is correctly

4.6.
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Figure 4.5: Pressure defect at the free surface versus the iteration number for
H = 0.15, h = T 5 (D),h = 2- 6 (o) and H = 0.20, h = T 5 (+),h =
(o).

6
The usual time-integration method for solving steady free-surface Navier Stokes
flow problems was shown to be inefficient due to the specific transient behavior of
surface gravity waves and a CFL-condition on the allowable time step.
Motivated
the demand for efficient computational methods in practical
applications, we proposed a new iterative solution method. The method alternatingly solves the steady Navier-Stokes equations with a quasi free-surface condition
imposed at the free surface, and adjusts the free surface using the computed solution and the normal dynamic condition.
Examination of the convergence properties of the iterative method revealed
that the rnethod uses the quasi free-surface condition to ensure that the disturbance induced by the displacement of the boundary is small. It was shown that
the behavior of the method is asymptotically independent of the mesh width. The
computational complexity of the iterative method deteriorates
moderately with decreasing mesh width. lVIesh width independence of the computational complexity can be achieved by means of nested iteration.
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Figure 4.6: Computed wave elevi1tion for h = 2-G (solid line) and measurements from [12] (markers only), for H = 0.20. The obstacle is located in the
interval ;T E [0, 2].

Numerical results were presented for two-dimensional flow over an obstacle
in a channel. For the presented test cases, a converged solution was obtained in
at most 10 iterations. The numerical results agree well with mea:-mrements. The
numerical experiments confirmed that the behavior of the method is asymptotically
independent of the mesh width.
We believe that the proposed method will be useful in ship hydrodynamics,
hydraulics and other fields of application in which the efficient computation of
steady free-surface flows at high Reynolds number is required.

Chapter 5

Adjoint Shape Optimization for
Free-Surface Flows

5.1

Introduction

The numerical solution of flows that are partly bounded
a free boundary is of
great importance in engineering applications, e.g., ship hydrodynamics
13, 18],
hydraulics and coating technology [54, 55]. A relevant class of free-surface flow
problems are steady free-surface flows. An example of a steady free-surface flow
is the wave pattern carried by a ship at forward speed in still water. The numerical techniques for free-surface potential flow are well developed; for an overview,
see [74]. In particular, dedicated techniques have been developed for solving the
steady free-surface potential-flow equations, e.g., Ref. [52]. In contrast, methods
for the steady free-surface Navier Stokes equations typically continue a transient
process until a steady state is reached. This time-integration method is often computationally inefficient, due to the specific transient behavior of free-surface flows;
see [11, 80]. Alternative solution methods for the steady free-surface Navier-Stokes
equations exist. However, the performance of these methods usually depends sensitively on the parameters in the problem, or their applicability is too restricted; sec,
for instance, Refs. [55, 61]. In [11], an efficient iterative algorithm was presented.
However, the implementation of the quasi free-surface condition that underlies the
efficiency of this method can be involved. Hence, the investigation of numerical
methods for the steady free-surface Navier-Stokes equations is warranted.
A general characteristic of free-boundary problems is that the number of
free-boundary conditions is one more than the number of boundary conditions
required
the governing boundary value problem. A free-boundary problem
can therefore be reformulated into the equivalent shape optimization problem of
finding the boundary that minimizes a norm of the residual of one free-boundary
condition, subject to the boundary value problem with the other free-boundary
conditions imposed.
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Optimal shape design problems can in principle be solved eHiciently by means
of the adjoint method. In recent years, rnud1 progress has been made in the development of adjoint techniques for problems from fluid dynamics. Applications
to the Navier Stokes equations include How control (see [21] and the references
therein), a posteriori error estimation and adaptivity (for instance, [7, 8]) optimal
design (e.g., Refs.
25]) and domain decomposition (cf. Ref.
). The techniques that are required to solve the optimal shape design problem associated with
steady free-surface How are readily available.
The present work investigates the suitability of the adjoint
optimization method for solving steady free-surface fiow problems. Our
interest
is in the steady free-surface Navicr Stokes
However, because inviscid,
irrotational flow adequately describes the prominent features of free-surface flow
and to avoid the excessive complexity of the Navier Stokes equations, we base our
investigation on the free-surface potential-How equations. It is anticipated that
the adjoint shape optimization method is equally applicable to the free-surface
Navier-Stokes equations, although the spccificc; of the method are much more involved in that case. Our investigation serves as an indication of the properties of
the adjoint shape optimization method for
free-surface How problernc;.
The contents of this chapter are organized as follows: In Section .5.2 the
equations governing
free-surface potential flow and the associated design
problem are stated. Section 5.3 formulates the adjoint equations and sets up the
adjoint optimization method. Section 5.4 presents an analysis of the properties of
the optimization problem and the behavior of the adjoint method, using Fourier
techniques from [69]. Motivated
the results of the Fourier analysis, we describe
a preconditioning for the optimization problem in Section 5.5. Numerical experiments and results arc presented in Section 5.6. Section 5. 7 contains concluding
remarks.

5.2
\Ve consider an incompressible, inviscid fluid fiow, subject to a constant gravitational force, acting in the negative vertical direction. The fluid occupies a domain
V C IP&.d (d = 2, 3) which is bounded
a free boundary, S, and a fixed boundary
aV \ S. The fixed boundary can be subdivided in an inHow boundary, an outflow
boundary and a rigid, impermeable boundary.

5.2.1

Governing Equations

The (non-dimensionalized) fluid velocity and pressure arc identified
p(x), respectively. Assuming that the velocity-field is irrotational. a
tential ¢(x) exists such that v =
Enforcing incompressibility then
the
is governed
Laplace's equation,
=

0.

X

E:: V.

and
pothat

l)

5.2.
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Problem Statement

Assuming that IV ¢1 = 1 at the inflow boundary, Bernoulli's equation relates the
pressure to the velocity potential

with Xct the vertical coordinate and Fr the Fronde number, defined by Fr :=
,fiji
with V an appropriate reference velocity, g the gravitational acceleration and L a
reference length.
The free-surface conditions prescribe that the free surface is impermeable
and that the pressure vanishes at the free surface:
n· V¢ = 0,
p

=

0,

XES,
XES,

(5.3b)

with n(x) the unit normal vector to S. Conditions (5.3a) and (5.3b) are referred
to as the kinematic condition and the dynamic condition, respectively. A single
appropriate boundary condition must be specified at the fixed boundary. We
assume that this condition is of the form
an·

+bq)=c,

X

E 8V\S,

(5.4)

for certain functions a, b, c : 8V \ S ~--+ R
The steady free-surface fiow problem under consideration is the problem of
finding S and q) such that q) satisfies (5.1)-(5.4). However, this problem is not
necessarily well posed. Firstly, solutions can be non-unique due to the occurrence
of arbitrary non-physical upstream waves. To remove these waves, a radiation
condition must be imposed; cf., for instance, [42, 46, 65]. In numerical computations, this radiation condition can be conveniently enforced by introducing artificial damping (see Section 5.6) or by selecting a suitable discretization (see, e.g.,
Ref. [52]). Secondly, a steady solution can be nonexistent, in the sense that the
transient problem underlying (5.1)-(5.4) does not approach a steady state as time
progresses ad infinitum; see, for instance, Ref. [80].

Design
One may note that the number of free-surface conditions
is one more than
the number of boundary conditions required by (5.1). The free-boundary problem
can therefore be reformulated into the equivalent optimal shape design problem
of finding the boundary that minimizes a norm of the residual of one of the freesurface conditions, subject to the boundary value problem with the remaining
free-surface conditions imposed.
To obtain an optimal shape design formulation of the steady free-surface fiow
problem, the cost .functional E is defined
(5.5)
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and the constraint C is defined by the boundary value problem
and
!:::..cb = 0
X E V.
{
C(S,¢):=
n·V¢=0:
XES'
an·V¢+bcjJ=c.
x E 8V \ S.

1), (5.3a)

Note that the cost functional is a norm of the residual of the dynamic condition (5.3b) and that the kinematic condition (5.3a) appears in the constraint. The
free-surface flow problem is equivalent to the optimal shape design problem
min{E(S, ¢): C(S, ¢)}.

s

(5.7)

i.e., nmmmze (5.5) over all S, subject to the constraint that ¢ satisfies (5.6).
Because the boundary value problem (5.6) associates a unique cp with each free
boundary S, it is often convenient to use the notation E(S) for E(S, ¢) with <P
from (5.6).

5.3
Shape-optimization problems can in principle be solved efficiently by means of the
adjoint optimization method. The essential problem in treating shape optimization problems is that a displacement of the free boundary induces a disturbance
in the solution of the boundary value problem and, consequently, it is a.tt.ended
with an induced change in the cost functional. Efficient solution of a shape optimization problem requires control over the induced change in the cost functional.
The adjoint optimization method eliminates the induced change by means of the
solution of a dual problem. Upon elimination of the induced
the gradient of the cost functional with respect to the free-boundary position is obtained.
Improvement of the free-boundary position is then straightforward. This section
outlines the adjoint optimization method for solving (.5.7).

5"3.1

Induced Disturbance

To formulate the adjoint optimization method for
, the induced disturbance in
the solution of the constraint and the corresponding change in the cost functional
must first be identified. To this
we consider a domain V with free boundary
S and a modified domain Vw with free boundary

+ c:n(x) n(x)

:xES},

(5.8)

where <x is a smooth function on S, independent of f. Following [51], V and Vu1 are
embedded in a bounded set £ and it is assumed that a solution of the constraint
can be extended smoothly bc,yond the boundary, so that it is
defined in £.
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Denoting by rb the solution of C(S, ¢) and by ¢m the solution of C(Sf(,,
), we
define the ·indnced d'i8tuTbance
the function
: [. f---7 ][{ with the property

(5.9)

asc:->0,

i.e.,
approximates to 0(E 2 ) the change in the solution of the constraint (5.6)
due to the displacement of the free boundary from S to
. The kinematic
condition corresponding to the modified boundary yields:

· V¢w](x -+- m(x)n(x))
[ (n-E

~(tj · Va) ti +0(E

=

2 )) · (

V¢+

+mn· VVq'J+0(E 2 ))] (x) = 0,
(5.10)

for x E S, with nw the unit normal vector to S,a and tj orthogonal tangent
vectors to S. Hence. inserting (.5.9) in C(Sw, ¢w) and collecting terms O(E), it
follows that the induced disturbance satisfies the boundary value problem:
=

0'

E V,

(5.lla)

XES,

(5.11b)

X

d-1

n· V¢~ =-ann: VV¢ + :~::)tJ ·Va)

(t1 · V¢),

j=l

x E

av \S.
1

The operator nn : VV in (5.
represents the second order derivative in the
normal direction.
To identify the induced change in the cost functional, the functional value
corresponding to the modified boundary, E( Sw), is expanded as
as

E f---7

0,

with
1;,(S) := -/·

,

J"(S)

.s

:=-

pVr/J·V¢~dx,

Ja (-Rr/

.s

2 .

.
1
2
-2
)
+pn·V
2 1Vt,bl +pFr n·er1 dx,

(5.12b)
12c)

where R(x) is the radius of curvature (d = 2) or mean radius of curvature (d = 3)
and ed is the vertical unit vector. The curvature-term in (5.12c) results from
the change in the surface area from S to S,."'; see, e.g., Ref.
. Noting that
depends 011 cp;,, the incl uc:ed change in the cost functional is
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identified as (5.12b). Integration by parts recasts (5.12b) into the convenient form:

I~(S) =

1¢~ :~::>i
d-1

s

· V(pti · V¢) dx.

(5.13a)

j=l

Moreover, the second term in (5.12c) vanishes due to the kinematic condition (5.3a):
(5.13b)
If a(x) is chosen such that I~+ J~ < 0, an adjustment of the free boundary
from S to Sya., with "( a small positive number, results in a reduction of the
cost functional and thus improves the approximation to the actual free-boundary
position. Such a choice of a is called a descent direction.

5.3.2

Adjoint Operators and Duality

The inherent problem in determining a descent direction from (5.13), is the dependence of (5.13a) on¢~, which is connected to a through the boundary value
problem (5.11). Equations (5.11) and (5.13) are useful to verify if a particular a is
a descent direction. However, they are unsuitable to determine a descent direction.
The adjoint optimization method uses the equivalence of (5.11), (5.13a) to
its dual problem to eliminate the induced change in the functional. To define the
duality property, adjoint operators must be introduced. Let (-, ·)v and (·, ·)av
denote the £2 integral inner products over the domain v and its boundary av,
respectively. Consider the linear boundary value problem:
Li(¢) = li,

XE V,

Lb(¢) = lb,

xE

8V,

(5.14a)
(5.14b)

and the functional
(5.15)
for certain interior operators Li, Fi and boundary operators Lb, Fb. The adjoint
operators Li, Ft and adjoint boundary operators L[,, F; are defined by the identity

for all appropriate functions ¢ and .A. For example, if
Li(¢) =b.¢,

Lb(¢) =an· V¢ + b¢,

Fi(¢) = ¢,

Fb(¢) = g_n· V¢ + Q_¢,
(5.17a)
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for certain functions a, b, g,_, !2. : 8V

Li(,\) = Li(,\),

Li,(,>..)

=

f--7

IR such that bg,_- aQ. =f. 0, then

b~b~)..~Q,

Ft(,\)

= Fi(,\), F;(,>..) =

b:b~,\~!2.
(5.17b)

To prove that (5.17a) and (5.17b) indeed satisfy the identity (5.16):

(Li (,\), Fi(</>) )v
=

=

+ (L(; (,\), Fb(</>)) ev

fv </> ~).. dx + iv (an~:~: b)..) ( g,_n. V </> + Q.</>) dx
r ). ~</> dx + lev
1 (</> n. v).. - ).. n. v </>) dx

lv

+ iv

(an~:~: b)..) ( g,_n. V </> + !2.</>) dx

{ ,\~¢dx + 1 (g,_n· V,\ + Q.,\) (an· V¢ +
lv
lev
bg,_- aQ.
= (Ft(,\),Li(¢))v + (F;(,>..),Lb(</>))ev.
=

b¢) dx
(5.18)

The identity (5.16) implies that (5.15) subject to (5.14) is equivalent to
(5.19)
subject to

Li(,\) = fi,
L(;(,\) = fb,

X

E V,

X

E

(5.20a)
(5.20b)

8V.

To prove the equivalence:

I= (.fi, Fi( </>) )v + (fb, Fb(</>)) ev = (Li (,\), Fi(¢) )v + (L/:(,\), Fb( </>)) ev

= (Ft(,>..),Li(</>))v + (Fb*(,>..),Lb(</>))ev = (Ft(,>..),li)v + (F;(,>..),lb)ev. (5.21)
In this context, (5.14)-(5.15) is called the primal problem and (5.19)-(5.20) is
called the dual problem. Duality is the equivalence of the primal and dual problem.
The adjoint optimization method uses duality to eliminate the induced change
in the cost functional (5.13a). Observe that for given¢, the functional (5.13a) is
the L 2 inner product of¢~ with a given function and (5.11) acts as a constraint
on¢~. Hence, (5.13a) subject to (5.11) is of the form (5.14)-(5.15). To obtain the
dual problem for (5.11)-(5.13a), we note that (5.11) implies

1v ,\~¢~dx+ j'lj;n·
V¢~ dx+ 11/J (ann: VV¢- I:(t1 · Va) (t
s
s

1 · V¢)) dx

J=l

+ {
1j; (an· V¢~ +
leV\S

b¢~) dx =

0,

(5.22)
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for all admissible functions .A. : V
(5.22) can be recast into

~

lR and '1/J : 8V

~

J¢~~.\dx-1 ¢~n·V.A.dx+ 1

R

Integrating by parts,

a ('1/Jnn: VV¢+ I:tj·V('I/Jtj·V¢)) dx

v

s

s

+ {(.A.+ '1/J) n· V¢~ dx + {

ls

lav\S

J=l

(b'I/J- n· V.A.) ¢~ + (a'ljJ +.A.) n· V¢~ dx = 0.
(5.23)

Hence, if '1/J in (5.23) is set to

'1/J(x) = {

-.A.(x),
-.A.(x)/a(x),
n · V.A.(x) /b(x),

xES,

a(x) -j- 0,

X

E 8V \ S,

X

E 8V \ S, otherwise,

and if ).. satisfies the dual problem
~.\=0,

E V,

(5.24a)

xES,

(5.24b)

x E 8V\ S,

(5.24c)

X

d-1

n· V.A. =

L)J' V(ptj' V¢),
j=l

an·V.A.+b.\=0,
then

I~(S) =

-1

a (.A.nn: VV¢+ I:tj·V(Atj·V¢)) dx.

s

(5.25)

J=l

One may note that (5.25) expresses the induced change in the functional independent of the induced disturbance in the solution.

5.3.3

Optimization Method

Due to the absence of the induced disturbance in (5.25), a descent direction for a
can be determined from (5.13b) and (5.25) in a straightforward manner. For this
purpose, we define the gradient of E with respect to S by the function gradE(S):
S ~ lR with the property:

{ a(x) gradE(S)(x) dx =lim l[E(Sw)- E(S)],
~
•-o•

(5.26)

for all suitable a. By (5.12), (5.13) and (5.25), the gradient is readily identified
as:
d-1

gradE(S) = -.A.nn: VV¢-

·

2

:~::>j V(Hj · V¢)- ;R- pFr- 2 n·ed.
j=l

(5.27)
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From (5.26) it follows that if a= -gradE(S) and"! is set to a small positive
number, then
E(S,a)- E(S)

=-"(is

(gradE(S)) 2 dx + 0("1 2 )::; 0 + 0("1 2 ).

(5.28)

Therefore, a = -gradE(S) is a descent direction and S,a improves on S. The
free-surface flow problem can thus be solved by repeating the following operations:
(Al) For givenS, solve the primal problem (5.6) for¢.
(A2) Solve the dual problem (5.24) for .X..
(A3) Determine a= -gradE(S) from (5.27).
(A4) Choose the step size"!

> 0 and adjust S to S,a.

The iterative process (Al)-(A4) is called the adjoint optimization method. The
actual free boundary S* is obtained if gradE(S*) = 0.
The condition gradE (S*) = 0 only ensures that a local minimum is attained.
If the cost functional is non-convex, then multiple local minima can occur. The
actual solution to the steady free-surface flow problem is then determined by the
global minimum. The dynamic condition (5.3b) implies that the cost functional
vanishes for the actual solution. Hence, the correct minimum is identifiable. If
the cost functional is indeed non-convex, then it is important that the adjoint
optimization method is provided with an initial approximation that is sufficiently
close to the actual solution. For instance, a prolongated coarse-grid approximation
to the solution can serve for this purpose.

5.4

Fourier Analysis of the Optimization Problem

The behavior of the cost functional in the neighborhood of a minimum is characterized by the Hessian, i.e., the second derivative of the cost functional with respect
to the free boundary. As a result, the properties of the optimization problem and
the convergence behavior of the adjoint optimization method depend on the characteristics of the Hessian. In this section we use Fourier analysis to examine the
properties of the Hessian and we consider the implications for the solution behavior and the posedness of the optimal shape design problem and the convergence
behavior of the adjoint method.

5.4.1

Hessian of the Functional

The behavior of the cost functional in the neighborhood of a minimum is characterized by its Hessian, which is defined by the function grad 2 E(S) : S x Sf-+ lR
with the property:

kf a(y) grad

2 E(S)(x,

y) dy

=

lim l [grad E(Sw)(x) -grad E(S)(x)] ,

•-o•

(5.29)
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for all suitable ct. To show that the properties of the
are
essentially contained in the Hessian, we consider the following expansion of the
cost functional:
E(Sw) = E(S)

+ E2
2

+ E .Is

gra.dE(S)(x) dx

r ro(x) o(y) gntd

JsJs

2 E(S)(x,

dx

+

as

f ___,

0.

(5.30)

Clearly, in order to have a minimum, the gradient must vanish, so that indeed the
Hessian determines the behavior of the cost functional in the neighborhood of a
minimum.
To demonstrate that the Hessian determines the convergence behavior of
the adjoint optimiL:ation method, we consider a perturbation
of the optimal
boundary S*. Because graclE(S*) = 0, it follows from (5.29) that for sufficiently
small c.
grad

(x)

= E ;·

.s

grad

dy+

This implies that in the neighborhood of the optimum, the Hessian relates the
gradient to the disturbance in the free-boundary position. Because the adjoint
method uses the gradient to adjust the free boundary, the Hessian determines the
change in the error in the boundary position. Hence, the Hessian indeed determines
the convergeuce behavior of the adjoint optimization method.

5.4.2

Fourier Analysis of the Hessian

The properties of the Hessian can be conveniently examined by means of the
Fourier analysis for optimization problems presented in [69]. vVe perform the
analysis for the
case of a domain V* := { x E Il{d : -1 < Xd <
with free
boundary S* := {x E Il{d: :rd = 0} and fixed boundary oV* \S* = {x E Il{d: Xd =
--1}. Recall that xd is the vertical coordinate. Assuming that the fixed boundary is
impermeable, a in (5.6) ic; set to 1 and band care set to 0. The uniform horizontal
flow potential¢*= U·x, with U a constant vector in {U E Il{d: IIUII = 1, Ur1 = 0},
then satisfies the boundary value problem ( 5.6). The corresponding solution of the
dual problem (5.24) is .A* = 0 and the gradieut (5.27) vanishes, so that S* is the
optimal boundary. Indeed, the uniform horizontal flow is a solution of the
free-surface flow problem.
consider the perturbed boundary
. The solutiom of the perturbed
primal and dual
are expanded as
=U·x+

(5.:32b)

5.4.
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If (5.32a) and (5.32b) are inserted in (.5.6) and
respectively, and the normal
vector to s;~ is expanded in the same manner as in (5.10), then collection of terms
of O(t:) reveals that the induced disturbances are governed by:
D.cjJ~

V c/J;,
er1 · V c/J~
ed ·

=0
=
=

l

0,
U · V cr ,

X

E V*'

X

E 8V* \ S*'

(5.33b)

XES*,

and
X

E V*'

X

E 8V* \ S*'

(5.34c)

XES*.

Moreover, upon inserting (5.32) in
sponding to the perturbed boundary

, one obtains that the gradient conereads

Note that for any perturbation cr, the induced disturbances follow from
and
. The gradient corresponding to the perturbed boundmy can theu be
obtained from (5.35). Because gradE(S*) = 0, irnportant information about the
Hessian can subsequently be extracted from (5.29).
The analysis proceeds by assmning a, c/J~, and .\~ to be a linear combination
of horizontal Hmrier modes. Because (5.33) through (5.35) are linear inn, qJ;, and
, it suffices to consider a single mode. Deuoting by k = k 1 e 1 + · · · +
1 ed-l
the horizontal wave number, et is set to

cr(x) := c't(k) exp (ik · x) ,
with i

= j=I.

The induced disturbances

<f;;, and .\;, comply with

and (5.34),

if
= d~(k) exp (ik · x) cosh (lkl

+ 1)) ,

(5.37a)

=~(k)exp(ik·x)cosh(lkl(:rd+l)),
and

lkl sinh

¢(k) = ik· U 6(k),

lkl sinh lkl

~(k) = -ik · U (ik · U cosh lkl ¢(k) +

Recalling that gntcl E(S*) = 0, by
satisfies
limo l[onJd
c: l~

r:: ...........

Ft·- 2 /i(k)) .

through (5.38), the change in the

-gradE(S*)] = il(k)&(k)exp(ik·

(5.38b)
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with
A

-2

(

H(k) :=

Fr

(k·U)2 )" 2
- lkl tanh lkl
.

( 5.40)

The object i{(k) is referred to as the Fourier sy·mbol of the Hessian.

5.4,3

Properties of the Optimizatio11 Problem

The Fourier symbol of the Hessian contains important information about the
posedness and the solution behavior of the optimization problem. To illustrate
this, we consider the Fourier transform of the perturbation o:(x) and its inverse
&(k)

:=

(21r)

1-d;·

a(x)exp(-ik·x)dx,

a(x)

S*

=I:

Lt(k)exp(ik·x)dk.

From (5.29) and (5.39) it then follows that

is* o:(y) gmd E(S*)(x, y) dy
2

.l:

=

H(k) &(k) exp (ik · x) dk.

(5.42)

Hence, by (5.30), if terms of Ok3 ) are ignored, the change in the cost functional
due to the perturbation of the free boundary reads:
E(s;o;)-E(S*)=

2
E

2
2

=

~

r o:(x) Jsr (t(y)grad E(S*)(x,y)dydx
r o:(x) .J_=
reo H(k) c.'l:(k) exp (ik · x) dk dx
2

Js
./

5

=
j
if(k) a(k) f o:(x) exp (ik·x) dxdk
2 -=
.Is
2

=~
E2

.

= - (27r)d-l

2

=

2

f

2 (27r)d-l

!co ,

-

H(k) ct(k) &(k) dk

-=

r=
J_= if(k) ia(k)l dk,
2

(.5.43)

with c)(k) the complex conjugate of &(k). Equation (5.43) implies that H(k)
expresses the ability of the optimization problem to distinguish a boundary S*
from a perturbed boundary
with a(x) a Fourier mode with wave number k.
To illustrate the behavior of the Fourier symbol H(k), we consider (5.40) for
k E IR 2 (i.e., d = 3). Without loss of generality, we assume that U =--= e 1 so that
k · U = k 1 . Figure 5.1 on the next page then displays contours of Ft·- 2 ± H(k),
e.g. if Fr =
then Fr- 2 ± yiH(k) = 4 is the contour for which H(k) = 0 and
± yiH(k) E {0, 8} are the contours for which H(k) = Hi.

s;o:,

v

5.4. Fourier Analysis of the Optimization Problem

65

2

·wi
')

0

2~--

10

Figure 5.1: Contours of Fr- 2 ±

J

H(k).

The solution behavior of the shape optimization problem is determined by
the critical ·modes, i.e., the wave numbers for which ii (k) vanishes. These critical
modes yield a change in the cost functional of just 0( E3 ), instead of 0( E2 ). Hence,
a small perturbation of the uniform free-surface flow is composed of a linear combination of the critical modes. It is important to observe that to each Froude number
corresponds a curve of critical wave numbers. The critical modes are associated
with steady surface gravity waves; see, e.g., Refs. [42, 46]. Note that for d = 2
(k 2 = 0) and Fr < 1, the condition H(k) = 0 yields a unique relation between the
wave number of the surface gravity wave and the Froude number. For d = 2 and
Fr :__:: 1, critical modes are absent and steady surface gravity waves do not occur.
The Fourier symbol of the Hessian also gives information about the posedness
of the optimization problem. The optimization problem is said to be well posed
if it has a unique solution that is stable to perturbations in the auxiliary data.
lJniqueness is ensured if H(k) > 0 for all k. From the above considerations, it is
clear that uniqueness cannot be ensured. However, this does not necessarily imply
that the optimization problem is ill posed. It merely implies that the behavior
of critical modes is not described by the above theory. Linear stability of the
optimization problem generally demands that
as

lkl

--->

co,

(5.44)

for some(} :__:: 0; see [69]. This requirement expresses that the optimization problem
clearly notices high wave number perturbations of the free boundary. Unfortunately, if k E IR 2 , the contours on which H(k) = 0 contain waves with
---> co.
Hence, the linear theory is insufficient to establish the stability of the 3 dimensional free-surface flow problem. However, such waves do not occur ford= 2 and,
therefore, linear stability of the two-dimensional optimization problem is ensured.
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Stability of the Adjoint Method

To examine the stability of the adjoint method, we consider a perturbation
of
the optimal free boundary S*. One iteration of the adjoint
method
yields a new approximation s;Q' with
(5.45)
for some step-size 1 > 0. Hence, by (5.31),
manner:

Q(x)

=

Q

and a arc related in the following

o(x) -1 { o(y) gmd 2 E(S*)

Js

y) ely.

(5.46)

The contnu:hon rn1.ml;eT ( of the adjoint method is defined
the reduction of the
error in the free-boundary position between successive iterations, i.e.,

. ·- ,

jjo(x)

(.-sup
«

-~ J~. o(y) grad 2 E(S*)(x, y) dyjj
II ax
()II

where the supremum is taken over all admissible functions
Because ffgff <
([[1x[[, stability of the adjoiut method is ensured if (:.:; l.
If the L 2 norm is implied in
we can use (5.42) and Parseval's identity
to recast (5.47) into:

(5.48)

If the problem (5.7) is solved numerically, then the infinite domain is usually
truncated and o(x) is represented on a grid. In that case, if£ =
)
is the horizontal length of the truncated domain and h = (h 1 , ... , hd-J) is the
horizontal metih width of the applied grid, then we
have to consider isolated
wave numbers in the set
: kj = n7rjej,Ti =

±2, ... ,

I:.:;

7r/hj};

sec Figure 5.2 on the facing page for an illustration. It follows from (5A8) that (
is then given by
( = sup fl- ~ril(k)[.
( G.50)
kEl1Vh

Stability of the adjoint optimization method is ensured if the right hand side
of (5.50) is at most 1. This can be accomplished by choosing the
size 1
according to

1

= c

(sup H(k))-l,
kEWn

for some constant c E ]0, 2[.

.
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Figure 5.2: The set of wave numbers Wh (dots) and il(k) = 0, ii(k) = rl1.2-

The supremum of iJ in Wh is for well posed problems determined by the
highest wave number components in Wh; refer to (5.44). From
it follows
that the highest wave number in Wh is 0(1/lhl). Hence . in general, the step sLoe
diminishes as 1 = O(lhl 0 ) as lhl __, 0. In particular, for the Fourier symbol (5.40),
if the grid is refined in such a manner that h = lhlc as Ihi -> 0, with c a constant
vector, then the supremum of H(k) in wh is O(lhl- 2 ). The step size must then
comply with
(5.52)
as lhl __, 0,
to maintain stability of the oscillatory modes, i.e., the modes with large
. This
implies that the step size in the adjoint optimization method must be reduced as
the spatial grid is refined to maintain stability of the high wave munber modes.

The convergence behavior of an iterative method is usually characterized
its
contraction number. However, this characterization is inappropriate for problems
with critical modes (H(k) = 0) and dispersive behavior, such as the considered
free-surface flow problem. The contraction number is based on the behavior of
isolated waves, whereas for dispersive problems the behavior of wave gmups is
relevant; sec, e.g., Refs. [46, 78]. This distinction is essential if critical modes
occur. As a result of the critical modes, the contraction number indicates that
convergence lacks. However, due to the dispersive properties of the problem, this
indication is too pessimistic.
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To determine the convergence behavior of the adjoint optimization method
(Al)-(A4), we reconsider the perturbations;" of the optimal free boundary S*.
The Fourier components of the perturbation can be separated into a contribution
p(k) of the modes in the neighborhood of the critical modes and a remainder:

= p(k) + (d(k) - j3(k)) ,

&(k)
where r)(k) :=

(5.53a)

&(k),
if H(k) :S cl1,
if il(k) ~ o2,

(5.53b)

and Ju are constants such that 52 > 51 > 0; sec the illustration in Figure 5.2 on
the page before. The transition of 1i;(k) from 1 to 0 can be constructed in any
suitable rnanner and is largely arbitrary. However, below, p(k) is required to he
an analytic function.
Denoting by Ect 11 (x) the disturbance in the free-boundary position after n
iterations of the adjoint method, we obtain from (5.42) and (5.46):

= ( 1 -- 1 il(k) )

n

(5.54)

Hence, it follows from (5 ..53) that
an(x)

=I: (

1- !H(k)

r

p(k) exp (ik·x) elk+ 0([1-

[n) .

(5.55)

Because [1 -- y5 1 [ < 1, the remainder vanishes exponentially as n --+ oo. This
implies that the asymptotic behavior of a 71
for large n is determined by the
Fourier components in the neighborhood of the critical modes.
From (.5.55) it follows that if p,(k) is defined recursively

then

rv

Po(k)

=

Pn(k)

= ( 1-

(5 ..56a)

p(k) ,

p11 (x) as n--+

~til(k)) Pn-1 (k),

CXJ.

n

=

1,2, ... ,

(5.5Gb)

Equation (5.56b) can be recast into:

Note that for sufficiently small /, the first term can be conceived as a difference
approximation to the derivative of
with respect to pscv.do t-ime 'Wf. We
assume that
""exp
p 0 (k) as n--+ CXJ. Equation (5.57) then implies
(exp(q) -1)/J + H(k) = 0.

(5.58)
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Taylor expansion of exp (ry) yields
7 =

(5.59)

-H(k)'

provided that 0(7 2) terms are negligible. By (5.53b), H(k) :::; 02. Hence, if 02 is
chosen sufficiently small, the 0( 7 2) terms in the Taylor expansion can indeed be
ignored. Equation (5.59) relates the pseudo time behavior of a disturbance in the
free-boundary position to its spatial behavior. Therefore, it appears appropriate
to refer to (5.59) as the pseudo dispersion relation of the adjoint method.
From (5.55) to (5.59) it follows that as Wf----> oo,
an(x)

with

"'I:

p(k) exp (iO(k) n'Y) dk,

(5.60)

,
k·x
O(k) := iH(k) + .

(5.61)

n"(

The integral in (5.60) vanishes exponentially as n"( ----> oo, except near critical
stationary points of H(k), i.e., the wave numbers k 0 such that

H(ko)

air

= o,

ak (ko)

= o.

(5.62)

J

Each critical stationary point yields a contribution

1!")

I

2
0 2if
(d-1)/2 (
,O(ko) ( n'Y
det akiakJ (ko)

I) -

1/ 2

exp(iko·x+i~)+O((n'Y)-d/ 2 ),

(5.63)

with ~ a multiple of n I4, depending on the properties of 8 2 HI akiakj. The above
can be proved by the method of stationary phase; see, e.g., Refs. [78, 79].
Due to the quadratic form of (5.40), any critical point is a stationary point
as well. Hence, if we define the evaluation error en by the L 2 norm of the error
in the boundary position, i.e., en := llmnll, then we anticipate that the adjoint
method yields the following asymptotic convergence behavior:

en= O(C"~)

if Vk: H(k) > 0'

(5.64a)

en= o((n'Y)(1-d)/2)

iElk: H(k)

o,

(5.64b)

=

as n----> oo, for some constant (in ]0, 1[. The implications of (5.64) for the convergence behavior of the adjoint method are summarized in Table 5.1 on the following
page.

5.5

Preconditioning

The asymptotic error behavior (5.64) and the stability condition (5.52) imply that
the performance of the adjoint optimization method deteriorates with decreasing
mesh width. This deficiency of the method can be repaired by means of preconditioning. This section outlines the preconditioning operation.
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Table 5.1: Convergence behavior of the adjoint method: asymptotic behavior
of the evaluation error en for sub- and supercritical flow in 2D and 3D, with n
the iteration counter, 'Y the step size and ( a constant in ]0, 1[.
d=2
subcritical
supercritical

5.5.1

0(1/ JTVY)
O(C'~)

d=3
0(1/(n'Y))
0(1/(n'Y))

Reconsideration of Objectives

To introduce the preconditioning operation, we consider the gradient of the cost
functional at a perturbation s;a of the optimal boundary S*. By (5.39), the
Fourier components of the gradient read:
(5.65)
Equation (5.65) implies that for problems that are stable according to (5.44)
with B strictly positive, the gradient primarily contains highly oscillatory modes
(large lkl). Consequently, the adjoint optimization method effectively reduces the
cost functional by removing the highly oscillatory disturbances in the boundary
position. However, smooth error components are inadequately resolved.
In general, one is interested in obtaining the free-boundary position rather
than minimizing the cost functional. If the objective is indeed to obtain the free
boundary, then the gradient is unsuitable for adjusting the boundary position.

5.5.2

General Outline

The aim of preconditioning is to restore the relation between the boundary adjustment and the error in the boundary position. An accurate approximation to the
error in the free-boundary position can be recovered from the gradient by solving
(5.66)
where P is any convenient operator of which the Fourier symbol satisfies

H(k):::; P(k),
lim H(k)/ P(k) =
lkl-+oo

c,

for all k,

(5.67a)

for some C E] 0, 1] .

(5.67b)

The operator P simulates the relation between the gradient and the disturbance
in the boundary position. The Fourier components ,B(k) are related to the components of the disturbance by:

,B(k) = (H(k)/F(k)) &(k).
Therefore, (J(x) is an accurate approximation to a(x) if H(k)/ F(k) ~ 1.

(5.68)

5.5.
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Preconditioning

If the adjoint method uses j3(x) instead of the gradient to displace the free
boundary, then the corresponding stability condition reads:

11-f'H(k)/P(k)l:::; 1.

(5.69)

Requirement (5.67a) ensures that H/ P:::; 1 for all k, so that the step size I' in the
preconditioned method can be set to 1. Consequently, if the problem is solved numerically, the convergence behavior of the preconditioned method is independent
of the mesh width of the applied grid. Condition (5.67b) makes certain that all
Fourier components that are present in the boundary disturbance are also present
in the correction, so that the error indeed vanishes as the iteration progresses.
It is important that the numerical methods for solving (5.66) do not reintroduce the mesh-width dependence. In general, preconditioners P can be constructed
for which efficient solution methods, e.g., multigrid methods [9, 68], are available.

5.5.3

A Preconditioner for 20 Free-Surface Flows

The construction of the preconditioner from its symbol relies on the theory of
pseudo-differential operators; see also [67]. In this section we set up a preconditioner for the 2D steady free-surface flow problem. It is anticipated that a
preconditioner for 3D free-surface flows can be constructed similarly.
In two dimensions, the free-boundary is one dimensional and the considered
wave number is k E R Without loss of generality, we assume that the velocity is
scaled such that U = 1 in (5.40). To derive the preconditioner, we first consider
the asymptotic behavior of (5.40) for large k:
ask

(5.70)

-HXJ.

The Fourier symbol -k 2 corresponds to a Laplace operator. An operator which
has the desired behavior for high wave-number components is:
PH j3 := ( Fr

_2

)2

- 1 j3 -

fP/3

ot 2

,

(5. 71)

where 8j8t denotes the tangential derivative along the free boundary. The Fourier
symbol of (5.71) is
(5.72)
Indeed, PH(k) ,..., k 2 ask----+ oo. Figure 5.3 on the next page compares the Fourier
symbols PH and H. The behavior of PH closely resembles that of H at high wavenumbers. Hence, PH accurately recovers highly oscillatory errors in the boundary
position. Moreover, PH eliminates the mesh-width dependence of the step size.
The Fourier symbols PH and H differ markedly at low wave numbers if
Fr < 1. For Fr < 1, the low wave-number behavior of His accurately approximated
by:
(5.73)
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Figure 5.3: Fourier symbols h(k), Fu(k) and H(k) for Fr =}tanh (1r)/1r

with
the critical wave number critical mode of (5.40) and p a small positive
co us taut; see Figure 5.3. The symbol PL (k) corresponds to the differential operator
c ·-

..

PL ,6 .- (Fr

-2 - .1) 2((3 + ~k.2-2JJ 8 2(3
1-p 8 4/.-J)
2 - ~ + -k4
.0

CJt

"A

0

oL

·

The constant fJ ensures that the polynomial FL(k) has no real roots. This is
a prerequisite for stability of the preconditioner. Unfortunately, it also implies
that the preconditioner leaves the root of fi undisturbed, i.e., ff(k)/ PL
= 0
for critical modes. Hence, the asymptotic convergence behavior (5.64b) is not
essentially improved.
Summarizing, for supercritical flows an effective correction of the free boundary can be obtained from (5.66) and (5.71). The mesh-width dependence of the
convergence behavior is then eliminated. For subcritical flow;;, the correction is a
combination of a high wave number correction
from (5.66), (5.71) and a low
wave number correction /h from (5.66), (5.74), e.g., Uh +6H )/2. The mesh-width
dependence of the convergence behavior is then rernoved. However, the asymptotic convergence behavior is not improved, because the preconditioning does not
remove the critical modes.

5.6
The preconditioned adjoint optimization method is tested for 2 dimensional suband supercritical flow over an obstacle in a channel of unit
at Fr = OA3 and
Fr = 2.05. The geometry of the obstacle is
·y(:r)
' . = -1

27 H

+4

5.6.
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Numerical Experiments

with H and L the (non-dimensionalized) height and length of the obstacle, respectively. Vve choose H = 0.2, L = 2 for the subcritical test case and H = 0.44 and
L = 4.4 for the supercritical test case, in accordance with the experimental setup
from [12]. In addition, we consider the subcritical test case with H = 0. L L = 2
and the supercritical test case with H = 0.22 and L = 4.4.
The boundary value problems (5.7) and (5.24) are discretized with bilinear
finite clements. The differential operators in the gradient (5.27) arc diseretizcd
with central differences. The resulting discrete optimization problem is unstable
and displays odd/even oscillations. These are simply removed by smoothing the
gradient with the biharmonic operator. For subcritica1 flows (Fr < 1). a radiation
condition nmst be imposed to avoid nonphysical upstream waves; cf.
l. The
upstream waves are eliminated by smoothing the gradient upstream of the obstacle
with the Laplace operator, and by applying the low wave number preconditioner
PL
downstream.
The numerical experiments are performed on grids with horizontal mesh
width h E {L/36, L/72} and vertical mesh width 1/24. For the supercritical
test cac;c, the correction is computed 1wing (5.66) and (5.71). For the subcritical
test case, tht' upstream correction is determined in the sal!w manner and the
downstream correction is taken as
+ /hi) /2, with ,3H from (5.66), (5. 71) and
from (5.66), (5.74). The constant 11 in (5.74) is set to 0.025. In all cases the
size 1 = 1 is employed.
For the supercritical test case, Fig. 5.4 on the following page plots the
norm of the correction after n iterations, ll,3nll. versus the iteration counter. Th(:
correction behaves as ILBnll = 0(("), for some constant ( E]O, 1[. The norm of the
evaluation error after n iterations can be bounded by
e, :S

L

lli3J I

·

(5. 76)

j=n

It follows from (5.76) that the evaluation error converges as 0((") as well. This
is in accordance with the entry in Table 5.1 on page 70. From Fig. 5.4 we obtain
( ~ 0.35 for H = 0.22 and ( ~ 0.5 for H = 0.44. One may note that the
convergence behavior is indeed independent of the meHh width. Fig. 5.5 on page 75
compares the computed surface elevation with measurements from
for the
supercritieal test case. The computed result agrees vvcll with the measurements.
F()T the subcritical test case, liOn I is plotted versus n in Fig. 5.6 on page 75.
Note that Fig. 5.6 is a log-log plot. In this case, ll#nll behaves as O(n-cr), with
a ~ 1.5 for H = 0.1 and CJ ~ 1.2 for H = 0.2. It follows from ( 5. 76) that the
convergence behavior of the evaluation error is approximately O(n -o. 5 ) for H = 0.1
and O(n- 0 · 2 ) for H = 0.2. Hence, the test case with H = 0.1 confirms the entry
in Table 5.1 on page 70. The deteriorated converge behavior for H = 0.2 can be
attributed to apparent nonlinear behavior. One may note that the convergence
independent of the mesh width. Fig. 5. 7 on page 76 compares
surface elevation with measurements from [12] for the subcritical
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liOn II
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n
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Figure 5.4: Supercritical t.e~t. case: norm of the correction versus the iteration
counter for H = 0.22 (A) and H = 0.44 (B) (h =
and h =

test ease. The surface elevation displays typical nonlinear
such as sharp
wave crests and wave length reduction. The amplitude of the computed result is
overestimated. However, the overestimation of the amplitude of the trailing wave
is not unusual; see, for instance, [11, 7.5, 76]. The wave length of the computed
result is in good agreement with the measurements.

5,7

and

We investigated the suitability of the adjoint optimal shape design method for
solving steady free-surface fiows. To this end, the free-surface potential fiow problem was reformulated into an equivalent optimal shape design problem. We then
presented the adjoint optimization method for solving the design problem. \Ve
determined the asymptotic convergence behavior of the adjoint method for suband supercritical flows in 2D and 3D. Moreover, we showed that preconditioning
is imperative to avoid mesh-width dependence of the convergence behavior and we
presented a suitable preconditioner for the free-surface fiow problent.
Numerical results were presented for two-dimensional fiow over a.n obstacle in
a channel. The observed convergence behavior is in agreement with the asymptotic
estimates, i.e., the evaluation error behaves as 0( (n) for the supercritical test case
and as O(n- 112 ) for the snbcritical test case. l\Ioreover, the numerical results

5.7.
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Conclusions and Discussion
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Figure 5.5: Supercritical test case: computed surface elevation with H
and h = L/72 (solid line) and measurements from [12] (markers only)

= 0.44

ll.6n II

10- 7 ~------~-------------------~

10 1

n

102
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Figure 5.6: Subcritical test case: norm of the correction versus the iteration
counter for H = 0.1, h = L/36 (A), h = L/72 (B) and H = 0.2, h = L/36 (C),
h = L/72 (D)
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Figure 5. 7: Subcritical test case: computed surface elevation with H
and h = L/72 (solid line) and measurements from [12] (markers only)

=

0.2

confirm that the convergence behavior of the preconditioned adjoint method is
independent of the mesh width. For both test cases the computed results agree
well with measurements.
The convergence behavior of the adjoint shape optimization method for
steady free surface flows is for two-dimensional problems similar to that of timeintegration methods (see also [11]): the error converges as O((n) for supercritical flows and as O(n- 112 ) for subcritical flows. For three-dimensional problems,
the anticipated convergence behavior of the adjoint method is O(n- 1 ) for suband supercritical flows. The convergence behavior of time-integration methods is
O(n- 1 ) for subcritical flows and O((n) for supercritical flows. The convergence
behavior of the preconditioned adjoint method is independent of the mesh width,
whereas the convergence behavior of the usual time-integration method deteriorates with decreasing mesh width, due to a CFL-restriction on the admissible time
step. Therefore, the preconditioned adjoint method is expected to be more efficient than time-integration methods, except in the case of 3D supercritical flow.
However, for 3D flows and 2D subcritical flows, the convergence behavior of the
adjoint method is less efficient than the mesh-width independent O((n) behavior
of the method presented in [11].
The O(n- 112 ) (2D, subcritical) and O(n- 1 ) (3D) convergence behavior of
the adjoint method is caused by the critical modes. It is therefore anticipated
that a combination of the adjoint method and a solution method that effectively
eliminates these critical modes yields O((n) convergence behavior.

Chapter 6

Interface Capturing

6.1

Introduction

Free-surface flows form a particular class of two-.fluid flows, in which the stresses
exerted on the interface by one fluid are negligible on a reference scale that is
appropriate for the other. If the objective is the numerical solution of a freesurface flow problem, then it can be attractive to adhere to the two-fluid-flow
formulation. In the absence of viscosity, two-fluid flows can be described by a
system of hyperbolic conservation laws, and can be treated as such. This approach
is referred to as interface captur·ing. For examples of interface capturing see, for
instance, Refs.
38, 48].
A common objection to conservative interface capturing is the occurrence of
so-called pTess·uTe oscillations. These pressure oscillations expose the loss of certain invariance properties of the continuum problem under discretization. Several
correctives have been proposed to avoid pressure oscillations, e.g., (locally) nonconservative discretization methods [1, 36, 37, 56], correction methods [35] and the
ghost-fluid method [19]. For an overview of these correctives, and of their merits
and deficiencies, see Ref. [2] and, for hornentropic flows, Ref. [40]. A characteristic
of these methods is that at the interface the conservative formulation is abandoned. Hence, these methods are generally non-conservative. Recently, enhancements of the ghost-fluid method have been proposed, which retain conservation;
see Refs. [23, 49]. However, the interface treatment of these methods is not trivial
and further investigation is warranted.
It is commonly assumed that the loss of the aforementioned invariance properties is inherent to any conservative formulation; see, e.g., Refs. [2, 57]. However.
since the invariance properties are intrinsic to the continuum equations, irrespec-·
tive of their form, we conjecture that it is possible to devise conservative numerical
schemes that inherit the necessary invariance properties.
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The interface-capturing approach requires that the employed numerical techniques remain robust and accurate in the presence of discontinuities. If one adheres to the conservative form of the equations, then Godunov-type schemes
are particularly useful in these circumstances. Such schemec; can be
combined with finite vohnne methods and with discontinuous Galerkin finite element
methods. For finite volume methods, the schemes can be implemented with higherorder limited interpolation methods, to achieve accuracy and secure monotonicity
preservation in regions where large gradients occur
e.g., Refs. [G4, 66]). For
discontinuous Galerkin methods, accuracy and rnonotonicity preservation can be
obtained by appropriate hp-adaptivity (see, e.g., Refs. [29, 33]) and stabilization.
The present chapter considers the interface-capturing approach to solving
two-fluid flow problems. \Ve investigate the pressure oscillations that arc commonly incurred by discrete approximations of two-fluid flovv problerns, and we
present a
conservative Godunov-type method for barotropic fluids. Moreover, we set up a modified Osher-type flux-difference ,;plitting scheme
for the approximate solution of the two-fluid Riemann problems. The novelty of
our method is its pressure invariance in combination with a formulation of the
two-fluid flow problem as a system of hyperbolic conservation laws. 1t is generally
accepted that tncthods based on such a formulation
exhibit pressure
oscillations; our results refute this.
The contents of this chapter arc organized as follows: Sectiou G.2 presents the
governing equations for two-fluid flows. In Section 6.3 we examine the pressureoscillation phenomenon and we propose a non-oscillatory conservative formulation.
Section 6.4 presents the modified Osher scheme for barotropic two-fluids. Nmnerical experiments and results are reported in Section 6.5. Section G.G contains
concluding remarks.

6.2
The basic notion underlying the interface-capturing method, is that a flow of two
contignous, inviscid compressible fluids can be construed as a fiow of a single
medium sustaining a discontinuity at the interface. In this section we derive the
two-fluid Euler equations from the Euler
for the separate fluids and the
interface conditions.

6,

1

Conservation laws

\iVe consider flows of two contiguous inviscid compressible fluids. For convenience,
we arbitrarily designate one of the fluids as the primary fluid and the other as
the secondary fluid. For our purposes, it suffices to consider a single
dimension. \Ve refer to the corresponding spatial coordinate as ;r and to the temporal coordinate as t. The fluids occupy an open bounded
domaiu
S2 C
t) E JR 2 }, which is the union of the diHjoint open sets
containand
fluid,
and the
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(the overbar denoting closure); see Figure 6.1.

X

Figure 6.1: The space/time domain 0 := Op u Os U r.

In both fluids the flow is characterized by the state variables p : fl f--7 JR+
and v : n f--7 JR, representing density and velocity, respectively. To facilitate the
presentation of the governing equations, we introduce the notation:

q:=(;),

and

f(q) := (

2

/q2

q2 ql

+p

)

,

(6.1)

where p refers to the pressure. Eq. (6.1) must be furnished with equations of
state for the primary and secondary fluid. Under the assumption that the fluids
are barotropic (see, e.g., Ref. [77]), these equations of state have the form p :=
Pp(p) and p := p8 (p). In a proper functional setting, conservation of mass and
momentum in the fluids is expressed by the variational statement

L

wt ·q

+ w x · f (q) dx dt = 0 ,

(6.2)

where C0 (G) denotes the space of functions that have continuous partial derivatives of all orders k = 0, 1, 2, ... and that have compact support in G.
Eq. (6.2) combines the weak formulation of the Euler equations for the primary and secondary fluid. Because flp and !18 are disjoint (flp and fls are contiguous at the interface, but the sets are open and therefore do not overlap), it
holds that [C0 (flp U fls)] 2 = [C0 (flp)] 2 EB [C0 (fls)] 2 . This implies that the
variational statement (6.2) ensures conservation of mass and momentum in each
of the fluids separately.

6.2.2

Interface Conditions

To present the interface conditions for the two-fluid flow, we define

(x, t)± := lim(x ±
dO

E,

t),

(x, t) E f,

(6.3)
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i.e., (x, t)- and (x, t)+ are at the interface in the primary and secondary fluid,
respectively. The interface conditions for the two-fluid flow prescribe that the
velocity and pressure are continuous across the interface. In particular,
(x,t)+

vl

(x,t)-

= 0,

(x, t) E f,

(6.4a)

= 0,

(x, t) E f.

(6.4b)

(x,t)+

p

l

(x,t)-

Eq. (6.4b) is referred to as the dynamic condition. Furthermore, the interface motion must comply with a kinematic condition. To express this kinematic condition,
we identify the interface by a level set:

r
with
B(fls)

eE

:= {(x,

t) E fl: B(x, t) = 0},

C 00 (fl) a suitably chosen function. We assume that B(flp) > 0 and

< 0. The kinematic interface condition is stated:
Bt

+ v Bx = 0,

(x,t) E fl.

(6.4c)

Eq. (6.4c) implies that the interface moves with the local flow velocity and thus
ensures immiscibility. Recall that the velocity at the interface is uniquely defined
by virtue of (6.4a).

6.2.3

Two-Fluid Euler Equations

To formulate the two-fluid Euler equations, it is important to note that the interface conditions (6.4) imply that the Rankine-Hugoniot condition for discontinuities
in hyperbolic systems (see, for instance, Ref. [63]) is satisfied at the interface:

(x, t) E f,

(6.5)

with s the shock speed. In particular, for the interface, s = v(x, t) for (x, t) E f.
The variational statement (6.2) subject to (6.5) is equivalent to
(6.6)
Note that the functions win (6.6) can have support across the interface, in contrast
to (6.2). The equivalence is founded on the classical principle that a piecewise
continuous solution is a valid weak solution if and only if it satisfies the RankineHugoniot condition at discontinuities.
To obtain a conservative formulation of the two-fluid Euler equations, we
must replace the nonconservative, advective form of the kinematic condition (6.4c)
by a conservative equivalent. Under the conditions imposed by (6.6), an appropriate replacement for (6.4c) is:

l

At pg( B)

+ Ax pg( B) v dx dt =

0,

'VA. E C0 (fl),

(6.7a)
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with 8 ~ g(8) a strictly monotone map with the property that for all A E C 0 (D)
and for all admissible (p, pv) there exists a w E ego (D) such that

1n

WtP + IL'x pv d:r dt =

Jnr (At g( fJ) + A g' (e) Bt) p + (Ax g( 0) + A g' (fJ) e,c) pv cLr(6. dt.

If g is a c= map then Ag(8) E c=(n) and the identity (6.7b) follows by setting
w = Ag(O) and invoking partial differentiation. However, even if g is less regular,
e.g.' piecewise c=' then the condition can still be satisfied if the derivatives are
understood in a generalized sense. To establish that (6.6) and (6.7a) imply (6.4c),
we note that by (6.6) and (6.7b)

Jn( At pg(fJ) +Ax pg(B) v d:r dt+ Jn(

pg' (8)

(et +v B,c) d:r dt = 0,

(D).
(6.8)

By virtue of (6.7a), the integrals in (6.8) must vanish separately. Therefore,
Eq. (6.6) and (6.7a) imply (6.4c) weakly.
To conclude the setup of the two-fluid Euler equations, we note that the
interface conditions (6.4) are identical to the continuity conditions for contact
discontinuities; see, e.g., Refs. [63, 77]. Therefore, the two-fluid flow problem can
be condensed into the variational statement

Jn{ w

1·q

+ w x · f (q) dx dt =

(6.9a)

0,

where
(6.9b)

with the provision that fJ can only change sign across a contact discontinuity, i.e.,
that the interface coincides with a contact discontinuity. In §6.4.2 we shall show
that (6.9) indeed complies with the latter requirement.
Eq. (6.9) must be equipped with a compound equation of state of the form
·fJ) with the property:
P .-

p(p, e)

:=

{Pr(P)
Ps(P)

if
if

e > o,
e < o.

(6.10)

One may note that in (6.9) (6.10), ()only acts as an intermediary between g and
p. Therefore, 0 does not have to appear explicitly in the formulation.
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3

Pressure Oscillations

A common objection to interface capturing is the occurrence of pressure oscillations. These pressure oscillations expose the loss of the pressure-invariance
property of the continuum problem under discretization. Below, we exemplify
the pressure oscillations and we derive a pressure-invariance condition for discrete approximations to two-fluid fiow problems. Furthermore, we construct a
non-oscillatory conservative discretization for barotropic two-fluid flows.

1
The
exemplification has appeared in similar form in. e.g., Refs.
and is merely included here for completeness.
To illustrate the pressure oscillations that are generally incurred
conservative discretizations oftwo·-fluid How problems, 1Ne consider (6.9) on n :=£X ]0,
with £ an open bounded subset of JR. \Ve assign g as the primary volume fracticm.
In particular, this implies
l

if

q(B) := { .
' .
0
The

e > o,

(Ci.ll)

otherwise.

equation of state is specified accordingly as

p(pJJ)

=

g(8)pp(JJ)

+ (1 ~ g(B))p,(p),

(6.12)

with Pp(P) aud p,(p) the equations of state for the primary and
ftuid.
In fact, (6.12) provides a definition of the volume fraction in terms of p and p; sec
also §6.3.3. We allude to the fact that (} can be removed from the fornmlatiou and
we suppress the dependence of g on below.
The spatial interval£ is subdivided into open intervals
:=]:cJ, :rJ+d with
j = 1, ... , nand (6.9)-(6.12) is supplemented with the initial conditions

e

'0) = p~'

0) = l/,

g(:r,O) =

:r

.:Tj-l-1[,

j=l, ... ,n,

(G.
positive constant and p~ and

with l/ au

P.c7J = ·q.o7. Pp(l'J)

+ (·.1

gjo)

constants such that

Ps (P). '

(6.13b)

for some constant P. The equations (6.9) (6.13)
a two-Huid How iu
u is uniform and in which the density p and the
volume
which the
fraction .11 are such that the pressure p is uniform as wdl.
The obvious solution to (6.9) (6.1:3) is given by

q(:r, t) =
The prt:ssure
of state:

t)
p(:r, t) =

to

t) (Jp (p( .7:. t))

(6.

0).

follows from the compound

+ (1 -

, t)) p,(p(.T. t))

15)

6.3.
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By (6.14)-(6.15),

p(x- Vt, 0)

=

g(x- Vt, 0) pp(p(x, t))

+ (1- g(x- Vt, 0)) p (p(x, t)),
8

(6.16)

and it follows that p(x, t) = P. In conclusion, if the initial velocity and pressure
are uniform, then the pressure is invariant under (6.9).
To illustrate the loss of the pressure-invariance property, we consider the
discretization of (6.9)-(6.13) on the grid {(xj, tk) : j = 1, ... , n, k = 1, 2, ... }
(to = 0 and tk < tk+l) by means of the discontinuous Galerkin finite element
method with piecewise constants:

qJ+l- qJ

f(qj,qj+l)- f(qj_l,qj)

tk+l - tk

Xj+l - Xj

--"'----""- +

0

= '

k = 0, 1, ....

(6.17)

This discretization is a first-order forward Euler finite-volume discretization. We
specify the initial conditions q~ = (p~,p~V,p~g~f, in conformity with (6.13).
In (6.17), f(qj,qj+ 1) refers to the numerical flux (see, e.g., Ref. [31]) between the
elements Lj and Lj+l· The grid function qj is a piecewise constant approximation
to q(x, tk) according to (6.14) in the interval Lj·
The states q~ and q~+l (j = 1, ... , n- 1) are connected by a contact discontinuity with velocity V. The corresponding Godunov flux becomes:

p~

f(q~, q~+l) = V ( p~V )
p~g~

+

(0)
P
0

.

(6.18)

Expression (6.18) is also valid for any approximate Riemann solver that features
an exact representation of contact discontinuities, such as Osher's scheme. From
Eqs. (6.17)--(6.18) it follows that
(6.19a)
with

C := V(h- to)/(xj+l- Xj),

(6.19b)

the local CFL-number. From Eqs. (6.19) and (6.13b) we obtain, successively,

P}

= p~- C(p~- P~-l) =

with

·- 9jo 9j* .-

gj Pp(P) + (1- gj) Ps(P),

C(9jo - 9j-l
o ).

(6.20a)
(6.20b)

Comparing (6.20) to (6.13b), we infer that a necessary and sufficient condition for
pressure invariance of the discrete approximation is gJ = gj. However, conversely,
from (6.13b) and (6.19) we obtain
1

gj

(

=

(1 - C)(gJ) 2

+ C(gJ-1) 2 ) PP + ( (1- C)gJ(1 - gJ) + CgJ-l (1 - gJ_l)) Ps

(gJ - C(gJ - gJ_l)) Pp

+ ( 1 - (gJ - C(gJ - gJ_l))) Ps
(6.21)
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with Pp/s := Ppjs(P). In general, g} -=1- gj and, hence, the discrete approximation from (6.17) lacks the pressure-invariance property of the continuum equations (6.9). Trivial exceptions are: C = 0 (:::} q} = q~), C = 1 (:::} qj = q~_ 1 ),
=
= q~_ 1 ) and Pp = Ps·
1 (:::}
It is noteworthy that if (pg)t + (pgv)x = 0 in (6.9) is replaced by

gJ gJ_

qJ

X

E

.C, t 2: 0,

(6.22)

then, subject to the initial conditions (6.13), the first-order forward Euler discretization yields
(6.23)
Hence, gJ = gj, and pressure invariance is maintained. However, Eq. (6.22) is
in non-conservative form. The pressure invariance is in this case achieved at the
expense of the conservative form of the equations.

6.3.2

Pressure-lnvariance Condition

The implications of the above exemplification are restricted: The analysis does
not imply that pressure oscillations are inherent to conservative discretizations of
two-fluid flow problems. It merely implies that discrete approximations to twofluid flow problems do not necessarily inherit the pressure-invariance property of
the continuum equations.
To avoid pressure oscillations, discrete approximations of two-fluid flow problems must comply with a pressure-invariance condition. This condition is also
mentioned in Ref. [57] in the context of a not-strictly-conservative method for
multi-fluid flows with a stiffened-gas equation of state; see also [4, 59, 60]. Below
we formulate the pressure-invariance condition for strictly conservative hyperbolic
systems conform (6.9), provided with a compound equation of state of the form
p(p, ()). We do not yet attach a specific connotation to g.
The pressure-invariance condition for discretizations of (6.9) is stated: If
vj = V, with V a constant, and pJ and ej satisfy
(6.24a)
for some constant P, then p is invariant under the characteristic mapping of the
discretization, i.e.,
1 ) = P.
p(p]+l,
(6.24b)

eJ+

In fact, gJ = gj with gj according to Eq. (6.20b) is an implementation of
the pressure-invariance condition for a compound equation of state conform (6.12)
and the first-order forward Euler discretization (6.1 7).

85

6.3. Pressure Oscillations

6.3.3

A Non-Oscillatory Conservative Scheme

To set up a pressure-invariant discretization for two-fluid flow problems, we consider two distinct compressible fluids with barotropic equations of state pp(P) and
p8 (p). For given density and pressure, the primary volume fraction a is implicitly
defined by
(6.25)
p(x, t) = a(x, t)pp(p(x, t)) + (1- a(x, t))p 8 (p(x, t)).
Under the assumption pp(P) # p8 (p), Eq. (6.25) uniquely defines a. However, a
does not appear in our final formulation and we do not rely on its unicity.
We also require the primary and secondary partial densities, defined as:
p~ := app,

and

p~ :=

(1- a)ps,

(6.26)

respectively. In terms of these partial densities, conservation of mass, for each
fluid separately, is expressed by
(6.27)
+ (p~v)x = 0.
the compound density satisfies p = p~ + p~. Hence, if we assign g as
(p~)t

+ (p~v)x

= 0,

(p~)t

and

Furthermore,
the primary mass fraction,

(6.28)
g := p~/p,
then conservation of mass, for each of the fluids separately, and conservation of
momentum can be condensed into the form (6.9).
The compound equation of state associated with g according to (6.28) is
implicitly given by
(6.29a)

pg = app(P),
P - pg = ( 1 - a) Ps (p) .
Eq. (6.29) follows from pg
yields the convenient form

=

p~

and p- pg

1

g

=

p~

(6.29b)

and (6.26). Elimination of a

1- g

(6.30)

P= Pp(P) + Ps(P) .

The first-order forward Euler discretization of (6.9) with the compound equation of state (6.29) or (6.30) satisfies the pressure-invariance condition. To corroborate this assertion, we note that if vj = V and p(pj, gJ) = P, i.e.,

pjgj = ajpp(P),

(6.31a)

pj- pjgj = (1- aj)Ps(P),

(6.31b)

for all j = 1, ... , n, then the forward Euler discretization (6.17) with the numerical
flux (6.18) yields

PJk+l = PkJ _ C(pkJ _ PkJ-1 ) '
Pk+lgk+l = pkgk _ C(pkgk _ Pk
J

J

J

J

J

J

(6.32a)

gk

J-l J-l

)

'

(6.32b)
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with C defined by (6.19b). From (6.31)-(6.32) it follows that

P]+ 1

-

P]+lgJ+l = aJ+lpp(P)'

(6.33a)

P]+lg]+ 1 = (1- a]+ 1 )Ps(P),

(6.33b)

with
(6.33c)
The compound equation of state (6.29) thus yields p(p]+l, g]+ 1 ) = P.
Summarizing paragraphs 6.3.1-6.3.3, we conclude that ifg represents the primary volume fraction and the compound equation of state is specified accordingly
as (6.12), then the discretization does not comply with the pressure-invariance condition. In contrast, if g is the primary mass fraction and the compound equation
of state is given by (6.30), then the pressure-invariance condition is satisfied.

6.4

A Modified Osher Scheme for Two-Fluids

By virtue of its conservative form, the pressure-invariant formulation from §6.3.3
is ideally suited to treatment by Godunov-type methods. To avoid the computational expenses of solving the associated Riemann problems, below we set up
an approximate Riemann solver for the two-fluid flow problem. The approximate
Riemann solver is of Osher type. As a digression, we show that the interface indeed appears as a contact discontinuity, both in the exact Riemann solution and
in the rarefaction-waves-only approximation that underlies Osher's scheme.
We emphasize that the choice of the approximate Riemann solver does not
affect the pressure invariance; the invariance is ensured by the specific choice (6.28)
for g and the corresponding compound equation of state (6.30). Any other approximate Riemann solver that resolves contact discontinuities exactly could have
been selected here, e.g., Roe's scheme or the AUSM scheme.

6.4.1

The Two-Fluid Riemann Problem

We consider (6.9) provided with a compound equation of state of the form p :=

p(p, g), e.g., Eq. (6.30). The formal dependence of gone in (6.9) can be ignored.

The corresponding Riemann problem is defined on the half-space n := { -oo <X<
oo, 0 < t < oo} and is obtained by imposing the discontinuous initial conditions

q(x, 0)

:=

{qL

qR

if X < ~'
otherw1se,

(6.34)

for certain constant left and right states qL and qR.
The properties of the Riemann problem and its solution are classical; see, e.g.,
[63]. This paragraph serves to collect the essentials for the ensuing presentation
and contains the specifics for the two-fluid flow problem.

6.4.
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To obtain the Riemann solution for the two-fluid Euler equations, we need
the Jacobian of f(q):
1

A(q) := af(q) =

.

0
(Ci.:35a)

2q2/ ql
q:>,/(/1

aq

with
c1 (p, g):= Jap(p, g)jap,

and

( 6.3f:Jb)

c2(p, g):= j8p(p, g)jag.

Its eigenvalues are
( G.3G)

and the corresponding eigenvectors are

, and

r3

:=

(q2jq.11+ c1) .
q;J/!Jl

(6.37)
The eigenpairs (Ak, rk) are genuinely nonlinear fork = 1, 3 and linearly degener:1te
for k = 2 (cf. Ref. [43] for :1 defiuition of these classifications). The genuinely
nonlinear eigenpairs are related to rarefaction waves and shock waves. The linearly
degenerate eigenpair corresponds to a contact discontinuity.
For any admissible state qA we associate two paths in state space with each
eigenpair: the k-shock path and the k-rarefaction path. The k-shock path is
defined as

Sk

=f( q)-f( qA), s( q, qA) __.__. Ak( qA) as q --+qA},
(6.38)
1s referred to as the k-shock speed. The k-rarefaction path is

:= { q E JR;l : .5( q, qA)( q-qA)

where s(q,
defined as

Rk(qA) := {q E lR3

with

:

q = h(~),~ E lR},

(6.39a)

the solution to the ordinary differential equation
(6.39b)

with {J := OqAk(q)·rk(q) for the genuinely nonlinear eigenpairs and ;3 := 1 for the
linearly degenerate eigenpair. Note that >.k(h(0) =~for the genuinely nonlinear
eigenpairs.
The Riemann solution can be constructed by means of the shock and rarefaction paths. The solution is constant in four (possibly empty) disjoint subsets
of n. The constant states are denoted
qk/:1, k = 0, 1, 2, 3. Furthermore,
we set qD := qL and q 1 := qR. We refer to
and
as intermediate
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states. By connecting each pair of consecutive states by either a shock or a
rarefaction path, we can connect q 0 to q 1 . The unique sequence of paths that
satisfies Ak (q(k-l)/ 3) > Ak (qk; 3 ) if q(k- 1); 3 and qk/ 3 are connected by Sk and
Ak (q(k- 1); 3 ) :::; Ak (qk; 3) if q(k- 1); 3 and qk/ 3 are connected by Rk corresponds to
the Riemann solution. If Ak (q(k-l)/ 3) = Ak (qk; 3) then the shock and rarefaction
paths coincide and we opt for a rarefaction-path connection. This situation occurs
for the contact discontinuity.
Recalling that the Riemann solution assumes the similarity form q(x, t) =
q(x/t) (see, e.g., Ref. [63]), we obtain

q(x, t)

:=

<a-t,

if x/t

q0

q(x/t) = { qk/3
hk(x/t)
q1

if a-; < x/t < a-t'
if a-t_ 1 < x/t <a-;,
ifx/t>o-3,

(6.40a)

where hk := h according to (6.39b) with qA := q(k- 1); 3 and
if Ak+l(qk/3) :S Ak+l(q(k+l)/3),
otherwise,

if .Ak(qk/3) ~ .Ak(q(k-1)/3),
otherwise.

(6.40b)

(6.40c)

An example of the solution (6.40) is presented in Figure 6.2.
+ =

0'1

-

(72

.X2(q,/3) = .X2(q213)

Figure 6.2: Illustration of a two-fluid Riemann solution: An expansion fan
(shaded) connects q 0 to q 113 , a contact discontinuity (dashed) connects q 113
to q 213 and a shock discontinuity (solid) connects q 213 to q 1 .

6.4.2

Riemann Invariants

To each k-rarefaction path corresponds a set of Riemann invariants, i.e., functions
which are invariant on Rk· These Riemann invariants allow us to conveniently de-

6.4.
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termine the intermediate states in the rarefaction-waves-only approximation to the
Riemann solution that underlies Osher's scheme. Moreover, by means of the Riemann invariants and a simple argument for shocks, we can show that the interface
indeed appears as a contact discontinuity (cf §6.2.3).
Consider the eigenvectors (6.37). A k- Riemann invariant for the two-fluid
Euler equations (6.9) is any continuously differentiable function
: JR 3
ill: with
the property
(6.41)
f--)

There are at most two such k-Riemann invariants with linearly independent partial
derivatives. Note that for the linearly degenerate eigenpair the eigenvalue is a
Riemann invariant.
To derive the 1-Riemann invariants, we first solve the system of ordinary
differential equations
h'(~) = rk(h(OJ,

subject to

h(O) =

(6.42)

with k = 1:
(6.43a)
(6.43b)

with c 1 (..v) := c 1 (h 1 (w),h 3 (w)jh 1 (w)). The 1-Riemann invariants can be obtained
by constructing ~-independent functions of hJ(O, j = 1, 2, 3. The invariants thus
obtained are presented in (6.48). Note that by virtue of the similitude of r 1 and
r 3 , the 3-Riemann invariants can be chosen identical to the 1-Riemann invariants
with c 1 replaced by -c 1 .
To derive the 2-Riemann invariants, we solve (6.42) fork:= 2. Obviously,
ll c

h 1 ( ~ ) = h 1 c',

To determine
Eq. (6.42) yields
where DJ
from p :=

(6.44)

, we recall that c 1 and c 2 are defined by (6.:35b). Therefore,

denote~

to the j-th argument.

differentiation with
, h3/h 1 ) we obtain
dp
d"
t_

h3D2p)
,_ Dzp
= hl, ( DIP- --,)+h.,--.

(6.44)
imply that
is implicitly specified

h]

dp/d~

. hl

~VIm·eover.

(6.46)

= 0, i.e., pis a 2·-Ricmann invariant and h<J(O
(6.47)
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From (6.44)-(6.47) we infer that p and q2 jq 1 are 2-Riemann invariants. Indeed,
the linearly degenerate eigenvalue >. 2 := q2 jq 1 is a 2-Riemann invariant.
Summarizing, we can associate the following Riemann invariants with the
two-fluid Euler equations (6.9) with a compound equation of state of the form
p := p(p,g):

1/Ji = v + iJ!(p, g),
1/Jr = g ,

1/J~

= v, 1/J~ = v- iJ!(p, g),
'lj;~ = p , 1fJ5 = g ,

(6.48a)

where

'T'(
)·-1Pcl(w,g)d
'I' p,g
.w,
pO

(6.48b)

W

with p0 an arbitrary positive real constant.
It is important to note that g is a Riemann invariant for the genuinely nonlinear eigenpairs (k = 1, 3) and that p and v are Riemann invariants for the linearly
degenerate eigenpair (k = 2). In the absence of shocks, this implies that the change
in g associated with the fluid transition at the interface can only occur across the
contact discontinuity and, moreover, that the interface conditions (6.4) are indeed
satisfied.
To demonstrate that g is also invariant across genuine (non-degenerate)
shocks, we note that

S (p- PA) = pv- PAVA

==?

S (pgA- PAgA) = pgAV- PAgAVA,

(6.49)

for any constant gA. From (6.38) and (6.49) we can infer that there exist two shock
paths on which g is invariant. Moreover, the shock path and rarefaction path of
the degenerate shock (k = 2) coincide. Because g is not a 2-Riemann invariant, g
can vary on the 2-shock path. Therefore, the shock paths on which g is invariant
must be the 1- and 3-shock paths. These paths correspond to genuine shocks. The
invariance of g on the 1- and 3-shock paths implies that the fluid transition at the
interface cannot occur across a genuine shock.

6.4.3

Rarefaction-Waves-Only Approximation

In §6.4.1 it was shown that the intermediate states in the Riemann solution are connected by shock and rarefaction paths. A rarefaction-waves-only approximation is
obtained by replacing the shock paths by rarefaction paths. Shock discontinuities
in the Riemann solution are then approximated by so-called overturned rarefaction
waves; see, e.g., Ref. [44].
The intermediate states in the rarefaction-waves-only approximation can be
conveniently determined by means of the Riemann invariants. Supposing the
approximate intermediate states <i(l-l)ln and qlln are connected by Rk(l), with
k: {1,2,3} f--> {1,2,3} a bijection,

1/J ;;( l) ( <i(l-1) 13) = 1/J kc l) ( Qz 13) ,

l, m = 1, 2, 3 ,

m =/= k (l) ,

(6.50)
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Usual choices for the ordering of the paths are the 0-variant k(l) := 4 -- I (see
Ref. [50]) and the P-variant k(l) := l (see Ref. [30]). The 0-variant and the
P-variant have mutually reversed orderings. Throughout, we presume a P-variant
ordering.
Eq. (6.50) represents a system of nonlinear equations, from which the approximate intermediate states q113 and q2 ; 3 have to be extracted.
the
expressions for the Riemann invariants (6.48), it is easy to show that the Jacobian
matrix corresponding to (6.50) is nonsingular. Therefore, by the inverse function
theorem, Eq. (6.50) is indeed solvable.
To establish the accuracy of the approximate intermediate states from (6.50),
we recall from [63] that the change in the k--Riernann invariants across a k-shock
with strength p is O(JL 3) as JL ---+ 0, with the k-shock strength defined as the
change in the eigenvalue /\k across the shock. It follows that for sufficiently weak
shocks, i.e., if 11 := supk=l,:l (A.k(q(k-l)/ 3)- A.k(qkj:J)) is sufficiently small, the
error in the approximate intermediate states i8 only O(pa) as well. Moreover, in
the absence of shocks, the approximation according to (G ..SO) is even exact. If
strong shocks impair the accuracy of the numerical solution, then an approximate
Riemann solver which is suitable for shocks, or even an exact Riemann solver.
should be applied.
From (6.48) and (6.50) we obtain
=--cc

.YL'

-

/,

.Y2/3 = gn,

-

and

~

VJ /3

(6.51)

= 112/3 =:

in turn,

U] /2

r

P2/3

_j_l_.:.;_ _;: _ _;_

dp

= VR'

(G.52b)

{J

· PII

PUh/3• YL) = P(P2/3• .Yn),

(=: fiJ/2)-

For a compound equation of state of the form p := p(p,g), e.g.,
(6.30), these
conditions for the intermediate states can be cast in a convenient form. To derive this form, we use
(6.35b) and the transformation p :=
fJ) to obtain,

j

·Pb Cl

------ dp =

Pu

for any Po,

{J
flb

;·p~;

'Pu

E IF!:+

1

-

{J

fJp(·p·,
[) g) clp=
p

and corresponcliug Po, Pb-

op(p, gL) l· +
rl
cp
up

l,p" -1'Pn

p(p, g)

fJp(p, g) ·l
'"
(p1
up

(6.52)-(6.53) imply

=VL-VR-

(6.53)
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Equation (6.54) presents a concise condition for the intermediate pressure f5 1 ; 2 .
Once the intermediate pressure has been extracted from
the intermediate densitieH follow from the compound equation of state and
is obtained
from (6.52a) or (6.52b) in a straightforward manner.
It is noteworthy that (6.54) is well suited to treatment
numerical approximation techniques. In particular, the derivatives of the integrals with respect to
fi 1; 2 , which arc required in Newton's method, are simply the integrands evaluated at fi 1 ; 2 . Moreover, for a given approximation to ii 1 ; 2 , the integrals can be
evaluated by a standard numerical integration method (see, e.g., Ref. [34]).

6.4.4

The Modified Osher Scheme

The numerical flux in Osher's scheme [50], is determined by
(6.55a)
with

dz :=

( 1 IA(h(~))l·

.fo

(h(O) d(.

(6 ..55b)

where h(() refers to a parametrization of the section of the k(l)-rarefaction path
between q(l-l)/ 3 and
and
(6.55c)
with the eigenvalues and eigenvectors according to (6.36) and
their dependence on q being suppressed for transparency. The numerical flux (6.55) approximates f(q(O)), with q(:r/t) the Riemann solution in similarity form according
to (6.40).
From Eqs. (6.55b)-(6.55c) it follows that
·1

dt =

/

sign(>.k(l)(h(())) A(h(()) ·

(h(()) d~'

(6.56)

'll

If
in (6.56) does not change sign on the integration interval, then the integral
evaluates to

d1 = sign(>.k(l)(q(l-1)/n)) (f(ql/n)- f(q(l-1)/n))'
whereas if

Ak(l)

changes its sign once, say at q* (i.e., .\k(l)(q*) = 0), then
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Under the condition 0 < >.2(4 1; 3)
derive three generic cases
if

/\1 ( q0 )

if .A1(q0 )
if A1(q0 )

< 0 < >-1
< >.1(4 1 ; 3 ) < 0,
> 0 > .Al(ql/3).

(6.59)

Comparison to the corresponding f(q(O)) shows that f 0 (qL, qR) is accurate in the
first two cases, in particular, the error is then 0(11. 3 ), and inaccurate in the third
case, the error then being O(p.). This failure of Osher's scheme is exemplified by
means of the Burgers equation in [44].
To avoid the aforementioned deficiency of Osher's scheme, we propose a modification of the scheme. The rarefaction-waves-only approximation is maintained.
However, the overturned-rarefaction-wave representation of shocks in the approximate Riemann solution is avoided. Instead, the intermediate states from (6.50),
with a presumed P-variant ordering of the subpaths, are used to construct the
approximate Riemann solution:
if :eft<
if a-~:

a{i,

< xjt <

if a-:_1 < :r/t
if xjt > 0'3,
where

:= h according to (6.39b) with qA :=

a·r
<aT:'

(6.60a)

q(l,-l)/J and

if .Ak+l ( <iA:;3) ::; .Ak+l (q(A:+l)/3),
otherwise,

(6.60b)

if AA: ( <iA:;3) :2: AA: ( q(A:-1)/3),
otherwise,

(6.60c)

The numerical flux is subsequently computed as foM(qL,qR) := f(q(O)).
Comparison of the approximate Riemann solution (6.60) with the exact R.iemann solution (6.40) shows that SA: acts as an approximation to the shock speed.
In Ref. [63] it is proved that the speed of a shock with strength tL is equal to the
average of the eigenvalues on either side of the shock and a remainder of 0(11. 2 ),
as fL ~> 0.
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Table 6.1: Constants in Tait's equation of state (6.61).

6.5

Numerical Experiments and Results

To test the non-oscillatory conservative scheme from §6.3.3, equipped with the
modified Osher scheme from §6.4.4 for the numerical fluxes, we consider two test
cases. The first test case is a Riemann problem in which the initial velocity and
pressure are uniform. Its solution corresponds to a translation of the interface.
This test case serves to verify the pressure invariance of the method. The second
test case concerns a Riemann problem associated with the collision of a shock
with the interface. As a result of the interaction of the shock and the interface,
both the conservation properties and the pressure invariance of the method are
relevant in this case. Moreover, test case II is used to verify the asymptotic
behavior of the error in the approximate intermediate states and in the shockspeed approximation, as the shock strength vanishes; refer to Sec. 6.4.

6.5.1

Test Case I

We consider the two-fluid Euler equations (6.9), provided with the compound
equation of state (6.30). The primary and secondary fluid comply with Tait's
equation of state (see, e.g., Ref. [72]):
0

Ppjs(P) := Ppfs

0)
)
( (P I1P+ + 1/pjs

1/pjs

1/'Yp/s

,

(6.61)

with p 0 ( := 1) an appropriate reference pressure, pg/s the corresponding densities of
the primary and secondary fluid and 1/pfs ~ 0 and rpfs > 1 fluid-specific constants.
The constants used in the numerical experiments are listed in Table 6.1. These
constants are chosen such that the primary fluid models water and the secondary
fluid models air in homentropic flow. Appropriate constants for other fluids are
provided in [72].
Test case I concerns a Riemann problem with

(6.62)

Hence, p(x, 0) = 1 and v(x, 0) = 100 for all x, i.e., the pressure and velocity are
uniform. The solution then corresponds to a translation of the interface.
·
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Figure 6.3: Test case I: Computed result
( solirl line).

The two-fluid flow problem is discretized by means of a Godunov-type finite
volume method, with the numerical fluxes based on the modified Osher scheme
from §6.4.4. Instead of a first-order discretization conform (6.
, we use a limited
second order scheme with the minmocl limiter (sec, e.g., [77]). The intermediate
pressure
is solved from (6.54) by means of Newton's method. The integrals
in
are approximated
16-point Gauss quadrature. vVe use a uniform
with mesh width h = 2-G. The time step is set to T = 2- 9 h.
Figure 6.3 plots the results for test case I. The initial position of the interface
is set at x = 0. The results confirm the pressure invariance of the scheme.

6.5.2

Test Case II

Test Case II is illustrated in Figure 6.4 on the following page. The equation of state
of the primary and secondary fl uicl is specified by (6. 61), with the same constauts
as in Test Case I (Table G.l on the preceding page). The states q 0 , qi and q 1 arc
determined by

( p) ·-·
[!

g

.-

0

(1.000427 .. ')
0.062042 ...
1

C), G)

and

(6.6:3)

The pressure corresponding to q 0 is ]Jp(p 0 ) = 10. The states q 0 and qi in the
primary fiuicl (water) are connected
a 3-shock with speed sp = 145.062002 ...
and qi is connected to q 1
a
contact discontinuity, representing the
interface. At time t = 0, the shock collides with the interface. which is set at :r = 0
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(see Figure 6.4). The states q 0 and q 1 are then contiguous and, hence, the collision
induces a Riemann problem. The corresponding Riemann solution assumes the
form of a reflected rarefaction wave, a moving interface and a transmitted shock
with speed Ss = 37.491063 ... (= CJi" = CJ;3).

:e

=0

Figure 6.4: Test case II: The shock/interface collision at
Riemann problem.

0 induces a

The details of the set up of the numerical experiment for test case II are
identical to test case I. In figure 6.5 on page 97 we have plotted the results for test
ease II. The numerical results exhibit good agreement with the exact Riemann
solution. \iVe also monitored the mass-conservation errors for the two fluids separately and the momentum-conservation error for this test case: these errors are
indeed of the order of the machine precision (results not displayed).
F\unished with different settings of the parameters, test case II can be used
to verify the asymptotic behavior of the error in the intermediate states of the
rarefaction-waves-only approximation and the error in the shock speed, as the
shock strength vanishes (cf. §6.4.3 and §6.4.4). For this purpose, we consider different states q 0 on the 3-shock path through q 1 . These states are characterized
by the corresponding pressure. We then determine the intermediate states of the
actual Riemann solution, q 113 and q 213 , by means of the appropriate shock and rarefaction relations and, subsequently, the corresponding intermediate pressure p 1; 2
and the shock strengths f.Jp := A3(q0 ) - A3(q1 ) and Ps := A3(q 2 ; 3 ) - A:J(q 1 ).
The approximate intermediate pressure is extracted from (6.54). Furthermore,
we determine the exact shock speeds Sp and Ss and their approximations according to (/\3( q 0) + A3 (q 1 )) /2 and (A.3 (q 213 ) + A3 (q 1)) /2, respectively. The results
are listed in Table 6.2 on page 98. The entries in columns 4 and 6 confirm that
p' := Pl/2- Pl/2 :x f.L~ as tip --+ 0 and s~ := S s - (A3(q 2 ; 3 ) + A3
))/2 :x
as f.J.s --> 0, in accordance with the estimates in §6.4.3 and §6.4.4. Remarkably,
column 5 indicates superconvergence of the approximation of the primary shock
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Figure 6.5: Test case II: Computed result
(solid
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·~=
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(d) primary partial density at t = 0.01.

only) and exact solution

speed, in particular, s;) := .sp - (>- 3 (q0 ) + .\ 3 (q1 ))/2 oc tt~ as {Lp -+ 0. A tedicms asymptotic expansion analysis conveys that this superconvergence occurs
exclusively for rp = 7. A detailed exposition is beyond the scope of this work.
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PP( qo)

fLp

1 102

2.73399 10°

1+10 1

2. 75718 1W

1+10°
1+10- 1

2. 7.59.54

/is

2.75978

w- 2
w- 3

2

2. 75980

10- 4

1+
1+10- 4

2.75980
2. 75980

1+ w-

4.24266

I

w-ti

1.09924

1.65388

4.212.51 10-9

1.19356

1.65530

w- 2
w- 3

4.20939

1.65544

w-'
w-s
w-G 1.6.S.s4.s w-"
1.65545
1.65545

Table 6.2: Errors p 1 ,

s;,

4.20907
4.20904
4.20904
4.20904

I

I

Ss

Sp

10- 1

1.63994 10°
1

p

w- 12
w- 15
w-lK

w- 21
w- 2 '1

w- 13
w- 19

6.96208 w-:l
7.10475 w-e>

1.20356

7.119:10 10 -?

1.20456 w<IJ
1.20466 Hr<n

7.12075

1.20467
1.20468

w- 49

w-D
w-n

7.12090
7.12091 10 -13
7.12091 w-lo

and s~ for different ~hock strengths 1/p andfLs·

6,6
VIc presented a non-oscillatory method for barotropic two-fluid flow;;, funneled on
a formulation of the two-fluid flow problem as a system of hyperbolic couservation
laws. The conservative form of the two-fluid flow problem is well suited to treatment by a Godunov-type method. VVe considered an approximate Hiemanu solver
for barotropic two-fluid flows, based on the rarefaction-waves-only approximation
that underlies Osher's scheme. '\Ne established that the interface appears as a
contact discontinuity, both in the exact solution and in the rarefaction-waves-only
approximation. This implies compliance with the interface conditions.
Numerical results were presented for two Iliemann problems, viz., a translating-interface test case and a shock/interface-c:ol!isiou test case. The first test
case confirms the pressure invariancc of the method. The second test c:at>c confirms
its conservation properties. In both cases, the computed results agree well with
the exact Riemann solution. Furnished with different
the second test case
also confirmed the anticipated asymptotic behavior of the error in the approximate
intermediate states and iu the shock-speed approximation underlying the modified
Osher scheme, as the shock-strength vanishes.
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