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Abstract:
In t.his paper it is investigated what will be the set of reference trajectories that can be tracked when Minimum Variance control is used.
A necessary condition on the dynamic evaluation of a reference
trajectory is deduced. For the case of a time-invariant system all
the trackable reference trajectories are characterized exactly.
The eti'ect of limiting the control possibilities on the ability to track
a certain reference trajectory is also discussed. The analyzed system is asswned to be linear, finite dimensional and discrete-time.
The derived results are interpreted for economic systems.

I. Introduction
In the case that reference trajectories are used in the analysis of linear systems
it is usually either assumed that these reference points are generated them'selves by a linear system. or that they may vary randomly in time. Hardly any
attention is paid to the question to what extent these assumptions can be
justified.
In economics. for example. the introduction of a reference path is often
motivated by saying that the government sets the goals. This is of course a
trivial statement of fact.
It is however a rather naive strategy to take these goals for granted and then
calculate an optimal control law. given some cost criterium for it. Telling the
government that some control scheme is the optimal way to minimize the gap
between target variables and its reference values makes no sense when this gap
widens every time step. The government is then aiming at conflicting objectives.
The best a control engineer can do in such a case is to mention to the government all those reference paths that can be tracked ultimately together with the
corresponding control' efforts at which they can be obtained. Doing so the control engineer gives the government the relevant information it needs to come to
a well-considered decision about itS' goal setting.
Wohltmann has shown in"a recent paper for continuous lime-varying systems [6],
that a necessary condition for linear systems to be able to track a random reference trajectory is that the number of inputs is equal to or greater than the

-2number of variables to be tracked. This is a generalization of the Tinbergen condition. As Wohltmann points out himself. this is a rather stringent condition. and
will not always be fulfilledin practice.
The result that Wohltmann derived. depends strongly on the definition of targetpath controllability. A system is called target-path controllable if for every
reference path there exists a control function such that the system output will
exactly be equal to the reference output. at any time during a time interval
[to.t]. For time independent. discrete time systems this subject has been investigated by Preston and Pagan in [5]. In this book they derive necessary and
sufficient conditions for target-path controllability. using Silverman's structure
algorithm.
In the present paper an attempt is made to link preference specification. on the
one hand. and policy existence on the other. To this end. a much weaker
definition of target-path controllability will be given. from which still very
appealing conditions can be deduced which have to be satisfied for the reference
trajectory in order to be target-path controllable. An additional advantage of
this approach is that time varying systems can be analyzed in the same way as
time invariant systems.
The rest of the paper is organized as follows. In section II the definition of weak
target-path controllability and admissibility of a reference path will be given.
Mter that a necessary condition for a reference trajectory to be admissible will
be derived.
In section III the special case of time invariant systems will be considered. This
section is divided into two subsections. namely section III-A in which the set of
all admissible reference trajectories will be characterized exactly. and section
III-B where the effects of limiting the control possibilities on the admissibility
property of a reference trajectory are discussed.
Section III is followed by a description of an alternative approach to model limited control possibilities. The advantage of such an alternative approach is that
it can be treated in a much easier way with standard mathematical tools.
Before conclusions are drawn in the final section VI. in section V an economic
interpretation is given of the results in the case that the base system represents
an economic system.

D. Definition and sufficient conditions for reference path admissibility
The base system analyzed in this paper is described by the following linear.
finite dimensional. time varying. difference equation.
k

= 1,2....

(1)

where y" is an n-dimensional output vector to be controlled and is observed in
period k; uli is an m-dimensional input/control vector with m ~ n; x" is an pdimensional uncontrollable deterministic input vector. called exogeneous noise

-3and is assumed to be known at period k. The initial values of the system are
Yo flo and Uo uo· It is assumed that all matrices are bounded in time, and
that the matrices B" are all full rank.

=

=

Without changing the essential results of this paper. the system may be
extended by an additive white-noise vector

Wk.

with cov~w" wtJ = ~ ok/., where
1AI

Ok/. is the Kronecker delta, and T denotes the transpose of a matrix. Introduction of such a random vector will orily give rise to notational complications, and
for this reason it is abandoned here.

As pointed out in the introduction, the problem considered in this paper consists
of determining the set of reference trajectories that can be tracked by a good
choice of the control function. To cope with this problem we first have to define
what we mean by tracking. This is formalized in the definitions of admissible
reference trajectories and weak target-path controllability given below.
Assume that the base system is described by Equation (1), that the initial state
of the system is Yo, and that a cost criterium J is given, which has to be minimized. Now, define the closed-loop error B" := y" - y,,* as the difierence between
output and reference vector, when a control function minimizing the cost criterium J is applied to the system.
Definition:
A reference trajectory is called admissible with respect to J and Yo, if there
exists a control function, minimizing J, such that the corresponding error function e (.) converges to zero when k tends .to infinity.
Remark: From now on we shall omit J and Yo when we talk about the admissibility of a reference trajectory if it is clear which cost criterium and initial state
are meant.
Definition:
System (1) is called Weak-Target Path Controllable (WTPC) if there exists an
admissible reference trajectory.
The definition of weak target-path controllability is in two ways a generalization
of Wohltmann's definition.
First, for WTPC, not all reference trajectories need to be admissible. Second, in
Wohltmann's context a reference trajectory is called admissible only if it can be
tracked exactly during the considered time interval.
We shall now derive a condition that must be satisfied by a reference trajectory
in order to be admissible. But before that first a lemma is needed, the cost criterium J has to be defined. and a definition of the orthogonal projection-error
matrix has to be given.
The lemma gives us a necessary condition on the additive noise component in a
recursive linear error equation, when boundedness of error is desired. Since the
proof is straightforward. it is omitted.

-4Lemma 1:
A necessary condition for boundedness (respectively convergence to zero) of
in the following system
ele+l

= At

ele

+ ule.

where

At

ele

is bounded.

is that ule is bounded (respectively converges to zero).

o

As a government·s aim will usually be to track its reference values as quick as
possible. the following cost criterium will be considered:
k=1,2 •... ,

The pursued analysis can however be applied to other cost criteria in the same
way.

In the next theorem use is made of the orthogonal projection-error matrix.
Since the reader may not be familiar with this concept. we give the following
definition. which can for instance be deduced from [2].
Definition:
Let B be an n x m-matrix. with Tn ~ n.
Then the orthogonal projection-error matrix M:= M(B) of B is defined as:
M I - B(E T B)-1 BT.

=

Theorem 1: If a reference trajectory YIe· is admissible. then there exist vector
sequences u(·) and v(·). where vie converges to zero when k tends to infinity.
such that:

Proof: By definition. we have the admissibility of a reference trajectory only if
there exists a control minimizing the error equation JIe + 1•
The optimal control for system (1) minimizing Jlc+l is:
k=1.2 •... ,

Substitution of this optimal control into the process Equation (1) gives us a
closed loop expression for the output vector YIe+l. The closed loop error ele+l is
then given by:

This control-error equation can be rewritten as follows:

-5From Lemma 1 it follows that a necessary condition for el; to converge to zero is
the convergence of MI; (At, YI;* + CI; x - YI;*+l) to zero.
Since MI; x is the projection error of vector x on the image of matrix BI;, this
condition can be rewritten as:

where VI; converges to zero when k tends to infinity.

o

Corollary 1:
From the proof of theorem 1 it followS that the control error equation can be
written as:

Theorem 1 leads to the important conclusion that all admissible reference trajectories must satisfy the property that they are generated in correspondence
with the base system (1).
.
This is however generally not a sufficient condition. An additional assumption
about matrix MI; A,., that guarantees admissibility would be that at any time k,
its singular values lie within the unit circle.
At the end of this section we want to link the result obtained here with the result
obtained by Wohltmann.

.

Corollary 2:
Every reference path is admissible if and only if the number of control variables
is equal to or greater than the number of target variables.
Proof:
From the theorem it is clear that in case the number of inputs is equal to the
number of outputs, every reference path may be admissible. Since then matrix
MI; will be zero due to this assumption, it is seen from Corollary 1 that the control error equals zero for aUk.
So it can be concluded that every reference path is admissible in this case.
On the other hand, when the number of inputs is smaller than the number of
outputs, it is clear from the theorem that not every reference trajectory will be
admissible. Which completes the proof.
0
This result is an extension of the result derived by Preston and Pagan in [5] for
time invariant systems, and fully agrees with Wohltmann's derived result for
continues linear systems in [6].

-6-

m.

Time invariant systems

llI-A Characterization of the set of admissible reference trajectories
In this subsection we shall give a precise characterization of all admissible reference paths in case the system matrices At. Ble and q, are all constant in time.
For this purpose it is necessary to remember some well-known concepts and
notation in systems theory. of which a summary is given below. For formal
definitions and proofs the reader is referred to standard textbooks like [3], [4]
and [7].

=

=

Consider the system X"+1 AXk + BUk. Xo xo. Let Ro be the set of states
reachable
from
Xo O.
Then
Ro
equals
the
linear
subspace
1mB + A 1mB + ... + An-lImB. This subspace is usually abbreviated by
<AlB>.
It can then be proved that the set of all zero controllable initial states consists
of 1xo I An Xo E <A IB >~. We will abbreviate this set by <A IB >0.

=

. Furthermore. define the set of initial states Xo such that the solution of
XUl
A x" converges to zero when k tends to infinity. We shall call this subspace the stable subspace and denote it by x-{A).

=

The following important property for the first mentioned system is well-known:
Xo is zero stabilizable (i.e. there exists a control function u{·) such that xi: -+ O.
when k .... cc) if and only if Xo belongs to the subspace x-(A)1e + <A IB >0.
Now let matrix M be .the orthogonal projection-error of matrix B, as defined in
section III. Then with the help of the above mentioned results Theorem 2 can be
proved.
Theorem 2:
A reference trajectory is admissible if and only if there exist u (.) and v (.) such
that the following two conditions are met:
i)

eo:= Yo - Yo*, is zero stabilizable by means of v(·) in the following linear
system:

ii)

Yk*+ 1 = A y,,* + B'l4c + C Xi: + M Vic .

Proof:

"=>" From the definition of admissibility it follows that the control error

converges to zero when k tends to infinity.
This happens only if M (A Yk* + C XIc - Yk*+l) converges to zero (Lemma 1).
But then Yk*+l satisfies the equation
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where v converges to zero when k tends to infinity.
Substitution of this expression into the control error equation yields:

eA:+l = MAe" - MVA:.

So we have that
proof.

eo is

where vA: .... 0 when k ....

DO

zero stabilized by vA:. which completes this part of the

"<=:" Equation ii) implies that M (A y,,* +

ex" - Y"*+l)

equals -M VA: at any time

k.
So the error equation can be rewritten as:

Since by assumption i) this vector sequence v (.) also stabilizes eo. it follows that a reference trajectory satisfying assumption i) and ii) will be
admissible.
0

.

Remark: From the concepts defined in tris section it is clear that an eo stabilizing vector sequence v (.) will exist if and only if eo is an element of the subspace

x-(MA) + <MA 1M >0.
III-B Bounded control

In the previous subsection. we characterized the set of admissible reference trajectories. However. no attention had been paid to the admissibility of the applied
control. Since in economic reality it is often desired that the extent of control
does not fluctuate too much, or even that the extent of control is bounded. we
shall now model these restrictions and investigate what the effect will be on the
admissibility property of a reference path.
Two ways to model these restrictions will be analyzed. One way to do this is to
alter the cost criterium. This has the advantage that the newly created problem
can easily be treated mathematically. This will be the subject of section IV.
The restrictions are modelled in this subsection as follows:
minimize JA: +1 := min ~el eA: ~. given

".,

=

dkmin;i.

~ u";i ~

where uA:
(UA:.l •...•UA:,m) and
dkmin;i. and c4m=,i are given constants i = t .... m.

dlt:m.az.i
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If the control possibilities are restricted for 1 consecutive time steps, the etiect
on the admissibility of a reference trajectory can be characterized exactly.
Before properties concerning this subject are discussed. first some notation is
introduced.

u:

From now on
will denote the applied control at time step Ie and u,;0pt will
denote the optimal control at time step k if there exists no bounds on the permitted extent of control at this time step.

u:

u:pt

Furthermore the difference between
and
is denoted by A~, and denotes
eJglk the control error at time ko + Ie. when from time ko on for q consecutive
time steps application of optimal control was not possible.
The theorem now reads as follows:
Theorem 3:
If the control possibilities are restricted for I consecutive time steps, then a
reference trajectory that is admissible in the sense of section III-A will remain
admissible if and only if B AUkoH-l + M A B ll~oH-2 + ... + (M A)l-l B Au,;o
belongs to the stable space of matrix MA.
Here ko denotes the time at which the bounds first became etiective.
Proof: It follows from the identity YHI - Yttl
equations

=A Y;. + B'ZLi + C:z;

- y"tl that the

and

hold.
Subtracting one equation from the other then yields:

Note that the admissible trajectories with respect to the cost criterium considered in this subsection are a subset of those considered in section III-A.
So, when after i -1 time steps the bounds on the extent of control disappear. we
have from Theorem 2 that e1!".;-;> is equal to

Substitution of (b) int~ (a) leads to the formula:

-9Since no restrictions exist anymore from time step lon, it is easily shown by
induction that for k greater than zero

The last two equations imply the result as staled in the theorem .
.The next recursive formula for the error el~ can be derived from equation (a)
and (b) in the proof of 'Theorem 3:

This formula leads to the following results which hold if the bounds on the extent
of control remain effective:

i)
ii)

the system will not be weak target-path controllable
if the eigenvalues of matrix MA all lie within the unit circle and Au,; remains

bounded. the error

el:

will remain bounded.

IV. Control cost
As indicated in section III-B. instead of bounding the control here the effect of an

alternative cost criterium on the reference path admissibility will be investigated. The criterium which is going to be used, is justified by the observation
that a government often only has instruments at its disposal which are not
allowed to deviate too much from their set points during a certain time period.
Only when time passes these set points are allowed to change. These considerations give rise to the following cost criterium:

where tU;;*. k =0.1.2 •... J is the set point trajectory
of the control vector, and Rl RI: is a positive
definite weighting matrix.
As in section II we shall also give a necessary condition here for the admissibility

of a reference trajectory.
Theorem 4:
A reference path will be admissible for the base system (l) and cost criterium
JU1 only if it is generated according to

where vI: converges to zero when k tends to infinity.
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Proof: By straightforward differentiation of cost criterium
the optimal control for system (l) minimizing jUl is:

jk+l

it is seen that

Substitution of this optimal control into base system (1) leads to the following
equation for the error e'\:+1:

Mter
some
matrix
manipulation
it
BII; (Bi Bk. + Ri Rit )-1 Ri Rit 'U1t· is equal to M,\: Bit 'U1t·.
So the above error equation can be rewritten as:

can

be

shown

that

From Lemma 1 we have as a consequence of 'the fact that ek must converge to
zero, that Mit; (4 Yk· + Cit; Zit; + Bk 'Uk'* - Yk·+l) must likewise converge to zero.
Since R[ Rk is positive definite by assumption, we also have from Corollary 3
(below) that Mle is positive definite.
In particular this means that Mil; is a symmetric matrix of full rank. This implies
that t\ YIe* + CA; Z,\: + Bk 'l4;· - Yk'*+1 converges to zero, or to put it in another way:
Y1Al equals A.t Me· + Ck Zk + Bk 'Uk'* + vk,
where vlt; converges to zero.

o

In the proof of Theorem 4 use was made of the conjecture that if R[ Rit is positive definite, thenMA; will also be positive definite. In the next lemma it is shown
that all eigenvalues of matrix Mit; lie between zero and one. As a consequence,
the correctness of the conjecture is immediate.
Lemma 3:
Let R[ RIt; be a positive definite matrix, and A an eigenvalue of MA;' Then the relation 0 < A ~ 1 holds.
Proof: From the matrix inversion lemma (see e.g. [3]), it follows that Mk is equal
to (I + Bit; (Ri Rk)-l BD-t.
Now Bk (Ri RIt; )-1 Bi is semi positive definite, so all eigenvalues of this matrix are
equal to or greater than zero. But then all the eigenvalues of matrix
I + Bit (RI RjJ-I BI are greater than or equal to one. So all the eigenvalues of
matrix (I + BA; {R[ RIIJ- 1 BIt;)-1 lie between zero and one. This proves our lemma.D

-11Corollary 3:
If R[ Rk is positive definite, then llk, will be positive definite.
Since the stability of the error equation is dominated by the behaviour of matrix
Mk A.i:, it would be nice if some general statements concerning the eigenvalues or
singular values of this matrix could be made.
Due to the results of Lemma 3 this seems to be a manageable problem. One
remark that has to be made in this context is that in general the eigenvalues
and eigenvectors will not be situated within the unit circle. Take for example

R = I, B

= [A) and A = 4 *1. So the error equation will in general not be stable!

How this misbehaviour can be overcome is a question for future research.

V. Economic Interpretation
The aim of this section is to interpret some theorems, formulated and proved
mathematically in the foregoing sections. in a setting of economic policy problems.
But first it should be pointed out that the Conclusions drawn here depend on
several assumptions about the modeL Results obtained here therefore depend
on the validity of these assumptions. The assumptions fall into a category of
four types.
First we assumed that the economy can be described by a linear finite dimensional model, which possibly possesses at? unmodelled part that is expressible as
noise with zero expectation and finite variance.
Second. it was assumed that the structure of the economy is known to the
government, and third that the exogeneous and reference values are also
assumed to be known by the government. The fourth assumption concerns the
fact that the government's aim is to track its target values as quick as possible.
Furthermore, it should be kept in mind that the most important results
obtained in this paper are necessary conditions and not yet sutl'icient.
One of the results obtained in Section II was that if the number of control variables is equal to (or exceeds) the number of target variables, and these control
variables can be applied independently, then every reference path can be
tracked exactly. Consequently, if the goal of the government is to regulate the
economy and some target variables seem to be uncontrollable, it may be possible for the government to realize its goal by introducing new independent control mechanisms.
So by introducing more buraucracy it might be possible for the government to
regulate the economy as it wishes.
Introducing more buraucracy however brings with it more control cost for the
government and has an impact on the welfare for the population. Taking this
additional cost into account, it is seen from section IV that not all reference
paths are obtainable anymore. So the etl'ect of a good modelling of the

"

.

-12 government aims becomes clear.
We shall now give an interpretation of the sufficiency condition derived in
Theorem 1 about the admissibility of a reference path. In this theorem it is
observed that a reference path of a target variable must be generated in
correspondence with the structural parameters prevailing in a country. It is
seen that only the reference values of those target variables that can be directly
influenced by the government can be updated intermediately. Moreover it is
observed that for a small country - where the in tluence of the exogeneous variables on the national economy is large (like the Netherlands) - the government
depends severely on what happens in the foreign countries in its choice of reference trajectories.
Note that all these conclusions only hold when no attention is paid to resulting
additive control cost. Taking this cost into account. Theorem 4 can be used to
derive results.
A sudden calamity in a foreign country. such as an oil crisis will effect the
national economy of a small country, according to the foregoing developed
theory. as follows.
At the start of such a calamity the economy -will be disrupted. Due to the enormous intluence of exogeneous variables on the admi'Ssible reference trajectories,
several target variables will appear not to be obtainable anymore, unless the
government takes radical measures. As time goes on, substitution effects will
take place. which will lead to changes in the structural parameters. In course of
time the government then has to choose new reference trajectories for its targets depending OIl the new structural .
parameters. These will probably differ from those before the calamity look
place.
Note that in this theory substitution effects can only give rise to a change in
structural parameters. Possible relations which might exist between parameters
and target variables are not taken into account. By taking these relations into
account. we have as a consequence that our assumption considering linearity of
the model will no longer hold. In that case non-linear models have to be studied,
which will be a subject for future research.
It is clear that the intluence of a calamity on the admissible reference paths of a
large country - where the influence of the exogeneous variables on the economy
is of minor importance (like the U.S.) - will be less severe.
The question now arises what a government can do if it rejects any admissible
reference trajectory for a target variable. From Theorem 1 it is clear that the
only possibility left is then to change the structural parameters (i. e. if the
assumption made about the changes in structural parameters as stated above
holds). This will be a question of long term policy. Two examples of the implications of this conclusion will now be given.
Suppose the economies of the Western European countries satisfy the model
assumptions as stated above. Now it is generally agreed on that the high unemployment rates in these countries are due to a number of changes in the structural parameters in these countries in the last decade.· So, if all involved

...
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countries abuse an increase of their government expenditures, according to this
theory the only way left open to attack the problem is to pursue a policy that is
fixed on changing other structural parameters
A policy that might have prevented these troubles is one in which the government acts as a structural buffer. This means that on the long run the government takes care that the desired goals are obtainable and that financial
resources are stocked in order to overcome short term discrepancies.
Another interesting example of this theory is that developing countries benetit
most from help that aimes at the improvement of· structural parameters. The
ultimate effect of such help v.i11 be that these countries can obtain a faster
selfsuslained growth of their economies. In general it can be said that all countries benefit from cooperation, since this will help to prevent each national economy in question for non-anticipated foreign shocks.
At the end of this section we recall the statement proved in Theorem 4, that if a
set point trajectory exists for the control to be applied, the admissible reference trajectories depend strongly on this set point sequence.

VI. Conclusions
The objective of this paper was to giVF: a characterization of all reference paths
that can be tracked by means of Mini.mum Variance control. A reference trajectory that could be tracked was called admissible.
It was proved that the admissible trajectories show a great correspondence with
the base system. For time independer:;" systems aU admissible reference trajectories were characterized exactly.
Mter that the effect of bounding the control on the admissibility property of a
reference path for these systems was investigated. It appeared that when the
bounds only existed for a finite time in:.erval, th,s effect could be traced exactly.
When an infinite time horizon was considered, it was proved that under an additional assumption the admissibility property was almost preserved.
Since restrictions on the extent of control can be motivated by other reasons,
the set of admissible trajectories was characterized for an alternative cost criterium. The necessary admissibility condition proved to be dependent on the
control set point trajectory in this case.
As a special case the' Tinbergen condition, "number of control variables 2

number of target variables", proved to be extendable to discrete linear time
dependent systems.
At the end of the paper some economic interpretations of the derived results
were given.

·

.....
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