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Abstract
Monte Carlo methods depend on random sampling. The accuracy of
the numerical approximation of expected values depends on the
number of samples used. Convergence to the true value can be slow.
Control variates provide a way to use the samples more ef�ciently and
reduce the variance of the sample mean estimator. This poster
considers the computation of control variates for multivariate truncated
probability density functions and its application in hyperparameter
estimation for regularized impulse response identi�cation of
Lebesgue-sampled systems. The use of control variates in this
application reduces the computational cost of an expensive step in
each iteration of the expectation-maximization (EM) algorithm.

Main idea of control variates
Goal: estimate ET f .X/U, where f V Rn ! Rm is a known function and
X is a random variable with known probability density function pX.x/,
from N samples x.i/; i D 1; : : : ; N :

Using knowledge about pX.x/, the control variates approach obtains
estimates with smaller variance than the sample mean estimator.

How to compute the control variates?
Control variates

z.i/ D
�
a.x.i/ � �/2 C b.x.i/ � �/C c

� d log pX.x.i//
dx

C b

are zero-mean [1].
Special cases [2]:
� linear control variates:

a D 0; b D 0; c D 1 if f is an odd function
� quadratic control variates:

a D 0; b D 1; c D � if f is an even function
Control variates are zero-mean, thus no bias is introduced.

How to compute the optimal weighting matrix?
The weighting matrix

A� D �Cov. f .X/; Z/Cov.Z/�1:

leads to the smallest covariance of f .X CAZ/ in a positive-de�nite
way:

Cov. f .X/CA�Z/ D Cov. f .X//�Cov. f .X/; Z/Cov.Z/�1Cov.Z; f .X//;

which can be considerably smaller than Cov. f .X// if f .X/ is
correlated with the control variate Z.
Variance is reduced if f .X/ is correlated with the control variate Z.

Application in system identi�cation
Setup: impulse response g.t/, Gaussian output noise,
Lebesgue-sampling of output Qy.t/ leads to set-valued observations
y.t/ (see [3] for details):

The EM-iterations in [3] require computing
NQ. j/ D ET Qy1VN Qy

T
1VN j y1VN ; O�. j/U, where O�. j/ is the estimate of a

hyperparameter vector � in the j th EM iteration and Qy1VN j y1VN ; O�. j/ are
samples from a (multivariate) truncated normal distribution:

Results (2000 vs. 600 samples of Qy1VN j y1VN ; O�. j/ used):

Control variates can be employed to achieve similar accuracy by
utilizing less samples, thereby reducing execution time.
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