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Chapter 1
pIntroduction

1.1 Background

The quest for e�ciency

E�ciency is key.
E�ciency is crucial in warfare: by 211, the Roman Empire had a standing

army of 450.000 professionals, made possible only by their extremely e�cient
supply line system [65]. The size of the Roman Empire and the impact it still
has on our everyday culture speaks of their success.

E�ciency revolutionises society: in the late 14th century, about 59% of the
population of England were farmers. As farming became more e�cient, by
1800, this had dropped to only 25% [68].1 The people freed up could start
manufacturing luxury goods, improving the average person's quality of life.

E�ciency is vital in cryptanalysis: during the second World War, the Polish
bomba, a decoding machine, became too slow to decode the German messages
encrypted by the ever-improving Enigma machines. The British bombe, a much
improved, more e�cient, design by amongst others Alan Turing, got the answer
within hours, saving many Allied lives [7].

The three examples above are about e�ciency in a very general sense. Within
(theoretical) computer science, e�ciency relates to the resources needed by a
computer to perform a particular computational task (or solve a problem, as this
is often referred to): the time a computer needs to perform the task and/or the
amount of storage it needs to do the computations. Improving the e�ciency has
been one of the main concerns in computer-science research.

There are three main ways one can decrease the amount of time computers
need to perform a task. First, one can improve the speed at which computers
operate, i.e. improve the number of FLOPS2 available. Second, one can change
which kind of operations computers can perform: while quantum computers are

1For the curious readers: by 2015 it had dropped to 0,5% [30,31]
2Floating-point operations (additions and/or multiplications) performed per second
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not viable yet, once operational they will be able to break RSA3 with frightening
ease. Finally, one can use a di�erent strategy to perform the task, one that
reduces the number of operations.

For a physical analogy of the impact a strategy can have on the time needed
to complete a task, consider the task of sorting a deck of cards. Repeatedly
shu�ing it until it accidentally has the correct order will probably take a very
long time. Instead, we could, for example, take the cards in our hand one by one,
inserting the new card in the correct position. Unless you are really lucky when
shu�ing, this option is signi�cantly faster. Hence, if we wish to sort a (digital)
list of numbers, we would prefer using the latter strategy, which is also known as
the Insertion Sort algorithm. (In fact, even better algorithms than Insertion
Sort are known.) In computer science, the word algorithm refers to any well-
de�ned computational procedure that takes some set of input elements (a set of
numbers, for instance) and then produces some output (the same numbers in
sorted order, for example) [11].4 Typically, there are many di�erent algorithms
for the task at hand�in other words, there are di�erent strategies to arrive at the
desired output�and the goal of algorithms research is to �nd the most e�cient
algorithm for the task.

The e�ciency of algorithms

The time an algorithm takes to solve a problem is one of the most important
measures of its e�ciency. But how do we measure this? Suppose we wish to
measure the e�ciency of the two sorting algorithms mentioned earlier. Of course,
we could just program both algorithms, let them sort a list of e.g. a thousand
numbers, and see which one �nishes �rst. There are, however, several reasons
why this is unsatisfactory:

� Implementing an algorithm can be time-consuming.

� The exact time an algorithm takes may depend on the implementation
details and, of course, on the hardware used to execute the algorithm.

� Just running the algorithm on a single instance (or a few instances) does
not tell us much. How do we know that the algorithm does not take a lot
more time on other instances?

So, what we would like is to predict the running time of an algorithm, without
having to implement it, and such that the prediction is independent of the
particular hardware that is used and of any speci�c input.

To make the analysis independent of the hardware, one can count the number
of operations that are performed by the algorithm. But this brings us to another
problem: what exactly counts as one operation? In other words, we need to decide
which computational model we are using. In this thesis we will use the real-RAM

3The most common encryption method for digital messages
4In contrast, news media often use the word 'algorithms' to denote algorithms of which

the output is a decision, e.g. which banking transactions are suspicious, or which content to
recommend.
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model, which is the standard model in computational geometry. In this model,
operations on real numbers such as additions and subtractions, multiplications
and divisions, and comparisons are all considered to be elementary operations
that can be performed in a single time step. Moreover, computing the square
root of a (non-negative) real number can also be done exactly in a single time
step. Finally, the real-RAM model considers direct addressing in an array (that
is, accessing the j-th element, for a given index j) to be an elementary operation.
Of course, the real-RAM model is not fully realistic; after all, computers only
have limited precision. However, it does allow us to separate the algorithmic
e�ciency of an algorithm (which is what we are interested in) from its algebraic
complexity.

Now we know how we want to measure the time an algorithm takes: the
number of operations the algorithm performs in the real-RAM model. But, as
already mentioned, this not only depends on the algorithm but also on the input:
sorting a million numbers probably takes more operations than sorting a thousand
numbers, and even when the input size is �xed, the number of operations may
vary depending on the precise input. Hence, in algorithms research, the e�ciency
of an algorithm is typically analysed using a worst-case asymptotic analysis, as
explained next.

Let n be the size of the input, e.g., the number of numbers to be sorted. Let
f(n) be a positive increasing function.5 We then say that an algorithm A takes
O(f(n)) time6 if and only if there exist some constants C,N > 0 such that for all
n ≥ N the algorithm solves every possible problem of size n in at most C · f(n)
operations. We now de�ne the algorithm A to be more e�cient than B if and
only if there exists some f(n) such that A takes O(f(n)) time, while B takes
more time, i.e., for all possible C,N > 0 there exists some n ≥ N and some
problem of size n such that B takes more than C · f(n) operations to solve this
problem. Note that the slower f(n) grows as n tends to∞, the better the bound
on the running time is. So, for example, a O(n8) bound is much better than a
O(2n) bound. An algorithm A is said to run in polynomial time if there exists
a polynomial f(n) such that A runs in O(f(n)) time. For example, Insertion
Sort takes O(n2) time.

This de�nition gives rise to a natural de�nition of the hardness of a problem.
To explain this, we will only consider so-called decision problems, i.e., problems
where the solution is either yes or no. We can distinguish several classes of
decision problems, depending on the e�ciency of the best possible algorithms to
solve them. One such class is called P; a problem is in P if and only if there
exists an algorithm that solves the problem in polynomial time. Another class
of problems is NP; a problem is in NP if and only if a positive answer can be
veri�ed in polynomial time, i.e., if the answer is yes, then one can give a proof
that can be veri�ed in polynomial time. For example, suppose the problem is
`does there exist a tour through all capitals in Europe of at most 22.000 km?'. If
the answer is yes, then a tour whose length is at most 22.000 km serves as an
easily veri�able proof. However, that does not mean that such a tour is easy to

5I.e., f(n) > 0 and f(n) > f(n+ 1) for all n ≥ 1.
6This notation is called the big O notation. Say `Big oh of f(n)', or `Oh f(n)' for short.



4 Introduction

�nd. In fact, the question of whether all problems in NP are also in P, is known
as the P versus NP problem. It is one of the seven so-called Millennium Prize
Problems, a list of seven fundamental mathematical problems formulated in 2000,
of which only a single one has been solved so far [71]. Another important notion
is that of NP-hardness; a problem Π is NP-hard if every problem in NP can be
solved in polynomial time if there exists a subroutine solving Π in polynomial
time. Finally, a problem is said to be NP-complete if it is NP-hard and in NP.

Most researchers believe that P ̸= NP, which means that there are problems
that cannot be solved in polynomial time. Note that in order to prove that
a problem is in P, it su�ces to give an algorithm that solves the problem in
polynomial time. To prove that a problem can not be solved in polynomial time,
however, one needs to argue that no algorithm can exist that solves the problem
in polynomial time. Unfortunately, we currently have no way of proving such
an unconditional lower bound. Hence, a framework based on conditional lower
bounds has been established. The idea is to prove that some problem X is at
least as hard as another problem Y, by showing that if problem X can be solved
quickly, then so can problem Y. Under the assumption that problem Y has a
certain lower bound on its complexity, this then also gives a lower bound on the
complexity of X.

One such a assumption is the so-called Exponential Time Hypothesis (ETH),
which we will explain next. The 3-Satisfiability problem (3-SAT) is to
decide whether there is a satisfying assignment to a so-called 3-CNF7 formula on
n variables. A 3-CNF formula is de�ned as a disjunction of a set of clauses, each
of which is a conjunction of exactly three literals. The following is an example of
a 3-CNF formula:

(x1 ∨ ¬x2 ∨ ¬x3) ∧ (x2 ∨ x4 ∨ ¬x1) ∧ (¬x4 ∨ x3 ∨ x1).

This speci�c formula on n = 4 variables can be satis�ed by taking x1 = x2 =
x3 = x4 = True. The ETH, formulated by Impagliazzo and Paturi [42], states
that 3-SAT cannot be solved in subexponential time (usually written as 2o(n)

time), i.e., a time that grows slower than every function exponential in n.
Note that an algorithm with running time 2O(

√
n) is sub-exponential but not

polynomial.8 For NP-hard problems, where we expect that a polynomial-time
algorithm does not exist, it is therefore interesting to investigate if they can be
solved in sub-exponential time or not; the ETH states that this is not possible
for 3-SAT. We say an algorithm is ETH-tight if one can prove no asymptotically
faster algorithm exists, assuming that the ETH holds.

Graph problems

As an area of research matures and the corresponding sum of knowledge grows, it
gets divided into subareas where one can (hopefully) develop techniques that are
applicable to a wide range of problems from the subarea. An important subarea

7Conjunctive normal form
8Assuming 2O(

√
n) is the smallest possible bound, of course
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(a) (b) (c)

1 0.5

32
1

3

Figure 1.1: Some examples of graphs.
(a) A graph, containing vertices and edges.
(b) In this graph, the edges have weights (which usually denote a distance,
cost and/or capacity). Furthermore, the edges are directed, i.e., point a
single way.
(c) In this graph, there are three di�erent kinds of vertices.

of algorithms research is concerned with problems on networks, or graphs as they
are usually called in mathematics and theoretical computer science. A graph
G is a structure that consists of a set V of vertices (the central entities in the
graph; also called nodes) and a set E of edges, which connect pairs of vertices.
See Figure 1.1 for some examples. Graphs can be used to model many real-world
networks. Road networks, railway networks, and electricity networks are obvious
examples. Networks can also be used to model other relations between entities.
See Figure 1.2 for two examples.

There are many classic graph problems, and famous algorithms solving them.
In the Minimum Spanning Tree Problem, the task is to select a set of
edges of minimal total length, such that all vertices are connected via selected
edges. Kruskal's9 and Prim's10 algorithms for this problem, from 1956 and 1957
respectively, both run in O(|E| log |V |) time [51, 58]. Other polynomial-time
solvable problems include the Shortest Path Problem,11 which Dijkstra's
algorithm solves in O(|E| + |V | log |V |) time [24], and the Maximum Flow
Problem,12 for which a solution can be found in O(|V |2|E|) time by using the
Edmonds-Karp algorithm13 [28].

Not all graph problems are easy to solve, however. Vertex Cover is one
example of a classic NP-complete problem: given a graph, what is the smallest
possible set of vertices such that for every edge, we have selected at least one
of its two endpoints? Another, closely related, NP-complete problem is the
Independent Set problem, where the task is to �nd a largest possible set
of vertices such that no two selected vertices are connected by an edge. Both
problems cannot be solved in subexponential time, unless ETH fails [75].

9Rediscovered by Loberman and Weinberger in 1957 [52]
10First discovered by Jarník in 1930 [43], and later rediscovered by Dijkstra in 1959 [24]
11The task is to �nd the shortest path between two vertices in a graph. The edges all have

nonnegative length.
12The edges denote pipes in a network, with a given capacity. Given a source vertex and a

sink vertex, the task is to �nd how much can �ow from the source to the sink.
13Although Dinitz already published an improved version two years earlier, in 1970 [25]
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Col. Mustard

Candlestick

Billiard room

Prof. Plum
Rev. Green
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Lead pipe

Kitchen
Conservatory

Card 1

Card 2

Card 3

Card 4

Card 5

Card 6

20

15 11

421732

33

12 9

26

186

(a) (b)

Figure 1.2: Graphs can also be used to model problems that do not concern physical
networks.
(a) The national security agency has received some cell phone data from a
known terrorist cell. Unfortunately, the messages themselves are encrypted
and unreadable. However, we do know how many messages the phones sent
to which other phones. In this graph, every vertex denotes a cell phone,
and each edge denotes how many messages were sent between this pair over
cell phones. Who is the most important member of this cell?
(b) You are playing a game of Cluedo (a.k.a. Clue). Every vertex on the
right is one of the cards of your opponents you are unsure of, and every
vertex on the left is one of the possible nine cards they could be. An edges
between a card on the left and a card on the right denotes these can be the
same card. Who killed dr. Black (a.k.a. mr. Boddy), with what weapon,
and where?

The Travelling Salesman Problem

One classical problem of note is the Travelling Salesman Problem, or TSP
for short.14 TSP is one of the main problems studied in this thesis. In TSP,
the vertices denote locations that a travelling salesman wishes to visit, and the
edge weights denote the distance between two locations. The goal is to �nd the
shortest tour visiting all locations. The earliest known mentioning of this problem
dates back to an 1832 German manual for travelling salesmen,15 which contains
�ve tours through Germany [67]. The �rst formal de�nition was made by Menger
in 1930, where he considered the brute-force solution, and noted that the greedy
algorithm which always visits the closest unvisited neighbour does not always
return a shortest tour [67]. Throughout the years, the problem grew in popularity.
In 1951, Verblunsky [74] showed that if all the points lie in the unit square, a
shortest tour has length less than 2+

√
2.9n. A few years later, Dantzig, Fulkerson,

and Johnson [15] expressed the problem as an integer linear program, solving an
instance of 49 cities. A breakthrough was made in 1962, when Bellman [3] as
well as Held and Karp [38] independently proposed an algorithm solving the

14Surprisingly, TSP is short for `the Travelling Salesman Problem'
15Salesmen. The manual even warns about the risks of women both in and out of business.
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problem in O(n22n) time. It is currently unknown whether an exact algorithm
running in O(1.9999n) time exists [75]. Finally, it was shown by Karp in 1972
that the Hamiltonian Cycle Problem, which asks whether a graph contains
a cycle which visits every vertex exactly once, is NP-complete [46]. This, in turn,
implies the NP-hardness of TSP: suppose we wish to solve a Hamiltonian
Cycle Problem in the form of a graph G. Then, we can create a new complete
graph G′, whose edges have weight 0 if G also contains the corresponding edge,
and weight 1 otherwise. Then G′ has a shortest tour of length 0 if and only G
admits a Hamiltonian Cycle. Hence, if TSP is solvable in polynomial time, then
so is the Hamiltonian Cycle Problem. The Hamiltonian Cycle Problem
on general graphs is not just NP-complete; it is one of the problems that cannot
be solved in subexponential time, assuming ETH [75].

Geometric Graphs

For many graph problems, including TSP, in practice vertices have a physical
location (typically 2D or 3D), and edges correspond to physical connections whose
length is related to the distance between the vertices. This can give rise to many
useful properties, such as the fact that the distances between the vertices in the
network can form a metric. In particular, the distances then satisfy the triangle
inequality. These properties can then be used to design more e�cient algorithms.

The variant of TSP where the distances satisfy the triangle inequality is called
Metric TSP. In 1976, Christo�des16 showed that a (3/2)-approximation can be
found in O(n3) time for Metric TSP [10], while such a result is impossible
(assuming P ̸= NP) for general TSP.17

A special subset of geometric of problems is those on unit disk graphs, graphs
of which two points in R2 are connected by an edge if and only if their Euclidean
distance is at most 1. For example, suppose the points denote radio towers. If
two radio towers that are too close to each other are turned on at the same
time, they cause interference. Now, we wish to turn on as many radio towers as
possible without interference occurring. See Figure 1.3 for an example. We can
model this as the Independent Set problem on a unit disk graph. While this
version of the problem is still NP-hard [35], it does allow a subexponential time
algorithm [18].

For another example, consider theMinimum Steiner Tree problem. In this
problem, we are given a set of n points (either a subset of the vertices of a graph
of m vertices, or a set of points in Rd). The goal is to �nd a shortest network
connecting all points. For the original problem on a graph, the time taken by
the algorithm by Dreyfus and Wagner [26] is O(3nm + 2nm2 + m3). For the
rectilinear version of the problem, where the n points lie in R2 and the network
found must be rectilinear, i.e. the network may contain only orthogonal edges,
there exists a O∗(2.62n) algorithm18 by Ganley and Cohoon [33].

16You know the drill: Serdyukov discovered the same, in the same year [73]
17And the internet �nally spread across the world throughout the 90's, drastically reducing

the number of simultaneous/re-discoveries as well as double-digit-numbered footnotes.
18I.e., there exists some polynomial f(n) such that this algorithm runs in O(2.62nf(n)) time
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Figure 1.3: An Independent Set problem on a unit disk graph. Every dot represents a
radio tower, and the circle centred at that point shows the range of the radio
tower. If two radio towers whose ranges partially overlap are both turned
on, interference occurs. Hence, we wish to know the maximum number of
radio towers we can turn on without interference occurring; the answer is
shown using the grey circles.

The Euclidean Travelling Salesman Problem

Recall that a special case of TSP isMetric TSP, where the edge weights satisfy
the triangle inequality. We can restrict Metric TSP even further, by assuming
that the vertices are points in Rd, and the weight and/or existence of an edge
between two points depends only on the distance between them, in a metric of
choice. Usually, the metric of choice is simply the Euclidean metric. The resulting
problem is called Euclidean TSP.

In 1976, it was shown that Euclidean TSP is NP-hard [34]. The question of
whether a PTAS19 exists was �nally answered in 1998, when Arora gave a PTAS
with running time n(log n)O(

√
d/ε)d−1

[1]. Independently, Mitchell designed a
PTAS in R2 [54]. This running time was improved by Roa and Smith [59],
improved even further by Bartal and Gottlieb [2], and a 2(1/ε)

O(d)

n log n PTAS
was presented in 2021 by Kisfaludi-Bak et al. [50].

Contrasting the O(n22n) algorithm for general TSP, an exact solution for
Euclidean TSP in Rd can be found in subexponential time. Both Kann [45]
and Hwang et al. [41] gave a nO(

√
n) algorithm in the 1990s for Euclidean TSP

in R2. Smith and Wormald [69] claimed in 1998 to have expanded this to Rd,
obtaining a 2O(n1−1/d logn) algorithm.20 In 2018, De Berg et al. presented an
ETH-tight algorithm with a running time of 2O(n1−1/d) [17].

19Polynomial-Time Approximation Scheme, i.e., an algorithm with an extra parameter ε > 0,
which returns an answer within a factor (1+ε) of being optimal, and runs in a time polynomial
in n; there are no restrictions on the running time w.r.t. ε.

20Wormald con�rmed in a private discussion that unfortunately, only a draft of the full version
of this paper was ever created. Hence, o�cially, this claim remains unveri�ed.
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Easier variants of Euclidean TSP

There has been considerable research on special cases of Euclidean TSP that
are solvable in polynomial time. For example, when P is in convex position, then
the convex hull of P is a shortest tour and so one can solve Euclidean TSP
in O(n log n) time [16]. Deineko et al. [22] studied the case where the points
need not all be on the convex hull; the points inside the convex hull, however,
are required to be collinear. Their algorithm runs in O(n2) time. Deineko and
Woeginger [23] extended this to the case where the points in the interior of the
convex hull lie on k parallel lines, obtaining an O(nk+2) algorithm. These results
generalize earlier work by Cutler [12] and Rote [64] who consider point sets lying
on three, respectively k, parallel lines. Deineko et al. [21] gave a �xed-parameter
tractable algorithm for Euclidean TSP where the parameter k is the number of
points inside the convex hull, with running time O(2kk2n). Finally, Reinhold [61]
and Sanders [66] proved that when there exists a collection of disks centred at the
points in P whose intersection graph is a single cycle�this is called the necklace
condition�then the tour following the cycle is optimal. Edelsbrunner et al. [27]
gave an O(n2 log n) algorithm to verify whether such a collection of disks exists
(and, if so, �nd one).

Another example is Bitonic TSP, where the goal is to �nd a shortest bitonic
tour. A tour is bitonic if it crosses every vertical line at most twice; here the points
from the input set P are assumed to have distinct x-coordinates. It is a classic
exercise in the standard textbook Introduction to Algorithms [11] to prove that
Bitonic TSP can be solved in O(n2) time by dynamic programming. De Berg et
al. [19] showed how to speed this algorithm up to O(n log2 n).

Euclidean TSP on sets

Other research has focused on generalisations of Euclidean TSP. One such
generalisation is Euclidean TSP on Neighbourhoods. Here, we are given
a set of regions, which are called neighbourhoods, in Rd (the shape of these
neighbourhoods depends on the variant studied) and the goal is to �nd a shortest
Euclidean tour visiting at least one point from each neighbourhood. Many
variants which place restrictions on the shape of the neighbourhoods have been
shown to have a PTAS. This includes disjoint fat convex regions [20], pairwise-
disjoint connected regions of any shape [56], arbitrary disjoint fat regions [55],
and weakly disjoint neighbourhoods [9].

In TSP with Neighborhoods, the points sets to be visited are typically
connected regions. One can can also consider a variant where the neighbourhoods
are discrete sets of points. This variant is usually called Euclidean one-of-
a-set TSP.21 For this variation, the neighbourhoods are discrete sets of points.
Most research has been focused on the so-called grid cluster variant, introduced
by Bhattacharya et al. [4]. In this variant, the partitioning of the point set P
into neighbourhoods is speci�ed by the cells of the integer 1 × 1 grid (on the

21It is also sometimes called Generalised TSP. I, however, prefer descriptive names for
problems over important-sounding names.
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Euclidean plane). In other words, from every cell containing at least one of the
points in P , at least one of points of P inside that cell must be visited. Khachay
and Neznakhina showed that a PTAS exists if there are few (O(log n)) or many
(n−O(log n)) non-empty cells [48], and that if the grid has �xed height or width,
a solution can be found in polynomial time [49].

1.2 Contributions of this thesis

This thesis consists of two parts. The �rst part deals with (variants of) the
Euclidean Travelling Salesman Problem. The second part deals with two
problems (somewhat) related to Euclidean TSP: a variant of the Euclidean
Steiner Tree problem, and an online variant of TSP in a stochastic setting.
Next, we give an overview of the contents of these two parts.

Part I: The Euclidean Travelling Salesman Problem

The �rst part consists of four chapters.

� Chapter 2 sets the stage for the rest of Part I. First, we will introduce
some notation and terminology we will be using. Then, we will explain the
algorithm for Euclidean TSP by De Berg et al. [17] in detail. Recall that
this algorithm runs in 2O(n1−1/d) time, and hence it is optimal (assuming
ETH), up to constants in the exponent. Several of our algorithms will use
this algorithm as a basis, and so a good understanding of the algorithm and
its analysis will be important.

� In Chapter 3, we study two versions of TSP with Neighborhoods. As
mentioned above, in TSP with Neighborhoods we are given a set of
neighbourhoods in Rd, and the goal is to �nd a shortest tour visiting at
least one point from every neighbourhood. We assume that each of the
neighbourhoods is contained in a hypercube Hi and we investigate how the
complexity of the problem depends on the ply of the set H := {H1, . . . ,Hr}
of hypercubes, i.e., the smallest number λ such that each point in Rd is
contained in at most λ of the hypercubes from H.
In the �rst version of TSP with Neighborhoods we study, Euclidean
one-of-a-set TSP, the neighbourhoods are discrete point sets. We show
that this problem can be solved in 2O(λ1/dn1−1/d) time, where n :=

∑r
i=1 |Pi|

is the total number of points. Furthermore, we show that a shortest tour
cannot be found in 2o(n) time when λ = Θ(n), unless ETH fails.22

In the second version, Rectilinear one-of-a-cube TSP, the neighbour-
hoods are the hypercubes Hi themselves. Furthermore, instead of the
Euclidean distance, we use the rectilinear distance. For this case, we show
that a shortest tour can be found in 2O(λ1/dn1−1/d logn) time.

22Here, λ = Θ(n) means that λ grows exactly as fast as n, i.e., there exist n0, c1 and c2 such
that for all n ≥ n0, we have c1n ≤ λ ≤ c2n.
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Chapter 3 is based on the following paper:

H. Alkema and M. de Berg. Geometric TSP on sets. To be
published in Proceedings of the 34th International Symposium on
Algorithms and Computation, 2023.

� In Chapter 4, we consider a version of Euclidean TSP where the points
of P lie in the 2-dimensional so-called δ-strip, R × [0, δ], for some δ ≥ 0.
Furthermore, we assume that the x-coordinates of the points in P are all
integer and distinct.

Recall that for the Bitonic TSP, the goal is to �nd a shortest bitonic
tour, i.e., a tour which crosses every vertical line at most twice. Note that
if δ = 0, then a shortest tour on P is a bitonic tour. Naturally, one can
conjecture that for very small δ, a shortest bitonic tour is a shortest tour
overall. We show that this is indeed the case if δ ≤ 2

√
2. Furthermore, we

show that this bound is tight, i.e., for every δ > 2
√
2, there exists a point

set with the aforementioned properties on which all shortest tours are not
bitonic. Note that these results imply that for δ ≤ 2

√
2, one can solve

Euclidean TSP in O(n log2 n) time [19].

Chapters 4 and 5 are based on the following paper:

H. Alkema, M. de Berg, and S. Kisfaludi-Bak. Euclidean TSP in
narrow strips. In Proceedings of the 36th International Symposium
on Computational Geometry, 4:1�16, 2020.

� In Chapter 5, we continue with Euclidean TSP in a δ-strip. We expand
the concepts of narrow strips to d-dimensional narrow cylinders of the
form R × balld−1(δ/2). Furthermore, we loosen the constraints on the x-
coordinates of the points in P . More precisely, we assume that for every
x, the drum [x, x + 1] × balld−1(δ/2) contains only a constant number of
points.

We wonder how the complexity of this problem scales with δ: given the
results of Chapter 4, we expect a polynomial-time algorithm to exist when
δ is small enough. On the other hand, if δ = Θ(n), one would expect �nding
a tour on the points to be as hard as Euclidean TSP itself.

Indeed, we show that a shortest tour can be found in 2O(δ1−1/d)n+O(δ2n2)
time. Note that if δ = O(1), a shortest tour can be found in O(n2) time.
Furthermore, if δ = Θ(n), the algorithm runs in 2O(n1−1/d) time, the same
time as used by the algorithm by De Berg et al. [17] to solve Euclidean
TSP.

If we do not assume that the point set P is sparse, but instead assume that
the points of P are sampled independently uniformly at random from the
cylinder [0, n] × balld−1(δ/2), we show that we can �nd a shortest tour in
2O(δ1−1/d)n expected time. Note that if δ = O(1), we can �nd a shortest
tour in linear expected time. Furthermore, we get the same 2O(n1−1/d)
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bound on the running time when δ = O(n) as for the variant where P is
sparse.

I also worked on Euclidean TSP inside a simple polygon in R2. Here, the
points of our point set lie in a simple polygon de�ned by its m corner points. The
goal is to �nd a shortest tour which fully lies inside the polygon. It can be solved
exactly in poly(n,m) + 2O(

√
n logn) time, using an algorithm by Marx, Pilipczuk,

and Pilipczuk [53] for the so-called Subset TSP as a subroutine. We presented
a much simpler algorithm that solves the problem directly and that has the same
running time. This result (which is not included in the thesis) was published in
the following paper:

H. Alkema, M. de Berg, M. Monemizadeh, and L. Theocharous. TSP
in a simple polygon. In Proceedings of the 30th Annual European
Symposium on Algorithms, 5:1�14, 2022.

Part II: Related problems

In the second part of this thesis, we focus on two problems (somewhat) related
to the Euclidean TSP. A discussion of the previous work can be found in the
respective chapters.

� Chapter 6 focuses on theMinimum Rectilinear Steiner Tree problem.
In this problem, we are given a point set P , and the goal is to �nd a
rectilinear tree connecting all points of minimal total edge length.

At a glance, MRST23 is quite similar to Euclidean TSP: if all the
terminals lie in a very narrow strip, the problem is trivial; furthermore,
if we use a vertical line as a separator, it is easy to list all possible ways in
which the solution could cross this separator. Hence, one would expect that
applying the methodology of Chapters 4 and 5 generates similar results.

Hence, we investigate whether this is indeed possible, and we investigate
how the hardness of MRST scales with the height of the strip.

We show that if the points lie in the δ-strip R × [0, δ] and the point set P
is sparse, a minimum rectilinear Steiner tree can be found in 2O(

√
δ logn)

time. Note that this is slightly worse than the bound for Euclidean TSP
in narrow strips. However, we also show that a (1 + ε)-approximation can
be found in a time linear in n, namely ε−O(

√
δ log δ)n. Furthermore, if the

points are instead sampled independently uniformly at random from the
rectangle [0, n] × [0, δ], we can �nd a minimum rectilinear Steiner tree in
min{nO(

√
δ), 2O(δ

√
δ)n} expected time. Note that once more, we have an

algorithm which runs in expected linear time in n, albeit slightly slower
w.r.t. δ than the Euclidean TSP algorithm.

23Doubling the egregiousness of TSP, MRST is short for `the Minimum Rectilinear Steiner

Tree problem'
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Chapter 6 is based on the following paper:

H. Alkema and M. de Berg. Rectilinear Steiner trees in narrow
strips. In Proceedings of the 37th International Symposium on
Computational Geometry, 9:1�16, 2021.

� Finally, in Chapter 7, we focus on an on-line version of Euclidean TSP
in R1, where new points (clients) keep spawning on the real line as our
salesman (server) is travelling. We assume the interarrival times of the
clients are Poisson distributed, and the locations of the clients are sampled
independently according to some distribution. Let X have this distribution.
Furthermore, we assume a client is served instantaneously when it is reached
by the server. We show that if E[|X|] < ∞, then there exists a strategy
for the movement of our server such that the Wi, the distributions of the
waiting times of the clients, converge in distribution to some W . We call
such a strategy stable. Furthermore, if E[|X|2+ε] <∞ for some ε > 0, then
there exists a stable strategy such that E[W ] <∞. Finally, we investigate
the behaviour of an optimal strategy, i.e. a strategy with minimal E[W ], if
X is some number a with probability p and some number b with probability
1− p.

The results in Chapter 7 have not yet been submitted.
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The Euclidean Travelling

Salesman Problem









Chapter 2
pPreliminaries

Recall from Chapter 1 that in Euclidean TSP, we are given a point set P :=
{p1, ..., pn} in Rd and the goal is to �nd a shortest tour Topt through all points.
We consider d to be arbitrary but �xed.1 In this chapter, we �rst talk about the
notation used in this part, and then continue to explain the Euclidean TSP
algorithm presented by De Berg et al. [17].

2.1 Notation and terminology

Let P := {p1, . . . , pn} be a set of points in Rd. We denote the x-coordinate of a
point p ∈ Rd by x(p), and its other coordinates by y1(p), ..., yd−1(p). If d = 2,
we will use y(p) instead of y1(p). To simplify the notation, we often write xi for
x(pi), and, if d = 2, yi for y(pi). We sort the points in P such that xi ≤ xi+1

for all 1 ≤ i < n. We de�ne the spacing between points pi and pi+1 to be
∆i := xi+1 − xi.

For two points p, q ∈ Rd, we write pq to denote the (directed) edge from p
to q. Paths are written as lists of points, so (q1, q2, . . . , qm) denotes the path
consisting of the edges q1q2, . . . , qm−1qm. All points in a path must be distinct,
except possibly q1 = qm in which case the path is a tour. The length of an edge
pq is denoted by |pq|, and the total length of a set E of edges is denoted by ∥E∥.

Finally, suppose there exists some set X of properties such that the solution
to our current problem has exactly one of these properties. For example, consider
two given points p and q. Then either pq is an edge in a �xed optimal Euclidean
TSP tour on P (�rst property in X), or it is not (second property in X). We
frequently need the following step: `for all x ∈ X, solve the problem assuming
that the solution has property x. Then, take the best of the solutions found.'
We abbreviate the above to `we guess x'. For the example mentioned earlier, we
would state `we guess whether pq is part of the optimal tour'.

1I.e., an arbitrary but �xed constant
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q1

q2

r1 r2

(a) An example for the proof of
Observation 2.2.1. In black, the
tour T . In red, the strictly shorter
tour T ′, obtained by swapping q1q2
and r1r2 for q1r1 and q2r2.

r2r1

q1
q2

(b) An example for the proof of
Lemma 2.2.4. q1q2 and r1r2 are
both long edges compared to |q1r1|,
and going in similar directions.
Therefore, |q2r2| is approximately
|q1q2| − |r1r2|, and we can apply
Observation 2.2.1.

Figure 2.1: Examples for Section 2.2

2.2 The packing property

For many parts of this thesis, the ideas and methods used in the Euclidean
TSP paper by De Berg, Bodlaender, Kisfaludi-Bak and Kolay [17] will play a
crucial role. For brevity, we will refer to the corresponding algorithm as the
BBKK algorithm (after its authors). Therefore, the rest of this chapter consists
of an explanation of this algorithm with all necessary details.

First, we will argue that the edges of an optimal tour Topt cannot be too
tightly packed. This so-called packing property is at the heart of several sub-
exponential algorithms, and variants have been proven to hold for Euclidean
TSP in 1992 [45]. We start with the arguably most important observation in this
thesis:

Observation 2.2.1. Let q1q2 and r1r2 be two di�erent edges of a tour T such
that |q1r1|+ |q2r2| < |q1q2|+ |r1r2|. Then T is not a shortest tour.

Proof. We write T as a list of edges (e1, ..., en). Let i, j be such that ei = q1q2
and ej = r1r2. W.l.o.g., let i < j. Then, we de�ne the following tour:

T ′ := (e1, ..., ei−1, q1r1, ej−1, ..., ei+1, q2r2, ej+1, ..., en) .

Here, ek = qp denotes the inverse of the edge ek = pq. See Figure 2.1a for
an example. Note that ||T ′|| = ||T || − |q1q2| − |r1r2| + |q1r1| + |q2r2|. Since
|q1r1| + |q2r2| < |q1q2| + |r1r2|, we conclude that ||T ′|| < ||T ||, and hence, T is
not a shortest tour.

This observation creates an easy way to quickly eliminate sets of edges as
potential subsets of an optimal tour. A direct consequence of this property is
that edges of an optimal tour cannot be too tightly packed. To quantify this
packing property, we �rst need to de�ne separators.
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De�nition 2.2.2. A separator σ is de�ned as the boundary of an axis-aligned
hypercube in Rd. In other words, a separator is the boundary of the set

[x1, x1 + s]× ...× [xd, xd + s]

for some x1, ..., xd ∈ Rd and s > 0. We call s the size of σ, denoted by size (σ).

For brevity, we de�ne σin to be the points of Rd inside or on σ, and σout to be
the points of Rd outside σ. We say that an edge crosses a separator σ if one of its
endpoints is in σin, and the other is in σout. Note that an edge that both enters
and exits σ does not cross σ according to our de�nition. We say a separator
is balanced with respect to a point set Q ⊆ P if max {|Q ∩ σin|, |Q ∩ σout|} ≤
4d

4d+1
|Q|. We say a separator is balanced if it is balanced with respect to P itself.

Finally, for any scaling factor τ > 0 we de�ne τσ to be the separator obtained
by scaling σ by a factor τ with respect to its center. In other words, τσ is the
separator with the same center as σ and with size (τσ) = τ · size (σ).

We can now continue to the packing property.

De�nition 2.2.3. A set E of edges in Rd has the packing property for some
constant c if for every separator σ we have both of the following properties:

� (PP1): | {e ∈ E | e crosses σ and length (e) ≥ size (σ)} | ≤ cpp;

� (PP2): | {e ∈ E | e ⊂ σin and length (e) ≥ size (σ) /4} | ≤ cpp.

While (PP2) is a direct consequence of (PP1), it is part of the de�nition of
the packing property for later convenience.

Lemma 2.2.4. Let E be a subset of edges of a shortest tour Topt on a point set
P in Rd. Then E has the packing property for some cpp = O (1).

Proof. For a full proof, see the BBKK paper [17, Theorem 8]. We start with an
intuitive proof for (PP1). For a contradiction, suppose E contains more than
O (1) edges that cross σ and have a length at least size (σ). Then E contains two
edges q1q2 and r1r2 such that q1 and r1 are close to each other, and the edges
go in (almost) the same direction. W.l.o.g., let |q1q2| ≥ |r1r2|. In such a case,
|q2r2| must be relatively close to |q1q2| − |r1r2|. See Figure 2.1b for an example.
Therefore, we have |q1r1|+ |q2r2| ≈ 0+ |q1q2| − |r1r2| < |q1q2|+ |r1r2|. We apply
Observation 2.2.1 to show that q1q2 and r1r2 cannot be both in an optimal tour.
Therefore, E is not a subset of Topt.

(PP2) can be proven using (PP1) by covering σin by a constant number of
separators σ∗

1, ..., σ
∗
m, all of size size(σ)/4, such that every edge of length at least

size(σ)/4 in σin crosses at least one of these separators. Since all long edges
which are completely inside σin cross at least one of the smaller separators, each
such separator is crossed by at most cpp such edges, and there is only a constant
number of smaller separators, we conclude that the number of long edges fully in
σin is bounded by a constant as well.

Note that cpp depends on d: if d is larger, we need signi�cantly more edges
before there must be two that go in (almost) the same direction. However, since
we consider d to be a constant, so is cpp.
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2.3 Finding a good separator

In principle, the BBKK algorithm [17] is a straightforward divide-and-conquer
algorithm:2

(i) Choose a separator σ, splitting the given point set P into two sets P ∩ σin

and P ∩ σout.

(ii) Guess how Topt crosses the separator. We have now split the problem into
two parts: the part of Topt inside σ, and part of Topt outside σ.

(iii) Solve these subproblems recursively.3

(iv) Return the combination of solutions for the two subproblems that results
in the shortest overall solution.

In this section, we will focus on steps (i) and (ii). In the next section, we will
give pseudocode for the algorithm, and explain steps (iii) and (iv).

Intuitively, suppose the separator σ chosen in step (i) is both balanced and
has very few points of P close to it. Then there are relatively few possible guesses
for step (ii): there cannot be many large edges of Topt crossing σ, because of the
packing property, nor can there be many short edges crossing σ, since only few
points of P are close to it. Furthermore, since the separator is balanced, the size
of the problem shrinks rapidly; after being split only O (log n) times, it is already
trivially small. Hence, the total time spent on the recursive calls will not explode.

We now make these ideas more precise, starting with the separator chosen in
step (i). We de�ne the relative distance from a point p to σ as follows:

rdist (p, σ) :=
d∞ (p, σ)

size (σ)
,

where d∞ (p, σ) denotes the shortest distance in the ℓ∞-metric between p and
any point on σ. For integers i we de�ne

Pi(σ) :=

{
p ∈ P

∣∣∣∣ rdist (p, σ) ≤ 2i

n1/d

}
.

Note that the smaller i is, the closer the points in Pi(σ) are required to be.
De Berg et al. [17] prove that any point set P admits a separator σ where

the size of sets Pi(σ) is su�ciently small for their algorithm to obtain the desired
running time. We need a slightly stronger version, as stated next. The di�erence
between our version and the original theorem is that the bound of |Pi(σ)| for
the case i ≥ 0 is stronger: where the original contains a factor 4i, this version
contains a factor (2 + η), for some arbitrarily small η > 0, instead of 4. In the
original proof, it is noted that it can be replaced by any �xed number in (2,∞).

2A divide-and-conquer algorithm solves the problem by splitting the problem into multiple
independent subproblems. It then solves these subproblems recursively, and then combines the
answers of the subproblems to obtain the answer to the original problem.

3A discerning reader might note that the solutions to these subproblems are not tours.
Hence, the algorithm solves a more general problem, as we will explain in Section 2.4.
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Theorem 2.3.1. Let P be a set of n points in Rd. Let Q ⊆ P . Let η > 0 be
arbitrary but �xed. Then there is a separator σ balanced w.r.t. Q such that

|Pi(σ)| =

O
(
(3/2)

i
n1−1/d

)
for all i < 0;

O
(
(2 + η)

i
n1−1/d

)
for all i ≥ 0.

Moreover, such a separator can be found in O
(
nd+1

)
time.

Proof. For the full proof, see the BBKK paper [17, Theorem 1 and Corollary 3].
Below, we give an overview of the proof steps.

Let σ∗ be the smallest hypercube that is balanced w.r.t. Q, i.e. a separator
with minimum size such that |Q∩σ∗

in| contains at least 1
4d+1
|Q| points. We claim

that τσ∗ is balanced w.r.t. Q for all 1 ≤ τ ≤ 3. Indeed, since τ ≥ 1, we know
that τσ∗

in contains enough points of Q. Furthermore, if τσ∗
in contains too many

points of Q for some 1 ≤ τ ≤ 3, then τσ∗
in contains so many points that we can

prove that σ∗ is not the smallest balanced separator.4

It remains to prove that there is a τ∗ with 1 ≤ τ∗ ≤ 3 such that τ∗σ∗

satis�es the conditions on |Pi (τ
∗σ∗) |. To do so, a cost function wp(τ) denoting

the cost of the distance from p to τσ∗ is introduced. This cost is exponential
in i∗, the smallest i such that p is contained in the set Pi∗(τσ

∗); the closer p
lies to τσ∗, the smaller i∗ is, and the higher the cost wp(τ) is. Furthermore,∫ 3

τ=1
wp(τ)dt = O (1): while the cost may be exponential in i∗, these costs are

also applicable for exponentially short intervals.5

Because
∫ 3

τ=1
wp(τ)dt = O (1), we can �nd a τ∗ such that

∑
p∈P wp(τ

∗) =
O (n). Now, because wp(τ) increases exponentially when p gets closer to τσ∗, and
the total cost over all points is a constant, the number of points within distance d
decreases exponentially as d decreases. Hence, |Pi (τ

∗σ∗) | decreases exponentially
in i. Therefore, τ∗σ∗ has all required properties. Finally, by smartly truncating
wp(τ) we can compute τ∗ quickly. Therefore, �nding σ∗, which can be brute-
forced in O

(
nd+1

)
time, is the bottleneck.

Finally, we show that this separator indeed allows only few guesses in step (ii).
For a tour T and a separator σ, let E (T, σ) be the set of edges of T that cross σ:

Theorem 2.3.2. Let P be a set of n points in Rd and let Q ⊆ P . Let Topt be
an (unknown) optimal tour on P . Then there is a separator σ and a collection
C (σ, P ) of candidate sets such that

(i) σ is balanced with respect to Q,

(ii) E (Topt, σ) ∈ C (σ, P ),

(iii) |C (σ, P ) | = 2O(n
1−1/d), and

4This part of the proof is also the origin of the factor 1
4d+1

in the de�nition of a balanced
separator

5For the resulting sum to converge, we need η > 0. For the same reason, the power 3/2 in
the theorem formulation can be any number in the interval (1, 2).
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(iv) each candidate set E ∈ C (σ, P ) contains O
(
n1−1/d

)
edges.

Moreover, σ and the collection C (σ, P ) can be computed in 2O(n
1−1/d) time.

Proof. The following proof is copied almost verbatim from the BBKK paper [17,
Theorem 5]; the notation has been changed to match the notation in this work.
We give this proof as we will in a later chapter prove a similar theorem.

Let σ be the separator obtained by applying Theorem 2.3.1 to Q and P , with
η = 2. Let σ have property (i). It remains to show that there is a set C (σ, P )

that has properties (ii) to (iv) and that can be enumerated in 2O(n
1−1/d) time.

We assume without loss of generality6 that size (σ) = 1 and that σ is centred at
the origin. Let Lsmall := n−1/dn−(1−1/d) log3/2(2). Any set E ∈ C (σ, P ) can be
partitioned into three subsets:

� Eshort := {e ∈ E | length (e) ≤ Lsmall },

� Emid := {e ∈ E |Lsmall ≤ length (e) ≤ 1}, and

� Elong := {e ∈ E | 1 < length (e)}.

We will analyse each of the three subsets separately. This analysis will give an
upper bound on the number of candidates for the given type of subset. The
argument will be constructive in the sense that it allows us to enumerate the
candidates e�ciently. By combining the candidates for the three types of subsets,
we then get the desired set C (σ, P ). We start by analysing Eshort and Elong.

An edge in Eshort has both endpoints at distance at most Lsmall from σ, and
so both endpoints are in Pi(σ) for i = − log3/2

(
n1−1/d

)
. By Theorem 2.3.1, the

number of points in this Pi(σ) is O
(
(3/2)

i
n1−1/d

)
= O (1). Hence, |Eshort| =

O (1), which trivially implies that we can choose Eshort in nO(1) di�erent ways.
The number of edges in Elong is O (1) by packing property (PP1), which implies
that we can choose Elong in nO(1) di�erent ways. We can also enumerate the
candidates for Eshort and Elong in polynomial time.

It remains to handle Emid. De�ne Emid(i) ⊆ Emid as

Emid(i) :=

{
e ∈ Emid

∣∣∣∣ 2i−1

n1/d
< length (e) ≤ 2i

n1/d

}
.

Note that

Emid =
⋃

− log3/2(n1−1/d)+1≤i≤log(n1/d)

Emid(i).

We �rst analyse |Emid(i)| and the number of ways in which we can choose Emid(i)
for a �xed i. To this end, we partition each facet of σ into a (d− 1)-dimensional

6We can safely scale the whole problem, and have made no assumptions on P so far.
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g1 g2 g3

Hg1 Hg2 Hg3

σ

Figure 2.2: An example for the proof of Theorem 2.3.2. The black line is one of
the sides (facets) of the two-dimensional separator σ. g1, g2 and g3 are
three consecutive grid points of Gi on this side. Hg1 , Hg2 and Hg3 are the
corresponding separators in Hi. Their sizes are double the distance between
two points. Every edge crossing σ with length at most half the size of an
Hg fully lies in one of the Hg.

grid whose cells have edge length 2i

n1/d . Let Gi be the set of grid points generated
over all facets, and note that

|Gi| = O

((
n1/d

2i

)d−1
)

= O

(
n1−1/d

2i(d−1)

)
.

For each g ∈ Gi, let Hg denote the separator of size 2i+1

n1/d centred at g; see
Figure 2.2 for an example. Let Hi := {Hg | g ∈ Gi } be the set of all these
separators. Note that for any edge e ∈ Emid(i) there is a separator Hg ∈ Hi that

contains e. Furthermore, all points in any Hg have distance at most 2i

n1/d from
σ, and so P ∩Hg ⊆ Pi(σ) for all g.

Now let ng denote the number of points from P inside Hg. Since each point
p ∈ P is contained in a constant (depending on d) number of separators Hg, we
have

∑
g∈Gi

ng = O (|Pi(σ)|). Furthermore, by packing property (PP2) we know
that a separator Hg can contain only O (1) edges from Emid(i). Thus

|Emid(i)| = O (number of non-empty separators Hg)

= O (min (|Gi|, |Pi(σ)|))

= O

(
min

(
n1−1/d

2i(d−1)
, |Pi(σ)|

))
.

For i < 0 we have |Pi(σ)| = O
(
(3/2)

i
n1−1/d

)
, which implies

|Emid| =
∑
i

|Emid(i)|

= O

∑
i<0

(3/2)
i
n1−1/d +

∑
i≥0

n1−1/d

2i(d−1)

 = O
(
n1−1/d

)
.

Now consider the number of ways in which we can choose Emid(i). In a separator
Hg, Emid(i) has O (1) edges, which we can choose in n

O(1)
g di�erent ways. Hence,



26 Preliminaries

if G∗
i ⊆ Gi denotes the collection of grid points g such that ng > 0 (in other

words, such that Hg is non-empty), then

total number of ways to choose Emid(i) =
∏

g∈G∗
i

nO(1)
g = 2

O
(∑

g∈G∗
i
logng

)
.

We bound
∑

g∈G∗
i
log ng separately for i ≥ 0 and i < 0.

First consider the case i ≥ 0. Here we have∑
g∈G∗

i

ng = O (|Pi(σ)|) = O
(
4in1−1/d

)
.

Moreover, |G∗
i | ≤ |Gi| = O

(
n1−1/d

2i(d−1)

)
and n1−1/d

2i(d−1) ≤ 4in1−1/d. Since G∗
i contains

the grid points corresponding to the non-empty cells, we have |G∗
i | < cne|Pi(σ)|,

where cne is the maximum number of cubes in Hi with a non-empty common
intersection. Note that cne is a constant depending only on d. Hence,

∑
g∈G∗

i

log ng ≤ |G∗
i | · log

(
|Pi(σ)|
|G∗

i |

)

< |G∗
i | · log

(
cne · e · |Pi(σ)|

|G∗
i |

)
= O

(
n1−1/d

2i(d−1)
· log 2i(d+1)

)
= O

(
i (d+ 1)

2i(d−1)
· n1−1/d

)
.

In this formula, the �rst step follows from the AM-GM inequality. The third step
uses that x log (cne · e · |Pi(σ)|/x) is monotone increasing for x ∈ (0, cne|Pi(σ)|),
therefore we can replace |G∗

i | by |Gi| (since |G∗
i | < |Gi|).

Now consider the case i < 0. The number of points in the separators is∑
g∈G∗

i

ng = O (|Pi(σ)|) = O
(
(3/2)

i
n1−1/d

)
.

Because n1−1/d

2i(d−1) > (3/2)
i
n1−1/d for i < 0, the number of points in Pi(σ) is smaller

than the number of separatorsHg, and so
∑

g∈G∗
i
log ng is maximised when ng = 2

for all g (except for at most one grid point g). Hence,∑
g∈G∗

i

log ng = O (|Pi(σ)|) = O
(
(3/2)

i
n1−1/d

)
.

Thus the total number of ways in which we can choose Emid is bounded by the
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following expression, where i ranges from − log3/2 n
1−1/d to log n1/d:∏

i

2
O
(∑

g∈G∗
i
logng

)

=
∏
i<0

2O((3/2)
in1−1/d)

∏
i≥0

2
O
(

i(d+1)

2i(d−1)
·n1−1/d

)

= 2
O
(∑

i<0(3/2)
in1−1/d+

∑
i≥0

i(d+1)

2i(d−1)
·n1−1/d

)
= 2O(n

1−1/d).

In order to enumerate candidates for Emid, we can combine all edge choices from

the separators Hi for each i considered above. There are 2O(n
1−1/d) possible

combinations, and they can be enumerated in polynomial time.
To recap, we have shown that there exist nO(1) candidate Eshort and Elong, all

containing O (1) edges. Furthermore, we have shown that there exist 2O(n
1−1/d)

candidate Emid, all containing O
(
n1−1/d

)
edges. We can now generate C (σ, P )

by taking all combinations. The number of edges in such a combination is
O (1) +O

(
n1−1/d

)
+O (1) = O

(
n1−1/d

)
, and the total number of combinations

is nO(1) ·2O(n
1−1/d) ·nO(1) = 2O(n

1−1/d). The time to enumerate all combinations
is asymptotically the same.

2.4 The BBKK algorithm

A working algorithm

In the previous section, we showed how to �nd a `good' separator, and explained
the `divide' of the divide-and-conquer method deployed by the algorithm. The
details of the algorithm itself can be found in Algorithm 2.1. In the �rst part of
this section, we will go through the pseudocode of Algorithm 2.1 line by line. In
the second part of this section, we will show how to speed this algorithm up to
make it run in the desired time.

Before we continue, we start by explicitly de�ning the problem solved by
Algorithm 2.1.

De�nition 2.4.1. The TSP-Paths problem is de�ned as follows.
Input: the input (P,B) consists of two point sets in Rd , such that B ⊆ P . B
is called the set of boundary points.
Goal: the goal is to �nd a setM containing for every possible perfect matching7

M on B a pair (M,x), where x is the total length of the shortest possible set of
paths on P realising M such that the set of edges of these paths have the packing
property.

See Figure 2.3 for an example. Note that the Euclidean TSP problem
7A perfect matching on B is de�ned as a set of |B|/2 edges such that every point in B is an

endpoint of exactly one edge, and hence is `matched' to one other point. Note that no perfect
matchings exist if |B| is odd.
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Figure 2.3: An example output of Algorithm 2.1. P consists of seven points. The four
non-black points form B; the three other (black) points are in P \ B. For
each of the three possible perfect matchings on the four points of B (two
points of the same colour are matched), we return the length of the shortest
set of paths which realises this matching and visits all points.

given by P = {p1, ..., pn} is equivalent to the TSP-Paths problem given by
P = {p1, ..., pn, pn+1} and B = {p1, pn+1}, where pn+1 is a copy of p1.

We proceed with Algorithm 2.1. We start with Line 1. Our base case is

Algorithm 2.1 TSP-Paths (P,B)

Input: A set P of points in Rd and a subset B ⊆ P
Output: A setM containing for every possible perfect matching M on B a pair
(M,x), where x is the total length of the shortest possible set of paths covering P
and realising M such that the set of edges of the paths have the packing property

1: if |P | ≤ 1 then return {(∅, 0)}
2: M := ∅
3: Compute σ using Theorem 2.3.2 with Q = P
4: for all candidate sets E ∈ C (σ, P ) do
5: Min := TSP-Paths (Pin, Bin), with Pin/Bin as de�ned in (2.1)/(2.2)
6: Mout := TSP-Paths (Pout, Bout), with Pout/Bout de�ned analogously
7: for all combinations (Min, lenin) ∈Min and (Mout, lenout) ∈Mout do
8: if Min, E and Mout are compatible then
9: Add (Join (Min, E,Mout) , lenin + length (E) + lenout) toM
10: M := Cleanup (M)
11: returnM

simple: if P contains at most one point, B contains no points. Therefore, the
only possible matching is the empty set. Hence, we do not have any paths,
bringing the total length to 0.

We continue to Lines 3 and 4. Note that these correspond to steps (i) and (ii)
of the broad overview given at the start of the previous section, and have been
explained in detail in that section. See Figure 2.4 (b) for an example.

Now, we are ready to show how to generate the subproblems that will be solved
recursively at Lines 5 and 6. Recall that C(σ, P ) is the collection of candidate
sets, each one of which denotes a possible way for the shortest set of paths to
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(a) (b) (c) (d) (e)

Figure 2.4: An example of Algorithm 2.1.
(a) We are given a set P of 11 points, and a set B of 4 boundary points (in
red).
(b) We compute a good separator σ, and guess how it is crossed.
(c) We solve the resulting subproblem on the point sets Pin (all points
shown) and Bin (in red). Note how the top left point within σ of P is
not part of this subproblem, as it already has enough incident edges. (The
subproblem on Pout is not shown; note that in that subproblem, only the
three top left points remain.)
(d) The best combinations from answers of the subproblems are returned;
the combination shown is the one returned for the chosen matching on B.
(e) Combinations from answers of the subproblems which result in unwanted
cycles or unvisited points are ignored. A point may be unvisited if its
subproblem consists of only that point.

cross σ. Let Pin and Bin be the points of P and B in σin, respectively. Let E be a
candidate set of edges crossing σ. Let P1 (E) and P2 (E) be the sets of points in
Pin that have one or two incident edges in E, respectively. Note that the points
in Bin need only one incident edge in total, while the points in Pin \Bin need two
incident edges in total. Therefore, if Bin ∩P2 (E) is not empty, our candidate set
was not feasible, so we can move on to the next candidate set. Otherwise, the
following points still need at least one incident edge, thereby forming our new
point set:

P ′
in := Pin \ (P2 (E) ∪ (Bin ∩ P1 (E)) . (2.1)

Of these, the following need exactly one incident edge, thereby forming our new
boundary set:

B′
in := P1 (E) ∪ (Bin \ P1 (E)). (2.2)

Therefore, the subproblem for σin generated by E is (P ′
in, B

′
in). The subproblem

for σout can be generated analogously. See Figure 2.4 (c) for an example.
Finally, we explain Lines 7-10, which correspond to step (iv) of the overview

given at the beginning of Section 2.4. For every combination of matchings Min

and Mout and respective subproblem total lengths lengthin and lengthout that
we obtain from Lines 5 and 6, we check whether combining these two matchings
with E forms at least one cycle or fails to visit a point. If this is the case, then
this combination of matchings does not result in a feasible solution, and therefore
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Algorithm 2.2 TSP-Repr(P,B)

Input: A set P of points in Rd and a subset B ⊆ P
Output: A representative set M containing pairs (M,x), where M is a

perfect matching on B, and x is the total length of the shortest possible set of
paths on P realising M with the packing property

1: if |P | ≤ 1 then return {(∅, 0)}
2: M := ∅
3: Q := P if |B| ≤ γ|P |1−1/d, and Q := B otherwise
4: Compute σ balanced with respect to Q using Theorem 2.3.2
5: for all candidate sets E ∈ C (σ, P ) do
6: Min := TSP-Repr(Pin, Bin), with Pin/Bin as de�ned in (2.1)/(2.2)
7: Mout := TSP-Repr(Pout, Bout), with Pout/Bout de�ned analogously
8: for all combinations (Min, lenin) ∈Min and (Mout, lenout) ∈Mout do
9: if Min, E and Mout are compatible then
10: Add (Join (Min, E,Mout) , lenin + length (E) + lenout) toM
11: M := Reduce (M)
12: returnM

can be ignored. See Figure 2.4 (d) and (e) for examples. Otherwise, a perfect
matchingM on B is created, with corresponding length lenin+length (E)+lenout.
Therefore, we add the corresponding entry to our list. Just before we return the
list, we remove every entry (M,x) for which our list already contains an entry
(M,x′) where x′ ≤ x. This is done in Line 10.

Improving the running time

We have now fully explained Algorithm 2.1. However, we do not have the desired
running time yet. In the �nal part of this section we explain how to speed this
algorithm up to obtain the desired running time. See Algorithm 2.2 for the
improved pseudocode.

The limiting factor is the number of possible matchings on the boundary
points B. The �rst reason for that is the lack of a bound on |B| compared to |P |.
In fact, when running Algorithm 2.1, B can keep growing with every recursive
call, while P decreases exponentially in size with every recursive call. We solve
this problem by, when necessary, reducing the size of B by letting σ be balanced
with respect to B instead of P . Speci�cally, we do so if |B| > γ|P |1−1/d, where
γ is a constant dependent only on d. See the BBKK paper for more details. By
doing so, we do not negatively impact the depth of the recursion tree by more
than a constant, while at the same time assuring that we have |B| = O

(
|P |1−1/d

)
at (almost) all times.

This, however, is still not enough. The number of possible matchings on
a set of size m is mΘ(m). Therefore, even with |B| = O

(
n1−1/d

)
we can still

have 2Θ(n
1−1/d) logn matchings. Hence, TSP-Paths cannot return a list of all

matchings and the corresponding path collection total lengths. Instead, it will
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M
M ′

Figure 2.5: An example of a representative set. Suppose we wish to select a
representative set of the matchings M in the top row, which are ordered
from lowest to highest corresponding total length. For every possible
matching M ′ for the other side of the problem, the shortest M resulting
in a Hamiltonian cycle (in red) must be part of our representative set. Note
how the rightmost (longest) matching is never chosen. Therefore, the set
consisting of only the two leftmost matchings is a representative set of the
set of all matchings M .

return a smaller, representative set of the matchings and corresponding total
lengths. Such a representative set is a subset of the original set, but with some
redundant elements removed, i.e., elements whose combinations added in Line 9
are all removed in Line 10. For example, in a two-dimensional space, this includes
all matchings of which the corresponding shortest path collections cross.

To be more precise, we call two matchings M,M ′ on B compatible if, when
joined, they form a tour. Then, a (M, l) ∈ M is redundant if for every possible
matching M ′ compatible with M there exists an (M2, l2) ∈ M with l2 < l such
that M2 and M ′ are also compatible. For an example, see Figure 2.5. Hence, we
adapt the algorithm to solve the following problem instead.

De�nition 2.4.2. The TSP-Repr problem is de�ned as follows.
Input: the input (P,B) consists of two point sets in Rd , such that B ⊆ P . B
is called the set of boundary points.
Goal: the goal is to �nd a setM containing a representative set of pairs (M,x),
where M is a matching on B, and x is the total length of the shortest possible set
of paths on P realising M such that the set of edges of these paths the packing
property.

Bodlaender et al. [5] show how to apply the so-called rank-based method to
change the Cleanup step into the Reduce step in Line 11, which reduces the
set M to a representative set of 2|B|−1 elements in |M| · 2O(|B|) time. Since
the representative sets obtained by the recursive calls in Lines 6 and 7 both

contain 2O(|P |1−1/d) elements,M contains 2O(|P |1−1/d)·2O(|P |1−1/d) = 2O(|P |1−1/d)

elements. Therefore, applying the Reduce step takes |M| ·2O(|B|) = 2O(|P |1−1/d) ·
2O(|P |1−1/d) = 2O(|P |1−1/d) time.
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In conclusion, we started by ensuring that |B| stays small compared to P by
balancing the separator on B instead of P , if necessary. Secondly, when guessing
how Topt crosses the separator σ, we no longer also guess how the resulting
boundary points should be matched. Instead, the algorithm returns not a single
solution, but a representative set of solutions, one of which will be part of the
�nal solution. Combining these two improvements, we obtain Algorithm 2.2. Let
T (n, b) denote the running time of Algorithm 2.2 when |P | = n and |B| = b. We
then obtain the recursive formula

T (n, b) ≤


c if n ≤ 1;

2c(n
1−1/d+b)T (δn, b+ cn1−1/d) if b ≤ γn1−1/d;

2c(n
1−1/d+b)T (n, δb+ cn1−1/d) if b > γn1−1/d,

which can be solved to T (n, 2) = 2O(n1−1/d). We conclude that we can solve
Euclidean TSP in 2O(n1−1/d) time.



Chapter 3
pTSP on sets

Recall from Chapter 1 that in One-of-a-set TSP we are given a collection of
sets, and the goal is to �nd a shortest tour that visits one element from each
set. In this chapter, we consider two geometric variants of the problem. In
Euclidean one-of-a-set TSP each of the sets is a �nite point set in Rd, and
in TSP with Neighborhoods each set is a region. In the latter version we will
consider the case where the regions are hypercubes, and the tour is required to
be rectilinear.

3.1 Euclidean one-of-a-set TSP

We will start by giving an overview of our algorithm. The problem it solves
is the more generic Euclidean One-of-a-Set Path Cover problem. In this
problem, we are given a collection of point sets Pi and a set of boundary points B,
where |B| ≥ 2 is even. The goal is for every possible matching on B to �nd the
shortest collection of paths that (i) have the so-called packing property, (ii) adhere
to the matching and (iii) visit one point of every Pi. The packing property, which
is known to hold for the set of edges of an optimal TSP tour, intuitively states
that an optimal tour cannot contain many long edges close together; the precise
de�nition (De�nition 2.2.3) is not important for the current chapter. Note that
this property also holds for an optimal Euclidean one-of-a-set TSP tour
Topt, as it is obviously also an optimal tour for the Euclidean TSP instance
obtained by taking only a single point from each Pi into account, namely the
point visited by Topt.

Our algorithm works in a very similar way to the BBKK algorithm explained
in Chapter 2, which is roughly as follows (see Figure 3.1): we de�ne a separator
to be the boundary of an axis-aligned hypercube. First, we �nd a separator σ
that is crossed only a few times by the optimal collection of paths, and splits only
few of the point sets Pi. Then, we `guess' how the solution crosses σ, by iterating
over all possibilities. By doing so, we create two subproblems: one for the points
inside σ, and one for the points outside σ. However, these two subproblems are
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(a) (b) (c) (d) (e)

Figure 3.1: An example of the Euclidean one-of-a-set TSP algorithm.
(a) The given problem. In red and blue, the four boundary points, and the
corresponding matching we will be using. In black, the �ve given point sets
(circles, disks, squares, �lled squares, and crosses).
(b) We �nd a good separator σ, and guess how it is crossed.
(c) The resulting subproblem for the points inside σ, and one possible
matching. Note that the circle inside σ has been removed, as we guessed
that we visit a circle outside σ.
(d) The answer after combining two answers of the subproblems.
(e) Note that not every combination of matchings leads to a valid answer.

not completely independent yet: �rst, for every point set Pi which contains at
least one point inside σ and one outside σ, we need to guess on which side of σ we
visit a point of Pi. After solving all versions of both subproblems recursively, the
so-called rank-based approach is used to e�ciently �nd the correct combination
of matchings on both sides resulting in the shortest overall valid answer.

A good separator. The separator we will use is a so-called distance-based
separator, similar to the distance-based separator introduced by De Berg et
al. [17] and explained in Chapter 2. The properties they proved for their separator
are not quite su�cient for us, though, so below we present a stronger version of
their separator result. Recall the following notation from Chapter 2. We denote
the region of all points in Rd inside or on a separator σ by σin, and the region
of all points in Rd strictly outside σ by σout. The size of a separator σ, denoted
by size(σ), is de�ned to be its edge length. For a separator σ and a scaling
factor t > 0, we de�ne tσ to be the separator obtained by scaling σ by a factor
t with respect to its center. In other words, tσ is the separator whose center
is the same as the center of σ and with size(tσ) = t · size(σ). Note that a
separator σ induces a partition of the given point set P into two subsets, namely
P ∩ σin and P ∩ σout. A separator is balanced with respect to a set Q ⊆ P if
max(|Q ∩ σin|, |Q ∩ σout|) ≤ 4d

4d+1
n. If a separator is balanced with respect to P

itself, then we call it a balanced separator.
Our separator is chosen such that there are only few points close to it on both

sides σinand σout. To quantify this, let the relative distance from a point p to σ,
denoted by rdist(p, σ), be de�ned as follows:

rdist(p, σ) := d∞(p, σ)/ size(σ),

where d∞(p, σ) denotes the shortest ℓ∞-distance between p and any point on σ.
Note that if t is the scaling factor such that p ∈ tσ, then rdist(p, σ) = |1 − t|/2.
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For integers i de�ne

P (i, σ) :=
{
p ∈ P

∣∣∣ rdist(p, σ) ≤ 2i/n1/d
}
.

Note that the smaller i is, the closer to σ the points in P (i, σ) are required to be.
De Berg et al. choose σ such that the size of the sets P (i, σ) decrease rapidly as i
decreases. Our generalised theorem also allows for some control over the number
of Pi which are split by σ, i.e., the Pi of which at least one point of Pi is in σin

and at least one point of Pi is in σout. Intuitively, how many Pi are split depends
on how `intertwined' the di�erent Pi are. To quantify this, let H = {H1, ...,Hr}
be a collection of hypercubes such that Pi ⊂ Hi for all i. Let λ be the ply of H,
i.e., the smallest number such that every point in Rd lies in at most λ of the Hi.
Our algorithm does not depend on H nor λ; we will only use them to bound the
running time.

Theorem 3.1.1. Let P = {P1, ..., Pr} be a collection of point sets in Rd, and let
Q ⊆ P . Let H = {H1, ...,Hr} be a collection of hypercubes such that Pi ⊂ Hi for
all i. Let n be the total number of points in P . Then there is a separator σ that
is balanced with respect to Q and such that

|P (i, σ)| =

{
O((3/2)in1−1/d) for all i < 0;

O(4in1−1/d) for all i ≥ 0.

Furthermore, σ splits at most λ1/dn1−1/d of the point sets Pi, where λ is the ply
of H. Moreover, such a separator can be found in O(nd+1) time.

Proof. The proof is analogous to the proof of Theorem 1 and Corollary 3 in the
BBKK paper (see also Theorem 2.3.1) with one major di�erence. Instead of the
weight function wp(t), we use the weight function

w∗
p(t) :=

1{tσ∗ intersects Hi(p)}

size(Hi(p))
+ wp(t),

where i(p) denotes the i such that p ∈ Pi, and 1{bool} denotes the indicator
function, which is 1 if bool is true, and 0 otherwise. Since

∫ 3

0
wp(t) = O(1), we

have
∫ 3

0
w∗

p(t) = O(1) as well, because
∫ 3

0
1{tσ∗ intersects Hi(p)} ≤ size(Hi(p)).

Hence, we can �nd a t∗ such that
∑

p w
∗
p(t

∗) = O(n). Speci�cally,

∑
i

1{t∗σ∗ intersects Hi}
size(Hi)

≤
∑
p

1{t∗σ∗ intersects Hi(p)}

size(Hi(p))
= O(n).

Therefore, for any L > 0, at most O(nL) di�erent Hi of size at most L intersect
tσ∗. Furthermore, an Hi of size at least L intersecting σ covers at least Ld−1

of the (d − 1)-dimensional volume of σ, which is 2d = O(1). (Recall that σ is
de�ned as the boundary of a hypercube, which is a (d− 1)-dimensional object.)
See Figure 3.2. Since the Hi have a ply of λ, there can be at most λ/Ld−1 of
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p

σ

x

Figure 3.2: Example for the proof of Theorem 3.1.1. The point p is at distance x from
σ. Hence, any square H (in blue) that contains both p and a point outside
σ covers at least x of the total length of the edges of σ. For arbitrary d,
any d-dimensional hypercube H that contains both p and a point outside σ
covers at least xd−1 of the (d− 1)-dimensional volume of σ. (Recall that σ
is de�ned to be the (d− 1)-dimensional boundary of a hypercube, so σ does
not include the region enclosed by it.)

these. Hence, for any L > 0, at most O(nL + λ/Ld−1) hypercubes intersect σ.
Thus, by taking L = λ1/dn−1/d, we conclude that σ intersects O(λ1/dn1−1/d) of
the Hi. Finally, we note that the number of Pi split by σ is bounded by the
number of Hi intersected by σ, �nishing our proof.

We will now use this distance-based separator theorem to present an e�cient
algorithm for Euclidean one-of-a-set TSP.

Let E(P ) := {pq | (p, q) ∈ P × P } be the set of all edges de�ned by P . Since
the edges of the optimal answer have the packing property, one of the sets in

C(σ, P ) := {E ⊆ E(P ) | E has the packing property and all edges in E cross σ}

contains exactly those edges of the optimal answer that cross σ. Our main
separator theorem, presented next, states that we can �nd a separator σ that
is balanced, splits few Pi, and is such that the sets in C(σ, P ), as well as the
collection C(σ, P ) itself, are small. Since the packing property is hard to test,
we will not enumerate C(σ, P ) but a slightly larger collection of candidate sets,
which we denote by C′(σ, P ):

Theorem 3.1.2. Let P = {P1, ..., Pr} be a family of point sets in Rd, and let
H = {H1, ...,Hr} be a set of hypercubes such that Pi ⊂ Hi for every i. Let
Q ⊆ P , where P = P1 ∪ · · · ∪ Pr. Then there exists a separator σ with the
following properties:

(i) σ is balanced with respect to Q,

(ii) Each candidate set S ∈ C′(σ, P ) contains O(n1−1/d) edges,

(iii) C(σ, P ) ⊆ C′(σ, P ) and |C′(σ, P )| = 2O(n1−1/d), and

(iv) σ splits O(λ1/dn1−1/d) of the sets Pi, where λ is the ply of H.

Moreover, σ and the collection C′(σ, P ) can be computed in 2O(n1−1/d) time.
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Proof. The separator chosen is the one found by applying Theorem 3.1.1. Hence,
the proof of properties 1-3 is analogous to that of the BBKK paper. Property 4
is directly implied by Theorem 3.1.1, as well.

The algorithm. There are four di�erences between our algorithm and the
BBKK algorithm, which we explained in Chapter 2:

� We choose our separator σ using Theorem 3.1.2 instead of the equivalent
from the BBKK paper. Note that this does not impact the running time.

� Candidate sets of which the endpoints of the edges contain more than one
point of any set Pi can be ignored. Note that this can easily be checked.

� When `guessing' the correct candidate set, for every point set Pi split by
σ we also guess whether a point of Pi in σin or a point in σout is used.
If we guess that we will visit a point in Pi ∩ σin, then we can ignore the
points in Pi ∩ σout for the recursive call outside σ, and vice versa. Note
that for every Pi that contains a boundary point, this choice (if applicable)
is implied by the location of the boundary point. Furthermore, once we
have chosen a point from a set Pi as one of our boundary points, then
we can remove all other points from Pi from further consideration. This
way, the subproblems generated remain independent, while ensuring that
exactly one point of every PI is visited.

� In the initial call, the problem is turned into a Euclidean Path Cover
problem. The BBKK algorithm does so by duplicating point p1 and taking
the boundary set B = (p1, p

′
1). In other words, it simply searches for a path

from p1 to p1 through all other points. In our case, we guess which p in
P1 is used in the optimal tour. Then, we remove all other points in P1 and
duplicate p as in the BBKK algorithm.

This brings us to our main theorem for this section:

Theorem 3.1.3. Let P = {P1, .., Pr} be a collection of point sets in Rd with n
points in total. Let H1, ...,Hr be hypercubes with ply λ such that Pi ⊂ Hi for all

i. Then Euclidean one-of-a-set TSP on P can be solved in 2O(λ1/dn1−1/d)

time.

Proof. To prove the running time of the One-of-a-set TSP algorithm, we can
follow the proof of the running time of the BBKK algorithm almost verbatim. We
only need to take the dependency on λ into account at the right places. De�ne
T (n, b) to be the running time of the algorithm when run on an input containing
n points of which b are boundary points. Let nS,in, nS,out, bS,in and bS,out denote
the numbers of points and boundary points in the subproblems generated.

As far as the candidate sets are concerned, we can restrict our attention to
candidate sets S ∈ C′(σ, P ) that contain at most one edge incident to any given
point in B, and at most two edges incident to any given point in P \ B. After
all, in the �nal tour, every point will have exactly two incident edges, and we
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have already guess one such edge for each point in B. De�ne C′′(σ, P ) to be the
family of candidate sets gained from restricting C′(σ, P ) in this way. Furthermore,
given a candidate set and a boundary set, for every point set split by σ we need
to choose whether to use a point in σin or σout. Let I(σ, P ) be the set of 2m

possible combinations of choices, where m is the number of point sets split by σ.
Clearly, if one of the points of a Pi is in B, no choice needs to be made. De�ne
C∗(σ, P ) ⊆ C′′(σ, P )× I(σ, P ) to be the set of combinations of candidate sets and
splitting choices restricted this way.

We get

T (n, b) ≤


c0 if n ≤ 1;∑

S∈C∗(σP ,P ) e
c3(n

1−1/d+b) + Tin + Tout if b ≤ γn1−1/d;∑
S∈C∗(σB ,P ) e

c3(n
1−1/d+b) + Tin + Tout if b > γn1−1/d,

where Tin := T (nS,in, bS,in) and Tout := T (nS,out, bS,out). We prove by induction

that T (n, b) ≤ eλ
1/d(d1n

1−1/d+d2b) for some constants d1 and d2 and for all 1 ≤
b ≤ n. This clearly holds for b, n ≤ 1, so by induction, for each S we have

ec3(n
1−1/d+b) + T (nS,in, bS,in) + T (nS,out, bS,out)

≤ ec3(n
1−1/d+b) + eλ

1/d(d1n
1−1/d
S,in +d2bS,in) + eλ

1/d(d1n
1−1/d
S,out +d2bS,out).

Let c2, c4 and c5 be the constants from part (ii), (iii) and (iv) of Theorem 3.1.2.
For any S ∈ C∗(σB , P ), we have bS,in ≤ δb+ c2n

1−1/d and bS,out ≤ δb+ c2n
1−1/d;

similarly, for any S ∈ C∗(σP , P ), we have nS,in ≤ δn and nS,out ≤ δn. In the
remaining cases, we can just use the trivial bounds bS,. ≤ b + c2n

1−1/d (worst
case scenario, the subproblem contains all of the original boundary points, plus
the maximum number of new boundary points) and nS,. ≤ n (as the subproblems
contain fewer points that the original problem). For simplicity, let λ′ := λ1/d, and
let c := max{c0, c2, c3, c4}. Since |C∗(σ, P )| ≤ ec4λ

1/dn1−1/d

, we get the following:

T (n, b) ≤


c if n ≤ 1;

ecλ
′n1−1/d+c(n1−1/d+b)+1+λ′(d1(δn)

1−1/d+d2(b+cn1−1/d)) if b ≤ γn1−1/d;

ecλ
′n1−1/d+c(n1−1/d+b)+1+λ′(d1n

1−1/d+d2(δb+cn1−1/d)) if b > γn1−1/d.

We simplify this to

T (n, b) ≤


c if n ≤ 1;

eλ
′((2c+cd2+d1δ

1−1/d)n1−1/d+(d2+2c)b) if b ≤ γn1−1/d;

eλ
′((2c+cd2+d1)n

1−1/d+(d2δ+2c)b) if b > γn1−1/d.

Now, for the case b > γn1−1/d, we have

eλ
′((2c+cd2+d1)n

1−1/d+(d2δ+2c)b) ≤ eλ
′(d1n

1−1/d+d2b),

which holds if

(2c+ cd2)n
1−1/d+(d2(δ−1)+2c)b ≤ (2c+d2(c−γ(1− δ))+2cγ)n1−1/d ≤ 0.
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Figure 3.3: On the left, an example of a point set whose hypercubes generate a high ply.
The pattern can be repeated to get a ply of Θ(n). However, the separator
we �nd will not split Θ(n) point sets. On the right, the same point set
covered by α-fat objects. Here, we have a ply of only 1.

We choose γ = 2c
1−δ and d2 = 2 + 2γ, satisfying the equation.

For the case b ≤ γn1−1/d, we have

eλ
′((2c+cd2+d1δ

1−1/d)n1−1/d+(d2+2c)b) ≤ eλ
′(d1n

1−1/d+d2b),

which holds if

(2c+cd2+d1(δ
1−1/d−1))n1−1/d+2cb ≤ (2c+cd2+d1(δ

1−1/d−1)+2cγ)n1−1/d ≤ 0.

We choose d1 = 4c(1+γ)
1−δ1−1/d , satisfying the equation.

Finally, we note that d1 and d2 are indeed (nonnegative) constants, as they
only depend on c, γ and δ, which in turn only depend on d.

An improved analysis of the running time. So far, we have used the ply of
hypercubes covering the point sets to bound the running time of our algorithm.
(Note that the algorithm itself does not use the hypercubes, we only used their
ply in the analysis to quantify how separated the sets are.) However, in some
cases, these hypercubes can have a high ply, even though they are still fairly well
separable. Thus the analysis may be overly pessimistic. We show that this is
indeed the case by replacing the hypercubes by so-called α-fat objects, whose ply
can be much smaller than the ply of the hypercubes. Let 0 < α < 1 be arbitrary
but �xed. We call a connected closed set of points O ⊆ Rd an α-fat object if and
only if for every ball B ⊂ Rd whose center lies in O we have that (i) O fully lies in
B or (ii) at least a fraction α of the volume of B is covered by O. See Figure 3.3
for an example showing how α-fat objects can have signi�cantly lower ply than
hypercubes.

It remains to show that with this new λ our running time of 2O(λ1/dn1−1/d) is
still accurate. Note that we use the fact that the objects containing the sets Pi

are hypercubes only once, namely in the proof of Theorem 3.1.1, where we bound
the number of Hi split by σ to 2O(λ1/dn1−1/d). We will now prove that a similar
bound holds for arbitrary α-fat objects.

Before we de�ne the size of an α-fat object, we need the following observation:
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Observation 3.1.4. Let α > 0 be arbitrary but �xed. Let O be an α-fat object.
Let B be the bounding box of O, i.e., the smallest box such that O lies fully in B.
Then the dimensions of B, i.e., the sizes of the intervals whose Cartesian product
form B, are within a constant factor of each other.

Proof. Let α,O and B be as de�ned above. Let s be the largest dimension of B.
W.l.o.g., s = 1. Let p be a point in O. W.l.o.g., p is the origin. Note that O fully
lies in [−1, 1]d. Let B be the ball of radius 1/3 centered at the origin. Note that
B does not fully cover O (in fact, any radius strictly smaller than 1/2 su�ces).
Hence, since O is an α-fat object, at least αcd/3

d of B (and therefore [−1, 1]d)
is covered by O, where cd is the volume of a d-dimensional ball with radius 1.
Since for any dimension x of B, the volume of O inside [−1, 1]d can be bounded
by x, we get that x ≥ αcd/3

d = O(1), as required.

We now de�ne the size of an α-fat object O to be the largest dimension of its
bounding box.

We will now show that these objects have all required properties.

Lemma 3.1.5. Let P = {P1, ..., Pr} be a collection of point sets in Rd, and let
Q ⊆ P . Let n be the total number of points in P . Let σ be the separator found
when applying Theorem 3.1.1 with α-fat objects instead of hypercubes. Then σ
splits O(λ1/dn1−1/d) point sets Pi.

Proof. First, we note that the logic showing that w∗
p(t) = O(1) still holds for α-fat

objects. Furthermore, analogously to the original proof of Theorem 3.1.1, there
are O(λ1/dn1−1/d) objects of size at most λ1/dn−1/d intersected by σ. It remains
to prove that σ splits O(λ1/dn1−1/d) point sets whose objects have size larger
than λ1/dn−1/d. Note that it is su�cient to prove that O(λ1/dn−1/d) objects of
size larger than O(λ1/dn−1/d) intersect σ.

Let Oi be an object of size strictly larger than λ1/dn−1/d intersected by σ.
Then Oi must contain a point at a distance more than cα,dλ

1/dn−1/d from σ for
some constant cα,d: this distance is clearly nonzero, as Oi has a positive volume,
and since α and d are �xed, the problem scales linearly.

For brevity, we write x := cα,dλ
1/dn−1/d. Let B be the ball with radius x

and centered at an intersection point of Oi and σ. Now, B does not fully cover
O. Therefore, O covers at least a fraction α of B. Let A be the square annulus
de�ned by

{
p ∈ Rd | rdist(p, σ) ≤ x

}
. Note that B fully in A. See Figure 3.4 for

an example. Since B is d-dimensional, every Oi covers Θ(xd) of the volume of A.
Now, the total volume of A is smaller than 2d · (1 + 2x)d−12x, since each of the
2d facets of σ contributes (1 + 2x)d−12x to the annulus. (This is a conservative
estimate since we ignore overlap between the contributions of the facets.) Since
x < 1, this can be further bounded by 3d+2dx. Furthermore, the volume of a
d-dimensional ball with radius x is cdx

d for some constant cd. Therefore, the
maximum number of Oi intersected by σ of size strictly larger than λ1/dn−1/d is
bounded by

λ
3d+2dx

αcdxd
= O(λx1−d) = O(λ · λ(1−d)/dn−(1−d)/d) = O(λ1/dn1−1/d),
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p

σ

q

Figure 3.4: The dotted lines denote the square annulus A of all points with an rdist
of at most 2j/n1/d to σ. In blue, the object Oi crossing σ. It has at least
one of (i) a point p in σin but not in A, or (ii) a point q in σout but not in
A. Therefore, if we draw a ball (in red) the width of A centered at a point
where Oi coincides with σ, this circle does not fully contain Oi. Hence, the
volume of Oi inside the ball (light blue), and therefore inside A, is at least
α times the volume of the ball.

as we wanted to prove.

We thus obtain the following theorem:

Theorem 3.1.6. Let α > 0 be arbitrary but �xed. Let P = {P1, .., Pr} be a
collection of point set in Rd with n points in total. Suppose there exist α-fat
objects O1, ..., Or with ply λ such that Pi ⊂ Oi for all i. Then Euclidean one-

of-a-set TSP on P can be solved in 2O(λ1/dn1−1/d) time.

A lower bound on the running time when λ = Θ(n). In this part we show
that for λ = Θ(n), the problem cannot be solved in subexponential time:

Theorem 3.1.7. Euclidean one-of-a-set TSP in R2 cannot be solved in
2o(n) time, unless ETH fails.

Proof. Recall from Chapter 1 that the ETH states that 3-SAT cannot be solved
in 2o(n) time. We will prove Theorem 3.1.7 by showing that if Euclidean one-
of-a-set TSP can be solved in 2o(n) with d = 2 and λ = Θ(n), then 3-SAT can
be solved in 2o(n) time as well.

Let F be a 3-SAT formula containing clauses C1, ..., Cn over the variables
x1, ..., xm. Note that m = O(n). We de�ne p1 = (0, 0), p2 = (0, 100m), p3 =
(100m, 100m), and p4 = (100m, 0). Furthermore, let qi = (50m − 2i, 0) for all
i = 0, ...,m, let ti = (50m − 2i + 1,−1) and let fi = (50m − 2i + 1, 1) for all
i = 1, ...,m. See Figure 3.5 for an example. Now, let P be the family containing
the following point sets:

� For all 0 ≤ i ≤ 3, one point set containing only pi.

� For all 1 ≤ i ≤ m, one point set containing ti and fi. This is the gadget
representing the variable xi.

� For all 1 ≤ i ≤ n, one point set representing the clause Ci. Speci�cally,
this point set should contain tj i� Ci contains the literal xj , and should
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t1

f1

t2

f2

tn

fn

set forming gadget for (x1 ∨ x2 ∨ ¬xn)

set forming gadget for (¬x2 ∨ ¬x3 ∨ x5)

(100m, 100m)(0, 100m)

(0, 0) (100m, 0)

Figure 3.5: An example for the proof of Theorem 3.1.7. Not to scale. The points inside
the small pink disks (which are the points pi and qi as de�ned in the text)
must all be visited. The sets indicated by the green ellipses ensure that for
each i at least one of ti and fi is visited. The sets indicated by the blue
regions correspond to the clauses. The pink and green sets imply a lower
bound on the length of the shortest tour. If this bound is tight, then the
shortest tour visits exactly one of each pair (ti, fi). Note that each such
tour maps directly to an assignment of True and False to the variables.
If an assignment of True and False to the variables satisfying all clauses
exists, then the corresponding tour indeed visits all sets at least once.

contain fj i� Cj contains the literal ¬xj . Note that each of these point sets
contains three elements, and that each point in a clause gadget coincides
with a point from a variable gadget.

Now we claim that F is satis�able if and only if P admits a shortest tour of
length exactly L := (398+ 2

√
2)m. Note that if this claim indeed holds, then we

are done; if we can solve Euclidean one-of-a-set TSP in 2o(n) time, then the
shortest tour on P can be found in 2o(n+m) = 2o(n) time, and thus F is satis�able
in 2o(n) time.

Note that if a shortest tour of length L exists, then F is satis�able. To satisfy
F , simply set xi to True if ti is visited in the shortest tour, and set it to False
otherwise. Since the shortest tour visits every point set corresponding to a clause,
all clauses are indeed satis�ed.

Next, we check that a shortest tour of length L exists if F is satis�able. We
simply do the reverse: let x1, ..., xm satisfy F . Then note that the tour passing
through ti if xi is True and through fi otherwise indeed has the required length.
Finally, we still have to show that the shortest tour can never be shorter than L. It
is easy to see that the shortest tour must visit qm, p1, p2, p3, p4, q0 consecutively in
that order, giving a length of 398m. Connecting q0 to qm while passing through at
least one of every pair (ti, fi) and through every qi in between takes a total length
of at least 2

√
2m. Therefore, the shortest tour has length at least (398+2

√
2)m.

In conclusion, F is satis�able if and only if the shortest tour on P has length L.
Therefore, if Euclidean one-of-a-set TSP can be solved in sub-exponential
time when λ = Θ(n), then so can 3-SAT. Hence, unless ETH fails, Euclidean
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one-of-a-set TSP cannot be solved in subexponential time.

3.2 Rectlinear One-of-a-Cube TSP

We continue with Rectilinear one-of-a-cube TSP. For this setting, H :=
{H1, ...,Hn} is a set of hypercubes, and λ is the ply ofH, i.e., the smallest number
such that every point in Rd is in at most λ of the hypercubes. We now want to
�nd a minimum-length rectilinear tour visiting all of the hypercubes Hi.

The algorithm works using the same divide-and-conquer approach as the
Euclidean one-of-a-set TSP algorithm; see the beginning of Section 2.3 for
a more detailed description.

Properties of an optimal tour. We start by limiting the set of points and
edges we need to consider. We show that there is an optimal tour using only
edges from a speci�c set, and that these edges have the packing property.

First, we introduce some terminology. An edge is de�ned as a rectilinear line
segment, i.e., a line segment that is parallel to one of the axes. A link between
two points is any shortest path formed by at most d edges of di�erent orientations
(which always exists). We de�ne, with slight abuse of notation, |pq| to be the
L1-distance between points p and q. Note that this is also the length of a link
between p and q. A tour is a sequence of links, where the endpoint of each link
in the sequence is the starting point of the next one, and the endpoint of the last
link is the startpoint of the �rst link. Note that the fact that we see the tour as
a sequence (and not as a cycle) implies that tours have a starting point and a
direction�this is solely for the purpose of the analysis.

Let qi denote the i'th coordinate of a point q. De�ne C to be the set of
2dn corners of the cubes in the input set H. Let G be the generalised Hanan
grid induced by the set C which is de�ned as the grid formed by drawing all
axis-aligned lines through every point in the point set

C∗ :=
{
p ∈ Rd

∣∣∀1 ≤ i ≤ d : ∃c ∈ C : pi = ci
}
.

In other words, the lines of the grid G are the intersections of d − 1 di�erently
oriented hyperplanes each containing the facet of one of the hypercubes.

Lemma 3.2.1. There exists a shortest tour on H which lies fully on G.

Proof. Let T be any shortest tour with a minimal number of edges on the given
hypercubes H1, ...,Hn. Note that because T has a minimal number of edges,
no edges have length 0. Recall that pi denotes the i'th coordinate of p. For
simplicity, we call the �rst coordinate the x-coordinate, and we call those edges
whose endpoints have di�erent x-coordinates horizontal. For every Hi, let xi1

and xi2 denote the x-coordinates of the corner points of Hi. We will now show
that we can change T into a shortest tour of which all x-coordinates of the
endpoints of the edges used are in the set XH := {xij |i ∈ {1, ..., n}, j ∈ {1, 2}}.
Furthermore, we do so without changing the sets used for the second to d'th
coordinate. Then, by applying this method repeatedly, we obtain a shortest tour
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e1

e2

e1

e2

p p′p p′

Figure 3.6: An example for the proof of Lemma 3.2.1. In the left case, we can shorten
the tour T by shortening the edges e1 and e2 and moving the connected
edges correspondingly. As long as the x-coordinate of these points was not
a coordinate in XH , if a point p is in a hypercube, then so is p′. In the
right case, we are free to move the edges between e1 and e2 to the smallest
x-coordinate bigger than xi, as long as their x-coordinate is not a coordinate
in XH .

of which all coordinates match those of the corner points of the Hi, i.e., a shortest
tour which lies on the generalised Hanan grid.

Let XT := {x1 < ... < xr} be the set of x-coordinates used by T . For every
xi, let Ei be the set of horizontal edges of T with an endpoint with x-coordinate
xi.

Let xi be an x-coordinate not in XH . Then let e1 and e2 be two consecutive
edges in E1 (consecutive as in that there are no edges in E1 in between e1 and e2 in
T ). Let E denote the set of edges between e1 and e2 in T . Note that all endpoints
of these edges have x-coordinate xi. W.l.o.g., let at least one of endpoints of e1
and e2 lie to the right of xi. Let x′ denote the smallest x-coordinate in XH ∪XT

strictly larger than xi.
Now, we change the x-coordinate of all edges in E to x′. Furthermore, we

move the endpoints of e1 and e2 with x-coordinate xi to the x-coordinate x′. See
Figure 3.6 for an example. Note that the resulting tour T ′ is indeed still a tour.
Furthermore, T ′ visits all Hi: Let p be an arbitrary point in Hi visited by T but
not by T ′. Note that this is only possible if xi ≤ p0x′. However, in that case, the
point p′ = (x′, p1, ..., pn) is in Hi as well, and p′ is visited by T ′.

Now, if both other endpoints of e1 and e2 are on the same side of the
hyperplane de�ned by x-coordinate xi, the resulting tour T ′ is strictly shorter
than T . Since T is a shortest tour, we conclude that the other endpoints of
e1 and e2 are on di�erent sides of the hyperplane de�ned by x-coordinate xi.
Furthermore, note that the edge that has been shortened still has a positive
length, otherwise the assumption that T has a minimal number of edges fails.
Finally, note that this change does not change the set of all other coordinates
used except the x-coordinates.

Now, we can apply the above change exhaustively: in every step, we increase
the sum of all x-coordinates of all endpoints of all edges in T by at least some
amount dependent only on XH ∪XT , and the total sum is bounded by 2n times
the maximum x-coordinate in XH ∪XT . After applying this change exhaustively,
no more x-coordinates not in XH are used.

Since this procedure does not change the set of other coordinates used, we
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can apply this procedure once for every coordinate, obtaining a T ′ which lies on
the generalised Hanan grid.

Given a tour T , we can reorder the hypercubes in H such that Hi is the i'th
hypercube visited by T ; ties can be broken in any way. De�ne pi to be the �rst
point where Hi is visited by T . De�ne P (T ) := {p1, ..., pn}; we call the points
in P (T ) the entry points of T . Note that the length of a shortest tour T that
visits the points pi in the given order equals

∑
1≤i≤n |pipi+1|, where we de�ne

pn+1 := p1. (Recall that |pq| denotes the L1-distance from p to q.) We say that
a tour T is a canonical tour on H if it has the following properties:

(i) T is a shortest tour on H,

(ii) T lies fully on G, and

(iii) Each pair of consecutive entry points in P (T ) is connected by a link, that
is, the portion of T connecting consecutive entry points consists of at most
d edges of di�erent orientations.

Observation 3.2.2. For every H, a canonical tour on H exists.

Proof. By Lemma 3.2.1 there exists a shortest tour T which lies fully on G,
satisfying the �rst two properties. Now, we can create a new tour T ′ by creating
a link between every two consecutive pi in P (T ). Since T ′ is a shortest tour on a
set of points on T , it must be a shortest tour itself as well. Furthermore, since T ′

visits all pi in P (T ), it visits all Hi. Since T lies on the generalised Hanan grid
G, so do the points pi. Finally, note that a link between two points on G lies on
G itself. We conclude that T ′ has the required properties.

Lemma 3.2.3. The edges of a canonical tour have the packing property.

Proof. Let T be a shortest (directed) rectilinear tour on the set of hypercubes
H1, ...,Hn. Let σ be a separator. We will �rst show that T contains O(1) edges
crossing σ of length at least size(σ). W.l.o.g., assume size(σ) = 1. Now, suppose
T contains at least 2d · 4 · 4d edges crossing σ of length at least size(σ). Then
there exists a face f of σ such that at least 4 · 4d edges cross f . W.l.o.g., at
least 2 · 4d edges cross f from σin to σout. W.l.o.g., at least 4d of these edges
have length at least 1/2 outside σ. Therefore, there must be two of these edges
(p1, p2) and (q1, q2) with |p1, q1| < 1/2. Recall that |pq| denotes the rectilinear
distance between p and q. See Figure 3.7 for an example. We remove these two
edges, and connect p1 to q1 and p2 to q2. Next, we �ip the direction of the edges
from p2 to q1. We claim that the resulting tour T ′ is a strictly shorter rectilinear
tour visiting all Hi. Since this directly contradicts our assumption, we can then
conclude that T contains O(1) edges crossing σ of length at least size(σ).

First, we note that T ′ is indeed a tour: see Figure 3.7 for an example.
Furthermore, T ′ indeed visits all Hi: since T is a simple tour, any tour visiting
all endpoints of the edges of T (and hence, the points p1, ..., pn) visits all Hi.
Finally, T ′ is strictly shorter than T : clearly,

||T || − ||T ′|| = |p1p2|+ |q1q2| − |p1q1| − |p2q2|.
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p1 p2

q1 q2

σ

Figure 3.7: An example for the proof of Lemma 3.2.3. If there are enough (directed)
edges of length at least size(σ) crossing σ, there must be two edges (p1, p2)
and (q1, q2) going in the same direction, crossing the same face, both with
at least a length of size(σ)/2 on the same side of this face, and with |p1q1| <
size(σ)/2. We can then create a strictly shorter tour by removing both edges
and connecting p1 to q1 and q2 to p2 (in red). The resulting set of edges is
indeed a tour, if we �ip the direction of the edges between p2 and q1.

W.l.o.g., let |p1p2| ≥ |q1q2|. We know that |p1p2| ≥ |q1q2| ≥ 1. Furthermore, we
know that |p1q1| < 1/2. Since p1p2 and q1q2 both go in the same direction, we
get

|p2q2| ≤ |p1q1|+ |p1p2| − |q1q2|.

Combining these, we get

||T || − ||T ′|| = |p1p2|+ |q1q2| − |p1q1| − |p2q2|
≥ |p1p2|+ |q1q2| − |p1q1| − (|p1q1|+ |p1p2| − |q1q2|)
≥ 2|q1q2| − 2|p1q1|
≥ 2 · 1− 2 · 1/2 > 0,

as we wanted to prove.
Next, we show that T contains O(1) edges fully in σin with length at least

size(σ)/4. W.l.o.g., let σ be the hypercube of size 1 with center c = (1/2, ..., 1/2).
For 0 ≤ i1, ..., id ≤ 8, let σi1,...,id be the hypercube of size 1/4 with center
(i1/8, ..., i2/8). Then, every edge of T fully in σin of length at least 1/4 crosses at
least one of these hypercubes; see Figure 3.8 for an example. On the other hand,
by using the �rst part of this proof we conclude that every one of these smaller
hypercubes is crossed O(1) times. Since the number of smaller hypercubes is
9d = O(1), we conclude that there are O(1) edges of T of length at least size(σ)/4
fully in σin. This concludes the proof of the second part of the packing property,
and hence, the proof of the packing property for edges of a simple tour.

A good separator. As mentioned, our algorithm will be a divide-and-conquer
algorithm, based on separators. Thus we need a good separator for tours on
hypercubes. Our separator will again be based on the distance-based separator
from the BBKK paper. It will not be su�cient to work with a distance-based
separator on the corners of the hypercubes. Instead, we want to have only a
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σ

Figure 3.8: An example for the proof of Lemma 3.2.3. In black, the separator σ. In red
and blue, some of the smaller hypercubes covering σin. Any edge of length
at least size(σ)/4 crosses at least one of the smaller hypercubes. Since there
are O(1) smaller hypercubes, each being crossed O(1) times, there are O(1)
edges of length at least size(σ)/4 of T in σin.

few Hi with a facet close to one of the parallel facets of σ, measured in the
dimension perpendicular to these facets. To be precise, for a hypercube H, let
center(H) be its center and size(H) its edge length. Let the one-dimensional
distance from a hypercube H to a separator σ, denoted by oddist(H,σ), be
de�ned as the minimum distance between any pair of parallel hyperplanes h, h′

such that h contains a facet of H and h′ contains a facet of σ. The one-
dimensional relative distance from H to σ, denoted by odrdist(H,σ) ,is now
de�ned as odrdist(H,σ)/ size(σ). See Figure 3.9 for an example. For integers j
de�ne

Pj(σ) :=
{
H ∈ H

∣∣∣ 0 < odrdist(H,σ) ≤ 2j/n1/d
}
.

We can now prove the following theorem:

Theorem 3.2.4. Let H be a set of n hypercubes in Rd and let I ⊆ H. Then
there is a separator σ that is balanced with respect to the corner points of I, and
such that

|Pj(σ)| =

{
O((3/2)jn1−1/d) for all j < 0;

O(4jn1−1/d) for all 0 ≤ j <∞.

Furthermore, at most O(λ1/dn1−1/d) elements of H intersect σ. Moreover, such
a separator can be found in O(nd+1) time.

Proof. Let C be the set of corner points of the hypercubes in I. Let σ∗ be a
smallest separator such that |σin

∗ ∩C| ≥ (4n)/(4d + 1). As in the BBKK paper,
one can argue that for all 1 ≤ t ≤ 3, the separator tσ∗ is balanced w.r.t. C.
Assume w.l.o.g. that size(σ∗) = 1. De�ne jH(t) to be the integer such that

2jH(t)−1/n1/d < odrdist(H, tσ∗) ≤ 2jH(t)/n1/d,
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σ

H1

H2

Figure 3.9: An example of odrdist. Given an Hi, in every direction ej the four distances
between one of the sides of Hi perpendicular to ej and one of the sides
of σ perpendicular to ej are measured. The shortest of all the measured
distances, scaled such that size(σ) = 1, de�nes the odrdist between the two.
Note how H1, in red, intersects σ and H2, in blue, seems far away from σ.
Yet, the odrdist of H1, denoted by the red arrow, is larger than that of H2,
denoted by the blue arrow.

where jH(t) =∞ if odrdist(H, tσ∗) = 0. We de�ne the weight function as

wH(t) :=
1{H intersects tσ∗}

size(H)
+


n1/d

(3/2)j
i
H

(t)
if jiH(t) < 0;

n1/d

4j
i
H

(t)
otherwise 0 ≤ jiH(t) <∞;

unde�ned otherwise.

(Recall that 1{bool} denotes the indicator function, which is 1 if bool is true,
and 0 otherwise.) Now, for every H ∈ H we have

∫ 3

1
wH(t)dt = O(1), since the

second part of wH(t) can be expressed as the maximum of 2d di�erent versions
of the weight function wp(t) of the proof in the BBKK paper. Since H can
obviously intersect tσ only during an interval of t of size size(H), we get that∫ 3

1
wH(t)dt = O(1).
Therefore, we can �nd a t∗ such that

∑
H wH(t∗) = O(n). We claim that t∗σ∗

has the desired properties. We have already shown that it is balanced w.r.t. the
corner points of I.

Let 1 ≤ i ≤ d, and let j < 0. Then each element in P i
j (σ) contributes at least

wi
H(t∗) ≤ n1/d

(3/2)j to the total weight. Therefore, there are at most O(n/ n1/d

(3/2)j ) =

O(n1−1/d(3/2)j) such elements, as required. The case for 0 ≤ j < ∞ can be
proven analogously.

Finally, we note that at most O(2dλ/(λ1/dn−1/d)d−1) = O(λ1/dn1−1/d) of the
Hi of size at least λ1/dn−1/d can intersect σ (otherwise, somewhere, λ+1 of them
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would overlap). Furthermore, there are O( n
1/(λ1/dn−1/d)

) = O(λ1/dn1−1/d) of the

Hi of size at most λ1/dn−1/d that intersect σ, as they all contribute weight at
least 1/(λ1/dn−1/d). Therefore, there are O(λ1/dn1−1/d) hypercubes intersecting
σ.

As in the BBKK paper, we can argue that we can compute t∗σ∗ quickly by
truncating wi

H(t).

This brings us to the candidate sets. Instead of guessing how we cross the
separators precisely, guessing where we cross the separators will su�ce. For
simplicity, we consider the boundary points created this way to be in�nitely
small hypercubes.

Theorem 3.2.5. Let H = {H1, ...,Hn} be a set of n hypercubes in Rd and let
I ⊆ H. Then there is a separator σ and collection C ′(σ,H) such that

(i) σ is balanced with respect to the corner points of I,

(ii) Each candidate set X ∈ C ′(σ,H) contains O(n1−1/d) points,

(iii) There exists a shortest tour T and an X ∈ C ′(σ,H) such that X is the set

of locations where T crosses σ and |C ′(σ,H)| ≤ 2O(n1−1/d logn), and

(iv) σ splits O(λ1/dn1−1/d) of the Hi, where λ is the ply of H.

Moreover, σ and C ′(σ,H) can be calculated in 2O(n1−1/d logn) time.

Proof. Let σ be the separator given by Theorem 3.2.4. Then σ has properties (i)
and (iv). W.l.o.g., we assume that size(σ) = 1 and σ is centered at the origin.
From now on, we will only consider edges that cross σ once and lie on the Hanan
grid G. Any set of edges E ∈ C ′(σ,H) we return can be divided into two subsets:

� Eshort :=
{
e ∈ E

∣∣ length(e) ≤ 1/n1/d
}
, and

� Elong :=
{
e ∈ E

∣∣ length(e) > 1/n1/d
}
.

(The proof in the BBKK paper uses three subsets: Eshort, Emid and Elong.
However, since our running time contains an extra factor log n in the exponent,
we can merge Eshort with part of Emid, and merge the rest of Emid with Elong,
simplifying the proof.) We start with Eshort. Consider a single facet of σ; we will
now show that we can cross this facet in only a limited number of ways. First,
we note that for the corresponding i, we have |P i

0(σ)| = O(n1−1/d). Let e be
an arbitrary edge of our tour crossing σ through this face. Now, by property
(iii) of a canonical tour, the pj and pj+1 that are connected by e must both
have a distance at most 1/n1/d to σ in the i'th coordinate. Therefore, the same
holds of the odrdistances of the corresponding Hj . Furthermore, note that if
we charge every edge e crossing σ through our facet to the two hypercubes
of the corresponding pj and pj+1, no hypercube is charged more than twice.
Hence, the number of short edges crossing σ through this facet is bounded by
the number of hypercubes with odrdistance at most 1/n1/d to σ, of which there
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are O(n1−1/d). As there are O(nd) possible locations for these edges to cross
σ, there are (nd)O(n1−1/d) = 2O(n1−1/d logn) possible combinations for every face.
Finally, since there are O(d) facets, the total amount of possible combinations is
2O(n1−1/d logn).

We continue to Elong, the set of edges longer than 1/n1/d. Consider those
edges which cross some arbitrary facet of σ; using the same logic as in the BBKK
paper, by using Lemma 3.2.3, we can see that there are (2n1/d)d−1 = O(n1−1/d)
of these edges at most. Analogously, there are at most O(n1−1/d) edges of which
at least 1/(2n1/d) of their length is inside σ. Since there are O(nd−1) options for
every edge, there are (nd−1)O(n1−1/d) = 2O(n1−1/d logn) options for every face, and
just as many for every σ.

The algorithm. Our algorithm contains the following changes compared to
the BBKK algorithm:

� We choose our separator σ using Theorem 3.2.4 instead of the equivalent
from the BBKK paper, and use Theorem 3.2.5 to obtain the candidate sets
of crossing points.

� Instead of choosing already existing points as boundary points, we create
new boundary points as explained above. To ensure that the recursion ends,
we bruteforce the solution if n is smaller than some arbitrarily large but
�xed N , instead of recurring until n = 1.

� All Hi visited by one of the new boundary points are removed from both
subproblems. For every Hi split by σ but not visited by one of the new
boundary points, we need to `guess' whether it is visited inside or outside
σ.

� For the initial call, we guess p1 and pn of the �nal tour, and connect
them with a link - there are O(n2d) viable combinations of points on the
generalised Hanan grid. We remove all Hi we already visit by doing so,
and then run the algorithm on the remaining Hi and the boundary set
B = {p1, pn}.

Since there are O(λ1/d) hypercubes Hi split by σ, there are

2O(λ1/dn1−1/d logn) · 2O(λ1/d) = 2O(λ1/dn1−1/d logn)

subproblems generated in total, leading to the following theorem:

Theorem 3.2.6. Rectilinear one-of-a-cube TSP on hypercubes with ply λ

can be solved in 2O(λ1/dn1−1/d logn) time.

Proof. There are three di�erences between the two algorithms that impact the
running time. First, as mentioned, there are n2d initial calls made to the algorithm,
one for every pair of points. However, since we will prove that the running time
is 2O(λ1/dn1−1/d logn), this factor is irrelevant. Second is the fact that there are
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more candidate sets. Speci�cally, 2O(λ1/dn1−1/d logn) subproblems are generated.
Finally, because we only guess where the separator is crossed, O(n1−1/d) new
boundary points are generated instead of selected from the already existing
points. We will now compute the impact of the last two di�erences on the running
time of the algorithm.

De�ne T (n, b) to be the running time of the algorithm when run on an input
containing n points of which b are boundary points. Let nS,in, nS,out, bS,in and
bS,out denote the numbers of points and boundary points in the subproblems
generated.

Let I(σ,H) be the set of 2m possible combinations of choices, where m is the
number of hypercubes split by σ. Clearly, if one of the points of an Hi is in B,
no choice needs to be made. De�ne C∗(σ,H) ⊆ C′(σ,H) × I(σ,H) to be the set
of combinations of candidate sets and splitting choices restricted this way.

Let N be arbitrarily large but �xed. We get

T (n, b) ≤


c0 if n ≤ N ;∑

S∈C∗(σH ,H) e
c3(n

1−1/d+b) logn + Tin + Tout if b ≤ γn1−1/d;∑
S∈C∗(σB ,H) e

c3(n
1−1/d+b) logn + Tin + Tout if b > γn1−1/d,

where Tin := T (nS,in, bS,in) and Tout := T (nS,out, bS,out). We prove by induction

that T (n, b) ≤ eλ
1/d(d1n

1−1/d+d2b) logn for some constants d1 and d2 and for all
1 ≤ b ≤ n. This clearly holds for b, n ≤ N , so by induction, for each S,

ec3(n
1−1/d+b) logn + T (nS,in, bS,in) + T (nS,out, bS,out)

≤ ec3(n
1−1/d+b) logn + eλ

1/d(d1n
1−1/d
S,in +d2bS,in) logn

+ eλ
1/d(d1n

1−1/d
S,out +d2bS,out) logn.

Let c2, c4 and c5 be the constants from part (ii), (iii) and (iv) of Theorem 3.2.5.
For any S ∈ C∗(σB , H), we have bS,in ≤ δb+c2n

1−1/d and bS,out ≤ δb+c2n
1−1/d;

similarly, for any S ∈ C∗(σH , H), we have nS,in ≤ δn + c2n
1−1/d and nS,out ≤

δn + c2n
1−1/d. In the remaining cases, for bS,. we can use the trivial bound

bS,. ≤ b + c2n
1−1/d. For nS,., we can use nS,. ≤ n: despite the possibility of

new points being created, there will never be more points created than there are
points on either side of σ. For simplicity, let λ′ := λ1/d, let n′ := n1−1/d, and let
c := max{c0, c2, c3, c4}. We get Since |C∗(σ,H)| ≤ ec4λ

1/dn1−1/d logn, we get

T (n, b) ≤


c if n ≤ N ;

ecλ
′n′ logn+c(n′+b) logn+1+λ′(d1(δn+cn′)1−1/d+d2(b+cn′)) logn if b ≤ γn′;

ecλ
′n′ logn+c(n′+b) logn+1+λ′(d1n

′+d2(δb+cn′)) logn if b > γn′.

Now, if n is large enough (dependent only on d), then δn + cn′ ≤ ζn, where
ζ = 1+δ

2 . Since we know that n > N and N is arbitrarily large, we get

T (n, b) ≤


c if n ≤ N ;

eλ
′ logn·((ζ1−1/dd1+3cd2)n

′+(2c+d2)b) if b ≤ γn′;

eλ
′ logn·((d1+3cd2)n

′+(2c+δd2)b) if b > γn′.
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Now, for the case b > γn′, we have

eλ
′ logn((d1+3cd2)n

′+(2c+δd2)b) ≤ eλ
′(d1n

′+d2b) logn

if and only if

(d1 + 3cd2)n
′ + (2c+ δd2)b ≤ d1n

′ + d2b.

We choose γ = 4c
1−δ and d2 = 8c

1−δ , satisfying the equation.

For the case b ≤ γn1−1/d, we have

eλ
′ logn((ζ1−1/dd1+3cd2)n

′+(2c+d2)b) ≤ eλ
′(d1n

′+d2b) logn

if and only if

(ζ1−1/dd1 + 3cd2)n
′ + (2c+ d2)b ≤ d1n

′ + d2b.

We choose d1 = 32c2

(1−ζ1−1/d)(1−δ)
, satisfying the equation.

Finally, we note that γ, d1 and d2 are indeed (nonnegative) constants, as they
only depend on c, δ and ζ, which in turn only depend on d.



Chapter 4
pBitonicity of TSP in narrow strips

Recall from Chapter 1 that in the Bitonic TSP, the problem is to �nd a
shortest bitonic tour, i.e., a tour that crosses every vertical line at most twice.
Furthermore, recall that this problem can be solved in O(n log2 n) time.

Note that if the points of a point set P all lie on the x-axis, not only is it
trivial to �nd a shortest Euclidean tour through all points in P , but this tour is
also bitonic. Hence, it is natural to conjecture that if the points of P lie in a very
narrow strip, an optimal bitonic tour is still a shortest tour overall, allowing us
to �nd a shortest tour in O(n log2 n) time. Furthermore, one would expect the
hardness of �nding a shortest tour to scale with the height of this strip, where
the problem takes 2O(

√
n) time to solve if the strip can be of arbitrary height.

In this chapter, we give a (partially computer-assisted) proof that when the
points of P have distinct integer x-coordinates and lie in a strip of height δ ≤ 2

√
2,

an optimal bitonic tour is optimal overall, and we show that the bound 2
√
2 is

best possible.
We will continue to investigate how the hardness of the problem scales if the

points of P lie in a strip of a larger height in Chapter 5.

Notation. Let P := {p1, . . . , pn} be a set of points in the (in�nite) strip R ×
[0, δ], which we will call a δ-strip. We assume the points in P have distinct integer
x-coordinates.

For the reader's convenience, we �rst recall some de�nitions and notation from
Chapter 2. We denote the coordinates of a point p ∈ R2 by x(p) and y(p). To
simplify the notation, we also write xi and yi for x(pi) and y(pi), respectively.
We sort the points in P such that xi < xi+1 for all 1 ≤ i < n. We de�ne the
spacing ∆i := xi+1 − xi; note that ∆i ∈ N+ for all i.

In this chapter, a separator is a vertical line not containing any of the points
in P . For our purposes, two separators s, s′ that induce the same partitioning
of P are equivalent. Therefore, we can de�ne S := {s1, . . . , sn−1} as the set of all
combinatorially distinct separators, obtained by taking one separator si between
any two points pi, pi+1.
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p1

p2

p3

p4

p5

δ/2

δ/2

T1

T2

Figure 4.1: Construction for δ > 2
√
2 for Theorem 4.1.1. The grey vertical segments

are at distance 1 from each other. If δ > 2
√
2 then T1, the shortest bitonic

tour (in blue), is longer than T2, the shortest non-bitonic tour (in red).

Let E be a set of edges with endpoints in P . The tonicity of E at a separator s,
written as ton(E, s), is the number of edges in E crossing s. We say that a set
E has lower tonicity than a set F of edges, denoted by E ⪯ F , if ton(E, si) ≤
ton(F, si) for all si ∈ S. The set E has strictly lower tonicity, denoted by E ≺ F ,
if there also exists at least one i for which ton(E, si) < ton(F, si). Finally, we call
a set E of edges k-tonic if ton(E, si) ≤ k for all si ∈ S. We will use the terms
monotonic and bitonic to denote 1-tonic and 2-tonic, respectively. We say E has
exact tonicity k if E is k-tonic, but not (k − 1)-tonic.

4.1 Bitonicity at integer x-coordinates

The goal of this chapter is to prove the following theorem.

Theorem 4.1.1. Let P be a set of points with distinct and integer x-coordinates
in a δ-strip. When δ ≤ 2

√
2, a shortest bitonic tour on P is a shortest tour

overall. Moreover, for any δ > 2
√
2 there is a point set P in a δ-strip such that

a shortest bitonic tour on P is not a shortest tour overall.

The construction for the case δ > 2
√
2 is shown in Figure 4.1. It is easily

veri�ed that, up to symmetrical solutions, the tours T1 and T2 are the only
candidates for the shortest tour. Observe that ∥T2∥ − ∥T1∥ = |p1p4| − |p4p5| =
3 −
√
1 + δ2. Hence, for δ > 2

√
2 we have ∥T2∥ < ∥T1∥, which proves the lower

bound of Theorem 4.1.1. The remainder of the section is devoted to proving the
�rst statement.

Let P be a point set in a δ-strip for δ = 2
√
2, where all points in P have

distinct integer x-coordinates. Among all shortest tours on P , let Topt be one
that is minimal with respect to the ⪯-relation; Topt exists, since the number of
di�erent tours on P is �nite. We claim that Topt is bitonic, proving the upper
bound of Theorem 4.1.1.

Suppose for a contradiction that Topt is not bitonic. Let s∗ ∈ S be the
rightmost separator for which ton(Topt, s

∗) > 2. Now, note that for any two
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s∗ s∗

⇒

Figure 4.2: Replacing the paths connecting endpoints of edges in F by abstract
connections. The copies of duplicated shared endpoints are slightly
displaced in the �gure to be able to distinguish them, but they are actually
coinciding.

consecutive separators si, si+1, the di�erence in tonicity at those separators is at
most 2. Hence, ton(Topt, s

∗) = 4. Let F be the four edges of Topt crossing s∗,
and let E be the remaining set of edges of Topt. Let Q be the set of endpoints of
the edges in F . We will argue that there exists a set F ′ of edges with endpoints
in Q such that E ∪ F ′ is a tour and (i) ∥F ′∥ < ∥F∥, or (ii) ∥F ′∥ = ∥F∥ and
F ′ ≺ F . We will call such an F ′ superior to F . Option (i) contradicts that Topt

is a shortest tour. Since E ∪ F ′ ≺ E ∪ F if and only if F ′ ≺ F , (ii) contradicts
that Topt is a shortest tour that is minimal with respect to ⪯. Hence, proving
that such a superior set F ′ exists �nishes the proof.

The remainder of the proof proceeds in two steps. In the �rst step we move
the points in Q, obtaining a set Q with consecutive integer coordinates and an
edge set F . These will be such that if an F

′
superior to F exists, then there also

exists an F ′ superior to F . In the second step we then give a computer-assisted
proof that the desired set F

′
exists.

Step 1: Finding a suitable Q with consecutive x-coordinates. Let Topt,
s∗, E, F and Q be de�ned as above. We assume without loss of generality that
the x-coordinate of s∗ is equal to x∗+ 1

2 , where x
∗ is the largest integer such that

the line x = x∗ + 1
2 intersects all four edges in F . Since the actual edges in E

are not important for our arguments, we replace them by abstract �connections�
specifying which pairs of endpoints of the edges in F are connected by paths of
edges in E. It will be convenient to duplicate the points in Q that are shared
endpoints of two edges in F , and add a connection between the two copies; see
Figure 4.2. We denote the set of connections obtained in this way by Ẽ, and we
call Ẽ the connectivity pattern of F (in E ∪ F ).

Next we show how to move the points in Q such that the modi�ed set Q
uses consecutive x-coordinates. Recall that s∗ : x = x∗ + 1

2 is a separator that
intersects all edges in F . Let Qleft and Qright be the subsets of points from Q lying
to the left and right of s∗, respectively. We will move the points in Qleft such that
they will get consecutive x-coordinates with the largest one being equal to x∗,
while the points in Qright will get consecutive x-coordinates with the smallest one
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s∗

⇒

s∗ s∗ℓ(z)

⇒ ... ⇒

Figure 4.3: The process of moving the points in Q. Grey vertical lines have integer x-
coordinates. In the �rst step, we move a point in Qleft so that it gets
x-coordinate z. After four more steps, Qleft and Qright have been treated.

being x∗ + 1.
We move the points in Qleft as follows. Let z ≤ x∗ be the largest x-coordinate

currently not in use by any of the points in Qleft. If Qleft lies completely to the
right of the line ℓ(z) : x = z, then we are done: the set of x-coordinates used by
points in Qleft is {z+1, . . . , x∗}. Otherwise, we take any point to the left of ℓ(z),
and we move it along its edge e ∈ F to the point e ∩ ℓ(z); see Figure 4.3(i).
This process is repeated until the points of Qleft have consecutive x-coordinates.
Note that duplicate x-coordinates caused by duplicating shared endpoints can
still exist, if neither of the duplicates was moved.

After moving the points in Qleft we treat Qright in a similar manner; the only
di�erence is that now we de�ne z > x∗ to be the smallest x-coordinate currently
not in use by any of the points in Qright. Figure 4.3(ii) shows the �nal result for
the example in part (i) of the �gure.

Before we prove that this procedure preserves the desired properties, two
remarks are in order about the process described above. First, in each iteration
we may have di�erent choices for the edge e crossing ℓ(z), and the �nal result
depends on these choices. Second, when we move a point in Q to a new location,
then the new x-coordinate is not used by Q but it may already be used by points
in P \Q. Neither of these facts causes any problems for the coming arguments.

Let Q be the set of points from Q after they have been moved to their new
locations, and let F be the set of edges from F after the move. With a slight
abuse of notation we still use Ẽ to specify the connectivity pattern on F , which
is simply carried over from F . The following lemma shows that we can use F , Q
and Ẽ in Step 2 of the proof.

Lemma 4.1.2. Let E,F,Q, Ẽ, F ,Q be de�ned as above. Let F
′
be any set of

edges (with endpoints in Q) superior to F , such that Ẽ∪F ′
is a tour. Then there

is a set of edges F ′ (with endpoints in Q) superior to F such that E ∪ F ′ is a
tour.

Proof. We de�ne F ′ in the obvious way, by simply taking F
′
and replacing each

endpoint (which is a point in Q) by the corresponding point in Q. Clearly E∪F ′
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forms a tour if Ẽ ∪ F
′
forms a tour.

Suppose F
′
is superior to F . We will show that F ′ is superior to F . We

will do this by �rst proving that ∥F∥ − ∥F ′∥ ≥ ∥F∥ − ∥F ′∥. Then, we prove
that F ′ ⪯ F . Finally, we prove that if there exists a separator s ∈ S such that
ton(F

′
, s) < ton(F , s), then ton(F ′, s∗) < ton(F, s∗).

Recall that each edge e ∈ F is obtained from the corresponding edge e ∈ F
by moving one or both endpoints along the edge e itself. Also recall that we
duplicated shared endpoints of edges in F , so if we move a point in Q, then we
move the endpoint of a single edge in F . Hence,

∥F∥ − ∥F∥ = total distance over which the points in Q are moved.

Since we added a connection to Ẽ between the two copies of a shared endpoint,
each point in Q is incident to exactly one connection in Ẽ and, hence, to exactly
one edge in F ′. This means that if we move a point in Q, then we move the
endpoint of a single edge in F ′, so

∥F ′∥ − ∥F ′∥ ≤ total distance over which the points in Q are moved.

We conclude that ∥F∥ − ∥F ′∥ ≥ ∥F∥ − ∥F ′∥.

Next, we claim that F ′ ⪯ F . We will prove this by showing that F is maximal
with respect to ⪯. Let s be any separator. Let G be any edge set on Q such that
Ẽ ∪G forms a tour. Now, the tonicity of G at s is bounded by the minimum of
the number of points of Q to the left of s and the number of points of Q to the
right of s. Note that F attains this bound for every separator s. We conclude
that F is maximal with respect to ⪯, and therefore, F ′ ⪯ F indeed holds.

Finally, let s ∈ S be such that ton(F
′
, s) < ton(F , s). We will show that

ton(F ′, s∗) < ton(F, s∗). Without loss of generality, let s either be to the left of
s∗, or s∗ itself. Since ton(F

′
, s) < ton(F , s), the edge set F

′
contains an edge

e fully to the left of s: otherwise, the tonicity of F
′
at s would be equal to

the number of points to the left of s, which is equal to the tonicity of F at s.
Furthermore, since

ton(F, s∗) = ton(F , s∗)

and
ton(F ′, s∗) = ton(F

′
, s∗),

we conclude that ton(F ′, s∗) < ton(F, s∗).

Recall that by the de�nition of superior, F ′ is superior to F if and only if
(a) ∥F ′∥ < ∥F∥, or (b) ∥F ′∥ = ∥F∥ and F ′ ≺ F . We have proven that (i)
∥F∥−∥F ′∥ ≥ ∥F∥−∥F ′∥, (ii) F ′ ⪯ F , and (iii) if ton(F

′
, s) < ton(F , s) for some

separator s ∈ S, then ton(F ′, s∗) < ton(F, s∗).
Suppose that F

′
is superior to F . If ∥F ′∥ < ∥F∥, then by (i), we get that (a)

holds. Else, ∥F ′∥ = ∥F∥, so by (i), we get that either (a) holds, or ∥F ′∥ = ∥F∥,
satisfying the �rst requirement of (b). Furthermore, since in this case F

′ ≺ F ,
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there exists a separator s satisfying ton(F
′
, s) < ton(F , s). By (iii), we have

ton(F ′, s∗) < ton(F, s∗). Combining this with (ii) gives us that F ′ ≺ F , which is
the second requirement of (b).

We conclude that if F
′
is superior to F , then F ′ is superior to F .

Step 2: Finding the set F ′. The goal of Step 2 of the proof is the following:
given the tour Topt = E ∪ F inside a δ-strip of width δ = 2

√
2, show that there

exists a set F ′ of edges such that E ∪ F ′ is a tour and F ′ is superior to F .
Lemma 4.1.2 implies that we may work with Ẽ and F instead of E and F (and
then �nd F

′
instead of F ′).

In Step 1 we duplicated shared endpoints of edges in E. We now merge these
two copies again if they are still at the same location. This will always be the
case for the shared endpoint immediately to the right of the separator s∗: we
picked s∗ : x = x∗ + 1

2 such that there is a shared endpoint at x = x∗ + 1
(since s∗ is the rightmost separator with ton(Topt, s

∗) = 4), and the copies of
this endpoint will not be moved. So if nleft and nright denote the number of
distinct endpoints to the right and left of s∗, respectively, then nright ∈ {2, 3}
and nleft ∈ {2, 3, 4}. We thus have six cases in total for the pair (nleft, nright), as
depicted in Figure 4.4. Each of the six cases has several subcases, depending on
the left-to-right order of the vertices inside the gray rectangles in the �gure. For
any �xed ordering we can still vary the y-coordinates in the range [0, δ]. This may
lead to scenarios where di�erent sets F

′
are required. We handle this potentially

huge number of cases in a computer-assisted manner, using an automated prover
FindShorterTour(nleft, nright, F , Ẽ,X, δ, ε). The input parameter X is an array
where X[i] speci�es the set from which the x-coordinate of the i-th point in the
given scenario may be chosen. Here, we assume w.l.o.g. that x(s∗) = −1/2; see
Figure 4.4. The smaller the precision parameter ε is, the more precise the output
will be. Its precise role will be explained below.

The output of FindShorterTour is a list of scenarios and an outcome for
each scenario. A scenario contains for each point q an x-coordinate x(q) from
the set of allowed x-coordinates for q, and a range y-range(q) ⊆ [0, 2

√
2] for its

y-coordinate. This y-range is an interval of length at least ε/2. The outcome
of a scenario is either Success or Fail. An outcome Success means that a
set F

′
has been found with the desired properties: Ẽ ∪ F

′
is a tour, and for all

possible instantiations of the scenario�that is, all choices of y-coordinates from
the y-ranges in the scenario�we have ∥F ′∥ < ∥F∥. An outcome Fail means that
such an F

′
has not been found. It does not guarantee that such an F

′
does not

exist for this scenario.
The list of scenarios is complete in the sense that for any instantiation of the

input case there is a scenario that covers it.
FindShorterTour works brute-force. It checks all possible combinations of

x-coordinates and subdivides the y-coordinate ranges, until a suitable F
′
can be

found or until the y-ranges have length smaller than the precision parameter ε.
The implementation details of the procedure can be found in the next section.

Note that the case (nleft, nright) = (2, 3) in Figure 4.4 is a subcase of the
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6
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4

(nleft, nright) = (2, 2)
F = {(1, 3), (1, 4), (2, 3), (2, 4)}
Ẽ = ∅
X = [{−2}, {−1}, {0}, {1}]

(nleft, nright) = (3, 2)
F = {(1, 4), (1, 5), (2, 4), (3, 5)}
Ẽ = {(2, 3)}
X = [{−3,−2,−1}, {−3,−2,−1},

{−3,−2,−1}, {0}, {1}]

1

2

3

4

1

3

2

(nleft, nright) = (4, 2)
F = {(1, 6), (2, 5), (3.5), (4, 6)}
Ẽ = {(1, 2), (3, 4)}
X = [{−4, ...,−1}, {−4, ...,−1},

{−4, ...,−1}, {−4, ...,−1},
{0}, {1}]

1

2

3

4

5
4

(nleft, nright) = (2, 3)
F = {(1, 3), (1, 5), (2, 3), (2, 4)}
Ẽ = {(4, 5)}
X = [{−2}, {−1}, {0}, {1, 2}, {1, 2}]

(nleft, nright) = (3, 3)
F = {(1, 4), (1, 5), (2, 4), (3, 6)}
Ẽ = {(2, 3), (5, 6)}
X = [{−3,−2,−1}, {−3,−2,−1},

{−3,−2,−1}, {0}, {1, 2}, {1, 2}]

1

2

3

4
1

3

2

5

5

(nleft, nright) = (4, 3)
F = {(1, 6), (2, 5), (3.5), (4, 7)}
Ẽ = {(1, 2), (3, 4), (6, 7)}
X = [{−4, ...,−1}, {−4, ...,−1},

{−4, ...,−1}, {−4, ...,−1},
{0}, {1, 2}, {1, 2}]

1

2

3

6

4
7

5
6

s∗

s∗

s∗

s∗

s∗

s∗

Figure 4.4: The six di�erent cases that result after applying Step 1 of the proof of
Theorem 4.1.1. Points indicated by �lled disks have a �xed x-coordinate.
The left-to-right order of points drawn inside a grey rectangle, on the other
hand, is not known yet. The vertical order of the edges is also not �xed, as
the points can have any y-coordinate in the range [0, 2

√
2].
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4

X = [{−3}, {−2}, {−1}, {0}, {1}]
Y = [[0, 0.01], [2.82, 2

√
2], [1.61, 1.62],

[2.82, 2
√
2], [0, 0.01]]

5

4

5

X = [{−3}, {−2}, {−1}, {0}, {1}]
Y = [[2.82, 2

√
2], [0, 0.01], [1.41, 1.42],

[2.82, 2
√
2], [0, 0.01]]

F
′
1 F

′
1

1

12

2 3
3

F
′
2 F

′
2

Figure 4.5: Two scenarios covering all subscenarios where the automated prover fails,
up to symmetries. Each point has a �xed x-coordinate and a y-range
speci�ed by the array Y ; the resulting possible locations are shown as small
grey rectangles (drawn larger than they actually are for visibility). For all

subscenarios, at least one of F
′
1 (in red) and F

′
2 (in blue) is at most as long

as F (in black).

case (nleft, nright) = (3, 2), if we exchange the roles of the points lying to the left
and to the right of s∗, swap the labels of points 5 and 1, and swap the labels
of points 2 and 4. Hence, we ignore this subcase and run our automated prover
on the remaining �ve cases, where we set ε := 0.001. It successfully proves the
existence of a suitable set F

′
in four cases; the case where the prover fails is the

case (nleft, nright) = (3, 2). For this case, it fails for the two scenarios depicted
in Figure 4.5. All other scenarios for these cases are handled successfully (up to
symmetries). For both scenarios in Figure 4.5 we consider two alternatives for
the set F

′
: the set F

′
1 shown in red in Figure 4.5, and the set F

′
2 shown in blue.

We will show that in any instantiation of both scenarios, either F
′
1 or F

′
2 is at

least as short as F . Since both alternatives are bitonic, this �nishes the proof.

For 1 ≤ i ≤ 5, let qi be the point labeled i in the left scenario in Figure 4.5. We
�rst argue that we can assume without loss of generality that y(q2) = y(q4) = 2

√
2

and y(q1) = y(q5) = 0. To this end, consider an arbitrary instantiation of this
scenario, and imagine moving q2 and q4 up to the line y = 2

√
2, and moving q1

and q5 down to the line y = 0. It su�ces to show, for i ∈ {1, 2}, that if we have
∥F ′

i∥ ≤ ∥F∥ after the move, then we also have ∥F i∥ ≤ ∥F∥ before the move. To
see why this indeed holds, we will need the following observation.

Observation 4.1.3. Let p be a point in R2. Suppose we move p in direction v⃗
at unit speed. Let p(t) denote the position of point p at time t. Let p⃗(t) be the

corresponding vector. Then d
dt |p⃗(t)| =

p⃗(t)·v
|p⃗(t)| , where ‘ ·' denotes the inner product.

This also equals the cosine of the angle between p⃗(t) and v⃗.
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Proof. Assume without loss of generality that v⃗ = (1, 0). Then

d

dt
|p⃗(t)| = d

dt

√
x(p(t))2 + y(p(t))2

=
d

dt

√
(x(p) + t)2 + y(p)2

=
x(p) + t√

(x(p) + t)2 + y(p)2

=
p⃗(t) · v⃗
|p⃗(t)|

.

Finally, for any vector v⃗1, v⃗2 we have v⃗1 · v⃗2 = |v⃗1||v⃗2| cosα, where α is the angle
between v⃗1 and v⃗2. Since v⃗ is a unit-length vector, this �nalizes our argument.

This leads us to the following corollary.

Corollary 4.1.4. Let a, b, c be three points. Let ℓ be the vertical line through c,
and suppose we move c downwards along ℓ. Let α be the smaller angle between ac
and ℓ if y(c) < y(a), and the larger angle otherwise. Let β be the smaller angle
between bc and ℓ if y(c) < y(b), and the larger angle otherwise. Suppose α < β
throughout the move. Then the move increases |ac| more than it increases |bc|.
Proof. From Observation 4.1.3 we can directly conclude that at any time during
the move, the derivative of |ac| is strictly larger than the derivative of |bc|.

We can now repeatedly apply Corollary 4.1.4 to our current scenario, the left
scenario in Figure 4.5. We �rst compare ∥F ′

1∥ to ∥F∥. Moving q1 downwards to
y = 0 changes both by the same number. We can apply Corollary 4.1.4 to q2: by
moving it upwards, |q2q3| increases more than |q2q4|, thus ∥F

′
1∥− ∥F∥ increases.

Then, moving q4 upwards, |q2q4| decreases while |q4q5| increases, and therefore
∥F ′

1∥ − ∥F∥ increases once more. Finally, we can apply Corollary 4.1.4 to show
that if we move q5 downwards, |q4q5| increases more than |q3q5|, and therefore
increasing ∥F ′

1∥ − ∥F∥ again. Since none of the moves decreased ∥F ′
1∥ − ∥F∥,

we conclude that if ∥F ′
1∥ ≤ ∥F∥ after the move, then we also have ∥F 1∥ ≤ ∥F∥

before the move. We can prove analogously that if ∥F ′
2∥ ≤ ∥F∥ after the move,

then we also have ∥F 2∥ ≤ ∥F∥ before the move.
So now assume y(q2) = y(q4) = 2

√
2 and y(q1) = y(q5) = 0. Let y := y(q3).

If y ≥ (8
√
2)/7 then

|q2q3|+ |q4q5| =
√
1 + (2

√
2− y)2 + 3 ≤ 2 +

√
4 + y2 = |q2q4|+ |q3q5|,

so ∥F ′
1∥ ≤ ∥F∥. On the other hand, if y ≤ (8

√
2)/7 then

|q1q3|+ |q4q5| =
√
4 + y2 + 3 ≤

√
1 + (2

√
2− y)2 + 4 = |q3q4|+ |q1q5|,

so ∥F ′
2∥ ≤ ∥F∥. So either F

′
1 or F

′
2 is at least as short as F , �nishing the proof

for the left scenario in Figure 4.5. The proof for the right scenario in Figure 4.5
is analogous, with cases y ≥

√
2 and y ≤

√
2. This �nishes the proof for the right

scenario and, hence, for Theorem 4.1.1.
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Figure 4.6: Three pairs of intervals, the shortest edges between points in those intervals
(solid), and the longest edges between points in those intervals (dashed)

4.2 The automated prover

Here, we will give an overview of the inner workings of the automated prover. See
Algorithm 4.1 for pseudocode, which we will now explain. First, all candidate
sets of edges F

′
that form a tour together with Ẽ are generated. Then, a set of

cases is generated. Each case consists of the following:

� The x-coordinates of each of the points, stored in X . Every point must
have a di�erent integer x-coordinate, and must adhere to the given bounds
on the x-coordinates.

� For every point, an interval denoting the range in which its y-coordinate
must lie, stored in Y. When the cases are �rst generated, this is simply
[0, δ] for every point.

For each possible combination X of x-coordinates of the points, one such case is
generated. Note that every possible set of points is represented by one of these
cases. Then, for every case, it does the following:

� To prove a case, it calculates an upper bound on the total lengths of every
candidate F

′
, and a lower bound of the total length of F . For every edge, a

lower bound can be found by simply taking the points as close together as
possible, and an upper bound is found by doing the opposite. See Figure 4.6
for some examples. Suppose there exists a set F

′
such that the upper bound

on its length is guaranteed to be lower than the lower bound on the length
of F . Then ∥F ′∥ < ∥F∥must hold, and the case holds. To counter rounding
errors, the calculated upper bound must be more than some �xed η := 10−6

lower than the calculated lower bound for this to trigger. The prover has
been implemented in Java using doubles, which have a precision of up to
15 to 16 decimal digits.

� If it fails to prove the case, it splits the case into 2nleft+nright cases, by
splitting the interval of every y-coordinate into two equal parts. For example,
if a case has two points and intervals [0, 2] and [6, 8], it is split into the
four cases ([0, 1], [6, 7]), ([0, 1], [7, 8]), ([1, 2], [6, 7]) and ([1, 2], [7, 8]). Then,
it recursively tries to prove all of these cases. If, however, the intervals
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become too small (smaller than the given precision parameter ε), the prover
gives up on proving this case.

This process continues until all cases have been either proven or given up on.
Finally, the prover returns a list of all cases and whether it succeeded or failed on
these cases. Note that the smaller the precision parameter ε is, the more precise
the cases (and therefore the answer) will be. However, a smaller ε will also result
in more cases, which increases both the running time and the number of lines of
the output.



64 Bitonicity of TSP in narrow strips

Algorithm 4.1 FindShorterTour(nleft, nright, F , Ẽ,X, δ, ε)

Input:

� nleft and nright denote the number of points with x-coordinate
at most −1 and at least 0, respectively;

� F , Ẽ are edge sets such that Ẽ ∪ F forms a tour;

� X is an array where X[i] speci�es the set from which the x-
coordinate of the i-th point in the given scenario may be chosen;

� ε denotes the maximum `size' of the returned cases.

Output:

A list of scenarios and an outcome for each scenario.
A scenario contains for each point q an x-coordinate x(q) from the

set of allowed x-coordinates for q, and a range y-range(q) ⊆ [0, 2
√
2]

for its y-coordinate. This y-range is an interval of length at least ε/2.
The outcome of a scenario is either Success or Fail. An outcome
Success means that a set F

′
has been found with the desired

properties: Ẽ ∪ F
′
is a tour, and for all possible instantiations of

the scenario�that is, all choices of y-coordinates from the y-ranges
in the scenario�we have ∥F ′∥ < ∥F∥. An outcome Fail means that
such an F

′
has not been found. It does not guarantee that such an

F ′ does not exist for this scenario.
The list of scenarios is complete in the sense that for any

instantiation of the input case there is a scenario that covers it.

1: result := ∅
2: Generate all F

′
for which Ẽ ∪ F

′
is a tour

3: for Every valid combination X of x-coordinates for the points do
4: Generate case (X ,Y), consisting of the exact x-coordinates of the points,

and the bounds [0, δ] for the y-coordinate of each of the points
5: TryToProveCase(X ,Y)
6: return result

1: function TryToProveCase(X ,Y)
2: if there exists an F

′
such that F

′
is guaranteed to be shorter than F then

3: Add (X ,Y, Success) to result
4: else if the bounds in Y are larger than ε then
5: for every of the 2nleft+nright subcases Y ′ of Y do
6: TryToProveCase(X ,Y ′)

7: else
8: Add (X ,Y, Fail) to result



Chapter 5
pTSP in narrow cylinders

As we have seen in the previous chapter, if the points in our point set all have
integer x-coordinates and lie in a δ-strip that is thin enough, a shortest tour
can be found in polynomial time. In this chapter, we extend this into a more
general setting. First, we assume that the points lie in the δ-cylinder given
by R × balld−1(δ/2) for some arbitrary but �xed d ≥ 2. Second, we relax our
constraints on the x-coordinates of the points. We only require the point set to
be sparse, i.e. for any x ∈ R the point set P may contain at most c points with
an x-coordinate in [x, x+ 1]. We consider c to be arbitrary but �xed.

5.1 The tonicity with sparse point sets

In this section we investigate the tonicity of optimal TSP tours for planar sets P
that are sparse. We start with an easy observation that holds for point sets in
an arbitrary number of dimensions, illustrated in Fig. 5.1.

Observation 5.1.1. Let T be a tour containing the (directed) edges q1q2 and
r1r2. Let |q1r1| + |q2r2| ≤ |q1q2| + |r1r2|. Then if we swap the edges q1q2 and
r1r2 for the edges q1r1 and q2r2 we obtain a tour T ′ with ∥T ′∥ ≤ ∥T∥. Similarly,
if |q1r1|+ |q2r2| < |q1q2|+ |r1r2| then ∥T ′∥ < ∥T∥. Furthermore, if q1 and r1 are
to the left of q2 and r2, then T ′ ≺ T .

Proof. The fact that ∥T ′∥ ≤ ∥T∥ (or ∥T ′∥ < ∥T∥) is trivial. Furthermore, if q1
and r1 are to the left of q2 and r2, then T ′ ≺ T holds: between max(x(q1), x(r1))
and min(x(q2), x(r2)) the tonicity has been lowered by 2. Everywhere else the
tonicity remains unchanged, so T ′ ≺ T .

We will need the following observation, illustrated in Fig. 5.2.

Observation 5.1.2. Let a, b ∈ R. Let q1, q2, r1, r2 be any four points of P with
max(x(q1), x(r1)) ≤ a < b ≤ min(x(q2), x(r2)) and |q1q2|+ |r1r2| < |q1r1|+ |q2r2|.
Let q′1, q

′
2 be the points on q1q2 with x-coordinates a, b respectively. Let r′1, r

′
2 be the

points on r1r2 with x-coordinates a, b respectively. Then 2(b−a) ≤ |q′1q′2|+|r′1r′2| <
|q′1r′1|+ |q′2r′2|.
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q1

q2

r1
r2

Figure 5.1: Illustration of Observation 5.1.1. T is the solid line, T ′ is the dashed line.
Between x(r1) and x(q2), the tonicity of T ′ is 2 lower than the tonicity of
T .

Proof. When we move q1 straight towards q2 until it reaches q′1, then |q1r1| cannot
decrease more than |q1q2|. Therefore, |q1r1| − |q′1r1| ≤ |q1q2| − |q′1q2|. Combining
this with our assumption that |q1q2|+ |r1r2| < |q1r1|+ |q2r2|, we get that |q′1q2|+
|r1r2| < |q′1r1| + |q2r2|. Note how we have essentially swapped q1 for q′1. We
can repeat this process three more times, once for every point, to obtain |q′1q′2|+
|r′1r′2| < |q′1r′1| + |q′2r′2|. We complete our proof by noting that since x(q′1) =
x(r′1) = a and x(q′2) = x(r′2) = b, we trivially have that 2(b − a) ≤ |q′1q′2| +
|r′1r′2|.

From now on, we will once more assume that d = 2, and that the point set
P lies in the δ-strip R × [0, δ]. Recall that si denotes the separator between
points pi, pi+1, and recall the de�nition ∆i := xi+1−xi. A direct consequence of
Observation 5.1.2 is the following.

Lemma 5.1.3. Let k ∈ N be such that δ ≤ k∆i. Let Topt be a shortest tour
on P . Then there exists a shortest tour Topt

′ ⪯ Topt with ton(Topt
′, si) ≤ 2k.

Proof. Let Topt be a shortest tour. If ton(Topt, si) > 2k, then Topt has at least
k+1 edges crossing si from left to right. We claim that at least one pair of edges
(q1q2, r1r2) has the property that |q1q2| + |r1r2| ≥ |q1r1| + |q2r2|. To see this,
suppose such a pair does not exist. If we order the edges crossing si on where they
cross si, and then apply Observation 5.1.2 to each consecutive pair, we get that
2δ > 2k∆i. Speci�cally, let e1, ..., ek+1 be such a set of k+1 edges crossing si. Let
ej = (ej1, ej2) for all j, and let e′j1 and e′j2 be the points on ej with x-coordinates
xi and xi+1, respectively. Note that since ej crosses si and is de�ned by two
points of P , e′j1 and e′j2 are indeed well-de�ned. Now, from Observation 5.1.2,
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q′1
q′2q1

q2

ba

r1

r′1 r′2
r2

Figure 5.2: Illustration of Observation 5.1.2. Since |q1q2|+ |r1r2| < |q1r1|+ |q2r2| holds,
|q′1q′2|+ |r′1r′2| < |q′1r′1|+ |q′2r′2| also holds.

we get for all 1 ≤ j ≤ k that 2(xi+1− xi) < |e′j1e′(j+1)1|+ |e
′
j2e

′
(j+1)2|. Therefore,

2k∆i =

k∑
j=1

2(xi+1 − xi)

<

k∑
j=1

|e′j1e′(j+1)1|+ |e
′
j2e

′
(j+1)2|

= |e′11e′(k+1)1|+ |e
′
12e

′
(k+1)2| ≤ 2δ.

See Figure 5.3 for an example. This, however, directly contradicts our previous
assumption that δ ≤ k∆i. Therefore, such a pair of edges must exist. Using
this pair, we can �nd a tour Topt

∗ ≺ Topt with ∥Topt
∗∥ ≤ ∥Topt∥ (and therefore

a shortest tour), by Observation 5.1.1. We apply this repeatedly until we have
obtained a shortest tour Topt

′ ⪯ Topt with ton(Topt
′, si) ≤ 2k.

A more general version is the following:

Lemma 5.1.4. Let k ∈ N be such that δ ≤ (xj − xi)(k − j + i + 1) for some
1 ≤ i < j ≤ n. Let Topt be a shortest tour. Then there exists a shortest tour
Topt

′ ⪯ Topt with ton(Topt
′, si) ≤ 2k and ton(Topt

′, sj−1) ≤ 2k.

Proof. Let Topt be a shortest tour. If ton(Topt, si) > 2k, then Topt has at least k+
1 edges crossing si from left to right. We claim that at least one pair (q1q2, r1r2)
of crossing edges has the property that |q1q2| + |r1r2| ≥ |q1r1| + |q2r2|. To see
this, suppose such a pair does not exist. Since at most j − i − 1 of these k + 1
edges have an endpoint in {pi+1, ..., pj−1}, at least k + 1 − (j − i − 1) of these
have length at least xj − xi. Analogously to the previous lemma, we order these
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∆i

δ

e31 e′31 e′32
e32

e21 e′21

e′22
e22

e11 e′11 e′12 e12

Figure 5.3: An example of Lemma 5.1.3, with k = 2. Suppose |e1| + |e2| < |e11e21| +
|e12e22| and |e2| + |e3| < |e21e31| + |e22e32|. Since δ ≥ |e′11e′21| + |e′21e′31|
and δ ≥ |e′12e′22|+ |e′22e′32|, we get that 2δ ≥ |e′11e′21|+ |e′21e′31|+ |e′12e′22|+
|e′22e′32| > |e′11e′12|+ 2|e′21e′22|+ |e′31e′32| ≥ 4∆i.

edges depending on where they cross si, and then apply Observation 5.1.2 to
each consecutive pair. This gives us that 2δ > 2(k − (j − i− 1))(xj − xi). This,
however, directly contradicts our assumption. Therefore, such a pair of edges
must exist.

Analogously to the previous lemma, we can use this to �nd a tour Topt1 ≺ Topt

with ∥Topt1∥ ≤ ∥Topt∥ (and therefore a shortest tour), by Observation 5.1.1.
We apply this repeatedly until we obtain a shortest tour Topt

∗ ⪯ Topt with
ton(Topt

∗, si) ≤ 2k.
We can then �nd a shortest tour Topt

′ ⪯ Topt
∗ with ton(Topt

′, sj−1) ≤ 2k,
by symmetry. Since Topt

′ ⪯ Topt
∗, we also have ton(Topt

′, si) ≤ 2k. Therefore,
Topt

′ ⪯ Topt is indeed a shortest tour with both ton(Topt
′, si) ≤ 2k as well as

ton(Topt
′, sj−1) ≤ 2k.

We can now bound the tonicity of an optimal TSP tour for P .

Theorem 5.1.5. Let P be a set of points inside a δ-strip such that for any x ∈ R
there are at most c points with x-coordinates in the interval [x, x+1]. Then there
exists an optimal TSP tour on P that is 2k-tonic for k := ⌊2

√
cδ + 2c⌋.

Proof. Let Topt be a shortest tour. We de�ne m := ⌊
√
δ/c + 2⌋. We split the

proof into two cases.
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� Case I: n < 2cm. Trivially, Topt is n-tonic. We have

n < 2cm = 2c
⌊√

δ/c+ 2
⌋
< 2

⌊
2
√
cδ + 2c

⌋
= 2k,

so Topt is indeed 2k-tonic.

� Case II: n ≥ 2cm. For any i, j such that 1 ≤ i and j = i + cm ≤ n,
we would like to apply Lemma 5.1.4. To do so, we �rst argue that δ ≤
(xj − xi)(k − j + i+ 1). Note that since for any x ∈ R there are at most c
points with x-coordinates in the range [x, x+1], we have xj−xi ≥ ⌊(j−i)/c⌋.
Therefore, we get

(xj − xi)(k − j + i+ 1)

≥
(⌊

j − i

c

⌋
− 1

)
(k + 1− (j − i))

=
(⌊√

δ/c+ 2
⌋
− 1
)(⌊

2
√
cδ + 2c

⌋
+ 1− c

⌊√
δ/c+ 2

⌋)
≥
√
δ/c
(
2
√
cδ + 2c− c

(√
δ/c+ 2

))
= δ.

This is true independent of our choice of i. Therefore, we can �rst apply
Lemma 5.1.4 with i = 1, giving us an optimal tour Topt1 ⪯ Topt that is
2k-tonic at s1 and at scm. When we apply this lemma again on Topt1 with
i = 2, we get a shortest tour Topt2 ⪯ Topt1 that is 2k-tonic at s1, s2, scm
and scm+1. After doing this for all i such that i + cm ≤ n, we have a
shortest tour Topt

′ ⪯ Topt that is 2k-tonic at all si for 1 ≤ i ≤ n− cm and
for cm ≤ i ≤ n. Since n ≥ 2cm, this implies that the tour Topt

′ is 2k-tonic
at all si.

If the points of point set P have distinct integer x-coordinates (note that we
therefore have a sparse point set with c = 2), then we can get a slightly better
bound in a similar way.

Theorem 5.1.6. Let P be a set of points with distinct integer x-coordinates
inside a δ-strip. Then there exists an optimal TSP tour on P that is 2k-tonic for
k := ⌊2

√
δ + 1⌋.

Proof. The proof is analogous to that of Theorem 5.1.5, substituting ⌊k/2⌋ for
cm. The only signi�cant di�erence is the proof that (xj − xi)(k− j + i+ 1) ≥ δ.
This time, we have

(xj − xi)(k − j + i+ 1) ≥
⌊
k

2

⌋(
k −

⌊
k

2

⌋
+ 1

)
=

⌊
k

2

⌋(⌈
k

2

⌉
+ 1

)
.

We �nish the proof using that k ∈ N and k ≥ 2
√
δ + 1− 1:⌊

k

2

⌋(⌈
k

2

⌉
+ 1

)
≥ k − 1

2

(
k + 1

2
+ 1

)
≥ 2
√
δ + 1− 2

2

(
2
√
δ + 1

2
+ 1

)
= δ.
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Figure 5.4: A sketch of Q′
2 and its shortest tour, see Theorem 5.1.7

Finally, we show that the factor
√
δ is necessary, by giving a set of examples

where the shortest tour has exact tonicity Θ(
√
δ):

Theorem 5.1.7. For any k ≥ 2, there exists a sparse point set Pk inside a δ-strip
of which the shortest tour is unique and has exact tonicity 2k, with δk = Θ(k2).

Proof. Let δk := 2k2. First, we will give a set Qk of points with distinct integer
x-coordinates of which the shortest path is unique and consists of the shortest
|Qk|− 1 edges. Then, we will add a point t, and argue that the (unique) shortest
tour on Pk = Qk∪{t} is the aforementioned path with both endpoints connected
to t.

Let k ≥ 2 be any �xed integer. Let p := (2k + 1, 0), let qi := (k + i, 2ki) and
let ri = (i, 2ki+ k). De�ne

Qk := {p} ∪ {qi | i ∈ {0, . . . , k}} ∪ {ri | i ∈ {0, . . . , k − 1}} .

See Figure 5.4 for an example with k = 2. Now, we claim that the path π :=
(p, q0, r0, q1, ..., rk−1, qk) is the unique shortest path on Qk. To see this, �rst
observe that the edge pq0 and all k edges of the form qiri are the shortest possible
edges, with lengths k+1 and length

√
2k, respectively. The next shortest are the

k edges of the form riqi+1, with length
√
2k2 + 2k + 1. Note that these 2k + 1

edges together form the path π. Therefore, if all other possible edges are indeed
longer, then π is indeed the shortest path through all points of Qk, as claimed.
The only other serious candidates are of the form riri+1 or qiqi+1, all of which
have length

√
4k2 + 1. Since k ≥ 2, these are indeed longer than the edges in π.

Finally, let t be any point in the δ-strip with a su�ciently large x-coordinate.
Then, the two points closest to t are the two that have the highest x-coordinates:
p and qk. Speci�cally, t := (3k4, 2k2) su�ces. Since π is a shortest path on Qk,
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and starts in p and ends in qk, we can combine it with the edges qkt and tp to
obtain the shortest tour T through all points of Pk = Qk ∪ {t}.

In conclusion, for any k ≥ 2, we can �nd a point set Pk, consisting of 3k4 + 1
points with distinct x-coordinates, and a δk of 2k2, of which the shortest tour is
unique and has exact tonicity 2k.

5.2 An algorithm for sparse point sets

In this section we investigate how the complexity of Euclidean TSP depends
on the width δ of the strip (or cylinder) containing the point set P . Recall that
a point set P inside a δ-cylinder is sparse if for every x ∈ R the set [x, x + 1] ×
balld−1(δ/2) contains O(1) points.

Theorem 5.2.1. Let P be a set of n points in a δ-cylinder.

(i) If for any i ∈ Z the drum [iδ, (i + 1)δ] × balld−1(δ/2) contains at most k

points, then we can solve Euclidean TSP on P in 2O(k1−1/d)n2 time.

(ii) If P is sparse, then we can solve Euclidean TSP in 2O(δ1−1/d)n2 time.

Part (ii) of the theorem is a trivial consequence of part (i), so the rest of the
section focuses on proving part (i). Our proof uses and modi�es some techniques
of Chapter 2. For i ∈ Z, let σi be the drum [iδ, (i + 1)δ] × balld−1(δ/2). De�ne
ni := |σi ∩P |�we assume without loss of generality that all points from P lie in
the interior of a drum σi�and let k := maxi ni. We say that a drum σi is empty
if ni = 0.

Recall that any subset E of edges from an optimal tour of a point set P has
the packing property ; see Section 2.2 for more details.

For a cube σ of side length λ and a number c > 0, let cσ denote the cube of
side length cλ and with the same center as σ. We say that an edge e enters a
cube σ if one endpoint of e is inside σ and the other endpoint is outside σ. We
will use a slightly simpli�ed version of Theorem 2.3.2.

Corollary 5.2.2. Let P be a unknown set of points in Rd. Let Q be a (known)
subset of P of m points. Let T be an unknown shortest tour on P , and let E be
the (unknown) set of edges of T between two points of Q. Then for any cube σ
we can in O(md+1) time compute a scale factor c ∈ [1, 3] such that the following
holds for the cube cσ (which is the cube σ scaled by a factor c with respect to its
center).

� |Ecσ| = O(m1−1/d), where Ecσ ⊆ E denotes the set of edges entering cσ.

� There is a family C ⊆ 2E of 2O(m1−1/d) candidate sets such that Ecσ ∈ C,
and this family can be computed in 2O(m1−1/d) time.

Recall that a separator for a set P of points inside a δ-cylinder is a hyperplane
orthogonal to the x-axis which does not contain a point from P and which



72 TSP in narrow cylinders

t1 t2 t3t0 t4

P0 P1 P2 P3

Figure 5.5: The separators t0, . . . , t|T |+1 and the blocks they de�ne.

partitions P into two non-empty subsets. Let Topt be an optimal TSP tour
on P . For a separator t, let T (t, σi) denote the set of edges from Topt with both
endpoints in σi−1 ∪ σi ∪ σi+1 and crossing t.

Lemma 5.2.3. Let σi be a drum as de�ned above. Then we can compute a
separator t intersecting σi such that |T (t, σi)| = O(k1−1/d) in O(kd+1) time.

Furthermore, there is a family C of 2O(k1−1/d) sets, which we call candidate sets,
such that T (t, σi) ∈ C, and this family can be computed in 2O(k1−1/d) time.

Proof. We apply Corollary 5.2.2 to the point set Q := P ∩ (σi−1 ∪ σi ∪ σi+1)
and the cube σ of side length δ whose left facet contains the right facet of σi.
The boundary ∂ (cσ) of the cube cσ given by the lemma intersects σi (potentially
on its boundary), and it is disjoint from the interiors of σi−1 and σi+1. Let
t be the separator containing σi ∩ ∂ (cσ). The number of points in the three
drums is at most 3k. The number of edges from E crossing t is O((3k)1−1/d) =
O(k1−1/d).

Separators and blocks. Let us consider the sequence of non-empty drums σi,
ordered from left to right. We use Lemma 5.2.3 to place a separator in every
second drum of this sequence. Let T := {t1, . . . , t|T |} be the resulting (ordered)
set of separators. Let t0 and t|T |+1 denote separators coinciding with the left side
of the leftmost non-empty drum and the right side of the rightmost non-empty
drum, respectively; see Fig. 5.5 for an illustration in R2. We call the region of
the δ-cylinder between two consecutive separators ti and ti+1 a block. Let Pi ⊆ P
denote the set of points in this block. Note that |Pi| ≤ 3k.

For an edge set E and a separator t, let E(t) ⊆ E denote the subset of edges
intersecting t. De�ne Pright(E, t) to be the set of endpoints of the edges in E(t)
that lie to the right1 of t. We call Pright(E, t) the endpoint con�guration of E
at t. The next two lemmas rule out endpoint con�gurations with two �distant�
points from the separator.

Lemma 5.2.4. Let sleft : x = xleft and sright : x = xright be two separators such
that xright − xleft > 3δ, and suppose there is a point z ∈ P with xleft + 3δ/2 <
x(z) < xright−3δ/2. Then an optimal tour on P cannot have two edges that both
cross sleft and sright.

1The separators given by Lemma 5.2.3 are not incident to any input points.
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Figure 5.6: Illustration for the proof of Lemma 5.2.4. The point z′2 coincides with z
but is slightly displaced for visibility. The sum of the lengths of the edges
unique to T (displayed in blue) is strictly larger than the sum of the lengths
of the edges unique to T ′ (displayed in red).

Proof. Suppose for a contradiction that an optimal tour T has two (directed)
edges, q1q2 and r1r2, that both cross sleft and sright. (The direction of q1q2 and
r1r2 is according to a �xed traversal of the tour.) If both edges cross sleft and
sright from left to right (or both cross from right to left) then replacing q1q2 and
r1r2 by q1r1 and r2q2 gives a shorter tour (see Observation 5.1.1), leading to the
desired contradiction.

Now suppose that q1q2 and r1r2 cross sleft and sright in opposite directions.
Assume w.l.o.g. that x(q1) < xleft and x(r2) < xleft, and that z lies on the path
from r2 to q1. Let u1, . . . , uk, v1, . . . , vl, w1, . . . , wm and z2 be such that

T = (q1, q2, u1, . . . , uk, r1, r2, v1, . . . , vl, z, z2, w1, . . . , wm, q1).

We claim that the tour T ′ de�ned as

T ′ = (q1, r2, v1, . . . , vl, z, r1, uk, . . . , u1, q2, z2, w1, . . . , wm, q1)

is a strictly shorter tour. To show this, we will �rst change our point set P into
a point set P ′ such that if ∥T ′∥ < ∥T∥ on P ′, then ∥T ′∥ < ∥T∥ also on P . To
this end we replace q1 by q′1 := q1q2 ∩ sleft and q2 by q′2 := q1q2 ∩ sright, and we
replace r1 by r′1 := r1r2 ∩ sleft and r2 by r′2 := r1r2 ∩ sright; see Figure 5.6.

Finally, we replace z2 by a point z′2 coinciding with z (note that if z2 = q1,
then we can split it before moving the resulting two points, analogous to the proof
of Theorem 4.1.1). Using a similar reasoning as in the proof of Lemma 4.1.2, one
can argue that the point set P ′ := (P \ {q1, q2, r1, r2, z2})∪ {q′1, q′2, r′1, r′2, z′2} has
the required property. To get the desired contradiction it thus su�ces to show
that ∥T∥ − ∥T ′∥ > 0 on P ′. This is true because

∥T∥ − ∥T ′∥ = |q′1q′2|+ |r′1r′2|+ |zz′2| − |q′1r′2| − |zr′1| − |q′2z′2|
≥ |xright − xleft|+ |xright − xleft|+ 0

−δ − (|xright − x(z)|+ δ)− (|xright − x(z)|+ δ)
> 2(x(z)− xleft)− 3δ > 0,

where the last line uses that xleft + 3δ/2 < x(z).
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ti+1ti ti+2 ti+3

σj−1 σj σj+1
P ′ P ′′

> 2δ > 2δ

δ δ

Figure 5.7: Only O(1) edges from Topt can cross ti and the hyperplane x = (j + 2)δ,
because of the packing property. Tour edges crossing ti and ti+3 obey
Lemma 5.2.4. The points in the red area form P ′. The points in the blue
area form P ′′.

Lemma 5.2.5. Let ti ∈ T be a separator, and let σj = [jδ, (j+1)δ]×balld−1(δ/2)
denote the drum in which it is placed. Let Topt be an optimal tour on P and let
V := Pright(Topt, ti) be its endpoint con�guration at ti. Let P ′ denote the set of
input points with x-coordinates between (j + 2)δ and x(ti+3), and let P ′′ be the
set of input points with x-coordinate larger than x(ti+3). Then (i) |P ′ ∩ V | ≤ c∗

for some absolute constant c∗, and (ii) |P ′′ ∩ V | ≤ 1.

Proof. Consider a tour edge crossing ti. Any edge crossing ti ending in P ′ must
fully cross σj+1, see Figure 5.7. Therefore such edges have length at least δ. By
the packing property, there can be at most c∗ = O(1) such edges. This proves
(i).

To prove (ii), note that there is a non-empty drum between ti and ti+3 with
distance at least 2δ from ti and ti+3. Lemma 5.2.4 thus implies that Topt has at
most one edge crossing both ti and ti+3, proving (ii).

Combining Lemma 5.2.3 and Lemma 5.2.5, we get the following corollary.

Corollary 5.2.6. Let Topt be an optimal tour, let ti ∈ T be a separator, and
let V ⊂ P be the (unknown) endpoint con�guration of Topt at ti. Then we can

enumerate in 2O(k1−1/d)n time a family Bi of candidate endpoint sets such that
V ∈ Bi.

Proof. Let c∗, P ′ and P ′′ be as de�ned in Lemma 5.2.5. We use the enumeration
of candidate edge sets from Lemma 5.2.3, and only keep the endpoints that are
to the right of ti. To each of these endpoint sets, we add at most c∗ endpoints
from P ′, and we add at most one endpoint from P ′′. There are poly(k) and
O(n) ways to add such endpoints, respectively. This gives a family of 2O(k1−1/d) ·
poly(k) · n = 2O(k1−1/d)n sets. By Lemma 5.2.5, the resulting family of endpoint
sets contains V .

In addition to the sets Bi (i = 1, . . . , |T |), we de�ne B0 = B|T |+1 := ∅.
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Matchings, the rank-based approach, and representative sets. When
we cut a tour using a separator, the tour falls apart into several paths. As in
other TSP algorithms, we need to make sure that the paths on each side of the
separator can be patched up into a Hamiltonian cycle. Let P be our input point
set, and let M be a perfect matching on a set B ⊆ P , where the points of B
are called boundary points. A collection P = {π1, . . . , π|B|/2} of paths realizes
M on P if (i) for each edge (p, q) ∈ M there is a path πi ∈ P with p and q as
endpoints, and (ii) the paths together visit each point p ∈ P exactly once. We
de�ne the total length of P as the length of the edges in its paths. In general,
the type of problem that needs to be solved on one side of a separator is called
Euclidean Path Cover. The input to such a problem is a point set P ⊂ Rd,
a set of boundary points B ⊆ P , and a perfect matching M on B. The task is to
�nd a collection of paths of minimum total length that realizes M on P .

To obtain the claimed running time, we need to avoid iterating over all
matchings. We can do this with the so-called rank-based approach [5, 13]. As
our scenario is very similar to the general Euclidean TSP, we can reuse most
de�nitions and some proof ideas from Chapter 2.

Let M(B) denote the set of all perfect matchings on B, and consider a
matching M ∈ M(B). We can turn M into a weighted matching by assigning
to it the minimum total length of any collection of paths realizing M . In other
words, weight(M) is the length of the solution of Euclidean Path Cover for
input (P,B,M). We useM(P,B) to denote the set of all such weighted matchings
on B. Note that |M(P,B)| = |M(B)| = 2O(|B| log |B|).

We say that two matchings M,M ′ ∈M(B) �t if their union is a Hamiltonian
cycle in B. Consider a pair P,B. Let R be a set of weighted matchings on B
and let M be another matching on B. We de�ne

opt(M,R) := min {weight(M ′) |M ′ ∈ R and M ′ �ts M } ,

that is, opt(M,R) is the minimum total length of any collection of paths on P
that together with the matchingM forms a cycle. A setR ⊆M(P,B) of weighted
matchings is de�ned to be representative of another set R′ ⊆M(P,B) if for any
matching M ∈M(B) we have opt(M,R) = opt(M,R′). Note that our algorithm
is not able to compute a representative set ofM(P,B), because it is also restricted
by the packing property and Lemma 5.2.4, while a solution of Euclidean Path
Cover for a generic P,B,M may not satisfy them. LetM∗(P,B) denote the set
of weighted matchings inM(P,B) that have a corresponding Euclidean Path
Cover solution satisfying the packing property and Lemma 5.2.4.

The basis of the rank-based approach is the following result.

Lemma 5.2.7. [Bodlaender et al. [5], Theorem 3.7] There exists a set R
consisting of 2|B|−1 weighted matchings that is representative of the setM(P,B).
Moreover, there is an algorithm Reduce that, given a representative set R of
M(P,B), computes such a set R in |R| · 2O(|B|) time.

Lemma 5.2.7 can also be applied in our case, where R is representative of
M∗(P,B), the set of weighted matchings inM(P,B) that have a corresponding
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Euclidean Path Cover solution satisfying both the packing property and
Lemma 5.2.4.

We say that perfect matchings M on B and M ′ on B′ are compatible if
their union on B ∪B′ is either a single cycle or a collection of paths. The join of
these matchings, denoted by Join(M,M ′) is a perfect matching on the symmetric
di�erence B△B′ obtained by iteratively contracting edges with an incident vertex
of degree 2 in the graph (B ∪B′,M ∪M ′) .

The algorithm. Our algorithm is a dynamic program, where we de�ne a
subproblem for each separator index i, and each set of endpoints B ∈ Bi. The
value of A[i, B] is de�ned as follows.

A[i, B] :=


A representative set containing pairs (M,x), whereM is a perfect
matching on B and x is a real number equal to the minimum total
length of a path cover of P0∪· · ·∪Pi−1∪B realizing the matching
M .

The length of the entire tour will be the value corresponding to the empty
matching at index |T |+1, that is, it will be the value x such that A[|T |+1, ∅] =
{(∅, x)}.

Our dynamic-programming algorithm works on a block-by-block basis. It
uses the BBKK algorithm for Euclidean Path Cover to solve subproblems
inside a block. In particular, TSP-repr computes a set of weighted matchings
that represents M∗(P,B). Algorithm 5.1 gives our algorithm in a pseudocode,
which is further explained below.

Algorithm 5.1 NarrowRectTSP-DP(P, δ)

Input: A set P of points in (−∞,∞)× balld−1(δ/2) that is sparse
Output: The length of the shortest tour through all points in P

1: Compute the separators t0, . . . , t|T |+1 using Lemma 5.2.3, as explained above.

2: Compute the sets B0, . . . ,B|T |+1 as explained in the proof of Corollary 5.2.6.

3: A[0, ∅] := {(∅, 0)}
4: for i = 1 to |T |+ 1 do
5: for all B ∈ Bi do
6: A[i, B] := ∅
7: for all B′ ∈ Bi−1 where B′ ⊆ Pi−1 ∪B do
8: for all (M,x) ∈ TSP-repr(Pi−1 ∪B, B′△B) do
9: for all (M ′, x′) ∈ A[i− 1, B′] do
10: if M ′ and M are compatible then
11: Insert (Join(M,M ′), x+ x′) into A[i, B]

12: Reduce(A[i, B])

13: return length(A[|T |+ 1, ∅])

The goal of Lines 5�12 is to compute a representative set A[i, B] ofM∗(P0 ∪
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· · · ∪ Pi−1 ∪B, B) of size 2O(k1−1/d). We say that a point p ∈ P is distant (with
respect to a separator ti) if it is to the right of ti+3, and denote the set of distant
input points from ti by distant(ti). First, we iterate over all sets B ∈ Bi in Line 5.
Next, we consider certain boundary sets B′ ∈ Bi−1. Note that if there is a distant
point p ∈ B′ ∩ distant(ti), then a tour edge crossing ti−1 ending at p also crosses
ti, and thus p is also a (distant) point of B.

In Line 8 we call the BBKK algorithm on the point set Pi−1 ∪ B′ ∪ B with
B′△B as boundary set; note that Pi−1 ∪ B′ ∪ B = Pi−1 ∪ B (since B′ ⊆
Pi−1 ∪ B), so the �rst parameter of the call can be written as Pi−1 ∪ B. This
gives us a representative set R of M∗(Pi−1 ∪ B, B′△B). For each weighted
matching (M,x) ∈ R, and for each weighted matching from the representative
set (M ′, x′) ∈ A[i − 1, B′], we check whether M and M ′ are compatible. If
so, then taking the union of the corresponding path covers gives a path cover of
P0∪· · ·∪Pi−1∪B of total length x+x′, which realizes the matching Join(M,M ′)
on B; we then add (Join(M,M∗), x+ x∗) to A[i, B] in Line 11.

After iterating over all boundary sets B′, the entry A[i, B] stores a set of
weighted matchings. These weighted matchings will be used on the next iteration
at Line 9 to generate the A[i+1, ·] entries. To prevent each iteration taking more
time than the previous one, we reduce A[i, B] to size at most 2Mk1−1/d

for some
large but �xed M using the Reduce algorithm [5] in Line 12.

Note that in the �nal iteration, when i = t+ 1, we take B = ∅. Now M and
M ′ are compatible if and only if the union of the corresponding path covers is
a Hamiltonian cycle. Line 12 then gives to a single entry the smallest weight.
Therefore, the length of the only entry in A[t+1, ∅] after the loops have ended, is
the length of the optimal TSP tour. Hence, the correctness of NarrowRectTSP-
DP follows from the next lemma.

Lemma 5.2.8. After Step 12, the set A[i, B] is a representative set ofM∗(P0 ∪
· · · ∪ Pi−1 ∪B,B).

Proof. This proof is very similar to the correctness proof of the BBKK algorithm.
We use induction on i. For i = 1, we are directly calling TSP-repr(P0 ∪ B,B),
which gives a representative set. This set is reduced to a potentially smaller set
on Line 12, which is still a representative set by Lemma 5.2.7.

Assume now that i > 1, and for each B′ ∈ Bi−1 the family A[i − 1, B′] is
representative ofM∗(P0 ∪ · · · ∪Pi−2 ∪B′, B′). For any �xed B′ ∈ Bi−1, we have
that the set returned by TSP-repr is a representative set ofM∗(Pi−1∪B, B′△B).
By Lemma 3.6 in [5], the join operation executed on all compatible pairs of
weighted matchings from two representative sets results in another representative
set, thus for each �xed B′, we have inserted a representative set of

MB′ := {Join(M ′,M) | M ′ ∈M∗(P0 ∪ · · · ∪ Pi−2 ∪B′, B′) and

M ∈M∗(Pi−1 ∪B, B′△B)}

into A[i, B]. Consequently, just before executing Line 12 the set A[i, B] is a
representative set of

⋃
B′∈B′MB′ . Here, B′ is the family of the endpoint con�gurations

we consider at Line 7. Note that B′ is a (super)set of all possible endpoint
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con�gurations in Bi−1 that a path cover of P0 ∪ · · · ∪ Pi−1 ∪B with boundary B
obeying the packing property and Lemma 5.2.4 can have. The setMB′ contains
the subset of M∗(P0 ∪ · · · ∪ Pi−1, B) corresponding to path covers where the
endpoint con�guration at ti−1 is B′. Consequently, M∗(P0 ∪ · · · ∪ Pi−1, B) ⊆
A[i, B]. Therefore A[i, B] is a representative set of M∗(P0 ∪ · · · ∪ Pi−1, B) just
before executing Line 12, and by Lemma 5.2.7, it remains a representative set
after executing this line.

Analysis of the running time. The loop of Lines 4�12 has |T | + 1 = O(n)

iterations. Each set Bi contains 2O(k1−1/d)n sets. For each choice of B ∈ Bi, we
have 2O(k1−1/d) options for B′, since B can have at most one point distant from
ti by Lemma 5.2.4. Recall that the running time of TSP-repr is T (|P |, |B|) =

2O(|P |1−1/d+|B|) (see Chapter 2). By Lemma 5.2.3 we have |B| = O(k1−1/d), so
the running time of each call to TSP-repr in Algorithm 5.1 is

2O((3k+|B|)1−1/d+|B|1−1/d) = 2O(k1−1/d).

The representative set returned by TSP-repr has 2O(k1−1/d) weighted matchings,
and the representative set of A[i−1, B′] also has 2O(k1−1/d) matchings. Checking
compatibility, joining and insertion in Lines 10 and 11 takes poly(|M |, |M ′|) =
poly(k) time. Consequently, before executing the reduction in Line 12, the set
A[i, B] contains at most 2O(k1−1/d) · 2O(k1−1/d) = 2O(k1−1/d) entries. By Lemma
5.2.7 the application of the Reduce algorithm results in a representative set of
size at most 2|B|−1 = 2O(k1−1/d). Hence, the total running time is

n · 2O(k1−1/d)n · 2O(k1−1/d) ·
(
2O(k1−1/d) + 2O(k1−1/d)poly(k)

)
= 2O(k1−1/d)n2.

This concludes the proof of Theorem 5.2.1.

5.3 A faster algorithm for sparse point sets

Recall that a point set P inside a δ-cylinder is sparse if for every x ∈ R the
set [x, x + 1] × balld−1(δ/2) contains at most O(1) points. We have already
proven that if P is sparse, we can solve Euclidean TSP in 2O(δ1−1/d)n2 time;
see Theorem 5.2.1. The goal of this section is to obtain the following improved
result:

Theorem 5.3.1. Let P be a set of n points in a δ-cylinder. If P is sparse then

we can solve Euclidean TSP in 2O(δ1−1/d)n+O(δ2n2) time.

Our algorithm will be a dynamic program which uses three di�erent tables.
The �rst two of these will be very similar to the table used by our previous sparse
point set algorithm. We will proceed in four steps. First, we will recall a few
core concepts, and introduce another set of separators. Second, we will introduce
the three tables, and de�ne what values they contain. Third, we will show how
to compute these values. Fourth, we will show that the algorithm runs in the
desired time.
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ti+1t+i t+i+1 t+i+2 t+i+3ti+2 ti+3

Figure 5.8: The separators ti and t+i are placed alternately. Note that even though t+i+2

is placed in a di�erent drum than ti+3, in this example they are equivalent,
since they induce the same partitioning of P .

Step 1: A new set of separators. Because P is sparse, the drum σi :=
[(i − 1)δ, iδ] × balld−1(δ/2) contains at most k points from P for any i ∈ Z.
Furthermore, recall that we have a separator si between every pair of consecutive
points pi and pi+1. These separators form the set S := {s1, . . . , sn−1}. Since any
two separators that induce the same partitioning of P are considered equivalent,
S is the set of all nontrivial separators. Recall that we also selected a separator
from every second non-empty drum. Let ti denote the separator in the i'th such
drum. We de�ne a function st that maps the index i of a separator in T to the
index of the corresponding separator in S. Thus sst(i) = ti. Let T = {t1, . . . , t|T |}
be the collection of selected separators. For every separator ti, we computed a
family Bi of candidate endpoint sets in 2O(k1−1/d) · n time.

We will now place separators in the other nonempty drums. Each drum
contains at most k points, and has width δ. Therefore, for all i we can �nd a
separator t+i in the nonempty drum between ti and ti+1 such that xst+(i)+1 −
xst+(i) > δ/(2k), where st+ is de�ned by sst+(i) = t+i for 1 ≤ i ≤ |T | − 1.
See Figure 5.8 for an example. Note that this is not tight; we can in fact
obtain xst+(i)+1 − xst+(i) ≥ δ/(k + 1), but the above will su�ce. Let T + :=

{t+1 , . . . , t
+
|T |−1} be the resulting set of separators. Note that no two separators

t+i , t
+
j are equal. However, we can have ti = t+i or t+i = ti+1, namely when

ti (or ti+1) and t+i induce the same partitioning as the boundary between the
consecutive drums in which they are placed. See Figure 5.8 for an example. In
this case, we will still consider t+i to be to the right of ti and to the left of ti+1.
Recall that we also de�ned t0 and t|T |+1 as `separators' which are to the left and
to the right of all points, respectively. To ensure we have no two ti, ti+1 without
a t+i in between, we de�ne two new separators. We de�ne t+0 := t0, but we do
consider it to be to the right of t0. Similarly, t+|T | := t|T |+1, which we consider to
be to the left of t|T |+1. The following observation, which is a slightly modi�ed
version of Observation 5.4.2, shows how we can use the separators from T +.

Observation 5.3.2. Let k be such that P contains at most k points in any
drum. Let t+i ∈ T +. Let r1, r2 be two points with x(r1) + 2kδ < xst+(i) and
xst+(i)+1 + 2kδ < x(r2). Let T be an optimal tour on P , and suppose that T

contains r1r2. Then T is bitonic at t+i .

Proof. See Figure 5.9 for an example. Note that xst+(i) is the x-coordinate of
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r1
r2

q1
q2

xst+(i) xst+(i)+1

> 2kδ > 2kδ

t+i

> δ/(2k)

Figure 5.9: An example of Observation 5.3.2. Edges of T are shown in black, edges of
T ′ are shown in red.

the rightmost point to the left of t+i , and that xst+(i)+1 is the x-coordinate of the
leftmost point to the right of t+i . Therefore, xst+(i)+1 − xst+(i) > δ/(2k).

W.l.o.g., T contains the directed edge from r1 to r2. Now, suppose for a
contradiction that T is an optimal tour and not bitonic at t+i . Then T must cross
t+i at least four times, which implies that there must be another directed edge
q1q2 with x(q1) ≤ xst+(i) and xst+(i)+1 ≤ x(q2).

Note that q1 ̸= r1 and q2 ̸= r2, since a single point cannot have two incoming
or two outgoing edges. We will now show that |r1q1| + |r2q2| < |q1q2| + |r1r2|.
By Observation 5.1.1, we then get an optimal tour T ′ shorter than T , thereby
�nishing the proof. First, we will simplify the problem using an argument similar
to the proof of Observation 5.1.2. Suppose we move q1 towards q2 until x(q1) =
xst+(i). By doing so, |q1r1| will never decrease more than |q1q2|. Therefore,
it is su�cient to prove the statement for x(q1) = xst+(i). Analogously, it is
su�cient to prove the statement for x(q2) = xst+(i)+1 and x(r1) + 2kδ = x(q1)
and x(q2) + 2kδ = x(r2). Finally, recall that xst+(i)+1 − xst+(i) > δ/(2k), so we
will prove the statement for xst+(i)+1 − xst+(i) = δ/(2k). Together, we now have

x(r1) + 2kδ = x(q1) = x(q2)− δ/(2k) = x(r2)− δ/(2k)− 2kδ.

We get

|q1r1|+ |q2r2| ≤
√

(x(q1)− x(r1))2 + δ2 +
√
(x(r2)− x(q2))2 + δ2

= 2δ
√
(2k)2 + 1

< 2δ(2k + 1/(2k))

= δ/(2k) + (2(2kδ) + δ/(2k))

= (x(q2)− x(q1)) + (x(r2)− x(r1))

≤ |q1q2|+ |r1r2|.

By Observation 5.1.1, this gives us an optimal tour T ′ shorter than T , thereby
�nishing the proof.

Finally, we will need the following observation:
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Observation 5.3.3. Let k be such that P contains at most k points in any drum.
Let pi and pj be two points with i < j. Suppose j− i ≥ (m+1)k for some m ∈ N.
Then xj − xi ≥ mδ.

Proof. Since for all i ∈ Z the drum σi contains at most k points, xj − xi ≥⌊
j−i
k − 1

⌋
δ. From this, the observation directly follows.

Step 2: The three tables. Let ti be a separator in T . Recall that the
basic algorithm used a family Bi of sets, such that Bi contains the endpoint
con�guration of the edges of an optimal tour that are crossing ti. The set Bi
was formed as follows (see also Corollary 5.2.6). Let R1a be the family of sets of
points formed by taking the right endpoints of edges of the candidate edge sets
from Lemma 5.2.3. Let R1b be the family of sets of at most c∗ points between ti
and ti+3, where c∗ is as de�ned in Lemma 5.2.5. To improve readability, we write
R1 := {R1a ∪ R1b|R1a ∈ R1a and R1b ∈ R1b}. Finally, let R2 be the family of
sets containing at most one point to the right of ti+3 and none to its left, so each
element of R2 is either the empty set or a set containing a single point. Then

Bi = {R1 ∪R2 |R1 ∈ R1 and R2 ∈ R2}.

See Figure 5.10(i) for an example.

Recall that the basic algorithm takes 2O(δ1−1/d)n2 time because for each of the
O(n) separators ti, the family Bi contains 2O(k1−1/d)n sets. To counter this, we
replace Bi by two other families of sets of points, each containing only 2O(k1−1/d)

sets. Recall that P [i, j] := {pi, . . . , pj} for all i ≤ j.
Let R′

2 be the family of sets of at most one point from P [st(i)+1, st(i)+20k2].
Note that R′

2 contains 20k
2 +1 sets: 20k2 singleton sets and the empty set. The

number 20 is not special; it is merely a large enough constant. Finally, let R3 be
the family of sets of at most one point from P [st(i)− 20k2 + 1, st(i)].

Now we de�ne B(1)i as the family of sets of points formed by combining one
set from R1, one from R′

2 and one from R3, such that there exists a j such that
all the points lie in P [j, j + 20k2]. In other words,

B(1)i :=

{
B = R1 ∪R′

2 ∪R3

∣∣∣∣R1 ∈ R1, R
′
2 ∈ R′

2, R3 ∈ R3, and
B ⊆ P [j, j + 20k2] for some j

}
.

See Figure 5.10(ii) for an example. Note that the empty set is an element of B(1)i .

Also, note that not every element of B(1)i is an element of Bi. Speci�cally, this is
true for the elements which contain a point to the left of ti.

LetR′′
2 be the family of sets of exactly one point from P [st(i)+20k2+1, st(i)+

20k2 + 3k]. We de�ne

B(2)i := {R1 ∪R′′
2 |R1 ∈ R1 and R′′

2 ∈ R′′
2}.

Note that B(2)i ⊆ Bi and that B(1)i ∩B
(i)
i = ∅. See Figure 5.10(iii) for an example.
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Now we can de�ne the tables A(1), A(2) and A(3) that our algorithm uses.
Recall that for Algorithm 5.1, we used

A[i, B] :=


A representative set containing pairs (M,x), whereM is a perfect
matching on B ∈ Bi and x is a real number equal to the minimum
total length of a path cover of P0 ∪ · · · ∪ Pi−1 ∪ B realizing the
matching M .

We use the same de�nition for A(1)[i, B] for all B ∈ B(1)
i , and for A(2)[i, B] for

all B ∈ B(2)i . We get

A(1)[i, B] :=


A representative set containing pairs (M,x), where M is a
perfect matching on B ∈ B(1)

i and x is a real number equal to
the minimum total length of a path cover of P0 ∪ · · · ∪Pi−1 ∪B
realizing the matching M .

and

A(2)[i, B] :=


A representative set containing pairs (M,x), where M is a
perfect matching on B ∈ B(2)

i and x is a real number equal to
the minimum total length of a path cover of P0 ∪ · · · ∪Pi−1 ∪B
realizing the matching M .

Note that the only di�erence between these three de�nitions is for which B the
table entries are de�ned. Furthermore, note that A(1)[||T |+ 1, ∅] is de�ned, and
the corresponding representative set contains a single element (∅, x) where x is
the length of the shortest tour on all points of P .

Unfortunately, we cannot compute every value of A(1) and A(2) using only
these two tables. This brings us to the third and �nal table. Let t+i ∈ T +, and
let q1 be a point between t+i and t+i+1. Let q2 be a point in P [st(i) + 20k2 +1, n].
We then de�ne

A(3)[i, q1, q2] :=


The length of the shortest path from q1 to q2 that visits all
points in P [1, st(i)], such that the neighbour of q2 is a point
in P [1, st(i)− 5k2].

See Figure 5.10(iv) for an example.

Step 3: Computing the table values. Since the algorithm uses three di�erent
tables, the order in which to compute these is nontrivial. Furthermore, for
the third table, we will need to precompute two (signi�cantly smaller) tables.
Algorithm 5.2 gives our algorithm in pseudocode, which we will explain below.

Step 3-a: Computing table values of A(1). Computing the values of A(1) is
analogous to computing the table values of the basic algorithm. See Figure 5.11
for an example. However, there is one exception. Sometimes, this would require
a (non-existing) table entry A(1)[i − 1, B′] for some B′ /∈ B(1)i−1. Note that this
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ti t+i t+i+1 ti+3 sst(i)+20k2 sst(i)+20k2+3ksst(i)−20k2

(i)

(ii)

(iii)

(iv)

ti t+i t+i+1 ti+3 sst(i)+20k2 sst(i)+20k2+3ksst(i)−20k2

ti t+i t+i+1 ti+3 sst(i)+20k2 sst(i)+20k2+3ksst(i)−20k2

ti t+i t+i+1 ti+3 sst(i)+20k2 sst(i)+20k2+3ksst(i)−20k2

q2

Figure 5.10: Examples of entries of every table. Note that all three di�erent types
of separators are used (s, t and t+). Also note that the spaces between
consecutive separators contain varying numbers of points.
(i) For comparison, an entry of table A of the basic algorithm. A set of
points in Bi consists of a set from R1 (in red), and possibly any point to
the right of ti+3 (in blue).

(ii) An entry of A(1). A set of points in B(1)
i contains points from a set in

R1 (in red), possibly a point between ti+3 and sst(i)+15k2 (in blue), and
possibly a point between sst(i)−15k2 and tj (in grey). Not shown is the

property that there exists a j such that all the points lie in P [j, j + 20k2].

(iii) An entry of A(2). A set of points in B(2)
i contains points from a set in

R1 (in red), and exactly one point between sst(i)+20k2 and sst(i)+20k2+3k

(in blue).
(iv) An entry of A(3). It contains exactly one point q1 between t+i and t+i+1

(in red), and exactly one point q2 to the right of sst(i)+20k2 (in blue). Not

shown is the property that the neighbour of q2 is a point in P [1, st(i)−5k2].
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Algorithm 5.2 NarrowRectTSP-DP-v2(P, δ)

Input: A sparse point set P in (−∞,∞)× balld−1(δ/2)d− 1
Output: The length of the shortest tour visiting all points in P

1: Compute the separators t1, . . . , t|T | using Lemma 5.2.3, as explained earlier.
2: Compute the separators t+1 , . . . , t

+
|T |−1 as explained in Step 1.

3: Compute the sets B(1)1 , . . . ,B(1)|T |+1 as explained in Step 2.

4: Compute the sets B(2)1 , . . . ,B(2)|T |+1 as explained in Step 2.

5: A(1)[0, ∅] := {(∅, 0)}
6: for i = 1 to |T |+ 1 do

7: for all B ∈ B(1)i do
8: Compute A(1)[i, B] as explained in Step 3-a.

9: for all B ∈ B(2)i do
10: Compute A(2)[i, B] as explained in Step 3-b.

11: if 1 < i < |T | then
12: for all q1 between t+i and t+i+1 do

13: for all q′ between t+i−1 and t+i do
14: Compute D[i, q1, q

′], as explained in Step 3-c.

15: for all p ∈ P [st+(i)− 5k2 − 5k + 1, st+(i)− 5k2] do
16: Compute E[i, p, q1], as explained in Step 3-c.

17: for all q2 ∈ P [st(i) + 20k2 + 1, n] do
18: Compute A(3)[i, q1, q2] as explained in Step 3-c.

19: return length(A(1)[|T |+ 1, ∅])

can only be the case because B′ contains a point too far to the right. Since
there are at most 3k points between ti and ti−1, the set B′ contains a point
in P [st(i − 1) + 20k2 + 1, st(i − 1) + 20k2 + 3k]. Since there exists a j such
that B′ ⊆ P [j, j + 20k2], the set B′ does not contain a point to the left of ti−1.
Therefore, B′ ∈ B(2)i−1, and so A(2)[i− 1, B′] is the value we need.

For pseudocode, for a given i and B ∈ B(1)i , see Algorithm 5.3. The analysis of
the running time for table A(1) is analogous to the analysis of the basic algorithm.
Therefore, the time needed to calculate a single table entry is 2O(k1−1/d).

Step 3-b: Computing table values of A(2). Suppose we want to compute
a table entry A(2)[i, B]. Let pj be the rightmost point of B. Note that pj ∈
P [st(i) + 20k2 + 1, st(i) + 20k2 + 3k]. Now, by Observation 5.3.3, since

j − (st+(i− 1) + 1) ≥ st(i) + 20k2 + 1− (st(i) + 1) = 20k2 ≥ (2k + 1)k,

we get that xj − xst+(i−1)+1 > 2kδ. Therefore, if pj has a neighbour far enough
to the left, then Observation 5.3.2 gives us that the tour is bitonic at t+i−1.

Let M be a perfect matching on B with corresponding path cover C. Let
p be the neighbour of pj in C. Now there are two possible cases: either p ∈
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ti−1 ti

Figure 5.11: An example of the computation of one of the elements of a table entry of
A(1). The red circles (open and �lled) form B. The open circles (black
and red) form B′. The grey paths contain only points to the left of ti−1.

Algorithm 5.3 NarrowRectTSP-DP-v2-1(i, B)

1: A(1)[i, B] := ∅
2: for all j ∈ {1, 2} do
3: for all B′ ∈ B(j)i−1 where B′ ⊆ Pi−1 ∪B do
4: for all (M,x) ∈ TSP-repr(Pi−1 ∪B′ ∪B, B′△B)) do
5: for all (M ′, x′) ∈ A(j)[i− 1, B′] do
6: if M ′ and M are compatible then
7: Insert (Join(M,M ′), x+ x′) into A(1)[i, B]

8: Reduce(A(1)[i, B])

P [st(i)− 10k2 +1, st(i)], or p ∈ P [1, st(i)− 10k2]. To compute the value of x, we
will simply take the minimum of these two cases, illustrated in Figure 5.12.

� Case (i): p ∈ P [st(i)− 10k2 + 1, st(i)]. For this case, we do the following
for all possible p, and take the minimum of the resulting values. We simply
add the length of |pjp| to the corresponding value of A(1)[i, B′], where B′

is formed by taking B, and swapping pj for p. See Figure 5.12(i) for an

example. We claim that B′ ∈ B(1)i . Since pj , the rightmost point of B, is
not in B′, the only non-trivial requirement we must check for this claim is
that there exists an index z such that B′ ⊆ P [z, z + 20k2]. We will now
show that this is satis�ed for z = st(i)− 10k2.

We �rst take a look at the leftmost point of B′, which is p. Clearly, p ∈
P [st(i)−10k2, st(i)+10k2]. Now, the rightmost point from B′ is to the left
of ti+3. Since there are at most 7k points between ti and ti+3, all points
except p are guaranteed to be in P [st(i)+1, st(i)+7k+1] ⊆ P [st(i), st(i)+
10k2]. Since both the leftmost point and the rightmost point of B′ are in
P [st(i)− 10k2, st(i) + 10k2], we conclude that B′ ∈ B(1)i .

� Case (ii): p ∈ P [1, st(i) − 10k2]. For this case, things are slightly more
complicated. By Observation 5.3.2, we get that C must be bitonic at t+i−1.
Let M∗ be a perfect matching on B. Let q be the point to which pj is
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ti

t+i−1

p

(i)

(ii)

qq′

Q′i

ti

P1 ∪ . . . ∪ Pi−1 ∪Qi

pj

pj

Figure 5.12: The two possible cases for a table entry of A(2). The red circles (open and
�lled) form B. The open circles (black and red) form B′. The grey paths
contain only points to the left of the leftmost separator shown.

matched in M∗. See Figure 5.12(ii) for an example. Note that the path
from q to pj of C crosses t+i−1 at least twice. Therefore, this path crosses
t+i−1 exactly twice, and no other path crosses t+i−1. Let q

′ be the last point
on this path before t+i−1 is crossed the �rst time. Note that q′ = q can hold.
We can now split C into two parts of which the lengths can be computed
independently: the path from q′ to pj , and the rest. We take a look at
these two separately:

� Recall that Pi is the set of points between ti and ti+1. We want to
know the length of the shortest path from q′ to pj using all points
in P1 ∪ . . . ∪ Pi−2 ∪ Qi−1, where Qi−1 is the set of points between
ti−1 and t+i−1. This is the value A(3)[i − 1, q′, pj ]. Note that pj is far
enough to the right to make this a valid table entry. Indeed, since
p ∈ P [1, st(i) − 10k2], and there are at most 3k points between t+i−1

and ti, we have p ∈ P [1, st+(i−1)−5k2], as required. Finally, we claim
that q′ is indeed between t+i−1 and t+i . We know that the tour must
be bitonic at t+i−1 and t+i , and that there is at least one point between
these two separators. If q′ is not between t+i−1 and t+i , we would have
two edges crossing both of these separators: the edge following q′ in
the path from q′ to p and the edge from p to pj . However, since there
is at least one point between these two separators, there is also at
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Algorithm 5.4 NarrowRectTSP-DP-v2-2(i, B)

1: A(2)[i, B] := ∅
2: for all p ∈ P [st(i)− 10k2 + 1, st(i)] do
3: B′ := B with pj swapped for p
4: for all (M ′, x′) ∈ A(1)[i, B′] do
5: M := M ′ with p swapped for pj
6: Insert (M,x′ + |pjp|) into A(2)[i, B].

7: for all q′ ∈ Q′
i−1 ∪B \ {pj} do

8: B′ := {q′, pj}
9: M ′ := {{q′, pj}}
10: x′ := A(3)[i− 1, q′, pj ]
11: for all (M,x) ∈ TSP-repr(Q′

i−1 ∪B′ ∪B, B′△B)) do
12: if M ′ and M are compatible then
13: Insert (Join(M,M ′), x+ x′) into A(2)[i, B]

14: Reduce(A(2)[i, B])

least one point with at least one neighbour to the left of t+i−1 or to
the right of t+i . Both lead to a contradiction, as we now have at least
three edges crossing a separator where the tour must be bitonic. We
conclude that q′ is indeed between t+i−1 and t+i .

� Let Q′
i−1 be the set of points between t+i−1 and ti. In other words,

Q′
i−1 := Pi−1 \Qi−1. Let M be the matching M∗, with one di�erence:

instead of q being matched to pj , it is matched to q′. Now we want to
know the length of the shortest path cover on Q′

i−1∪B \{pj} realizing
the matching M . We can �nd this value using the method of the
standard 2O(n1−1/d) algorithm.

We can compute the total length of C for all possible q′, and take the
minimum of these values, to �nd the minimal length of C. This ends the
second case.

In conclusion, for a given i and B ∈ B(2)i , we can compute A(2)[i, B] using the
pseudocode of Algorithm 5.4. Notice that the Reduce at the end automatically
takes the minimum of all options added at Line 6 for every M .

Next, we consider at the time needed to compute a single table entry of
A(2). For the �rst part, there are O(k2) possible p. For every p, we need
|A(1)[i, B′]| = 2O(k1−1/d) time. For the second part, there are O(k) possible q′. For
each of these combinations, we run the 2O(n1−1/d) algorithm on a set containing
O(k) points. Analogously to the basic algorithm, the Reduce algorithm runs in
2O(k1−1/d) time. Therefore, the total running time needed to compute a single
table entry is k22O(k1−1/d) + k2O(k1−1/d) + 2O(k1−1/d) = 2O(k1−1/d).

Step 3-c: Computing table values of A(3). Finally, we will show how to
compute the value of A(3)[i, q1, q2]. The point q2 is far enough to the right of
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t+it+i−1

t+iti−1

(i)

(ii)

q1

q2

q2

q1

p

q′

Figure 5.13: The two options for a table entry of A(3). The red circles (open and �lled)
form B. The open circles (black and red) form B′. The grey paths contain
only points to the left of ti−1.

t+i−1 to make Observation 5.3.2 relevant. Therefore, we will once more split into
two possible cases, of which we will use the minimum of the resulting values. Let
p be the neighbour of q2 in the shortest path corresponding to this table entry.
Now either p ∈ P [1, st+(i− 1)− 5k2], or p ∈ P [st+(i− 1)− 5k2 + 1, st(i)− 5k2].

� Case (i): p ∈ P [1, st+(i − 1) − 5k2]. From Observation 5.3.3 we get that
xst+(i−1) − x(p) > 2kδ. Therefore, by Observation 5.3.2, the path from q1
to q2 must be bitonic at t

+
i−1. Since the edge pq2 crosses t

+
i−1, it can only be

crossed once before. See Figure 5.13(i) for an example. Let q′ be the last
point on this path before t+i−1 is crossed the �rst time. Note that q′ ̸= q1,
as q′ is between t+i−1 and t+i , since there is at least one point between these
separators.

We can now split the value of A(3)[i, q1, q2] into the sum of two values which
can be computed independently: the length of the path from q1 to q′, and
the length of the path from q′ to q2. We consider them separately:

� We want to know D[i, q1, q
′] := the length of the shortest path from q1

to q′ using all points between t+i−1 and t+i . We can �nd this value using

the standard 2O(n1−1/d) algorithm. Note that this value is independent
of q2, and therefore only needs to be computed once. This is done at
Line 14 of Algorithm 5.2.

� We want to know the length of the shortest path from q′ to q2 using
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all points in P1 ∪ . . .∪Pi−1 ∪Qi−1 ∪ {q′, q2}. This value can be found
in the table entry A(3)[i − 1, q′, q2]. Notice that this is indeed a valid
table entry, since q′ is between t+i−1 and t+i .

We can compute the sum of these lengths for all possible q′, and take the
minimum of these sums to �nd the optimal path length for this case.

� Case (ii): p ∈ P [st+(i−1)−5k2+1, st(i)−5k2]. In this case, A(3)[i, q1, q2]
is equal to |q2p| plus the length of the shortest path from p to q1, using every
point in P [1, st(i)]. See Figure 5.13(ii) for an example. Let B = {p, q1}. We
claim that table A(1) contains a representative set containing pairs (M,x),
where M is a perfect matching on B and x is a real number equal to
the total length of the path cover of P [1, st(i)] ∪ B realizing the matching
M . Note that since B ⊆ P [st+(i − 1) − 10k2 + 1, st+(i − 1) + 3k], no
invalid table entries of A(1) are called. Since B contains only two points,
this representative set contains only one pair, of which M = {{p, q1}}.
Therefore, the value x is the length of the shortest path we are looking for.
Since this value is independent of q2, it needs only to be computed once.
This can be done with the following pseudocode, which is the full version
of Line 16 of Algorithm 5.2: This ends the second case.

1: E[i, p, q1] :=∞
2: B := {p, q1}
3: for all B′ ∈ B(1)i where B′ ⊆ Qi ∪B do
4: for all (M,x) ∈ TSP-repr(Qi ∪B′ ∪B, B′△B)) do
5: for all (M ′, x′) ∈ A(1)[i, B′] do
6: if M ′ and M are compatible then
7: E[i, p, q1] := min{E[i, p, q1], x+ x′}

Combining the two cases, for a given i, q1 and q2 we get the following pseudocode
to use at Line 18 of Algorithm 5.2:

1: A(3)[i, q1, q2] :=∞
2: for all q′ between t+i−1 and t+i do

3: A(3)[i, q1, q2] := min{A(3)[i, q1, q2], D[i, q1, q
′] +A(3)[i− 1, q′, q2]}

4: for all p ∈ P [st+(i− 1)− 5k2 + 1, st(i)] do
5: A(3)[i, q1, q2] := min{A(3)[i, q1, q2], E[i, p, q1] + |pq2|}

Finally, we consider the time needed to compute a single table entry of A(3).
For the �rst option, there are O(k) possible q′, and the computations now only
take constant time per q′. For the second option, there are O(k) possible p (since
st(i) − st+(i − 1) ≤ 3k), and the computations only take constant time per p.
This brings the total time needed to compute a single table entry of A(3) to
O(k + k) = O(k). This does not include the computations done at Line 16 and
Line 18 of Algorithm 5.2; these will be considered below.

This concludes the computation of the table entries.
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Step 4: The running time. We continue by analysing the total time needed
by Algorithm 5.2.

� Computation of table entries of A(1) (Line 8). There are O(n) possible
i and 2O(k1−1/d) possible B ∈ B(1)i . As we have seen before, the computation

of a single table entry takes 2O(k1−1/d) time. This brings the total time
needed for this line to n2O(k1−1/d)2O(k1−1/d) = 2O(k1−1/d)n.

� Computation of table entries of A(2) (Line 10). There are O(n)

possible i and 2O(k1−1/d) possible B ∈ B(2)i . As we have seen before, the

computation of a single table entry takes 2O(k1−1/d) time. This brings the
total time needed for this line to n2O(k1−1/d)2O(k1−1/d) = 2O(k1−1/d)n.

� Precomputation of table D (Line 14). We compute the length of the
shortest path from q1 to q′ using all points between t+i−1 and t+i . There are
O(n) possible i, there are O(k) possible q1 and there are O(k) possible q′.
The 2O(n1−1/d) algorithm is run on a point set of size O(k). Therefore, the
total time needed for this line is 2O(k1−1/d)n.

� Precomputation of table E (Line 16). Let i, p, q1 be some valid
combination for the second option. There are O(n) possible i, there are
O(k) possible p and O(k) possible q1. Analogously to the computation
of a table entry of A(1), for each combination 2O(k1−1/d) time is needed.
Therefore, this line takes 2O(k1−1/d)n time in total.

� Computation of table entries of A(3) (Line 18). There are O(n)
possible i, a total of O(k) possible q1 and O(n) possible q2. As seen before,
the computation of a single table entry takes O(k) time. This brings the
total time needed for this line to O(nknk) = O(k2n2).

This brings the total running time to 2O(k1−1/d)n + 2O(k1−1/d)n + 2O(k1−1/d)n +

2O(k1−1/d)n + O(k2n2) = 2O(k1−1/d)n + O(k2n2). Since k = O(δ), this concludes
the proof of Theorem 5.3.1.

5.4 Random point sets

Algorithm 5.1 also works e�ciently on random point sets, with only minimal
changes. Speci�cally, in this section we will prove the following.

Theorem 5.4.1. Let P be a set of n points taken independently uniformly at
random from the hypercylinder [0, n]×balld−1(δ/2). Then we can solve Euclidean

TSP on P in 2O(δ1−1/d)n expected time.

Our proof has four steps. In the �rst step, we will show that long edges are
unlikely to be viable. For the second step, recall the de�nition of the spacing of
pi (in P ) as ∆i = xi+1 − xi, for all 1 ≤ i ≤ n − 1. We extend this de�nition
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sj

pi
pk

q1
q2

xj xj+1

> δ2 > 1 > δ2

Figure 5.14: An example of Observation 5.4.2. Edges of T are shown in black, edges of
T ′ are shown in red.

with ∆0 = x1, and ∆n = n − xn. Note that
∑n

i=0 ∆i = n. The values ∆i play
an important role in the analysis of the algorithm, and it will be convenient to
assume that the ∆i are independent. However, when the x-coordinates of the
points are generated uniformly at random in the interval [0, n], this is not quite
true. In the second step, we therefore describe a method to generate the random
point set in a di�erent way, and we show how to relate the expected running
times in these two settings. In the third step, we will explain which changes are
made to the algorithm. Finally, in the fourth step, we will use the previous steps
to analyse the expected running time of the algorithm.

Step 1: Long edges are unlikely to be viable. In this step, we will create
a pattern of points through which no long edge can pass. To do so, we will �rst
show that if a long edge is in an optimal tour T , then T must be bitonic at certain
separators. Recall that sj is the separator between points pj and pj+1.

Observation 5.4.2. Let i < j < k with xi+δ2 < xj and ∆j > 1 and xj+1+δ2 <
xk. Let T be an optimal tour on P , and suppose that T contains pipk. Then T
is bitonic at sj.

Proof. See Figure 5.14 for an example. W.l.o.g., T contains the directed edge from
pi to pk. Suppose for a contradiction that T is an optimal tour and not bitonic
at sj . Then T must cross sj at least four times, which implies that there must be
another directed edge q1q2 with x(q1) ≤ xj and xj+1 ≤ x(q2). Note that q1 ̸= pi
and q2 ̸= pk, since a single point cannot have two incoming or two outgoing edges.
We will now show that |piq1| + |pkq2| < |q1q2| + |pipk|. By Observation 5.1.1,
we then get an optimal tour T ′ shorter than T , thereby �nishing the proof.
First, we will simplify the problem using an argument similar to the proof of
Observation 5.1.2. Suppose we move q1 towards q2 until x(q1) = xj . By doing
so, |q1pi| will never decrease more than |q1q2|. Therefore, it is su�cient to prove
the statement for x(q1) = xj . Analogously, it is su�cient to prove the statement
for x(q2) = xj +1 and xi = xj − δ2 and xk = xj +1+ δ2. Together, we now have

xi + δ2 = x(q1) = x(q2)− 1 = xk − 1− δ2.



92 TSP in narrow cylinders

si si+1 si+2

pi+1

pi+2

pi+3

pi> δ/2

> 7∆i+1 > 1 > 7∆i+1

Figure 5.15: An example of a wall, for d = 2.

We get

|piq1|+ |pkq2| ≤
√
(x(q1)− xi)2 + δ2 +

√
(x(q2)− xk)2 + δ2

=
√
(δ2)2 + δ2 +

√
(δ2)2 + δ2

= 2
√

δ4 + δ2

< 2
√
δ4 + 2δ2 + 1

= 2δ2 + 2

= 1 + (2δ2 + 1)

= (x(q2)− x(q1)) + (xk − xi)

≤ |q1q2|+ |pipk|.

By Observation 5.1.1, this gives us an optimal tour T ′ shorter than T , thereby
�nishing the proof.

We are now ready to create our pattern. We de�ne a wall to be a set of four
points (pi, . . . , pi+3) with the following properties:

� ∆i > 7∆i+1 and ∆i+1 > 1 and ∆i+2 > 7∆i+1, and

� |p′i+1p
′
i+2| > δ/2, where p′i+1 and p′i+2 are the orthogonal projections of

pi+1 and pi+2 onto the ball {0} × balld−1(δ/2), respectively.

See Figure 5.15 for an example of a wall. Now we will prove that walls indeed
tell us something about the validity of long edges. To do so, we will need the
following lemma:

Lemma 5.4.3. Let a, b, c > 0. If 4ab−(4c−a−b)2 ≥ 0, then
√
a+
√
b−2
√
c ≥ 0.

Proof. We split the proof into two cases:

� Case 4c− a− b ≥ 0. We get
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√
a+
√
b =

√
a+ b+

√
4ab

≥
√
a+ b+

√
(4c− a− b)2 since 4ab− (4c− a− b)2 ≥ 0

=
√
a+ b+ 4c− a− b since 4c− a− b ≥ 0

= 2
√
c.

� Case 4c− a− b < 0. We get

√
a+
√
b =

√
a+ b+

√
4ab

>
√
a+ b

> 2
√
c. since 4c− a− b < 0

This concludes the proof of Lemma 5.4.3.

We are now ready to prove that long edges passing through the wall must
have one endpoint close to the wall.

Lemma 5.4.4. Let (pi, . . . , pi+3) be a wall. Let q1q2 be an edge with x(q1)+δ2 <
xi and xi+3 + δ2 < x(q2). Then the shortest tour on the points of P does not
contain q1q2.

Proof. Suppose for a contradiction that T is an optimal tour that contains w.l.o.g.
the directed edge q1q2. By Observation 5.4.2, T is bitonic at si and si+1 and si+2.
Note that q1q2 passes through all three of these separators. Therefore, one of the
neighbours of pi+1 must be to the left of pi+1, and one must be to its right.
The same holds for pi+2. Since both q1q2 and the edge from pi+2 to its `right'
neighbour pass through si+2, the edge from pi+1 to its `right' neighbour cannot
pass through si+2. Therefore, the `right' neighbour of pi+1 is pi+2. In conclusion,
T must contain the directed edge pi+2pi+1.

It is su�cient to show that |q1pi+2|+|q2pi+1| < |q1q2|+|pi+2pi+1|, because this
will contradict the optimality of T by Obervation 5.1.1. Analogously to the proof
of Observation 5.1.2, it is su�cient to prove this for x(q1) + δ2 + 7∆i+1 = xi+1

and xi+2 + δ2 + 7∆i+1 = x(q2). Combining these simpli�cations, we want to
prove that

|q1q2|+ |pi+2pi+1| − |q1pi+2| − |q2pi+1|

>
√

(2δ2 + 15∆i+1)2 + 02 +
√
∆2

i+1 + δ2/4− 2
√
(δ2 + 8∆i+1)2 + δ2

≥ 0.

We invoke Lemma 5.4.3 with a = (2δ2 + 15∆i+1)
2 and b = ∆2

i+1 + δ2/4 and
c = (δ2 + 8∆i+1)

2 + δ2. We check whether the requirement holds. A bit of
algebra gives us that for these values we can rewrite 4ab− (4c− a− b)2 to(

30∆i+1 −
225

16

)
δ4 + 4δ6,
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which is indeed at least 0 for all δ > 0 and ∆i+1 > 1, as required.
Therefore, we have now proven that |q1q2|+|pi+2pi+1|−|q1pi+2|+|q2pi+1| > 0.

Therefore, T is not an optimal tour, leading to the conclusion that a shortest tour
on the points of P does not contain q1q2.

Note that if the ∆i are i.i.d. (independent and identically distributed) and
the other coordinates of the points are taken independently uniformly at random
from balld−1(δ/2), there exists some constant probability that (pi, . . . , pi+3) is a
wall. This probability is independent of δ, n, i, and whether any (pj , . . . , pj+3)
is a wall for any j ≤ i− 3 or j ≥ i+3. We will expand on this later. This brings
us to our next step.

Step 2: Another way of generating points, with independent ∆i.
As n goes to in�nity, the ∆i become more and more independent. However, they
never are truly independent, which would greatly simplify the calculation of the
running time. Therefore, we consider a di�erent way of generating our point set.

First, we generate n + 1 independent exponentially distributed variables,
∆0, . . . ,∆n ∼ Exp(1). Using these, we compute the x-coordinates of our points,
de�ned as xi :=

∑i−1
j=0 ∆i for 1 ≤ i ≤ n. We will also write xn+1 :=

∑n
i=0 ∆i for

brevity. Note that the value of xn+1 will very likely be relatively close to n, since
its distribution converges to a normal distribution with mean n+1 and standard
deviation

√
n+ 1 when n → ∞. Finally, we generate the other coordinates by

picking n independent uniformly distributed points in balld−1(δ/2). Combining
these gives us n points in the hypercylinder [0, xn+1]× balld−1(δ/2).

A point set generated this way has two important properties. First of all, the
∆i are now independent. Second, as we will prove next, the expected running
time of an algorithm on a uniformly distributed point set can be bounded by the
expected running time of that algorithm on a point set generated this way. We
can even generalize this for more arbitrary point set distributions.

Let Xn be a random point set of n points in Rd, where the x-coordinates of
the points are taken independently uniformly at random from the interval [0, n],
and the other coordinates are i.i.d. and independent of the x-coordinates. Let
Yn be a random point set of n points in Rd, where the spacings ∆i = xi+1 − xi

are taken independently from Exp(1) (including ∆n to create an xn+1), and the
other coordinates are i.i.d. and independent of the x-coordinates, with the same
distribution as in Xn. We then get

Lemma 5.4.5. Let Xn and Yn be as de�ned above. Let A be an algorithm that
runs on point sets in Rd. Let TA(P ) denote its running time for a point set P .
Suppose for all λ > 1 and P , we have TA(Pλ) ≤ TA(P ), where Pλ is obtained
from P by scaling the x-coordinates by a factor λ > 1. Suppose E[TA(Yn)] = f(n)
for some function f . Then E[TA(Xn)] = O(f(n)).

Proof. First, we note that Xn and Yn are remarkably similar: when the x-
coordinates of the points of Yn are scaled such that xn+1 = n, we obtain the
same distribution as Xn, see [14, p22]. Therefore,

E[TA(Xn)] = E[TA(Yn)|xn+1 = n].
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Since TA(Pλ) ≤ TA(P ) for all λ > 1, P , we get that

E[TA(Yn)|xn+1 = n] ≤ E[TA(Yn)|xn+1 ≤ n].

Finally, since the distribution of xn+1 converges to a normal distribution with
mean n + 1 and standard deviation

√
n+ 1 when n → ∞, we have P[xn+1 ≤

n]→ 1
2 when n→∞. Therefore, for n large enough,

E[TA(Yn)|xn+1 ≤ n] < 4 · P[xn+1 ≤ n] · E[TA(Yn)|xn+1 ≤ n]

≤ 4 · P[xn+1 ≤ n] · E[TA(Yn)|xn+1 ≤ n]

+ 4 · P[xn+1 > n] · E[TA(Yn)|xn+1 > n]

= 4 · E[TA(Yn)]

= 4 · f(n) = O(f(n)),

�nishing the proof.

Now we can give a simple lower bound on the probability that (pi, . . . , pi+3)
forms a wall. Let Bd−1(p, r) be the (d− 1)-dimensional ball with midpoint p and
radius r. De�ne q1 as x(q1) = 0, y1(q1) = 3δ/8, y2(q1) = . . . = yd−2(q1) = 0,
and de�ne q2 as x(q2) = 0, y1(q2) = −3δ/8, y2(q2) = . . . = yd−2(q2) = 0. Recall
that p′i+1 and p′i+2 are the orthogonal projections of pi+1 and pi+2, respectively,
on {0} × balld−1(δ/2). Now, note that if p′i+1 ∈ {0} × Bd−1(q1, δ/8) and p′i+2 ∈
{0} ×Bd−1(q2, δ/8), then |p′i+1p

′
i+2| ≥ |q1q2| − 2δ/8 = δ/2. Then

P[∆i > 7∆i+1 ∧∆i+1 > 1 ∧∆i+2 > 7∆i+1 ∧ |p′i+1p
′
i+2| > δ/2]

> P[∆i > 14 ∧ 1 < ∆i+1 < 2 ∧∆i+2 > 14 ∧ |p′i+1p
′
i+2| > δ/2]

= e−14 · (e−1 − e−2) · e−14 · P[|p′i+1p
′
i+2| > δ/2] (since all ∆j ∼ Exp(1))

= Θ(1) · P[|p′i+1p
′
i+2| > δ/2]

> Θ(1) · P[p′i+1 ∈ {0} ×Bd−1(q1, δ/8)]
2. (see Figure 5.16)

Now, it is well-known that the volume of the (d − 1)-dimensional ball with
radius r is cdrd−1 for some constant cd. Since p′i+1 is a random point uniformly
at random in {0} × balld−1(δ/2), we get

Θ(1) · P[p′i+1 ∈ {0} ×Bd−1(q1, δ/8)]
2

= Θ(1) ·
(
cd(δ/8)

d−1

cd(δ/2)d−1

)2

= Θ(1) ·
(
2−2(d−1)

)2
= Θ(1),

since we assume d to be a constant.
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q1

q2

δ/8

δ/8

δ/4

δ/4

δ/8

δ/8

Figure 5.16: An example with d = 3. The large circle is the separator si+1. If p
′
i+1 is in

the upper circle {0} ×Bd−1(q1, δ/8), and p′i+2 is in the lower circle {0} ×
Bd−1(q2, δ/8), then |p′i+1p

′
i+2| is at least δ/2. Note that the corresponding

probabilities are equal, and that the location of p′i+1 is independent of the
location of p′i+2.

Step 3: A new algorithm. The new algorithm is exactly the same as the old
algorithm, with three changes. The �rst change is simple: we previously stated
that we start by sorting our points on their x-coordinate. In the case of sparse
point sets we use a worst-case O(n log n) sorting algorithm for this, but now we
can use a bucket sort with n buckets. This brings the expected sorting time to
O(n) [11].

For the second change, we need to take another look at how we place the
separators ti. We previously placed these separators in every second nonempty
drum σi := [iδ, (i + 1)δ] × balld−1(δ/2) based on the points in σi−1 ∪ σi ∪ σi+1.
However, in order for our algorithm to meet the requirements of Lemma 5.4.5,
we would like to avoid having a point enter a drum after the x-coordinates are
multiplied by some factor λ > 1. Furthermore, since the proof of Lemma 5.2.3
requires every drum to be at least δ wide, we cannot simply scale the drums as
well. Therefore, we will need to allow some overlap. For j ∈ {−1, 0, 1} and all
i, we de�ne τi,j := [(X(i) − 1/2 + j)δ, (X(i) + 1/2 + j)δ] × balld−1(δ/2), with
X(i) := (i+1/2)xn+1/n. Note that the center of drum τi,0 scales with the point
set, and τi,−1 and τi,1 are the drums directly to its left and right. In our new
algorithm, we will use the drums τi,j instead of the σi used so far. Since this is
quite a drastic change, before we show how exactly these new drums are used
in the algorithm, we will need to revisit all drum-related lemmas and corollaries.
We start with Lemma 5.2.3. When applied to the new drums, it gives us the
following.

Lemma 5.4.6. Let Topt be an optimal TSP tour on P . For a separator t, let
T (t, τi,0) denote the set of edges from Topt with both endpoints in τi,−1∪ τi,0∪ τi,1
and crossing t. Let k be the number of points in τi,−1 ∪ τi,0 ∪ τi,1. Then in
O(kd+1) time we can compute a separator t intersecting τi,0 such that |T (t, τi,0)| =
O(k1−1/d) . Furthermore, there is a family C of 2O(k1−1/d) candidate sets such
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that T (t, τi,0) ∈ C, and this family can be computed in 2O(k1−1/d) time.

Proof. The proof is analogous to that of Lemma 5.2.3.

Note that k is now de�ned `locally', since we no longer have a good bound
on the maximum density of our point set. Instead of placing the separators ti in
every second nonempty σi, we place them in every τi,0 instead, using the points in
τi,−1∪ τi,0∪ τi,1. We continue to Lemma 5.2.5, since Lemma 5.2.4 is independent
of the drums used. We �rst de�ne P [i, j] := {pi, . . . , pj} for all 1 ≤ i ≤ j ≤ n.
The revised version of Lemma 5.2.5 is the following:

Lemma 5.4.7. Let ti ∈ T be a separator. Let Topt be an optimal tour on P and
let V := Pright(Topt, ti) be its endpoint con�guration at ti. Let z be the leftmost
point with an x-coordinate larger than (X(i) + 3)δ. Let pj be the leftmost point
more than 3δ/2 to the right of z. Let P ′ denote the set of points with x-coordinates
between (X(i)+3/2)δ (the right border of τi,1) and xj, and let P

′′ = P [j, n]. Then
(i) |P ′ ∩ V | ≤ c∗ for some absolute constant c∗, and (ii) |P ′′ ∩ V | ≤ 1.

Proof. Consider a tour edge crossing ti. Any edge crossing ti ending in P ′ must
fully cross τi,1. Therefore such edges have length at least δ. By the packing
property, there can be at most c∗ = O(1) such edges. This proves (i).

To prove (ii), we can directly apply Lemma 5.2.4. Note that point z indeed
su�ces, since it is more than 3δ/2 to the right of the right border of τi,1.

Next up is Corollary 5.2.6, which we adapt as follows:

Corollary 5.4.8. Let Topt be an optimal tour. Let ti ∈ T be a separator. Let

V ⊂ P be the (unknown) endpoint con�guration of Topt at ti. Then in 2O(k1−1/d)n
time we can enumerate a family Bi of candidate endpoint sets such that V ∈ Bi.
Here, k denotes the number of points which either lie in τi,−1 ∪ τi,0 ∪ τi,1 or are
an element of P ′, where P ′ is as de�ned in Lemma 5.4.7.

Proof. Let c∗, P ′ and P ′′ be as de�ned in Lemma 5.4.7. We use the enumeration
of candidate edge sets from Lemma 5.4.6, and only keep the endpoints that are
to the right of ti. To each of these endpoint sets, we add at most c∗ endpoints
from P ′, and we add at most one endpoint from P ′′. There are poly(k) and
O(n) ways to add such endpoints, respectively. This gives a family of 2O(k1−1/d) ·
poly(k) · n = 2O(k1−1/d)n sets. By Lemma 5.4.7, the resulting family of endpoint
sets contains V .

The rank-based approach is independent of the drums used. This brings us
to the algorithm itself. It requires only a single change: all separators to the left
of a previously found separator can be ignored.

For the third and �nal change, we can use walls to decrease the number of
viable distant points. If we �nd a wall su�ciently far to the right of ti, then
by Lemma 5.4.4 all points that are su�ciently far to the right to this wall are
unviable and can therefore be left out of P ′′. Speci�cally, let pj be the leftmost
point with xj > X(i) + δ/2 + δ2 and j divisible by 4. Note that this point is at
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least δ2 to the right of τi,0 and therefore at least δ2 to the right of ti. We then
check whether (pj , . . . , pj+3) is a wall. If it is not, we check (pj+4, . . . , pj+7) and
so forth, until we either have found a wall, or have reached pn. If we �nd a wall,
then we only use the distant points that are not rendered unviable by the wall.
If we do not, then we use the same set of distant points as we used previously.

Step 4: Analysis of the running time. As stated before, the sorting of the
points can be done in O(n) expected time. For the rest of the analysis, we will
need a few lemmas.

Observation 5.4.9. Let X,Y be two integer nonnegative random variables, such
that for all k ≥ 0, the equation P[X ≤ k] ≥ P[Y ≤ k] holds. Let f(k) be an
increasing nonnegative function such that E[f(Y )] <∞. Then

E[f(X)] ≤ E[f(Y )].

For the proof, see [72, Formula 3.3 on p. 6].
The next lemma gives us information about among others the running time

of an algorithm when the input has a random size.

Lemma 5.4.10. Let f(x) be a function such that f(x) = 2O(x1−1/d) for some
d ≥ 2. Let X be a Poisson distributed random variable with mean z. Then
E[f(X)] = 2O(z1−1/d).

Proof. Let M,λ > 0 be such that for all x > 0 we have f(x) ≤M +2λx
1−1/d

. We
write µ := eλ+2. We get

E[f(X)]−M ≤ E[2λX
1−1/d

]

≤ 2λ⌊µz⌋
1−1/d

P[X ≤ ⌊µz⌋] +
∞∑

k=⌈µz⌉

2λk
1−1/d

P[X = k]

= 2λ⌊µz⌋
1−1/d

P[X ≤ ⌊µz⌋] +
∞∑

k=⌈µz⌉

2λk
1−1/d zke−z

k!

< 2λµz
1−1/d

+

∞∑
k=⌈µz⌉

2λk
1−1/d zke−z

(k/e)k

< 2λµz
1−1/d

+

∞∑
k=⌈µz⌉

eλk
zkek

(µz)k

= 2λµz
1−1/d

+

∞∑
k=⌈µz⌉

e−k = 2λµz
1−1/d

+O(1).

We have now shown that E[f(X)] ≤ 2λµz
1−1/d

+M+O(1), �nishing the proof.

This brings us to the result we need:
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Lemma 5.4.11. Let X be a Poisson distributed random variable with mean z.
Let i ≥ 0 be an arbitrary but �xed integer. Let j be any integer with i ≤ j. Let M
be a random variable de�ned by P[M = k] := P[X = k]/P[X ∈ {i, . . . , j}] for k ∈
{i, . . . , j}, and P[M = k] = 0 otherwise. Let f(x) be such that f(x) = 2O(x1−1/d).

Then E[f(M)] = 2O(z1−1/d).

Proof. Let λ, µ > 0 be such that g(x) := µ2λx
1−1/d

is larger than f(x) for all x.
Clearly, it is su�cient to show that E[g(M)] = 2O(z1−1/d).

Let X ′ := X + i. First, we will show that P[M ≤ k] ≥ P[X ′ ≤ k] for all k:

� Suppose 0 ≤ k ≤ i − 1. Since P[M ≤ k] = P[X ′ ≤ k] = 0, the statement
indeed holds.

� Suppose k ≥ j. Since P[M ≤ k] = 1 and P[X ′ ≤ k] < 1, the statement
indeed holds.

� Suppose i ≤ k ≤ j − 1. For this case, we �rst consider the value of P[M =
m]− P[X ′ = m]:

P[M = m]− P[X ′ = m] =
e−zzm

m!P[i ≤ X ≤ j]
− e−zzm−i

(m− i)!

=
e−zzm−i

m!

(
zi

P[i ≤ X ≤ j]
− m!

(m− i)!

)
.

Note that P[M = m] − P[X ′ = m] < 0 if and only if m is large enough.
Therefore, P[M ≤ k]−P[X ′ ≤ k] is minimal at k = i− 1 or k = j. We have
already seen that for both of these values of k, we have P[M ≤ k]−P[X ′ ≤
k] ≥ 0. Therefore, for all i ≤ k ≤ j − 1, we have P[M ≤ k] ≥ P[X ′ ≤ k].

Since P[M ≤ k] ≥ P[X ′ ≤ k] for all k, and g is increasing, Observation 5.4.9 gives
us that E[g(M)] ≤ E[g(X ′)]. Furthermore, since

g(x+ i) = µ2λ(x+i)1−1/d

≤ µ2λ(x
1−1/d+i) = 2λig(x),

we get
E[g(X ′)] = E[g(X + i)] ≤ 2λiE[g(X)] = O(E[g(X)]).

Since X follows a Poisson distribution with mean z, Lemma 5.4.10 gives us that
E[g(X)] = 2O(z1−1/d). In conclusion, we have

E[f(M)] ≤ E[g(M)] ≤ E[g(X ′)] = O(E[g(X)]) = 2O(z1−1/d),

as we wanted to prove.

We are now ready to analyse the total running time of the algorithm. We will
look at each part of the algorithm separately.



100 TSP in narrow cylinders

� Line 1: Computing the separators. There are O(n) separators to
be computed. Recall that τi,j = [(X(i) − 1/2 + j)δ, (X(i) + 1/2 + j)δ] ×
balld−1(δ/2), with X(i) := (i + 1/2)xn/n for j ∈ {−1, 0, 1}. Now, by
Lemma 5.4.6, each separator is computed in O(Md+1) time, where M is
the number of points in τi,−1 ∪ τi,0 ∪ τi,1. Now we want a bound on the
total expected amount of time needed per separator,

∑∞
k=0 k

d+1P[M = k].
Recall that ∆j ∼ Exp(1) for all j, and the total horizontal interval covered
by τi,−1 ∪ τi,0 ∪ τi,1 is 3δ. Clearly, M ≥ 0. Therefore, M is almost a
Poisson distributed variable with expected value 3δ. There is one di�erence:
since there are only n points, M ≤ n. Therefore, M does have all the
required properties for Lemma 5.4.11, so the total expected time needed
per separator is 2O((3δ)1−1/d) = 2O(δ1−1/d). (Using [63], we can prove that
the expected time is O(δd+1), but the above will su�ce.) Since there are
O(n) separators, the total expected time needed for this part is 2O(δ1−1/d)n.

� Lines 2 and 5: The sets Bi. We will now give an upper bound on the
expected value of

∑|T |+1
i=1 |Bi|. Recall that each B ∈ Bi consists of (i) the

rightmost endpoints of a candidate edge set, (ii) at most c∗ points from
P ′ and (iii) at most one point to the right of P ′, not rendered unviable
by a wall. Note that the expected number of possibilities of each type is
dependent: the more possibilities one set contains, the fewer others can
have. After all, no point can be in two sets of di�erent types at once. Aside
from the number of points in each interval, the three types are otherwise
independent. Therefore, to �nd an upper bound on E[|Bi|] it su�ces to
multiply upper bounds of the expected values of possibilities of (i), (ii) and
(iii). We start with the number of viable distant points, (iii). Let pj be the
leftmost point such that (pj , . . . , pj+3) is the �rst candidate wall checked.
We have already seen that the probability that it is a wall is some constant
α. If it is not a wall, the next set we check has the same probability, and
so forth. Therefore, the geometric distribution with probability α forms
an upper bound on the expected number of possible walls checked. The
expected x-coordinate of the last viable distant point therefore is X(i) +
O(δ2) +O(1/α) +O(δ2) = x(ti) +O(δ2). Therefore, the expected number
of viable distant points is O(δ2).

This brings us to the number of possible B′. Since we use Corollary 5.4.8,
this is δ2 ·2O(M1−1/d), where M is the number of points which are in τi,−1∪
τi,0 ∪ τi,1 or in P ′. Note that we have a factor O(δ2) instead of the factor
O(n) as in the statement of Corollary 5.4.8. This is because, as we have
just shown, the expected number of distant points we need to consider is
not O(n) but O(δ2). Now, we consider M . Recall how P ′ was de�ned: Let
z be the leftmost point with an x-coordinate larger than (X(i)+3)δ. Let pj
be the leftmost point more than 3δ/2 to the right of z. Then P ′ contains all
points between (X(i)+3/2)δ (the right border of τi,1) and pj . Therefore, M
equals the number of points in an interval of length 3δ+3δ/2+ 3δ/2 = 6δ,
plus one. We once more apply Lemma 5.4.11, giving us that the total
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expected number of B′ is 2O(δ1−1/d).

Since i ∈ {1, . . . , |T | + 1} ⊆ {1, . . . , n}, the total expected number of
elements in all Bi combined is bounded by δ2 · 2O(δ1−1/d)n = 2O(δ1−1/d)n.

� Lines 7-12. Recall that the running time of TSP-repr is T (|P |, |B|) =

2O(|P |1−1/d+|B|); see Chapter 2 for details. By Lemma 5.4.6 we have |B| =
O(M

1−1/d
1 ). Hence, the running time of each call to TSP-repr in Algorithm 5.1

is 2O(M
1−1/d
2 ), for someM1,M2 with the properties required for Lemma 5.4.11.

Similar statements hold for the number of weighted matchings in the representative
set returned by TSP-repr and the number of matchings in the representative
set of A[i−1, B′]. Consequently, before we execute the reduction in Line 12,

the set A[i, B] contains at most 2O(M
1−1/d
1 ) ·2O(M

1−1/d
2 ) = 2O(M

1−1/d
3 ) entries

for some M1,M2,M3 with all properties required for Lemma 5.4.11. By
Lemma 5.2.7 the application of the Reduce algorithm results in a representative
set of size at most 2|B|−1 = 2O(M1−1/d) for some M with all properties
required for Lemma 5.4.11.

In conclusion, the total expected running time is bounded by 2O(δ1−1/d)n when
the ∆i are exponentially distributed.

Finally, we will show that the requirements for Lemma 5.4.5 hold, where we
take A to be the algorithm described above. The only nontrivial requirement
is that TA(Pλ) ≤ TA(P ) for all point sets P and x-axis scaling factors λ > 1.
Intuitively, we would expect this to hold: every single separator ti and wall
(pi, . . . , pi+3) retains its properties when scaled with a factor larger than 1, while
the boundary sets can only decrease in size and Pλ might contain extra walls.
Furthermore, since we only check whether (pi, . . . , pi+3) forms a wall for i divisible
by 4, we do not miss walls we previously would have seen.

Unfortunately, TA(Pλ) ≤ TA(P ) does not necessarily hold for all λ and P ,
since we have only proven bounds on the running times, not the actual running
times themselves. However, it is easy to show the existence of an algorithm B
of which we know the exact expected running time of every step. Algorithm
B is simply algorithm A, but after every step it waits as long as necessary to
make its expected running time for that step equal to the bound calculated for
this step. To be precise, there are two types of waiting, best explained by an
example. We have previously shown that computing a separator takes O(|Q|d+1)
time, where Q is the set of points of P in τi,−1 ∪ τi,0 ∪ τi,1. Let c1 be such that
for all Q, computing this separator takes T (Q) < c1|Q|d+1 time for A. When
algorithm B computes a separator, it waits for c1|Q|d+1− T (Q) time afterwards,
therefore taking exactly c1|Q|d+1 time in total. Note that the time waited by B
depends on Q, but the total time used depends only on |Q|, and not Q itself.
This is the end of the �rst type of waiting, but not of the example. Next, we
showed that the total expected time needed to compute a separator was upper
bounded by 2O(δ1−1/d). So, let c2 be such that A, including the �rst type of
waiting, takes T (δ, d) < 2c2δ

1−1/d

expected time to compute a separator. When
computing a separator, B also waits 2c2δ

1−1/d − T (δ, d) time. Note that the time
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waited is independent of Q. Together, these two types of waiting ensure that
(i) the time needed by B is monotone in |Q| and (ii) the total expected time
needed by B equals the calculated upper bound for A. Finally, we always wait
as long as needed to emulate the separators being in the worst possible place for
that speci�c step. Therefore, the time taken is completely independent of the
locations of the separators.

Since we know the exact running time of B, using the arguments given earlier
we get that TB(Pλ) ≤ TB(P ) for all point sets P and x-axis scaling factors
λ > 1. Therefore, we can apply Lemma 5.4.5 on B, giving us that B has an
expected running time of 2O(δ1−1/d)n on Xn, the random point set of which
the x-coordinates are picked uniformly from [0, n]. Since B is slower than A,
we conclude that the expected running time of A must have the same bound,
�nishing the proof.
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Related problems









Chapter 6
pMinimum rectilinear Steiner trees

in narrow strips

6.1 Introduction

Recall from Chapter 1 the de�nition of the Minimum Steiner Tree problem:
given a graph, and a subset of the vertices called the set of terminals, the goal is
to �nd a network of minimal total length such that all terminals are connected.
The problem was proven to be NP-hard by Karp in 1972 [47]. As the Minimum
Steiner Tree problem and its variants have many practical applications, solvers
are continually being optimised; see [60] and [44] for the current state-of-the-art.
Two common variants of the problem are the Minimum Euclidean Steiner
Tree and the Minimum Rectilinear Steiner Tree (MRST) problems; in
both variants, the terminals are point in Rd, and one can draw any line segment
or orthogonal line segments only, respectively. In 1998, Arora presented a PTAS
for both variants [1].

At a glance, MRST has some properties quite similar to Euclidean TSP:
if all the terminals lie in a very narrow strip, the problem is trivial; furthermore,
if we use a vertical line as a separator, it is easy to list all possible ways in which
the solution could cross this separator. Hence, we investigate whether we can use
the techniques developed in Chapter 5 on the Minimum Rectilinear Steiner
Tree problem as well, and investigate how the hardness of the problem scales
with the height of the strip.

6.2 Preliminaries

Notation and terminology. Let P := {p1, . . . , pn} be a set of terminals in
a 2-dimensional strip with height δ �recall that we call such a strip a δ-strip�
which we assume without loss of generality to be R × [0, δ]. As before, we use
xi and yi to denote the x- and y-coordinate of point pi, respectively. The points
can be easily sorted on their x-coordinates: this can be done in O(n log n) time
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segmentedge

complete segment

leg

cornercross
T-point

Figure 6.1: Illustration of terminology concerning rectilinear Steiner trees

for sparse point sets, and in O(n) expected time for random point sets [11].
Therefore, from now on we will assume that we are given the points ordered on
their x-coordinate, i.e., xi ≤ xj for all 1 ≤ i ≤ j ≤ n. Finally, recall that we
de�ne the spacing of pi (in P ) as ∆i := xi+1−xi, for all 1 ≤ i ≤ n− 1. We write
P [i, j] to denote the set {pi, ..., pj}. We denote the vertical distance between
two horizontal edges e, e′ (or the horizontal distance between two vertical edges)
by dist(e, e′).

Next, we give some (mostly standard) terminology concerning rectilinear
Steiner trees; see also Figure 6.1. A rectilinear tree is a tree structure embedded
in the plane whose edges are horizontal or vertical line segments overlapping only
at their endpoints. The length of a tree T , or ∥T∥, is the sum of the lengths of
its edges. A rectilinear Steiner tree for a set P of terminals is a rectilinear tree
such that each terminal p ∈ P is an endpoint of an edge in the tree. A minimum
rectilinear Steiner tree (MRST) is such a tree of minimum length.

The degree of a (Steiner or terminal) point q in a tree T is the number of edges
incident on it. We denote the degree of q in T by degreeT (q), or simply degree(q)
when T is clear from the context. Without loss of generality, if a degree-2 point
has collinear (i.e. both horizontal or both vertical) incident edges then that point
must be a terminal. Clearly, a point has degree at most 4. A point with degree at
least 3 that is not a terminal is called a Steiner point. A corner is a degree-2 point
with non-collinear incident edges that is not a terminal. Hence, each endpoint of
an edge is either a terminal, a Steiner point, or a corner.

A segment is de�ned to be a sequence of one or more adjacent collinear edges,
with no terminals in the segments' interior.1 A complete segment is a inclusion-
wise maximal segment. Note that a complete segment does not have terminals in
its interior. A corner is incident to exactly one horizontal complete segment and
exactly one vertical complete segment. These complete segments are the legs of
the corner. A T-point is a degree-3 Steiner point. Finally, a cross is a degree-
4 Steiner point. Note that the endpoints of a complete segment are T-points,
corners or terminals. See also Figure 6.1 for some examples.

Separators will play a crucial role in our algorithms. In this chapter, a

1When we refer to the �interior� of a segment, we always mean its relative interior, i.e. the
segment excluding its endpoints.
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` `′

ei,1

ei+1

` `′

ei+1

ei

Figure 6.2: Illustration for the proof of Observation 6.2.1. On the left, T . On the right,
T ′. Since the deleted part of ei is longer than the vertical edge connecting
ei,1 to ei+1, the tree T ′ is shorter than T .

separator is a vertical line, not containing any of the points in P , that separates P
into two non-empty subsets. For all 1 ≤ i < n such that xi < xi+1, we de�ne si
to be the separator with x-coordinate (xi+xi+1)/2. The tonicity of a rectilinear
tree T at a separator s is the number of times T crosses s; when the tonicity
of T at s is 1, we call it monotonic at s. The tonicity of a rectilinear tree T is
the maximum over the tonicity of T at all separators. A rectilinear tree is called
monotonic when its tonicity is 1.

Characterisation of the MRST. Over the years, many di�erent properties
of the MRST have been proven. We start with a simple one: parallel edges of
an MRST cannot be too close. Recall that ∆i denotes the horizontal spacing
between pi and pi+1, and that δ denotes the height of the strip containing P .
Also recall that si is the separator in between the points pi and pi+1.

Observation 6.2.1. (i) Let E = {e1, . . . , em} be a set of m horizontal edges
of an MRST T which all intersect two vertical lines ℓ and ℓ′. Then m ≤
1 + ⌊δ/dist(ℓ, ℓ′)⌋. A similar statement holds when E is a set of vertical edges
intersecting two horizontal lines.
(ii) If ∆i > δ, then the tonicity of any MRST at si is 1.

Proof. We will �rst prove (i). W.l.o.g., let the edges in E be numbered from
top to bottom, and let ℓ lie to the left of ℓ′. Suppose for a contradiction that
m > 1 + ⌊δ/dist(ℓ, ℓ′)⌋. Since dist(e1, em) ≤ δ, there are two edges ei and ei+1

such that dist(ei, ei+1) ≤ δ/(m− 1) < dist(ℓ, ℓ′). We will now create a rectilinear
Steiner tree T ′ strictly shorter than T , giving the desired contradiction. To this
end we �rst delete the part of ei between ℓ and ℓ′. Let ei,1 denote the part of ei
to the left of ℓ (if any) and let ei,2 denote the part of ei to the right of ℓ′ (if any);
see Figure 6.2. The deletion splits T into two components. Assume without loss
of generality that ei,2 is in the same component as ei+1. By deleting ei,2 and
connecting ei,1 to ei+1 with a vertical edge contained in ℓ, we create a rectilinear
Steiner Tree T ′ such that

∥T ′∥ = ∥T∥ − dist(ℓ, ℓ′)− ∥ei,2∥+ dist(ei, ei+1) < ∥T∥,
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giving the desired contradiction.
Part (ii) of the observation directly follows from part (i). To see this, let

∆i > δ for some i. Then there are two lines ℓ and ℓ′ between pi and pi+1 such
that dist(ℓ, ℓ′) > δ. Let T be an MRST. Note that any edge of T that crosses si
also crosses ℓ and ℓ′. Therefore, by part (i) we know that T crosses si at most
m ≤ 1 + ⌊δ/dist(ℓ, ℓ′)⌋ = 1 times.

One of the most important properties of the MRST is the following:

Observation 6.2.2 (Hanan [37]). Let P be a set of terminals in R2. Then there
exists an MRST on P that is a subset of the Hanan grid, the grid formed by taking
all horizontal and vertical lines which pass through at least one of the points of
P .

Intuitively, this can be proven by taking any MRST T and `sliding' the edges
of T onto the Hanan grid one by one.

From now on, we will only consider rectilinear Steiner trees that lie on the
Hanan grid. Furthermore, we can now directly conclude that the tonicity of an
MRST is at most n.

A continuation on this characterisation is given by the Hwang theorem. We
de�ne a full component of a rectilinear Steiner tree T to be a maximal subtree
that does not have any terminals as internal nodes. Note that a node in a full
component of an MRST is a terminal if and only if it is a leaf in that component.
Also note that any terminal pi ∈ P will be a leaf in exactly degree(pi) full
components. Hwang's theorem is now given by the following:

Theorem 6.2.3 (Hwang [40]). Let P be a set of terminals in R2. Then there
exists an MRST T on P with a maximal number of full components, such that
each full component C is of one of the following four types. Let mC be the number
of terminals in C. Then C consists of one of the following constellations:

� four edges, connected in a cross,

� a single complete segment with mC − 2 alternating incident edges,

� a corner and its legs, with mC − 2 alternating edges incident to a single
(long) leg, or

� a corner and its legs, with mC − 3 alternating edges incident to a single
(long) leg and a single edge incident to the other (short) leg.

For all legs, the incident edge closest to the corner must be on the opposite side
from the other leg, i.e., it must be on the outside of the corner de�ned by the two
legs. Furthermore, the edges incident to the long leg on the same side as the short
leg are at least as long as the short leg.

We will call MRSTs which have this property Hwang trees. See Figure 6.3 for
an example of each of the four types of full components of Hwang trees. Note
that these full components do not contain a U-shape formed by an edge and two
adjacent segments lying to the same side of that edge; any component with such



6.3 Approximation algorithms 111

long leg

short leg

long leg

short leg

long leg

long leg

short leg

Figure 6.3: An example of each of the four di�erent types of full components in Hwang
trees.

−→

Figure 6.4: An example showing that Hwang trees do not contain a U-shape. The tree
on the left has the same length as the tree on the right, but contains fewer
full components. Therefore, the tree on the left is not a Hwang tree.

a U-shape can be split into two full components by sliding the edge towards the
terminals at the end of those segments. See Figure 6.4 for an example. If both
legs mC − 2 or mC − 3 edges, we will consider the horizontal leg to be the long
leg, and the vertical leg to be the short leg. If the long leg is horizontal (vertical),
then we call the full component a horizontal (vertical) full component.

6.3 Approximation algorithms

In this section, we present a simple algorithm which �nds a minimum monotonic
rectilinear Steiner tree (MMRST) in O(n) time. Then, we show under which
circumstances the MMRST is an MRST.We also show that, as one might intuitively
expect, the MMRST functions as a good approximation of the MRST only if the
strip is extremely narrow and sparse. Recall that a point set P in a δ-strip is
sparse if for all x the rectangle [x, x + 1] × [0, δ] contains at most k points for
some arbitrary but �xed sparseness constant k.

We start by �nding an MMRST:

Lemma 6.3.1. Let P be a sparse set of n terminals in a δ-strip. Then a
minimum monotonic rectilinear Steiner tree can be found in O(n) time.

Proof. We note that Observation 6.2.2 also holds for the MMRST problem. The
proof of this is analogous to the proof of the original observation. Furthermore,



112 Minimum rectilinear Steiner trees in narrow strips

Figure 6.5: An example of an MMRST found as described in Lemma 6.3.1. In red, A[2].

we note that any two points who share an x-coordinate must be connected by
a vertical line segment; otherwise, the separator directly to their left or to their
right must be crossed at least twice. Therefore, the problem can be reformulated
as the problem to �nd an MMRST on a set of vertical line segments S1, ...Sm.
We will now give a greedy algorithm solving this problem. Speci�cally, we de�ne

A[i] :=
an MMRST on S1, ..., Si with a maximal rightmost complete
vertical segment.

We will show later that the maximal rightmost complete vertical segment is
unique. For brevity, we will write `rightmost segment' to denote the rightmost
complete vertical segment. We take A[1] := S1. The recursive function is quite
simple: If the segment Si+1 and the rightmost segment of A[i] can be connected
with a single horizontal edge, then A[i+ 1] is the resulting MMRST. Otherwise,
w.l.o.g. let Si+1 be below the rightmost segment of A[i]. Then, we add two edges:
a horizontal edge from the bottom endpoint of the rightmost segment of A[i] to
the right, and a vertical edge from the topmost point of Si+1, such that these
edges share an endpoint. The resulting MMRST is A[i + 1]. See Figure 6.5 for
an example.

The running time of this algorithm is easy to check: the points were given
sorted on their x-coordinates, and since the point set is sparse, only a constant
number of points need to be connected for each vertical edge. Hence, all that
remains is to prove the correctness. Clearly, A[1] := S1 is the only MMRST
on the points de�ning S1. Therefore, the maximal rightmost segment is indeed
unique. Now, suppose A[i+1] is formed by adding a single horizontal edge e and
Si+1 to A[i]. Since A[i] is an MMRST, so is A[i + 1]. We will now show that
the rightmost segment is indeed maximal. Let T be any MMRST on S1, ..., Si+1.
Let T ′ be the part of T to the right of Si, and e′ its horizontal edge. Since A[i]
has a maximal rightmost segment, the tree A[i] ∪ T ′ must also be an MMRST.
Since A[i+ 1] and T are both MMRSTs, we get

∥T ′∥ = ∥T∥ − ∥A[i]∥ = ∥A[i+ 1]∥ − ∥A[i]∥ = ∥e∥+ ∥Si+1∥ = ∥e′∥+ ∥Si+1∥.

Since T ′ contains at least the edge e′ and the segment Si+1, it consists of exactly
these two parts. Therefore, its rightmost segment is indeed Si+1. The case where
A[i+1] is formed by adding two edges and Si+1 to A[i] can be proven analogously.

Since we have now shown that A[1] indeed has the required properties and
that if A[i] has these properties, so does A[i+ 1], by induction we conclude that
A[m] contains an MMRST on S1, ..., Sm, and therefore an MMRST on P .
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Now we have found an MMRST, we also show when it is optimal:

Lemma 6.3.2. The MMRST is an optimal rectilinear Steiner tree on a point set
P if for all i < j we have xi = xj or xj − xi ≥ δ. This bound is tight.

Proof. First, we show that if for all i < j we have xi = xj or xj − xi ≥ δ, we can
make any MRST monotonic without making it longer. Let T be an MRST on
P . Do the following exhaustively: let e1 and e2 be any two horizontal edges of
T showing that T is not monotonic, i.e., the horizontal intervals covered by the
edges (partially) overlap in more than a single point. Then we apply the same
procedure as used in the proof of Observation 6.2.1 to e1 and e2. Note that in
our case, we have dist(l, l′) ≥ δ, by our assumption. We call the resulting tree T ′.
Note that the total length of T ′ is ∥T∥−(xj−xi)+ |y′2−y′1| ≤ ∥T∥−δ+δ = ∥T∥.
Therefore, T ′ is an MRST. Finally, we note that we can indeed do the above
exhaustively, since T ′, when seen as a subset of the Hanan grid, uses strictly
fewer horizontal edges than T .

We conclude that if for all i < j we have xi = xj or xj − xi ≥ δ, then the
MMRST is indeed an MRST.

Next, we show that for all 0 < ε < δ there exists a counterexample with
xj − xi = δ − ε. Consider the point set P consisting of the following four points:
p1 = (0, 0), p2 = (100δ, δ), p3 = (101δ − ε, 0) and p4 = (200δ, 0). Now, the
MMRST has total length 202δ, of which 2δ is used by vertical edges, but the
MRST has total length 202δ − ε, of which δ is used by vertical edges.

We �nish by giving an upper bound to the approximation factor of the
MMRST.

Lemma 6.3.3. Let δ > 0. Let P be a sparse point set in the δ-strip. Then the
MMRST is a Θ(δ)-approximation of the MRST.

Proof. Let k be the sparseness constant. Let δ′ be the maximal height di�erence
between any two points, so δ′ := maxi yi −mini yi. A simple lower bound on the
minimal length of the MRST on P is δ′ + xn − x1. A simple upper bound on
the length of the MMRST on P is (n− 1)δ′ + xn − x1. Therefore, the MMRST

is an (n−1)δ′+xn−x1

δ′+xn−x1
< (n−1)δ+⌊(n−1)/k⌋

δ+⌊(n−1)/k⌋ = Θ(δk) = Θ(δ)-approximation of the
MRST. We conclude by noting that an approximation factor of Ω(δ) can indeed
be reached. Let P be a point set with xi = i/k, and yi = 1{i mod 2 = 0}. Then
the length of the MMRST is n(1/k + δ/2) +O(1). Meanwhile, the MRST has a
length of δ + 2n/k +O(1). For n→∞, this results in an approximation ratio of
1/2 + δk/4.

6.4 An algorithm for sparse point sets

In this section, we will give a nO(
√
δ) algorithm for sparse point sets. We will do

so in two steps. First, we will show that all separators are crossed at most O(
√
δ)

times. Then, we will give a dynamic-programming algorithm which sweeps from
left to right and runs in the desired time. After doing so, we will prove two
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further properties of the given algorithm. First, we will show that any strictly
faster algorithm will need to apply a signi�cantly di�erent approach. Second, we
show how to turn the algorithm into a (1 + ε)-approximation algorithm which
runs in ε−O(

√
δ log δ)n time.

We start by bounding the tonicity at the separators. The following lemma
will also be applicable for randomly generated point sets:

Lemma 6.4.1. Let T be a Hwang tree on P . Let si be a separator such that

xi+⌈
√
δ⌉+c1

− xi > c2
√
δ

for an integer constant c1 ≥ 0 and a constant c2 > 0. Then the tonicity of T at
si is O(

√
δ + 1).

Proof. We will show that T crosses si at most 17c1 + 36 + (4/c2 + 17)
√
δ times.

Recall that P [i, j] := {pi, ..., pj} and de�ne P ′ := P [i, i+ ⌈
√
δ⌉+ c1]. The edges

of T crossing si can be split into �ve sets:

� Elong, the set of edges which also cross the vertical line de�ned by x =

xi + c2
√
δ/2,

� Eh, the set of edges not in Elong that are part of a horizontal full component,

� Evl, the set of edges not in Elong that are part of a vertical full component
whose long leg lies to the left of si,

� Evb, the set of edges not in Elong that are part of a vertical full component
whose long leg lies between si and the vertical line x = xi + c2

√
δ, and

� Evr, the set of edges not in Elong that are part of a vertical full component
whose long leg lies to the right of the vertical line x = xi + c2

√
δ/2. Note

that these edges are part of the short leg; otherwise, they would be in Elong.

See Figure 6.6 for examples. By Observation 6.2.1, we have

∥Elong∥ ≤ 1 +
⌊
δ/
(
c2
√
δ/2
)⌋
≤ 1 + 2

√
δ/c2.

Secondly, every horizontal full component corresponding to a edge in Eh contains
a terminal from P ′. Since horizontal full components cross si at most once and
all terminals are part of at most four full components, we conclude that

∥Eh∥ ≤ 4∥P ′∥.

The right endpoints of edges in Evl are either terminals in P ′ or T-points incident
to a vertical edge whose other endpoint is a terminal in P ′. Since all terminals
are part of at most four full components, we conclude that

∥Evl∥ ≤ 4∥P ′∥.

To bound ∥Evb∥, let Cvb be the set of all full components with at least one edge
in Evb. For a component C ∈ Cvb, let S(C) be the set of horizontal complete
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si x = xi + c2
√
δ/2 x = xi + c2

√
δ

Figure 6.6: Examples of the di�erent types of edges crossing si, not to scale. Topmost,
two edges in Eh, one as part of the long leg, and one as the incident edge
of the short leg of a horizontal full component. Then, two edges in Evl, one
as part of the short leg, and one as an edge incident to the long leg. Third,
two edges in Evb, one as the short leg, and one as an edge incident to the
long leg. Finally, an edge in Evr and an edge in Elong.

segments to the right of the long leg of C. Recall that the segments incident to
the long leg of a vertical full component C alternate between lying to the right
and left of the long leg. Hence, the number of edges in Evb from C is bounded
by ∥S(C)∥+ 1, and so

∥Evb∥ ≤ ∥Cvb∥+
∑

C∈Cvb

∥S(C)∥.

Note that for any component C ∈ Cvb, the terminal incident to its long leg must
be a point in P ′. Furthermore, every point in P ′ can only be used twice this way.
Therefore, ∥Cvb∥ ≤ 2∥P ′∥.

To bound
∑

C∈Cvb
∥S(C)∥, we note that each segment in any set S(C) either

(i) is a short leg, (ii) ends in a point of P ′, or (iii) crosses the vertical line
x = xi + c2

√
δ. Since ∥Cvb∥ ≤ 2∥P ′∥, there are at most 2∥P ′∥ segments of

type (i). Trivially, there are at most ∥P ′∥ segments of type (ii). Finally, by
Observation 6.2.1, we can only have 1 + ⌊δ/(c2

√
δ/2)⌋ ≤ 1 + 2

√
δ/c2 segments of

type (iii). Therefore,∑
C∈Cvb

∥S(C)∥ ≤ 3∥P ′∥+ 1 + 2
√
δ/c2.

We conclude that

∥Evb∥ ≤ 2∥P ′∥+ 3∥P ′∥+ 1 + 2
√
δ/c2 = 5∥P ′∥+ 1 + 2

√
δ/c2.
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Finally, the right endpoints of edges in Evr are T-points incident to a vertical
edge whose other endpoint is a terminal in P ′. Since all terminals are part of at
most four full components,

∥Evr∥ ≤ 4∥P ′∥.

Since ∥P ′∥ =
⌈√

δ
⌉
+ c1 + 1, the total number of edges crossing si can now be

bounded by

∥Elong∥+ ∥Eh∥+ ∥Evl∥+ ∥Evb∥+ ∥Evr∥

≤17∥P ′∥+ 2
(
1 + 2

√
δ/c2

)
=10

(⌈√
δ
⌉
+ c1 + 1

)
+ 2 + 4

√
δ/c2

≤17c1 + 36 + (4/c2 + 17)
√
δ.

Using Lemma 6.4.1 we can now prove a bound on the tonicity of MRSTs of
sparse point sets.

Corollary 6.4.2. Let P be a sparse point set in a δ-strip. Let T be an MRST

on P . Then T is
(
(9k + 18)(2 +

√
δ)
)
-tonic, where k is the sparseness constant.

Proof. First, we note that since our point set P is sparse, we have xj − xi ≥
⌊(j− i)/k⌋ for all j > i. Speci�cally, for all si such that i+ ⌈

√
δ⌉+ k ≤ n, we get

xi+⌈√δ⌉+k − xi ≥


⌈√

δ
⌉
+ k

k

 ≥ ⌊√δ
k

+ 1

⌋
≥
√
δ

k
.

Therefore, we can invoke Lemma 6.4.1 with c1 = k and c2 = 1/k, giving us that all
these si are crossed at most 17k+36+(4k+17)

√
δ times. (These constant follow

from the constants in the proof of Lemma 6.4.1, see the Appendix.) By symmetry,
we can do the same for all si such that (i+ 1)− ⌈

√
δ⌉ − k ≥ 1. Finally, we note

that if this does not cover all si, then we have fewer than 17k+36+ (4k+17)
√
δ

points in total. Since every separator is crossed at most n times, the statement
also holds in this case. We conclude that for sparse terminal sets, all separators
are crossed at most 17k + 36 + (4k + 17)

√
δ < (9k + 18)(2 +

√
δ) times.

Corollary 6.4.2 gives rise to a natural dynamic-programming algorithm, as
explained next. Let T be a rectilinear Steiner tree, and let si be a separator. We
de�ne the crossing pattern of T at si as follows: let X(si) be the set of at most
n points where the Hanan grid crosses si, and let X(si, T ) ⊆ X(si) be the subset
of points where T crosses si. If T is an MRST, then

∥X(si, T )∥ ≤ (9k + 18)(2 +
√
δ) = O(

√
δ)

by Corollary 6.4.2. We partition X(si, T ) into parts (that is, subsets) such that
two points from X(si, T ) are in the same part if the path in T between these
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si si

q1

q2

q3

q4

q5

Figure 6.7: An example of an MRST (on the left) and its crossing pattern C =
{{q1, q2, q5}, {q3, q4}} at si (on the right)

points fully lies to the left of si. The resulting partition of X(si, T ) is the crossing
pattern of T at si; see Figure 6.7 for an example. We say that a rectilinear forest
T adheres to C at si if T lies fully to the left of si, and there exists a rectilinear
forest T ′ which lies fully to the right of si such that T ∪T ′ is a rectilinear Steiner
tree with crossing pattern C at si. Note that not all crossing patterns can lead
to an MRST: those that require crossing edges on the left-hand side (because
they do not have a proper `nesting structure') can never lead to an MRST. We
call the crossing patterns that contain at most (9k + 18)(2 +

√
δ) points and

do not require crossing edges on the left-hand side viable crossing patterns. We
will now count the number of viable crossing patterns at si. There are nO(

√
δ)

possible sets X(si, T ) that contain at most (9k+18)(2+
√
δ) points. The number

of viable partitions of these points�also known as the number of non-crossing
partitions�equals the Catalan numbers. Since the Catalan numbers are 2O(

√
n),

there are 2O(
√
δ) possible viable partitions for each X(si, T ). This implies that

the total number of viable crossing patterns for si is nO(
√
δ) · 2O(

√
δ) = nO(

√
δ).

The algorithm. We can now de�ne a table entry A[i,X] for each separator si
and viable crossing pattern X at si as follows:

A[i,X]:=the minimum length of a rectilinear forest adhering to X at si.

Note that the length of an MRST equals A[n, {∅}]. Next we describe a recursive
formula to compute the table entries. As a base case, we will use A[0, X] = 0
for X = {∅}, and ∞ for all other X. For simplicity, we will for now assume that
all x-coordinates are distinct. Later, we will argue that it is easy to adapt the
argument to the general case.

Let F (X, si) be a minimum-length rectilinear forest adhering to X at si, and
let X ′ be its (unknown) crossing pattern at si−1. Then the value of A[i,X] equals
the value of A[i−1, X ′] plus the total length of the edges of F (X, si) between si−1

and si. The total length of F (X, si) between these two separators only depends
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on X ′ and X. Since this subproblem contains O(
√
δ) points with three di�erent

x-coordinates, its Hanan grid contains only O(
√
δ) edges. Therefore, its value can

be computed in 2O(
√
δ) time by simply checking every possible subset of edges.

Let L(X ′, X) denote the total length of the solution to this subproblem. If no
solution exists, then we de�ne it to be ∞. Then we get

A[i,X] = min
viable X′

A[i− 1, X ′] + L(X ′, X).

So far, we have assumed that all x-coordinates are distinct. In the general
case, we skip over all non-existent si. So, let sj and si be consecutive separators,
with j < i. Note that since the point set is sparse, at most k points share an
x-coordinate. Therefore, j ≥ i− k. We get

A[i,X] = min
viable Xj

A[j,Xj ] + L(Xj , Xi),

where L(Xj , Xi) is de�ned analogously to L(Xi−1, Xi). Note that the Hanan
grid of the corresponding subproblem still has at most O(

√
δ) edges. Therefore,

L(Xj , Xi) can still be computed in 2O(
√
δ) time.

The running time. To analyse the running time, we �rst determine the number
of table entries. There are O(n) separators, and we have already seen for every
separator si there are nO(

√
δ) possible viable crossing patterns. Hence, the total

number of table entries is O(n) · nO(
√
δ) = nO(

√
δ). Next, we calculate the time

needed per table entry. For each of the nO(
√
δ) possible viable crossing patterns

X ′ we compute L(X ′, X) in 2O(
√
δ) time. This brings the total time needed per

table entry to nO(
√
δ).

Since we have nO(
√
δ) table entries, each needing nO(

√
δ) time, we reach the

following conclusion:

Theorem 6.4.3. Let P be a sparse point set of size n inside a δ-strip. Then we

can compute an MRST on P in nO(
√
δ) time.

We continue this section by showing that this algorithm has two further
properties. First, we show how to turn this algorithm into an approximation
algorithm. Second, we show that there can indeed be many di�erent viable
crossing patterns. Therefore, creating a strictly faster algorithm requires a signi�cantly
di�erent approach.

We �rst show how to create an approximation algorithm using this algorithm:

Theorem 6.4.4. Let P be a sparse point set of size n inside a δ-strip with xi ≤ xj

for all i ≤ j. Then we can compute a (1 + ε)-approximation of the MRST on P

in ε−O(
√
δ log δ)n time.

Proof. The algorithm consists of four simple steps. If P contains at most k points,
where k is the sparseness constant, then we simply brute-force the MRST and
return it. Otherwise, for every point in P , we round its y-coordinate to the nearest
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multiple of ζ := ε/(2k), creating a set P ′. Then, we run our MRST algorithm on
P ′. Finally, for every point p′ in P ′, we connect p′ and the corresponding point
in P if necessary.

First, we show that this indeed results in a (1 + ε)-approximation. Clearly, if
∥P∥ ≤ 2k, this is indeed the case. Otherwise, we start by noting that the MRST
of P ′ is at most nζ/2 longer than the MRST of P . After all, we can create a
(not necessarily minimum) rectilinear Steiner tree of P ′ by taking the MRST
of P , and then adding edges between every point p′ of P and its corresponding
point in P where necessary. Since we add at most a total of nζ/2 length of
edges to the MRST of P ′, the solution returned is at most nζ longer than the
MRST of P . Next, we note that the minimal length of the MRST of P is
xn−x1 ≥ ⌊(n−1)/k⌋ ≥ n/(2k). Therefore, the rectilinear Steiner tree we return
is a n/(2k)+nζ

n/(2k) = (1 + 2kζ) = (1 + ε)-approximation.
The proof of the running time is analogous to the proof of the running time

of the algorithm used, with one exception: the dependency on n. Instead of
O(n) possible y-coordinates, we have only O(δ/ζ). Therefore, there are only
(δ/ζ)O(

√
δ) = ζ−O(

√
δ log δ) possible viable crossing patterns. Combining this with

the facts that we sweep from left to right and that we assume that the points are
already sorted, we conclude that the dependency on n is linear. All in all, we have
a total running time of ζ−O(

√
δ log δ)n = (ε/2k)−O(

√
δ log δ)n = ε−O(

√
δ log δ)n.

Finally, we show that there are indeed many di�erent viable crossing patterns:

Lemma 6.4.5. Let n be large enough. Then there exist a function f , a sparse

point set P of n points and a set P of nΘ(
√
δ)f(δ) sparse point sets Pi of Θ(

√
δ)

points which lie fully to the right of P such that for every i, all MRSTs on P ∪Pi

have the same crossing pattern at sn, but this crossing pattern is di�erent for all
i.

Proof. Intuitively, this lemma states the following: suppose we split the problem
into two subproblems using a separator. Then even if we are given all the points
on one side of the separator, we we might not have any signi�cant information
on which crossing patterns are viable.

We start the proof by introducing a gadget, which we will call a hook. A hook
H is a set of m points in a `<'-form, i.e. the points (ordered from left to right)
alternately are above the highest point and below the lowest point so far. See
Figure 6.8 for an example. Suppose we add a point p which is to the right of H
and has a y-coordinate used by a point of H. Then, any MRST on the set H∪{p}
contains an edge from p going left. Therefore, we can use a hook of m points to
generate m di�erent crossing patterns. Note that the di�erence in y-coordinates
of the points can be arbitrarily small, so we will treat them as such.

We will now place Θ(
√
δ) hooks containing Θ(n/

√
δ) points each below each

other. If these hooks `act' independently, we can choose Θ(n/
√
δ) di�erent p for

each of the Θ(
√
δ) hooks, resulting in the required Θ(n/

√
δ)Θ(

√
δ) = nΘ(

√
δ)f(δ)

crossing patterns. To do so, we connect the hooks on the left hand side. See
Figure 6.9 for an example. To be precise, suppose we have m = ⌈

√
δ/10⌉ hooks
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p
p

p

Figure 6.8: An example of a hook and three of the �ve resulting crossing patterns (y-
coordinates exaggerated for visibility).

q1

r1

q2

r2

q3

p1

p2

p3

H1

H2

H3

Figure 6.9: An example of a point set P ∪ Pi. P to the left of the separator, the three
hooks of P in red, and Pi = {p1, p2, p3} to the right of the separator. Scaled
for visibility; the vertical distance between two hooks is approximately 100
times larger than the horizontal distance between two points of a hook.

H1, ...,Hm from top to bottom. To ensure the point set is sparse, all points will
have distinct integer x-coordinates. We distribute these equally such that for
each hook, the horizontal distance between two consecutive points is m. The
o�sets are such that Hi is more to the right than Hj if i < j. Note that the
vertical distance between two hooks is approximately δ/(m−1) ≈ 10

√
δ ≈ 100m.

To the left of each hook Hi we add an extra points qi on the same height of the
leftmost point of Hi. Finally, for each i < m, we add a point ri to the left of
Hi with a height halfway between those of the leftmost points of Hi and Hi+1.
These points together form the point set P .

Now, all that remains is to show that the hooks indeed `act' independently.
This is easy to see; as the vertical distance between two hooks is a factor 100 larger
than the horizontal distance between two consecutive points in the same `row',
the vertical distance between two consecutive hooks will be bridged exactly once.
Since there must be a horizontal segment between the leftmost point of every Hi

and the corresponding qi, every ri is connected to qi and qi+1. Since the hooks
are guaranteed to be connected on the left hand side, each of the nΘ(

√
δ)f(δ)

di�erent combinations of points p1, ..., pm guarantees a di�erent crossing pattern,
as required.
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6.5 Random point sets

In this section, we give an algorithm which has an expected running time for
random point sets of min{nO(

√
δ), 2O(δ

√
δ)n}. Speci�cally, we assume that the

points in P are taken independently uniformly at random from the rectangle
[0, n]× [0, δ].

Recall that the algorithm for sparse point sets from the previous section, which
had running time nO(

√
δ), was based on the fact that any separator si of a sparse

point set is crossed only O(
√
δ) times. Thus for each separator there are nO(

√
δ)

di�erent crossing patterns. Our main goal is now to develop an algorithm for
random point sets that is �xed-parameter tractable with parameter δ. To obtain
such an algorithm, we face three di�culties: for the �rst problem, recall that we
de�ned the spacing of pi (in P ) as ∆i = xi+1 − xi, for all 1 ≤ i ≤ n − 1. We
extend this de�nition with ∆0 = x1, and ∆n = n− xn. Note that

∑n
i=0 ∆i = n.

The values ∆i play an important role in the analysis of the algorithm, and it
will be convenient to assume that the ∆i are independent. However, when the
x-coordinates of the points are generated uniformly at random in the interval
[0, n], this is not quite true. Second, unlike in the case of sparse point sets, we
cannot guarantee that all separators are crossed only O(

√
δ) times. Third, even

if a separator is crossed O(
√
δ) times, the number of candidate crossing patterns

can still be nΘ(
√
δ), which is too much for an FPT algorithm. We explain next

how we overcome these di�culties.
For our �rst problem, the dependent spacings ∆i, we will reuse Lemma 5.4.5.

This gives us the desired independence of the ∆i. Therefore, we will from now
on assume that the point set is generated following the distribution Yδ,n.

To deal with the second issue we will de�ne a certain con�guration of points
and a corresponding separator, such that the separator is crossed only O(

√
δ)

times; we will call such a separator a soft wall Our new dynamic programming
algorithm will have table entries for every soft wall instead of for every separator.
We will prove that we expect to �nd su�ciently many soft walls, so that the
expected number of points in between two consecutive soft walls only depends
on δ (and not on n).

This still leaves the third problem, because where a soft wall is crossed by an
MRST may depend on points from P that are beyond the previous or next soft
wall. Thus the number of crossing patterns can still be nΘ(

√
δ). We therefore also

devise a second type of wall, the hard wall. This is a vertical line ℓ through an
input point pi that will not be crossed at all by an edge of an MRST. The MRST
will consist of two independent parts: an MRST for the points to the left of ℓ
plus pi itself, and an MRST for the points to the right of ℓ plus pi itself. More
generally, if we have a collection of hard walls then the subproblems between any
two consecutive hard walls are completely independent. Hard walls will occur
much less frequently than soft walls, but still the expected number of points in
between two consecutive hard walls will be shown to depend only on δ. Hence,
the number of crossing patterns we need to consider for the soft walls in between
the two hard walls only depends on δ, giving us an FPT algorithm.
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δ

`

> δ > δ > δ > δ

pi pi+1

pi+2 pi+3

pi+4

Figure 6.10: Example of a hard wall

Before we describe these steps in more detail, we �rst give pseudocode for the
global algorithm. Recall that P [i, j] := {pi, ..., pj}.

Algorithm 6.1 ComputeMRST(P )

1: Compute a collectionWhard = {ℓ0, . . . , ℓm} of hard walls, as described below.
The walls in Whard are numbered from left to right, with ℓ0 and ℓm being
hard walls through the leftmost and rightmost points of P , respectively.

2: for i← 0 to m− 1 do
3: Let pj and pj′ be the points contained in the hard walls ℓi and ℓi+1,

respectively.
4: if δ < 100 then
5: Compute an MRST Ti for P [j, j′] using the 2O(

√
n logn) algorithm by

Fomin et al. [29]
6: else
7: Compute a collection Wsoft = {t1, . . . , tz} of soft walls for P [j, j′],

as described below.
8: Compute an MRST Ti for P [j, j′] using the dynamic-programming

algorithm described in Section 6.4, but using the collection Wsoft

as separators (instead of using all separators between consecutive
points), as described below.

9: return T0 ∪ · · · ∪ Tm−1.

Computing hard walls. Let P [i, i+ 4] be a subset of points from P , and let
ℓ be the vertical line through pi+2. We call ℓ a hard wall if P [i, i + 4] has the
following properties:

� ∆j > δ for all i ≤ j ≤ i+ 3, and

� yi+1 < yi+2 < yi+3

See Figure 6.10 for an example of a hard wall. A hard wall indeed splits the
problem into independent subproblems, as shown in the lemma below:

Lemma 6.5.1. Let ℓ be a hard wall, de�ned by the subset P [i, i+ 4]. Let T1 be
an MRST on P [1, i + 2] and let T2 be an MRST on P [i + 2, n]. Then ∥T∥ =
∥T1∥+ ∥T2∥ and so T1 ∪ T2 is an MRST on P .



6.5 Random point sets 123

pi

pi+1

pi+2 pi+3

pi+4

Figure 6.11: Illustration for the proof of Lemma 6.5.1 showing an MRST T where
degreeT (pi+2) = 1. In red, the U -shape showing that T is not a Hwang
tree.

Proof. Let T be a Hwang tree on P . Recall that s is the separator between pi
and pi+1. By Observation 6.2.1 we know that an MRST on P is monotonic at
si, ..., si+3. The monotonicity at si+1 and si+2 implies that degreeT (pi+2) ≤ 2.
If degreeT (pi+2) = 2 then splitting T at pi+2 results in subtrees on P [1, i + 2]
and P [i + 2, n]; this follows from the monotonicity at si+1 and si+2 Hence, we
are done. Now assume for a contradiction that degreeT (pi+2) = 1. Then the
incident edge of pi+2 must be vertical. Assume without loss of generality that
pi+2 is the top endpoint of this edge. But then the (single) edge of T crossing
si+2 must reach the vertical line through pi+3 at a point q that lies somewhere
below pi+3. The monotonicity at si+3 then implies that q must be connected to
pi+3 by a vertical segment, thus creating a U-shape and contradicting that T is
a Hwang tree. See Figure 6.11 for an example.

The next lemma computes the probability that P [i, i+ 4] is a hard wall.

Lemma 6.5.2. P
[
P [i, i+ 4] is a hard wall

]
= e−4δ/6 for all 1 ≤ i ≤ n− 4.

Proof. Recall that the spacings ∆j are drawn independently from an exponential
distribution with rate 1. Hence, P[∆j > δ] = e−δ for all j. Since the spacings
are independent, the probability that all four spacings between the points in
P [i, i+ 4] are greater than δ is e−4δ. Finally, P[yi+1 < yi+2 < yi+3] = 1/6, since
all y-coordinates are chosen i.i.d. uniformly at random from [0, δ] independently
from the x-coordinates, and so all six orderings of yi+1 < yy+2 < yi+3 are equally
likely.

The setWhard of hard walls is now computed in the following straightforward
manner: we check for all i := 5j+1 with j ∈ {0, . . . , ⌊n/5⌋−1} whether P [i, i+4]
de�nes a hard wall; if so, we add the corresponding hard wall to Whard. Note
that this takes only O(n) time in total, as each of the O(n) candidate hard walls
can be checked in O(1) time. Furthermore, note that the probabilities of whether
the tested sets are hard walls are independent.

Computing soft walls. Recall that si is the separator between pi and pi+1.
Let P [i, i+ ⌈

√
δ⌉] be a subset of ⌈

√
δ⌉+1 points from P such that xi+⌈

√
δ⌉−xi >

⌈
√
δ⌉/4. Then we call the separator si a soft wall. See Figure 6.12 for an example.
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pi

pi+d√δ∗e

>
√
δ/4

si

Figure 6.12: Example of a soft wall

Lemma 6.5.3. Let δ ≥ 100. Let si be a soft wall, de�ned by P [i, i+⌈
√
δ⌉]. Then

si is crossed O(
√
δ) times by an MRST. Furthermore, even under the assumption

that ∆j < δ for all 1 ≤ j ≤ n− 1, we have

P
[
P
[
i, i+

⌈√
δ
⌉]

de�nes a soft wall
]
≥ 1−23−⌈

√
δ⌉/2 for all 1 ≤ i ≤ n−

⌈√
δ
⌉
.

Proof. The fact that si is crossed at most O(1 + ⌈
√
δ⌉) = O(⌈

√
δ⌉) times follows

immediately from Lemma 6.4.1. To be precise, si is crossed at most 18(2 +
√
δ)

times. It remains to derive a lower bound on the probability that P [i, i+ ⌈
√
δ⌉]

is a soft wall, given that ∆j < δ for all 1 ≤ j ≤ n− 1. We have

P
[
xi+⌈√δ⌉ − xi >

⌈√
δ
⌉
/4 | ∀j : ∆j < δ

]
= 1− P

i+⌈√δ⌉−1∑
j=i

∆j ≤
⌈√

δ
⌉
/4 | ∀j : ∆j < δ


≥ 1−min

t>0
et⌈

√
δ⌉/4 (E [e−t∆1 ] | ∀j : ∆j < δ

])⌈√δ⌉−1

by the Cherno� bound. Since ∆1 ∼ Exp(1), we get

P
[
xi+⌈√δ⌉ − xi >

⌈√
δ
⌉
/4 | ∀j : ∆j < δ

]
≥ 1−min

t>0
et⌈

√
δ⌉/4

(∫ δ

x=0

e−txe−x 1

1− e−δ

)⌈√δ⌉−1

= 1−min
t>0

et⌈
√
δ⌉/4

(
eδ − e−δt

(eδ − 1) (t+ 1)

)⌈√δ⌉−1
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si si si

Figure 6.13: An example of an element of a table entry A[i]. On the left, an MRST
T represented in A[i]. T is represented in A[i] by a pair (Xi, l). In the
middle, we have Xi. On the right, the edges contributing to the length l.
Note that since T is an MRST, these edges indeed form a minimum length
rectilinear forest adhering to Xi at si.

> 1−min
t>0

2et⌈
√
δ⌉/4

(
1

t+ 1

)⌈√δ⌉−1

≥ 1− 2e3⌈
√
δ⌉/441−⌈

√
δ⌉ pick t = 3

> 1− 23−⌈
√
δ⌉/2,

as we wanted to prove.

Recall that in Algorithm ComputeMRST we need to compute soft walls for
every subset P [j, j′] between two consecutive hard walls (including the points on
those two hard walls). To this end we check whether P [r, ..., r + ⌈

√
δ⌉] forms a

soft wall for all r := j+ i⌈
√
δ⌉ with 0 ≤ i ≤ j′−⌈

√
δ⌉. Note that the probabilities

whether the tested sets are soft walls are independent.

The dynamic-programming algorithm between two hard walls. Recall
that X(si) is the set of points where the Hanan grid crosses si. Let Xi denote
the family of subsets of X(si) of size at most 18(2 +

√
δ). We can now de�ne a

table entry A[i] for each soft wall si as follows:

A[i] := a representative set of pairs (X, l) where l is the minimum
length of a rectilinear forest adhering to X ∈ Xi at si.

Here, `representative' means that for every soft wall si there exists an MRST T
and (X, l) ∈ A[i] such that T adheres to X at si. We will call this T an MRST
represented in A[i]. See Figure 6.13 for an example. Note that A[n] contains one
element, of which the length l equals the length of an MRST on P . Next we
describe a recursive formula to compute the table entries. As base case, we have
A[0] = {{∅}, 0}.

Let si be a soft wall, and let sj be the rightmost soft wall to the left of si. We
de�ne a mirrored crossing pattern to be a crossing pattern where the partition
denotes how the rectilinear Steiner tree is connected on the right hand side. We
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Algorithm 6.2 ComputeA(i)

1: Let sj be the rightmost soft wall to the left of si.
2: for (Xj , l) ∈ A[j] do
3: for all viable mirrored crossing patterns X ′

i at si do
4: Compute an MRST T ′ for the subproblem given by Xj and Xi.
5: Add (Xi, l + ∥T ′∥) to A[i], where Xi is the crossing pattern of T ′ at

si.
6: Remove unviable pairs from A[i].

can now give pseudocode for the �rst part of the algorithm: Let (Xj , l) be a
pair in A[j]. Let T be an MRST adhering to Xj at sj , and adhering to some
(unknown) mirrored crossing pattern X ′

i at si. Then there is a pair (Xi, l
′) in

A[i], where l′ equals l plus the total length of the edges of T between sj and si.
The total length of T between these two separators only depends on Xj and X ′

i.
Let L(Xj , X

′
i) denote the total length of the solution to this subproblem. Now,

to compute the value of L(Xj , X
′
i), we use the 2

O(
√
n logn) algorithm by Fomin et

al. [29]. Since the algorithm by Fomin et al. only computes Steiner trees (not
forests adhering to some crossing pattern), we need to adapt our subproblem.
To ensure the crossing pattern Xj , we mimic the edges on the left of Xj . For
every part of Xj , we add a path of `virtual' edges of length 0, connecting the
points in that part. These are automatically added to the so-called shortest path
RST found by the �rst part of the algorithm by Fomin et al. Since the number of
virtual edges added is constant in n, it does not a�ect its running time. We ensure
the crossing pattern X ′

i analogously. Given the output T ′ of the algorithm by
Fomin et al., we remove its virtual edges, and analyse its (non-mirrored) crossing
pattern Xi at si. We then add the pair (Xi, l + ∥T ′∥) to A[i]. After doing so
for all pairs in A[j] and viable mirrored crossing patterns X ′

i, we may be able to
remove some elements from A[i]. First, we remove any duplicates. Then, if two
pairs have the same crossing pattern Xi, we only need the one with the smallest
l.

We will now prove that A[i] is indeed a representative set by induction on i.
Clearly, A[0] is a representative set. Now, suppose A[j] is a representative set.
We will show that after performing the above, A[i] is a representative set. See
Figure 6.14 for an example. Since A[j] is a representative set, there exists a pair
(Xj , l) ∈ A[j] and an MRST T such that T adheres to Xj at sj . Now, T adheres
to some mirrored crossing pattern X ′

i at si. Therefore, we will �nd an MRST T ′

on the subproblem de�ned by Xj and X ′
i, and add a pair (Xi, l

′) to A[i]. Let
T ′′ be the MRST on P obtained by exchanging the part of T between sj and si
for T ′. Note that we can do that, since T and T ′ adhere to the same crossing
patterns Xj and X ′

i. Now, T
′′ is represented in A[i] by (Xi, l

′).

Analysis of the running time. We now analyze the expected running time
of Algorithm ComputeMRST. To do so, we will bound certain distributions by
other distributions. To be precise, we bound the expected running time of any
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sj si sj si

sj si sj si

(i) (ii)

(iii) (iv)

Figure 6.14: Illustration for the correctness proof of Algorithm 6.2. At (i), we have an
MRST T which adheres to Xj at sj , and to X ′

i at si. At (ii), we have the
corresponding subproblem. The thick grey edges denote the virtual edges
of length 0. At (iii), a solution T ′ to the subproblem. Note that the total
length of T ′ equals the total length of T between sj and si. At (iv), the
new MRST T ′′ represented in A[i], obtained by combining T and T ′.

algorithm on a point set with a random number of points following a certain
distribution by the expected running time of the algorithm on a point set with
a di�erently distributed random number of points. We will do so by reusing
Observation 5.4.9. Given two nonnegative integer random variables Y1 and Y2,
we write Y1 ⪯ Y2 to denote that for all k ≥ 0, the equation P[Y1 ≤ k] ≥ P[Y2 ≤ k]
holds. We will use this to bound both the number of points between two hard
walls, as well as the number of points between two soft walls.

Let X1,m denote the number of points between two consecutive hard walls.
Here, m denotes the number of points to the right of the left hard wall. Now,
X1,m is almost geometrically distributed. There are two key di�erences: we
only check whether P [i, i + 4] de�nes a hard wall for i of the form 5j + 1 (to
ensure these checks are independent), and the maximum number of points is
bounded. Since the probability that P [i, i+ 4] de�nes a hard wall is e−4δ/6, we
haveX1,m ∼ min{m, 1+5·Geom(e−4δ/6)}. Here, the probability mass function of
Geom(p) is (1−p)k−1p. Let X2 be the same distribution, but where we ignore the
maximum number of points, i.e., X2 ∼ 1 + 5 ·Geom(e−4δ/6). Then, X1,m ⪯ X2

for all m.

We are now ready to calculate the expected running time of ComputeMRST
if δ < 100. We have already seen that we can �nd Whard in O(n) time. Since
X1,m ⪯ X2 for all m, the expected time needed per subproblem is bounded by
the time needed to run the 2O(

√
n logn) algorithm by Fomin et al. on a point set
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with X2 points. We get

∞∑
k=1

(
1− e−4δ

6

)k−1
e−4δ

6
2O(

√
5k+1 log(5k+1)) <

∞∑
k=1

2O(
√
5k log(5k)) = O(1).

Since there are O(n) subproblems, this �nishes the case δ < 100.
We can use the same trick for the distribution of the number of points between

soft walls. Here, we let Y1,m denote the number of points between two consecutive
soft walls, given that we have found no hard walls between the hard walls de�ning
our subproblem and where m is the number of points between the left soft wall
and the next hard wall. We can bound Y1,m in three steps: �rst, note that the
condition that no ∆j is larger than δ is stronger than the condition that there
are no hard walls between the hard walls de�ning our subproblem. Let Y2,m

denote the number of points between the soft walls, given that no ∆j is larger
than δ. Then Y1,m ⪯ Y2,m. Next, recall that if δ ≥ 100, by Lemma 6.5.3 the

probability that si is a soft wall is at least 1 − 23−⌈
√
δ⌉/2, even if all ∆j < δ.

De�ne Y3,m ∼ min{m, ⌈
√
δ⌉ ·Geom(1− 23−⌈

√
δ⌉/2)}. Then Y2,m ⪯ Y3,m. Finally,

analogously to the hard walls, we can ignore the maximum number of points.
De�ne Y4 ∼ ⌈

√
δ⌉ ·Geom(1− 23−⌈

√
δ⌉/2). We conclude that Y1,m ⪯ Y4 for all m.

Let c, λ > 0 be such that the algorithm by Fomin et al. runs in under
c · 2λ

√
n logn time. For the case δ ≥ 100, the total expected time needed per

subsubproblem is then bounded by

∞∑
i=1

c · 2λ
√

i⌈√δ⌉+1 log(i⌈√δ⌉+1) ·
(
23−⌈

√
δ⌉/2

)i−1

·
(
1− 23−⌈

√
δ⌉/2)

)
< c · 2⌈

√
δ⌉/2−3

∞∑
i=1

2
λ
√

2i⌈√δ⌉ log(2i⌈√δ⌉) · 2(3−⌈
√
δ⌉/2)i · 1

< c · 2⌈
√
δ⌉

∞∑
i=1

24λ(2i⌈
√
δ⌉)3/4 · 2−i⌈√δ⌉/5 since δ ≥ 100

< c · 2⌈
√
δ⌉

∞∑
i=1

2⌈
√
δ⌉(8λi3/4−i/5).

Now, for a su�ciently large M , we have 8λi3/4 − i/5 < −i/10 for all i ≥M . We
get

c · 2⌈
√
δ⌉

∞∑
i=1

2⌈
√
δ⌉(8λi3/4−i/5)

= c · 2⌈
√
δ⌉
(

M∑
i=1

2⌈
√
δ⌉(8λi3/4−i/5) +

∞∑
i=M+1

2⌈
√
δ⌉(8λi3/4−i/5)

)

< c · 2⌈
√
δ⌉
(
M · 2⌈

√
δ⌉maxi≥1(8λi

3/4−i/5) +

∞∑
i=M+1

2−i/10

)
= 2O(⌈

√
δ⌉).
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Let m be the number of points in the corresponding subproblem de�ned by two
hard walls. Note that the above bound is independent of m. Analogously to the

original sparse point-set algorithm, there are mO(⌈√δ⌉) possible crossing patterns
per separator. In total, this algorithm therefore takes m ·mO(⌈√δ⌉) · 2O(⌈

√
δ⌉) =

mO(
√
δ) expected time.

Now, all that remains is calculating the expected running time of our main
random point set algorithm in this case. Clearly, it runs in at most expected
nO(

√
δ) time, since splitting up the problem using the hard walls can only speed

up the algorithm.
Let λ, µ ≥ 1 be such that the mO(

√
δ) expected running time algorithm runs

in mλ
√
δ expected time, and that the probability of a hard wall is 2−µδ. Let

Y1 be the distribution of the number of points of a subproblem. Recall that
Y1 ⪯ 1+5 ·Geom(e−4δ/6). Then the total expected time needed per subproblem
is

E
[
Y λ

√
δ

1

]
≤

∞∑
k=1

(1− 2−µδ)k−1 · 2−µδ · (5k + 1)
λ
√
δ

< O(1) + 2−µδ
∞∑
k=2

24λ
√
δ log k−2−µδk.

We split the sum into two parts, with M = 64λ2δ22µδ. We get

2−µδ
∞∑
k=2

24λ
√
δ log k−2−µδk

< 2−µδ

(
M−1∑
k=2

24λ
√
δ log k−2−µδk +

∞∑
k=M

2−2−µδk/2

)

< 2−µδM2maxk(λ
√
δ log k−2−µδk) +

2−µδ

1− 2−2−µδ−1

= 2−µδM2λ
√
δ log(λ

√
δ2µδ ln 2)−2−µδ(λ

√
δ2µδ ln 2) +O(1)

= O(1) · 2µδ · 2O(
√
δ log(

√
δ2µδ) +O(1) = 2O(δ

√
δ),

since µ is �xed. This brings the total expected running time to O(n) · (O(1) +

2O(δ
√
δ)) = 2O(δ

√
δ)n.

All in all, ComputeMRST runs in O(n) expected time if δ < 100, and it
runs in min{nO(

√
δ), 2O(δ

√
δ)n} expected time if δ ≥ 100.

Now all that remains is to show that the requirements for Lemma 5.4.5 hold,
where we take A to be the algorithm described above. The only nontrivial
requirement is that TA(Pλ) ≤ TA(P ) for all point sets P and x-axis scaling
factors λ > 1. Intuitively, we would expect this to hold: every wall retains it
properties when scaled with a factor larger than 1, and whether a point set is
checked for being a hard or soft wall solely depends on the value of δ. Therefore,
every wall found in P will also be found in Pλ. Furthermore, Pλ could contain
more walls, which should only help decrease the running time.
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Unfortunately, the requirement TA(Pλ) ≤ TA(P ) does not necessarily hold,
since we have only proven bounds on the running times, and do not know the
actual running times themselves. However, it is easy to show the existence of an
algorithm B of which we know the exact expected running time of every step. To
prove this, we will use the same method as used in Section 5.4.

Algorithm B is simply algorithm A, but after every step it waits as long as
necessary to make its running time for that step equal to the bound calculated
for this step. So, for example, if we have previously calculated a bound of 5n2

time for some step, and A actually takes 2+3n time for some instance, B should
wait for 5n2 − (2 + 3n) time afterwards.

Since we know the exact running time of B, using the arguments given earlier
we get that TB(Pλ) ≤ TB(P ) for all point sets P and x-axis scaling factors λ > 1.
Therefore, we can apply Lemma 5.4.5 on B, giving us that the expected running
time of B on Xδ,n is O(n) if δ < 100, and min{nO(

√
δ), 2O(δ

√
δ)n} if δ ≥ 100. Since

B is slower than A, we conclude that the expected running time of A must have
the same bound, �nishing the proof.

We conclude with the following main result:

Theorem 6.5.4. Let P be a set of n points generated randomly inside a rectangle
of height δ and expected width n, generated according to the procedure described

earlier. Then an MRST on P can be found in min{nO(
√
δ), 2O(δ

√
δ)n} expected

time.



Chapter 7
pOn-line TSP on a line

7.1 Introduction

In 1908, a Danish mathematician named Agner Erlang started working for the
Copenhagen Telephone Company. There, he was tasked to create a model to
describe the system of incoming calls; at the time, the lines were still connected
by telephone operators, and the company wanted to know how many circuits and
operators were needed to be able to maintain an adequate level of service. With
his work on this problem, Erlang laid the foundations of queueing theory.

Queueing theory is the study of queue networks in all shapes and sizes. Key
elements are the clients, who wait in a queue until one of the servers serving that
queue (e.g. a telephone operator) is ready to serve them. After being served,
clients can either continue to another queue, or leave the system. Typically,
new clients arrive in one or more of the queues, with independent interarrival
times following some distribution, usually a Poisson distribution. Similarly, the
serving times are typically independent and often Poisson distributed as well.
The questions most commonly asked are whether the system is stable (the exact
notion of stability can depend on the system being studied), and if so, what the
distributions of the waiting times of new customers or speci�c queues are.

One type of queueing systems are the so-called spatial queues with a moving
server. In such systems, clients spawn at points in space or on vertices of a
graph, and it takes the server(s) time to get to them. There are many variations
studied inspired by real-life applications. Examples include accessing data on
a computer disk, where one of multiple disk heads must be chosen to move to
the location of the next requested batch of data, and the next location is given
only after the previous location has been served [8, 57, 62], emergency services
management, where the clients (patients) can have maximum response times or
di�erent priorities, and the servers (ambulances) need to drop o� the clients at
a hospital [36, 39], and the routing of a bus, which has a larger capacity, must
drop o� all clients at the same location, but where the time spent on loading and
unloading passengers is considered too [70].
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In this chapter, we study a variation inspired by the Euclidean TSP. The
travelling salesman takes up the mantle of server, immediately serving clients as
soon as he reaches their location. Instead of all the clients being given at the
start, however, new clients keep arriving over time. We investigate when there
exists a strategy for the movement of our server such that the resulting system
is stable, and characterise an optimal strategy for some fundamental cases.

7.2 Preliminaries

The model we study is the following: clients arrive one after the other as a Poisson
process with rate λ.1 Whenever a client ci arrives, it is assigned a location on
R following a random variable Xi, where the (Xi)i≥0 are i.i.d. This location is
chosen independently of the state and history of the process. Hence, the spawning
process of the clients can be expressed as a combination of the rate λ and a random
variable X.

Furthermore, we have a server s, who is at position x = 0 at time t = 0. A
client is served instantaneously when s reaches its location. In order to serve the
clients, s can move with a speed of v > 0 units per time unit. Its movement is
decided by some deterministic strategy S.

De�nition 7.2.1. A strategy S is a deterministic function S(x,C,Ht) which
returns an element of {−v, 0, v}. Here, x ∈ R denotes the location of the server,
C denotes the locations of all clients waiting to be served, and Ht denotes the
complete history of the system, including the current time t. The value of
S(x,C,Ht) denotes the desired velocity of the server s, given x, C, and Ht.
W.l.o.g., we assume Ht is expressed as the current time t plus a list of all client
spawning times and locations so far; since S is deterministic, these indeed su�ce.
Speci�cally, note that x and C can be computed using Ht; we include them
explicitly for clarity only. For brevity, we will write Ht′ to denote the history
at time t′ given the history Ht and given that no new clients spawn in the time
interval [t, t′].

A strategy must have the following properties:

� S(x,C,Ht) = 0 for all x ∈ C and all Ht. Note that our system will, in
fact, never be in a state with x ∈ C, because when s reaches x then x is
instantaneously served, and hence, x ̸∈ C.

� For all x,C,Ht such that S(x,C,Ht) = −v, there exists an ε > 0 such that
s keeps moving to the left for at least a distance ε longer. To be precise,
we have S(x′, C,Ht′) = −v for all x− ε ≤ x′ ≤ x, where t′ = (x− x′)/v.

� For all x,C,H such that S(x,C,H) = v, there exists an ε > 0 such that s
keeps moving to the right for at least a distance ε longer. To be precise, we
have S(x′, C,Ht′) = v for all x ≤ x′ ≤ x+ ε, where t′ = (x′ − x)/v.

1I.e., the inter-arrival times are independent exponential variables with an average of 1/λ.
Their pdf is therefore given by f(x) = λe−λx for all x ≥ 0, and f(x) = 0 otherwise. The
exponential distribution is best known for the fact that it is memoryless, i.e., if E has an
exponential distribution with rate λ, then P[E > x+ t|E > t] = P[E > x] for all x, t > 0.
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Finally, we say a strategy is memoryless if its output can be expressed as a
function of x and C only, so S(x,C,Ht) = S(x,C).

Intuitively, these properties ensure that if S(x,C,Ht) ̸= 0, then the server s
will keep going in the same direction until a new client spawns or s reaches a
point (which may be the location of a client) where S(x,C,Ht) = 0.

We de�ne a strategy to be an active-server strategy if for all C ̸= ∅, all x /∈ C,
and all Ht we have S(x,C,Ht) ̸= 0. In other words, if S is an active-server
strategy, then s never rests as long as C is non-empty. We get the following
observation:

Observation 7.2.2. Let S = S(x,C) be a memoryless active-server strategy. Let
C ∈ C be non-empty. Let I denote the set of open intervals created by splitting
R \ C at the locations in C. Let I ∈ I. Then there exists an x∗ ∈ R ∪ {−∞,∞}
such that (i) S(x,C) = −v for all x < x∗ in I and (ii) S(x,C) = v for all x > x∗

in I.

Proof. Let I ∈ I as de�ned above. Let x∗ := supx∈I {x |S(x,C) = −v } if there
exists an x ∈ I such that S(x,C) = −v, and let x∗ := −∞ otherwise. We will
now show that x∗ has the required properties. First, note that S(x,C) ∈ {−v, v}
for all x ∈ I, since the following three conditions hold: S is an active-server
strategy, C ̸= ∅, and I contains no points in C. Therefore, property (ii) indeed
holds.

Suppose for a contradiction that property (i) does not hold. Note that x∗ ̸=
−∞. Then there exists an x1 < x∗ in I with S(x1, C) = v. Therefore, we have
an interval I ′ = [x1, x

∗] such that S(x1, C) = v, S(x∗, C) = −v and S(x,C) ̸= 0
for all x ∈ I ′. Let x2 = supx∈I′{x|S(x,C) = v}. What is the value of S(x2, C)?
If it is 0, then S is not an active-server strategy. If it is −v or v, then S violates
the second or third property of the de�nition of a strategy, respectively. As we
have reached the desired contradiction, we conclude that property (i) holds, as
well, and hence, x∗ has both required properties.

Since waiting until the next client of a Poisson process spawns while there
is still a waiting client is quite unintuitive, we will only consider active-server
strategies in the remainder of this chapter.

Let Wi be the random variable denoting the waiting time of the i'th client.

We call a strategy S stable for a system if Wi
d−→ W for i → ∞.2 We call

a strategy a �nite expected waiting time strategy (FEWTS 3) for a system if
wS := lim supn→∞ E[WS,[n]]/n <∞, where WS,[n] is the distribution of the sum
of the waiting times of the �rst n clients when following the strategy S. Note
that if S is a stable strategy and E[Wi]→ E[W ] <∞, then S is a FEWTS, and
wS = E[W ].

We start with some important scaling observations:

2Here,
d−→ denotes convergence in distribution, i.e., P[Wi ≤ x] → P[W ≤ x] for all x where

P[Wi ≤ x] is continuous.
3Say: "fyu:ds. Or "fy�u:.ds, if you discovered it after a lot of e�ort and you enjoy puns.
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Observation 7.2.3. We can speed up / slow down the system by multiplying v by
some nonzero constant c, multiplying the interarrival times by 1/c, and adapting
S accordingly. If S is a FEWTS, then WS is also multiplied by 1/c.

Observation 7.2.4. We can squish / stretch the system by multiplying v and X
by some nonzero constant c, and adapting S accordingly. If S is a FEWTS, then
WS remains unchanged.

By combining these observations, we get:

Corollary 7.2.5. We can speed up / slow down and simultaneously squish /
stretch the system by multiplying X by some nonzero constant c, multiplying the
interarrival times by 1/c, and adapting S accordingly. If S is a FEWTS, then
WS is also multiplied by c.

Corollary 7.2.6. There exists a FEWTS for some λ > 0, v > 0 and X if and
only if there exists a FEWTS for λ′ = 1, v′ = 1 and X ′ = λ

vX.

Therefore, from now on, we will assume that λ = v = 1.

7.3 Stability conditions

We will now prove a few theorems about this model. First, we show that for
many X, a stable strategy exists:

Theorem 7.3.1. Let X be such that E[|X|] < ∞. Then there exists a stable
strategy for X.

Proof. The following strategy S is a stable strategy. De�ne a = 0. Then, we
perform the following steps:

(i) Set the value of a to a′, the smallest nonnegative integer such that all clients
spawned in the last a time lie in Ia′ := [−2a′−2, 2a

′−2].

(ii) Move the server s to −2a−2, then to 2a−2, and �nally back to 0. Note that
doing so takes 2a time.

(iii) Go back to step (i).

Since the value of a depends only its previous value, the a form a Markov chain.
Let P (m, j) denote the probability that if m new clients are spawned, all lie in
Ij , but not all lie in Ij−1. Then our a Markov chain has transition probabilities

pij =

{∑∞
m=0 P[m new clients in 2i time] · P (m, j) if j ≥ 1;∑∞
m=0 P[m new clients in 2i time] · P[m clients lie in I0] if j = 0.

=

{∑∞
m=0

ime−i

m! ·
(
P[|X| ≤ 2j−2]m − P[|X| ≤ 2j−3]m

)
if j ≥ 1;∑∞

m=0
ime−i

m! · P[|X| ≤ 1/4]m if j = 0.
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Furthermore, we create another Markov chain, denoting the state of the server
at time t. This state can be expressed by two numbers: the current a, and how
many time units ago (an integer between 0 and 2a − 1) this a was computed.
Hence, we will use a pair of numbers (i, j) to denote a state at some integer time
t. We have the following transition probabilities:

pij,kl =


1 if i = k and l = j + 1;

pik if j = 2i − 1 and l = 0;

0 otherwise,

where pik is as de�ned as above.
We will use Foster's theorem [6] to show that this Markov chain is positive

recurrent, and hence, has a stationary distribution.
Let ζ > 0 be arbitrarily small but �xed. Let V ((i, j)) := (3/2)i − ζj be

the Lyapunov drift function. Let N ∈ N be arbitrarily large compared to
E[|X|]. Let F = {(0, 0), (1, 0), (1, 1), ..., (N, 2N − 1)} be the (�nite) `core set'.
We need to prove that (i)

∑
i,j pij,klV (k, l) < ∞ for all (i, j) ∈ F , and that (ii)∑

i,j pij,klV (k, l) ≤ V (i, j)− ζ for all (i, j) /∈ F .
Note that both properties indeed hold for states (i, j) where j < 2i − 1. We

will now prove the properties for the remaining states. We start by bounding pik.
For k = 0 we use the trivial bound pik ≤ 1. For k ≥ 1 we bound the probability
by bounding P[|X| ≤ 2k−2]m to 1:

pik ≤
∞∑

m=0

ime−i

m!
·
(
1− P[|X| ≤ 2k−3]m

)
.

Trivially, P[|X| > x] ≤ E[|X|]/x for all X and x ≥ 0, and hence, P[|X| ≤ x] ≥
1− E[|X|]/x. Therefore,

pik ≤
∞∑

m=0

ime−i

m!
·
(
1− (1− E[|X|]/2k−3)m

)
.

For brevity, we write µ′ := 8E[|X|]. Then, we obtain the bound

pik ≤
∞∑

m=0

ime−i

m!
·
(
1− (1− µ′2−k)m

)
.

Now, since 1− (1− x)m ≤ mx for all x ≥ 0, we get

pik ≤
∞∑

m=0

ime−i

m!
·mµ′2−k = µ′

∞∑
m=1

im+1e−i

m!
· 2−k = iµ′2−k.

Using that V (k, 0) = (3/2)k, we obtain∑
k

pikV (k, 0) =
∑
k

pik(3/2)
k

≤ (3/2)0 +
∑
k≥1

iµ′2−k(3/2)k

= 1 + 3iµ′.
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Note that this is �nite for all i ∈ F , and strictly smaller than V (i, 2i − 1) =
(3/2)i− (2i− 1)ζ for i /∈ F . We conclude that the Markov chain representing the
state of our system converges to some stationary distribution.

Now, suppose we know client i spawns in the interval [t, t+1) for some integer
t. Given t, we may consider i to have spawned at some time taken uniformly at
random within this interval, see [14, p22]. Hence, its waiting time Wi can be
expressed using only the state of the system at time t. Since we know that
the distribution of the state of the system at time t converges to a stationary

distribution when t tends to ∞, we conclude that wi
d−→ W for i → ∞, as

required.

Let a non-deterministic strategy be any non-deterministic function S(x,C,Ht)
returning values in {−v, 0, v}, where x, C, and Ht denote the same variables as
in De�nition 7.2.1. Note that for non-deterministic strategies, we cannot assume
that Ht is expressed as a combination of t and a list of all client spawning times
and locations. Furthermore, non-deterministic strategies may not be active-server
strategies.

For some X, a simple non-deterministic FEWTS exists:

Theorem 7.3.2. Let ε > 0. Let X be such that E[|X|2+ε] < ∞. Then there
exists a non-deterministic FEWTS for X.

Proof. We will prove the statement for a continuous X, but an analogous proof
works for X not continuous.

The following is a non-deterministic FEWTS. Whenever the server s is at
x = 0, we pick a random point following the distribution Y de�ned by the pdf
g(x) = 2+ε

2 (|x|+ 1)−3−ε. Then, s goes to that point and back to x = 0. We call
one such round-trip a stint. Then, it picks another point from Y , goes there and
back, ad in�nitum.

We now show that the expected waiting time of every point is bounded,
thereby proving that the strategy is a non-deterministic FEWTS. We will treat
ε as an arbitrarily small �xed constant.

E[Wi], the expected waiting time of a client ci, can be bounded by

E[Wi] ≤ E[Ti] + E[Fi]LF + E[|Xi|].

Here, Ti denotes the time until s �nishes its current stint, Fi denotes the number
of stints that fail to reach the client ci, and LF denotes the supremum over all
x of the expected length of a stint not visiting x. Finally, recall that Xi denotes
the spawning location of the i'th client, ci. We will now show that all four are
bounded.

� E[Ti], the expected time until s �nishes its current stint. Let N(t)
be a random variable denoting the number of stints completed at time t.
Then N(t) is a renewal process de�ned by the distribution |2Y | (the factor
2 is needed as s also must return to x = 0). Let R(t) be a random variable
denoting the residual life4 of N(t) at time t. The residual life is de�ned as

4In literature, Y (t) is used to denote the residual life. We use R(t) instead to prevent
confusion with the random variable Y .
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the amount of time until the next renewal, i.e., the amount of time until
the start of the next stint.

We claim that

lim
i→∞

E[Ti] = lim
t→∞

E[R(t)],

assuming this second limit exists. Let ε > 0. Let Ai be the arrival time
of client ci. Note that E[Ti|Ai = t] = R(t). We will now show that there
exists an i∗ such that∣∣∣E[Ti]− lim

t→∞
E[R(t)]

∣∣∣ < ε

for all i ≥ i∗, thereby proving the claim.

By de�nition of a limit, there exists a t∗ such that∣∣∣E[R(t)]− lim
u→∞

E[R(u)]
∣∣∣ < ε/2

for all t ≥ t∗. De�ne M := supt≤t∗ E[R(t)]. Let i∗ be large enough that
P[Ai∗ < t∗] < ε

2M . Let i ≥ i∗. We get

E[Ti]− lim
t→∞

E[R(t)]

≤ P[Ai < t∗] ·M + P[Ai ≥ t∗]
(
lim
t→∞

E[R(t)] + ε/2
)
− lim

t→∞
E[R(t)]

< P[Ai < t∗] ·M + P[Ai ≥ t∗] · ε/2

<
ε

2M
M +

ε

2
= ε,

and

lim
t→∞

E[R(t)]− E[Ti]

≤ lim
t→∞

E[R(t)]− P[Ai < t∗] · 0− P[Ai ≥ t∗]
(
lim
t→∞

E[R(t)]− ε/2
)

= P[Ai < t∗] lim
t→∞

E[R(t)] + P[Ai ≥ t∗] · ε/2

<
ε

2M
M + ε/2 = ε,

so we conclude that limi→∞ E[Ti] = limt→∞ E[R(t)], as claimed.

Since |2Y | is non-arithmetic, limt→∞ E[R(t)] = E[|2Y |2]
E[2|2Y |] with probability 1;

see [32, p167-172 and p204-206]. Note that |2Y | has pdf h(x) = 2+ε
2 (x/2+
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1)−3−ε where x ≥ 0, and h(x) = 0 for x < 0. We get

E[|2Y |2]
E[2|2Y |]

=

∫∞
0

2+ε
2 (x/2 + 1)−3−ε · |2x|2dx∫∞

0
2+ε
2 (x/2 + 1)−3−ε · 2 · |2x|dx

=

∫∞
0

(x/2 + 1)−3−ε · x2dx∫∞
0

(x/2 + 1)−3−ε · xdx

=

16
ε(2+3ε+ε2

4
2+3ε+ε2

=
16

ε
= O(1).

We conclude that E[Ti] = O(1).

� E[Fi], the expected number of stints that fail to reach the client
ci. Note that this only depends on |Xi|, the distance from ci to x = 0. We
write fs(x) := f(−x) + f(x). Since we keep trying until a stint reaches Xi,
the location of client ci, the number of stints failing to reach Xi is the mean
of a geometric distribution. Note that the probability of a stint reaching
Xi is ∫ ∞

|Xi|
g(x)dx =

∫ ∞

|Xi|

2 + ε

2
(|x|+ 1)−3−εdx =

1

−1 + 2(|Xi|+ 1)2+ε
.

Hence, the expected number of stints that fail to reach Xi is

E[Fi] = E[−1 + 2(|Xi|+ 1)2+ε]

=

∫ ∞

−∞
f(x)(−1 + 2(|x|+ 1)2+ε)dx

=

∫ ∞

0

fs(x)
(
−1 + 2(x+ 1)2+ε

)
dx < 2

∫ ∞

0

fs(x)(x+ 1)2+εdx

≤ 2

∫ ∞

0

fs(x)x
2+ε22+εdx

= 23+ε

∫ ∞

0

fs(x)x
2+εdx = O(1).

� LF , the supremum over all x of the expected length of a stint not
visiting x. We get

LF = sup
x≥0

E[length of a stint t | t does not visit x]

= sup
x≥0

∫ x

−∞ g(y)|y|dy
P[Y < x]

= sup
x≥0

∫ x

−∞ g(y)|y|dy∫ x

−∞ g(y)dy

= sup
x≥0

2−(x+1)−ε−2(x(ε+2)+1)
2(ε+1)

1− 1
2 (x+ 1)−ε−2

=
1

1 + ε
= O(1).
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Analogously, the supremum over all x ≤ 0 can be shown to be O(1) as well.

� E[|Xi|], the expected time needed for the successful stint. Since
Xi ∼ X, we have E[|Xi|] = E[|X|] <∞.

Note that we need ε > 0, because otherwise E[Ti] = ∞. We conclude that
E[Wi] < O(1) + O(1) · O(1) + O(1) < ∞ for i large enough, and therefore
lim supn→∞ E[WS,[n]]/n <∞ as well, as required.

Next, we will show that for some X, no (non-deterministic nor deterministic)
FEWTS exists. First, we will need the following lemma:

Lemma 7.3.3. Let X be such that there exists a (non-deterministic) FEWTS
for X. Then there exists a (non-deterministic) FEWTS for |X|.

Proof. Let S be a (non-deterministic) FEWTS for v, λ and X. Let f(x) be the
pdf of X. Now, we will change S to a strategy S′, which is a (non-deterministic)
FEWTS for |X|. Intuitively, S′ can be expressed as |S|.

More precisely, we de�ne S′ to do the following: Whenever a client ci spawns,
we add it to an internal list of virtual not yet served clients. However, with
a certain probability, we save ci with x-coordinate −Xi instead of Xi. This
probability is such that the resulting distribution of the x-coordinates saved is
X. This is achieved by using the probability P[X=−xi]

P[X=−xi]+P[X=xi]
if X is discrete,

and the pdf f(−xi)
f(−xi)+f(xi)

if X is continuous.
We simulate running the strategy S on the list of virtual clients in real-time,

crossing them o� whenever the simulated server reaches them. Meanwhile, our
real server s mirrors the simulated server, such that the x-coordinate of the real
server is equal to the absolute value of the x-coordinate of the simulated server
at all times.

We know that S is a (non-deterministic) FEWTS. Therefore, our virtual
system has a �nite expected waiting time. Furthermore, the waiting time of
every real client is bounded by the waiting time of the corresponding virtual
client. After all, when the virtual server serves a virtual client, the real server is
at the location of the real client (possibly having served it at some earlier time).
Therefore, S′ is indeed a (non-deterministic) FEWTS for |X|.

Theorem 7.3.4. Let ε > 0. Let X be such that E[|X|2−ε] = ∞. Then no
FEWTS for X exists (neither non-deterministic nor deterministic).

Proof. By Lemma 7.3.3, it is su�cient to prove the statement for all X ≥ 0.
Suppose for a contradiction that a FEWTS S does exist. Recall that in that

case, wS := lim supn→∞ E[WS,[n]]/n <∞, where WS,[n] is the sum of the waiting
times of the �rst n clients when following the strategy S. Let a > 0 be such that
pa := P[X ∈ [0, a]] > 0. Intuitively, our server needs to return to the interval [0, a]
often, while at the same time servicing points that spawn far from a. Speci�cally,
we know that the expected average waiting time of a random point spawned in
[0, a] is at most wS/pa.
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Let b > a be �xed. We make it even easier for our strategy S. Whenever s is
at x = a, we consider all points in [0, a] to be served. Furthermore, we consider
all points in (a, b) to be served as soon as they spawn. Finally, we consider all
the points in [b,∞) to be served as soon as s reaches b. Since all of these changes
can clearly only reduce the total expected waiting times, it su�ces to show that
no FEWTS for this system exists.

Next, we let b go to ∞. What happens with the FEWTS with minimal wS?
Using Corollary 7.2.5, we consider the following instead: let c = 1. We exchange
X for X ′ := X/c, we exchange a for a′ := a/c, and λ for λ′ := cλ. For brevity,
we write d = b − a′. Then, we let c go to ∞. Note that both v and b remain
constant, while a′ ↓ 0 and λ′ →∞.

Since λ′ tends to ∞ as c → ∞, the Poisson arrival process converges to a
reliable constant stream of points: more rigorously, note that the time it takes
for the server to go from a′ to b or vice versa converges to (the constant) b.
Furthermore, for all �xed ε > 0, the probability of the number of clients spawned
at b in the d time it takes the server to move from a′ to b (or vice versa) not
being in the interval [d(1− ε)λ′, d(1 + ε)λ′] converges to 0 as c→∞.

Given this information, what does the optimal strategy limit look like? Clearly,
we never move beyond the interval [a′, b]. Next, waiting at a′ or b can be
bene�cial, as all clients that spawn at a point while you are there are served
instantaneously. Furthermore, we frequently visit both a′ and b; if we take t
time between two visits, then the total expected waiting time accumulated by
the clients spawning between these visits is 1

2pa(λ
′t)2 and 1

2pb(λ
′t)2, respectively.

Hence, we wish to avoid turning back prematurely after leaving one point for the
other.

We conclude that the optimal strategy must have the following form, for some
wa and wb and some function f1(x, l) and f2(x, r):

(i) When at a′, wait until there are at least (wa + d)λ′ clients at b.

(ii) If at a′ and there are enough clients at b, move from a′ to b. Turn around
if necessary; see step (v) for more details.

(iii) When at b, wait at b until there are at least (wb + d)λ′ clients at a′.

(iv) If at b and there are enough clients at a′, move from b to a′. Turn around
if necessary; see step (v) for more details.

(v) While moving between a′ and b, the server can turn around. It should do
so if there are at least f1(x, l) clients at a′ when moving towards b, and
if there are at least f2(x, r) clients at b when moving towards a′. Here, x
denotes the current location of the server, and l and r denote the number
of clients at a′ and b′, respectively.

Note that the expected amount of time needed to spawn (wa + d)λ′ clients at b
is wa + d, and the amount of time used to move from b to a′ is d, assuming we
do not return. Hence, under this assumption, we expect to wait approximately
wa time at a′ before moving back to b.
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We will now show that as c → ∞, the fraction of time spent on movements
where we return because enough new clients spawn at our departure point converges
to 0. Let ε > 0. Suppose we just left a′, as there are at least (wa+d)λ′ clients at
b. Then, the probability of returning after we have passed a′ + ε but before we
reach b converges to 0 as c tends to∞, as we will show next. If we do return, the
r clients at b have to wait for at least 2ε extra time. Let ζ > 0 be arbitrarily small
but �xed. As c tends to ∞, w.h.p.5 we have r ≥ λ′(1 + ε)(1− ζ). Furthermore,
the only upside of returning is saving time for the number of clients currently at
a′ in excess of the expected amount, ελ′. W.h.p., the (wb + d)λ′ clients needed
at a′ in order to return from b spawn within (wb + d)(1 + ζ) time. Hence, the
expected total time of clients spawned at a′ saved by returning is w.h.p. bounded
by (wb + d)(1 + ζ)(l − ελ′). If we return, then the expected total waiting time
saved for clients spawned at a′ should outweigh the extra waiting time created
for the clients spawned at b by doing so. Hence,

(wb + d)(1 + ζ)(l − ελ′) > λ′(1 + ε)(1− ζ),

and therefore

l > λ′ε

(
1 +

(1 + ε)(1− ζ)

ε(wb + d)(1 + ζ)

)
.

Now, note that ε, ζ and wb are all constants, and d converges to b. Therefore,
the probability of this occurring converges to 0 as c tends to ∞.

To recap, we have shown that the behaviour of the optimal strategy converges
to the following when c→∞:

(i) At 0, wait for wa time.

(ii) Move to b.

(iii) At b, wait for wb time.

(iv) Move to 0.

(v) Go back to step (1).

Since a′ ↓ 0, all instances of a′ have been replaced with 0, and all instances of d
have been replaced with b. Furthermore, for any ε > 0, w.h.p. the time waited
at 0 lies in [wa(1−ε), wa(1+ε)], and hence, in the limit we wait exactly wa time.
Performing all steps once takes wa + wb + 2b time. Hence, the average waiting
time ta of points spawning in [0, a′] is equal to

ta :=
wa

wa + wb + 2b
· 0 + wb + 2b

wa + wb + 2b
· 1
2
(wb + 2b), (7.1)

and the average waiting time tb of points spawning in [b,∞) is equal to

tb :=
wb

wa + wb + 2b
· 0 + wa + 2b

wa + wb + 2b
· 1
2
(wa + 2b). (7.2)

5With high probability, i.e., the probability of this happening converges to 1. In which limit
is context-dependent; in this case, c → ∞.
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Recall that pa := P[X ∈ [0, a]] = P[X ′ ∈ [0, a′]]. Let pb := P[X ′ ≥ b]. The
average waiting time of all points is bounded by wS . Hence,

wS ≥ pata + (1− pa − pb) · 0 + pbtb.

Using (7.1) and (7.2), we get

wS ≥ pa
wb + 2b

wa + wb + 2b
· 1
2
(wb + 2b) + pb

wa + 2b

wa + wb + 2b
· 1
2
(wa + 2b),

which can be rewritten as

pb ≤
2(wa + wb + 2b)wS − pa(wb + 2b)2

(wa + 2b)2
.

We now split into two cases:

� Case 1: wS ≥ 2bpa. In this case, the formula is maximised in wb when
wb =

wS

pa
− 2b, giving us

pb ≤
2wapawS + w2

S

pa(wa + 2b)2
.

This is maximised in wa when wa = 8b2pa

wS
− 4b, giving us

pb ≤
2( 8b

2pa

wS
− 4b)pawS + w2

S

pa(
8b2pa

wS
− 4b+ 2b)2

=
w2

S

4b2pa
.

� Case 2: wS < 2bpa. In this case, the formula is maximised in wb when
wb = 0, giving us

pb ≤
2(wa + 2b)wS − pa4b

2

(wa + 2b)2
.

This is maximised in wa when wa = 4b2pa

ws
− 2b, giving us

pb ≤
w2

S

4b2pa
.

In both cases, we found the bound pb ≤ w2
S

4b2pa
. Therefore, there exists an N such

that for all x > N we have P[X ≥ x] ≤ w2
S

pa
x−2. We conclude that E[|X|2−ε] <∞

for all ε > 0, as desired.
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7.4 Limit behaviour on two points

For the remainder of the chapter, let us consider deterministic strategies only.
We consider one very speci�c case. Let v > 0 and λ > 0. Let P[X = 0] = 1 − ε
and P[X = x∗] = ε, for some arbitrary x∗ ̸= 0 and some su�ciently small ε > 0.
By Observations 7.2.3 and 7.2.4, w.l.o.g. we can choose v = 1 and x∗ = 1. In
other words, this system is de�ned by ε and λ. We are now interested in �nding
the optimal strategy Sopt when ε ↓ 0. We will call such a system an asymptotic
one-point system.

We will start by showing that Sopt must have an average waiting time of 0.

Lemma 7.4.1. Let T be an asymptotic one-point system. Then there exists a
strategy S for T which has an average waiting time converging to 0 when ε ↓ 0.

Proof. S is de�ned as follows: normally, s stays at x = 0. However, whenever s is
at x = 0 and there is at least one client at x = 1, s goes to x = 1 and immediately
goes back again to x = 0. Note that it is possible that s leaves again for x = 1
immediately after arriving at x = 0; this happens if at least one client spawned
at x = 1 while s was travelling back to x = 0.

Intuitively, it is easy to see why the average waiting time converges to 0 as
ε ↓ 0: the fraction of points spawning on the left that are served instantaneously
converges to 1, while the remaining fraction of points are all served within 2 time.

To be precise, �rst note that the expected fraction of time that s is not at
x = 0 can be bounded by 2ελ: an average of ελ points per time unit spawn at
x = 1, and worst case scenario, each causes s to be away from x = 0 for 2 time
units. As the point-spawning process is a Poisson process, we can split it up into
two independent Poisson spawning processes: one spawning points at x = 0 at
rate (1− ε)λ, and one spawning points at x = 1 at rate ελ. Since the location of
s only depends on the second process, the fraction of points spawned by the �rst
process that spawn while s is not at x = 0 can also be bounded by 2ελ. Finally,
we note that the expected waiting time of all points spawned either at x = 1, or
spawned at x = 0 while s is not at x = 0, can be bounded by 2. We conclude
that the total average expected waiting time of all points is bounded by

(1− ε)λ · (1− 2ελ) · 0 + (1− ε)λ · 2ελ · 2 + ελ · 2
λ

= (2(1− ε)λ+ 1)2ε,

which converges to 0 as ε ↓ 0, as we wanted to prove.

While S is not optimal itself, it does show us that Sopt must have an average
waiting time of 0. Therefore, under Sopt the server s must stay at x = 0 unless
a client spawns at x = 1. Of course, this also means that Sopt must make an
e�ort to serve this client. After all, an average waiting time converging to 0 is
equivalent to 0 clients waiting on average. Therefore, any strategy which in any
scenario relies on waiting until another client spawns at x = 1 will converge to
a strategy worse than the strategy which consists of immediately going to x = 1
and then returning to, and staying at, x = 0.

Since we do not explicitly wait until another client shows up at x = 1, Sopt

assumes that another client does not spawn until we have successfully served the
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clients at x = 1 and returned to x = 0. After all, no matter how long it will
take on average to serve these clients, the probability of another client spawning
at x = 1 converges to 0 when ε ↓ 0. This insight allows us to reformulate our
problem in terms of total waiting time.

De�nition 7.4.2. We de�ne the one-point-pickup system to be the following:
let s be a server starting at x = 0 at t = 0. This server can move at unit speed,
and serves clients immediately when it shares their location. Let there be r > 0
clients at x = 1. Following a Poisson process at rate λ, new clients spawn at
x = 0.

Note that while we start with r clients at x = 1, no new clients spawn there.
Given a one-point pickup system, we wish to �nd a strategy Sopt which minimizes
the expected total waiting time of all clients. We can make a simple observation:

Observation 7.4.3. Let T be a one-point pickup system. Let Sopt be an optimal
strategy. Then as soon as s reaches x = 1 under Sopt, it immediately returns to
x = 0 and stays there forever.

Hence, for simplicity, we need only consider the actions of Sopt until s reaches
x = 1. Note that while we can consider the system `�nished' as soon as s reaches
x = 1, the total waiting time does depend on the number of points at x = 0 at
that point.

We can now characterise an optimal strategy for a one-point-pickup system.

Theorem 7.4.4. Let T be a one-point-pickup system with r clients at x = 1.
Let l be the number of points at x = 0. Then the optimal active strategy Sopt for
T can be de�ned by a vector Sr(l), where s moves to the left if its location is to
the left of Sr(l), and to the right otherwise.

Proof. Since we only consider active strategies, s does not rest until the clients
at x = 1 have been picked up and s has returned to x = 0.

Therefore, we can model Sopt by writing it as a mapping Sr(l, x)→ {−1, 1},
where l and r denote the number of clients at 0 and 1 respectively, and x denotes
the current location of s. By Observation 7.2.2, we can simplify this further by
writing Sopt as Sr(l)→ R ∪ {−∞,∞}, where s moves to the left if x(s) < Sr(l),
and to the right otherwise. Note that we can indeed safely ignore the strategies
where s may move to the right when x(s) = Sr(l), as the probability of this
occurring is 0.

Since Sopt can be seen as an in�nite vector, we will use Sl,r instead of Sr(l)
from now on. Intuitively, one can see Sl,r as the point where the expected cost
of continuing to x = 1 is equal to the expected cost of returning to x = 0. We
further de�ne these expected costs as functions of the current state of the system
(x, l, r), where x denotes the current location of the server.

� The expected cost of continuing, Cc(x, l). This is the expected cost
of the increase in waiting time (caused by us not going directly to 0) of
the clients at 0. Note that this cost increases linearly in l. Furthermore,
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Cc(x, l) decreases as x increases: the closer we are to x = 1, the less extra
time we need to go to x = 1 before we return to x = 0. Assuming we reach
x = 1, this cost is l((2 − x) − x) = 2(1 − x)l; otherwise, we might return
sooner, and 2(1− x)l is therefore an upper bound.

� The expected cost of returning, Cr(x, r). This expected cost can be
split into two parts:

� Cr1(x), the increase in waiting time (caused by us not going directly
to x = 1) of the clients at x = 0. While the waiting time of the clients
currently at 0 is minimised by returning, extra clients may spawn
during the extra time taken. Note that if we take t time to return
to x, the expected waiting time of all points spawned in that time is
1
2λt

2: we expect λt points to spawn, which have to wait for 1
2 t time

on average. Hence, assuming we go directly to 0 and back to x, this
expected cost is 2λx, of which 1

2λx
2 is needed for the clients spawning

while we return to 0, and 1
2λx

2 + λx(2− x) for those spawning while
we return from 0 to x. If we do not go directly to 0 and back to x,
this cost is higher. Hence, 2λx is a lower bound.

� Cr2(x, r), the expected increase in waiting time (caused by us not
going directly to x = 1) of the clients at x = 1. Note that Cr2(x, r)
increases linearly as r increases. Assuming we go directly to 0 and
back to x, this cost is 2rx. If we do not go directly to 0 and back to
x, this cost is higher. Hence, 2rx is a lower bound.

Note that both Cr1(x) and Cr2(x, r) increase as x increases: the further we
are from x = 0, the more time it will take to return to x = 0 and come
back.

Since these costs are balanced (i.e., equal,) at Sl,r, we get the following balance
equation:

Cc(Sl,r, l) = Cr1(Sl,r) + Cr2(Sl,r, r).

From this equation, we get that Sl+1,r < Sl,r: the imbalance in the expected
costs created by the increase of Cc(x, l) can be remedied by decreasing x, as
doing so decreases Cc(x, l) and increases Cr(x, r). Similarly, Sl,r < Sl,r+1: the
imbalance in the expected costs created by the increase in Cr1(x) can be remedied
by decreasing x, as doing so increases Cc(x, l) and decreases Cr(x, r).

As we have now characterized Sopt, we will introduce a few de�nitions needed
for the further analysis of Sopt. Note that the server s will leave x = 0 and try
to reach x = 1. New clients spawning can cause s to abort and return to x = 0
instead. We call the movement of s between two visits of x = 0 a stint. If s
reached x = 1, the stint is successful. Otherwise, it has failed.

Observation 7.4.5. Let λ > 0 be �xed. Let r → ∞, and let l = ar for some
�xed a > 0. Then Sl,r → a

a+1 .
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Proof. As r →∞, the expected costs of continuing and returning change as well:
Cc(x, l) increases linearly with l = ar, and Cr2(x, r) increases linearly with r.
Cr1(x), however, remains unchanged. Hence, we have

Cc(x, l)

r
=

2(1− Sl,r)l ±O(1)

r
= 2a(1− Sl,r)± o(1),

and

Cr(x, r)

r
=

2Sl,rr ±O(1)

r
= 2Sl,r ± o(1).

Here, we use the big and little O notation with respect to r. Both instances of
O(1) may be dependent on λ, a, and even r, but they do not grow when r →∞.

Balance between Cc(x, l) and Cr(x, r) is achieved when Cc(x,l)
r = Cr(x,r)

r .
Hence,

2a(1− Sl,r)± o(1) = 2Sl,r ± o(1),

so that

Sl,r =
a

a+ 1
± o(1),

which converges to a
a+1 as r →∞.

Observation 7.4.6. Let r → ∞, and let l = ar and λ = br for some �xed
a, b > 0. Then Sl,r → a

a+b+1 .

Proof. As λ tends to ∞, the spawning of clients becomes a reliable constant
stream, i.e. for any �xed t, ε > 0 the probability of the number of clients spawned
in t time being in the interval [(1− ε)λt, (1 + ε)λt] converges to 1 as λ→∞.

Let x ∈ (0, 1) be arbitrary but �xed, and suppose we left x = 0 exactly x time
ago. Note that L, the number of points that spawned at 0 in the last x time,
is a Poisson distributed variable with rate λx, while x and r are �xed. Since
Cc(x, L) ≤ 2(1 − x)L and Cr(x, r) ≥ 2(λ + r)x, the probability that Cc(x, L) >
Cr(x, r) is bounded by

P[2(1− x)L > 2(λ+ r)x] = P
[
L > bx · (b+ 1)r

b(1− x)

]
.

Note that Cc(x, L) is random only through L; the function itself, as well as x,
are �xed. If we take ε such that 1 + ε = b+1

b(1−x) , we can use our earlier bound to
show that this probability converges to 0 when r →∞. Hence, the time spent on
failed stints converges to 0, and the expected costs of continuing and returning
converge to the (deterministic) formulas given in the de�nition of Cc(x, l), Cr1(x)
and Cr2(x, r). Hence, we can start with our balance equation,

Cc(Sl,r, l) = Cr1(Sl,r) + Cr2(Sl,r, r),
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and add a limit to both sides:

lim
r→∞

Cc(Sl,r, l) = lim
r→∞

Cr1(Sl,r) + lim
r→∞

Cr2(Sl,r, r).

We know what these formulas converge to:

2(1− Sl,r)l = 2λSl,r + 2rSl,r.

Now, we divide both sides by r to obtain

2(1− Sl,r)a = 2bSl,r + 2Sl,r

Sl,r =
a

a+ b+ 1
,

which is what we wanted to show.

Approximating Sopt and its total expected waiting time

We continue to bound the expected total waiting time of Sopt. We assume r is
arbitrary but �xed. To simplify notation, we will write xi := Si,r.

Note that computing the expected total waiting time of any strategy gives
an upper bound. We focus on strategies similar to Sopt, i.e., those de�ned by a
list of xi. To simplify computation, we focus on the optimal strategy SC of all
strategies where xi = xi+1 for all i ≥ C for some �xed constant C.

We can compute SC by solving the following set of equations. Let Psuc and
Pfail be the probability of a stint being successful/unsuccessful, respectively. Let
W be the random variable denoting the total waiting time of the clients. Note
that a failed stint has no impact on the state of the system, except for the total
cumulated waiting time. We de�ne

Tsuc := E[W |the �rst stint is successful]

to be the expected total waiting time accrued during a successful stint, and de�ne

Tfail := E[W |the �rst stint fails]− E[W ]

to be the expected total timed time accrued during a failed stint. Note that
E[W ] = Pfail(Tfail + E[W ]) + PsucTsuc. Solving this for E[W ] gives us

E[W ] = TfailPfail/Psuc + Tsuc.

Now, we wish to calculate Pfail and Psuc. To do so, we �rst need to de�ne
some more probabilities. First, let Pi,j to be the probability that we reach xi

and that there are exactly j clients at 0 when we reach xi. For brevity, we will
say that Pi,j is the probability that we reach state (i, j). Now, we can simplify a
stint to a list of states we went through, e.g. `(1, 0), (2, 0), (3, 2), failed to reach
x4'. Furthermore, given such a list of states, it is relatively easy to calculate the
probability of a stint achieving this list. To do so, we �rst de�ne Pi,j,k to be the
probability of going from state (i, j) to state (i + 1, k). This probability equals
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the probability of our Poisson process at rate λ spawning k − j clients within
xi+1 − xi time. Hence,

Pi,j,k =
(λ(xi+1 − xi))

k−je−λ(xi+1−xi)

(k − j)!
.

We can now use these Pi,j,k to calculate the Pi,j . We get

Pi,j =


1 if i = j = 0;∑j

k=0 Pi−1,kPi−1,k,j if i ≥ 1 and j < i;
0 otherwise.

Furthermore, since we are guaranteed to get to x = 1 as soon as we have reached
xC , we have

Psuc =

C−1∑
j=0

PC,j .

Suppose we have a stint in which (i, j) is reached. Then de�ne Ti,j to be the
expected total waiting time accrued during that stint until (i, j) was reached.
We have the following recursive formula for the expected total waiting times for
those i, j with Pi,j > 0:

Ti,j =

{
0 if i = j = 0;∑j

k=0
Pi−1,kPi−1,k,j

Pi,j
(Ti−1,k + (xi − xi−1)(

k+j
2 + r)) if i ≥ 1 and j < i.

Once we have reached xC (and therefore the stint is successful), some extra
expected total waiting time is accumulated. First, the r points at x = 1 need
to wait for 1 − xC time until they are serviced. Similarly, the clients currently
at x = 0 need to wait for 2 − xC time until they are serviced. Finally, there is
a 2 − xC time period where new clients can spawn at x = 0, giving us an extra
1
2λ(2− xC)

2 of expected total waiting time. We obtain

Tsuc = (1− xC)r +
1

2
λ(2− xC)

2 +
1

Psuc

C−1∑
j=0

PC,j(TC,j + (2− xC)j).

Here, the factor 1/Psuc is a result of conditioning on the fact that the stint is
successful; note that Psuc =

∑C−1
j=0 PC,j .

For Tfail, we can do something similar. Suppose (i, j) is the last state reached
before returning to x = 0. We fail when i − j + 1 points spawn at x = 0 before
we reach xi+1. Since the point-spawning process is a Poisson process at rate λ,
we get

Tfail =
1

Pfail

C−1∑
i=0

i∑
j=0

Pi,j

∫ xi+1−xi

0

λi+1−jxi−je−λx

(i− j)!
f(i, j, x)dx,
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where f(i, j, x) denotes the expected total waiting time of a stint which reached
state (i, j), but failed when i − j + 1 extra clients spawned before the server
s reached xi+1, with the last of these clients spawning when s was at location
xi + x. We can split f(i, j, x) into the following parts: �rst, since we reached
state (i, j), the expected total time accumulated up until that point is Ti,j . Next,
while the server was moving from xi to xi + x, we had an expected average
of j+(j+i−j)

2 = i+j
2 clients waiting at x = 0. Then, after s reached xi + x, a

client spawned, bringing the total number of clients at 0 to i + 1. All of these
clients waited from this point onward for xi+1 + x time until they were served.
Meanwhile, the r clients at 1 needed to wait for an extra x+ x+ xi time until s
was back at 0. Finally, more clients can spawn while s moves a distance xi + x
back to 0. Combining these, we get

f(i, j, x) = Ti,j + x
j + i

2
+ (x+ xi)(i+ 1) + (2x+ xi)r +

1

2
λ(x+ xi)

2.

We now have all the tools we need to compute SC , as well as its expected total
waiting time. For C = 1, we can express SC explicitly, as we will show next.

Observation 7.4.7. For C = 1, we get x1 =
log(λ+r+1

r+1 )
λ , resulting in an expected

total waiting time of 2λ+ r + 2− 2(λ+r+1) log( λ
r+1+1)

λ .

Proof. All we need to do is �ll in the formulas, and then optimise for x1. We
have

P0,0,0 =
(λ(x1 − x0))

0−0e−λ(x1−x0)

(0− 0)!
= e−λx1 ,

P1,0 =

0∑
k=0

P0,kP0,k,0 = e−λx1 ,

Psuc =

C−1∑
j=0

PC,j = P1,0 =

0∑
k=0

P0,kP0,k,0 = e−λx1 ,

T1,0 =

0∑
k=0

P0,kP0,k,0

P1,0
(T0,k + (x1 − x0)(

k

2
+ r))

=
P0,0P0,0,0

P1,0
(T0,0 + x1r) = x1r,

f(0, 0, x) = T0,0 + x
0

2
+ (x+ x0)(1) + (2x+ x0)r +

1

2
λ(x+ x0)

2

=
1

2
λx2 + (2r + 1)x,
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TfailPfail =

C−1∑
i=0

i∑
j=0

Pi,j

∫ xi+1−xi

0

λi+1−jxi−je−λx

(i− j)!
f(i, j, x)dx

= P0,0

∫ x1−x0

0

λ1x0e−λx

0!
f(0, 0, x)dx,

=

∫ x1

0

λe−λx

(
1

2
λx2 + (2r + 1)x

)
dx,

=
2(r + 1)

λ
− e−λx1

(
1

2
λx2

1 + 2(r + 1)x1 +
2(r + 1)

λ

)
,

and �nally

Tsuc = (1− xC)r +
1

2
λ(2− xC)

2 +
1

Psuc

C−1∑
j=0

PC,j(TC,j + (2− xC)j),

= (1− x1)r +
1

2
λ(2− x1)

2 +
1

Psuc
P1,0(T1,0),

= (1− x1)r +
1

2
λ(2− x1)

2 + x1r

=
1

2
λx2

1 − 2λx1 + r + 2λ.

The expected total waiting time is therefore

TfailPfail/Psuc + Tsuc

=
2(r + 1)

λ
eλx1 −

(
1

2
λx2

1 + 2(r + 1)x1 +
2(r + 1)

λ

)
+ Tsuc,

=
2(r + 1)

λ
eλx1 − 2(r + λ+ 1)x1 −

2(r + 1)

λ
+ r + 2λ.

This is minimized when x1 =
log(λ+r+1

r+1 )
λ to

2λ+ r + 2−
2(λ+ r + 1) log

(
λ

r+1 + 1
)

λ
,

�nishing the proof.

If we take λ = r = 1 and various C, and numerically solve the equations, we
get the results shown in Table 7.1. This concludes the upper bound.

For the lower bound, we can do something similar. We will slightly change the
system into one with a strictly lower expected total waiting time, which we can
numerically solve too. To be precise, we make the following change: whenever
there are C points at x = 0, all new clients spawned are immediately considered
served, as long as s is moving to the right. Now, suppose we use Sopt, the optimal
strategy for the original system on this system. Then the expected total waiting
time for the new system is lower than that of the original: �rst, note that Psuc is
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C Ttot x1 x2 x3 x4 x5

1 2.56721 0.405465
2 2.56243 0.388910 0.554696
3 2.56223 0.388727 0.549315 0.643776
4 2.56223 0.388721 0.549261 0.641547 0.703148
5 2.56223 0.388720 0.549260 0.641528 0.702057 0.745933

Table 7.1: SC for various C and λ = r = 1 when solved numerically

larger in the new system, since we never return after reaching xC . Furthermore,
Tfail is smaller in the new system: after all, if we fail, we are now guaranteed
to fail before we reach xC , and hence, accumulate less total waiting time on the
average failed stint than in the original system. Finally, Tsuc is smaller in the new
system as well, since no points spawn after xC . We conclude that the expected
total waiting time, TfailPfail/Psuc +Tsuc, is indeed smaller under the new system,
when using the strategy Sopt.

Let S′
C denote the optimal strategy in the new system of all strategies with

the characterization of Theorem 7.4.4. Then, the total expected waiting time
in the new system when using S′

C is smaller than the total expected waiting
time in the new system when using Sopt (since Sopt has the aforementioned
characterisation), which in turn is smaller than the total expected waiting time
in the original system when using Sopt. Hence, this method indeed generates a
lower bound.

Note that for S′
C , all xi with i > C are irrelevant. Therefore, we can calculate

the expected total waiting time under S′
C .

The formulae for Pi,j , Psuc, Pfail, Ti,j , and Tfail are the same as those for SC ;
the only di�erence between the two lies in Tsuc. Suppose we have just arrived at
xC , and there are j clients at x = 0. Analogously to SC , the r clients at x = 1
need to wait 1−xC time, and the j clients currently at x = 0 need to wait 2−xC

time. The clients that spawn after s reaches x = 1 take a total expected time of
λ.

What remains is those clients that spawn while s is moving from x = xC to
x = 1. Then, we can split these clients into two cases:

� At most C − j − 1 clients spawn. In this case, let k be the number
of clients spawned. Since the clients spawn according to a Poisson process
at rate λ, the probability of exactly k clients spawning in 1 − xC time is
(λ(1−xC))ke−λ(1−xC )

k! . These clients wait (1 − xC)/2 + 1 = 3/2 − xC/2 time
on average.

� At least C− j clients spawn. In this case, let k be the number of clients
that spawn in the 1 − xC time it takes the server s to reach 1. Since the
clients spawn according to a Poisson process at rate λ, the probability of k

clients spawning in 1 − xC time is (λ(1−xC))ke−λ(1−xC )

k! . The �rst C − j of
these clients, i.e. those that are not immediately considered served upon
spawning, wait (1− xC)(1− C−j+1

2(k+1) ) + 1 time on average.
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C Ttot x1 x2 x3 x4 x5

1 2.36299 0.284986
2 2.53491 0.373363 0.481411
3 2.55933 0.387036 0.540556 0.599373
4 2.56198 0.388571 0.548448 0.636688 0.674154
5 2.56221 0.388710 0.549199 0.641148 0.699232 0.716905

Table 7.2: S′
C for various C and λ = r = 1 when solved numerically

Combining these, we get

Tsuc = (1− xC)r +
1

2
λ+

C−1∑
j=0

PC,j

Psuc

∞∑
k=0

λk(1− xC)
ke−λ(1−xC)

k!
T (C, i, j),

where

T (C, i, j) =

{
3/2− xC/2 if k ≤ C − j − 1;

1 + (1− xC)
(
1− C−j+1

2(k+1)

)
if k ≥ C − j.

If we take λ = r = 1 and various C, and numerically solve the equations, we get
the results shown in Table 7.2.

Note how quickly the Ttot's of both SC and S′
C converge. This is to be

expected, since the exact value of xi is only relevant if at least i points spawn
within 1 time (and also not too early). This is at least exponentially unlikely
for large i, while the associated time penalty accrued by ignoring that point and
continuing is less than 2, a constant.

Since we now know the total waiting time accumulated for every point spawned
at x = 1, we conclude:

Theorem 7.4.8. Let ε > 0 be small enough. Let P[X = 0] = 1 − ε and P[X =
1] = ε. Let λ = v = 1. Let S be an optimal active-server strategy. Then∑

i≥0 E[Wi], the total expected waiting time of all clients, lies in the interval
[2.56220ε, 2.56222ε].



Chapter 8
pConclusion

8.1 Summary of the results

The TSP is one of the most widely studied problems in computer science. In
Part I of the thesis we studied several natural variants of the problem. In
particular, we obtained the following results.

In Chapter 3, we studied Euclidean one-of-a-set TSP, a variant on TSP
where the given points are divided into sets, and the goal is to �nd a shortest
tour visiting at least one point from every set. First, we have shown that it can
be solved in 2O(λ1/dn1−1/d) time, if there exists a set of n α-fat objects (for some
arbitrary but �xed α > 0) with ply λ covering the given point sets. Our second
result is that Euclidean one-of-a-set TSP in R2 cannot be solved in 2o(n)

time, unless ETH fails; for comparison, recall that TSP on graphs can be solved
in 2O(n) time. Finally, we showed that Rectilinear one-of-a-cube TSP can
be solved in 2O(λ1/dn1−1/d logn) time, where λ is the ply of the given hypercubes.

In Chapter 4, we considered a version of Euclidean TSP where the points P
lie in the 2-dimensional strip R× [0, δ] for some δ > 0. Furthermore, we assumed
that the x-coordinates of the points in P are all integer and distinct. We showed
that in this case, a shortest bitonic tour on P is a shortest tour overall when
δ ≤ 2

√
2. Furthermore, we proved that this bound is tight.

In Chapter 5, we expanded the concepts of narrow strips to narrow cylinders
of the form R × balld−1(δ/2). Furthermore, we loosened the constraints on the
x-coordinates of the points in P . To be precise, we assumed that for every x,
the drum [x, x+1]×balld−1(δ/2) contains only a constant number of points. We
have shown that in this case, there exists a shortest tour which is O(

√
δ)-tonic.

Furthermore, this bound is tight. We also showed that we can �nd a shortest
tour on P in 2O(δ1−1/d)n + O(δ2n2) time. Next, we showed that if the points of
P are instead taken independently uniformly at random from the hypercylinder
[0, n]×balld−1(δ/2), then we can �nd a shortest tour in 2O(δ1−1/d)n expected time.
Finally, we presented a framework allowing us to more easily prove expected
running time bounds on other algorithms operating on random point sets in
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narrow cylinders.
In the second part of this thesis, we considered two problems (somewhat)

related to Euclidean TSP.
In Chapter 6, we focused on the Minimum Rectilinear Steiner Tree

problem. In this problem, we are given a point set P , and the goal is to �nd
a rectilinear tree connecting all points of minimum total edge length. First, we
showed that if all nonzero spacings, i.e., the di�erence between the x-coordinates
of two consecutive points, are at least δ, then the minimum monotonic rectilinear
Steiner tree is an MRST; this bound is tight. Furthermore, the MMRST can
be found in O(n) time, and if P is sparse, then it is a Θ(δ)-approximation of
the MRST. Next, if P is sparse, then we can �nd an MRST in nO(

√
δ) time.

Furthermore, if one splits the problem with a separator in the form of a vertical
line, there may be nΘ(

√
δ) valid candidates for the crossing pattern, each of which

may be the only correct option. We can, however, �nd a (1 + ε)-approximation
of the MRST in ε−O(

√
δ log δ)n time. Finally, if the points of P are instead taken

independently uniformly at random from the rectangle [0, n]× [0, δ], we can �nd
an MRST in min{nO(

√
δ), 2O(δ

√
δ)n} expected time.

Finally, in Chapter 7, we focused on an on-line version of the problem, where
new points (clients) keep spawning on the real line as our salesman (server) is
travelling. We assumed the interarrival times of the clients to be exponentially
distributed, and the locations of the clients are sampled independently according
to some distribution X. Furthermore, we assumed that when a server reaches a
client, it is served instantaneously. First, we showed that if E[|X|] < ∞, then
there exists a stable strategy. Furthermore, if E[|X|2+ε] < ∞ for some ε > 0,
then there exists a strategy such that the clients have a �nite expected waiting
time. However, no such strategy exists if E[|X|2−ε] =∞ for some ε > 0. Next, we
studied the case where X = 0 with probability 1− ε and X = 1 with probability
ε, where ε ↓ 0. For this case, we gave a characterisation of the optimal strategy,
and gave a way to numerically approximate both the strategy itself as well as the
corresponding waiting times.

8.2 Intuition and future work

In this section, we will discuss the bottlenecks of the various algorithms, and
compare the various results that we obtained.

We start with One-of-a-set TSP. Recall that the BBKK algorithm, which
runs in 2O(n1−1/d) time, is ETH-tight. Our algorithm for Euclidean one-of-a-
set TSP for sets in hypercubes of ply λ runs in time 2O(λ1/dn1−1/d). Hence, the
additional factor, 2O(λ1/d), denotes the increase in di�culty of this problem. This
increase in di�culty can be interpreted as follows: how dependent are the choices
of which points to visit of each set Pi of each other? If we can quickly determine
the correct point from a set Pi without any knowledge on which of the points from
the other nontrivial sets are visited, then the resulting problem is not any harder
than the original problem. However, if two points of two di�erent sets are close
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together, then most likely, we will either visit both or neither. More generally,
consider the graph G where the nodes denote the di�erent sets Pi, and an edge
between two sets denotes that these two sets have two points close to each other.
Then for every connected component, if we guess which of the points in a Pi is
visited, we will likely at the same time have to guess which points are visited for
many di�erent point sets in the connected component containing Pi. The more
`intertwined' the di�erent sets are, the larger these connected components will
be, and therefore the larger the running time will be.

Now, consider the following problem: we are given a point set P ∈ Rd, and
a set of wormholes W ⊆ P × P . The goal is to �nd the shortest Euclidean tour
through all points, with the added rule that all the wormhole edges are considered
to have a length of 0. While this may seem like a completely di�erent problem, it
shares all aforementioned properties with One-of-a-set TSP. Hence, we would
expect there to be an algorithm that performs well if the Euclidean distances
covered by the wormholes are short and/or the wormhole endpoints are far away
from other points.

Next, we compare Euclidean TSP in narrow strips with MRST in narrow
strips. MRST seems to be the harder problem: the running times for both sparse
as well as random point sets are worse. To see why, consider 2O(

√
δ)n+O(δ2n2),

the running time for Euclidean TSP on sparse point sets. The �rst part,
2O(

√
δ)n, is needed to compute possible paths consisting of short edges only.

Since P is sparse, there are only O(n) such edges, and hence, we can quickly
compute a shortest path. The second part, O(δ2n2), is reserved for the long
edges. There are O(n2) long edges, but if we `guess' that our shortest tour
contains one of these long edges, then all other nearby long edges (i.e., those with
a signi�cant overlap in x-intervals with the guessed edge) cannot be part of our
shortest tour. Contrast this to MRST: the Hanan grid contains O(n2) edges,
the same number of edges as Euclidean TSP. However, the average length of
these edges is O(1) for horizontal edges, and O(δ/n) for vertical edges. Hence,
while there are just as many options, where the overwhelming majority of edges
for Euclidean TSP rule out O(n2) other edges from being part of the tour,
the average edge for MRST rules out only O(n/δ) edges. This is also the reason
that our Rectilinear one-of-a-cube TSP algorithm has a larger running time
than our Euclidean one-of-a-set TSP algorithm; there, too, we were unable
to �nd a separator of the same quality.

Despite this di�erence, both problems have an algorithm which, when the
points are taken independently uniformly at random from [0, n]× [0, δ], have an
expected time that is linear in n. The reason for this similarity is simple: both
problems admit a hard wall (a constellation of consecutive points such that a
separator in its center can be crossed in O(1) ways) which occurs reasonably
often, and the resulting problems (containing an exponential number of points)
can be solved in subexponential time. Hence, we expect the same to be possible
for many other geometrical problems, as many can be solved in subexponential
time in the general case. For example, Independent Set on unit disk graphs
can be solved in subexponential time [18], and a spacing ∆i > 1 functions as a
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hard wall: if ∆i > 1, then the points p1, ..., pi are not connected to the points
pi+1, ..., pn, allowing us to solve the two subproblems independently.

Generalising the Euclidean TSP algorithm from point sets close to a line
to, e.g., point sets close to a curve or grid should be possible without too much
trouble. However, we do want to prevent a shortest tour from jumping between
di�erent parts of the curve / grid. Hence, we will not only need the assumption
that the point set is sparse, but also that it is dense enough, e.g., by requiring
every point curve / grid to have at least some constant number of points close
by.

As far as on-line TSP is concerned, many avenues of research are still open.

� The conditions for when a �nite expected waiting time strategy (FEWTS)
for X does or does not exist are not tight, and the FEWTS presented for
the case E[X2+ε] <∞ is not memoryless.

� For the two-point system, we consider λ to stay constant, while ε ↓ 0. One
could consider what happens if ε ↓ 0, while we take λ = 1/ε.

� For the two-point system, we do not have a closed expression for neither
the xi of the optimal strategy, nor Ttot.

Furthermore, any one of the following assumptions could be generalised in some
way:

� The interarrival times of the clients are exponential. One could consider
constant interarrival times, geometric interarrival times, or a new client
spawning as soon as another client is served.

� The clients spawn on the real line. This could be generalised to e.g. a circle,
or a higher-dimensional space.

� The clients do not move after spawning.
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Summary

Geometric TSP and related problems in (almost)
low-dimensional spaces

The Travelling Salesman Problem is one of the most classic problems in all of
theoretical computer science. In this problem, we are given a set of locations, a
list of distances between these points, and the goal is to �nd the shortest tour
visiting every point exactly once. For most practical applications, some further
assumptions can be made. One common assumption is that the distances are
undirected, i.e., for all locations p and q, the distance from p to q is the same as
the distance from q to p. The triangle inequality is also often assumed to hold:
for all locations p, q, and r, the distance from p to r is at most as long as the
distance from p to q plus the distance from q to r. In the Geometric TSP, we take
these assumptions one step further: the locations are given as points in Rd, and
the distance between any two points is given by a metric of choice. If this metric
is the Euclidean metric, the corresponding problem is called the Euclidean TSP,
which has previously been shown to be solvable in 2O(n1−1/d) time. Furthermore,
no 2o(n

1−1/d) algorithm exists, unless the Exponential Time Hypothesis (ETH)
fails.

In the �rst part of this thesis, we consider di�erent variants of the Euclidean
TSP. In the �rst variant, the given points have been partitioned into sets. Instead
of visiting every point, we now only need to visit one point from each set. The
running time of the algorithm presented depends on how `intertwined' these sets
are: if the sets are relatively separate, the running time is equal to the running
time of the original Euclidean TSP algorithm, but if the sets are arbitrary, we
show that no subexponential algorithm exists, unless ETH fails. We also consider
a version of the problem where we are not given a set of points, but a set of
possibly (partially) overlapping hypercubes, where we must visit every hypercube
on a point of our choice. Furthermore, our tour must be rectilinear, i.e., it must
consist of only orthogonal edges. For this version, too, we present an algorithm
of which the running time depends on how `intertwined' our input is. As the
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problem being solved is not a generalisation of the Euclidean TSP, its running
time is slightly worse than our algorithm on point sets.

If a Euclidean TSP instance is one-dimensional, i.e., all given points lie on a
line, then it can be trivially solved in O(n log n) time. Yet, even if the problem
is only two-dimensional, under the ETH we already need 2Θ(

√
n) time. This begs

the question: what if our point set is `almost' one-dimensional? Hence, for our
second variant we assume that the given points (in Rd) lie close to a line and there
are no arbitrarily large subsets of points which are all close together. In this case,
we show that if the maximum distance between the given points and the line is
arbitrary but �xed, the hyperplanes perpendicular to the line are crossed only a
constant number of times by the optimal tour. In fact, this constant can be as low
as 2. This information allows us to solve the problem in only quadratic time. As
we increase this maximum distance to the line, the running time neatly scales, up
to the point where the corresponding constraint becomes practically irrelevant,
where it equals the running time of the algorithm for the normal Euclidean TSP.
If, instead of considering the worst case, we instead assume the points to be
placed uniformly at random close to a line, we can solve the resulting Euclidean
TSP in expected linear time.

We start the second part by continuing our investigation into problems on
almost one-dimensional point sets. We apply the created framework to obtain
similar results for a di�erent problem, Minimal Rectilinear Steiner Trees (MRST).
In an MRST problem, we are given a set of points in R2, and the goal is to create
a network of horizontal and vertical edges connecting all points. Once more, we
assume that the given points lie close to a line and there are no arbitrarily large
subsets of points which are all close together. We show that if the maximum
distance between the given points and the line is arbitrary but �xed, the lines
perpendicular to the line are crossed only a constant number of times by the
MRST; this constant can be as low as 1. Once more, this information allows us
to solve the problem in polynomial time. However, the degree of this polynomial
depends on the maximum distance between the given points and the line. We
also give a (1 + ε)-approximation algorithm which runs in linear time in n and
polynomial time in ε; the degree of this polynomial depends on the maximum
distance between the given points and the line. Finally, if, instead of considering
the worst case, we instead assume the points to be placed uniformly at random
close to a line, we can solve the resulting MRST problem in expected linear time.
To obtain similar results for even more geometric problems, the problem on which
to apply this framework must have three properties: (i) if the point set is cut
into two parts, the resulting subproblems must be reasonably independent, (ii)
the problem must be solvable in subexponential time, and (iii) there must exist
some constellation of points which, if the points are chosen uniformly at random,
occurs reasonably often independently of the maximum distance between the
given points and the line, and allows us to split the problem into a constant
number of independent subproblems.

We end the thesis with an on-line version of the Euclidean TSP. New points
spawn following a Poisson process on the real line, on a location according to
some distribution X. The salesman instantaneously serves any points they visit;
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however, they have a limited speed. Clearly, the waiting times of the points
depend heavily on the strategy employed by the server. We show that if E[|X|] <
∞, then there exists a strategy resulting in a stable system; if E[|X|2+ε] <∞ for
some ε > 0, then the clients can also have a �nite expected waiting time. This,
however, is impossible to achieve if E[|X|2−ε] =∞. Finally, we consider optimal
strategies, which minimise the expected waiting time of the points. For the case
where X = 0 with probability 1−ε and X = 1 with probability ε, where ε ↓ 0, we
characterise an optimal strategy, and numerically approximate both the strategy
itself as well as the corresponding waiting times.
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