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Summary
Low-Complexity Frequency Synchronization
for Wireless OFDM Systems
In the past decade, we have seen a trend in wireless communications from
supporting only voice and low-rate data services towards supporting highrate multimedia applications. To support this high demand on data rate,
the bandwidth of modern wireless communication systems is normally in the
order of tens of MHz. Because of this large bandwidth, the communication
channels between the transmitter and the receiver exhibit different responses
at different frequencies, and are called frequency-selective fading channels.
The Orthogonal Frequency Division Multiplexing (OFDM) system provides an
efficient and robust solution for communication over frequency-selective fading
channels and has been adopted in various wireless communication standards.
The multiple-input and multiple-out (MIMO) OFDM system further increases
the data rates and robustness of the OFDM system by using multiple transmit
and receive antennas. The multi-user MIMO-OFDM system is an extension
of the MIMO-OFDM system to a multi-user context. It enables transmission
and reception of information from multiple users at the same time and in the
same frequency band.
A common drawback of all these wireless OFDM systems is their sensitivity to
frequency synchronization errors in the form of carrier frequency offset (CFO).
CFO is an offset between the carrier frequency of the transmitted signal and
the carrier frequency used at the receiver for demodulation. It is caused by
the mismatch between the transmitter and receiver local oscillators and, in
case of moving transmitters and/or receivers, also by the Doppler effect of
the channel. In OFDM systems, CFO causes inter-carrier interference (ICI),
which can be several orders larger than the noise sources in the system. Thus,
accurate CFO estimation, through frequency synchronization, is essential for
ensuring adequate performance of OFDM systems. To this end, many CFO
estimation and compensation algorithms have been described in the literature
for a variety of wireless OFDM systems. These algorithms can be broadly
divided into two categories, namely blind algorithms and training-based algorithms. For blind CFO estimation algorithms, CFO is estimated using the
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statistical properties of the received signal only, without explicit knowledge of
the transmitted signal. For training-based CFO estimation algorithms, specially designed training signals known to the receiver are transmitted to assist
the receiver in estimating the CFO. A key drawback of blind algorithms is
their high computational complexity. In this thesis, we address this drawback
by developing a particular type of low-complexity blind CFO estimation algorithms in the context of single-input single-output (SISO) OFDM systems.
For training-based algorithms, the computational complexity is normally low
because training sequences can be designed to limit the required computations
at the receiver. A key drawback of training-based algorithms is the training
overhead from the transmission of training sequences, as it reduces the effective data throughput of the system. Comparing to SISO-OFDM systems, the
training overhead for MIMO-OFDM systems is even larger. To address this
drawback, in this thesis, we propose an efficient training sequence design for
MIMO-OFDM systems, which has low training overhead and at the same time
permits low-complexity maximum-likelihood joint CFO and channel estimation.
This thesis can be divided into three parts covering different wireless OFDM
systems. In the first part, consisting of Chapters 2 and 3, we study lowcomplexity blind CFO estimation algorithms in SISO-OFDM systems. In
the second part, consisting of Chapters 4 and 5, we study CFO estimation
for MIMO-OFDM systems and propose low-overhead training sequences that
also enable low-complexity joint CFO and channel estimation. In the third
part, consisting of Chapter 6, we propose a low-complexity CFO estimation
algorithm in the uplink of multi-user MIMO-OFDM systems using constant
amplitude zero autocorrelation (CAZAC) training sequences.
In Chapter 2 and 3 of the thesis, we study how to reduce the computational
complexity of a very popular blind CFO estimation algorithm that exploits null
subcarriers. These are subcarriers at both ends of the allocated spectrum that
are left empty and used as guard bands. Existing algorithms exploiting null
subcarriers require finding roots of a cost function, which is a high-order polynomial. The computational complexity of these algorithms is thus high. To
reduce the computational complexity, we derive a closed-form CFO estimator
by using a low-order Taylor series approximation of the original cost function.
We also propose a successive CFO estimation and compensation algorithm
to limit the performance degradation due to the Taylor series approximation.
The computational complexity of the proposed algorithms is significantly lower
than that of existing algorithms, while performance is comparable for practical
CFO values. The best null subcarrier placement that maximizes the signal to
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noise ratio (SNR) of the CFO estimation is also studied. We show that to
maximize the SNR of CFO estimation, the null subcarriers should be evenly
spaced in an OFDM symbol. Moreover, we prove that this SNR-maximizing
null subcarrier placement also minimizes the theoretical mean square error
(MSE), which is an accurate linear approximation of the actual MSE in high
SNR regions, of the CFO estimation.
In MIMO systems, there are multiple radio frequency front-ends, which require
multiple clock signals, at both the transmitter and the receiver. Accordingly,
there are different clock signal generation and distribution topologies specifying how clock signals are generated and distributed to different front-ends.
It is of practical importance to study the pros and cons of these topologies
as they directly affect the design of the front-end architecture and the subsequent digital signal processing algorithms. To our best knowledge, this type
of study has not been reported in the literature and is presented in Chapter
4. We first develop a general mathematical model to calculate the power dissipations for different topologies. Using this model, we show that for a typical
wireless LAN system setup studied in this thesis, centralized clock generation,
where clock signals are generated centrally using one frequency synthesizer,
dissipates less power compared to distributed clock generation, where multiple frequency synthesizers are used. Compared to SISO-OFDM systems, the
training for CFO and channel estimation for MIMO-OFDM systems requires
significantly larger overhead due to the use of multiple antennas at the transmitter and the receiver. To mitigate the reduction in the useful data throughput due to training, it is important to find a training sequence that is shorter
and at the same time still permits good performance and low computational
complexity. In Chapter 5, we propose an efficient (low-overhead) training
sequence design using constant amplitude zero autocorrelation (CAZAC) sequences and study the corresponding joint CFO and channel estimation in
MIMO-OFDM systems. We show that using the proposed training sequence,
the CFO estimate can be obtained using low-complexity correlation operations
and the performance approaches the Cramer-Rao Bound. Simultaneously, a
maximum-likelihood channel estimate can be obtained with simple matrix
multiplications. Moreover, the training overhead is significantly reduced compared to existing frequency-domain training sequences. In Chapter 5, we also
study how the spatial correlation and antenna mutual coupling affect the performance of the CFO estimation in MIMO systems.
In the uplink of multi-user MIMO-OFDM systems, there are multiple CFO values between the centralized clock at the receiver (base station) and the clocks
of different users. Maximum-likelihood estimator for these multiple CFO val-
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ues is not practical because it requires a complexity that grows exponentially
with the number of users. Some low-complexity methods have been proposed
in the literature based on adaptive searching algorithms and importance sampling. However, the complexity, though reduced, is still relatively high for
practical implementations. To further reduce the computational complexity,
in Chapter 6, we propose a low-complexity sub-optimal CFO estimation algorithm using CAZAC training sequences. Using the proposed algorithm, the
CFO of each user can be estimated using simple correlation operations and the
computational complexity grows only linearly with the number of users. We
also show that multiple CFO values in the uplink cause interference in the CFO
estimation of different users using the proposed low-complexity algorithm. To
reduce this interference, we formulate a training sequence optimization problem and find the CAZAC sequences that maximize the signal to interference
ratio.
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Introduction
In this chapter, we first provide an overview of the wireless communication
system and the characteristics of the wireless communication channel. We
then describe the Orthogonal Frequency Division Multiplexing (OFDM) system and show its numerous advantages that have made it one of the most
widely adopted systems for wireless communications. We also briefly introduce the Multiple Input Multiple Output (MIMO) OFDM system and the
multi-user MIMO-OFDM system, which uses OFDM technology in a multiantenna and multi-user context to further increase the achievable data rates
in wireless channels. The detrimental effect of frequency synchronization error
in the form of carrier frequency offset (CFO) on the performance of OFDM
systems is described next. We show that to guarantee good performance of
OFDM systems, the CFO must be accurately estimated and compensated. We
then present a literature review on the frequency synchronization, including
CFO estimation and compensation, for different OFDM systems and highlight specific challenges, which motivate the research work in this thesis. This
chapter concludes by a description of the outline of and contributions in the
following chapters of this thesis.

1.1

Overview of Wireless Communication Systems

Figure 1.1 shows a brief block diagram of a point to point wireless communication system. The system consists of a transmitter with a transmit antenna,
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Fig. 1.1: Block diagram of a point to point wireless communication system.

a receiver with a receive antenna and the wireless communication channel in
between. For digital wireless communication systems, the transmitter takes
the information that the user wants to transmit, encodes it, modulates the encoded signal to an allocated frequency band, and transmits it via the transmit
antenna in the form of electromagnetic (EM) waves to the wireless communication channel. The wireless communication channel is the media where
the transmitted EM waves from the transmit antenna propagate to the receive antenna. The functionalities of the receiver include gathering the EM
waves using the receive antenna and processing them to produce an estimate
of the transmitted information. One important parameter in wireless communications is the spectrum allocated for transmission. This determines the
frequency band in which the wireless communication is allowed to take place,
and also the bandwidth of the communication system.
The wireless communication channel is characterized by multi-path propagation. Besides the direct line of sight (LOS) propagation path, the transmitted
signal reaches the receiver also via large numbers of reflection paths with different propagation delays. These reflections are caused by the terrain and obstacles in the propagation environments such as buildings, vehicles, pedestrians
and walls etc. Figure 1.1 illustrate a simple example of multipath propagations
in wireless communication channels for three paths. In this case, the transmitted signal from the transmit antenna reaches the receive antenna through
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both the LOS path and the reflection path 1 and 2 from reflector 1 and 2. Due
to the different delays of these propagations paths, the receive antenna will
receive multiple versions of the transmitted signal at slightly different times.
In this case, the overall channel can be modeled as the summation of different
channel components from different propagation paths [1] [2]. The maximum
delay spread of the channel is defined as the difference between the maximum
and the minimum delays among different propagation paths. As each path
component has randomly distributed amplitude and phase over time, the amplitude and phase of the overall channel may experience rapid fluctuations
over a short period of time. This type of channel is called fading channel.
In digital communications, the digital information is mapped to analog waveforms suitable for transmission over a communication channel using a digital
modulator [3]. Normally, the digital modulator takes blocks of k binary bits
and maps them to one of M = 2k deterministic analog waveforms. Each block
of k binary bits is called a digital data symbol, while the duration of the analog
waveform corresponds to a digital data symbol is called the symbol duration.
When the bandwidth of the system is small, the symbol duration is usually
much larger than the maximum delay spread of the channel. In this case, the
gain (including both the amplitude and phase) of the overall fading channel
can be modeled as a scalar random variable in the time domain. In the frequency domain, this type of channel has a constant (flat) frequency response
over the transmission band and hence, is also called flat fading channel. When
the bandwidth of the system is large, the symbol duration is smaller than the
maximum delay spread of the channel. In this case, the channel can be viewed
as a finite impulse response (FIR) filter with multiple nonzero taps and each
tap is modeled as a random variable. In the frequency domain, the channel
responses at different frequencies in the transmission band are different. This
type of fading channel is called frequency selective fading channel. In the time
domain, the frequency selective fading channel causes inter-symbol interference (ISI) in the received signal, which can significantly degrade the system
performance.
In the past few decades, wireless communication technology has evolved enormously, from expensive and exclusive professional (e.g. military) equipment
to today’s omnipresent low-cost consumer systems such as Global System for
Mobile communications (GSM), Bluetooth, and wireless local area networks
(WLAN). We also see a trend in wireless technology from supporting only voice
and low-rate data services towards supporting high-rate multimedia applications. For example, as shown in Figure 1.2, in well under a decade, WLAN
technology has evolved from the first IEEE 802.11b system supporting a peak
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Fig. 1.2: Demand for data rate in WLAN systems.

data rate of 11 Mb/s [4] to the state-of-the-art IEEE 802.11n system supporting a peak data rate of 600 Mb/s [5]. Moreover, in the IEEE 802.11 VHT
(very high throughput) standard, which is expected to be finalized in 2012,
the peak data rate will go beyond 1 Gb/s [6]. This trend is further confirmed
by the Edholm’s law [7], which states that data rates of wireless systems evolve
exponentially over time, in lockstep with Moore’s law [8] for the evolution of
digital IC technology. To support such high data rates in the order of Mb/s or
Gb/s, the bandwidth of the system is normally in the order of tens of MHz or a
few GHz. These high data rate communication systems are also referred to as
broadband communication systems in contrast with narrow band communication systems with bandwidth in the kHz order. For broadband communication
systems, channels are usually frequency selective fading channels and they introduce ISI into the received signal. One method to mitigate the detrimental
effect of ISI is to use adaptive equalization techniques [9] [10]. However, at
data rates in the order of Mbps, adaptive equalization requires high-cost and
sophisticated hardware [11].

1.2

Overview of OFDM Systems

As wireless communication evolves towards broadband systems to support
high data rate applications, we need a technology that can efficiently handle
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Fig. 1.3: Block diagram of an OFDM system.

frequency-selective fading. The Orthogonal Frequency Division Multiplexing
(OFDM) system is widely used in this context. The pioneering work on OFDM
was first started in the 60’s in [12] and [13]. The key idea of OFDM is to divide
the whole transmission band into a number of parallel subchannels (also called
subcarriers) so that each subchannel is a flat fading channel [14] [15]. In this
case, channel equalization can be performed in all subchannels in parallel using
simple one-tap equalizers, which have very small computational complexity.

1.2.1

Basic Principles of OFDM

A block diagram of an OFDM system is depicted in Figure 1.3. Here, for
simplicity and clearness of illustration, we leave out the channel coding block.
The incoming digital data are first passed to a serial to parallel converter (S/P)
and converted to blocks of N data symbols. Each block is called a frequencydomain OFDM symbol and N is the number of subchannels (subcarriers). Let
us use s = [s0 , s1 , · · · , sN −1 ]T , where superscript T denotes vector transpose,
to denote one frequency domain OFDM symbol. The modulation in OFDM
is performed using the inverse discrete Fourier Transform (IDFT) as follows
x = Ws,

(1.1)
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where W denotes the N × N IDFT matrix, with the (m, n)th element given
by
³
1
mn ´
Wm,n = √ exp j2π
.
N
N
In practice, the IDFT is normally performed using a more computationally
efficient method, the inverse fast Fourier Transform (IFFT). We call elements
of x samples. After modulation, the last Ng samples of x are appended in front
of x, such that xcp = [xN −Ng , xN −N g+1 , · · · xN −1 , x0 , x1 , · · · , xN −1 ]T is cyclic.
These Ng samples are called cyclic prefix (CP) and xcp is called a time domain
OFDM symbol. The process of CP insertion can be written in an equivalent
matrix form as xcp = Acp x, where Acp = [IN (N − Ng : N − 1, :); IN ]. Here, IN
denotes the identity matrix of size N × N and we use the MATLAB notation
IN (N − Ng : N − 1, :) to denote the last Ng rows of IN . After CP insertion,
the time-domain OFDM symbol xcp is passed to a parallel to serial converter
(P/S). The output is converted to an analog signal using a digital to analog
converter (DAC), modulated and amplified through the front-end and radio
frequency (RF) block and transmitted via the antenna to the wireless channel.
At the receiver, the received RF signal at the receive antenna is first demodulated through the receiver RF and front-end block. The resulting analog signal
is then converted to digital form using the analog to digital converter (ADC)
and then the serial digital signal is converted to time-domain symbols rcp of
size N + Ng through the serial to parallel converter (S/P). Considering the
transmission of only the current OFDM symbol xcp , the kth sample of rcp can
be written as
L−1
X
cp
rk =
hk−i xcp
(1.2)
i + nk ,
i=0

where hk is the kth tap of the impulse response of the multi-path channel
cp
h = [h0 , · · · , hL−1 ]T , xcp
i is the ith element of x and nk is the additive white
Gaussian noise (AWGN). Here we use L to denote the maximum length of the
channel impulse response. To make sure there is no ISI, the length of the CP
should satisfy Ng ≥ L. Using matrix notation, the received signal in (1.2) can
be written equivalently as
rcp = Ht xcp + n,

(1.3)

where Ht is a (N + Ng ) × (N + Ng ) lower triangular Toeplitz matrix with the
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first column given by [h0 , h1 , · · · , hL−1 , 0, · · · , 0]T as shown below


h0
h1
..
.

0
h0
..
.

···
···
..
.

0
0
..
.

···
···
..
.

0
0
..
.

0
0
..
.






Ht = 
 hL−1 hL−2 · · · h0 · · · 0 0
 ..
..
. ..
.
..
..
 .
. ..
. ..
.
.

 0
0
· · · 0 · · · h0 0
0
0
· · · 0 · · · h1 h0







.






At the receiver, the first Ng samples of rcp due to the cyclic prefix are removed,
which is indicated by the CP removal block in Figure 1.3. Again this can be
written in matrix form as r = Dcp rcp , where Dcp = [0N ×Ng , IN ] with 0N ×Ng
denotes a matrix of size N × Ng whose elements are all 0. Hence, we have the
received time-domain signal after CP removal given by
r = Dcp Ht Acp Ws + n
(1.4)

= Hc Ws + n,

where Hc = Dcp Ht Acp . Notice that the effects of CP insertion, channel
convolution and CP removal are combined into a single matrix Hc . It can be
easily shown that Hc is an N × N circulant matrix given by


h0
h1
..
.

0
h0
..
.

···
···
..
.

0
0
..
.






Hc = 
 hL−1 hL−2 · · · h0
 ..
..
.
..
 .
. ..
.

 0
0
··· 0
0
0
··· 0


· · · h2 h1
· · · h3 h2 

..
.. 
..
. .
. 

··· 0 0 
.
..
.. 
..
. .
. 

· · · h0 0 
· · · h1 h0

Next the time-domain signal r is transformed to the frequency domain using

8

Chapter 1. Introduction

an N -point FFT. The frequency-domain received signal can be written as
y = WH r = WH Hc Ws + WH n,
where WH is an N × N DFT matrix and superscript H denotes matrix Hermitian. Since Hc is a circulant matrix, it can be diagonalized by the IDFT
matrix as follows
Hc = WHWH ,
where H is a diagonal matrix given by H = diag(WH hc ) and hc is the first
column of Hc . In other words, the diagonal elements of H are the DFT of the
channel impulse response h and can be interpreted as the channel frequency
responses on N subchannels (subcarriers). Using this property, we can re-write
the frequency domain received signal as
¡
¢
y = WH Hc Ws + WH n = WH WHWH Ws + WH n
= Hs + n0 ,

(1.5)

where n0 is the frequency domain noise term, which is also Gaussian distributed
with zero mean and has the same variance as n. Because H is a diagonal
matrix, we see that different subcarriers are perfectly decoupled after the FFT
operation and the frequency selective fading channel can be equalized using a
simple one-tap equalizer on each subcarrier individually.
By way of illustration, the amplitude spectra of subcarriers 6 to 10 for an
OFDM system with N = 16 are sketched in Figure 1.4. We can see that
the spectra of different subcarriers are overlapping. At the center of each
subcarrier, the signals from the other subcarriers are 0. This means that
in OFDM systems, different subcarriers are orthogonal at the center of each
subcarrier, although their spectra are overlapping.
From above, we can see that in OFDM systems, the frequency selective fading
channel is divided into a number of flat fading subchannels. As a result,
complicated time-domain equalization of the frequency selective fading channel
can be performed equivalently in the frequency domain using a simple one-tap
equalizer on each subchannel. Hence, OFDM provides a more efficient method
to handle frequency selective fading compared to single-carrier systems with
time-domain equalizer.
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Fig. 1.4: Amplitude spectra of subcarriers 6 to 10 for an OFDM system with 16
subcarriers.

By combining OFDM with error control coding, the coded OFDM system is
also more robust to narrow-band interferences [16]. This is because narrowband interferences only affects a small number of subcarriers and causes detection errors on these subcarriers. These detection errors can usually be
corrected by error control coding. Due to these advantages, OFDM has been
adopted in many modern wireless communication standards such as IEEE
802.11a/g WLAN [17] [18], IEEE 802.16e Broadband Wireless Access (also
known as WiMAX) [19], Digital Audio Broadcasting (DAB) [20] and Digital
Video Broadcasting (DVB) [21].
However, OFDM also has some disadvantages. Firstly, because the modulation
is performed using IDFT, the peak to average power ratio (PAPR) of timedomain OFDM signals is higher compared to single-carrier systems. This puts
high requirements on the dynamic range of the RF amplifiers and introduces
extra clipping noise in the system [22] [23]. Another disadvantage of the
OFDM system is that it is more sensitive to frequency synchronization errors
compared to single-carrier systems. This topic will be discussed in more detail
in Section 1.3.
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MIMO-OFDM and Multi-user MIMO-OFDM systems

In wireless communications, the term multiple input multiple output (MIMO)
refers to systems using multiple transmit and multiple receive antennas. Since
the discovery in [24] and [25] that the capacity of wireless channels is linearly proportional to the minimum of the number of transmit and receive
antennas, MIMO has become one of the hottest topics in wireless communications. In academia, thousands of research papers were published addressing
capacity limits, transmission schemes, and receiver signal processing and algorithm design. In industry, MIMO has been included in various industrial
standards, including WiMAX (IEEE 802.16e) [19], high-throughput WLAN
(IEEE 802.11n) [5] and 3rd Generation Partnership Project (3GPP) [26].
Compared to the single input single output (SISO) system, the use of multiple
antennas enables the MIMO system to exploit the extra spatial dimension.
One of the many benefits of having this extra spatial dimension can be illustrated using the following example. For a SISO system with a deterministic
channel h, the received signal can be written as r = hs + n, where s is the
transmitted symbol with symbol energy Es and n is the zero mean AWGN
noise with power spectrum density N0 . The well-known Shannon capacity in
bits per second per Hertz (bps/Hz) for this channel can be written as
¶
µ
Es 2
|h|
bps/Hz.
C = log2 1 +
N0

(1.6)

For a MIMO system with nt transmit and nr receive antennas, the channel is
an nr × nt matrix and the received signal vector from nr receive antennas can
be written as





 

r1
H1,1 · · · H1,nt
s1
n1
 .. 
 .
  ..   .. 
..
..
 .  =  ..
 .  +  . 
.
.
rnr
Hnr ,1 · · · Hnr ,nt
snt
nnr
r = Hs + n,

(1.7)

where ri is the received signal from the ith receive antenna, and Hi,j is the
channel response between the jth transmit antenna and ith receive antenna.
The
¡ n¢t × 1 transmitted signal vector is denoted s with covariance matrix
E ssH = Es /nt Int , where E(•) denotes statistical expectation and Int denotes
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identity matrix with
¢nt ×nt . The noise n is an nr ×1 vector with covariance
¡ size
H
= N0 Inr . The capacity of this MIMO channel can
matrix given by E nn
be calculated as [27]
¶¸
µ
Es
H
C = log2 det Inr +
HH
nt N 0
·
µ
¶¸
Es
= log2 det Inr +
Λ
nt N 0
¶
RH µ
X
Es
=
λk
bps/Hz,
1+
nt N 0
·

(1.8)

k=1

where det(•) denotes the determinant of a matrix, Λ is an nr × nr diagonal
matrix with elements equal to the eigenvalues of HHH . In the last line of
(1.8), RH is the rank of the channel matrix H and λk is the kth eigenvalue
of HHH . In wireless environments with many scatterers and reflectors, such
as the indoor environment, the rank of the channel matrix RH ≈ min(nt , nr ).
Comparing (1.8) with (1.6), it can be seen that in MIMO systems, multiple
(RH ) parallel SISO channels are created in the spatial domain. This significantly increases the capacity of the wireless fading channel.
MIMO systems have the following key benefits compared to SISO systems [28]:
• Array gain: The signal to noise ratio (SNR) of the received signal can be
enhanced by coherently combining the desired signals at the transmit and
receive antenna arrays. This can be done either using receive beamforming
techniques at the receiver, or using transmit beamforming techniques at the
transmitter.
• Diversity gain: In wireless channels, the received signal level fluctuates due
to channel fading. By having multiple antennas, we are able to receive
multiple independent copies of the same transmitted signal. In this way, the
probability of all these copies experiencing deep fades is significantly smaller
compared to SISO systems, where only one copy of the transmitted signal
is available. Therefore, the system is more robust to fading and this gain in
performance is called diversity gain. The diversity in MIMO systems can
be exploited at the transmitter using space-time coding techniques [29] [30],
or at the receiver using diversity combining techniques [31].
• Spatial multiplexing gain: As shown in the example above (1.8), multiple
antennas at the transmitter and the receiver create multiple parallel SISO
transmission channels in the spatial domain. This makes it possible to
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multiplex different data streams on different transmit antennas and achieve
a higher data rate using the same bandwidth.
• Interference mitigation: In a multi-user environment, interference from other
users using the same frequency band can severely degrade the performance
of the desired user. This interference can be mitigated using signal processing techniques in the spatial dimension provided by MIMO systems. For
example, using beamforming techniques, the receiver can create beam patterns with main lobes pointing to the desired user and with nulls pointing
to the interfering users.
Notice that the received signal model for a MIMO system in (1.7) is for flat
fading channels. In frequency selective fading channels, the channel impulse
response between each transmit and receive antennas becomes a vector. Moreover, the multiplication of H and s in (1.7) becomes the convolution of the
channel impulse response with the transmitted signal. Conventional time domain equalization in MIMO systems is more complicated compared to SISO
systems as there are now nt ×nr channels to equalize. In SISO systems, OFDM
can transform the frequency-selective fading channel into a numbers of flat fading subchannels. This makes the combination of MIMO and OFDM, i.e. the
MIMO-OFDM system, an excellent solution for employing MIMO in frequency
selective fading channels [32] [33] [34]. A block diagram of a MIMO-OFDM
system with nt data streams, nt transmit antennas and nr receive antennas
is shown in Figure 1.5. We can see that at the transmitter, for each data
stream, there is one SISO OFDM transmitter chain similar to that in Figure
1.3. At the receiver, the signals from different receive antennas are processed
in a parallel fashion similar to a SISO OFDM receiver to get the frequency
domain received signals y1 to ynr . On the kth subcarrier, the received signal
for a MIMO-OFDM system can be written as


 

 

y1 (k)
H1,1 (k) · · · H1,nt (k)
s1 (k)
n1 (k)

 

 

..
..
..
..
..
..

=

+
 . (1.9)
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.
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.
ynr (k)
Hnr ,1 (k) · · · Hnr ,nt (k)
snt (k)
nnr (k)
We can see that on each subcarrier in a MIMO-OFDM system, the signal
model is equivalent to a flat fading MIMO system. Therefore, the received
signal from different receive antennas can be processed subcarrier wise in the
spatial MIMO detection block as shown in Figure 1.5.
The multi-user MIMO-OFDM system is an extension of the MIMO-OFDM
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system to the multi-user context. An illustration of the multi-user MIMOOFDM system is shown in Figure 1.6. Here multiple users, each with one or
more transmit antennas, transmit simultaneously using OFDM in the same
frequency band. For clearness of illustration, in Figure 1.6, we only illustrate
the case where each user has one transmit antenna. The receiver is a base
station with multiple receive antennas. It uses MIMO-OFDM spatial processing techniques to separate the signals from different users. If we view the
signals from different users as signals from different transmit antennas of a
virtual multi-antenna transmitter, then the whole system can be viewed as
an MIMO-OFDM system. This system is also known as the virtual MIMOOFDM system [35].

1.3

Effects of Frequency Synchronization Errors in
OFDM Systems

In the previous section, we presented an overview of OFDM and MIMO-OFDM
systems. We highlighted the advantages of OFDM and MIMO-OFDM and also
mentioned that sensitivity to frequency synchronization errors in the form of
carrier frequency offset (CFO), is a key disadvantage of OFDM systems. In
this section, we present a more detailed study on the effects of CFO on the performance of OFDM systems. As the name suggests, CFO is an offset between
the carrier frequency of the transmitted signal and the carrier frequency used
at the receiver for demodulation. In wireless communications, CFO comes
mainly from two sources:
• The mismatch between oscillating frequencies of the transmitter and the
receiver local oscillators (LO);
• The Doppler effect of the channel due to relative movement between the
transmitter and the receiver.
In this thesis, we focus on the CFO caused by the mismatch between the
transmitter and receiver local oscillators. At the receiver, the effect of CFO is
mitigated through frequency synchronization. Figure 1.7 shows an OFDM receiver with frequency synchronization implemented in both the analog and the
digital domains. The received signal from the receive antenna is first passed to
the receiver front-end. Here, to ensure that the local oscillator at the receiver
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Fig. 1.7: An OFDM receiver with frequency synchronization.

front-end is operating with sufficient accuracy, its reference frequency is continuously adjusted by the analog coarse frequency synchronization unit [36],
which consists of a crystal oscillator and a frequency synthesizer. To get an
idea on the accuracy required of the analog coarse synchronization, we look at
the IEEE 802.11g standard [18] for wireless LAN systems. In the IEEE 802.11g
standard, the specifications for the worst-case frequency errors for both transmitter and receiver LOs (crystal oscillator and frequency synthesizer) are ±20
ppm (parts per million). This leads to a worst-case CFO of 96 kHz (40 ppm)
for center frequency of 2.4 GHz after analog coarse frequency synchronization.
For WLAN applications, the maximum duration of a data packet is in the
order of ms and the variation of the LO output frequency within this short
time duration is negligible. Therefore, the digital domain CFO after analog
frequency synchronization can be considered a constant value and estimated
once per data packet. After the analog to digital converter, we denote the
digital domain CFO normalized with respect to the subcarrier spacing of the
OFDM system as ε. This CFO introduces a time dependent phase rotation
ej(2πεn/N ) to the received digital time-domain signal, where n is the time index, and N is the number of subcarriers. Together with a constant phase
offset θ due to the channel and the analog processing, this introduces a phase
rotation of ej(2πεn/N +θ) as shown in Figure 1.7. In this way, we can write the
received time-domain signal in the mth OFDM symbol interval in the following
form [37]
rm = EWHm sm ej(2πε(m−1)(1+Ng /N )+θ) + nm .
(1.10)
The CFO matrix E = diag(1, ej2πε/N , · · · , ej2π(N −1)ε/N ) is a diagonal matrix
containing the CFO value ε, and N is the number of subcarriers. Matrix W
is the N × N IDFT matrix, Hm is a diagonal matrix containing the channel
frequency response for different subcarriers, sm is the transmitted signal for
the mth OFDM symbol and nm is the AWGN noise vector. Here we split the
phase rotation caused by the CFO into the CFO matrix E and a phase offset
ej2πε(m−1)(1+Ng /N ) for OFDM symbol m.
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Notice from (1.10) that the effects of the CFO ε and the constant phase offset
θ are represented in the following three terms:
1. a constant phase offset ejθ ,
2. a CFO matrix E,
3. a CFO and OFDM symbol index (m) dependent phase offset
ej(2πε(m−1)(1+Ng /N )) .
The constant phase offset ejθ is a common scalar multiplied with all the received signals. This gives the same phase offset of ejθ on all the frequency
domain received signals. In this way, it can be considered as part of the
frequency domain channel and can be estimated together with the frequency
domain channel and compensated using one-tap equalizers. However, the CFO
(ε) has to be estimated and compensated in the time domain. This is because,
as we are going to show later, in OFDM systems, CFO introduces inter-carrier
interference (ICI) in the frequency-domain received signals. For IEEE 802.11g
systems, the worst-case digital domain CFO of 96 kHz corresponds to ε = 0.31.
The power of ICI due to this CFO is much larger than that of the AWGN noise.
This makes CFO estimation in the frequency domain much more complicated
compared to that in the time domain as the signal to interference ratio in the
frequency domain is very low due to the large ICI. In Figure 1.7, the timedomain CFO estimation is performed in the digital CFO estimation block.
The effect of the CFO is compensated from the received signal using the estimate. The compensated signal is passed through the -CP(CP removal) & FFT
block and is transformed to the frequency domain. The frequency-domain signal is then passed to the detector. Now let us use an example to show how
the digital domain CFO estimation is done for a practical system. Figure 1.8
shows the packet structure of a wireless LAN data packet for IEEE 802.11g
systems [18]. Each packet is made up of the following components:
• a preamble, consisting of a short and a long preamble, which contains training symbols known to the receiver for timing synchronization, CFO and
channel estimation;
• a signal field, which contains parameters values for the packet, such as
packet length Np , code rate and modulation used in the packet;
• the data: which contains Np OFDM symbols of useful data from the transmitter. In each OFDM symbol, there are four subcarriers at subcarriers
-21, -7, 7 and 21 that contain pilot symbols known to the receiver. These
four subcarriers are called pilot subcarriers.
In this system, the digital domain CFO estimation is only performed at the
beginning of the packet using both short and long preambles. This estimation
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Fig. 1.8: The packet structure of a IEEE 802.11g data packet.

must achieve sufficient accuracy such that ICI due to the residual CFO ∆ε,
i.e. the difference between the actual ε and its estimate, is significantly smaller
than the AWGN noise. The constant phase offset ejθ is estimated as part of the
channel using the long preamble. Although the ICI due to ∆ε is insignificant,
the residual CFO still causes a OFDM symbol index (m) dependent phase
offset ej(2π∆ε(m−1)(1+Ng /N )) . Different from the constant phase offset ejθ , this
phase offset cannot be estimated using channel estimation, because the channel
is only estimated at the beginning of the packet using the long preamble, and
can become significant when the number of OFDM symbols in a packet is large.
This phase offset is estimated and compensated in the frequency domain in
the residual CFO tracking block as shown in Figure 1.7 using the four pilot
subcarriers in each OFDM symbol. Notice that this phase offset estimation is
done after the initial CFO estimation and compensation using the preambles,
because without the initial CFO estimation and compensation, the ICI from
the CFO will become too large for the phase offset estimation to work properly.
As this block is only necessary for packet-based OFDM systems, where CFO
and channel estimations are performed at the beginning of the packet, we use
dotted lines in Figure 1.7 to indicate that it is optional. The research work in
this thesis concerns the time domain estimation of the CFO ε.
As shown in Figure 1.4, in OFDM systems, orthogonality between different
subcarriers is maintained only when sampling occurs at the correct frequency,
i.e. in the center of each subchannel. Figure 1.9 illustrates what happens
when there is a positive CFO ε. Firstly, the amplitude of the desired signal
is attenuated. Secondly, the orthogonality between different subcarriers is
destroyed and on the desired subcarrier, there exists non-zero ICI from all the
other subcarriers. From (1.10), we can re-write each element of r in summation
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Fig. 1.9: Effects of CFO in OFDM systems

form as

µ
¶
N −1
(l + ε)k
1 X
Hl sl exp j2π
rk = √
+ nk ,
N
N l=0

(1.11)

where Hl and sl are the channel response and transmitted signal on the lth
subcarrier respectively. Here we omit the constant phase offset ejθ because it
can be considered as part of the channel response. Moreover, as the length of
the CP is larger than the length of the channel impulse response, there is no
ISI between different OFDM symbols. Hence, the OFDM symbol index m in
(1.10) is not important for the analysis and is also dropped. Taking the FFT
of the received signal r, we get the received signal on the lth subcarrier as
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=
=

=
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j2πkl
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Fig. 1.10: SINR of the received signal in OFDM systems for different CFO values.

where Il is the inter-carrier interference from all the other subcarriers on subcarrier l given by

Il =

N
−1
X
k=0,k6=l

·

µ
¶¸
1
sin (π(k − l + ε))
³
´,
Hk sk exp jπ(k − l + ε) 1 −
N
N sin π(k−l+ε)

(1.13)

N

and n0l is the AWGN noise in the frequency domain with variance σn2 . Equation
(1.12) gives the mathematical description of the two detrimental effects of
the CFO in OFDM systems. Firstly the amplitude of the desired signal is
attenuated to Nsin(πε)
< 1. Secondly, besides AWGN noise n0l , there is an
sin( πε
)
N
additional ICI term Il . In this case, the signal to interference and noise ratio
(SINR) of the received signal on subcarrier l is given by
2

(πε)
E(|Hl |2 )E(|sl |2 ) N 2sin
sin2 ( πε
N )
.
SINRl =
2
2
E(|Il | ) + σn

(1.14)
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In Figure 1.10, we plot the SINR given in (1.14) for an OFDM system with
64 subcarriers for different CFO values and for 4 signal to AWGN noise ratios (E[|H|2 |s|2 ]/σn2 ) of 5, 10, 15 and 25 dB. From the figure, we can see
that the SINR degrades significantly as the CFO value increases. As the ICI
power is independent of the AWGN noise power, the ICI causes more degradation in high SNR cases compared to low SNR cases. From Figure 1.10,
the worst-case CFO of ε = 0.31 in IEEE 802.11g WLAN systems causes a
degradation of about 21 dB for SNR of 25 dB. In the same vein, CFO also
causes significant performance degradation for MIMO-OFDM and multi-user
MIMO-OFDM systems. Therefore, to guarantee good performance of OFDM
systems, CFO must be accurately estimated and compensated.

1.4

Status and Challenges in CFO estimation for
OFDM systems

In this section, we present a brief literature review on CFO estimation algorithms for OFDM systems. We also identify challenges in the CFO estimation
for SISO, MIMO and multi-user MIMO OFDM systems and motivate the
research work carried out in this thesis.

1.4.1

CFO estimation for SISO-OFDM systems

The CFO estimation algorithms for SISO-OFDM systems can be broadly divided into two categories:
1. Training-based CFO estimation algorithms;
2. Blind CFO estimation algorithms.

1.4.1.1

Training based CFO estimation algorithms

In training-based CFO estimation algorithms, specially designed training signals (including preambles and/or pilot subcarriers) known to the receiver are
inserted into the data symbols to assist the receiver in estimating the CFO.
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Two well-known training-based CFO estimation algorithms for SISO-OFDM
systems were proposed by P. Moose [38] and by T.M. Schmidl & D.C. Cox [39].

In Moose’s algorithm, two repeated OFDM symbols are transmitted as training symbols. As the second OFDM symbol is identical to the first one, the
last Ng samples of the first OFDM symbol have the same effect as the cyclic
prefix for the second OFDM symbol. Hence, it is not necessary to append a
CP to the second OFDM symbol. The assumption in this algorithm is that
the starting point of an OFDM symbol is known. In this case, using similar
notations as in (1.10), the time domain received signals in these two OFDM
symbol intervals can be written as
·
r=

EWHs
j2πε
e
EWHs

¸
+ n,

(1.15)

where r is a 2N × 1 vector containing received signal for two OFDM symbols.
Here we assume a slowly time-varying channel such that the channel within
the two OFDM symbol intervals can be considered the same. Taking the FFT
of the received signals, we get the frequency-domain signals in the two OFDM
symbol intervals given by
·
y=

WH EWHs
ej2πε WH EWHs

¸
+ n0 ,

(1.16)

where n0 is the frequency domain noise vector, which has the same statistical
properties as n. In the noiseless condition, the difference between the first and
the second N elements of y is a constant phase shift of ej2πε due to the CFO.
It is shown in [38] that the maximum likelihood (ML) estimate of the CFO ε
is given by
(P
)
N −1
∗]
=[y
y
1
l+N
l
,
(1.17)
ε̂ =
tan−1 Pl=0
N −1
∗
2π
<[y
y
l+N
l=0
l]
where =(•) and <(•) denote the imaginary and the real parts of a complex
number respectively and superscript ∗ denotes complex conjugation. It is
shown in [38] that this estimate is conditionally unbiased for small CFO values.
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The mean square error (MSE) of this estimator is given by

MSE(ε̂) =

where

1
,
(2π)2 N γ

(1.18)

¡
¢
tr HHH σs2
γ=
N
σn2

is the SNR of the received signal. Here we use tr(•) to denote the trace of
a matrix, and σs2 and σn2 are the power of the transmitted signal and noise
respectively. The acquisition range of this algorithm is limited in ±0.5 subcarrier spacing. This is smaller than the worst-case CFO of 0.64 in IEEE 802.11a
wireless LAN systems operating in the 5 GHz band. It is suggested in [38]
that the acquisition range can be increased by using shorter repeated frequency
domain training symbols. Decreasing the length of the training symbol by a
factor of n will increase the acquisition range n times. On the other hand, from
(1.18), we can see that reducing the length of training symbol degrades the
MSE of the CFO estimation. The length of the training symbol also needs to
be kept longer than the channel delay spread so as not to cause any distortion
when estimating the CFO.
One limitation of Moose’s algorithm is that it requires knowledge of the starting point of an OFDM symbol. In [39], Schmidl & Cox proposed an algorithm that can estimate timing and frequency offset using the same timedomain training sequence. In their method, the time-domain OFDM symbol used for training consists of two identical halves, i.e. xk = xk+N/2 for
k = 0, · · · , N/2−1. At the receiver, it can be easily shown that rk+N/2 = ejπε rk
for k = 0, · · · , N/2 − 1. Here k = 0 corresponds to the index of the first timedomain sample after the CP. Hence, the received signal also consists of two
identical halves, except for a phase difference ejπε that is caused by the CFO.
To determine the start of the OFDM symbol, in [39], a timing metric is calculated as
¯P
¯2
¯ N/2−1 ∗
¯
¯ m=0 rk+m rk+m+N/2 ¯
Mk = PN/2−1 ¯
.
(1.19)
¯
¯rk+m+N/2 ¯2
m=0
We can see that the numerator of M (k) in (1.19) is an autocorrelation function
of the received signal in a window of size N/2, while the denominator in (1.19)
is a normalization constant equal to the power of the second-half of the training
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Fig. 1.11: An example of timing metric using the autocorrelation method (AWGN
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symbol.
Figure 1.11 shows an example of the timing metric Mk for an OFDM system
with 512 subcarriers and cyclic prefix equal to 64. The channel is an AWGN
channel with SNR of 20 dB and the CFO ε = 0.6. Here we put the start of
the OFDM symbol as the 0 timing point. We can see that the timing metric
function reaches a plateau of length equal to the length of the cyclic prefix.
For multi-path fading channel, the length of the plateau is equal to the length
of the cyclic prefix minus the length of the channel impulse response. The
starting point of the OFDM symbol can be taken at any point on the plateau
and there will be no inter-symbol interference (ISI) [39]. Once the timing point
k is determined, it is shown in [39] that the ML estimate of the CFO can be
obtained as

ε̂ =

=



N/2−1
1  X ∗
∠
rk+m rk+m+N/2 
π
m=0
´
 ³PN/2−1
∗
r
r
=
m=0
k+m k+m+N/2
1
´ ,
tan−1  ³P
N/2−1 ∗
π
<
r
r
m=0

k+m k+m+N/2

(1.20)
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where ∠(•) denotes the angle of a complex number. The CFO estimator in
(1.20) has an acquisition range of ±1 subcarrier spacing and the MSE of the
CFO estimation is given by [39]

MSE(ε̂) =

2
π2N γ

,

(1.21)

which has a similar expression as the frequency domain method in (1.18).
Both methods in [38] and [39] use periodic training sequences in either the
frequency or the time domain to estimate the CFO in OFDM systems. In
both methods, the ML CFO estimate can be obtained using simple correlation
operations as shown in (1.17) and (1.20). Compared to the frequency domain
method in [38], the time domain method in [39] has two advantages. Firstly,
timing synchronization can be obtained using the same training sequence.
Secondly, frequency synchronization is performed in the time domain, thus
it saves the complexity of FFT operations required in the frequency domain
methods. As a result, time-domain periodic training sequences have been
adopted in various wireless standards as the training sequence for timing and
CFO estimation [17] [18] [5]. In [40], the authors extended the CFO estimation
using periodic sequences to the case where the number of periods is larger
than 2. A more practical treatment on CFO and timing estimation in OFDM
systems was given in [41]. The acquisition range of CFO values and method
to resolve the ambiguity in CFO estimation were addressed in [42]. In [43]
and [44], the CFO and timing estimation algorithms were studied specifically
in the context of IEEE 802.11 training sequences. The Cramer-Rao bounds
(CRB) for CFO estimation using a general and a periodic training sequence
in frequency selective fading channels were derived in [45].
In summary, the use of periodic training sequences for CFO estimation in
SISO-OFDM systems has been extensively studied in both theoretical and
practical aspects. Moreover, the computational complexity required for CFO
estimation in SISO-OFDM systems is already very small. Therefore, in this
thesis, we will not further study the training-based CFO estimation in SISOOFDM systems. However, training-based CFO estimation algorithms have
some limitations. The training sequence used for CFO estimation is an extra overhead for transmission and it reduces the effective data throughput of
the system. For a typical application like IEEE 802.11a/g WLAN, the total
overhead used for CFO estimation and residual CFO tracking, including both
the short preamble and the pilots, is about 10% of the total data throughput.
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The WLAN system is designed for low mobility applications, in which the
CFO can be assumed to be constant within a packet. In the case of mobile
systems, the CFO becomes time varying due to the Doppler effect of the channel [46]. This requires more frequent transmission of training sequences, which
further reduces the data throughput. To avoid this problem, in this thesis, we
study another class of CFO estimation algorithms, namely blind algorithms,
for SISO-OFDM systems. Blind algorithms do not require training sequences
and hence have no training overhead. The disadvantage is that their computational complexity is normally higher than that of training-based algorithms.
A detailed overview on blind CFO estimation algorithms for SISO-OFDM
systems is given in Section 1.4.1.2.
For MIMO-OFDM and multi-user MIMO-OFDM systems, the computational
complexity for blind algorithms becomes too high for practical implementations. Therefore, in Chapter 5 and Chapter 6, we will come back to trainingbased algorithms. We will study low complexity CFO estimation algorithms
for MIMO-OFDM and multi-user MIMO-OFDM systems using periodic training sequences.

1.4.1.2

Blind CFO estimation algorithms

Blind CFO estimation algorithms are a class of algorithms where the CFO is
estimated using the statistical properties of the received signal only, without
explicit knowledge of the transmitted signal. Therefore, it does not require
training sequences. In SISO-OFDM systems, blind CFO estimation algorithms
usually make use of some special properties of OFDM symbols such as the
cyclic prefix in the time domain and guard null subcarriers in the frequency
domain.
In [47], the authors proposed a CFO estimation algorithm making use of the
time-domain cyclic prefix in OFDM systems. For an AWGN channel, the
received time-domain OFDM signal has the following property
E{rk∗ rk+N } = σs2 exp(j2πε) + σn2 ,

(1.22)

if k is in the part of the OFDM symbol that corresponds to the cyclic prefix.
Based on this property, the authors showed that a maximum-likelihood CFO
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estimator is given by


t+Ng −1
1  X ∗
ε̂ =
∠
rk rk+N  ,
2π

(1.23)

k=t

where t is the start of the cyclic prefix portion of the received signal. From
(1.23), we can see that CFO estimation only requires the computation of the
autocorrelation of the received signal. Therefore, the computational complexity is low. However, there are a few drawbacks of this method. Firstly, if the
channel is dispersive, the number of terms in (1.23) is equal to the difference
of CP length and the length of the channel impulse response. In this case,
the MSE of the CFO estimation is degraded compared to that in flat fading
channels. Secondly the acquisition range of this method is limited to ±0.5
subcarrier spacing.
Another popular blind CFO estimation method was proposed by Liu and
Tureli in [37]. This method makes use of the frequency-domain characteristics of OFDM systems. Figure 1.12 shows the spectrum of a practical OFDM
system with N subcarriers. In this system, there are d1 and d2 subcarriers
at two ends of the allocated spectrum that are left empty and used as guard
bands to avoid aliasing to the adjacent channels [17]. We will refer to the nondata-carrying subcarriers as null subcarriers and we call the data-carrying
subcarriers data subcarriers. In the absence of noise and ICI, the received
signal on the null subcarriers should be 0. Based on this observation, Liu
and Tureli proposed a blind CFO estimation algorithm based on the minimization of the received signal power on null subcarriers [37]. It was shown
in [48] that this CFO estimation method is optimal in the ML sense. Because
it makes use of the frequency-domain characteristics of OFDM systems, its
performance is not affected by the length of the channel impulse response.
Moreover, compared to the method in [47], it is more robust against timing
errors. A disadvantage of the algorithm is its computational complexity. This
is because the cost function in the minimization problem in [37] is a polynomial with the complex variable of order 2(N − 1). For a typical application,
like wireless LAN, N = 64 [17]. Hence, the order of the cost function becomes
126, and the computational complexity required to find the minimum is very
high. Therefore, it is important to find methods to reduce the computational
complexity of the blind algorithm in [37] to make it implementable in practice.
Moreover, it is also important that the reduction in complexity does not lead
to big performance degradations. Finding such a solution is a technical chal-
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lenge that requires both mathematical analysis and practical considerations.
This challenge is addressed in Chapter 2 and Chapter 3 of this thesis.

1.4.2

CFO estimation for MIMO-OFDM systems

When we move from SISO to MIMO, we move from using a single front-end
and RF chain (including antenna) to using multiple front-ends and RF chains
at both the transmitter and the receiver. As a result, multiple clock signals are
required at the multiple front-ends for modulation and demodulation. In the
state-of-the-art design, a centralized clock signal is generated and distributed
to different front-ends. Another possibility is to use different clock signals
for different front-ends, i.e. using distributed clock signal generation. This
becomes more relevant since the invention of the Micro-Electro-Mechanical
Systems (MEMS) silicon based oscillators. Compared to traditional crystal
based oscillators, the MEMS oscillators can be easily fabricated on chip thus
making having multiple clocks on the same chip feasible. It remains an open
question whether the centralized or the distributed clock signal generation
and distribution is to be preferred. Therefore, it is important to perform a
thorough study and provide a clear understanding on the pros and cons of the
two clock generation and distribution topologies to provide clear guidelines for
practical system implementation. Such a study is presented in Chapter 4 of
the thesis.
For MIMO-OFDM systems with centralized clocks, all the transmit antennas
are driven by the one local oscillator (LO) while all the receive antennas are
driven by another LO. Therefore, the CFO between the transmitter and receiver LO’s is still a single parameter to estimate. In this sense, the CFO
estimation is very similar to that in SISO-OFDM systems. The difference
here is that we have multiple received signals from multiple receive anten-
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nas. The CFO estimation concerns how to optimally combine these signals
to extract the CFO estimate. To this end, there have been many papers in
the literature addressing the CFO estimation in the MIMO context. In [49],
the CFO estimation was performed in two steps. Firstly, the fractional CFO,
up to ±0.5, was estimated and compensated in the time domain using cyclic
prefix. Secondly the integer part of the frequency offset was estimated in the
frequency domain by cross correlating the received frequency domain signal
with the training sequence. In [50], the CFO in MIMO-OFDM systems was
estimated using periodical training sequences in a similar fashion as for the
SISO-OFDM systems. The training sequence design for CFO estimation was
addressed in [51].

Compared to SISO-OFDM systems, the training in MIMO-OFDM systems
requires significantly more overhead. For example, the channel estimation for
a MIMO-OFDM system with nt transmit and nr receive antennas requires
estimation of nr × nt channel coefficients for each subcarrier. In the literature,
this normally requires training sequences of at least nt OFDM symbols [5] [52].
On top of this, additional overhead is required for timing and CFO estimations.
Therefore, it is important and remains a challenging problem to develop lowoverhead training schemes that enable joint estimation of CFO and channel. In
addition, for practical implementation, these schemes should also require low
computational complexity. One efficient training scheme for low-complexity
joint CFO and channel estimation is proposed in Chapter 5 of the thesis.

In the theoretical study of MIMO-OFDM systems, different antennas are assumed to be independent and there is no interaction between signals from
different antennas. In practice, as MIMO antennas are placed close to each
other, the channel responses among different transmit and receive antennas are
actually correlated [53] [54] [55]. This correlation is related to the propagation
environment. Besides spatial correlation, closely placed antennas also experience mutual coupling among the antennas. The mutual coupling is due to
the interactions of electro-magnetic (EM) fields at different antennas [56] [57].
It changes the amount of spatial correlation related to the propagation environment [58] [59]. The mutual coupling also changes the signal power at
different antennas. Therefore, it is of great practical importance to study the
effects of spatial correlation and antenna coupling and their impacts on the
CFO estimation in MIMO systems. Such a study is provided in Chapter 5 of
the thesis.

1.5 Outline and Contributions of the Thesis

1.4.3
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CFO estimation for Multi-user MIMO-OFDM systems

In the uplink of a multi-user MIMO-OFDM system, different users transmit simultaneously to the base station. In this case, different users use clock signals
from their own LO’s while the receiver uses a clock signal generated by its own
LO. Therefore, CFO exists between the base station LO and the LO’s from
different users. The base station receiver needs to estimate these multiple CFO
values from multiple users. In [60] and [61], algorithms were proposed to estimate multiple CFO values for MIMO systems in flat fading channels. In [62],
a semi-blind algorithm was proposed to estimate the CFO and channel for
the uplink of multi-user MIMO-OFDM systems in frequency selective fading
channels. The joint CFO and channel estimation for multi-user MIMO-OFDM
systems was studied in [63]. Training sequences that minimize the asymptotic
Cramer-Rao Bound were also designed in [63]. The computational complexity is the main problem in the CFO estimation for multi-user MIMO-OFDM
systems. Most of the existing algorithms in the literature have computational
complexity that increases exponentially with the number of users. This makes
practical implementation of such algorithms difficult. Therefore, development
of low complexity CFO estimation algorithms in the multi-user context is of
great practical importance. We will propose a low-complexity algorithm to
estimate these multiple CFO values in Chapter 6.

1.5

Outline and Contributions of the Thesis

In this section, we outline the contents of each chapter in the rest of the thesis.
We also highlight the contributions in each chapter. As the title of the thesis
suggests, we focus on low-complexity frequency synchronization techniques for
different wireless OFDM systems. This thesis can be divided into three parts
covering different types of wireless OFDM systems. In Chapter 2 and Chapter
3, we study low-complexity blind CFO estimation in SISO-OFDM systems.
In Chapter 4 and 5, we move to MIMO-OFDM systems, while in Chapter 6,
the CFO estimation in multi-user MIMO-OFDM systems is studied.
In Chapter 2, we study low-complexity blind CFO estimation algorithms for
SISO-OFDM systems using null subcarriers. Compared to the existing lowcomplexity method using Taylor series approximation, we propose a new factorization method for the cost function such that the Taylor series approximation is more accurate, and thereby the CFO estimate. Moreover, for small
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CFO values, we also derive a closed-form solution for the CFO estimate. The
contributions in this chapter also include a new successive CFO estimation
and compensation algorithm that reduces the performance degradation due to
Taylor series approximation errors in the cost function.
In Chapter 2, we found that the performance of CFO estimation is closely
related to the placement of the null subcarriers. In Chapter 3, we present
an analytical study on this relationship. We show mathematically that the
SNR of the CFO estimation is a function of the null subcarrier placement. We
then formulate the optimization problem for null subcarrier placement as an
SNR maximization problem. Optimal null subcarrier placement is obtained
analytically when the number of subcarriers is divisible by the number of
null subcarriers. For the other cases, a near-optimal placement is developed.
We further demonstrate that the SNR-optimal null subcarrier placement also
minimizes the theoretical MSE (i.e. the linear approximation of the MSE in
the high SNR region) of the CFO estimation. For practical OFDM systems, it
is necessary to have fixed-position null subcarriers as guard band. With this
constraint, we propose a method to optimally place a few null subcarriers in
the data band and the algorithm improves the performance of CFO estimation
significantly.
In Chapter 4, we move from SISO-OFDM systems to MIMO-OFDM systems.
In this chapter, we present a study on the different clock signal generation
and distribution topologies. Specifically, we focus on the comparison of the
receiver power dissipation for centralized and distributed clock generations.
We first develop a general mathematical model for the comparison of power
dissipation for different topologies. We then present a case study on the power
dissipations of three common topologies for three ISM bands, namely the 2.4
GHz, 5 GHz and 60 GHz bands for a wireless LAN system.
In Chapter 5, we study the CFO estimation in MIMO-OFDM systems with
centralized clock topology. We develop a training scheme that uses the same
constant amplitude zero autocorrelation (CAZAC) training sequence for joint
CFO and channel estimation. We demonstrate that the training overhead
can be significantly reduced using the developed training scheme and that
the computational complexity is low. We show that the MSE of the CFO
estimation approaches the Cramer Rao bound (CRB) at practical SNR values.
We also present a mathematical analysis on the effect of CFO estimation
errors (residual CFO) on the performance of channel estimation. A study
on practical problems in MIMO-OFDM systems such as spatial correlation,
antenna coupling and their impacts on CFO estimation is also presented in
Chapter 5.

1.6 List of Publications by the Author
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The CFO estimation for multi-user MIMO-OFDM systems is studied in Chapter 6. We first derive the ML CFO estimator and show that the computational
complexity grows exponentially with the number of users. To reduce this complexity, we develop a sub-optimal CFO estimation algorithm using constant
amplitude zero autocorrelation (CAZAC) sequences, the complexity of which
grows only linearly with the number of users. The multiple CFO values in the
uplink cause interference in the CFO estimation of different users using the proposed low-complexity algorithm.. To mitigate this interference, we propose a
method to find the CAZAC sequence that maximize the signal-to-interference
ratio for different classes of CAZAC sequences.
The concluding remarks of this thesis in given in Chapter 7 together with
suggestions for possible future work.
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2

Low-Complexity Blind CFO
Estimation for OFDM Systems

2.1

Introduction

The presence of carrier frequency offset (CFO) in an orthogonal frequency division multiplexing (OFDM) system leads to a loss of orthogonality between
subcarriers. This introduces inter-subcarrier interference (ICI) and degrades
the system performance significantly. Therefore, to guarantee good performance of OFDM systems, the CFO must be accurately estimated and compensated. Compared to training-based CFO estimation algorithms, blind CFO
estimation algorithms have the advantage that no extra training symbols are
required. In the literature, Liu and Tureli [37] proposed a blind CFO estimation algorithm exploiting null subcarriers. These are subcarriers at both
ends of the spectrum that are left empty and used as guard bands. The algorithm in [37] estimates the CFO through minimizing the received signal
power on these null subcarriers. However, a drawback of the algorithm is its
high computational complexity. To reduce this complexity, a low-complexity
algorithm was proposed in [64], which uses Taylor series approximation of the
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original cost function. To improve the accuracy of this approximation, we
propose a new factorization method for the cost function that helps to reduce the number of terms of the Taylor series. By limiting this number to 2
(first-order approximation), we also derive a closed-form solution for the CFO
estimate. Comparison with the original algorithm in [37] shows a significant
reduction in computation complexity using the new method. Moreover, the
performance of the new method is very close to that of the algorithm in [37]
for small CFO values. However, the low-order (first and second order) Taylor
series approximation can lead to some performance degradation. This degradation is more obvious in the medium to high SNR region, where an error floor
appears. To mitigate this degradation, we further develop a successive CFO
estimation and compensation algorithm. In each iteration of the proposed successive algorithm, the residual CFO from the previous iteration is estimated
and compensated from the received signal. A convergence monitoring mechanism is introduced which ensures the convergence of the successive algorithm.
We further propose a decision-directed CFO estimation algorithm where the
performance of CFO estimation can be further improved at a slightly higher
computational cost.
The rest of this chapter is organized as follows. In Section 2.2, we review
the null subcarrier based blind CFO estimation algorithm in [37] and the
low-complexity algorithm in [64]. The proposed new factorization method to
improve the Taylor series approximation is presented in Section 2.3. In 2.4,
we present the successive CFO estimation and compensation algorithm and its
decision-directed extension is developed in Section 2.5. The simulation results
are presented in Section 2.6 and concluding remarks are given in Section 2.7.

2.2

Previous Methods

For an OFDM system with N subcarriers and P data subcarriers, after removing the cyclic prefix, the received time-domain OFDM signal in the kth
OFDM symbol interval can be written as
rk = EWP Hk sk ejφ0 (k−1)(N +Ng ) + nk

(2.1)

where E = diag(1, ejφ0 , · · · , ej(N −1)φ0 ) is the diagonal CFO matrix and φ0 is
the actual angular CFO given by φ0 = 2πε0 /N . Here we use angular CFO φ0
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to simplify notification so that in later derivations, we need not deal with the
constant factor 2π/N to the original CFO ε. The difference between (2.1) and
(1.10) is that s is a P × 1 vector containing the transmitted signal on the P
data subcarriers. Correspondingly, H is a P × P diagonal matrix containing
the channel responses on the P data subcarriers and WP is a N ×P submatrix
that is obtained from the N ×N IDFT matrix W by extracting the P columns
that correspond to the data subcarriers. Let us define l = [l1 , l2 , · · · ld ] as the
null subcarrier indices and d = N − P as the number of null subcarriers.
In [37], Liu and Tureli showed that a CFO estimate can be obtained from the
minimization of a cost function J (z) given by
K X
d °
°
X
° H −1 k °2
J (z) =
°wli Z r ° ,

(2.2)

k=1 i=1

where K is the total number of OFDM symbols used for CFO estimation, wlHi
³
´
is the li th row of the DFT matrix and Z = diag 1, z, z 2 , · · · , z (N −1) with
z = ejφ . Here φ is the trial value for the actual CFO φ0 . Using (2.2), it can
be shown that z = ejφ0 is a zero of J (z) in the absence of noise.
This algorithm is shown to have a good performance as compared to CramerRao bound (CRB) [37] and its acquisition range for CFO is much larger than
that of the blind CFO estimation algorithm using the cyclic prefix [47]. It is
shown in [37] that the CFO estimate that minimizes the cost function in (2.2)
can be attained by using either a MUSIC-like search algorithm or a rooting
method. The practical aspects of this blind CFO estimation algorithm and its
experimental implementations are further studied in [65]. The identifiability of
CFO using this algorithm is studied in [48] and [66]. A major disadvantage of
this algorithm is its high computational complexity. The cost function J (z)
represents a polynomial of order 2(N − 1) in the complex variable z. For
a typical application, like wireless LAN (IEEE 802.11a standard), N = 64.
Hence, the order of J (z) becomes 126, and the computational complexity
required to find its roots is very high. To reduce this complexity, an ESPRITlike method is proposed in [67]. However, the computational complexity is
still very high as a subspace computation is required.
In [64], a method is proposed to reduce the computational complexity of the
method in [37]. This algorithm exploits the fact that the inverse diagonal
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matrix Z−1 in (2.2) can be re-written as follows
¡
¢
Z−1 = diag 1, e−jφ , e−j2φ
· · · , e−j(N −1)φ
³ ,(N
´
−1)
(N −3)
(1−N )
jφ 2
jφ 2
jφ 2
−jφ(N
−1)/2
= e
diag e
, e
,··· ,e
.

(2.3)

Taking into account the fact that the residual CFO after analog coarse frequency synchronization tends to be very small in practice, using Taylor series
expansion of an exponential function, we have

Z−1 ≈ e−jφ(N −1)/2 ×

Q
X
(jφ)n
n=0

2n n!

Dn

(2.4)

where D = diag((N − 1), (N − 3), · · · , (1 − N )) and Q is a suitable integer
(Q ¿ N ) such that the error due to the series truncation in (2.4) is negligible
[64]. The assumption of small residual CFO in the digital domain is justified,
on the one hand, by the use of a coarse synchronization at the analog part
of the receiver [36] [68] and, on the other hand, by the precision of currently
available crystal oscillators [69]. In IEEE 802.11a WLAN standard [17], the
precision of the carrier frequency at both the transmitter and the receiver is
±20 ppm maximum. This leads to a worst case CFO value of ±0.64 subcarrier
spacing or φ0 = 0.063 at a carrier frequency of fc = 5 GHz. Furthermore,
the accuracy of the LO’s has been further improved in recent years. In the
comparison criterion document of the IEEE 802.11n high-throughput wireless
LAN working group [70], the CFO value between the transmitter and receiver
LO’s has been strengthened to 13.675 ppm which corresponds to normalized
CFO value of φ0 = 0.023 at fc = 5 GHz. All these facts show that the
assumption of |φ| ¿ 1 is valid in practice. Now using (2.4) in (2.2) and letting
ai,n (k) = wlHi Dn rk , we get the approximated cost function given by

J2Q (φ) =

2Q
X

cl φl

l=0

where the polynomial coefficients cl are given by

(2.5)
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µ ¶l X
d K
l
j
(−1)m X X
ai,l−m (k)a∗i,m (k)
cl =
2
(l − m)!m!
m=0
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i=1 k=1

with ai,l (k) = 0 for l > Q. The new cost function (2.5) is a polynomial of
the real variable φ of degree 2Q. In addition, it has been proven in [64] that
all the polynomial coefficients are real-valued. The minimization of (2.5) can
be carried out by setting the derivative to 0 and using some standard rooting
methods to search for the CFO estimate. Since Q ¿ N , the computational
complexity required to find the root of (2.5) is significantly lower than that
for the original problem. Moreover, as both φ and the polynomial coefficients
are real, the rooting methods require only real arithmetic operations. This on
its own provides large computational savings.

2.3

Proposed New Factorization Method

The factorization in (2.3) is aimed at increasing the denominators of the Taylor
series terms in (2.4) by a factor of 2n so that a good approximation to Z−1 can
be achieved with a limited number of terms. Next, we will propose another
factorization method which allows us to increase this number to (2n )2 = 4n
and more if needed. Based on (2.3), we can write
Z−1 = e−jφ(N −1)/2 (E1 + E2 ),

(2.7)

³ (N −1)
´
(N −3)
1
E1 = diag ejφ 2 , ejφ 2 , · · · , ejφ 2 , 0, · · · , 0
³ (N −1)
´
(3−N )
= ejφ(N −1)/4 diag ejφ 4 , · · · , ejφ 4 , 0, · · · , 0 ,
³
´
(1−N )
1
E2 = diag 0, · · · , 0, e−jφ 2 · · · , ejφ 2
³
´
(N −3)
(1−N )
= ejφ(1−N )/4 diag 0, · · · , 0, ejφ 4 , · · · , ejφ 4
.

(2.8)

where
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Now, using Taylor series expansion in (2.8), we obtain

E1

+∞
+∞
X
X
(jφ)m
(jφ)n n
m
=
(N
−
1)
D
4m m!
4n n! 1
m=0
n=0
+∞ X
+∞
X
(jφ)n+m
(N − 1)m Dn1 ,
=
4n+m n!m!

(2.9)

m=0 n=0

where
Dn1 = diag((N − 1)n , (N − 5)n , · · · (3 − N )n , 0, · · · , 0).

(2.10)

Similarly, we can show that

E2 =

+∞ X
+∞
X

(−1)m

m=0 n=0

(jφ)n+m
(N − 1)m Dn2 ,
4n+m n!m!

(2.11)

where
Dn2 = diag(0, · · · , 0, (N − 3)n , (N − 7)n , · · · (1 − N )n ).

(2.12)

Substituting (2.9) and (2.11) into (2.7) leads to

Z−1 = ejφ(N −1)/2

+∞ X
+∞
X
(jφ)n+m
(N − 1)m [Dn1 + (−1)m Dn2 ] .
4n+m n!m!

(2.13)

m=0 n=0

If the Taylor series of each exponential is truncated to a suitable number of
Q terms, then equation (2.13) can be approximated by the following matrix
polynomial
2Q
X
Z−1 ≈ ejφ(N −1)/2
Cq φq ,
(2.14)
q=0
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where

Cq

µ ¶q X
q
i
j
(N − 1)m h (q−m)
(q−m)
=
D1
+ (−1)m D2
.
4
m!(q − m)!

(2.15)

m=0

Note that Cq is a non-zero matrix for q = 0, 1, · · · 2Q and it is equal to the
zero-matrix for q > 2Q. To simplify the calculations, let us define the scalar
bi,q (k) as follows
bi,q (k) = wlHi Cq rk .
(2.16)
Now, let us substitute (2.14) into the cost function (2.2). This leads to the
new approximate cost function

J (z =

ejφ )

≈ J4Q (φ) =

2Q X
2Q
X

l+r

φ

r=0 l=0

=

4Q
X

d X
K
X

bi,l (k)b∗i,r (k)

i=1 k=1

(2.17)

q

dq φ ,

q=0

where the polynomial coefficients are given by

dq =

q X
d X
K
X

bi,q−s (k)b∗i,s (k).

(2.18)

s=0 i=1 k=1

We can notice that bi,l (k) = 0 for l > 2Q as Cl is a zero matrix for l > 2Q.
Moreover, it is straightforward to show that dq = d∗q . Hence, all the coefficients
of the polynomial are real-valued.

In practice, the residual CFO can be so small that only a very limited number
of terms is needed for the Taylor series approximation. In this case, we can
compute directly the CFO through a simple formula as follows. For Q = 1,
the cost function polynomial is of degree four and its derivative with respect to
φ is a cubic polynomial whose zeroes or roots can be computed directly using
Cardano’s formula [71]. To this end, we should first rewrite the derivative of
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the cost function as follows:
1 ∂J4Q (φ)
= φ3 + uφ2 + vφ + r = 0,
4d4
∂φ
where
u=

3d3
d2
d1
, v=
, r=
.
4d4
2d4
4d4

(2.19)

(2.20)

Now, let us compute
= (3v − u2 )/3,
Ã
!1/3
r
b
b2
a3
S =
− +
+
,
2
4
27

b = (2u3 − 9uv + 27r)/27,
Ã
!1/3
r
b
b2
a3
T = − −
+
.
2
4
27
(2.21)

a

Finally, the three roots are given by [71]
φ̃1 = (S + T ) −
φ̃2
φ̃3

u
,
3

√
1
3
= − (S + T ) + j
(S − T ) −
2
2
√
1
3
= − (S + T ) − j
(S − T ) −
2
2

u
,
3
u
.
3

(2.22)

Once the three roots are determined, we substitute them in (2.17) and choose
the one that leads to the minimum of J4 (φ) as the CFO estimate. As we are
looking for a real solution, we should test only the real roots for the minimum.
The complex-valued roots need not be tested. It is worthwhile to mention
that for a cubic polynomial with real coefficients as in our case, at least one
of the roots will always be real [72]. The summary of this algorithm is given
in Table 2.1.
To complete our discussion, we need to examine closely the computational
complexity of the proposed algorithm. Since Q = 1, the computational complexity due to (2.20), (2.21) and (2.22) is negligible as compared to the complexity of computing the 5 polynomial coefficients d0 to d4 . Every coefficient
dq requires the computation of bi,q (k) in (2.16), where we can easily notice
that Cq is just a diagonal matrix and both wlHi and y(k) are just vectors.
As a result, the computational complexity for obtaining the polynomial coef-

2.4 Successive Blind CFO Estimation and Compensation
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Initialization
Start with the received signal vector r0 , and set Q = 1.
Algorithm:
1) Compute the coefficients dq of the cost function polynomial J4 (φ) using
(2.18) for q = 0, 1, 2, 3, 4.
4 (φ)
2) Compute the coefficients u, v and r of 4d14 ∂J∂φ
using (2.20).
3) Compute the three roots φ̃1 , φ̃2 and φ̃3 using (2.22) and discard the
complex roots. At least one root should be real as explained in the text.
4) If more than one root is real, then compute J4 (φ) for each root and
choose the one that leads to the smallest value for J4 (φ).
Table 2.1: Summary of the closed-form CFO estimator using the new factorization
method.

ficients can be shown to be about O(dKN ), that is, it is similar to that of
the method in [64] when Q = 1. The ESPRIT method in [67] is proposed
as a low-complexity method for the CFO estimator in [37]. The method is
based on the estimation and computation of a certain matrix A, its pseudo
inverse and the construction of another matrix called ∆. These operations
have at least the following computational complexities O(K(N −M )(M +1)2 ),
O(P 3 ) + O(M P 2 ) and O((M P )2 ), where M ≥ P and P is the number of data
subcarriers. In practice, both M and P are of comparable size as N . Hence, it
should be obvious that the computational complexity of the proposed method
is much lower than that of the methods in [37] and [67].

2.4

Successive Blind CFO Estimation and Compensation

The performance of the closed-form CFO estimator using the new factorization
method depends on the accuracy of the Taylor series approximation of the
cost function in (2.2), which is determined by the number of terms used in the
summation as well as the residual CFO values. As we only use Q = 1 (low
cost) in the proposed method, the accuracy of the approximation is degraded
when the actual CFO value is relatively large. As a result, there will be
some performance degradation in the Mean Square Error (MSE) of the CFO
estimation compared to the method in [37]. To reduce this degradation and
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further improve the performance of the proposed method, we present, in this
section, an effective successive CFO estimation and compensation algorithm.
In the first iteration of the algorithm, we use the proposed method to find
an initial estimate of the CFO, say φ̂0 . Then, the CFO compensation can be
performed on the received signal rk . To this end, let us define the CFO compensation matrix in the first iteration as T1 = diag(1, e−j φ̂0 , · · · , e−j(N −1)φ̂0 ).
The time-domain received signal after the CFO compensation can thus be
written as
r̃k = T1 e−j φ̂0 (k−1)(N +Ng ) rk

³ ´0
= E1 WP Hsk ejφ1 (k−1)(N +Ng ) + nk ,

(2.23)

where E1 = diag(1, ejφ1 , ej2φ1 , · · · , ej(N −1)φ1 ) denotes the residual CFO matrix
with φ1 = φ0 − φ̂0 representing the residual CFO after the first iteration. The
¡ ¢0
noise vector nk = T1 e−j φ̂0 (k−1)(N +Ng ) nk .
Let us consider the residual CFO after the first iteration E1 ejφ1 (k−1)(N +Ng ) in
(2.23). It is obvious that when the CFO estimation is perfect, we should have
φ̂0 = φ0 and φ1 = 0. In this case, we have E1 ejφ1 (k−1)(N +Ng ) = I. Next, we
consider the case where the CFO is not perfectly estimated (φ̂0 6= φ0 ) but it
is close enough to φ0 for the following condition to hold
¯
¯
¯
¯
|φ1 | = ¯φ0 − φ̂0 ¯ < |φ0 | .

(2.24)

Note that the mean of the noise term n0 (k) after CFO compensation is E(n0 (k)) =
0 = E(n(k)), and its covariance matrix can be calculated as
µ
¶
³ ´H
−j φ̂0 (k−1)(N +Ng ) k
k
j φ̂0 (k−1)(N +Ng ) H
R = E T1 e
n n
e
T1
µ ³ ´ ¶
H
−j φ̂0 (k−1)(N +Ng )
= T1 e
E nk nk
ej φ̂0 (k−1)(N +Ng ) T1 H
= σn2 T1 e−j φ̂0 (k−1)(N +Ng ) Iej φ̂0 (k−1)(N +Ng ) TH
1
= σn2 I,

(2.25)
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and is seen to be equal to the covariance matrix of nk . This means that the
noise power remains constant after carrier offset compensation and the CFO
estimation and compensation process does not introduce any noise amplification. In the second iteration, since (2.24) holds, it is obvious that the residual
CFO after the first iteration ejφ1 can be represented more accurately using
the first order Taylor series approximation as compared to ejφ0 and therefore,
our estimation method will lead to a better estimate for φ1 . That is, after the
second iteration, we get the residual CFO after the second iteration φ2 such
that |φ2 | = |φ1 − φ̂1 | = |φ0 − (φ̂0 + φ̂1 )| is very small. Now if after every iteration, we have the residual CFO smaller than that after the previous iteration,
i.e.,
|φi+1 | = |φi − φ̂i | < |φi |,
(2.26)
then eventually, as the iteration number goes to infinity, we have the residual
CFO
i
h
lim |φi+1 | = 0 and lim Ei+1 ejφi+1 (k−1)(N +Ng ) = I.
i→∞

i→∞

The question now is how can we ensure, or at least monitor the algorithm
such that the condition in (2.26) is met after each iteration so as to guarantee
convergence. In the successive algorithm, we can monitor the convergence
through the amplitude of the residual CFO estimate |φ̂i | from the second
iteration onwards. If |φ̂i | < |φ̂i−1 |, then the algorithm is moving in the right
direction1 . We can also use |φ̂i | to stop the algorithm should we find that |φ̂i |
is too small and reiterating the estimator one more time will not lead to any
significant improvement in the CFO estimation.
Our objective is to minimize the computational complexity while improving
the CFO estimation. Therefore, we need to keep the order of Taylor series
approximation as small as possible and the number of iterations as low as
possible. If |φ̂i | > |φ̂i−1 |, we know that the successive algorithm is likely to
diverge. In this case, we need to have a better estimate to ensure convergence.
This can be achieved, for example, by increasing the order of Taylor series
approximation in the [i − 1]th iteration. In the simulations, we have found
that under practical conditions, the first-order Taylor series approximation is
1
Ideally, we should monitor the amplitude of the actual residual CFO |φi | for different
iterations. If |φi | < |φi−1 |, then the algorithm is converging. However, we do not know |φi |
as it requires the knowledge of the true CFO value φ0 . To overcome this, an alternative
approach is to monitor the amplitude of the CFO estimates |φ̂i | at different iterations. If the
algorithm is converging, then we should expect the amplitude of the residual CFO estimate
|φ̂i | to decrease as the number of iterations increases.
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adequate.
Given that the convergence condition is continuously monitored and enforced
through iterations, the proposed successive CFO estimation and compensation
algorithm approaches the performance of the algorithm in [37]. The proposed
successive algorithm is summarized in Table 2.2. Here η is a small threshold
value for CFO. When the estimated residual CFO gets smaller than this value,
there is no point in going on with the iterations as the improvement will be
marginal.
Initialization
Set iteration number i = 1 and the CFO threshold η.
Algorithm:
1) Substitute rk into cost function (2.2) and solve for the residual CFO
estimate for the ith iteration φ̂i using the method in Table 2.1.
2) Perform CFO compensation and update the new r̃k according
to (2.23).
3) If φ̂i < η, exit iteration, else go to 4)
4) If {|φ̂i | < |φ̂i−1 | and i > 1} or {i = 1}
i = i + 1, go back to 1).
Else
Go back to the [i − 1]th iteration and increase the order of Taylor
series approximation.
Table 2.2: Summary of the proposed successive CFO estimation and compensation
algorithm.

The computational complexity of the successive algorithm is roughly nitn times
the complexity of the closed-form CFO estimator, where nitn is the number
of iterations. As we are going to show later in the simulation results, the
performance of the successive algorithm converges to that of the algorithm
in [37] in 2 to 3 iterations for practical CFO values. Therefore, the complexity
of the successive algorithm is still much lower than that of the ESPRIT method
in [67].

2.5 Decision-directed Successive Algorithm

2.5
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Decision-directed Successive Algorithm

Due to averaging, the MSE of the CFO estimation gets smaller as the number
of null subcarriers, i.e., d used in cost function (2.2), gets larger. In practice,
we cannot afford to have many null subcarriers in one OFDM symbol as this
reduces the bandwidth efficiency. However, if the CFO estimation is accurate
in the initial iteration, by performing CFO compensation and OFDM detection
on a set of high SNR data subcarriers, we are able to obtain relatively accurate
estimates ŝk of the transmitted signals sk on these high-SNR subcarriers. Here,
in order to keep the computational complexity low, we limit ourselves to the
case where only 1 OFDM symbol is used for CFO estimation, i.e. K = 1 as in
(2.2)and later in the simulation results section, we will show that K = 1 gives
us good performance for all the proposed algorithms. In this case, we can drop
the OFDM symbol index k in all the following formulations. Let us denote
the selected high-SNR data subcarriers as d and the set of null subcarriers
as l. We can thus use a decision-directed method and re-formulate the cost
function as
J (z) =

X°
X°
°
°
°wiH Z−1 r − hi ŝi °2 +
°wiH Z−1 r°2 ,
i∈d

(2.27)

i∈l

where hi , ŝi are the channel response and detected signal on subcarrier i.
The two terms in the summation in (2.27) correspond to the cost function
on the selected data subcarriers and the null subcarriers. Using Taylor series
expansion as before, the decision-directed cost function is given by
°2
°
+∞
°
X°
°
° H X (jφ)n n
D
r
−
h
ŝ
J (φ) =
w
° i
i i ° + J4Q (φ),
d
°
°
n!
i∈d

(2.28)

n=0

where Dd = diag(0, −1, −2, · · · , 1 − N ) and here we use subscript d to denote
decision-directed. The function J4Q (φ) is the same cost function on the null
subcarriers given in (2.17). Comparing (2.28) to (2.3), we can see that for
(N −1)

the data subcarriers, we can no longer bring e−jφ 2 out of the modulus
operation. Therefore, in the Taylor series summation, we do not have the 2n
term in the denominator. As a result, the amplitudes of higher-order terms do
not decay as fast as for (2.2) and we need to include more terms in the Taylor
series summation in order to get a good approximation of Z−1 .
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Suppose we use M terms in the Taylors series approximation and set ai,n =
wiH Dnd r, then the cost function in (2.28) can be expanded as

J (φ) =

"M M
X X
X (jφ)n ((jφ)m )∗
ai,n a∗i,m
n!
m!
i∈d n=0 m=0
ÃM
!
#
X (jφ)n
∗
2
−2Re
ai,n (h(i)s(i)) + |hi si | + J4Q (φ),
n!
n=1

(2.29)
where Re(•) denotes the real part of a complex number. Here, we assume
the channel to be known at the receiver 2 . In practice, the decision-directed
method is only invoked starting from the second iteration onwards as the
detected symbol is only available after the first iteration. That means that
an initial CFO estimate is already obtained in the first iteration. Therefore,
what the decision-directed method needs to estimate is only the residual CFO,
which is much smaller than φ0 . Note that the cost function of data subcarriers
is a function of φ with order 2M . In practice, we can set M = 2 such that the
cost functions of the data subcarriers and the null subcarriers are both of order
4. The overall cost function in (2.29) is therefore also order 4 and we can use
the proposed closed-form solution to find the φ that minimizes the total cost.
However, the coefficients of the polynomial need to be re-calculated according
to (2.29). Note that to ensure convergence of the algorithm, we again need to
monitor the amplitude of the CFO estimate |φ̂i | after different iterations.
The complexity of the decision-directed blind CFO estimation technique is
higher because more subcarriers are used in the cost function calculation. In
practice, the size of d should be chosen such that a good trade-off between
complexity and performance is achieved. The decision-directed CFO estimation algorithm can be summarized as shown in Table 2.3.

2
The channel can also be estimated blindly using blind channel estimation methods such
as [73].
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Initialization
set iteration number i = 1 and the threshold CFO η
Algorithm:
1) Substitute r into (2.2) and solve for φ̂i using the method in Table 2.1.
2) Perform CFO compensation and update the new r̃ according to (2.23).
3) If φ̂i < η, exit iteration, else go to 4).
4) If {|φ̂i | < |φ̂i−1 | and i > 1} or {i = 1}
4.1) Form the set of subcarriers used in CFO estimation by combining
null subcarriers and the chosen set of high-SNR data subcarriers.
4.2) Perform OFDM detection on the set of chosen data subcarriers
to obtain sˆi .
4.3) Increment iteration number i=i+1.
4.4) Substitute r into cost function in (2.29) and solve for φ̂i that
minimizes (2.29). Go to 2).
Else
4.5) Go back to the [i − 1]th iteration and increase the order of Taylor
series approximation.
Table 2.3: Summary of the proposed decision-directed successive CFO estimation and
compensation algorithm.

2.6

Simulation Results

Computer simulations were performed to study the performance of the proposed low-complexity blind CFO estimation algorithms using frequency-domain
null subcarriers. We use an OFDM system with N = 64 subcarriers and
length-16 cyclic prefix. We define the subcarrier spacing as ω = 2π/N . To
assess the performance of the proposed method, we define the estimation MSE
as [67]
Ã
!2
Ns
φ̂ − φ0
1 X
,
(2.30)
MSE =
Ns
ω
i=1

where φ̂ and φ0 represent the estimated and actual CFO values, respectively,
and Ns denotes the total number of Monte Carlo trials. In all the simulations,
we only use 1 OFDM symbol to perform CFO estimation, i.e K = 1 in all the
cost functions. We use channel model A of the HiperLan II channel models
[74] in all the simulations. It is a multi-path Rayleigh fading channel with
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Fig. 2.1: MSE of CFO estimation using the new method (−0.25ω ≤ φ0 ≤ 0.25ω).

exponential power delay profile and root mean square (RMS) delay spread
equal to 50 ns.

2.6.1

Simulation Results for the New Factorization Method

According to the specifications given in IEEE 802.11a, the null subcarriers
are placed consecutively from subcarriers 27 to 37 [17]. Figure 2.1 shows
the MSE of the new factorization method. Here, the actual CFO for each
OFDM symbol is modeled as a uniformly-distributed random variable between
[−0.25ω, 0.25ω]. We compare the performance of the new method with that of
the previous method in [64]. We can see that the new method with Q = 1 has
a better MSE performance than the previous low-complexity method in [64]
with both Q = 1 and Q = 2. Using the new method with Q = 1, the cost
function is a 4th order polynomial. From a complexity point of view, this
is similar to the method in [64] with Q = 2. However, due to the 4n term
in the denominator of the Taylor Series expansion, the new method achieves
better performance. Also shown in the same figure is the MSE performance
of the original algorithm in [37] with the CFO estimate obtained using search
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Fig. 2.2: MSE of CFO estimation using the new method for evenly placed null subcarriers (−0.5ω ≤ φ0 ≤ 0.5ω).

method, which is also the ML performance [48]. Only at high SNR regions,
the new method suffers some degradation as compared to the search method
in [37].
In [66], a study shows that if the null subcarriers are placed consecutively
as in the IEEE 802.11a standard, then the CFO value that minimizes (2.2)
might not be unique. It was also shown in [48] that the optimal placement
of the null subcarriers to minimize the Cramer-Rao bound is to place them
evenly spaced across the whole OFDM symbol. Such null subcarrier placement
guarantees unique identifiability of CFO up to 2πd/N where d is the number
of null subcarriers. We thus adopted this null subcarrier placement in the
subsequent simulations. We use a total of 11 subcarriers (same number as the
consecutive null subcarrier case) spaced 6 subcarriers apart, that is we placed
the null subcarriers at the following locations [1, 7, · · · , 55, 61].
The MSE of the new method using evenly-spaced null subcarriers for −0.5ω ≤
φ0 ≤ 0.5ω is shown in Figure 2.2. In this case, we purposely set the CFO value
larger such that the degradation due to lower-order approximation in the cost
function is more visible. We can see that the new method with Q = 1 still
performs better than the previous method in [64] with Q = 1 and Q = 2.
For evenly spaced null-subcarrier placements, the performance gain by using
the new method is not as large as in the case of consecutive null subcarriers.
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Fig. 2.3: SER with CFO estimation using the new method for evenly placed null
subcarriers using QPSK modulation (−0.5ω ≤ φ0 ≤ 0.5ω).

The symbol error rate (SER) of the three schemes using QPSK modulation is
compared in Figure 2.3. Here, we first use the proposed blind method to obtain
the CFO estimate. The estimated offset is then compensated from the received
signal, and OFDM detection is carried out to detect the transmitted data. To
separate issues of channel estimation from CFO estimation, we assume that the
channel estimation is perfect. We can see that without CFO estimation and
compensation, the OFDM system fails. Using the new method with Q = 1, the
performance is about 8 dB better than for the previous method in [64] (Q=1)
at SER of 10−3 . The new method with Q = 1 achieves similar performance as
the previous method in [64] for Q = 2.
One major observation from Figure 2.2 is the error floor effect in the high-SNR
region. This is due to the inaccuracy of the first-order approximation of the
cost function used. The same observation can be made from the SER performance in Figure 2.3. We will show later that this error floor can be effectively
removed using the proposed successive CFO estimation and compensation algorithm.
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Simulation Results for the Successive CFO Estimation
and Compensation Algorithm

The performance of the successive CFO estimation method is evaluated using
computer simulations following the same simulation setup as before. Figure
2.4 shows the MSE performance of the successive CFO estimation and compensation algorithm for −0.7ω ≤ φ0 ≤ 0.7ω. Here we purposely increase the
value of the CFO such that the worst-case CFO of ±0.64ω specified by IEEE
802.11a [17] is included. We can see that the performance is improved significantly using the proposed successive algorithm (Table 2.2). The MSE after the
first iteration has a floor of 3 × 10−3 . Using the proposed successive method,
this floor is removed after the second iteration. Hence, in practice, the successive method can be stopped after the second iteration and the extra complexity
introduced is very low. If we compare the MSE after convergence with the
MSE of the search method in [37], we can see that after two iterations, the
proposed method achieves almost the same MSE performance as that in [37].
We have implemented the convergence monitoring mechanism shown in Table 2.2 in the algorithm. We found that Q = 1 is good enough to guarantee
convergence for all considered SNR values. Figure 2.5 also shows the SER
performance of the successive algorithm using QPSK modulation. We can see
that the SER performance takes only 2 iterations to achieve a performance
similar to the case where we have a perfect estimation and compensation of
the CFO.
Figure 2.6 shows the convergence behavior of the successive algorithm for a
particular channel realization at an SNR of 20 dB. The actual CFO value is
fixed at φ0 = 0.7ω. From the upper figure in Figure 2.6, we can see that the
MSE of the CFO estimation converges to that using the search method in 2
iterations, which is consistent with the results shown in Figure 2.4. The lower
figure in Figure 2.6 plots the amplitude of the CFO estimates |φ̂i | for different
iterations. We can see that the amplitude of |φ̂i | is indeed decreasing as the
number of iterations i increases, which is an indication of the convergence of
the algorithm as explained earlier.
As the successive CFO estimation and compensation algorithm is generic, it
is applicable to the previous low-complexity method in [64] as well. Figure 2.7
shows the performance of the successive algorithm when used in combination
with the low-complexity method in [64] for Q = 1. The successive method
again significantly improves the performance of blind CFO estimation and
effectively removes the error floor in the high-SNR region. In this case, the
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Fig. 2.4: MSE of CFO estimation using the successive CFO estimation and compensation algorithm (−0.7ω ≤ φ0 ≤ 0.7ω).
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Fig. 2.5: SER with CFO estimation using the successive CFO estimation and compensation algorithm for QPSK modulation(−0.7ω ≤ φ0 ≤ 0.7ω).
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MSE also converges after 3 iterations to the same MSE as the search method
in [37]. Figure 2.8 shows the SER performance of the successive algorithm
combined with the low-complexity method in [64] for Q = 1 using QPSK
modulation. We can see that the SER performance converges to that with
perfect CFO compensation after 3 iterations.
From the MSE and SER performances, we can observe that the performance
degradation due to the first-order approximation in Taylor series can be effectively reduced using the successive algorithm.

2.6.3

Simulation Results for the Decision-directed Algorithm

Simulations were also carried out to study the performance of the decisiondirected CFO estimation algorithm in Table 2.3. Figure 2.9 shows the MSE of
the CFO estimation. Here, in the first iteration, we use the proposed closedform approximation method to get the initial CFO estimate. The estimated
CFO is then compensated. We then use a zero-forcing one-tap equalizer on
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Fig. 2.7: CFO estimation using the previous method with Q = 1 and the successive
algorithm (−0.7ω ≤ φ0 ≤ 0.7ω).
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Fig. 2.8: SER with CFO estimation using the previous method with Q = 1 and the
successive algorithm with QPSK modulation (−0.7ω ≤ φ0 ≤ 0.7ω).
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Fig. 2.9: CFO estimation using decision-directed algorithm with Q = 1 (−0.25ω ≤
φ0 ≤ 0.25ω).

each subcarrier to equalize the effect of the frequency selective channel. The
estimate of the transmitted signal is obtained using a minimum Euclidean
distance detector. From the second iteration onwards, we use both the null
subcarriers and the reliable data subcarriers to perform CFO estimation. As
we have more subcarriers available to perform CFO estimation, we expect
better performance compared to the non-decision-directed method. This is
also evident from Figure 2.9. In this simulation, we choose the 11 highest-SNR
data subcarriers combined with the 11 null subcarriers for CFO estimation.
We use M = 2 and Q = 1 in the cost function (2.29). As we use twice the
number of subcarriers for CFO estimation, we expect a performance gain of
3 dB compared to non-decision-directed method. This is confirmed by Figure
2.9.
The best performance is achieved when all the subcarriers are used for CFO
estimation. However, the complexity of such a method is high and error propagation due to wrong decisions will be worse compared to using only high-SNR
subcarriers. Therefore, a trade-off between complexity and MSE performance
should be found.
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Conclusions

In this chapter, we developed a new factorization method to approximate the
cost function for blind CFO estimation in OFDM systems using null subcarriers. Using this new method, we further derived closed-form solutions for the
CFO estimate using a first-order Taylor series approximation. This new CFO
estimator reduces the computational complexity of the CFO estimation significantly. We also proposed a successive CFO estimation and compensation
algorithm which further improves the performance of the new CFO estimator. Indeed, using the proposed successive algorithm, we were able to achieve
similar performance as the method in [37] yet at a much lower computational
complexity. A decision-directed extension of the successive algorithm was also
given, which achieves even better performance at the cost of slightly higher
computational complexity.

Chapter

3

Optimal Null Subcarrier Placement
for Blind CFO Estimation

3.1

Introduction

In Chapter 2, we studied the blind CFO estimation algorithm using null subcarriers by Liu and Tureli [37] and proposed new algorithms to reduce the
computational complexity when the CFO is small. In this chapter, we present
a mathematical analysis on the relationship between the placement of null subcarriers and the performance of the CFO estimation. A previous work in [66]
showed that consecutively placed null subcarriers at both ends of the spectrum
does not guarantee unique solution for the CFO estimates. The identifiability
of the CFO estimator in [37] with different null subcarrier placement is further
studied in [48]. Moreover, it was also shown that equally spaced null subcarrier
placement minimizes the Cramer Rao bound (CRB) of the CFO estimation.
As the CRB is not always achievable for practical CFO estimation schemes, in
this chapter, we study the relationship between the null subcarrier placement
and the following two more practical performance-related parameters
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• SNR of the CFO estimation;
• Theoretical MSE of the CFO estimation, which is a linear approximation
of the actual MSE of CFO estimation in the high SNR region.
Based on the obtained relationship, we find the null subcarrier placement that
maximizes the SNR and minimizes the theoretical MSE, respectively. We show
that the two optimization problems are equivalent and a single optimal null
subcarrier placement exists. For the case when the number of subcarriers is
divisible by the number of null subcarriers, the exact optimal placement can be
found. Interestingly, this is also the null subcarrier placement that minimizes
the CRB as given in [48]. When the number of subcarriers is not divisible
by the number of null subcarriers, it is difficult to prove the optimality of the
null subcarrier placement due to the integer constraints on the null subcarrier
positions. However, we will develop a heuristic procedure on how to place the
null subcarriers where good performance can still be achieved. We verify that
the null subcarrier placement obtained using the proposed heuristic procedure
is indeed optimal using exhaustive computer search when the number of null
subcarriers is small. We also extend the optimization problem to a practical
OFDM system where guard bands are required at both ends of the spectrum.
In this case, if given a few more null subcarriers that can be inserted freely
in the OFDM symbol, we show how to place them to guarantee the SNR
optimality in the CFO estimation. We show from computer simulations that
with the proposed null subcarrier placement, the performance of the CFO
estimation can be significantly improved. We further show that for practical
OFDM systems with guard bands, introduction of a few extra null subcarriers
leads to much better performance of the blind CFO estimation.
The rest of this chapter is organized as follows. In Section 3.2, we study the
relationship between the null subcarrier placement and the SNR of the CFO
estimation. We find the null subcarrier placement that maximizes this SNR,
which we call SNRCFO to distinguish it from the SNR of the received signal. In
Section 3.3, we derive the theoretical MSE of the CFO estimation and obtain
its relationship with the null subcarrier placement. We then show that the
null subcarrier placement that minimizes the theoretical MSE also maximizes
the SNRCFO . Optimal null subcarrier placement for practical OFDM systems
with guard bands is studied in Section 3.4. In Section 3.5, we present computer
simulation results and conclusions are drawn in Section 3.6.

3.2 Placement of Null Subcarriers Based on SNRCFO Maximization

3.2
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Placement of Null Subcarriers Based on SNRCFO
Maximization

For an OFDM system with a CFO value of ε0 , the received frequency domain
signal on a null subcarrier li of OFDM symbol m can be written as

ylmi = wlHi rm =
=

ICIm
li (ε0 )

N
−1
X

m m
m
hm
n sn Cn−li (ε0 ) + nli

n=0,n6∈lm
+ nm
li ,

(3.1)

where wlHi is the li th row of the DFT matrix, and rm is the time domain
received signal for the mth OFDM symbol given in (2.1). We use hm
li and
m
sli to denote the channel response and transmitted data on subcarrier li of
OFDM symbol m. Vector lm contains indices of all the null subcarriers in
OFDM symbol m. The ICI due to CFO of ε0 on subcarrier li is denoted as
m
m
ICIm
li (ε0 ) and nli is the AWGN noise. The value of Ck (ε0 ) is given by [75]
Ckm (ε0 ) =

sin [π(k + ε0 )]
£π
¤ exp (jπ(k + ε0 )(1 − 1/N ))
N sin N
(k + ε0 )
exp (j2πε0 (m − 1)(1 + Ng /N )) .

(3.2)

Using (3.1), the cost function in (2.2), which is the summation of the received
signal power over all the null subcarriers, can be equivalently re-written as

J (ε) =
=

K X
d ¯
¯2
X
¯ H
¯
¯wli diag(1, e−j2πε/N , e−j2π2ε/N , · · · , e−j2π(N −1)ε/N )rm ¯
m=1 i=1
K X
d
X

¯ m
¯
¯ICI (ε0 − ε) + nm ¯2
li
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m=1 i=1

¯2
¯
¯
K X
d ¯ N
−1
X
¯
¯ X
m m m
m¯
¯
=
hn sn Cn−li (ε0 − ε) + nli ¯ .
¯
¯
m=1 i=1 ¯n=0,n6∈lm
(3.3)
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Correspondingly, the estimate of the CFO is given by
ε̂ = arg min J (ε).
ε

(3.4)

Note that the received signal on a null subcarrier li in (3.1) is the sum of ICIm
li
m
and nm
.
In
these
two
terms,
ICI
is
the
useful
signal
term
which
we
can
li
li
use to estimate the CFO ε0 , and nm
li is the noise term, which is uncorrelated
m
with ICIli . Therefore, using (3.1) we can define an objective function, called
SNRCFO as
³P
¯2 ´
Pd ¯¯ m
K
¯
E
ICI
(ε
)
0
li
m=1
i=1
¶ ,
µ
SNRCFO =
(3.5)
PK Pd ¯¯ m ¯¯2
E
n
m=1
i=1 ¯ li ¯
where E denotes statistical expectation. Note that the objective function can
be interpreted as the SNR of the CFO estimation. The power of ICI on
subcarrier li in OFDM symbol m can be written as
¯
¯2 
¯ 
−1
¯¯ NX
¯ m
¯2
¯
m m m
¯
¯
¯
E ICIli (ε0 )
= E ¯
hn sn Cn−li (ε0 )¯¯
¯
¯ 
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 NX
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sin [π(n − li + ε0 )] 
m 2
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¤ . (3.6)
=
E|hm
s
|
n n
2 sin2 π (n − l + ε ) 

N
i
0
m
N
n=0,n6∈l
We note from (3.6) that the power of ICI for the mth OFDM symbol depends
only on the signals in OFDM symbol m and is not affected by the other OFDM
symbols. We also assume that the channels from different OFDM symbols
have the same statistical distribution and are independent of the transmitted
m 2
signal. As a result, E|hm
n sn | becomes independent of the OFDM symbol
index m. As the noise in OFDM symbol m is also independent of the noise
in other OFDM symbols, the SNRCFO optimization from the null subcarrier
placements for K OFDM symbols can be performed on each OFDM symbol
independently. Therefore, the optimization only needs to be performed for
one OFDM symbol. From now on, for ease of notation, we drop the OFDM
symbol index m. In this case, the null subcarrier placement l that maximizes
the SNRCFO in (3.5) can be found by
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´
 ³P
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l = arg max(SNRCFO ) = arg max 
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(3.7)

The noise variance is the same for all the subcarriers, therefore, the denominator of (3.7) is independent of the null subcarrier selection l. Accordingly,
the optimization of the null subcarrier placement reduces to

l = arg max E

Ã d
X

l

!
2

|ICIli (ε0 )|
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(3.8)

n=0,n6∈l

as E|hn sn |2 = E{|hn |2 }E{|sn |2 } is independent of the null subcarrier placement. Here, without apriori knowledge of the channels, we assume that
the channels at different subcarriers hn have the same average power and
this makes E{|hn |2 } independent of the subcarrier index n. The numerator
sin2 [π(n − li + ε0 )]] is equal to sin2 (πε0 ). Hence, it is also independent of the
null subcarrier placement. In practice, ε0 is normally modeled as a random
variable with a uniform distribution [67] as follows
½
p(ε0 ) =

1
2θ ,

0,

ε0 ∈ [−θ, θ)
elsewhere,

(3.9)

where θ is the magnitude of the worst case CFO. In this case, the cost function,
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averaging over the random variable ε0 , can be written as

Z
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 p(ε0 )dε0
¤
£
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π

l  −θ
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sin2 N
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f (n − li ) ,
= arg max
(3.10)
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2θ π
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i=1 n=0,n6∈l

where f (k) is given by
f (k) =

h ³π
´
³π
´i
cot
(k − θ) − cot
(k + θ)
N
N
for k = −(N − 1), −(N − 2) · · · , −1, 1, 2, · · · , N − 1. (3.11)

Note that k = n − li 6= 0 for n 6∈ l. It can be easily shown that f (k) has the
following two properties:
1. f (k) is periodic with period N , i.e. f (k) = f (k + N ). Therefore, for the
subsequent optimization, we only need to consider the function f (k) over
one period, i.e. k = 1, 2, · · · , N − 1.
2. f (k) is an even function of k, i.e. f (k) = f (−k) for any integer k.
Discarding the constants in (3.10), we can re-write the optimization problem
in the following form

l = arg max
l

= arg max
l


d
N
−1
X
X


i=1 n=0,n6∈l


d N
−1
X
X
i=1



n=0



f (n − li )


f (n − li ) −

X
n∈l,n6=li



f (n − li ) − f (0) . (3.12)


We can notice that the third term in (3.12), that is f (0), is independent of l
and hence
P −1can be dropped. Now, we prove that the first term in the summation
c1 = N
n=0 f (n − li ) in (3.12) is also independent of li .
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Proof. Let k be any arbitrary positive integer between 1 and N − 1, then
N
−1
X

f (n − li ) =

n=0

k−1
X

f (n − li ) +

n=0

N
−1
X

f (n − li ).

n=k

Using the periodicity of f (k), we can write
N
−1
X

f (n − li ) =

n=0

=

NX
+k−1

f (n − li ) +

n=N
N
−1
X

N
−1
X

f (n − li )

n=k

f (m + k − li ).

(3.13)

m=0

Since (3.13) holds for arbitrary k ∈ [1, N − 1], it holds for k = li . Substituting
k = li in (3.13), we get

c1 =

N
−1
X

f (n − li ) =

n=0

N
−1
X

f (m + li − li ) =

m=0

N
−1
X

f (m).

m=0

This proves that c1 is independent of li .
Therefore, the cost function in (3.12) can be simplified to

l = arg min
l


d
X
X


i=1 n∈l,n6=li




d
d


X
X
f (li − lj ) .(3.14)
f (n − li ) = arg min


l 
i=1 j=1,j6=i

Notice that the new cost function in (3.14) depends only on the spacing, not the
absolute positions, of the null subcarriers. Let us define the spacing between
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k1
l1

k3

k2
l2

l3

N

Fig. 3.1: Illustration of the placement of 3 null-subcarriers.

the ith and (i + 1)th null subcarriers as ki = li+1 − li for i = 1, 2...d − 1 and
kd = N + l1 − ld . For illustration, we first give the new formulation of (3.14)
for the simple case of d = 3 and then generalize the result to arbitrary d.
Figure 3.1 illustrates the problem of placing d = 3 null subcarriers. Without
loss of generality, we place l1 at subcarrier 0. From (3.14), the optimization
of the placement of the null subcarriers l1 , l2 and l3 is equivalent to the optimization of the spacing between these null subcarriers, that is k1 = l2 − l1 ,
k2 = l3 − l2 and k3 = N + l1 − l3 = N − l3 as l1 = 0. Note that there is now a
constraint on the values of k1 , k2 and k3 , i.e. k1 + k2 + k3 = N . We can now
re-write the cost function in (3.14) as
l = arg min J (k1 , k2 , k3 ),
k1 ,k2 ,k3

subject to: k1 + k2 + k3 = N,
where

J (k1 , k2 , k3 ) =

3
3
X
X

{f (li − lj )}

i=1 j=1,j6=i

= f (l1 − l2 ) + f (l1 − l3 ) + f (l2 − l3 ) + f (l2 − l1 ) + f (l3 − l1 ) + f (l3 − l2 )
= {f (k1 ) + f (k1 + k2 )} + {f (k2 ) + f (k2 + k3 )} + {f (k3 ) + f (k3 + k1 )} .
(3.15)
Here we made use of the evenness property of f (k), e.g. f (l1 − l2 ) = f (−k1 ) =
f (k1 ).
To extend the formulation in (3.15)
to arbitrary number (d) of null subP
carriers, we first define pi,m = m−1
j=0 k[(i+j−1) mod d]+1 for i = 1, 2, · · · d and
m = 1, 2, · · · d − 1. Here, we use [i mod d] for integers i and d to denote the
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integer remainder of i/d. The subscript i indicates the k index of the first
term in the summation, because [(i + 0 − 1) mod d] + 1 = i. The subscript
m indicates the total number of terms in the summation. Therefore, pi,m is
actually the spacing between the ith null-subcarrier and its mth neighbouring
null subcarrier to the right in the cyclic sense1 . Therefore, the contribution to
the total cost function due to a particular null subcarrier i isP
the summation of
f (li −lj ) from all its d−1 neighbouring null subcarriers, i.e. dj=1,j6=i f (li −lj ).
As pi,m is the spacing between the ith null subcarrier and its mth neighbouring
P
P
null subcarrier, we can write dj=1,j6=i f (li − lj ) = d−1
m=1 f (pi,m ). Summing
this over all the d null subcarriers, i.e. d possible values of i, the new cost
function can be written as

J (k1 , k2 , · · · , kd ) =

d X
d−1
X
i=1 m=1

subject to:

d
X

f (pi,m ) =

d−1
X
m=1

(

d
X

)
f (pi,m )

i=1

ki = N.

(3.16)

i=1

Notice that the optimization problem in (3.16) has all variables being positive
integers. Such an integer programming problem is difficult to solve analytically. Therefore, we first relax the constraints on all ki ’s being positive integers
and assume them to be positive real numbers. This approach has been commonly used in finding the optimal bit allocations for multiuser or multicarrier
systems, see for example [76]. For ease of analysis, we also assume that θ < 1
so that k − θ > 0 and k + θ < N are satisfied for all possible values of k. It
can be easily shown that if θ < 1 is satisfied, the double derivative of f (k)
d2
with respect to k, dk
2 f (k) > 0 for 1 < k < N − 1. Therefore, f (k) is a convex
function for 1 < k < N − 1 and θ < 1. It is stated in [77] that if f (k) is convex
for k1 , k2 , · · · , kd , and given λ1 , λ2 , · · · , λd with λ1 + λ2 + · · · + λd = 1, then
f (λ1 k1 + λ2 k2 + · · · + λd kd ) ≤ λ1 f (k1 ) + λ2 f (k2 ) + · · · + λd f (kd ).

(3.17)

This relationship is also known as the Jensen inequality. By setting λ1 = λ2 =

1

The length of the cycle is d as there are only d null subcarriers.
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· · · = λd = d1 , we have
d

1X
f (pi,m ) ≥ f
d
i=1

Ã

d

1X
pi,m
d

!

µ
=f

i=1

mN
d

¶
for m = 1, 2, · · · d − 1. (3.18)

P
P
Here we make use of the fact that di=1 pi,m = mN because di=1 ki = N .
When k1 = k2 = · · · = kd = Nd , the equality in (3.18) holds for all the values
of m. Therefore, we get

J (k1 , k2 , · · · , kd ) =

d−1
X
m=1

(

d
X
i=1

)
f (pi,m )

¶¾
d−1 ½ µ
X
mN
.
≥
d f
d

(3.19)

m=1

This cost function is minimized when k1 = k2 = · · · = kd = Nd . This means
that the null subcarriers should be placed evenly-spaced across the whole
OFDM symbol.

If Nd is an integer, the null subcarriers should be placed Nd apart to maximize
SNRCFO . Therefore, in system design when we can freely choose the number
of null subcarriers d, we should always choose d such that Nd is an integer
to ensure the optimality of null subcarrier placement. However, for systems
where N is not divisible by d, it turns out difficult to prove the optimality of a
particular null subcarrier placement because of the integer constraints on the
values of ki ’s. However, from the optimal solution for real ki , we know that to
maximize the SNRCFO , the spacing between the null subcarriers should be as
even as possible. In the following, we propose a heuristic procedure to achieve
this.

Let kl = b Nd c and ku = d Nd e where kl and ku are both integers. Here we use
bxc to denote the largest integer that is smaller than or equal to x, while dxe
denotes the smallest integer that is larger than or equal to x. We know that
to achieve close to even spacing between the null subcarriers, all the ki values
should be chosen as either kl or ku . Next we determine how many ki ’s should
take the value kl and how many ki ’s should take the value ku and we use nl
and nu to denote these two numbers respectively. The values of nl and nu can
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be obtained by solving
½

nl + nu = d
nl × kl + nu × ku = N.

Now the problem of placing the null subcarriers is equivalent to placing these
nl kl ’s and nu ku ’s as evenly as possible. It is obvious that if we place all the
kl ’s consecutively and all the ku ’s consecutively, the spacing between the null
subcarriers will not be very even. They should be placed alternately in some
way. Without loss of generality, let us assume nl ≥ nu . If nnul = q is an integer,
we should group q kl ’s followed by one ku into one group and place nu of such
groups as illustrated in Table 3.1. Otherwise, we let ql = b nnul c. In this case,
we should have two kinds of placing groups. The type 1 group consists of ql
kl ’s followed by one ku and the type 2 group consists of ql + 1 kl ’s followed by
one ku . The number of type 1 groups gl and number of type 2 groups gu can
be obtained by solving
½

gl + gu = nu
gl × ql + gu × (ql + 1) = nl .

These two types of groups should be placed alternately. A summary of this
heuristic placement method is given in Table 3.1.
Let us illustrate this procedure with an example. Suppose we want to place
10 null subcarriers for an OFDM system with N = 64 subcarriers. We first
64
calculate kl = b 64
10 c = 6 and ku = d 10 e = 7. We can also get nl = 6, nu = 4.
Now we need to place these 6 kl ’s and 4 ku0 s as evenly as possible. Next we
determine ql = b1.5c = 1, gl = 2 and gu = 2. In this case, the ki ’s should be
divided into two types of groups. The type one group consists of one (ql ) kl
followed by one ku , while the type 2 group consists of two (ql +1) kl followed by
one ku . And these two types of groups should be placed alternately. Therefore,
the spacing between the null subcarriers should be [6 7 6 6 7 6 7 6 6 7]. Hence,
one possible null subcarrier placement using this heuristic approach is [0 6 13
19 25 32 38 45 51 57].2
The null subcarrier placement for d = 4 to d = 11 null subcarriers for an
2

Because the positions of the null subcarriers can be cyclically shifted without affecting
the value of the cost function, there are multiple solutions to the null subcarrier placement.
What we have here is just one possible placement.
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• Find kl , ku and solve for the corresponding nl nu .
• if nl is divisible by nu , i.e. nnul = q then
{ • The spacing between null subcarriers should be
nu groups
z
}|
{
[kl , kl , · · · , kl , ku , · · · , kl , kl , · · · , kl , ku ]
|
{z
} |{z}
|
{z
} |{z}
q

1

1

q

}
else{
• calculate ql = b nnul c and gl and gu from gl + gu = nu
and gl × ql + gu × (ql + 1) = nl
• The spacing between the null subcarriers should be
type 1 group
type 2 group
type 1 group
z
}|
{ z
}|
{ z
}|
{
[kl , kl , · · · , kl , ku , kl , kl , · · · , kl , ku , kl , kl , · · · , kl , ku · · · · · · ]
|
{z
} |{z} |
{z
} |{z} |
{z
} |{z}
ql

1

ql +1

1

ql

1

}
Table 3.1: Heuristic null subcarrier placement when N is not divisible by d (nl > nu ).

OFDM system with N = 64 subcarriers using the proposed heuristic method
is listed in Table 3.2. For the case of d = 5 and 6, we have verified that the null
subcarrier placement using the heuristic method is the same as the optimal
placement obtained through exhaustive computer search3 .
d
5
6
7
8
9
10
11

ki
[13 13 13 13 12]
[11 11 10 11 11 10]
[9 9 9 9 9 9 10]
[ 8 8 8 8 8 8 8 8]
[7 7 7 7 7 7 7 7 8]
[6 7 6 6 7 6 7 6 6 7]
[6 6 6 6 5 6 6 6 6 6 5]

index of null subcarriers
[0 13 26 39 52]
[0 11 22 32 43 54]
[0 9 18 27 36 45 54]
[0 8 16 24 32 40 48 56]
[0 7 14 21 28 35 42 49 56]
[0 6 13 19 25 32 38 45 51 57]
[0 6 12 18 24 29 35 41 47 53 59]

Table 3.2: Heuristic null subcarrier placement for d=4 to 11 for N=64 OFDM systems

Note that our previous derivation is based on the assumption that θ < 1 to
ensure that f (k) is convex for k = 1, 2, · · · N − 1. This is a valid assumption
for most indoor communication systems operating in the 2.4GHz and 5GHz
3

The complexity of exhaustive computer search grows exponentially with the number of
null subcarriers. Although this could be done offline, the complexity is still not practical for
systems with large number of null subcarriers and data subcarriers.
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bands, such as wireless local area network (LAN) systems [17]. According to
the IEEE 802.11a standard [17], the tolerance of transmit and receive center
frequency should be ±20 ppm. Therefore, the worst case CFO is 40 ppm,
which is about 200 KHz for a 5.2 GHz center frequency. This worst case CFO
corresponds to the value of θ = 0.66. Moreover, for indoor applications, due to
low mobility and high carrier frequency (5GHz for IEEE 802.11a system), the
CFO due to doppler shift is negligible. Therefore, this is a valid assumption
in practice, especially for indoor wireless LAN based applications due to the
high-quality oscillators currently used.
It is shown in [48] that the evenly spaced null subcarrier placement will introduce an ambiguity in the CFO estimation of uN/d where u is a positive inteN N
ger. However, the CFO is uniquely identifiable in [− 2d
, 2d ) [48]. In a practical
OFDM system, the number of null subcarriers is normally kept below 15% of
the total number of subcarriers to ensure high spectral efficiency [17]. In such
a case, the SNR-optimal subcarrier placement results in the null subcarrier
spacing N/d ≥ 6. Therefore, using the SNR-optimal null subcarrier placeN N
ment, the CFO is uniquely identifiable within [− 2d
, 2d ), which is normally
larger than [−3, 3). In modern wireless communication systems, especially
wireless LAN systems, the practical values of CFO are normally within ±1
subcarrier spacing. Therefore, knowing that the CFO is very small, we can
limit the search range for the CFO values that minimizes (2.2), for example
within [-1, +1]. In this case, the ambiguity in CFO estimation can be avoided.

3.3

Placement of Null Subcarriers Based on the Theoretical MSE Minimization

In this section, we first derive the theoretical MSE of the CFO estimation,
which is a linear approximation of the actual MSE in the high SNR region.
Then we find the relationship between the null subcarrier placement and the
theoretical MSE. Based on this, we formulate the theoretical MSE optimization problem of the null subcarrier placement and find the optimal null subcarrier placement.
Let us define ∆ε = ε0 − ε̂ as the CFO estimation error. Using a first-order
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approximation, we get [65]
¯
¯
¯
∂J (ε) ¯¯
∂J 2 (ε) ¯¯
∂J (ε) ¯¯
0=
≈
− ∆ε
,
∂ε ¯ε=ε̂
∂ε ¯ε=ε0
∂ε2 ¯ε=ε0

(3.20)

where J (ε) is the cost function given in (3.3) and ε̂ is the CFO estimate that
minimizes J (ε). As a result, the linear approximation of the CFO estimation
error can be obtained as
¯
∂J (ε) ¯
∂ε ¯ε=ε
¯ 0.
∆ε = 2
(3.21)
∂ J (ε) ¯
¯
2
∂ε
ε=ε0

Evaluating the first derivative of J (ε) with respect to ε at ε = ε0 , we get
¯
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(3.22)
where <(•) denotes the real part of a complex number. Similarly, at high
SNR, we can write
¯
∂J 2 (ε) ¯¯
∂ε2 ¯ε=ε0
≈ 2

K X
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N 2 sin N
(k − lim ) sin N
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(3.23)

Details on the derivation of (3.22) and (3.23) are given in the Appendix. Substituting (3.22) and (3.23) into (3.21), we get in the high SNR region, the CFO
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estimation error ∆ε can be approximated as

·
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(3.24)
Assuming the noise on different subcarriers to be independent and identically distributed (i.i.d.) with zero-mean and variance σn2 , we can show that
En (∆ε) = 0. Therefore, the linearized estimator is unbiased. This also means
that the MSE of the CFO estimation is equal to the variance of ∆ε. The
squared error of the CFO estimator can be obtained from (3.21) as
Num
(∆ε)2 =
Den
¸ 2
·
 
n−lm
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P
P
K
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i
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N
N
(3.25)

As the noise is i.i.d., we can take the expectation of the numerator with respect
to the noise and get
K
d
σ2 X X
En (Num) = n
2 m=1 i=1

N
−1
X

N
−1
X

k=0,k6∈lm n=0,n6∈lm

¤
£
k−n
m ∗ m m ∗
hm
k (hn ) sk (sn ) exp −jπ N
£π
¤
£π
¤ , (3.26)
sin N
(k − lim ) sin N
(n − lim )

and hence
£
¤
En (∆ε)2 =
2π 2

PK
m=1

Pd
i=1

PN −1
k=0,k6∈lm

N 2 σn2
PN −1
n=0,n6∈lm

k−n
m ∗ m m ∗
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π
N
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] sin[

π
N

.

]
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(n−lim )
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Let us assume that the transmitted signal sm
k is i.i.d. with zero-mean and
m
m
∗
unit-variance, i.e. E[sk (s
£n) ]=
¤ δ(k − n), where δ(•) denotes the dirac delta
function. Averaging En (∆ε)2 over transmitted signal leads us to

Lemma 1: In the high SNR region, the theoretical MSE of the CFO estimation
for a realization of a multipath channel h for K OFDM symbols is
£
¤
MSE(ε|h) = En,s (∆ε)2 |h =

N 2 σn2
PN −1

.
1
[ Nπ (n−lim )]
(3.28)
Now we average the theoretical MSE over different realizations of channel h.
Similar as before, we assume that channel response on each subcarrier is zerom 2
mean with unit variance, i.e. E(hm
n )=0 and E(|hn | )=1 for n = 0, 1, · · · , N −1
and m = 1, · · · , K, we get the following result:
PK
2

2π

m=1

Pd

i=1

n=0,n6∈lm

2
|hm
n | sin2

Lemma 2: In the high SNR region, the theoretical MSE of the CFO estimation
is
£
¤
MSE(ε) = En,s,h (∆ε)2 =

2π

PK
2

m=1

Pd

i=1

N 2 σn2
PN −1

1
n=0,n6∈lm sin2 [ π (n−lm )]
i
N

. (3.29)

Now, let us look at the null subcarrier optimization problem again. The null
subcarrier placement that minimizes the theoretical MSE can be formulated
as

l = arg min (MSE) = arg max 
l

If

Pd

i=1

PN −1

l

1
n=0,n6∈lm sin2 [ π (n−lm )]
i
N

K X
d
X



N
−1
X

m=1 i=1 n=0,n6∈lm

2

sin

1
¤  . (3.30)
m)
(n
−
l
i
N

£π

is maximized for every value of m, i.e. for each

OFDM symbol, then the cost function in (3.30) is maximized. Therefore, the
optimization problem over K OFDM symbols is equivalent to the optimization
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in one OFDM symbol given by

1

¤
£
l = arg min (MSE) = arg max
2 π
l
l
(n
−
l
)
sin
i
N
i=1
n=0,n6∈l


d
N
−1
X
X
g(n − li ) ,
= arg max 
(3.31)
d
X

l

where g(k) =



N
−1
X

i=1 n=0,n6∈l

1
.
π
sin2 [ N
(n−li )]

It is straight-forward to show that g(k) is also

periodic with period of N . Using a similar approach as in Section 3.2, the cost
function in (3.31) can be simplified to


d


X
X
l = arg max c1 −
g(n − li )

l 
i=1 n∈l,n6=li


d
d

X
X
g(li − lj ) .
= arg min

l 

(3.32)

i=1 j=1,j6=i

It can also be shown that g(x) is a convex function of real number x for
1 < x < N − 1. Therefore, the cost function in (3.32) is essentially of the
same form as the cost function in (3.14) as g(x) and f (x) are both convex.
This means the optimal null subcarrier placement l that minimize both cost
functions are the same. Thus we have proven
Proposition: The null subcarrier placement that maximizes the SNR of CFO
estimation defined in (3.5) also minimizes the theoretical MSE of the CFO
estimation given in (3.29).

3.4

Practical Considerations

For practical OFDM systems, it is usually necessary to place some null subcarriers consecutively at both ends of the spectrum as guard bands. We call
these null subcarriers the guard null subcarriers. In this section, we show
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that given the fixed positions of the guard null subcarriers, if there are a few
null subcarriers to place freely in the OFDM symbol for the purpose of CFO
estimation, which we call free null subcarriers, how we should place them to
maximize SNRCFO .
Figure 1.12 illustrates an OFDM system having two guard bands with d1
and d2 null subcarriers respectively. Here, we have re-arranged the OFDM
subcarrier index from −N/2 + 1 to N/2 such that the purpose of the guard
bands is more obvious. However, such re-arrangement does not affect the
formulation of the cost function due to the circular symmetry of the OFDM
system. Suppose that we have dn free null subcarriers that we can place freely
between subcarrier −N/2 + d1 and N/2 − d2 + 1, the whole set of all the null
subcarriers becomes
l = [l1 , l2 , · · · , ld1 , ld1 +1 , · · · , ld1 +dn , ld1 +dn +1 , · · · , ld ],
where d = d1 + d2 + dn is the total number of null subcarriers. Again we
define ki = li+1 − li as the spacing
P between the li+1 th null subcarrier and the
lth null subcarrier and pi,m = m−1
j=0 k[(i+j−1) mod d]+1 as the spacing between
the ith null-subcarrier and its mth neighbouring null subcarrier to the right in
the cyclic sense. Notice that given the positions of the guard null subcarriers
fixed at both ends of the spectrum, the positions of the free null subcarriers
are uniquely determined by the following quantities:
• The spacing kd1 between the left most free null subcarrier ld1 +1 and the
right most guard null subcarrier in the left guard band ld1 ,
• The spacing kd1 +dn between the right most free null subcarrier ld1 +dn and
the left most guard null subcarrier in the right guard band ld1 +dn +1 ,
• The spacing kd1 +1 · · · kd1 +dn −1 between the free null subcarriers.
Following a similar procedure as in Section 3.2, we obtain the cost function of
null subcarrier placement for an OFDM system with guard band as

J (kd1 , kd1 +1 , · · · , kd1 +dn ) =

d X
d−1
X

f (pi,m )

i=1 m=1

subject to:

d
X
i=1

ki = N.

(3.33)

3.4 Practical Considerations

75

Comparing (3.33) with (3.16), we can see that the summation is still across
all the d null subcarriers, including both the guard and free null subcarriers.
However, for this problem, we cannot reach the same optimal solution as in
Section 3.2 because that solution requires the ki ’s to be equal for all i =
1, 2, · · · , d, which means the null subcarriers should be placed evenly across
the whole OFDM symbol. This is impossible for our problem as we do not have
the freedom to place all the null subcarriers freely due to the fixed-positions
of the guard null subcarriers. As a result, the closed-form optimal solution
for (3.33) is difficult to find. However, in practice, the number of free null
subcarriers dn must be kept small to minimize the loss of in transmission data
rate as they occupy the useful spectrum of the data subcarriers. Therefore, it
is usually possible to resort to computer search to find the optimal placement
of these subcarriers offline. Table 3.3 shows the optimal placement of dn free
null subcarriers with different dn values for an IEEE 802.11a compliant system
obtained by computer search. In such a system, there are total N = 64
subcarriers. Subcarriers [−31 : −27, 27 : 32] are used as guard bands, i.e.
d1 = 5 and d2 = 6. Here the θ value used is 0.5.
dn
2
3
4

Free Null Subcarrier Index
[-7, 7]
[-12, 0, 12] 6
[-15, -5, 5, 15]

Table 3.3: SNR-optimal free null subcarrier placement for IEEE 802.11a systems

In the case where the offline computer search is not possible, we hereby propose
a suboptimal solution for the null subcarrier placement. From (3.10), we can
see that f (k) is proportional to the power of ICI on a particular subcarrier
due to another subcarriers that is k away. The ICI power on a particular
subcarrier due to another subcarrier decreases as the spacing between these
two subcarriers increases. Therefore, f (k) is monotonically decreasing as the
magnitude of k increases. As a result, the ICI power
P on one particular null
subcarrier li due to all the other null subcarriers d−1
m=1 f (pi,m ) is dominated
by the contribution from its two nearest neighbours. Therefore, we could make

6

In practise, the DC subcarrier is normally subject to large interference from DC offset
and other RF impairments and therefore not reliable for CFO estimation. As a result, we
could replace the 0 subcarrier with subcarrier 1 or -1 for practical implementations.
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the following approximation
d−1
X

f (pi,m ) ≈ f (pi,1 ) + f (pi,d−1 ) = f (ki ) + f (ki−1 ).

m=1

Therefore, the cost function in (3.33) can be approximated by

J (kd1 , kd1 +1 , · · · , kd1 +dn ) =

d X
d−1
X

f (pi,m ) ≈

i=1 m=1

= 2

d
X



d
X
(f (ki ) + f (ki−1 ))
i=1

f (ki ) = 2 (d1 + d2 − 1)f (1) +

i=1

d1X
+dn


f (ki ) ,

i=d1

(3.34)
because the spacing between the guard null subcarriers is 1. Substituting this
into the optimization problem, we get the sub-optimal solution given by


d1X
+dn

[kd1 , · · · , kd1 +dn ] = arg min 


f (ki ) .

(3.35)

i=d1

Due to the convexity of f (k), we have
d1X
+dn
i=d1

Ã Pd
f (ki ) ≥ (dn + 1)f

1 +dn
i=d1 (ki )

dn + 1

!

µ
= (dn + 1)f

N − d1 − d2 + 1
dn + 1

¶

(3.36)
2 +1
for
i
=
d
,
·
·
·
,
d
+
d
.
Therewhere the equality holds when ki = N −ddn1 −d
1
1
n
+1
fore, our suboptimal solution shows that the free null subcarriers should be
evenly distributed across the data subcarriers of the OFDM symbol. For an
IEEE 802.11a system with 4 free null subcarriers, the sub-optimal solution
leads to the placement of the null subcarriers at [-16 -5 5 16], which is very
close to the optimal placement of [-15 -5 5 15] given by computer search. Later
we will show using computer simulations that the performance difference between the sub-optimal and the optimal placement is marginal.
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For indoor wireless communication systems with bursty transmission, such
as wireless LAN systems, channel tracking within a packet is not so important due to the low mobility and the short packet duration, which is usually
smaller than the coherence time of the channel. Therefore, the pilot subcarriers are mainly used for residual frequency offset estimation and correction.
For these systems, it makes practical sense to replace these pilots by null subcarriers. Firstly the replacement of pilot subcarriers by null subcarriers does
not reduce the transmission rate. Secondly, the residual frequency offset could
be estimated from the null subcarriers using the method in [37], or the low
complexity methods in [64] [78] [79]. Moreover, replacing pilots with null subcarriers provides savings in transmission power as the transmission power of
null subcarriers is zero.

3.5

Simulation Results

Computer simulations were performed for an OFDM system with 64 subcarriers and length-16 cyclic prefix. According to the specifications given in
IEEE 802.11a, there is a total of 11 null subcarriers placed consecutively from
subcarriers 27 to 37 [17]. To achieve a fair comparison, we also use 11 null subcarriers in our simulations. We only use 1 OFDM symbol for CFO estimation,
i.e. K = 1. We use channel model A of the HiperLan II channel models [74]
in all the simulations. This is a multipath Rayleigh fading channel with exponential power delay profile and root mean square (RMS) delay spread equal to
50 ns. To assess the performance of the proposed null subcarrier placement,
we define the estimation MSE as [67]

MSE =

Ns
1 X
(ε0 − ε̂)2 ,
Ns

(3.37)

i=1

where ε̂ and ε0 represent the estimated and the actual CFO’s, respectively,
and Ns denotes the total number of Monte Carlo trials.
A comparison between the MSE obtained through simulations and the theoretical MSE obtained from (3.29) is depicted in Figure 3.2. The SNR on
the x-axis is the SNR of the received signal, not the CFO estimation SNR we
are trying to optimize. The CFO value we use in the simulation is uniformly
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Fig. 3.2: Comparison between the theoretical MSE and the MSE obtained from simulations.

distributed between −0.5 and +0.5. We compare the theoretical MSE and
the MSE obtained from simulations for both the consecutive null subcarriers
placed from 27 to 37 according to IEEE 802.11a, and the proposed null subcarrier placement according to Table 3.2. From the comparison, we can see
that the theoretical MSE approximates the actual MSE very closely for SNR
larger than 10 dB.
Figure 3.3 shows the performance of the blind carrier offset estimation using the method in [37] with null subcarriers placed with different spacings.
Without loss of generality, we always place the first null subcarrier at 0. By
“n-sub spacing’, we mean that the null subcarriers are placed n subcarriers
apart like [0, n, · · · , (d − 1)n]. Just as above, the proposed scheme places the
null subcarriers according to Table 3.2. We can see that with the proposed
null subcarrier placement, the CFO estimation accuracy is improved significantly. The performance gain, compared to the consecutive null subcarrier
placement, is as large as 10 dB. We can also see that the further apart the
null-subcarriers are placed, the better the MSE performance. Although we can
not prove the optimality of the null subcarrier placement obtained using the
heuristic procedure in Table 3.1, from the results, we can see that it still leads
to very good performance in CFO estimation. Figure 3.4 shows the symbol
error rate (SER) performance of OFDM systems with CFO estimation using
different null subcarrier placements. In this simulation, the CFO is estimated
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79

−1

10

Consecutive sub
2−sub spacing
3−sub spacing
4−sub spacing
Proposed Scheme
−2

MSE

10

−3

10

−4

10

5

7.5

10

12.5
SNR (dB)

15

17.5

20

Fig. 3.3: MSE performance of the CFO estimation using different null subcarrier
placements.

using the method in [37] and compensated. We use QPSK modulation and
assume perfect channel estimation. A performance gain of about 3.5 dB can
be achieved using the proposed placement compared to consecutively-placed
null subcarriers.

Figure 3.5 shows the improvement in CFO estimation achieved by introducing
a few optimally-placed free null subcarriers besides the guard null subcarriers.
The system follows IEEE 802.11a specifications with 11 guard null subcarriers. The CFO value we used in the simulation is again uniformly distributed
between −0.5 and +0.5. We can see by introducing 2 extra free null subcarriers, the performance of the CFO estimation can be improved by 5 dB
compared to using guard null subcarriers alone. The performance can be further improved by introducing more free null subcarriers. The gain, on the
other hand, becomes smaller as the number of free null subcarriers increases.
We also compared the performance of using 4 free null subcarriers with the
optimal placement by computer search and the sub-optimal placement by using the approximated cost function. The results show that the performance
difference between these two placement is rather marginal.
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Conclusion

In this chapter, we formulated the optimization of null subcarrier placement
for blind CFO estimation in an OFDM system using the SNRCFO maximization criterion. We showed that for small CFO values, this leads to a convex
optimization problem, and that the optimal placement is achieved by placing
the null subcarriers evenly across the OFDM symbol. We proved that this
optimal null subcarrier placement also minimizes the theoretical MSE of the
CFO estimation. For systems where the number of subcarriers is divisible
by the number of null subcarriers, this optimal placement can be achieved.
Otherwise, based on a heuristic procedure, we showed how to place the null
subcarriers such that a good performance in CFO estimation can still be attained. We also studied the optimal free null subcarrier placement for practical OFDM systems with fixed guard bands. We demonstrated using computer
simulations that the performance of CFO estimation is improved significantly
by using the proposed null subcarrier placements.

82Chapter 3. Optimal Null Subcarrier Placement for Blind CFO Estimation

Appendix: Derivation of Linear Approximation of
CFO Estimation Errors

Proof of (3.22): Differentiating J (ε) with respect to ε, we can write
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(3.38)

where Ckm (ε) is given in (3.2) and
m
∂Cn−l
(ε0 − ε)
i
=
( ∂ε
¶
µ
µ
¶¶
µ
sin (π(n − li + ε0 − ε))
1
1
¡π
¢ exp jπ(n − li + ε0 − ε) 1 −
+
− jπ 1 −
N N sin N (n − li + ε0 − ε)
N
"
¡π
¢#
π sin (π(n − li + ε0 − ε)) cos N
(n − li + ε0 − ε)
π cos (π(n − li + ε0 − ε))
¡π
¢−
¢
¡π
N sin N
(n − li + ε0 − ε)
N 2 sin2 N
(n − li + ε0 − ε)
µ
µ
¶¶ )
1
exp jπ(n − li + ε0 − ε) 1 −
exp (j2π(ε0 − ε)(m − 1)(1 + Ng /N )) −
N
¶
µ
sin [π(k + ε0 − ε)]
1
£π
¤ exp jπ(k + ε0 − ε)(1 − )
(j2π(m − 1)(1 + Ng /N ))
N
N sin N
(k + ε0 − ε)

exp (j2π(ε0 − ε)(m − 1)(1 + Ng /N )) .

(3.39)
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At ε = ε0 , we get
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which gives us (3.22).
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Proof of (3.23): Differentiating (3.38) one more time, we obtain
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Similarly to [65], we can assume high SNR. i.e. |hn sn |2 À |nli |2 . In this case,
the second and third terms in (3.40) are much smaller than the first term and
hence can be dropped in the approximation. Again at ε = ε0 , we get the
following approximation
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which leads to (3.23).
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4

Clock Signal Generation and
Distribution Topologies for MIMO
Systems

4.1

Introduction

It was discovered in [24] and [25] that, in rich scattering propagation environment with many reflectors and scatterers, the capacity of wireless fading
channels is linearly proportional to the number of antennas. Since then, the
multiple input and multiple output (MIMO) system, where multiple antennas
are used at both the transmitter and the receiver, has received vast attention
in both academia and industry. MIMO can be used to increase the throughput
of wireless systems by using spatial multiplexing techniques [80] [81]. MIMO
can also be used to reduce the system sensitivity to fading through the use of
space-time coding techniques [29] [30]. To support these multiple antennas,
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Fig. 4.1: A typical MIMO receiver with Nr RF front-ends.

multiple radio frequency (RF) front-ends are required at both the transmitter and the receiver. As a result, multiple clock signals are requires at these
front-ends for frequency conversion.
Figure 4.1 illustrates a typical MIMO receiver with Nr receive antennas and
Nr RF front-ends. The received signals on the Nr receive antennas are first
filtered, amplified and converted from the carrier frequency to baseband in
the Nr RF front-ends. The baseband analog signals are then converted to
digital signals using analog to digital converters (ADC). These digital signals
are passed to the digital MIMO processing block, where various digital signal
processing algorithms are implemented to recover the transmitted signals.
An RF front-end for a zero-IF (Intermediate Frequency) receiver is illustrated
in Figure 4.2 [82]. In this front-end, the received RF signal is first passed
through a band-pass filter (BPF) to extract the desired signal from the correct
frequency band. The filtered signal is amplified using a low noise amplifier
(LNA) and then passed to the frequency down-converter where it is converted
to baseband by mixing the signal with the in-phase and quadrature clock
signals from the local oscillator (LO). The output of the mixer is then passed
to the automatic gain controller (AGC) and a low-pass filter (LPF) to extract
the desired baseband signal. The LO clock signal is generated using a crystal
oscillator and a frequency synthesizer. Depending on implementations, there
may be a splitter, shown in a dashed box in Figure 4.2, to split a common
clock signal to different front-ends. Before mixing, the clock signal needs to
be amplified to a required power level using an amplifier.
Notice that at Nr RF front-ends in the MIMO receiver shown in Figure 4.1, Nr
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Fig. 4.2: A zero-IF receiver RF front-end.

clock signals are required. These clock signals can either be generated using
a centralized LO and distributed to different frequency down-converters, or it
can be generated at each frequency down-converter locally using distributed
LO’s. Alternatively, a centralized RF processor can be used to perform frequency down-conversion for the received signals from all receive antennas. In
this case, the clock signal is generated centrally at the RF processor. In this
chapter, we present a study on these three clock signal generation and distribution topologies, namely:
A. Centralized generation of GHz clocks: This topology is illustrated in Figure
4.3 for a receiver with 4 antennas. In this topology, a centralized carrier
frequency (GHz) clock signal is generated and distributed to different receive antennas. The clock signal at each receive antenna is then amplified
to a desired power level and fed to the frequency down-converter. The
frequency down-conversion is carried out at each receive antenna locally.
A RF signal splitter needs to be implemented to distribute the same clock
signal to different receive antennas.
B. Distributed generation of GHz clocks: This topology is illustrated in Figure 4.4. In this topology, a reference clock signal with frequency about the
order of the bandwidth of system (MHz) is generated and distributed to
different antennas. At each receive antenna, the carrier frequency (GHz)
clock signal is derived from the MHz clock signal using a frequency synthe-
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Fig. 4.3: Receiver with centralized generation of GHz clock signals and distributed
frequency down-conversion.

sizer. The resulting GHz signal is amplified and then used for frequency
down-conversion locally.
C. Centralized RF processing: This topology is illustrated in Figure 4.5. In
this topology, the GHz RF received signals from all the receive antennas are
transmitted to a centralized RF processor for frequency down-conversion.
At each receive antenna, the received signal is first amplified locally using
a linear pre-amplifier to compensate the propagation loss from the receive
antennas to the centralized RF processor. At the RF processor, a GHz
clock signal is generated centrally and split to different frequency downconverters for frequency down-conversion.
In the state-of-the-art design, a single GHz clock signal is generated and shared
among different front-ends. Distributed clock generation is rare partly due
to the difficulty to integrate multiple LOs on a single chip. However, since
the invention of the Micro-Electro-Mechanical Systems (MEMS) silicon based
oscillators, integrating multiple LOs on the same chip is becoming feasible.
Therefore it is of great practical importance to study the pros and cons of
different clock signal generation and distribution topologies as they directly
affect the design of the front-end architecture and the subsequent digital signal processing algorithms. To our best knowledge, this type of study has not
been reported in the literature. In this chapter, we present a study to compare
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Fig. 4.4: Receiver with distributed generation of GHz clock signals and distributed
frequency down-conversion.

Signal from
Antenna

Linear Pre
Amplifier

Centralized RF
Processor
Signal from
Ant 1

LNA

Freq Downconv

LNA

Freq Downconv

clock
Spliiter
Signal from
Ant 4

Fig. 4.5: Receiver with centralized RF processing.
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the above three topologies, with special emphasis on their respective power
dissipations. This is because the receiver power dissipation is becoming a major bottleneck in implementing a MIMO receiver. We first propose a general
system model to calculate the power dissipations for all topologies. We split
the overall power dissipation into power dissipations at different parts of the
front-end. We then present a specific case study of the front-end power dissipation for a MIMO receiver with 4 receive antennas operating in three ISM
bands at 2.4 GHz, 5 GHz and 60 GHz for the different clock signal generation and distribution topologies. The results of the case study show that
the frequency synthesizer dominates the total power dissipation. Therefore,
to reduce power dissipation, the number of frequency synthesizers should be
kept to 1. In this case, centralized clock generation is preferred. On the other
hand, the distributed topology has the big advantage that there is no carrier
frequency (GHz) RF signals traveling in the system. Compared to systems
with centralized clock topologies, where expensive materials and sophisticated
design, such as shielding, have to be used to handle these RF signals, the
distributed clock topology allows the use of low-cost materials and simplified
designs.
The rest of this chapter is organized as follows. In Section 4.2, we present
the general system model for the front-end power dissipation calculation and
outline the assumptions we used. Part of the total power dissipation of the
front-end is used to compensated the propagation loss of RF signals on microstrip transmission lines in the receiver. A method to calculate this loss is
presented in Section 4.3. In Section 4.4, we present a case study on the power
dissipations of the three clock signal generation and distribution topologies
listed above for a MIMO receiver with 4 receive antennas for different carrier
frequencies. The comparison and discussions on the three topologies are given
in Section 4.5. Section 4.6 concludes this chapter.

4.2

System Model

In this section, we propose a general system model for calculating the power
dissipations for different clock signal generation and distribution topologies.
From Figure 4.2, we can see that the RF band-pass filtering, LNA and the
frequency down-converter blocks are common blocks to the front-end and thus
their power dissipations are independent of clock signal generation and distribution topologies. We can therefore neglect these parts in the power dis-
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sipation comparison. The following factors do affect the power dissipation of
different clock signal generation and distribution topologies:
1. Power dissipation of the frequency synthesizer, Pfs .
2. Power to compensate the propagation loss of RF signals on the
transmission line, Ptl . RF signals are distributed to different parts of
the receiver using transmission lines. They suffer power loss propagating
from the output of the LO to the input of the frequency down-converters
(as in topology A and B) or from the receive antenna to the centralized RF
processor (as in Topology C). The power of the RF signals, hence, needs
to be increased to compensate for this loss. This loss consists of both the
dielectric and the conductor losses and is dependent on the frequency of
the RF signal, the type of the transmission line used and the distance RF
signals travel to the frequency down-converter. A method to calculate this
power loss will be described in Section 4.3.
3. Power loss of the RF splitter, Psp . For some clock signal generation
and distribution topologies, it is necessary to use a RF splitter to split a
common clock signal to different front-ends at different receive antennas.
The power loss of the RF splitter consists of two components. The first is
the difference between the input signal power of the RF splitter and the
output signal power on one output branch. This component depends on
the number of branches of the splitter. The second is the implementation
loss of the RF splitter and is a fixed parameter per branch. In this chapter,
we assume an implementation loss of 1.5 dB per branch.
4. Power dissipation of the clock signal amplifier, Pam . The power
dissipation of the amplifier is determined by the power added efficiency
(PAE) defined as [83]
Pout − Pin
,
(4.1)
PAE =
Pam
where Pin and Pout are the input and output powers of the amplifier. The
efficiency of the power amplifier is about 30% to 35 % and we use 30% in
this chapter.
Let us use Pck to denote the required clock signal power before the clock
signal amplifier. The corresponding clock signal power at the output of the
local oscillator PLO is given by
PLO = Pck + Ptl + Psp .

(4.2)
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Fig. 4.6: Geometric structure of a microstrip transmission line.

The overall power dissipation can be calculated as
P = PLO + Nfs Pfs + Nam Pam ,

(4.3)

where Nfs and Nam are the numbers of frequency synthesizers and clock signal
amplifiers, respectively.

4.3

Power Loss on Microstrip Lines

In this section, we introduce a method to calculate the power loss Ptl of RF
signals on microstrip transmission lines. Figure 4.6 illustrates the geometric structure of a microstrip transmission line. A metal conductor strip with
width W and thickness t is printed on a dielectric substrate with thickness b
and dielectric constant ². The dielectric substrate is grounded by a ground conductor. The microstrip line is one of the most widely used planar transmission
lines in wireless receivers, because it can be fabricated by photolithographic
processes and easily integrated with other microwave devices [84]. The total loss of RF signals on microstrip lines is mainly caused by the dielectric
loss in the substrate material and the conductor loss on the metal conductor
strip [84]. To analyze the characteristics of microstrip lines and calculate these
two losses, we use the following parameters:
• Z0 : characteristic impedance of the microstrip line;
• ²: dielectric constant of the dielectric substrate of the microstrip line;
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b: thickness of the dielectric substrate;
tan δ: loss tangent of the dielectric material used in the substrate;
t: thickness of the metal conductor strip;
W : width of the metal conductor strip;
ρ: resistivity of the metal conductor strip material;
Rs : surface resistance of the metal conductor strip;
µ0 : permeability of vacuum, µ0 = 4π × 10−7 H/m;
c: speed of light, c = 3 × 108 m/s;
fc : carrier frequency of the received signal;
λ: wavelength of the received signal λ = fcc .

4.3.1

Microstrip Line Analysis Using Quasi-static Method

In the analysis of the characteristics of microstrip lines using a quasi-static
method, the propagation mode of electro-magnetic (EM) waves on the microstrip lines is assumed to be purely Transverse Electro Magnetic (TEM) or
very close to TEM (quasi-TEM) [85] [86]. The analysis using this method is
found to be accurate for frequencies below the X-band (8 GHz to 12 GHz). In
the quasi-static method, both the characteristic impedance and the effective
dielectric constant of microstrip lines are considered invariant to frequency.
We assume a characteristic impedance Z0 of 50 Ω. Given Z0 and dielectric
constant ², the line width can be found by [84] [86]:
W
=
b

(

8 exp(A)
2
π

exp(2A)−2
£
©
B − 1 − ln(2B − 1) + ²−1
ln(B − 1) + 0.39 −
2²

ª¤
0.61
²

for
for

W
b
W
b

< 2,
> 2.
(4.4)

In (4.4),

A ,
B ,

r
µ
¶
Z0 ² + 1 ² − 1
0.11
+
0.23 +
, and
60
2
²+1
²
377π
√ .
2Z0 ²

Having determined the width W of the microstrip line, the effective dielectric
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constant can be approximated by [87]

²e =
where

²+1 ²−1
+
F (W/b),
2
2


 √
F (W/b) =



1
1+12b/W
√ 1
1+12b/W

(4.5)

+ 0.04(1 − W/b)2 for
for

W
b
W
b

≤ 1,
≥ 1.

Both (4.4) and (4.5) are based on the assumption of infinitely thin metal conductor strip thickness, i.e. t ≈ 0. For metal conductor strip with finite thickness t, the effective width of the metal conductor strip We can be calculated
as [88]
£
¡
¢¤
½
W + 1.25
t £1 + ln ¡ 4πW
for Wb ≤ 1/2π,
π
t
¢¤
We =
(4.6)
1.25
2b
W + π t 1 + ln t
for Wb ≥ 1/2π.
The characteristic impedance can then be obtained as [88]
(
Z0e =

³

´

We
8b
60
√
²e ln We + 4b
120π
√
²e [We /b+1.393+0.667 ln(We /b+1.444)]

for
for

W
b
W
b

≤ 1,
≥ 1,

(4.7)

where ²e is the effective dielectric constant given by
²e =

²+1 ²−1
+
F (W/b) − C,
2
2

with
C=

4.3.2

(4.8)

² + 1 t/b
p
.
4.6
W/b

Microstrip Line Analysis using Dispersion Models

The quasi-static method does not consider the non-TEM propagation mode
on microstrip lines. The non-TEM propagation mode causes both the effective dielectric constant ²e and the characteristic impedance Z0e to become
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frequency-dependent. This effect is known as dispersion. The dispersion effect becomes non-negligible for millimeter waves, i.e. for frequencies in the
order of tens of GHz and above. Exact evaluation of the effect of dispersion
requires a full wave analysis of the microstrip configuration which is complex
and normally does not lead to any closed-form solutions [86]. To simplify
the analysis, several quasi-empirical models, also known as dispersion models, were developed in the literature to provide closed-form solutions on the
frequency dependency of ²e and Z0e .
An accurate dispersion model for the frequency-dependent effective dielectric
constant ²e (f ) was developed by Kobayashi [89] and can be expressed as:
²e (f ) = ² −

where
f50 =

² − ²e
,
1 + (f /f50 )m

(4.9)

fk,TM0
,
0.75 + [0.75 − (0.332/²1.73 )] W/b

fk,TM0

´
³ q
e −1
c tan−1 ² ²²−²
e
√
=
,
2πb ² − ²e
m = m0 mc ,

1
p
+ 0.32
m0 = 1 +
1 + W/b
(
mc =

1+

1.4
1+W/b

Ã

1
p
1 + W/h

!3
, and

´i
h
³
for
0.15 − 0.235 exp −0.45f
f50

1

for

W
b
W
b

≤ 0.7,
> 0.7.

A dispersion model for the frequency-dependent characteristic impedance Z0e (f )
was developed by Hammerstad and Jensen [90] and is given by
²e (f ) − 1
Z0e (f ) = Z0e
²e − 1

r

²e
.
²e (f )

(4.10)
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4.3.3

Power Loss Calculation

The loss of RF signals on microstrip lines consists of the dielectric loss due
to the non-zero conductivity of dielectric material used in the substrate [91],
and the conductor loss due to the loss on the metal conductor strip. Formulas
to calculate the dielectric loss αd and the conductor loss αc are given in [86].
The dielectric loss can be calculated as:
αd = 27.3

² ²e (f ) − 1 tan δ
p
²−1
²e (f ) λ

dB/m,

(4.11)

where tan δ is the loss tangent of the dielectric material and λ is the wavelength
of the RF signal. The conductor loss can be calculated as

2
 1.38D Rs 32−(We /b)2 dB/m
bZ0e 32+(We /b)
³
αc =
 6.1 × 10−5 D Rs Z0e ²e (f ) We −
b
b
where

0.667We /b
We /b+1.444

for

´

dB/m for

W
b
W
b

≤1
≤1
(4.12)

·
µ
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b
1.25
2G
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1+
ln
,
We
π
t

and

½
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2πW
b

for
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W
b
W
b

≤
>

1
2π ,
1
2π .

The symbol Rs is used√ to denote the surface resistance of the strip and can
be obtained by Rs = πfc µ0 ρ, where µ0 is the permeability of vacuum and
ρ is the resistivity of the metal strip material. The total loss (in dB/m) is
the summation of the dielectric loss and the conductor loss, i.e. α (dB/m)=
αc (dB/m)+αd (dB/m).
In this chapter, we consider the power loss on microstrip lines in three ISM
frequency bands, namely the 2.4 GHz band , 5 GHz band and 60 GHz band.
The parameters of microstrip lines are tabulated in Table 4.1. For 2.4 GHz
and 5 GHz applications, the parameters are based on commonly used low-cost
lossy FR4 laminates. For 60 GHz applications, the FR4 laminates are too lossy
and hence we used the RT/duroidr 5870 high frequency laminate from Rogers
corporation, which is specially made for millimeter wave applications [92].
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Frequency band
2.4 GHz & 5 GHz
60 GHz
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Dielectric Material
²
tan δ
b
6
0.02
0.5 mm
2.33 0.0012 0.5 mm

Line Material (copper)
t
ρ
1.72 × 10−8

17 µm

Table 4.1: Parameters of microstrip lines used.
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Fig. 4.7: Power loss of microstrip lines using FR4 laminates.

Figure 4.7 shows the loss of microstrip lines using FR4 laminates for different
carrier frequencies ranging from 0.5 GHz to 8 GHz. We can see that the loss
increases as the frequency increases. As FR4 laminates are very lossy, the total
loss is dominated by the dielectric loss. The total loss for carrier frequencies of
2.4 GHz and 5 GHz are 10.04 dB/m and 19.96 dB/m respectively. Figure 4.8
shows the loss of microstrip lines using the RT/duroidr 5870 high frequency
laminate for millimeter wave frequencies. Again, the loss increases as the
carrier frequency increases. The total loss is 14.79 dB/m for a carrier frequency
of 60 GHz.
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Fig. 4.8: Power loss of microstrip lines using the RT/duroidr 5870 high frequency
laminates for millimeter wave frequencies.

4.4

Power Dissipation for a MIMO Receiver with
Four Antennas

In this section, we present a specific case study on the power dissipations of
the three clock signal generation and distribution topologies listed in Section
4.1 for a MIMO receiver with 4 receive antennas.

4.4.1

Centralized Generation of GHz Clocks

In this topology as shown in Figure 4.3, the signal power before the clock
signal amplifier Pck is required to be -20 dBm for a typical wireless LAN
application. After amplification, the clock signal power at the input of the
frequency down-converter is required to be 0 dBm. Assuming an amplifier
power added efficiency (PAE) of 30%, the power dissipation for each power
amplifier is
Pout − Pin
1 − 0.01
Pam =
=
= 3.3 mW,
(4.13)
PAE
0.3
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and the number of amplifiers needed Nam = 4.
Assuming the distance between the centralized clock and the clock signal
amplifier at the antenna is d meters, the loss on the transmission line is
Ptl = [α(fc ) × d] dB. As the RF splitter needs to split one common clock
signal to 4 branches, the total splitter loss is Psp = 1.5 + 10 log10 4 = 7.5
dB. Therefore, the clock signal power required at the output of the frequency
synthesizer is
PLO = Pck + Ptl + Psp = −20 + α(fc ) × d + 7.5
= [−12.5 + α(fc ) × d] dBm.

(4.14)

For centralized clock-signal generation, only one frequency synthesizer is required, i.e. Nfs = 1. In this chapter, we assume that the power dissipation of
the frequency synthesizer Pfs = 17 mW, which is typical for a wireless LAN
receiver. Therefore, the total power dissipation for this topology is given by
P

= PLO + Nfs Pfs + Nam Pam
= 0.056
× 10α(fc )d/10 + 1 × 17i + 4 × 3.3
h
= 0.056 × 10α(fc )d/10 + 30.2 mW.

4.4.2

(4.15)

Distributed Generation of GHz Clocks

In this topology as shown in Figure 4.4, only a MHz reference clock signal
is generated centrally and distributed to different receive antennas. Due to
the low frequency of the reference clock signal, the loss on microstrip lines
is negligible. The splitter loss is 7.5 dB and is the same as for topology A.
Therefore, the LO output signal power is
PLO = Pck + Ptl + Psp = −20 + 0 + 7.5
= −12.5 dBm = 0.056 mW.

(4.16)

Similar to topology A, an amplifier is required to amplify the clock signal to
the desired 0 dBm power level. The power dissipation of the amplifier is the
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same as for topology A, i.e. Pam = 3.3 mW. The frequency down-conversion
is carried out at each antenna locally. The GHz clock is derived from the MHz
reference clock by using one frequency synthesizer at each antenna. Therefore,
4 frequency synthesizers are required. The total power dissipation for this
topology can be calculated as
P

= PLO + Nfs Pfs + Nam Pam
= 0.056 + 4 × 17 + 4 × 3.3 = 81.26 mW.

(4.17)

Notice that the power dissipation of this topology is independent of the distance d and the carrier frequency fc .

4.4.3

Centralized RF Processing

In this topology as shown in Figure 4.5, we assume that the distances between
different antennas and the centralized RF processor are approximately the
same and are equal to d meters. Therefore Ptl = [α(fc ) × d] dB. The maximum
received signal power at each receive antenna, which is also the input power of
the linear amplifier, is −20 dBm, i.e. Pin = −20 dBm. For a typical wireless
LAN receiver, the linear amplifier usually has an efficiency of 10%−15% ,
Assuming an PAE of 10%, the amplifier power dissipation is given by

Pam =

10[−20+α(fc )×d]/10 − 10−2
10(Pin +Ptl )/10 − 10P in /10
=
mW,
0.1
0.1

(4.18)

and the number of amplifiers Nam = 4. The splitter loss is still 7.5 dB. As
the clock is generated locally at the centralized RF processor, no clock signal
amplifier is required. To have an input clock power of 0 dBm at input to the
frequency down-converter, the required LO output power is
PLO = 0 + 7.5 = 7.5 dBm = 5.62 mW.

(4.19)
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As there is only one centralized clock, the number of frequency synthesizer
Nfs = 1. Therefore, the total power dissipation for this topology is given by
P

4.5

= PLO + Nfs Pfs + Nam Pam
h
³
´i
= 5.62 + 1 × 17 + 4 × 0.1 × 10α(fc )d/10 − 1
h
i
= 22.22 + 0.4 × 10α(fc )d/10 mW.

(4.20)

Comparisons and Discussions

A comparison of the power dissipations for the three clock signal generation
and distribution topologies for 2.4 GHz, 5 GHz and 60 GHz applications are
plotted in Figures 4.9−4.11 respectively as a function of the distance d. As
we showed in the Section 4.4, the power dissipation for distributed GHz clocks
(topology B) is independent of d and fc . Therefore, the power dissipation for
topology B is always a straight line in all three figures. The power dissipations
of topology A and C increase as d increases. Comparing among the three
figures, the power dissipations for topologies A and C also increase as frequency
fc increases.
For applications at 2.4 GHz and 5 GHz shown in Figure 4.9 and Figure 4.10,
centralized clock signal generation and distribution topologies (A and C) have
less power dissipation compared to the distributed clock signal generation
topology (B). Although topology B has some power savings due to small loss on
transmission line, the power dissipation of the extra frequency synthesizers, 17
mW per piece, is much larger than the power saving obtained. This large power
dissipation for frequency synthesizers is due to the high-precision requirement
for LO clock signal in modern wireless communication systems. For example,
for the IEEE 802.11 a/g WLAN standard, the required worst case precision
for the carrier frequency is ±20 ppm (parts per million) [18]. To achieve
this precision and mainly to reduce the phase noise of the LO, a large bias
current is required in the frequency synthesizers, which results in high power
dissipation. In fact, for small d, the overall power dissipation is dominated by
Pfs for 2.4 GHz and 5 GHz. Therefore, to reduce the power dissipation of the
front-ends, the system should have a centralized clock configuration with only
one frequency synthesizer as in topology A and C.
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Fig. 4.9: Power dissipation of different clock signal generation and distribution topologies for the 2.4 GHz band.
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Fig. 4.10: Power dissipation of different clock signal generation and distribution
topologies for the 5 GHz band.
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Fig. 4.11: Power dissipation of different clock signal generation and distribution
topologies for the 60 GHz band.

For 60 GHz applications shown in Figure 4.11, the value of d used for comparison of power dissipation is much smaller as compared to the 2.4 and 5 GHz
figures. This is because the wavelength of 60 GHz systems is significantly
smaller than that of the 2.4 and 5 GHz systems and it is not necessary to put
the antennas too far apart. Due to the high-quality microstrip line material
used, the loss of transmission lines is very small and hence we see the power
dissipation does not change significantly for practical values of d plotted in
Figure 4.11. Similar to the 2.4 GHz and 5 GHz systems, the overall power
dissipation is dominated by the power dissipation of the frequency synthesizers. Therefore, the centralized clock topologies, as in A and C, have less power
dissipation.
Comparing topology A and C, we can see two very different balances between
the amplifier power dissipation Pam and the LO signal power PLO . For topology A, the clock signals need to be distributed to different frequency downconverters. To minimize the loss on the transmission line, which is in dB/m
relative to PLO , the power of the LO clock signal needs to be low. Another
reason to keep the power of the clock signal low is to reduce the radiation interference of the clock signal to other parts of the receiver on its transmission
path from the LO to the frequency down-converter. As a result, an amplifier
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with large gain, hence large power dissipation, is needed at each frequency
down-converter to amplify the clock signal to the desired power level. Here,
the power dissipation of the amplifier Pam is fixed while the power of the LO
signals PLO is dependent on d and fc . For topology C, the frequency downconversion is carried out locally at the centralized RF processor. Therefore,
the LO clock signal can be generated directly to meet the power requirement
of the frequency down-converter. The LO signal power PLO is thus fixed. The
linear amplifiers in topology C need to compensate the loss on the transmission line, hence, Pam is dependent on d and fc . Comparing (4.15) and (4.20),
we can see that for small d, the overall power dissipation is dominated by the
d-independent power and topology C consumes less power. As d increases,
the loss on the transmission line increases. For topology C, this loss is compensated using a linear amplifier. As the efficiency of this linear amplifier is
lower than the clock signal amplifier used in topology A and B, more power
is needed to amplify the signal by the same amount. Therefore, the power
dissipation of topology C increases at a faster rate with respect to d. Hence,
for larger d, topology A consumes less power.
In summary, we can see that for the typical system studied, the power dissipation of frequency synthesizers dominates the overall power dissipation in the
RF front-end. At a result, for a MIMO receiver, the centralized clock signal
generation and distribution, which uses only one frequency synthesizer, has
lower power dissipation compared to distributed clock signal generation. In
this chapter, as an example, we only considered a very specific system setup
using microstrip lines with fixed parameters. In practice, the designer should
recalculate the power dissipations using the general model in Section 4.2 with
system specific parameters and determine which topology gives the least power
dissipation.
Besides power dissipation, there are other practical considerations that affect
the choice of clock signal generation and distribution topologies. For example,
in a receiver using topology A or C, sophisticated design efforts are needed to
handle the GHz RF signals distributed in the receiver. Special care needs to be
taken for shielding these signals to avoid interference to the other parts of the
receiver. Moreover expensive materials are needed to reduce the loss of these
RF signals. In topology B, the RF clock signal generation and frequency
down-conversion are both performed locally at each antenna. As a result,
there is no RF signals being transmitted in the system. Hence, requirements
on shielding are greatly relaxed and cheaper material can be used. In this case,
the distributed clock signal generation has the potential to greatly reduce the
design complexity and the receiver cost.
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Conclusions

In this chapter, we studied the pros and cons of different clock signal generation
and distribution topologies in a MIMO receiver. We proposed a general system
model to calculate the power dissipation of a MIMO RF front-end using these
topologies. We compared the power dissipations for three commonly used
clock signal generation and distribution topologies for a MIMO receiver with
4 antennas for different carrier frequencies. The results showed that for the
typical system setup studied, the frequency synthesizer dominates the overall
power dissipation of the front-end. As a result, centralized clock generation
and distribution topologies, where only one frequency synthesizer is used, have
less power dissipation compared to distributed clock generation topologies,
where multiple frequency synthesizers are needed. However, the distributed
clock generation topologies have the potential to reduce the complexity and
cost of the receiver front-end because the frequency down-conversion is done
at the antennas and there are no GHz RF signals distributed in the system.
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Chapter

5

CFO Estimation for MIMO-OFDM
Systems

5.1

Introduction

Multiple-input multiple-output systems increase the capacity of rich scattering wireless fading channels enormously by using multiple antennas at both
the transmitter and the receiver [24] [25] [81]. Most of the early studies on the
capacity of MIMO systems were based on the assumption of flat-fading channels. For frequency-selective fading channels, combining MIMO with OFDM
provides an effective solution. MIMO-OFDM transforms a frequency selective MIMO system to a number of flat fading MIMO systems on different
subcarriers. Therefore, MIMO-OFDM has been adopted in various industrial
standards for wireless communications, such as IEEE 802.11n high-throughput
wireless LAN [5], IEEE 802.16 WiMAX [19] and 3GPP long term evolution
(3GPP-LTE) [26].
Similar to single-input single-output (SISO) OFDM systems, carrier frequency
offset (CFO) is still a major impairment for MIMO-OFDM systems. It de-
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stroys the orthogonality between different subcarriers and causes inter-carrier
interference (ICI). ICI can cause severe degradation to the system performance
if not properly compensated. Therefore, accurate estimation and compensation of CFO is essential for both SISO and MIMO OFDM systems. For
single-user MIMO-OFDM systems, as we have shown in Chapter 4, a centralized clock generation topology requires lower power dissipation compared to
a distributed clock generation topology. In the centralized clock generation
topology, all the transmit antennas are driven by a centralized local oscillator (LO) and so are all the receive antennas. As a result, the CFO between
the transmitter LO and the receiver LO is a single scalar parameter. Hence,
the CFO estimation in this system is very similar to SISO-OFDM systems.
Some CFO estimation algorithms for MIMO-OFDM systems are proposed
in [34] [49] [50] [93].
Channel estimation for MIMO-OFDM systems is more complicated than for
SISO-OFDM systems. For a MIMO-OFDM system with nt transmit and nr
receive antennas, nr × nt channel responses must be estimated per subcarrier.
To estimate the channel responses between a certain receive antenna and different transmit antennas using training sequences, the receiver must be able to
distinguish between the training sequences from different transmit antennas.
Therefore, for training-based channel estimation, some orthogonality among
training sequences from different transmit antennas is required. In [52], a
frequency-domain orthogonal training sequence design is proposed. The training sequences from different transmit antennas occupy different subcarriers.
The length of the training sequence must be at least nt OFDM symbols to get
the channel estimate on all the subcarriers. Another approach uses orthogonal
Walsh-Hadamard spreading codes to spread one training sequence to different OFDM symbols such that the training sequences from different transmit
antennas are orthogonal in the code domain [5] [94]. This approach again
requires a training sequence of at least nt OFDM symbols. Both approaches
require significantly larger overhead for channel estimation compared to SISOOFDM systems. In [93], a time domain training sequence design is proposed
for MIMO-OFDM systems. This time domain approach requires only training sequences of length nt × L, where L is the length of the channel impulse
response and is much smaller than the OFDM symbol length. However, the
proposed training sequences are impulses in time and hence have very high
peak to average power ratio (PAPR).
In this chapter, we propose to use constant amplitude zero autocorrelation
(CAZAC) sequences, which have constant amplitude elements and zero autocorrelation for any nonzero circular shifts, for joint CFO and channel estima-
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tion for MIMO-OFDM systems. We first formulate the Maximum-Likelihood
(ML) CFO and channel estimator. Similar to [49] [50], we show that ML
CFO estimate can be obtained with low computational complexity by transmitting two periods of the same training sequence. After compensating the
estimated CFO, the channel estimation can be performed in the time domain.
The advantages of the proposed training sequences are:
• One training sequence for both CFO and channel estimation.
• No calculation of matrix inversion is required to obtain channel estimates.
• Significantly reduced training overhead. The minimum length required for
channel estimation is only nt × L.
• The PAPR of the training sequence in time domain is 1.
The residual CFO after CFO compensation degrades the performance of the
channel estimation. In this chapter, we also derive an approximation on the
mean square error (MSE) of channel estimation in the presence of the residual
CFO. We show from computer simulations that this approximation is accurate. From the approximation, we can see that the degradation caused by the
residual CFO in the channel estimation is negligible.
In the study of MIMO and MIMO-OFDM systems, a common assumption
used in the literature is that the channel responses between different transmit and receive antennas are statistically independent. In practice, due to
the close proximity among the antennas, the channel responses are spatially
correlated [53] [55] [95]. The spatial correlation is related to the propagation
environment. It is a function of the distributions of angle of arrival (AOA)
at the receive antennas and the angle of departure (AOD) at the transmit
antennas. Besides this spatial correlation, the electromagnetic (EM) fields at
closely-placed antennas also interact with each other and cause mutual coupling among the antennas [56] [57]. This coupling changes the spatial correlation and also the power of the transmitted/received signals at the antennas.
In this chapter, we present a study on the effects of spatial correlation and mutual coupling and in particular, their impacts on the performance of the CFO
estimation. The simulation results show that spatial correlation degrades the
performance of the CFO estimation. Mutual coupling has two effects. Firstly
it reduces the spatial correlation, which is beneficial. On the other hand, it
also reduces the power of the desired signal, which is detrimental. Simulations results show that the combined effects of mutual coupling introduces
additional degradation on CFO estimation.
The rest of this chapter is organized as follows. In Section 5.2, we develop
the system model for the MIMO-OFDM system and derive the ML CFO
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and channel estimators. We then propose the CAZAC training sequence and
derive the simplified ML CFO and channel estimators in Section 5.3. We also
show that using the proposed training sequence, the training overhead can
be significantly reduced compared to conventional frequency-domain training.
In Section 5.4 we analyze the MSE of the channel estimation in the presence
of the residual CFO. An accurate closed-form approximation on the MSE is
derived. Simulation results on the performance of the joint CFO and channel
estimator are presented in Section 5.5. In Section 5.6, we study the effect of
spatial correlations and its impact on the performance of CFO estimation. The
effect of mutual coupling is studied in Section 5.7. The concluding remarks
are given in Section 5.8.

5.2

System Model

In this chapter, we study a single-user MIMO-OFDM system with a centralized
clock at both the transmitter and the receiver. In this case, the CFO can be
quantified by a single parameter φ. We assume perfect timing synchronization
has been achieved. In this case, the received signal at the ith receive antenna
can be written as
nt L−1
X
1 X
hi,m (d)sm (k − d) + ni (k),
ri (k) = ejφk √
nt

(5.1)

m=1 d=0

where k is the time index, nt is the number of transmit antennas, L is the
length of the impulse response of the multi-path channel, hi,m (d) is the dth
tap of the channel impulse response between the ith receive antenna and the
mth transmit antenna, sm is the transmitted signal from the mth transmit
antenna and ni (k) is the AWGN noise. Here we assume that the power of sm
√
for all m is 1, and 1/ nt is used to normalize the total transmission power
from all antennas to 1. We consider a training sequence of length N and cyclic
prefix (CP) of length L. After removing the cyclic prefix, we can write the
received signal at the ith receive antenna in an equivalent matrix form as
nt
1 X
E(φ)Sm hi,m + ni
ri = √
nt
m=1

(5.2)
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where E(φ) is the CFO matrix, which is a diagonal matrix with diagonal
elements equal to [1, exp(jφ), · · · , exp(j(N − 1)φ)]. We use Sm to denote the
transmitted signal matrix from the mth transmit antenna. This is a circulant
matrix with the first column defined by [sm (0), sm (1), · · · , sm (N − 1)]T , where
we use superscript T to denote vector/matrix transpose. Here we assume
N > L, so the channel vector between the mth transmit antenna and the
ith receive antenna hi,m is a N × 1 vector obtained by appending the L × 1
channel impulse response [hi,m (0), · · · , hi,m (L − 1)]T vector with N − L zeros,
i.e. hi,m = [hi,m (0), · · · , hi,m (L − 1), 0, · · · , 0]T . The AWGN noise at the ith
receive antenna is denoted as ni .
Gathering the received signal from all the receive antennas, we get
R = E(φ)SH + N ,

(5.3)

where
R = [r1 · · · , rnr ]{N ×nr } ,
1
S = √ [S1 , · · · , Snt ]{N ×(N ×nt )}
nt



H1


H =  ... 
Hnt {(N ×n

,
t )×nr }

with Hi = [h1,i , · · · , hnr ,i ]{N ×nr } . For ease of understanding, we use a subscript inside curved brackets to denote dimensions of matrices. The noise
matrix is given by N = [n1 , · · · , nnr ].
Because the noise is Gaussian and uncorrelated, the likelihood function for the
CFO φ and the channel matrix H can be written as

Λ(φ̃, H̃) =

1
(πσn2 )N ×nr

½
°2 ¾
1 °
°
°
exp − 2 °R − E(φ̃)S H̃° ,
σn

(5.4)

where φ̃ and H̃ are trial values for φ and H and σn2 is the variance of the receiver AWGN noise. The maximum-likelihood estimates for CFO and channel
can be obtained by finding the φ̃ and H̃ that maximize (5.4).
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CAZAC Sequences for Joint CFO and Channel
Estimation

We propose to use constant amplitude zero autocorrelation (CAZAC) sequences for joint CFO and channel estimation in MIMO-OFDM systems. Each
element of a CAZAC sequence has a amplitude equal to one, i.e. constant amplitude. The autocorrelation of a length-N CAZAC sequence s1 satisfies

R(k) =

N
−1
X

½
s1 (n)s∗1 (n

ª k) =

n=0

N
0

k = 0;
k 6= 0.

(5.5)

where ª denotes circular subtraction and superscript ∗ denotes complex conjugation. This means that the CAZAC sequence is orthogonal to all non-zero
circular shifts. Let S1 be a circulant matrix with the first column equal to
[s1 (0), s1 (1), · · · , s1 (N − 1)]T . The autocorrelation property of the CAZAC
sequence can be written in an equivalent matrix form as
SH
1 S1 = N I,

(5.6)

where superscript H denotes conjugate transpose. This means that S1 is both
a unitary (subject to a normalization constant N ) and a circulant matrix.
Commonly used CAZAC sequences include the Frank-Zadoff sequences [96],
the Chu sequences [97] and the S&H sequences [98].
We use s1 as the training sequence from the first transmit antenna. The
training sequence from the mth transmit antenna is a circularly shifted version
of s1 , i.e. sm (n) = [s1 (n ª τm )]T , where τm is the shift value. It is straightforward to show that the cross-correlation between the training sequences from
different transmit antennas satisfies
τj −τi
SH
i Sj = I

(5.7)

where Iτj −τi denotes a matrix resulting from circularly shifting the one elements of the identify matrix to the right by τj − τi . Note that the matrix
Sm can be obtained by circularly shifting the rows of S1 τm rows downwards.
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Hence, we have

m
Sm hi,m = S1 hτi,m
,
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(5.8)

τm
where hi,m
= [hi,m (N − τm ), · · · , hi,m (0), · · · hi,m (N − τm − 1)]T is obtained by
circularly shifting hi,m τm rows downwards. Making use of this property, we
can rewrite the received signal at receive antenna i as

nt
nt
X
X
1
1
m
ri = √ E(φ)
hτi,m
.
Sm hi,m = √ E(φ)S1
nt
nt

(5.9)

m=1

m=1

Collecting the received signals from all receive antennas, we get
1
R = √ E(φ)S1 H + N ,
nt
where

"
H=

nt
X

m=1

m
hτ1,m
,

nt
X
m=1

m
hτ2,m
,··· ,

nt
X
m=1

(5.10)

#
hτnmr ,m

.
{N ×nr }

From (5.10), we can see that by using CAZAC training sequence, the channel
impulse responses are contained in a smaller matrix H of size N × nr as
compare to the (N × nt ) × nr channel matrix H in the more general received
signal model in (5.3).
Without
loss of generality, let us examine the first column of the H matrix,
Pnt
τm
h
m=1 1,m . We know that only the first L elements in the N × 1 vector
h1,m are nonzero. We choose the length of the CAZAC sequence N such that
N ≥ nt × L and we can make τm − τm−1 ≥ L for m = 2, · · · , nt . In this
case, there will be no overlap between the non-zero channel impulse responses
from different transmit antennas.
Pnt Asτma result, after obtaining the estimate
of the first column of H, i.e.
m=1 h1,m , we can obtain the channel impulse
responses from different transmit antennas by taking appropriate elements of
the column. The same principle applies to the other columns of H. In this
case, the estimation of the channel impulse responses between all the transmit
and receive antenna pairs is converted equivalently to the estimation of matrix
H.
In [38] and [39], CFO estimation methods using periodic training sequences
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were proposed. Here, we adopt a similar approach. We successively transmit
two periods of training sequences in time, i.e. the training sequence from the
ith transmit antenna, xi = [sTi , sTi ]T , is of length 2N . Assuming the channel
does not change within the duration of 2N , the received signal can be written
as:
R{2N ×nr } = E(φ){2N ×2N } X{2N ×N } H{N ×nr } + N {2N ×nr } ,
where

1
X= √
nt

·

S1
S1

(5.11)

¸
.

Using the received signal model given in (5.11), the likelihood function of the
CFO φ and the channel response H can be written as

Λ(φ̃, H̃) =

1
(πσn2 )2N ×nr

½
exp

o¾
[R − E(φ̃)XH̃]

−

1 n
tr [R − E(φ̃)XH̃]H
σn2
(5.12)

where tr denotes the trace of a matrix.

Following a similar approach as in [45], we find that by keeping φ̃ fixed, the
ML estimate of the channel H is given by
¡
¢−1 H H
Ĥ(φ̃) = XH X
X E (φ̃)R.

(5.13)

Substituting (5.13) into (5.12), and after some algebraic manipulations we get
the ML estimator of the CFO φ is given by
n n
oo
φ̂ = arg max tr RH E(φ̃)BEH (φ̃)R ,
φ̃

(5.14)
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where
·
¸
¡ H ¢−1 H
£
¤
1
S1
H
B = X X X
X =
I{N ×N } SH
1 , S1
2N S1
·
¸
1 I{N ×N } I{N ×N }
=
.
2 I{N ×N } I{N ×N }

(5.15)

We can also rewrite E(φ) and R in the following form
·
E(φ) =

E1 (φ)
0
jN
φ
0
e
E1 (φ)

¸
,

where E1 (φ) = diag[1, ejφ , · · · , ej(N −1)φ ] and
·
R=

R1
R2

¸
,

where R1 denotes the first N rows of R and R2 denotes rows N + 1 to 2N
of R. Substituting these new expressions into (5.14), we can further simplify
the cost function for CFO estimation to
n
o
J (φ̃) = < ejN φ̃ tr(RH
R
)
,
1
2

(5.16)

where <(•) denotes the real part of a complex number. Correspondingly, the
ML estimate of φ is given by
n
o
φ̂ = arg max < ejN φ̃ tr(RH
2 R1 ) .

(5.17)

φ̃

Using scalar notations, the ML CFO estimator in (5.17) can be written equivalently as
(N n
)
r
XX
1
∗
φ̂ = ∠
rm
(k)rm (k + N ) ,
(5.18)
N
k=1 m=1
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where ∠(•) denotes the angle of a complex number and rm (k) denotes the
received signal from the mth receive antenna at time k. This ML estimate is
very similar in form to its SISO counterpart as shown in [39] [45] and it can
be easily obtained using low-complexity correlation operations.
The performance of the ML CFO estimator for SISO-OFDM systems has
been extensively studied in the literature [38], [39], [45]. Following a similar
approach as in SISO-OFDM systems, we can show that the Cramer-Rao Bound
(CRB) of the CFO estimation is given by [50]
E[(φ̂ − φ)2 ] ≥ CRB =

1
,
nr N 3 γ

(5.19)

where γ is the SNR per receive antenna. Notice that the CRB decays with
N 3 and hence in practice, only small values of N are needed.
Having obtained the CFO estimate φ̂, we can simply plug it into (5.13) to get
the channel estimate as follows
¡ H ¢−1 H H
nt H H
X X
X E (φ̂)R
X E (φ̂)R =
2N
"
#·
¸
√
nt £ H H ¤ EH
(
φ̂)
0
R1
1
=
S1 , S1
R2
2N
0
e−jN φ̂ EH
1 (φ̂)
√ ³
´
nt
H
−jN φ̂ H H
=
SH
S1 E1 (φ̂)R2 .
1 E1 (φ̂)R1 + e
2N

Ĥ =

(5.20)

From (5.20), we can see that the channel estimate can be obtained using simple matrix multiplications. Due to the orthogonal property of the S1 matrix,
a complicated matrix inversion can be avoided. This provides a large saving
in the computational complexity of channel estimation. Another advantage
of this training sequence is the low overhead. For channel estimation alone,
we only need training sequences of length N where N ≥ nt × L. By comparison, the conventional frequency-domain channel estimation requires training
sequence of length at least nt × M , where M is the length of the OFDM
symbol. In a practical OFDM system, the length L of the channel impulse
response is similar to the length of the cyclic prefix, which is much smaller
than the length of the OFDM symbol M . Therefore, by using the proposed
training sequence for channel estimation, we can reduce the training overhead
by a factor of (M/L − 1). Moreover, the training signal is constant-amplitude
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in time and therefore has peak to average power ratio equal to 1.

5.4

MSE Analysis of Channel Estimation with Residual CFO

In practical systems, there exists some residual CFO after CFO compensation
due to the inaccuracy of the CFO estimation. In this section, we examine how
the residual CFO affects the performance of the channel estimation.
Substituting the expression for R1 and R2 into (5.20) and denoting the residual CFO (φ − φ̂) by φd , we get
√
1 ³ H
H
S1 E1 (φd )S1 H + nt SH
1 E1 (φ̂)N 1
2N
´
−jN φ̂ √
H H
+ ejN φd SH
E
(φ
)S
H
+
e
n
S
E
(
φ̂)N
1 d 1
t 1
2 ,
1
1

Ĥ =

(5.21)
where N 1 contains the first N rows of N in (5.11) and N 2 contains rows N +1
H
to 2N of N . As EH
1 (φ̂) is a unitary matrix, E1 (φ̂)N 1 is statistically the same
as N 1 . Similarly e−jN φ̂ EH
1 (φ̂)N 2 is statistically the same as N 2 . Therefore,
for ease of notation, we still use N 1 and N 2 to denote the new noise. With
this simplification of notation, the channel estimate can be rewritten as
√
´
nt H
1 ³
jN φd
H
(S N 1 + SH
Ĥ =
1+e
S1 E1 (φd )S1 H +
1 N 2 ).
2N
2N 1

(5.22)

The MSE of the channel estimation is given by

MSE =

n h
io
1
tr E (H − Ĥ)H (H − Ĥ) ,
N nr

where E[•] denotes statistical expectation over the AWGN noise.

(5.23)
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When the CFO estimation is perfect, i.e. φd = 0, it can be easily shown that
MSE =
=

© £
¤
£ H
¤ª
nt 1
H
H
tr E N H
1 S1 S1 N 1 + E N 2 S1 S1 N 2
2
4N N nr
nt σn2
.
(5.24)
2N

Making use of the Taylor’s series expansion, we can write the exponential
P
φk
function as eφ = 1 + ∞
k=1 k! . Substituting this into (5.22), we get
1+δ H
N0
S1 (I + ∆(φd ))S1 H +
,
N
N

Ĥ =

(5.25)

P∞

(jN φd )k
and ∆(φd ) is a diagonal matrix with the nth
k=1
k!
k
P∞ (j(n−1)φ
d)
element equal to k=1
. Here we use one AWGN noise matrix N 0
k!
√
nt
0
H
to denote 2 (SH
1 N 1 + S1 N 2 ). Note that the variance of each element of N
N nt 2
is 2 σn . Using this new expression, we can write the difference between the

where δ = 1/2

channel estimate and the actual channel as
Ĥ − H =

N0
1+δ H
+ Hδ +
S1 ∆(φd )S1 H.
N
N

(5.26)

0

Here the first term NN is the estimation error caused by the AWGN noise
while the last two terms in the summation describe the extra estimation error
caused by the residual CFO error φd .
Using (5.26), we can show that the MSE of the channel estimation is given by
½
£
£
¤¤
1
N 2 |δ|2 tr {ΨH } + 2N < (δ ∗ + |δ|2 )tr ∆(φd )S1 ΨH SH
MSE =
1
3
N nr
¾
£
¤
nt σn2
2
H
H
+ |1 + δ| tr ∆(φd ) ∆(φd )S1 ΨH S1
+
.
2N
(5.27)
where ΨH = E(HHH ). The details of the derivation is given in the ap-
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pendix of this chapter. Now let us assume that the channels between different transmit and receive antennas are uncorrelated in space and the different
paths in the multi-path channel are also uncorrelated. We define pi,m =
[pi,m (1), · · · , pi,m (N )]T as the power delay profile of the channel between the
mth transmit antenna and the ith receive antenna. Since the length of the
channel impulse response is L, pi,m (N ) = 0 for N > L − 1. Using this, we can
write
!#
"n Ãn
t
r
X
X
ΨH = E(HHH ) = diag
pk,i (n ª τi )
,
(5.28)
i=1

k=1

where pk,i (n ª τi ) denotes a vector obtained by circularly shift pk,i τi elements
downwards. We normalize the channel such that the total transmit signal
power equals the receive signal power per receive antenna. As a result, the
power of the channel taps between all the transmit and receive antenna pairs
adds up to nt × nr . Therefore, we have
tr[ΨH ] = nt nr .
We further define F = S1 ΨH SH
1 . It can be shown that the ith diagonal
element of F, F (i, i) is given by

F (i, i) =

N
X

Ψ(j, j) = tr[ΨH ] = nt nr .

(5.29)

m=1

As ∆(φd ) is a diagonal matrix, we have
£
¤
tr ∆(φd )S1 ΨH SH
1 = nt nr tr [∆(φd )] ,
and similarly
£
¤
£
¤
H
tr ∆(φd )H ∆(φd )S1 ΨH SH
1 = nt nr tr ∆(φd ) ∆(φd ) .

As we are going to show later from the simulations, the performance of CFO
estimation reaches the CRB at SNRs of practical interest. Therefore, the
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residual CFO value φd is usually very small. We can use a first-order Taylor
series expansion to get a good approximation of the exponential function, i.e.
P
(jN φd )k
δ = 1/2 ∞
≈ jN φd /2 and ∆(φd ) ≈ diag[0, jφd , j2φd , · · · , j(N −
k=1
k!
1)φd ]. Substituting these into (5.27), we get

MSE =
+
=
≈

½
¾
(N − 1)φ2d nt jN (N − 1)φ3d nt
nt σn2
+ 2<
+
2N
4
8
¶
µ
2
2
2
N φd nt (N − 1)(2N − 1)φd nt N φ2d
+
1+
4
6N 2
4
¡ 3
¢
2
2
nt σn nt 9N − 2N − 6N + 2 2 nt (N − 1)(2N − 1) 4
φd +
+
φd
2
2N
24
¡ 3 12N2
¢
nt 9N − 2N − 6N + 2 2
nt σn2
φd .
+
(5.30)
2N
12N 2

Here we drop the φ4d term in the MSE expression because the estimation error
φd is very small in practical SNR regions and higher-order terms have only
negligible contribution to the overall MSE. As we are going to show later
using simulations, the variance of φd touches the CRB at moderate to high
SNR regions. Therefore, we can approximate φ2d in (5.30) with the CRB
expression, i.e.
1
.
φ2d ≈
nr N 3 γ
Substituting this into (5.30), we get the MSE of channel estimation in the
presence of residual CFO φd given by
¡
¢
nt 9N 3 − 2N 2 − 6N + 2
nt σn2
MSE ≈
+
2N
12N 5 γnr
Ã
¡ 3
¢!
2 − 6N + 2
9N
−
2N
n
n
t
t
+
.
= σn2
2N
12N 5 nr

(5.31)

The first term in (5.31) is the MSE due to the AWGN noise while the second
term is the extra MSE caused by the residual CFO φd . The ratio between

5.5 Simulation Results

121

Table 5.1: Extra MSE caused by residual CFO for different training sequence lengths
and different number of receive antennas .

Training Sequence Length

2 Rx Ant

3 Rx Ant

25

0.127 dB

0.085 dB

36

0.089 dB

0.060 dB

49

0.066 dB

0.044 dB

these two MSE terms amounts to
MSERCF O
(9N 3 − 2N 2 − 6N + 2)
.
=
MSEAW GN
6N 4 nr

(5.32)

As N is larger than 32 in practical systems and the denominator is one order larger than the numerator, the MSE caused by the interference is usually
negligible compared to the MSE caused by the AWGN noise. Computer simulations, which will be presented later, show that the approximation given by
(5.31) is very close to actual MSE obtained from simulations.
Table 5.1 shows the extra MSE in channel estimation caused by the residual
CFO φd obtained through the approximation in (5.31) for different sequence
lengths and different number of receive antennas. From the table, we can see
that the MSE degradation is indeed very marginal.

5.5

Simulation Results

We performed computer simulations to study the performance of the CFO and
channel estimations using the proposed CAZAC sequences. We simulated a
MIMO OFDM system with 2 transmit and 2 receive antennas. The number
of subcarriers is equal to 64 with length 16 cyclic prefix. The CFO is fixed
at half the subcarrier spacing, i.e. φ = 0.5 × 2π
64 . We use CAZAC sequences
of length 36 and the circular shift between transmit antenna 1 and 2 is 18
taps. The total length of the training sequence is 72 as two periods of the
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Fig. 5.1: MSE of CFO estimation using the proposed training sequence.

same CAZAC sequence are transmitted for CFO estimation. The channel is a
16-tap multi-path fading channel with uniform power delay profile.
Figure 5.1 shows the performance of CFO estimation using the proposed training sequence. Here, the MSE of the CFO estimation is normalized with respect
to the subcarrier spacing as follows
Ns
1 X
MSE =
Ns
i=1

Ã

φ̂ − φ
2π/64

!2
,

where φ̂ and φ represent the estimated and actual CFO values, respectively,
and Ns denotes the total number of Monte Carlo trials. In comparison, we
also plotted the CRB of the CFO estimation, again normalized with respect
to the subcarrier spacing 2π/64. We can see that the performance of the CFO
estimator touches the CRB when SNR is larger than 5 dB.
Figure 5.2 shows the performance of channel estimation using the proposed
CAZAC training sequences in the presence of a residual CFO φd . Comparing
the channel estimation with perfect CFO compensation, we can see that the
performance degradation due to the residual CFO φd is really negligible, which
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Fig. 5.2: Performance of channel estimation using the proposed CAZAC sequence in
the presence of residual CFO.

is consistent with the theoretical prediction. In the lower left corner of the
figure, we plotted the zoomed-in MSE performance of the channel estimation.
We can see that the theoretical MSE approximation by (5.31) is very accurate
compared to the MSE obtained through simulations.

5.6

Effect of Spatial Correlation Related to the Propagation Environment

In this section, we study the spatial correlation among antennas related to
the propagation environment and also its effects on the performance of the
CFO estimation in MIMO systems. As the correlation effect is similar for
different paths in a multi-path channel, in this section, we only consider the
effect on one path, i.e. we only consider a flat fading channel. To simplify
the analysis, we only look at the spatial correlation at the receive antennas,
while assuming zero correlation among the transmit antennas. The spatial
correlation is related to the propagation environment and is dependent on the
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distributions of angle of arrival (AOA) and angle of departure (AOD), which
are specified by the power angular spectrum (PAS). We study how PAS affects
the performance of CFO estimation. For a Laplacian PAS, which is a good
model for the indoor propagation environment [99] [100], we also study how
the performance of CFO estimation is affected by the mean AOA values.
We consider a MIMO system with Nt transmit and Nr receive antennas in flat
fading channels. The received signal on nr receive antennas can be written as
r = Hs + n

(5.33)

where s is the transmitted signal from nt transmit antennas, H is the nr × nt
channel matrix with the i, jth element Hi,j as the channel response between
the jth transmit antenna and the ith receive antenna and n is the AWGN
noise. In practice, MIMO channels are correlated in the spatial domain. Such
correlation can be modeled as [101]
³
´T
H = [Rrx ]1/2 Hiid [Rtx ]1/2 ,

(5.34)

where Hiid is the channel matrix generated using independent, identically, distributed (i.i.d.) zero-mean complex Gaussian random variables. The transmit
and receive correlation matrices are denoted as Rtx and Rrx respectively. For
a 3 × 3 channel, the two matrices take on the following form [101]


1

Rtx =  ρtx,2,1
ρtx,3,1

1
Rrx =  ρrx,2,1
ρrx,3,1


ρtx,1,2 ρtx,1,3
1
ρtx,2,3  ,
ρtx,3,2
1

ρrx,1,2 ρrx,1,3
1
ρrx,2,3  ,
ρrx,3,2
1

(5.35)

where ρtx,i,j is the correlation coefficient between the ith and jth transmit
antennas and ρrx,i,j is the correlation coefficient between the ith and jth receive
antennas. The spatial correlation is determined by the PAS of AOA at the
receiver and the PAS of the AOD at the transmitter.
In the derivation of the spatial correlation, we consider a two-antenna receiver
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Fig. 5.3: Received signal for a two-element antenna array spaced d for a plane wave
impinging at angle θ.

for easy illustration. The results can be extended to more than two antennas
straight-forwardly. Figure 5.3 illustrates a receiver with two antennas spaced
d meters apart. There is a plane wave (s(t, θ)) impinging at an AOA of θ. The
received signal at the ith receive antenna can be expressed as [102]
ri (t, θ) =

p
d
Gi (θ)s(t, θ)ej2π[fc +(i−1) λ sin θ] ,

(5.36)

where s(t, θ) is the impinging signal, t is time and θ is the AOA of s(t, θ). The
carrier frequency is denoted as fc , d is the spacing between the antennas and
λ is the wavelength. The power gain of the antenna at angle θ is denoted as
G(θ). The covariance matrix of the received signal can be written as
µ·

r1 (t, θ)
r2 (t, θ)

¸

£

r1∗ (t, θ)

r2∗ (t, θ)

¶
¤

Rr = Et,θ
·
¸
P1
Et,θ (r1 (t, θ)r2∗ (t, θ))
=
,
Et,θ (r1∗ (t, θ)r2 (t, θ))
P2

(5.37)

where we use Et,θ to denote statistical expectation taken over both time t and
the angle θ. The received signal power at each receive antenna is given by
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¡
¢
Pi = Et,θ Gi (θ)|s(t, θ)|2 . The correlation coefficients of the received signals
at the two antennas are defined as [103]

ρ1,2 =

Et,θ [r1 (t, θ)r2∗ (t, θ)] − Et,θ [r1 (t, θ)] Et,θ [r2∗ (t, θ)]
√
.
P1 P2

(5.38)

We assume that the impinging signal s(t, θ) has zero mean over all angles, so
that
hp
i
Et,θ [r1 (t, θ)] = Eθ
G1 (θ)Et [s(t, θ)] ej2πfc = 0,
(5.39)
where Eθ and Et denote expectations over angle θ and time t respectively.
Similarly we have Et,θ [r2 (t, θ)] = 0. Therefore, the correlation coefficient can
be simplified to
Et,θ [r1 (t, θ)r2∗ (t, θ)]
√
ρ1,2 =
,
(5.40)
P1 P2
and the covariance matrix can be re-written as
·
¸ p
p
1 ρ1,2
= P1 P2 Rrx ,
Rr = P1 P2
ρ∗1,2 1

(5.41)

where Rrx is the receiver correlation matrix as in (5.35). Denoting D = 2π λd ,
we can write
hp
i
Et,θ [r1 (t, θ)r2∗ (t, θ)] = Et,θ
G1 (θ)G2 (θ) |s(t, θ)|2 e−jD sin θ
hp
³
´
i
= Eθ
G1 (θ)G2 (θ)Et |s(t, θ)|2 e−jD sin θ .
(5.42)
It is reasonable to assume that different antenna elements in an antenna array
have the same radiation pattern, i.e. G1 (θ)³= G2 (θ) ´= G(θ). In this case, we
also have P1 = P2 = P . We use Ps (θ) = Et |s(t, θ)|2 to denote the power of
the impinging signal from angle θ. It is reasonable to assume that the power
of the impinging signal is independent of θ and hence we will use Ps instead.
We also use PAS(θ) to denote the PAS of the received signal at angle θ. Then,
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we can rewrite the correlation coefficient in (5.40) as

ρ1,2 =
=

Et,θ [r1 (t, θ)r2∗ (t, θ)]
Rπ P
Ps −π G(θ)PAS(θ)e−jD sin θ dθ
P
−jD sin θ dθ
G(θ)PAS(θ)e
−π
Rπ
.
−π G(θ)PAS(θ)dθ

Rπ
=

(5.43)

A common assumption used in the analysis of the spatial correlation is that the
AOA is uniformly distributed between 0 and 360 degrees, i.e. PAS(θ)=1/(2π)
for all θ values. In this case, the correlation coefficient is given by
Rπ
ρ1,2 =

−π

e−jD sin θ G(θ)dθ
Rπ
.
−π G(θ)dθ

(5.44)

Moreover, if the antenna is omni-directional, i.e. G(θ) = G for all the angles,
ρ1,2 = J0 (D) where J0 is the Bessel function of the first kind and order 0.
It was found in [99] [100] that the PAS for indoor environments closely matches
a Laplacian distribution and is given by
¯!
Ã ¯√
¯ 2(θ − µ) ¯
1
¯
¯
PAS(θ) = √ exp − ¯
¯
¯
¯
σ
2σ

(5.45)

where σ is the angular spread, µ is the mean AOA and both are in degrees.
For this PAS, there is no closed-form solution for the correlation coefficients.
Therefore, we use numerical integration to calculate ρ1,2 .
Figure 5.4 shows the effect of angular spread on the correlation coefficients
for a fixed mean AOA of 0o for the Laplacian-PAS given in (5.45), assuming
omni-directional antenna elements. In comparison, we also plot the correlation
coefficients for uniformly distributed AOA. From the figure, we can see that
the correlation coefficients for Laplacian-distributed PAS are much higher than
a uniform PAS. Comparing between different angular spread values, we can
see that larger angular spreads lead to smaller correlations. In Figure 5.5, we
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Fig. 5.4: Correlation coefficients for different angular spreads for a fixed mean AOA
of 0o .

plot the correlation coefficient for a fixed angular spread of 20o and different
mean AOA values for a Laplacian PAS. Again we assume all the antenna
elements are omni-directional. We can see that for the same angular spread,
the correlation becomes larger when the mean AOA becomes larger.
We use computer simulations to study the effects of different angular spreads
and mean AOA values on the performance of CFO estimation for a 2×2 MIMO
system for flat fading channels. The spacing between the 2 receive antennas is
0.5λ. We use two periods of length-16 CAZAC sequence as training sequence
for CFO estimation. The CFO estimate is obtained using the estimator in
(5.18). Figure 5.6 shows the MSE of CFO estimation for different angular
spread values for a fixed mean AOA of 0o . From the figure, we can see that
the performance of CFO estimation is degraded compared to that of the i.i.d.
channel due to the spatial correlation. The degradation is larger for smaller
angular spread values due to the larger spatial correlation. Figure 5.7 shows
the performance of CFO estimation for different mean AOA (µ) values for a
fixed angular spread of 20o . From the results, we can see that the performance
degradation is larger for larger mean AOA values. This is because, as shown in
Figure 5.5, the spatial correlation is larger for larger mean AOA values. The
performance difference for different µ values is small when µ is smaller than
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Fig. 5.5: Correlation coefficients for different mean AOA values for a fixed angular
spread of 20o .

40o . When the mean AOA is larger than 40o , the degradation due to larger
mean AOA becomes more significant.

5.7

Effect of Mutual Coupling among the Antennas

Mutual coupling among different antenna elements in an antenna array is
caused by the interactions of the EM waves received at different antenna elements. This effect is related to the antenna array and is independent of the
propagation environment. The effects of mutual coupling were studied in [56]
and [57]. It was shown that with mutual coupling among different antennas,
the effective channel can be re-written as
³£
£
¤1/2
¤1/2 ´T
H = Crx Rrx CH
Hiid Ctx Rtx CH
,
rx
tx

(5.46)

where Crx and Ctx are the coupling matrices for the receiver and transmitter
respectively. In this section, for simplicity of illustration, we only consider the
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Fig. 5.6: MSE of CFO estimation for different angular spreads for a fixed mean AOA
of 0o .
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Fig. 5.7: MSE of CFO estimation for different mean AOA values for a fixed angular
spread of 20o .
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effects of propagation environments and mutual coupling at the receiver. In
this case, the effective channel can be simplified to
£
¤1/2
H = CRCH
Hiid .

(5.47)

Here we dropped the subscript of rx for simplicity of illustration. In [58] [59]
[104], it was shown that mutual coupling reduces the spatial correlation between the antennas. On the other hand, mutual coupling also results in power
loss on the desired signal when the two antennas are placed too close [105].
Next, we look at the overall effects of mutual coupling on the performance of
CFO estimation in MIMO systems.
In this study, we consider a receiver with two dipole antennas with the following parameters:

• l: length of the dipole antenna;
• D: D = 2π λd where d is the spacing between the two antennas and λ is the
wavelength;
• Zs = Rs + jXs : self impedance of the antenna;
• Zm = Rm + jXm : mutual impedance between the antennas due to mutual
coupling;
• Zload = Rload + jXload : loading impedance of the antennas.

From [56], the coupling matrix in (5.47) is given by
·
C = (Zload + Zs )

Zload + Zs
Zm
Zm
Zload + Zs

¸−1
.

(5.48)

In this study, we assume that the loading impedance is matched to the self
impedance of the antenna, i.e. Zload = Zs∗ . The mutual impedance Zm is a
function of the dipole length l, the antenna spacing D and the antenna placement configuration. The mutual impedance can be calculated numerically
using the induced Electromagnetic Fields (EMF) method [106]. Combining
the effect of coupling with the spatial correlation related to the propagation
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environment, we have
·

H

CRC

¸·
¸· ∗
¸
∗
C1,1 C2,1
C1,1 C1,2
1 ρ1,2
=
∗
∗
C2,1 C2,2
ρ2,1 1
C1,2
C2,2
¸
·
1 ρ̃1,2
.
= P
ρ̃2,1 1

(5.49)

From (5.49), we can see that there are two effects from mutual coupling.
Firstly, the mutual coupling changes the spatial correlation. Secondly, the
received signal power is scaled by P .

The effective correlation (|ρ̃1,2 |) as a function of the antenna spacing for a
2-antenna receiver is depicted in Figure 5.8. Here, we assume two dipole
antennas with length l = 0.5λ placed side by side. For such antennas, the selfimpedance is Zs = (73 + j42) Ω [106]. We also assume that the AOA has a
uniform distribution from 0 to 360o . We can see that with the effect of mutual
coupling, the spatial correlation between the antennas is reduced. The power
P as a function of the antenna spacing is shown in Figure 5.9. The plot shows
that the system suffers significant power loss if the two antennas are spaced
too closely. The power loss becomes insignificant when the antenna spacing
is about 1λ. In summary, the effect of mutual coupling is two-fold. Firstly
it reduces the spatial correlation between the antennas, which is a desirable
effect. On the other hand, it introduces extra power loss, which is undesirable.

We used computer simulations to investigate the combined effect of mutual
coupling on the performance of the CFO estimation. We simulated a 2 × 2
MIMO system for flat fading channels. We assume the transmit antennas
are independent and only consider the effect of coupling at the receiver. The
spacing between two receive antenna is 0.5λ. We also assume an uniformly
distributed AOA at the receiver. The performance of CFO estimation with and
without considering the effect of coupling is compared in Figure 5.10. We can
see that the spatial correlation introduced by the propagation environment
degrades the MSE performance as compared to the i.i.d. channel. Mutual
coupling adds additional degradation to the performance. This means that
the detrimental effect due to the power loss (as shown in Figure 5.9) is larger
than the beneficial effect due to reduced spatial correlation (as shown in Figure
5.8).
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Fig. 5.8: Effective spatial correlation due to coupling for two λ/2 dipole antennas
with Zload = Zs∗ .
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Fig. 5.9: Power loss due to coupling for two λ/2 dipole antennas with Zload = Zs∗ .
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Fig. 5.10: Effects of mutual coupling on the performance of CFO estimation.

5.8

Conclusions

In this chapter, we proposed to use CAZAC sequence as training sequences for
joint CFO and channel estimation for MIMO-OFDM systems. We derived the
corresponding maximum-likelihood (ML) joint CFO and channel estimator.
We showed that using this sequence, the ML CFO estimate can be obtained
using simple correlation operations. No matrix inversion needs to be performed
to obtain the channel estimate. Moreover, the training overhead of the system can be significantly reduced compared to conventional frequency- domain
training. We derived an accurate closed-form approximation on the MSE of
channel estimation in the presence of the residual CFO. We showed that the
extra degradation due to the residual CFO is negligible. We also studied the
effects of spatial correlation and antenna mutual coupling on the performance
of CFO estimation in MIMO systems. We showed that spatial correlation
degrades the performance of CFO estimation. The mutual coupling has two
effects. Firstly it reduces the spatial correlation, which is beneficial for CFO
estimation. Secondly it introduces power loss on the received signal, which is
detrimental. Computer simulations showed that the overall effect of mutual
coupling adds additional degradation to the performance of CFO estimation.
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Appendix: Derivation of MSE of Channel Estimation
in the Presence of a Residual CFO φd
Using (5.26), we can write
(Ĥ − H)H (Ĥ − H)
½
1
N 2 |δ|2 HH H + N (δ ∗ + |δ|2 )HH SH
=
1 ∆(φd )S1 H
N2
H
+ N δ ∗ HH N 0 + N (δ + |δ|2 )HH SH
1 ∆(φd ) S1 H
H
∗
H H
H
0
+ |1 + δ|2 HH SH
1 ∆(φd ) ∆(φd )S1 H + (1 + δ )H S1 ∆(φd ) S1 N
¾
0H
+ N δN 0H H + (1 + δ)N 0H SH
N0 .
(5.50)
1 ∆(φd )S1 H + N

Taking expectation over the AWGN noise, we get
h
i
En (Ĥ − H)H (Ĥ − H) =

½
1
N 2 |δ|2 HH H + N (δ ∗ + |δ|2 )HH SH
1 ∆(φd )S1 H.
N2

H
+ N (δ + |δ|2 )HH SH
1 ∆(φd ) S1 H
2

+ |1 + δ| H

H

H
SH
1 ∆(φd ) ∆(φd )S1 H

¾
N 2 nt 2
σn Inr .
+
2

Here En denotes expectation over AWGN noise and Inr is an identity matrix
of size nr × nr . Thus, we can write the MSE of channel estimation conditioned
on a particular channel realization H as
n h
io
1
tr En (Ĥ − H)H (Ĥ − H)
N nr
½
1 1
=
N 2 |δ|2 tr(HH H)
N 2 N nr
£
£
¤¤
+ 2N < (δ ∗ + |δ|2 )tr ∆(φd )S1 HHH SH
1
¾
£
¤
nt σn2
2
H
H H
+ |1 + δ| tr ∆(φd ) ∆(φd )S1 HH S1
.
+
2N

MSE|H =

(5.51)
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Now averaging the MSE of the channel estimation over all the channel realizations, we get
©
ª
MSE = EH MSE|H
½
£ ∗
£
¤¤
1
2 2
2
H
=
N
|δ|
tr
{Ψ
}
+
2N
<
(δ
+
|δ|
)tr
∆(φ
)S
Ψ
S
1
H
H
d
1
N 3 nr
¾
£
¤
nt σn2
+ |1 + δ|2 tr ∆(φd )H ∆(φd )S1 ΨH SH
+
,
1
2N
(5.52)
where ΨH = E(HHH ).
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6

CFO Estimation for Multi-user
MIMO-OFDM Uplink Using
CAZAC Sequences

6.1

Introduction

The multi-user MIMO-OFDM system can be considered as an extension of the
MIMO-OFDM system to the multi-user context. In the multi-user MIMOOFDM system shown in Figure 6.1, multiple users, each with one or multiple
antennas, transmit simultaneously using OFDM in the same frequency band.
For clearness of illustration, in Figure 6.1, we only illustrate the case where
each user has one transmit antenna. The receiver is a base station equipped
with multiple antennas. It uses spatial processing techniques to separate the
signals of different users. If we view the signals from different users as signals
from different transmit antennas of a virtual transmitter, then the whole sys-
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Fig. 6.1: Illustration of the multi-user MIMO-OFDM system.

tem can be viewed as an MIMO system. This system is also known as the
virtual MIMO system [35].
As we discussed in previous chapters, in OFDM systems, CFO destroys the orthogonality between subcarriers and causes inter-carrier interference (ICI). To
ensure good performance of OFDM systems, the CFO must be accurately estimated and compensated. For SISO-OFDM systems, it was shown in [38] and
[39] that by using periodic training sequences, the maximum-likelihood (ML)
CFO estimate can be obtained using simple correlation operations. Moreover,
the mean square error (MSE) of the CFO estimate reaches the Cramer-Rao
bound (CRB). A similar approach was used for single-user MIMO-OFDM systems [49] [34] [107], where all the transmit antennas are driven by a centralized
local oscillator (LO) and so are all the receive antennas. In this case, the CFO
is still a single parameter. For multi-user MIMO-OFDM systems, each user
has its own LO, while the multiple antennas at the base station (receiver) are
driven by a centralized LO. Therefore, in the uplink, the receiver needs to
estimate multiple CFO values, one for each user. In [60] and [61], methods
were proposed to estimate multiple CFO values for MIMO systems in flat fading channels. In [62], a semi-blind method was proposed to jointly estimate
the CFO and channel for the uplink of multi-user MIMO-OFDM systems in
frequency selective fading channels. An asymptotic Cramer-Rao bound for
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joint CFO and channel estimation in the uplink of MIMO-Orthogonal Frequency Division Multiple Access (OFDMA) system was derived in [108] and
training strategies that minimize the asymptotic CRB were studied. In [109], a
reduced-complexity CFO and channel estimator was proposed for the uplink of
MIMO-OFDMA systems using an approximation of the ML cost function and
a Newton search algorithm. It was also shown that the reduced-complexity
method is asymptotically efficient. The joint CFO and channel estimation
for multi-user MIMO-OFDM systems was studied in [63]. Training sequences
that minimize the asymptotic CRB were also designed in [63].
It is known in the literature that the computational complexity for obtaining the ML CFO estimates in the uplink of multi-user MIMO-OFDM system
grows exponentially with the number of users [63] [109]. A low-complexity
algorithm was proposed in [63] for CFO estimation in the uplink of multi-user
MIMO OFDM systems based on importance sampling. However, the complexity required to generate sufficient samples for importance sampling may still
be high for practical implementations. In this chapter, we study algorithms
that can further reduce the computational complexity of the CFO estimation.
In particular, we propose a low-complexity CFO estimation algorithm using
constant amplitude zero autocorrelation (CAZAC) training sequences. Following a similar approach as in [45], we first derive the ML estimator for the
multiple CFO values in frequency selective-fading channels. Obtaining the
ML estimates requires a search over all possible CFO values and the computational complexity is prohibitive for practical implementations. To reduce the
computational complexity, we propose a sub-optimal algorithm using CAZAC
training sequences. Using the proposed algorithm, the CFO estimates for different users can be obtained using simple correlation operations similar to
single-user MIMO-OFDM systems. Moreover, the computational complexity
of the algorithm grows only linearly with the number of users. However, we
show that multiple CFO values in the uplink introduce multiple access interference (MAI) in the CFO estimation using the proposed algorithm. This causes
an irreducible error floor in the MSE performance. We derive an expression
for the signal to multiple access interference ratio (SIR) in the presence of
multiple CFO values. To reduce the MAI, we find the training sequences that
maximize the SIR. Note that the training sequence optimization problem we
try to solve in this chapter is different from those in [63] and [108], where
training sequences are optimized to minimize the CRB. In this chapter, we
try to find the training sequences that maximize the SIR due to multiple CFO
values specially for the proposed low-complexity CFO estimation algorithm
using CAZAC training sequences. The optimal training sequences turn out to
be dependent on the actual CFO values from different users. This is obviously
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not practical as it is not possible to know the CFO values and hence select
the optimal training sequences in advance. To remove this dependency, we
propose a new cost function, which is the Taylor’s series approximation of the
original cost function. The new cost function is independent of the actual CFO
values and is an accurate approximation of the original SIR based cost function for small CFO values. Using the new cost function, we obtain the optimal
training sequences for the following three classes of CAZAC sequences:
• the Frank & Zadoff sequences [96];
• the Chu Sequences [97];
• the polyphase sequences by Sueshiro and Hatori (S&H Sequences) [98].
Both the Frank & Zadoff sequences and the S&H sequences exist for sequence
length N = K 2 , where N is the length of the sequence and K is a positive
integer larger than 1, while Chu sequences exist for any integer length N > 1.
For both the Frank & Zadoff and the Chu sequences, there are a finite number of sequences for each sequence length. Therefore, the optimal sequences
can be obtained using an off-line search among these sequences. However, for
S& H sequences, there are infinitely many possible sequences. As the optimization problem for the S& H sequences cannot be solved analytically, we
resort to a numerical method to obtain a near-optimal solution. To this end,
we use the adaptive simulated annealing (ASA) technique [110]. For small
sequence lengths, for example N = 16 and N = 36, we are able to use exhaustive search to verify that the solution obtained using ASA is globally
optimal. We use computer simulations to evaluate the performance of the
proposed CFO estimation algorithm using CAZAC sequences. We first compare the performance using CAZAC sequences with the performance using two
other sequences with good correlation properties, namely, the IEEE 802.11n
short training field (STF) [5] and the m sequences [111]. The results show
that the error floor using CAZAC sequences is more than 10 times smaller
compared to the other two sequences. Comparing among the three classes
of CAZAC sequences, we find that the performance of the Chu sequences is
better than the Frank & Zadoff sequences due to the larger degree of freedom
in the sequence construction. The S&H sequences have the largest number of
degree of freedom in the construction of the CAZAC sequences. However, the
simulation results show that they have only very marginal performance gain
compared to the Chu sequences. This makes Chu sequences a good choice
for practical implementation due to its simple construction and flexibility in
sequence lengths. By using the identified optimal sequences, the error floor
in the CFO estimation is significantly lower compared to using a randomly
selected CAZAC sequence.
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The rest of this chapter is organized as follows. In Section 6.2, we present the
system model and derive the ML estimator for the multiple CFO values. The
sub-optimal CFO estimation algorithm using CAZAC sequences is proposed
in Section 6.3. The training sequence optimization problem is formulated in
Section 6.4 and methods are given to obtain the optimal training sequence.
In Section 6.5, we present the computer simulation results and Section 6.6
concludes the chapter.

6.2

System Model

In this chapter, we study a multi-user MIMO-OFDM system with nt users. For
simplicity of illustration and analysis, we assume that each user has a single
transmit antenna. The base station has nr receive antennas, where nr ≥ nt .
The received signal at the ith receive antenna can be written as

ri (k) =

nt
X
m=1

Ã
ejφm k

L−1
X

!
hi,m (d)sm (k − d)

+ ni (k),

(6.1)

d=0

where φm is the CFO of the mth user, k is the time index, and L is the length
of the channel impulse response. The d-th tap of the channel impulse response
between the mth user and the ith receive antenna is denoted as hi,m (d), sm
denotes the transmitted signal from the mth user and ni is the additive white
Gaussian noise (AWGN) at the ith receive antenna. Here we assume the
initial phase for each user is absorbed in the channel impulse response. From
(6.1), we can see that we have nt different CFO values (φm ’s) to estimate. We
consider a training sequence of length N and cyclic prefix (CP) of length L.
The received signal after removal of CP can be written in an equivalent matrix
form
nt
X
ri =
E(φm )Sm hi,m + ni
(6.2)
m=1

where ri = [ri (0), · · · , ri (N − 1)]T and superscript T denotes vector transpose.
The CFO matrix of user m is denoted E(φm ) and is a diagonal matrix with diagonal elements equal to [1, exp(jφm ), · · · , exp(j(N −1)φm )]. We use Sm to denote the transmitted signal matrix for the mth user. This is an N ×N circulant
matrix with the first column defined by [sm (0), sm (1), sm (2), · · · , sm (N − 1)]T .
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Here we assume N > L so the channel vector between the mth user and the
ith receive antenna hi,m is a N × 1 vector by appending the L × 1 channel
impulse response [hi,m (0), · · · , hi,m (L − 1)]T vector with N − L zeros.

Using this system model, the received signals from all nr receive antennas can
be written as
R = A(φ)H + N ,

(6.3)

where
R = [r1 · · · , rnr ]{N ×nr } ,
A(φ) = [E(φ1 )S1 , · · · , E(φnt )Snt ]{N ×(N ×nt )} .
For clearness of presentation, we use subscripts inside curved brackets to denote the sizes of corresponding matrices. The vector φ = [φ1 , · · · , φnt ] is the
CFO vector containing the CFO values from all users, and the channels of all
users are stacked into the channel matrix H given as



H1


H =  ... 
Hnt {(N ×n

,
t )×nr }

with Hi = [h1,i , · · · , hnr ,i ]{N ×nr } being the channel matrix for the ith user.
The AWGN noise matrix is given by N = [n1 , · · · , nnr ].

Because the noise is Gaussian and uncorrelated, the likelihood function for the
channel H and CFO values φ can be written as

Λ(H̃, φ̃) =

1
(πσn2 )N ×nr

½
°2 ¾
1 °
°
°
exp − 2 °R − A(φ̃)H̃° ,
σn

(6.4)

where H̃ and φ̃ are trial values for H and φ and σn2 is the variance of the
AWGN noise. Following a similar approach as in [45], we find that for a fixed
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CFO vector φ̃, the ML estimate of the channel matrix is given by
h
i−1
Ĥ(φ̃) = AH (φ̃)A(φ̃)
AH (φ̃)R,

(6.5)

where superscript H denotes matrix Hermitian. Substituting (6.5) into (6.4)
and after some algebraic manipulations, we obtain that the ML estimate of
the CFO vector φ is given by
n ³
´o
φ̂ = arg max tr RH B(φ̃)R ,

(6.6)

φ̃

with

h
i−1
B(φ̃) = A(φ̃) AH (φ̃)A(φ̃)
AH (φ̃),

and tr (•) denotes the trace of a matrix. To obtain the ML estimate of the
CFO vector φ, a search needs to be performed over the possible ranges of CFO
values of all the users. The complexity of this search grows exponentially with
the number of users and hence the search is not practical.

6.3

CAZAC Sequences for Multiple CFO’s Estimation

To reduce the complexity of the CFO estimation for multi-user MIMO-OFDM
systems, in this section, we propose a sub-optimal algorithm using CAZAC
sequences as training sequences. CAZAC sequences are special sequences with
constant amplitude elements and zero autocorrelation for any non-zero circular
shifts. This means for a length-N CAZAC sequence, we have s(n) = exp(jθn )
and the auto-correlation

R(k) =

N
X
n=1

½
∗

s(n)s (n ª k) =

N
0

k = 0;
k 6= 0.

(6.7)
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for all values of k = 0, 1, · · · , N − 1. Here we use ª to denote circular subtraction and superscript ∗ denotes complex conjugation. Let S be a circulant
matrix with the first column equal to [s(0), s(1), · · · , s(N − 1)]T . The autocorrelation property of CAZAC sequences can be written in an equivalent matrix
form as
SH S = N IN ,
(6.8)
where IN is the identity matrix of size N × N . This means that S is both a
unitary (up to a normalization factor of N ) and a circulant matrix.
In [112], we showed that for single-user MIMO-OFDM systems, using CAZAC
sequences as training sequences reduces overhead for channel estimation while
achieving Cramer Rao Bound (CRB) performance in the CFO estimation.
Here, we extend this approach to the estimation of multiple CFO values in
the uplink of multi-user MIMO-OFDM systems. Let the training sequence of
the first user be s1 . The training sequence of the mth user is the circularlyshifted version of the first user, i.e. sm (n) = [s1 (n ª τm )]T , where τm denotes
the shift value. It is straightforward to show that the training sequences for
different users have the following properties:

• The autocorrelation of the training sequence for the ith user satisfies
SH
i Si = N IN

(6.9)

for i = 1, · · · , nt .
• The cross correlation between training sequences of the ith and jth users
satisfies
τj −τi
SH
(6.10)
i Sj = N I
where Iτj −τi denotes a matrix which results from circularly shifting the one
elements of the identify matrix to the right by τj − τi positions.

For SISO-OFDM systems, an efficient CFO estimation technique is to use
periodic training sequences [38] [39]. In this chapter, we extend this approach
to multi-user MIMO-OFDM systems. In this case, each user transmits two
periods of the same training sequences and the received signal over two periods
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can be written as1
·
R=

E(φ1 )S1
···
E(φnt )Snt
ejN φ1 E(φ1 )S1 · · · ejN φnt E(φnt )Snt

¸
H + N.

(6.11)

Without loss of generality, we show how to estimate the CFO of the first user.
The same procedure is applied to all the other users to estimate the other
CFO values. Since same procedure is applied to all the users, the complexity
of this CFO estimation method increases linearly with the number of users.
We first consider a special case when there are no CFO’s for all the other users
except user one, i.e. φm = 0 for m = 2, · · · , nt . In this case, we cross correlate
the training sequence of the first user with the received signal as shown below
Y 01 = W1 R
· H
¸·
¸
S1
0
E(φ1 )S1
· · · Snt
=
H + N0
jN φ1 E(φ )S
0 SH
e
·
·
·
S
1 1
nt
1
·
¸
Pnt
H
H
S
S
H
S1 E(φ1 )S1 H1 + m=2
m
m
1
Pnt
=
+ N0
HS H
ejN φ1 SH
E(φ
)S
H
+
S
1
1
1
m
m
1
m=2 1
·
¸
Pnt
τm H
SH
E(φ
)S
H
+
I
1 1 1
m
1
m=2
Pnt
=
+ N 0,
τm H
ejN φ1 SH
I
E(φ
)S
H
+
m
1
1
1
1
m=2

(6.12)

Because Iτm is an matrix resulting from circularly shifting the identity matrix to the right by τm elements, Iτm Hm produces a matrix resulting from
circularly shifting the rows of Hm by τm elements downwards.
We make sure that the circular shift between the m − 1th and mth users is no
smaller than the length of the channel impulse response, i.e. τm − τm−1 ≥ L.
Since the channel has only L multi-path components, only the first L rows in
the N × nr matrix Hm are nonzero. Therefore, Iτm Hm has all zero elements
in the first L rows when τm − τm−1 ≥ L for m = 2, · · · , nt and N − τnt ≥ L.
Notice that to ensure these conditions hold, we need to have the training
sequence length N ≥ nt L. Hence, the first L rows of Y 01 will be free of the
interference from all the other users. Let us define I L as the first L rows of
1

We assume here that timing synchronization is perfect. We also assume that a cyclic
prefix with length L is appended to the training sequence during transmission and removed
at the receiver.
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the N × N identity matrix, we have
·
Y1 =

IL 0
0 IL

¸

·
Y 01

=

I L SH
1 E(φ1 )S1 H1
jN
e φ1 I L SH
1 E(φ1 )S1 H1

¸
+ N 00 .

(6.13)

The multiplication of I L serves to select the first L rows from the matrix
SH
1 E(φ1 )S1 H1 . Because the CFO’s of all the other users are 0, the shift
orthogonality between their training sequences and user 1’s training sequence
is maintained. In this case, Y 1 is free of interferences from the other users.
Following a similar approach as in [112], we can show that the ML estimate
of user 1’s CFO given Y 1 can be obtained as
( L n
)
r
XX
1
∗
φ̂1 = ∠
Y1 (k, m)Y1 (k + N, m) ,
N

(6.14)

k=1 m=1

where ∠(•) denotes the angle of a complex number. The computational complexity of this estimator is low.
When the other users’ CFO values are not zero, Y 1 is given by



Y1


= 



= 


I L SH
1 E(φ1 )S1 H1
ejN φ1 I L SH
1 E(φ1 )S1 H1
I L SH
1 E(φ1 )S1 H1
ejN φ1 I L SH
1 E(φ1 )S1 H1



 
+
 


IL
IL

Pnt
m=2

Pnt
m=2


SH
1 E(φm )Sm Hm

ejN φm SH
1 E(φm )Sm Hm


 + V + N 00 .



 + N 00


(6.15)

From (6.15), we can see that the orthogonality between the training sequences
from different users is destroyed by the non-zero CFO values φm . As a result,
there is an extra Multiple Access Interference (MAI) term V in the correlation
output Y 1 . This interference is independent of the noise and therefore it will
cause an irreducible error floor in MSE of the CFO estimator in (6.14).
The covariance matrix of the MAI can be expressed as
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n
o
E VV H



Pnt

H

I L m=2 S1 E(φm )Sm Hm


= E 



P
n

t
jN
φ
H
m
 I L m=2 e
S1 E(φm )Sm Hm
¸¾
·
Pnt
Pnt
H H H
H
H H H
H
−jN φm
Hm Sm E (φm )S1 I L
m=2 e
m=2 Hm Sm E (φm )S1 I L

We assume that the channels between different transmit and receive antennas
are uncorrelated in space and that different paths in the multi-path channel
are also uncorrelated. We define pi,m = [pi,m (0), · · · , pi,m (L − 1), 0, · · · 0]T(N ×1)
as the power delay profile (PDP) of the channel between the mth user and the
ith receive antenna and we have
©
ª
E Hm HH
=
n

½

m 6= n,
P0
nr
diag( i=1 pi,m ) n = m.

(6.16)

P r
pi,m ), we can re-write the covariance matrix of the
Defining Pm = diag( ni=1
interference as
©
ª
E VV H =

·

C
DH

D
C

¸
,

(6.17)

where
(
C = IL
(
D = IL

nt
X

)
H H
SH
1 E(φm )Sm Pm Sm E (φm )S1

IH
L

m=2
nt
X

H H
e−jN 2φm SH
1 E(φm )Sm Pm Sm E (φm )S1

and
)
IH
L.

m=2

We see that the interference power is a function of the training sequence Sm ,
the channel delay power profile matrix Pm and the CFO matrices E(φm ).
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6.4

Training Sequence Optimization

In the previous section, we showed that the multiple CFO values introduce
multiple access interference (MAI) in the CFO estimation. In this section, we
study how to find the training sequences such that the signal to interference
ratio (SIR) is maximized.

6.4.1

Cost Function Based on SIR

From the signal model in (6.15), we can define the SIR for CFO estimation of
the first user as
£
¤
H
H H
tr I L {SH
1 E(φ1 )S1 P1 S1 E (φ1 )S1 }I L
¤.
SIR1 = £
P t
H
H H
tr I L { nm=2
SH
1 E(φm )Sm Pm Sm E (φm )S1 }I L

(6.18)

From the denominator of (6.18), we can see that the total interference power
depends on the CFO values φm of all the other users. As a result, the optimal
training sequence that maximizes the SIR is also dependent on φm for m =
1, · · · , nt . In this case, even if we can find the optimal training sequences for
different values of φm , we still do not know which one to choose during the
actual transmission as the values φm are not available before transmission.
This makes (6.18) an unpractical cost function.
To solve this problem, let us look at user 1 again. In the absence of the CFO,
all the signal from user 1 is contained in the first L rows of the correlation
output Y 01 . When the CFO is present, this orthogonality is destroyed and
some information from user 1 will be “spilled” to the other rows of Y 01 , thus
causing interference to the other users. For user 1, therefore, to keep the
interference to the other users small, such “spilled” signal power should be
minimized. On the other hand, the useful signal we used to estimate the CFO
of user 1 is contained in the first L rows of Y 01 and this signal power should
be maximized. Therefore, considering user 1 alone, we can define the signal
to “spilled” interference (to other users) ratio for user 1 as

SIR01

£
¤
H
H H
tr I L {SH
1 E(φ1 )S1 P1 S1 E (φ1 )S1 }I L
i
= h
H EH (φ )S }I H
tr I L {SH
E(φ
)S
P
S
1
1
1
1
1
L
1
1

(6.19)

6.4 Training Sequence Optimization

149

where I L is the complement of I L , i.e. I L is the last N −L rows of the N ×N
identity matrix.
The denominator in (6.19) can be expressed as
i
h
H
H H
tr I L {SH
1 E(φ1 )S1 P1 S1 E (φ1 )S1 }I L
£
¤
£
¤
H
H H
H
= N tr S1 P1 SH
1 − tr I L {S1 E(φ1 )S1 P1 S1 E (φ1 )S1 }I L
£
¤
H H
H
= N 2 tr [P1 ] − tr I L {SH
.
1 E(φ1 )S1 P1 S1 E (φ1 )S1 }I L
Substituting this into (6.19), we have

SIR01

=

£
¤
H
H H
tr I L {SH
1 E(φ1 )S1 P1 S1 E (φ1 )S1 }I L
£
¤.
H
H H
N 2 tr[P1 ] − tr I L {SH
1 E(φ1 )S1 P1 S1 E (φ1 )S1 }I L
(6.20)

Now we can define the training sequence optimization problem as
Sopt = arg max SIR01
S̃1

=

=

=
=

h
i
H EH (φ )S̃ }I H
S̃
tr I L {S̃H
E(φ
)
S̃
P
1
1
1
1
1
L
1
1
h
i
arg max
S̃1 N 2 tr[P1 ] − tr I L {S̃H E(φ1 )S̃1 P1 S̃H EH (φ1 )S̃1 }I H
L
1
1
h
i
H EH (φ )S̃ }I H
S̃
N 2 tr[P1 ] − tr I L {S̃H
E(φ
)
S̃
P
1 1
1 1 1 1
L
1
h
i
arg min
H
H H
S̃1
tr I L {S̃H
1 E(φ1 )S̃1 P1 S̃1 E (φ1 )S̃1 }I L




2
N tr[P1 ]
h
i −1
arg min

S̃1  tr I L {S̃H E(φ1 )S̃1 P1 S̃H EH (φ1 )S̃1 }I H
L
1
1
n h
io
H H
H
arg max tr I L {S̃H
E(φ
)
S̃
P
S̃
E
(φ
)
S̃
}I
.
(6.21)
1 1 1 1
1 1
1
L
S̃1

From (6.21), we can see that the optimal training sequence depends on the
power delay profile P1 and the actual CFO value φ1 . The channel delay profile
is an environment-dependent statistical property that does not change very

150

Chapter 6. CFO Estimation for Multi-user MIMO-OFDM Uplink Using
CAZAC Sequences

frequently. Therefore, in practice, we can store a few training sequences for
different typical power delay profiles at the transmitter and select the one that
matches the actual channel delay profile. On the other hand, it is impossible
to know the actual CFO φ in advance to select the optimal training sequence.
Next, we will propose a new cost function based on SIR approximation which
can remove the dependency on the actual CFO φ1 in the optimization.

6.4.2

CFO-Independent Cost Function

Let us assume that the CFO value φ is small. In this case, we can approximate
the exponential function in the original cost function by its first-order Taylor
series expansion, i.e. exp(jφ) ≈ 1 + jφ. Therefore, we have
E(φ1 ) ≈ IN + jφ1 N,

(6.22)

where N is a diagonal matrix given by N =diag[0, 1, 2, · · · , N − 1]. Using this
approximation, we get
SH E(φ)SPSH EH (φ)S ≈ SH (I + jφN)SPSH (I − jφN)S
= P + jφSH NSP − jφPSH NS + φ2 SH NSPSH NS.
(6.23)
Here we omitted the subscript 1 for clearness of presentation. Therefore, the
optimization problem can be approximated as
n h ³
´
io
H
H
Sopt = arg max tr I L P + jφS̃H NS̃P − jφPS̃ NS̃ + φ2 S̃H NS̃PS̃ NS̃ I H
.
L
S̃

(6.24)

Notice that the first term P in the summation is independent of S̃ and hence
can be dropped. It can be shown that the diagonal elementshof the second termi
jφS̃H NS̃P are constant and independent of S̃. Therefore tr I L (jφS̃H NS̃P)I H
L
is also independent of S̃ and hence can be dropped from the cost function. The
H
same applies to the third term −jφPS̃ NS̃, which is the conjugate of the second term. Therefore, the final form of the optimization using Taylor’s series
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Table 6.1: Number of possible Frank-Zadoff and Chu sequences for different sequence
lengths.

N
16
36
64

Frank-Zadoff Seq
2
2
4

Chu Seq
8
12
32

approximation can be written as
n h ³
´
io
H
Sopt = arg max tr I L S̃H NS̃PS̃ NS̃ I H
.
L

(6.25)

S̃

The advantage of (6.25) is that the optimization problem is independent of
the actual CFO value φ as long as the value of φ is small enough to ensure the
accuracy of the Taylor’s series approximation in (6.22).

Now we look at how we can obtain the optimal CAZAC training sequences for
the cost function in (6.25). In particular, we look at three classes of CAZAC
sequences, namely the Frank-Zadoff sequences [96], the Chu sequences [97]
and the S&H sequences [98]. The Frank-Zadoff sequences exist for sequence
length N = K 2 where K is any positive integer greater than 1. For N = 16, all
elements of the Frank-Zadoff sequences are BPSK symbols while for N = 64,
all elements are BPSK and QPSK symbols. Therefore the advantage of the
Frank-Zadoff sequences is that they are simple for practical implementation.
The disadvantage is that there are limited numbers of sequences available for
each sequence length as shown in Table 6.1. The advantage of the Chu sequences is that the length of the sequence can be an arbitrary positive integer
N > 1. Compared to the Frank-Zadoff sequences, there are more sequences
available for the same sequence length as shown in Table 6.1. For both the
Frank-Zadoff and the Chu sequences, there is a finite number of possible sequences for each N . The optimal sequence can be found by using a computer
search using the cost function in (6.25). The S&H sequences only exists for
sequence length N = K 2 . The sequences are constructed using a size K phase
vector exp(jθ) = [ejθ1 , · · · , ejθK ]T . Therefore the optimization of training
sequence S is equivalent to the optimization on the phase vector θ given by
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n
o
θ = arg max J (θ̃)
with
θ̃
h ³
´
i
H
J (θ̃) = tr I L SH (θ̃)NS(θ̃)PS (θ̃)NS(θ̃) I H
L .

(6.26)

Notice that each element of the phase vector can take any values in the interval
[0, 2π). From the construction of the S&H sequence [98], it can be easily show
that S(θ + ψ) = ejψ S(θ), where θ + ψ = [θ1 + ψ, · · · , θK + ψ]T . Hence,
from (6.26), we can get J (θ) = J (θ + ψ). By letting ψ = −θ1 , the original
optimization problem over the K-dimension phase vector θ = [θ1 , θ2 , · · · , θK ]T
can be simplified to the optimization over a (K − 1)-dimension phase vector
0
θ 0 = [0, θ10 , · · · , θK−1
]T where θk0 = θk+1 − θ1 .
Since there is an infinite number of possible S&H sequences for each sequence
length, it is impossible to use exhaustive computer search to obtain the optimal sequence. We resort to numerical methods and use the adaptive simulated
annealing (ASA) method [110] to find a near-optimal sequence. To test the
near-optimality of the sequence obtained using the ASA, for smaller sequence
lengths of N = 16 and N = 36, we use exhaustive computer search to obtain the globally optimal S&H sequence 2 . The obtained sequence through
computer search is consistent with the sequence obtained using ASA and this
suggests the effectiveness of the ASA in approaching the globally optimal sequence.

6.5

Simulation Results

In this section, we use computer simulations to study the performance of the
CFO estimation using CAZAC sequences and demonstrate the performance
gain achieved by using optimal training sequences. In the simulations, we
assume a multi-user MIMO-OFDM systems with two users. Each user has
one transmit antenna and the base station has two receive antennas. We
2
Because CFO values are continuous variables, strictly speaking, it is not possible to
obtain the exact optimum using exhaustive computer search, because the search works with
discrete variables. If we keep the step size in the search small enough, we can be sure that
the obtained ”optimum” is very close to the actual optimum and can be practically assumed
to be the actual optimum.
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simulate an OFDM system with 128 subcarriers. The CFO is normalized with
respect to the subcarrier spacing. Unless otherwise stated, the actual CFO
values for the two users are modeled as random variables uniformly distributed
between [-0.5, 0.5]. The mean square error (MSE) of the CFO estimation is
defined as
Ã
!2
Ns X
nt
1 X
φ̂m − φm
MSE =
,
(6.27)
Ns
2π/M
i=1 m=1

where φ̂m and φm represent the estimated and true CFO’s of the mth user
respectively, nt is the number of users, M is the number of subcarriers, and
Ns denotes the total number of Monte Carlo trials.
First we compare the performance of CFO estimation using CAZAC sequences
with the following two sequences which also have good autocorrelation properties
1. IEEE 802.11n short training field (STF) [5];
2. m sequences [111].
In the simulations, we use the 802.11n STF for 40MHz operations which has a
length of 32. For the m sequence, we use a sequence length of 31. To provide
a fair comparison, we compare the performance using the 802.11n STF with
a length-32 Chu (CAZAC) sequence generated by [97]
¸
(n − 1)2
,
s(n) = exp jπ
N
·

(6.28)

and we compare the performance with the m sequence using a length-31 Chu
sequence generated by [97]
·
¸
(n − 1)n
s(n) = exp jπ
.
N

(6.29)

The performance of CFO estimation using the 802.11n STF and N = 32
Chu sequence is shown in Figure 6.2. Here we use 16-tap multipath channels
with uniform power delay profile and the circular shift between the training
sequences of the two users τ2 = 16. The SNR on the x-axis is the average SNR
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per user per receive antenna defined as

γ=

³ P
´
Pnr
2
t
E k nm=1
S
h
k
m
k,m
k=1
N nt nr σn2

,

(6.30)

where E(•) denotes statistical expectation, Sm is the transmitted signal from
the mth user and hk,m is the channel impulse response between the mth user
to the kth receiver antenna. We use nt to denote the number of users and
nr to denote the number of receive antennas and σn2 is the variance of the
receiver AWGN noise. To gauge the performance of the CFO estimation, we
also included the single-user CRB in the comparison. The single-user CRB is
obtained by assuming no MAI and can be shown to be [50]

CRB =

M2
,
4π 2 nr N 3 γ

(6.31)

where M is the number of subcarriers and γ is the SNR per user per receive
antenna. From the results, we can see that the CFO estimation using the
802.11n STF has a very high error floor above MSE of 10−3 . The performance
using CAZAC sequences is much better. In low to medium SNR regions, the
performance is very close to the single-user CRB. An error floor starts to
appear at SNR of about 25 dB. The error floor is around 100 times smaller
compared to the error floor using the 802.11n STF.
The performance of the CFO estimation using the N = 31 m sequence and
Chu sequence is shown in Figure 6.3. Here to satisfy the condition of N ≥ nt L,
we use 15-tap multipath fading channels with uniform power delay profile and
the circular shift between user 1 and 2’s training sequence is also set to 15.
Again, using CAZAC sequences leads to a much better performance. We can
see that in low to medium SNR regions, the performance is very close to the
single-user CRB. The error floor using CAZAC sequences is more than 10
times smaller than that using the m sequence.
Figure 6.4 shows the symbol error rate (SER) performance of the uplink of
a 2-user MIMO-OFDM systems with QPSK modulation using four different
training sequences for CFO estimation, namely, the N = 32 IEEE 802.11n
STF, the N = 31 m sequence, the N = 32 and N = 31 Chu sequences.
As in [113] [114], we assume that the CFO’s from different users are first
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Fig. 6.2: MSE of CFO estimation using N = 32 Chu sequences and IEEE 802.11n
STF for uniform power delay profile.
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for uniform power delay profile.
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Fig. 6.4: Comparison of SER using QPSK modulation for CFO estimation using
different sequences for uniform power delay profile.

estimated at the base station using the proposed algorithm and transmitted
back to different users using a downlink control channel. These CFO’s are
pre-compensated at each user’s transmitter and the SER is measured at the
receiver for this transmission. We assume perfect channel knowledge at the
receiver and linear minimum mean square error (LMMSE) detection is used.
We can see that the system fails if there is no CFO estimation. Due to the
high error floor in the CFO estimation using the IEEE 802.11n STF, the SER
performance is very poor. The performance using m sequence is better and has
an error floor at SER of 0.002. The performance using the two Chu sequences
does not have any error floor and is very close to the performance of perfect
CFO estimation for SNR above 15 dB.
The performance of CFO estimation using different CAZAC sequences is compared in Figure 6.5. Here we fix the sequence length to 36 and the multi-path
channel has L = 18 taps with uniform power delay profile. Comparing the
performances of the optimal Chu sequence and the optimal Frank-Zadoff sequence, we can see that the error floor of the Chu sequence is smaller. This
is because there are more possible Chu sequences compared to Frank-Zadoff
sequences and hence more degrees of freedom in the optimization. However,
comparing the performance of the optimal Chu sequence with that of the optimal S&H sequences, we can see that the additional degrees of freedom in the
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Fig. 6.5: Comparison of CFO estimation using different N = 36 CAZAC sequences
for L = 18 channel for uniform power delay profile.

S& H sequence do not lead to significant performance gain. Compared to the
performance using a randomly selected CAZAC sequence, we can see that the
error floor using an optimized sequence is significantly smaller.
From Figure 6.5, we can see that the gain of using S& H sequences compared
to Chu sequences is really small. Therefore, in practical implementation, it
is better to use the Chu sequence because it is simple to generate and it is
available for all sequence lengths. Another advantage of the Chu sequence is
that the optimal Chu sequence obtained using cost function (6.25) is the same
for the uniform power delay profile and some exponential power delay profiles
we tested. Hence, a common optimal Chu sequence can be used for both the
uniform and exponential PDP’s. This is not the case for the S & H sequences.
Figure 6.6 shows the performance of CFO estimation for different lengths of
optimal Chu sequences. Here we fix the channel length to L = 18. From the
previous sections, to accommodate two users, the minimum sequence length is
nt L. Therefore, we need Chu sequences of length at least 36. We compare the
performance of the optimal length-36 sequence with that of optimal length-49
and length-64 sequences. For the length-49 sequence, the circular shift between
training sequence of two users is 24, while for length-64 sequence, the circular
shift is 32. From the comparison, we can see that there are two advantages
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Fig. 6.6: Comparison of CFO estimation using different length of optimal Chu sequences for L = 18 channel for uniform power delay profile.

using a longer sequence. Firstly, in the low to medium SNR regions, there is
SNR gain in the CFO estimation due to the longer sequence length. Secondly,
in the high SNR region, the error floor using longer sequences is much smaller.
This can be explained using Figure 6.7. In Figure 6.7, we plotted the signal
power for user 1 and user 2 after the correlation operation in (6.12) for sequence
length of 36 and 64 using Chu sequences. In the absence of the CFO, the signal
of user 1 should be contained in the first 18 samples (L = 18). However, due to
CFO, some signal components are leaked into the other samples, and become
interference to user 2. For the case of L = 18 and N = 36, all the leaked
signals from user 1 become interference to user 2 and vice versa. If we use
a longer training sequence, there is some “guard time” between the useful
signals of the two users as shown in Figure 6.7 for the N = 64 case. As
we only take the useful L samples for CFO estimation (6.13), only part of
the leaked signal becomes interference. Hence, the overall SIR is improved.
The cost of using longer sequences is the additional training overhead that
is required. Therefore, based on the requirement on the precision of CFO
estimation, the system designer should choose the best sequence length that
achieves the best compromise between performance and overhead.
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6.6

Conclusions

In this chapter, we studied the CFO estimation algorithm in the uplink of
the multi-user MIMO-OFDM systems. We proposed a low-complexity suboptimal CFO estimation algorithm using CAZAC sequences. The complexity
of the proposed algorithm grows only linearly with the number of users. We
showed that in this algorithm, multiple CFO values from multiple users cause
multiple access interference in the CFO estimation. To reduce this detrimental
effect, we formulated an optimization problem based on the maximization of
the signal to interference ratio (SIR) in the CFO estimation. However, the
optimization problem is dependent on the actual CFO values which are not
known in advance. To remove this dependency, we proposed a new cost function which closely approximates the SIR for small CFO values. Using the new
cost function, we can obtain optimal training sequences for different classes
of CAZAC sequences. Computer simulations showed that the performance of
the CFO estimation using CAZAC sequences is very close to the single user
CRB for low to medium SNR values. For high SNR values, there is an error
floor due to the multiple access interference. By using the obtained optimal
CAZAC sequences, this floor can be significantly reduced compared to using
a randomly chosen CAZAC sequence.
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Chapter

7

Conclusions and Future Work

7.1

Conclusions

Sensitivity to carrier frequency offset (CFO) is a major drawback of orthogonal frequency division multiplexing (OFDM) systems. In this thesis, we study
low-complexity frequency synchronization techniques that can accurately estimate the CFO for wireless OFDM systems. The focus is on finding frequency
synchronization techniques that achieve a good balance between performance
and computational complexity. We developed CFO estimation algorithms for
various wireless OFDM systems that can be implemented with low complexity,
and at the same time achieve close to maximum-likelihood (ML) or CramerRao Bound (CRB) performance for practical CFO values.
In Chapters 2 and 3 of the thesis, we studied low-complexity blind CFO estimation algorithms that exploit frequency-domain null subcarriers, which are
subcarriers that are left empty. Existing algorithms of this type have a high
computational complexity because the cost function of CFO estimation is a
high-order polynomial and a search method is needed to find the CFO estimate. By using a low-order Taylor series approximation of the cost function,
we derived a closed-form solution for the CFO estimate. We also developed
a new factorization of the cost function such that the error between the original cost function and the low-order Taylor series approximation is reduced.
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We noticed that when the CFO is large, the approximation error still causes
some performance degradation in CFO estimation especially in the high SNR
region. To reduce this degradation, we further developed a successive algorithm, in which the CFO is estimated and compensated successively in several
iterations. A convergence monitoring method was implemented to ensure that
the CFO obtained using the successive algorithm converges to the same CFO
obtained using the high-complexity search method. We showed using computer simulations that the proposed successive algorithm achieves the same
performance as the search method in 2 to 3 iterations. The computational
complexity of the developed algorithm is significantly lower than that using
the search method. In the literature, it was shown that the CRB of the CFO
estimation is minimized if the null subcarriers are placed with equal spacing in
an OFDM symbol. In our study in Chapter 3, we found that the signal to noise
ratio (SNR) of the CFO estimation is related to the null subcarrier placement.
To gain additional insight on the best null subcarrier placement, we studied
the null subcarrier placement that maximizes this SNR. For small CFO values, we showed that this optimization problem is convex and the SNR of the
CFO estimation is maximized when the null subcarriers are evenly spaced.
This is consistent with the null subcarrier placement that minimizes the CRB.
However, when the number of subcarriers is not divisible by the number of
null subcarriers, it is not possible to place null subcarriers with even spacing. To solve this practical problem, we proposed a heuristic null subcarrier
placement, which still leads to good performance in the CFO estimation. For
practical OFDM systems where two guard bands are required at both ends of
the spectrum, we showed that by placing a few null subcarriers optimally inside the data band, the performance of the CFO estimation can be significantly
improved.
In Chapters 4 and 5, we studied frequency synchronization for multiple input
multiple output (MIMO) OFDM systems. In MIMO systems, there are multiple front-ends at both the transmitter and the receiver. As a result, there
are different clock signal generation and distribution topologies specifying how
clock signals are generated and distributed to different front-ends. In Chapter
4, we presented a study on the power dissipations of three commonly used
topologies. We first developed a general system model to calculate the power
dissipations for different topologies. We then presented a case study on the
power dissipations of a MIMO receiver with 4 antennas in the 2.4 GHz, 5 GHz
and 60 GHz bands using different clock signal generation and distribution
topologies. The results showed that, because of the high power dissipation
of the frequency synthesizer, the centralized clock signal generation, where
only one frequency synthesizer is used, consumes less power compared to dis-
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tributed clock signal generation. On the other hand, distributed clock generation topologies have the potential to reduce the complexity and cost of the
receiver front-end because there are no GHz RF signals distributed in the system. In Chapter 5, we proposed an efficient training sequence design for joint
CFO and channel estimation in MIMO-OFDM systems using centralized clock
signal generation and distribution. We showed that using the proposed training sequence, the ML CFO and channel estimates can be obtained with low
computational complexity. The training overhead is also significantly lower
than for the conventional frequency-domain training sequence. Moreover, we
derived an accurate closed-form approximation of the performance of channel
estimation in the presence of residual CFO. In Chapter 5, we also studied the
effects of spatial correlation and antenna mutual coupling on the performance
of CFO estimation in MIMO systems. We showed that spatial correlation degrades the performance of CFO estimation. Antenna mutual coupling has two
effects. Firstly, it reduces spatial correlation, which is beneficial. Secondly
it also reduces the power of the received signal, which is detrimental. Computer simulations showed that the combined effect of mutual coupling adds
additional degradation to the CFO estimation performance.
In Chapter 6, we studied the frequency synchronization in the uplink of multiuser MIMO-OFDM systems. We proposed a low-complexity CFO estimation
algorithm using constant amplitude zero autocorrelation (CAZAC) training
sequences. We showed that using the proposed algorithm, the CFO estimates
of different users can be obtained using simple correlation operations. The
computational complexity of the proposed algorithm is much lower than existing algorithms in the literature, while the performance is close to optimum.
Moreover, the computational complexity of the proposed algorithm only grows
linearly with the number of users. However, we showed that multiple CFO’s
cause multiple access interference (MAI) in the CFO estimation of different
users using the proposed low-complexity algorithm. This leads to an error
floor in the mean square error (MSE) of the CFO estimates. To reduce this
degradation, we formulated an optimization problem to find the training sequences that maximize the signal to multiple access interference ratio (SIR).
However, the optimal training sequences depend on the actual CFO values,
which are not known in advance. To solve this problem, we developed a new
cost function that closely approximates the SIR for small CFO values and is
independent of the actual CFO values. We showed using computer simulations that the performance of CFO estimation using the proposed CAZAC
sequences reaches the single user CRB for low to medium SNR regions. By
using the proposed optimal CAZAC sequence, the error floor in the high SNR
region is much lower than for a randomly selected CAZAC sequence.
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Future Work

In this section, we would like to make the following recommendations on the
possible future work based on the research carried out in this thesis.
• In practical wireless OFDM systems, it is usually required by industrial
standards to have guard bands at both ends of the spectrum to avoid aliasing to the adjacent bands and also to avoid interference from the adjacent
bands. In this case, the frequency responses of training sequences on the
subcarriers in the guard bands are required to be zero. We did not consider
this constraint, which must be satisfied in a practical OFDM system, in the
design of CAZAC training sequences in MIMO-OFDM systems. Therefore,
it is of practical importance to investigate whether there are CAZAC sequences that satisfy this constraint. If not, then it would be interesting to
see what other sequences we should use and how to construct and optimize
them. In designing a good training sequence with the guard band constraint, we believe there is a trade-off between small guard band response
and small auto-correlation of the sequence. Therefore, it is interesting to
investigate how we can formulate this trade-off and find a good practical
training sequence. Moreover, the constant amplitude requirement on the
CAZAC training sequence is not essential as long as the peak to average
power ratio (PAPR) of the training sequence is reasonably small. Thus, we
can relax the constant amplitude constraint in the training sequence design,
which gives us additional degrees of freedom.
• Due to time constraints, in this thesis, we did not consider channel estimation for different users in the uplink of multi-user MIMO-OFDM systems
using CAZAC sequences. It is worthwhile to study the joint CFO and
channel estimation and the effect of residual CFO on the channel estimation in the multi-user systems. This study will aid us in the design of a
single training sequence for joint CFO and channel estimation in the uplink of multi-user MIMO-OFDM systems. Moreover, a comparison with
the results obtained in Chapter 5 for single-user MIMO-OFDM systems
can provide us with additional insights on the training sequence design for
multi-user systems.
• In Chapter 6, when we studied the symbol error rate (SER) performance
in the uplink of multi-user MIMO-OFDM systems, we assumed there is a
downlink control link, using which the CFO values for different users are sent
back to the transmitter and pre-compensated. It is an interesting problem
to study how CFO compensation can be performed at the receiver. In this
case, the communication of the CFO values back to the transmitter is not
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necessary and the system design can be simplified significantly. However,
the CFO compensation in a multi-user receiver is not trivial, as compensating one user’s CFO might worsen the CFO of another user. If CFO’s can
be successfully compensated with low complexity, we can re-estimate the
residual CFO’s using the compensated received signal and obtain a better
CFO estimates. This is because the multiple access interference (MAI) for
the CFO estimation in multi-user MIMO-OFDM systems is directly related
to the amplitude of the CFO. If the initial CFO’s are estimated with sufficient accuracy, after CFO compensation, the residual CFO’s are smaller
than the initial CFO and hence introduce less MAI. Therefore, the residual
CFO’s can be estimated with better accuracy. In this way, we can re-use
the successive CFO estimation and compensation algorithm developed in
Chapter 2 in the uplink multi-user MIMO-OFDM systems to improve the
performance of the CFO estimation.
• Recently, cooperative wireless communication has become a hot research
topic. In a cooperative wireless communication system, different wireless
nodes in a communication network cooperate to enhance the quality of the
communication link between any two nodes. There are many papers in the
literature focusing on transmission strategies to maximize the link throughput or minimize the bit error rate of the transmission. Most of these papers
assume perfect timing and frequency synchronization. In practice, both
timing and frequency synchronization in cooperative communication systems are difficult due to the distributed nature of the wireless nodes and
also the potentially large number of nodes in the network. Due to this difficulty, many transmission strategies have been designed considering only
asynchronous communication, which has inferior performance compared to
a fully synchronized system. Since the algorithms we proposed in Chapter 6 are targeted to multi-user communication systems, it is interesting
to investigate their applicability in and possible extensions to cooperative
communication systems.
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[66] X. Ma, C. Tepedelenlioğlu, G. Giannakis, and S. Barbarossa, “Non-dataaided carrier offset estimators for OFDM with null subcarriers: dentifiability, algorithms, and performance,” IEEE J. Sel. Areas Commun.,
vol. 9, no. 12, pp. 2504–2515, Dec 2001.
[67] U. Tureli, H. Liu, and M. Zoltowski, “OFDM blind carrier offset estimation:ESPRIT,” vol. 48, pp. 1459–1461, Sep 2000.
[68] H. Meyr, M. Moeneclaey, and S. A. Fechtel, Digital communication receivers. John Wiley & Sons, Inc., 1998.
[69] D. M. Pozar, Microwave and RF design of wireless systems. John Wiley
& Sons, Inc., 2001.
[70] A. Stephens, “IEEE 802.11 TGn comparison criteria,” IEEE 802.11 document 802.11-03/814r31, July 2004.

Bibliography

173

[71] E. W. Weisstein, CRC concise encyclopedia of mathematics, 2nd ed.
Chapman & Hall / CRC, 2003.
[72] C. Lanczos, Applied analysis. New York: Dover Publications Inc, 1988.
[73] C. Li and S. Roy, “Subspace-based blind channel estimation for OFDM
by exploiting virtual carriers,” IEEE Trans. Wireless Commun., vol. 2,
no. 1, pp. 141–150, Jan 2003.
[74] J. Medbo, H. Hallenberg, and J.-E. Berg, “Propagation characteristics
at 5 GHz in typical radio-LAN scenarios,” in Proc. IEEE Vehicular
Technology Conference Spring 1999, vol. 1, May 1999, pp. 185–189.
[75] K. Sathananthan and C. Tellambura, “Probability of error calculation of
OFDM systems with frequency offset,” IEEE Trans. Commun., vol. 49,
no. 11, pp. 1884–1888, Nov 2001.
[76] C. Y. Wong, R. Cheng, K. Lataief, and R. Murch, “Multiuser OFDM
with adaptive subcarrier, bit, and power allocation,” IEEE J. Sel. Areas
Commun., vol. 17, no. 10, pp. 1747–1758, 1999.
[77] S. Boyd and L. Vandenberghe, Convex optimization.
veristy Press, 2004.

Cambridge Uni-

[78] Y. Wu, S. Attallah, and J. W. M. Bergmans, “Blind iterative carrier offset estimation for OFDM systems,” in Proc. Eighth International Symposium on Signal Processing and Its Applications, vol. 1, August 28–31,
2005, pp. 123–126.
[79] S. Attallah, Y. Wu, and J. W. M. Bergmans, “Low complexity blind estimation of residual carrier offset in orthogonal frequency division multiplexing based,” IET Communications, vol. 1, no. 4, pp. 604–611, August
2007.
[80] G. J. Foschini, “Layered space-time architecture for wireless communications in a fading environment when using multi-element antennas,”
Bell Labs Technical Journal, vol. 1, no. 2, pp. 41–59, Autumn 1996.
[81] G. Foschini, G. Golden, R. Valenzuela, and P. Wolniansky, “Simplified
processing for high spectral efficiency wireless communication employing
multi-element arrays,” IEEE J. Sel. Areas Commun., vol. 17, no. 11, pp.
1841–1852, 1999.
[82] Y. Sun, Ed., Wireless communication circuits and systems.
don, 2004.

IEE Lon-

174

Bibliography

[83] D. Leenaerts, J. van der Tang, and C. Vaucher, Circuit design for RF
transceivers. Kluwer Academic Publishers, 2001.
[84] D. Pozar, Microwave engineering, 3rd ed.
2005.

John Wiley & Sons, Inc.,

[85] N. Kinayman and M. Aksun, Modern microwave circuits. Artech House
Inc., 2005.
[86] K. Gupta, R. Garg, I. Bahl, and P. Bhartia, Microstrip lines and slot
lines, 2nd ed. Artech House Inc., 1996.
[87] E. O. Hammerstad, “Equations for microstrip circuit design,” in Proc.
5th European Microwave Conference, Oct. 1975, pp. 268–272.
[88] I. J. Bahl and R. Garg, “Simple and accurate formulas for a microstrip
with finite strip thickness,” Proc. IEEE, vol. 65, no. 11, pp. 1611–1612,
Nov. 1977.
[89] M. Kobayashi, “A dispersion formula satisfying recent requirements in
microstrip CAD,” IEEE Trans. Microw. Theory Tech., vol. 36, no. 8,
pp. 1246–1250, Aug. 1988.
[90] E. Hammerstad and O. Jensen, “Accurate models for microstrip
computer-aided design,” in Proc. MTT-S International Microwave Symposium Digest, vol. 80, no. 1, May 1980, pp. 407–409.
[91] S. Liao, Microwave devices and circuits, 3rd ed.
1990.

Prentice Hall Inc.,

[92] Data sheet: RT/ duroid 5870/5880 high frequency laminates, Rogers
Corporation, www.rogerscorporation.com.
[93] Y. Li, “Optimum training sequences for OFDM systems with multiple
transmit antennas,” in IEEE Global Telecommunications Conference,
vol. 3, Dec 2000, pp. 1478–1482.
[94] S. Sun, I. Wiemer, C. Ho, and T. T. Tjhung, “Training sequence assisted
channel estimation for MIMO OFDM,” in Proceedings IEEE Wireless
Communications and Networking Conference, vol. 1, 2003, pp. 38–43.
[95] D. Tse and P. Viswanath, Fundamentals of wireless communication.
Cambridge Univeristy Press, 2005.
[96] R. Frank, S. Zadoff, and R. Heimiller, “Phase shift pulse codes with
good periodic correlation properties (corresp.),” IRE Transactions on
Information Theory, vol. 8, no. 6, pp. 381–382, 1962.

Bibliography

175

[97] D. Chu, “Polyphase codes with good periodic correlation properties (corresp.),” IEEE Trans. Inf. Theory, vol. 18, no. 4, pp. 531–532, 1972.
[98] N. Sueshiro and M. Hatori, “Modulatable orthogonal seqeuences and
their application to SSMA systems,” IEEE Trans. Inf. Theory, vol. 34,
no. 1, pp. 93–100, Jan 1988.
[99] Q. Spencer, B. Jeffs, M. Jensen, and A. Swindlehurst, “Modeling the
statistical time and angle of arrival characteristics of an indoor multipath
channel,” IEEE J. Sel. Areas Commun., vol. 18, no. 3, pp. 347–360, 2000.
[100] C. C. Chong, D. I. Laurenson, and S. McLaughlin, “Statistical characterization of the 5.2 GHz wideband directional indoor propagation channels
with clustering and correlation properties,” in Proc. VTC 2002-Fall Vehicular Technology Conference 2002 IEEE 56th, vol. 1, 24–28 Sept. 2002,
pp. 629–633.
[101] V. Erceg and et.al., “TGn channel models,” IEEE 802.11 document
802.11-03/940r4, May 2004.
[102] L. Schumacher and B. Raghothaman, “Closed-form expressions for the
correlation coefficient of directive antennas impinged by a multimodal
truncated Laplacian PAS,” IEEE Trans. Wireless Commun., vol. 4,
no. 4, pp. 1351–1359, 2005.
[103] A. Papoulis and S. U. Pillai, Probability, random variables and stochastic
processes, 4th ed. McGraw-Hill, 2002.
[104] C. Waldschmidt, J. v. Hagen, and W. Wiesbeck, “Influence and modelling of mutual coupling in MIMO and diversity systems,” in Proc. IEEE
Antennas and Propagation Society International Symposium, vol. 3, 16–
21 June 2002, p. 190.
[105] B. Clerckx, C. Craeye, D. Vanhoenacker-Janvier, and C. Oestges, “Impact of antenna coupling on 2 × 2 MIMO communications,” IEEE Trans.
Veh. Technol., vol. 56, no. 3, pp. 1009–1018, May 2007.
[106] C. A. Balanis, Antenna theory : analysis and design, 2nd ed.
Wiley & Sons, Inc., 1997.

John

[107] A. van Zelst and T. Schenk, “Implementation of a MIMO OFDM-based
wireless LAN system,” IEEE Trans. Signal Process., vol. 52, no. 2, pp.
483–494, Feb 2004.
[108] S. Sezginer, P. Bianchi, and W. Hachem, “Asymptotic Cramer-Rao
bounds and training design for uplink MIMO-OFDMA systems with

176

Bibliography
frequency offsets,” IEEE Trans. Signal Process., vol. 55, no. 7, pp. 3606–
3622, July 2007.

[109] S. Sezginer and P. Bianchi, “Asymptotically efficient reduced complexity
frequency offset and channel estimators for uplink MIMO-OFDMA systems,” IEEE Trans. Signal Process., vol. 56, no. 3, pp. 964–979, March
2008.
[110] L. Ingber, “Adaptive simulated annealing (ASA),” Global optimization C-code, Caltech Alumni Association, Pasadena, CA (1993). URL
http://www.ingber.com.
[111] S. Solomon and G. Gong, Signal design for good correlation: for wireless
communication, cryptography, and radar. Cambridge Univeristy Press,
2005.
[112] Y. Wu, S. Attallah, and J. W. M. Bergmans, “Efficient training sequence
for joint carrier fequency offset and channel estimation for MIMOOFDM systems,” in Proc. IEEE International Conference on Communications ICC ’07, 2007, pp. 2604–2609.
[113] J. J. van de Beek, P. O. Borjesson, M. L. Boucheret, D. Landstrom,
J. M. Arenas, P. Odling, C. Ostberg, M. Wahlqvist, and S. K. Wilson,
“A time and frequency synchronization scheme for multiuser OFDM,”
IEEE J. Sel. Areas Commun., vol. 17, no. 11, pp. 1900–1914, Nov. 1999.
[114] M. Morelli, “Timing and frequency synchronization for the uplink of an
OFDMA system,” IEEE Trans. Commun., vol. 52, no. 2, pp. 296–306,
Feb. 2004.

Curriculum vitae

Wu Yan was born in Qingdao, China in 1975. He received the B. Eng. (firstclass Honours) and the M. Eng degrees from the department of Electrical
Engineering, National University of Singapore (NUS) in 1999 and 2001 respectively. He was with the Institute for Infocomm Research (I2 R), A∗ STAR,
Singapore from March 2001 to January 2008. In August 2004, he was enrolled
into the joint-PhD program between NUS and Technische Universiteit Eindhoven (TU/e). Since January 2008, he has been working full-time in the Signal
Processing Systems (SPS) group in the department of Electrical Engineering,
TU/e as a PhD candidate. His research interest mainly lies in signal processing, including timing and frequency synchronizations, detection, space-time
processing, for multicarrier communication systems.

