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Abstract

In this paper methods from differential algebra are used to study
the structural identifiability of biological models expressed in state-
space form and with rational polynomial structure. The focus is on the
examples and on efficient, automatic methods to test identifiability for
various input-output experiments. Differential algebra is coupled with
Grobner basis, Lie derivatives and the Taylor series expansion in order
to obtain efficient algorithms. Two algorithms are discussed in details.
In particular an upper bound on the number of derivatives needed for
the Taylor series approach is given.

Keywords: State-space models, structural identifiability, differential algebra, Tay-
lor series.



1 Introduction

In this paper we show that differential algebra techniques are useful for the
structural identifiability analysis of a large class of biological models, with
non-zero input and time-dependent parameters. We consider state-space
models defined by the state equations

a'(t,p) = f(a(t,p),u(t),p)
y(t,p) = g(=(t,p),p) (1)
z(0,p) = wo(p)

where x(t,p) € R", u(t) € R® and y(t,p) € R™ are the state variables, the
input functions and the observation functions respectively, and ’ indicates
the vector of first derivatives. The entries of the vectors f and g are poly-
nomials or fractions of polynomials in x, u and p. In general the parameter
vector p is assumed to belong to an open set  C R/, and the aim is to
determine whether the parameter vector p is structurally identifiable, that
is whether with perfect input-output data from a specified experiment the
parameter vector can be uniquely determined. As we deal with rational
polynomials a statement of identifiability true on an open set is valid on all
R! except for the set of Lebesgue measure zero where the rational polyno-
mials are not defined. The techniques used in identifiability testing differ
depending, for example, on whether the model output is linear with respect
to the input. In the literature several approaches are established for linear
systems, see [27] and [13] for a review. In contrast relatively few methods
are available for the identifiability analysis of non-linear models [2, 25, 27].

The differential algebra method considered here requires that all the
functions involved are polynomial or rational polynomial in form and deals
with both linear and non-linear models. Differential algebra has already
proved to be an interesting and useful tool in the study of identifiability
(see [5, 17, 21]) when applied alone or together with techniques like the simi-
larity transformation approach and the Taylor series method. The technique
requires that the input function u is differentiable while other methods may
only require that it is piecewise constant or measurable. This is a drawback
of the differential algebra method which on other hand can handle models
that proved too difficult for other approaches. An example is the model in
Section 7 which could not be solved with the Taylor series method (see [12]).

A major advantage of the differential algebra method is that, once the
model to be studied is presented in polynomial form, the study of identifia-
bility is an automatic procedure limited only by the power of the computer.
The differential algebra method returns polynomial differential equations in
the unknown parameters and the identifiable quantities which define alge-
braic varieties.

The starting point is to transform a rational polynomial model to one
in pure polynomial form that is equivalent from a structural identifiability



point of view. Initially we assume that in Model (1) ¢ is a polynomial in

ri(x,p,u

the indicated variables and f; = M, where ¢ is a polynomial. Then
q(z,p,u)

we can write x,1(t,p) = ¢ *(x,p,u). The state-space vector (z1,... ,Tpi1)

satisfies a system of differential equations and thus Model (1) can be written
in a polynomial form as

((2(t,p) = wpalt,p)r(a(t,p), ua(t),p)
n q
x;rl-l(tap) = _xn+1(t7p)2 Ei:l %$n+1(t,p)ri($(t,p), U(t),p)

! 2
ytn) = glaltp).p) @)
(0, p) = 2o(p)

\ xn-l—l(oap) = qil(x(o)vpa U)
For the equivalence of Model (1) and Model (2) from a structural identifia-
bility viewpoint see Vajda [25]. Note that the general case of f; = M
4\ T, P, U

can be dealt similarly to the case of one common denominator by reducing
the model to a common denominator or introducing more than one variable
of the type x,11.

In Section 2 the relevant notions from differential algebra are introduced.
Section 3 describes the differential algebra method for identifiability. Sec-
tions 4 and 5 present two algorithms for the determination of the identi-
fiability of Model (1) expressed in form (2). The second algorithm allows
us to determine an upper-bound for the number of derivatives necessary for
the identifiability analysis with the Taylor series approach. Section 6 where
various examples are presented is the main section of this paper.

2 Characteristic sets

We first introduce some notions leading to the definition of characteristic
sets, crucial to the differential algebra approach to structural identifiability.
References are [15, 16, 19, 22]. The aim of this application of differential
algebra is to determine a basis of the set of (rational) polynomial functions of
the parameters which are indentifiable by a given input-output experiment
and to deduce model idenfiability from such a basis.

Definition 1 1. The differential ring R{x1,... ,x,} is the set of all

polynomials in the infinite set of indeterminates x;,a’,. .. ,acgm),...
fori=1,... ,n, where a:l(»m) represents the m-th derivative of x; with
o) 4.
respect to t, that is 8t(m)l and the coefficients of the polynomials are
real numbers.
2. A differential polynomial is an element of R {x1,... ,x,}.



3. A differential ideal is a subset I of R{x1,... ,x,} such that

(i) f+g€l forall f,ge T,
(ii) fg €I forall f €I and g € R{x1,...,x,},
(iii) f) eI for all f € 1.

An example is the ring R[zy,... ,x,] of all polynomials in the indeter-
minates x1,... ,2, with coefficients in the field R. It is a differential ring
with the trivial derivation that maps a polynomial to zero.

In this paper the elements of R{x1,... ,z,} are called differential polyno-
mials and the elements of Rz, 2], ... ,xgll e T, Ty
polynomsials, where [y,... ,l,, are non-negative integers.

The differential ring R{x} represents the set of all polynomial functions
in the state variable x(¢) and its derivatives with coefficients in R. For ex-

ample the polynomial 2 — 12’ —3x is in R{x} and an example of differential

ideal in R{z} is {Zizl axt + ZjZI Bjx(j) tag, B € R}.
As an example, the state-space model (see Vajda [26])

, xg")] are called

zh = pra] + prr1zy
Ty = p3at + paxixo (3)
y=x

corresponds to the ideal of R{x1,x2,y} generated by the following three
differential polynomials

! 2
T] —P1xy] — P12,

/ 2
Ty — P3T] — PaT1T, (4)
y—x

where the parameters pi, p2, p3,ps are in R. In order to consider unknown
constant parameters we might need to extend the coefficient field to the
set of all rational polynomials in the parameters, namely as a coefficient
field we consider R(p1, p2, p3,psa). At times it is convenient to consider the
parameters as differential indeterminates and the differential polynomials p!
are added to indicate that p is an unknown constant. We shall come back
to this.

Definition 2 A ranking of (x1,... ,x,) is a total ordering on the set of all

derivatives a:l(-m) such that

(i) xgm) < 2™ and

i

) .(m) ) 1. o (MR) (I+k)
(i) x; " <’ imples x; <z
foralli,j =1,...,n and for m,l, k non-negative integers.



Note that a ranking of (x1,... ,x,) induces in a natural way a ranking or

. . l l
term-ordering over the monomials of R[xy, 21, . .. ,xgl), e T,y ,x%")].

Namely for v, w monomials in Rz, z{',... ,x&ll),... T ,xg”)], v
is smaller than w if v is smaller than w with respect to the ranking of
(x1,... ,2,). We use the same notation for the two rankings, in the differ-
ential framework and in the polynomial framework.

In this paper we consider two types of ranking:

1. x < y stands for the ranking

<. <y <Y <. <ym <) <...<ah <y <...

2. x << y stands for the ranking

1< <y <)< <P <o < Y <Yp < enn

For example in R{x1,z2,y}, if we assume that 1 is smaller than x9 then
the ranking z < y is

$1<w2<y<x'1<x’2<y’<...<wgl)<x§l)<y(l).,,
and the ranking x << y is
:c1<:c2<x’1<:c’2<...<:c§l)<:cgl)<...<y<y’<m<y(l)m

Definition 3 1. Given a ranking of (x1,... ,xy,) and a differential poly-
nomial f in R{x1,... ,x,}, the leader v of f is the largest derivative
in f with respect to the ranking.

2. Let d be the degree of v in f. The rank of f is v¢ and the differential
polynomial f can be written as a polynomial in v, i.e. f = Z?:o Liv?
where the I;’s are differential polynomials.

With respect to both rankings < and << the leaders of the polynomials
in Model (4) are a/, 2, and y. The degree of both leaders is 1. In particular
the rank and the leader coincide.

Definition 4 Let f and g be differential polynomials and let v and d be as
in Definition 8 above, then

1. g is said to be partially reduced with respect to f if no proper derivative
of v appears in g,

2. g is said to be reduced with respect to f if g is partially reduced with
respect to f and its degree in v is less than d.



3. A set of differential polynomials A is called autoreduced if ANR =10
and each element of A is reduced with respect to all the other elements.

For example the polynomial y — x1 is reduced with respect to the first
two polynomials in Model (4).

Definition 5 An autoreduced subset A of a set E of polynomials is called
a characteristic set if E does not contain any non-zero element reduced with
respect to A.

The three polynomials in (4) form a characteristic set of the differential
ideal they generate with respect to the ranking = < y.

Characteristic sets can be computed in Maple with the package diffalg
in the differential case [1] and with the package charset in the non-differential
case [28]. We prefer to use the charset package as it turns out to be faster
for our kind of computation. Alternative algorithms are proposed in [5]
and [18].

3 Identifiability and Differential Algebra

Given the differential polynomial Model (2) we consider the differential ideal
I in R{u,x,y,p} generated by the following differential polynomials

xl(t,p) - f(tvxvpv u)a

v, (5)

y(tap) - g(ta x,p, U)
where now the vector x represents the extended set of state-space variables.
We call I the model ideal. Note that a differential polynomial model is
characterised by its ideal.

The differential equations p’ = 0 are adjoined to the model according
to the hypothesis that the parameters are time-independent. Likewise the
equations p’ = h(p) are adjoined in the case of time-dependent parameters,
where h(p) is a vector of polynomials in p.

Cobelli et al. [5] consider the following time-dependent model to assess
glucose metabolism in the brain (see Schmidt et al. 1991 [24])

2y = pru — [p2(t) + ps(t)]z1

h = p3(t)r1

Yy =x1+ 22
with po(t) = pa(1 + pee™P5%) and p3(t) = p3(1 + paeP3"). The model can be
reparameterised as follows:

oy =pru— [po(1 4 x3) + p3(1 + x3)]x1
xh = p3(1 + x3)x;

Jfé = —P573

Yy=2z1+22

(6)



where 3 = pge P3¢ and the parameters p; are now time-independent.
Structural identifiability is a minimal, necessary condition for achieving

a successful estimation of a model from real input-output data. A classical

definition of structural identifiability from control theory is as follows.

Definition 6 Letp € Q C R and let x(p) be the initial condition. Assume
that the solution of Model (1) with initial condition xo(p) exists and consider

the input-output map, ’];,xo(p) cu(s) — y(-,p). The parameter values p and
P are said to be equivalent, p ~ p if and only if ’];,Io(p)(u) = %xo(p)(u) for all
u€elUd C R’

1. Model (1) is said to be globally identifiable at p if p ~ p for all p € Q
implies p = p. It is locally identifiable at p if there exists an open
set W, p € W C Q (with respect to the Euclidean topology) such that
p~p for allp € W implies p = p. Otherwise it is said unidentifiable
at p.

2. Model (1) is said to be globally (locally) structurally identifiable if it
is globally (locally) identifiable at p for almost all parameter value
p € . Otherwise it is said structurally unidentifiable.

For the algebraic counterpart of Definition 6 we follow the approach of
Fliess and Diop [6].

Definition 7 Consider Model (1) and its characterisation as a differential
ideal (5).

1. The parameter vector p is locally identifiable if, for each unknown pa-

rameter p;, 1 = 1,... 1, there exists a differential polynomial in p;, u,y
in the ideal I. Moreover the polynomial does not contain derivatives
of pi-

2. The unknown parameter vector p is globally identifiable ¢f for each i,
it = 1,...,1 there exists a differential polynomial in p;,u,y which is
linear in p; and free of derivatives of p; in the ideal I.

Fliess and Glad [17] give a clarifying interpretation of identifiability in
terms of non-linear observability of the parameters. Indeed if a parameter p
is globally identifiable according to Definition 7, then that same parameter is
structurally identifiable, Definition 6. This is because, with perfect data for
a given input-output experiment, derivatives of 4 and y are known and there
are algebraic relationships that allow us to “measure” p. If a parameter is
unidentifiable then by algebraic manipulation of the model equations it is
not possible to determine the parameter uniquely or locally. An example
of an unidentifiable model is Model (3). Indeed it is sufficient to consider



the simplest polynomial in the corresponding differential ideal that does not
involve x1 and x9, namely

2
vy — (p1 +p)y*y — ¥ — (ps — pipa)y*

It does not contain the parameter p, which, as a consequence, is uniden-
tifiable. Other references on the algebraic differential “translation” of the
notion of structural identifiability are [6], [8], [9].

Theorem 1 gives the main properties of model ideals.

Theorem 1 1. The differential ideal I defined by (5) is prime, that is if
fg €l then felorgel.

2. The three sets of polynomials in (5) form a characteristic set with
respect to the ranking u << p < x < y.

For a proof see [3].

Ljung and Glad [17] have shown that a characteristic set with respect to
a ranking eliminating the variables « and p solves the identifiability problem.
An example of such a ranking is u << y << p < x. The characteristic set
with respect to u << y << p < z has the structure given by Equation (7)
in Theorem 2.

Theorem 2 Consider a model of type (2) with n state-space variables, [
parameters and m observation functions. There are m + [ + n differential
polynomials in the characteristic set with respect to the ranking u << y <<
p < x, namely

A(u,y), ..., Ap(u,y),
Bl(uayap)a"' 7Bl(u7yap)7 (7)
Cl(uvyvpvx)a"' 7Cn(u7y7p7x)

Moreover y; is the leading variable of A;, py is the leading variable of By
and x; 1s the leading variable of C;.
Three different situations can arise.

(i) If there exists an t such that B; = p. then the model is not identifiable
at any p.

(ii) If all of the B;, i = 1,... ,1 are of order zero and degree one in p; then
the model is globally identifiable at p;. If the model is globally identi-
fiable at each parameter then we can write B; in the linear regression

form Bi(u,y,pi) = P;(u,y)p; + Qi(u,y).

(111) If all of the B;, i =1,...,l are of order zero in p; and some Bj is of
degree larger than one in p; then the model is locally, but not globally,
identifiable at p;.



Ollivier [20], [21] proposes a different ranking for the study of identifia-
bility. The method by Ollivier is applied when the ideal defined by equa-
tions (5) has a generic solution. Eva Here we simply observe that a solution
is generic if it does not satisfy any polynomial in the differential ideal For a
deeper insight see Ollivier (1998) [21]. In the method proposed by Ollivier
the elimination of the variable x suffices in order to determine identifiability
results. In fact we determine the m + n differential polynomials

Al(uayap)a"' 7Am(u7y7p)7cl(uayapax)a"' 7Cn(u7y7p7x)
where the set

Al(uvyvp)a"' 7AM(u7y7p)7
pllv"' 7p;7 (8)
Cl(uayapax)a"' ,C’n(u,y,p,x)

is a characteristic set with respect to the ranking v << y < p << z. The
differential polynomials A; are considered as polynomials having coefficients
in R(p), rational polynomials in p, and their leading monomials are taken
to have coefficient one. The coefficients of A; are polynomial (or rational
polynomial) functions of the parameters. The analysis of the coefficients of
A; allows us to establish the identifiability of the parameter vector p. Note
that the testing for identifiability does not depend on the ranking, but only
rankings that eliminate the variables # can be considered. This fact allows
us to choose a ranking for which the calculation is less computationally
intensive.

The set of coefficients A; can contain a large number of (rational) poly-
nomials in the parameters which can make the analysis difficult by hand.
D’Angio et al. [5] propose the use of Grobner bases in the analysis of the
coefficients. Their method is justified by the Implicit Function theorem for
algebraic varieties. We shall discuss this further. In Section 6.1 computa-
tional aspects are discussed.

The straightforward calculation of differential characteristic sets in The-
orem 2 is generally very computationally intensive. In the next sections we
present two new algorithms that somewhat simplify the computation.

4 Algorithm 1

So far we have seen that the differential polynomials in (8) form a charac-
teristic set of the differential ideal I generated by the differential polyno-
mials (5) with respect to the ranking u << y < p << x. Note that the
derivatives of the parameters p; do not appear in the differential polynomi-
als A; and C; because of the conditions p,=0. By analysis of the coefficients
of A; it is possible to establish the identifiability of the parameter vector



p. Tt will turn out that is is sufficient to determine ygei), the leader of A;,
r=1,...,m.

In this section we introduce efficient ways to find the differential poly-
nomials A; and to perform the analysis of the coefficients. For this we need
to consider the Lie-derivative operator (see for example [10]).

Let f be a differential polynomial in R{xy,... ,x,}. The Lie-derivative
operator Ly with respect to f is defined as

L
Lf = Zfla—xl + Zu( )8u(i’1)'
=1 =1

Note that the definition of the Lie-derivative operator involves an infinite
number of derivatives with respect to the variables u but for each poly-
nomial h in Rlz,p,u, v/, ... ,ul®)], Lyh(z,p,u) involves only the variables
x,pu,’,. .. u*TY. For positive integers ay,... ,am let I(ai,... ,am) be
the polynomial ideal generated by

Yi — iy - - ,ygai)—L?fgi, fori=1,...,m. 9)
The ideal I(aq,... ,a;) is contained in the polynomial ring
R[u7ul7"' 7?/17"' 7y§a1)7"' 7ym7"' 7y’l(72m>7x7p:|'

Recall that the ranking v << y < p << x over the differential ring
R{u,x,y,p} induces in a natural way a ranking or term-ordering over the
polynomial ring above.

In Theorem 3 we determine the non-negative integers ey, ... , e, by com-
puting characteristic sets of suitable ideals of type I(a1,... ,am).
Theorem 3 Let e’f,... el k= 0,1,... be the sequence of non-negative

integers defined recursively as follows:

1. 9 =0,...,e% =0.

2. Let I, be the ideal I(eX,... ek). Let Ty be a characteristic set of Iy,
with respect to the ranking u << y < p << x and let Yy be the set of
leaders of

ek k
T NRu, v’y ... g1, .. ,ygl),... Yy« - ’y(em)].

m

(d;)

(i) If there exists a positive integer d;, such that y,"’ is the derivative

of yi of lowest order in Yy, i.e. ygdi) is a leader of the character-
istic set Ty, and yidhl) is not a leader of Ty, then ef“ =d;.

k
(ii) If there is mo positive integer d;, i.e. ygei)

characteristic set Ty, then ef“ = ef + 1.

is not a leader of the

10



Then there exists an integer v such that for all v and for all s > r, e} = e;,
where the e;’s are the leaders of the A;’s, i =1,... ,m.

Note that the polynomial ideal I(eq,... ,e,,) contains all the information
we need for an identifiability analysis. In fact, for all ¢, the polynomials A4; of
Theorem 3 are in I(ey,...,e,). Thus a characteristic set of I(e1,... ,em)
with respect to the ranking v << y < p << z allows us to find A;, 1 =
1,...,m. See [18] and [23]. The analysis of the coefficients of the A;’s can
be performed using Grobuner basis methods or by choosing a random point
in the parameter space €.

Example 1 As a simple example consider again Model (3). The ideal I
is the ideal generated by y — x;. The ideal [; is generated by y — x; and
y — plw% + paxix9, its characteristic set as for Item 2 of Theorem 3 is

y—x1, Y —yprrs —y’p

and the leaders are x1 and x2. Note that since p, = 0 for all parameters p;
and in Theorem 3 we are interested to determine the polynomials A; only,
then the computation of the above characteristic set is done with respect to
the polynomial ranking y < ¢’ < y” < &1 < x5. The ideal I, is generated by

Yy — T,
y - plﬂc% + p2x1 22,
y” - 217129613 - 3p1$12P2$2 - 1722961I22 - P2$13p3 - p2I12p4$2

and has the following characteristic set

2
{ —yy" + 9" + (paps — p1pa)y* + (p1 + pa)y'y?,
y— I,
Y — ypaxs — y?p1 }.

In the first polynomial above there is no x; variable and thus, according to
the method by Ollivier, we consider its coefficients, which are

p2p3 — P1p4, P1+pa, —1, L (10)

Since we have only two coefficients involving the parameters and there are
four parameters we deduce that the model is unidentifiable.

The algorithm is outlined as follows.

1. Reparameterise the model as described in Section 3 and derive a dif-
ferential polynomial formulation.

2. Find the sequence e¥,... ¥ &k =0,1,... ,r of non-negative integers
as described in Theorem 3.

11



3. Compute the characteristic set with respect to the ranking u << y <

p << x of I(e],... el ). Consider the polynomials with leaders ygei),
for i = 1,... ,m as polynomials in R(p) and reduce them to monic
form, i.e. with leading coefficient one. Consider the set C' of coeffi-
cients of the polynomials so obtained. Note that the elements of C
are identifiable quantities and are a basis of the ideal of all identifiable

quantities.

4. Each polynomial in the set C is set equal to a new variable c¢; and the
set U of the resultant equations is formed. There are two alternatives:

4a. A Grobner basis of the set ¥ is computed with an ordering elimi-
nating p, for example the lexicographic ordering with the p; vari-
ables bigger than the ¢; variables. That is, one could try and
rewrite the set of polynomial equations in ¥ so that the parame-
ters p; are functions of the ¢;’s. If this is possible then the system
is uniquely identifiable.

4b. A numerical point p® is randomly chosen in the parameter space
Q and each polynomial in the set C' is evaluated at the numerical
point p®. Each polynomial is set equal to its corresponding nu-
merical value and the set ® of the resultant equations is formed.
A Grobner basis of the set @ is computed. A system of polynomial
equations is obtained by setting each element of the Grobner basis
equal to zero. The number of solutions for each parameter is de-
rived. For almost all points p?, if the system has infinite solutions,
finite but more than one, only one, the model is unidentifiable,
locally identifiable or globally identifiable respectively.

In Step 4b we use the idea in D’Angio et al. [5] which as mentioned is justified
by the Implicit Function Theorem. In fact the set of coefficients defines a
polynomial map ® for which we want to find the rational polynomial inverse.
If ® admits a rational inverse then, for almost all points of the domain, the
map ® is one-to-one. Since the point p° is generic, with probability 1 it
is in the domain where the map ® is one-to-one if the model is globally
identifiable.

Example 2 To illustrate Step 4 we use again Model (3). Since there is only
one observation m = 1, the polynomials in (10) give the set C'. The set ¥ is

U = {c1 — paps + p1pa, €2 —p1 — pat

and its (reduced) Grobner basis with respect to the lexicographic ordering
with co < 1 < pg <p3 <p2 < ppis

{ —co+ps+p1, —c1—copa+p3+paps }-

12



The model is unidentifiable because it is not possible to express all the
parameters p; as functions of the ¢;’s.

Alternatively the point p° = (23,155,6678,90) is chosen arbitrarily and
the set

O = {pap3 — p1pa — 1033020, p; + ps — 113}

is derived, with Grobner basis with respect to the term-ordering ps < p3 <
P2 <P

{p1 +ps — 113, paps — 1033020 + pi — 113p4}

The corresponding system of polynomial equations has infinitely many so-
lutions and thus the model is unidentifiable.

5 The Taylor series approach

The Taylor series approach is based on the Taylor series expansion of the
observation functions around ¢t = 0

2

yi() = 3:(0) + (0 + %yg%@) I

The successive derivatives ?/E] )(0) are assumed measurable and contain in-
formation about the parameter vector p. The idea is to study the number
of possible solutions for the parameter vector from knowledge of each term
of the Taylor series, namely the solutions with respect to p of the system
of polynomials ygj)(O) = «a; where the o;’s are known. In particular the
parameter vector is locally identifiable if the set of solutions is finite, it is
globally identifiable if there is a unique solution, otherwise it is unidentifi-
able. To determine the upper bound on the number of successive derivatives
of y(t,p) needed, however, becomes a problem. According to Chappell et

al. [2] the following upper bounds have been established:
2n — 1 for linear systems [25],
22n — 1 for bilinear systems [26],

(¢ —1)/(q — 1) for homogeneous polynomial systems, where ¢ is the
degree of the polynomials [26].

One of the main results presented here is an upper bound for a generic
state-space model of the form in (1), equivalently (5), obtained with differen-
tial algebra methods. Let Lyh(2(0),p,u) be the Lie-derivative L h(x,p,u)
in which the initial conditions x(0) is used instead of x. Next consider

y9)(0) — Lgcj)g(x(O),p), for j = 0,1,..., instead of successive derivatives.
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This will not effect the Taylor series analysis but enables us to avoid the

derivatives of the state variables x. Consider the ideal J(eq,... ,e,,) gener-
ated by

yi(0) = gi((0).p), .,y (0) = L gi((0).p), (1)
fori =1,... ,m. The proofs of the following theorems are given in [18].

Theorem 4 Consider the characteristic set of the model ideal I with respect
to the ranking uw <<y << p < x giwen in Theorem 2, Equations (7). Let:

1. ygei) be the leader of A;, i =1,... ,m,

2. T be a characteristic set of J(ei,... ,em) with respect to the ranking
u<<y<<p,

3. X be the set of ranks of T and Y be the set of leaders of T
Then three situations can arise.

(i) If there exists an index i such that the parameter p; is not a leader of
T, i.e. p; € Y, then the model is not structurally identifiable for any

p.

(ii) If all parameters p; are ranks of T, i.e. p; € X, i =1,...,1, then the
model is globally structurally identifiable at p.

(111) If all parameters pj are in'Y, but p; is not in X, for some i, then the
model is locally structurally identifiable at p;.

Theorem 5 For m = 1, the single output model, n + | derivatives are
sufficient to determine the identifiability structure with the Taylor series
method, that is, it is enough to consider J(n + 1), where n is the number of
state variables in the polynomial model (2).

Example 3 Consider again Model (3) with the initial conditions x1(0) =
1,22(0) = 0 and n+[ = 6. The set J(6), that contains the first six derivatives
of y, is

{y—1,
y, — D1,
y" —2p7 — paps,
y®) — 6p$ — 6p1paps — papapa,
y — 24pt — p3paps — Ip1p3p2apa — 36p3paps — 5pipl,
y®) — 13p1p3p2ps — T8p1p3p3 — T2p3pspaps — 240pipaps — 1Tp3pdps
—p3pips — 120p7,
y'8) — 1800ptpaps — pspips — 137p3pspips — 960pIp3p3 — 720p§ — 61p3p3
—600p3pspaps — 18p1pspips — 44p3pips — 342p1pipipa }.

14



The model is unidentifiable because the parameters po and p3 always appear
as the product paps and cannot be written in regression form. Again Grobner
bases will allow us to formalise this intuitive idea.

5.1 Algorithm 2

The principal steps of the proposed algorithm for the Taylor series approach
are as follows.

1. Rewrite the model to a differential polynomial formulation.

2. Find non-negative integers (eq,...,em) such that ygei) is one of the
leaders of the characteristic set with respect to the ranking u <<
y << p < x of the differential ideal I.

3. Construct the set

Jetsoovem) = {vi=gi@0)p), 0 ot = L5 gi(w(0),p)
fori=1,... ,m}

4. Compute a characteristic set with respect to the ranking v << y << p
of J(e1,... ,em). If it is not possible to compute a characteristic set
of the ideal J(eq,... ,e,) because the computations are too complex
then go to Step 5.

5. Chose at random a numerical point p° in the space Q of the admissible
parameters and evaluate each polynomial in the set J(ey,... ,e,) at
p°. Set each polynomial equal to its corresponding numerical value

and consider the set ® of the obtained equations.

6. Compute the Grobner basis of the set ® and find the number of so-
lutions for each parameter. For almost all points p°, if the system
has infinite solutions, finite but more than one solution or only one
solution, the model is unidentifiable, locally identifiable or globally
identifiable respectively.

There are two main differences between this and the algorithm in Sec-
tion 4, one a consequence of the other. The first one is in the choice of
the ranking and the second one is the characteristic set derived. Note that
the rationales behind the algorithms are different as in Algorithm 2 the ini-
tial conditions are used. Note also that in general Algorithm 2 uses more
derivatives of the output function y.

The characteristic set of Step 2 can be computed in Maple with the
package diffalg. The computations of the characteristic set can be very
difficult to perform and note that only the numbers eq,... ,e,, are necessary
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for the algorithm. If it is not possible to find such a characteristic set then
Step 2 can be avoided in several ways, as follows.
It is known that

Y ei<n+l (12)
=1

(see [11]) where [ is the number of the parameters and n is the number of
the states in the polynomial formulation. In particular e; < n 4+ [.
In the single output case, m = 1, by Theorem 4 we can chose e; = n + (.
In the case of more outputs, divide n+ [ by m, i.e. n+1=¢gm + r and
r < m. Then define e? forall : =1,... ,m as follows:

ifr=0 thene/ =qgfore=1,...,m,
. 0o_J 1 fori=1,...,r
itr#0 thenel_{q—i—l fori=r+1,... ,m.
It is reasonable to chose the above values as there exists a j such that e; <
e? and then Y I" €¥ = n+1 [18]. Then a characteristic set for J(e{,... ,€2)

is computed and the lowest leader yt(s) (s > 0) found. It follows that e; > s

for all « = 1,... ,m. Furthermore from the other derivatives of y that are
leaders and from Equation (12) it is possible to find an integer b;, for all
t=1,...,m, as small as possible such that e; < b;.

Algorithm 2 has been implemented in Maple V Release 5 and can be
found in [19]. The computation of the characteristic set in Step 4 is per-
formed using the package charset.

6 Case Study 1

Consider the following model that has been derived to model the interaction
of E.coli and somatic cells during persistent and acute bovine mastitis (Dorte
Dépfer 2000 [7])

2 — proy — P22172

! r1 +p3

€2
rh=|1—-——= )z (p7+ psz1)
K (.%'1) (13)

z1(0) = 29
2(0) =
y1 =
Y2 = T2

o P5(p4 _p6) 0 .0

where K(x1) = py , x7,x9 > 0 and the parameter set is
r1+ps

{p1...,ps}.
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The first two equations can be rewritten as

;o P3P22
Ty = p1r1 —p2ry + ——,
r1 +p3
— (paz1 + pspe — X221 — T2ps)x2(p7 + paxy)
2 P4Z1 + P5Ds

As there are two different denominators, it is convenient from a compu-
tational point of view to introduce two new variables, one for each denomi-
nator. Thus the set of differential equations becomes

Ty = P1¥1 — Pp2¥2 + Pp3p2r2x3

!
xy = (pax1 + psps — Tax1 — T2p5)x2(P7 + P3T1)Ta
rh = —x%x'l

! 2.1

We use Algorithm 1 to determine the differential polynomials involving
the derivatives of the observations y; = x1 and y3 = x2 and the parame-
ters. We obtain the following six polynomials of which only the first two
polynomials are input/output relations:

Ty = —ynyaipsp2 +| Y3 |+ Y20p3p212 — Y20Y110103P2 + 2Y20Y11 D2

Fy50p2° Y11 — 2910Y51P1 + Y10P1Y21P3P2 — 2Y10Y20P1Y11P2 + YioP1 Y11
Ty = —yuy31pa + Ys1Ps5D6DT — Y20Y22D5D6DT — 2Y20Y31P5D7 + Y20Y11Y21P4DT
+Y20Y11Y21P5P6P8 + y§0y22p5p7 - y%0y11921p5p8 - ygoynymp?
+Y10Y31P5P6DS + Y10Y31P4DT — 2Y10Y20Y51P5PS — Y10Y20Y22P4DT
—Y10520522P5D6Ds — 2Y10520Y51P7 + 2Y10Y20Y11Y21P4P8 + Y10Y30Y22P5P8

+y10y%0y22p7 - 2y1oy§oy11y21ps + y%oy%1p4p8 - Z/%o?ﬂoymmps

—2y30y2051 D8 + Yioyaoy22ps

T3 = yio—x1

Ty = y2 —x2

T5 = y11 —p1yio + P2y20 — P3P2Y20T3

Ts = y21 — Y20T4payr0p7 — y20I4p4y102P8 — Y2024P5P6P7 — Y20L4P5P6P8Y10

+y20°T4y10P7 + Y20 Tay10°Ds + Y202 TaP5P7 + Y20  TaP5PsY10-

The symbol y;; stands for the jth derivative of the ¢th variable. For example
Y20 is Y2 and yo1 is yh.

Next we consider the leading terms of 17 and 1% with respect to the
term-ordering y2o > y12 > Y21 > Y11 > Y20 > Y10 according to Theorem 3.
The leading monomial of T} is y%l and of Ty is ylgygoyuygl with leading
coefficients 1 and 2pg respectively. The coefficients of 71 and T3 /(2pg) give
a basis for the identifiable quantities. The coefficients of T; are

—p1p3P2,  —DP3p2,  —2pipa, Pipab2, 1, 2p2, P, —2p1, DI, Dspe
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and the coefficients of T5/(2pg) are the following seventeen relationships

1 1 pspep7 1

2p47 2 s ) 2p47
1 _ L1 pspepr A )

2’ 2 pPs ' 2p8 2’
PspT _Lpspr _Pap1 | PsPs
ps 2 pg 2pg 2’
p7 papr | PsPeé papr | PsPeé
— + ps, - +t—F - +—
D8 2ps 2 2ps 2
p7 Ps 1
% 37 ) —D4,
1 174

’ 2pg’

Notice that some of the relationships above are redundant as they are
either repeated or easily deduced from other relationships. In this example
we included them all for completeness. A minimal generating set for “the
T, coefficients” is

Ay = =2p1, Ay =2py, A3 = —p3ps.

There we mean generating set in the sense of polynomial ideals. For example
the coefficient p;pops can be rewritten using ideal operations as A; A3 /2. The
parameters p1, p2, p3 are identifiable because p; appears in the coefficient A1,
po in A,. The identifiability of ps follows from As as po is identifiable.

The analysis of the Ty/(2ps) coefficients is slightly more complicated.
We still perform it by hand. Clearly p4 is identifiable as it appears alone
in a coefficient expression. The identifiability of pg follows from the last
relationship. The parameter pg is identifiable as it comes from the ratio of
the second and eighth relationships. The parameter p; can be written in
terms of identifiable quantities as

—PsP7 [ P5Pe6 . P4aPT pr Ps Pspept
+ + | — + =
2ps ( 2 2ps ) (2]98 2 ) ( 2ps )

pr =
(—p5p7> ( 2 ) N (p5p6p7>
2ps 2pg 2pg

and ps is identifiable from the second coefficient. In conclusion the model
in Equation (13) is globally identifiable.

6.1 Coefficient analysis

In this section we detail Item 4 of Algorithm 1 and Items 5 and 6 of Al-
gorithm 2 using the above example. We concentrate on the analysis of the
second set of coefficients, those involving the parameters py,... ,ps.
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For each “T%/(2ps) coefficient” (excluding the two 1 values) a new vari-
able ¢;, + = 1,...,17 is introduced. Thus the ¢;’s are a basis for the set
of identifiable quantities. In this way a map M from Rlp4,... ,pg| into
Rlci, ... ,c17] has been defined. The aim is to invert this map. If we can
express each parameter in terms of c¢q,...,c17 then the model is globally
identifiable. If the map is only locally invertible, then the model is locally
identifiable and if the map is not invertible then the model is unidentifiable.
The first three relationships are as follows

1 1 pspep7
—=P4 — C1, =

C C
D) D) N 2 4 3

2

The invertibility of the complete map is here performed using a sym-
bolic computation method from algebraic geometry based on Grobner bases
with respect to the lexicographic term-ordering. A general reference to the
theory of Grobner bases for polynomials is [4]. Here we simply say that
given a set of polynomials and a ranking, Grobner bases are special rep-
resentation of the set of polynomials with respect to the ranking. That is
the system of polynomial equations obtained by setting to zero the elements
of the Grobner basis has the same solutions as the original set of polyno-
mials. Moreover each polynomial in the original set can be rewritten as a
polynomial combination of elements of a Grobner basis, and vice-versa. In
particular the Grobner basis with respect to a lexicographic term-ordering
rewrites the original system of equations in a triangular form. From this
form it is easier to check whether the corresponding system of polynomial
equations admits solutions and it can be solved by backwards substitution.

The study of the invertibility of the map M is a specialisation of the
above arguments. Firstly we multiply the set in (14) by 2pg in order to have
polynomials instead of rational polynomials and add the equation 1 — pgT
to record the fact that pg cannot be zero. We obtain the set of polynomials
in (15)

—ps — 21, D5PePT — 2C2P8, P4 — 2c3,
—1 = 2¢y, —P5PePT — 2C5P8, —Pp7 — P5ps — 2CePs,
PsP7 — C1Ps, —ps5p7 — 2C8Ps, —Pp4aP7 — P5P6Ps — 2CoPs,
p7 + Psps — C1oPs,  Papt + PspPePs — 2C11P8,  —PaPT — P5P6Ps — 2C12P8,
p7 + ps5ps — 2¢13ps, 1 — cua, —pa — C15,
1 — ci6, P4 — 2c17Dps8, 1 — psT.
(15)
Next we consider (15) as a set of polynomials in 7', py,...,pg and
€1,...,c17. Its Grobner basis with respect to the lexicographic ordering

for which T'> py > ... > pg > ¢1... > c17 (which is an elimination ordering
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of the T variable) is given by the polynomials in (16) below

Tp7r + ps — 2c13, —1+ psT, 2c17 + Teys, ,

—2cs + ps* — 2pscis, 2c12 + 2c17p7 + pspe |, psp7 + 2¢8ps,  p7+ Psps — 2¢13ps,
2cgc12 + 2cgc17p7 + C5ps,  cgC1s + €5 — 2¢13C17p7 + C12ps — 2¢13¢12,

P5C15 — 2C17p7 — 2¢13C15,  PePT — 2P6C13Ps + C15P7 — 2¢12Ps,

2c13015012 — 20122 + c152cs + 2c5015 + 2¢13%C15p6 — 2¢12P6C13 + P6Cs,s

—C5 + Pecs |y —2csps? + pr? — 2prcisps,

C8C15P7 — 2¢8C12P8 + P75 — 2C5C13Ps |,

—C5P8 — P7C13C15 + C12P7 — C15C8DP8, 2c17ps + c15 )y

—c15 + 2cq, cs + C2, c15 + 2cs, 1+ 2¢y
2c1308¢15012 — 2c5c12% + cs?c15? + 2c13% 1505 — 2c12¢1305 + 205¢8015 + €5,
c13 + Ce, 2c8 + c7, —c12 + Co, —2c13 + c10
612+611, —1+614, —1+616.

(16)

From the fourth polynomial of (16) we have that p4 is identifiable as we can
write py = —cy15. From the fourteenth polynomial of (16) we have that pg
is identifiable as pg = ¢3/cs. From the eighteenth polynomial we have that
pg is identifiable as pg = c15/2c17. The identifiability of p7 follows from the
sixteenth polynomial as pg is identifiable and

_ 2cgc1aps + 2¢5¢13ps
C5 + C8C15

Note that c5 + cgcy5 = 0 occurs when pspgpr(ps — pa) = 0. That is either
when p5 = 0, pg = 0, pr = 0 or ps = pg. All these cases cannot happen
as the parameters are supposed to be positive and distinct. In general
the set where as above zero denominators occurs has Lebesgue measure
zero. Finally the identifiability of p5 follows from the sixth polynomial p; =
(c12 — c13p7)/p6 as both py and pg are identifiable. In conclusion the model
is globally structurally identifiable.

In theory the computation of a lexicographic Grobner basis is always pos-
sible. But in some cases it is too computationally intensive. An alternative
method to study the invertibility of the map M with Grobner basis methods
is as in Items 5 and 6 of Algorithm 2. Some values for the parameters are
chosen randomly within the admissible region, namely pJ = 123, pJ = 345,
pY =789, p = 1983, p? = 6753, pd = 9803, p? = 121 and p? = 88912. The
corresponding Grobner basis is

{ —1+4242022909607, p; — 123, py— 345, —789 + ps,
pi— 1983, ps — 6753, pg— 9803, pr— 121, pg— 88912 }

where again T is the product of the denominators.
If in p° we had chosen equal values for ps and pg then the Grobner basis
method would have returned that the model is unidentifiable. For example
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P1

P2

P3
P5 + T2

Figure 1: A two compartment model with Michaelis-Menten elimination
kinetics.

for the point p = 8,99 = 33,pg =708 = 345,pg = 13,p8 = 345,p9 =
22,pd = 12 the Grébner basis below has an infinite number of solutions as
p3 is missing

{=1+4396T, p1 —8, —33+pa, ps— 345, ps — 13, pr —22, pg —12}.

A way to prevent the miss-determination of identifiability because of a bad
choice of the point p(©) is by trying a full grid of points.

For the application of Algorithm 2 we have assumed that x1(0) = 1 and
x2(0) = 1. But the computation was too intensive for the platform and
the software used and the result crashed. The experiment was performed
in Maple V Release 5 under a OS Solaris SparcStation 4. This is a further
confirmation that algorithms to study identifiability are efficient for some
models but not for other models.

7 Case Study 2

Consider the pharmacokinetic model studied in [12] and shown in Figure 1.
The state-space equations of the system are

T1 = —p121 + P22

Th = P11 — P
2 P4+ x2

x1(0) =a

.%'2(0) =0.

— D22

First the system is reformulated as follows

( /I __
T1 = —p17T1 + P22

Ty = P1T1 — P2Xa — P3T2T3
_ 2 2 3
T3 = —P1T123 + PaxroTy + P3Taxs

1
where x3 = . Furthermore, p; = — so that if the parameter ps is

Pa+ T2 P4
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identifiable then the same holds for the parameter p4 in the original model.
A first experiment consists of observing compartment 1 only, that is
y = x1. The initial condition, a is assumed to be known and the set of
unknown parameters is {p1, p2,p3, 05}
By Theorem 5 it is sufficient to consider the ideal J(5) and the polyno-
mials of J(5) of interest are

yl—i-a
+y am yl 2
y’ag(—(y’)3 — (YD) (y’)2 By — yla(y®)?
+ay®y'y ™) ps] )mﬂ/ ))4—41/’6LZ/(3)(1/(2))2

+2(y")2a(y®)?),

yat(=2(y") (y®)? +2a( ') (y(3))2y(2) +4(y’)3y(3)(y(2))2 — day'y® (y?)3
( V() + 20y @) s )+ vt (- (y @)

( "3 (3 + aly ())3 4) _ (4)( ) (y (2))

( (3))21/(2)( N+ 3y D)3y + ya(y®)?
—a(y®)?(y?)? — y'ayPyDyB))

Global identifiability follows readily.

A second experiment is considered as in [12] and compartment 2 is ob-
served, that is y = x5 and with initial conditions x1(0) = 0 and x2(0) = 3.

The computation of the characteristic set for Algorithm 2 did not pro-
duce a result as it proved computationally too intensive. Then we perform
Steps 5-6, select the point p° = (345, 657,879,876) and compute the Grobner
basis

{p1 — 345, py — 657, p3 — 879, ps — 876} .

The system has one solution, thus, with probability one, the model is glob-
ally identifiable. Where possible we prefer the computation of the charac-
teristic set rather than performing Steps 5-6 of Algorithm 2. This is because
the characteristic set also gives information (although indirect) on where the
model is unidentifiable and it shows which specific parameters are unidenti-
fiable.

This case study has shown that, in some cases, as for the first experiment,
the computation of the characteristic set requires a few seconds while for
others, as in the second experiment, which is superficially very similar, it
can prove very difficult.
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8 Examples

Example 4 The non-linear differential equations

= 2 pyay
P2+ T2
vy = —ps VAR "
D2 + T2
x1(0) =a
L .%'2(0) =b

have been used to describe microbial growth in a batch reactor [13], [14].
Both x1 and x9 are observed, that is 1 = x1 and y2 = x2 and an identifia-
bility analysis of the unknown parameters {p1, p2,p3,psa} is required.

By introducing the state variable xz3 = the system becomes

P2 + X2

() = pra1xars — pary
Ty = —P1par1Tox3
Ty = P1par1 ey
Y1 =a1
Y2 = X2
x1(0) =a
x2(0) =

\ $3(0) =DPs5

1
where ps = ——. The unknown parameter set becomes {p1,ps,ps,ps}.

p2 +0
We perform the steps of Algorithm 2 automatically using Maple. The fol-

lowing polynomials of the characteristic set are linear in pq, p3, ps and ps
respectively:

(a®byaa? — 2aby2y21y11 + y21°y112b — a’ya2y2® + ay213y11)y213
+y213(—y213y112 + yz13ay12),

ya1°a(ya1y11 — ayzz) + ya1°a(—ya2y11 + Y21912),

y21%(ay1a — y112) + y21%(=y21911 + aya2),

Y218 (—ya12a’y12b + y112y212ab) + y215(—a?y12by2a + ya1ay12y11b
+ya12a%y12 + y112abyza — y11°y21b — y112y212a)

and thus the parameters py, ps, pg, p5 are globally identifiable. Hence in the
original model py, p2, p3, ps are globally identifiable and the model is globally
identifiable.

Example 5 Let us consider the one-compartment model with non-linear
Michaelis-Menten elimination shown in Figure 2 and presented in [2]. The
state-space equations are
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l u(t)

yan
p3+x

lpz

Figure 2: One-compartment model with parallel linear and non-linear elim-
ination pathways

I _ 1 — Py
p3+x 2
z(0) =a
We rewrite them as follows
90'1 = —Pp1T1T2 — P21

! 3 2
Ty = p1T1TY + P2rx1T)

x1(0) =a
x2(0) = p4
with 1 = x, 29 = and py = ——. Only x; is observed, y = 21
p3+ a1 p3t+a

and the unknown parameter set is {p1, p2,p4}. Applying Algorithm 2 yields

(2a2y2y12 — 2ay14) + y1a2y3 + 2y14 — 2ay2y12 — a2y22,

(a*y1?ys® + dysyi®a® — dysyayia® — 2ysya®yrat + 4y ® — 8y ays
+datys3yr? + a4y24) — 4a®y3y1® + 12a%y2%y1® — 12ay001 " + 41,

a(yra’ys + 21t — 2ayay1® — a2y22) + a(=3y22y1a + 2y2113 + y12ays).

From these linear equations in the p;’s we deduce that the model is globally
identifiable.

We now consider the case of non-zero input « and zero initial conditions.
An alternative and equivalent way to rewrite the model equations is by

. 1 1 . .
defining zs = 7= and py = e Thus the polynomials for which the

P3
characteristic set is computed are

T+ p1— p1oa + pewy —u, T — pap1a3 4 p1pay — paper1 a3 + upaxs

and the initial condition for x2(0) is one. Algorithm 1 returns only one
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polynomial

—Y1P4api Y P1yY "pP2p4 — 2Y P1 — YPau — Y P2 P4y Palu -y 2p4u + 4y’Up4yp2
2 + 2 / 2 2 2 / 3., 3 / 2 + 2 /
+2uy2p22p4 + Py yps — p4y’3 + 93p22p1p4 + plyp4u2 - u2p4yp2 + 2up1payp2

2 2
—4y'p1payp2 — 3y “payp2 — 2p1pay’ + 2y pap1®pa + 2y pipav + 2y’ p1ypa
=292 pop1pa + ypap1® — 2ypap1®u + w'p1 — 3y'y pa’pa — 2up1y*papa — y'pap1
—?Jp4p12p2 - ply(2)

with coefficients (divided by the leading term py)

2
P4 —p2°pa(—p2 + p1)

7 P ) ‘ _p4p1(_p2 +p1) )
P1 P1
D4 —2p4

pap1 + p2, —, ) —2pa(p1 — 2p2),
P1 ( v ) P1 5 ( 5 )
—P4al—P2 T P1 P4(P1 — 2P2

—2py, — 2pa(—p2 + 1), o

2pap2(—p2 +p1)  —pa(=3p2+p1)  —pap2(—3p2 + 2p1)

s : . : s s —2pap2(—p2 +p1).

From the first relationship above we deduce identifiability of ps, from the
second one the identifiability of p; and from the fourth one we see that p is
identifiable too. Thus we can conclude that the model is globally structurally
identifiable. This result is confirmed by applying Algorithm 2: for example
for the point p; = 49, py = 889, p4 = 13 the Grobner basis is

{pa —13, py — 889, —49+pi}.

Example 6 We now consider a purely polynomial model which is an im-
munological model for mastitis in diary cows introduced in [7]

{95'1 = DP1%1 — P2X122
ry = pawa(l —paxs) + psrias.

If all the variables are observed, that is 1 = x1 and y2 = x5 then the model
is structurally globally identifiable. Indeed from Algorithm 1 we have the
following two polynomials

—Y11 + Y10P1 — Y10Y20P2, Y21 — Y20pP3 + ?J%op3p4 — Y10Y20P5-

The coefficient analysis is very straightforward and allows us to deduce
global identifiability.

Next, we consider the experiment with only one observation y; = .
There is only one polynomial in the characteristic set of interest, namely:

Y21p2 + Yy P3pa — YioP2y12 + Y10Y11P2P3 — 2Y10Y11P1P3P4
+Z/%oynp2p5 - ?J%oplmp:s + y%op%pgm — yi’oplmps)
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and its coefficients divided by the leading term, py are

c1 = 2p1papa/p2 —p3, ¢ =1, €3 = —Ds
¢4 = p1p3 — Pipapa/p2, 5 = pips, ¢ = —1 — p3pa/pa.

The Grobner basis computed according to Step 4a of Algorithm 1 yields

{ — ps — ceps — 4Tpacs — 4T cgpaca + Tpaci?, 1+ poT,
—2¢4 — c1p1 + P1p3, —c1p2 + 4pacy — paps + 2p1pacy,
cs +[pifes, 1+ p3+2p1+ 2pic,
deg + degeq — 1 + ps?, cep2 + p2 + P3pa,

—dpacy — 4cgpacy + paci® + paps + cepaps,

—2c5 — 2cgc5 + c1c3 + p3cs, 2c4c3 — c1c5 + 05,

c3 +, —pa? — 2c6p2® — c6*p2? — 4pa’cs — Apa®cges + pater?,
—C3p2 — C3CP2 — 2paCs — 2paceCs + pacics,

C5p2 + C6C5P2 — 2pacscy + pacics,

—C3C5py — CC5C3Py — PaCs® — CoC5°pa + pacs®ea,

—652 — 66652 — 63264 + c1c305, —14c }

where again the variable T' takes into account the denominator, —ps.
By performing Steps 4-5 of Algorithm 1, at the point p{ = 231,99 =
1999,p9 = 1,p) = 23122, p? = 666 we obtain

23122 + 1999p4T, —231 +p1, 23122ps — 1999ps, p3 — 1, ps — 666

and we find a relationship between ps and ps. Thus, knowing ps or py would
make the model globally structurally identifiable.

For the experiment y = x5 the parameter ps is not identifiable. Indeed
in the characteristic set there is only the polynomial

10912 — Y11y10P1 + y11y30(P2 + pspa) — yi1 + yiopap:
—y{’o (p3p2 + p3papr) + ?Jilop3p4p2-

The coefficients are

—P1, P2+ Pp3pa, P3P, —P3P2 — P3PaP1, P3Pap2

from which we deduce the identifiability of the parameters p1, p2, p3 and py
but ps is not identifiable as it does not appear.

Example 7 The following example is similar to Example 6 and the extra
variable models intra cellular reservoir (see [7])

!
T = P11 — P2x1T2 + Per3 — Pral

xh = p3wa(l — paw2) + psa1a2
953 = —p6T3 — P7x1.
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Both y; = 21 and y3 = x5 are observed. The characteristic set contains the
polynomial
Y21 — Y203 + Y30P3Da — Y10Y20D5

with coefficients
pspa, 1, —ps, —p3

and the polynomial

—y12 + y10y30p2p3p4 - Z/%oyzopzpﬁs + y11(p1 — p7 — p6)
—y11Y20P2 + Y10p1P6 — Y10y20(p2ps + p2p3)

with coefficients

b1 —Pp7—DPs, DP2P3p4, —P2P5, —P2, —P2P3 — P6P2, DP6P1-

By performing Steps 4-5 of Algorithm 1 we deduce the structural global
identifiability of the model.

Example 8 We conclude with the model in Equations (6) from Section 3.
The set C' of Algorithm 1, Step 3, has 114 elements, too many and too
long to write here. None of them contain ps as expected because p4 is
incorporated in the state variable x3. Thus ps is not identifiable. By the
analysis of the set C' we deduce that the other parameters are identifiable.
Cobelli et al. [5] observes that p4 can be identified by x3(0). It is a structural
feature of the model that py is problematic to deal with and not structurally
globally identifiable in the way discussed in this paper. This is also shown by
introducing x3(t) = e P5t. Now the parameter py is in the model equations
but it is not in the set C' obtained when running Algorithm 1.

9 Conclusions

Differential algebra techniques for non-linear control theory are presented
in Fliess (1988) [8] and also by other authors. See the bibliographies in
Margaria [19] and at the end of this paper.

In this paper we have presented two methods based on differential algebra
techniques to study structural identifiability of biological models expressed
in state-space form. We focus on (rational) polynomial systems. (Rational)
polynomial systems of first order differential equations are translated into
prime differential ideals. Convenient representations (characteristic sets) of
these ideals are sought in order to determine identifiability of the original
model. As computation in the differential environment is in general compu-
tationally intensive, we have developed a polynomial version of the method
presented by Ollivier [21]. In addition when computation of the character-
istic set in the polynomial ring proves too difficult, in Algorithm 1 the test
of identifiability is performed locally at a point chosen randomly and by the
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Implicit Function theorem for algebraic varieties the result is valid on the
whole space with probability one.

The second algorithm presented is based on the Taylor series method
for identifiability. It solves the problem of fixing an upper bound for the
number of derivatives required and study the coefficients of the Taylor series
expansion using characteristics sets. As typical in identifiability analysis
whether to apply Algorithm 1 or 2 depends on the model studied. The
authors found Algorithm 1 faster in most cases while Algorithm 2 has the
advantage of returning algebraic relationships between the parameters and
the identifiable quantities. An issue of interest is the comparison of the
performances of the existing algorithms (not only those in this paper) for
the study of identifiability.

Details on the implementation of Algorithm 1 and 2 can be found in
Margaria [19].
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