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Abstract

In modern day digital printing systems, water based inks are favored for their cost-effectiveness,
environmental friendliness and versatility. However, their high water content can cause them to
infiltrate paper sheets and invade the cellulose fibers. This invasion causes the fibers to swell which
can in turn lead to dimensional instabilities in the printing process. The application of a coating
to these papers reduces the rate of ink infiltration into the pores and fibers. Understanding and
predicting the time scales at which the ink infiltrates the pores and fibers in these coated paper
sheets is therefore of great value in the development of inkjet printers. In this study, an existing
one-dimensional continuum model utilized for predicting liquid infiltration and subsequent defor-
mations in plain papers is extended to accommodate coated papers. Hereby, the model assumes
constant moisture content in the plane of the sheet.

Predictions from the model are compared with experimental results from an immersion and curl
test. In the immersion test, a sample is fully immersed in liquid to reveal the time scales for
uniform elongation in the plane of the sample due to increasing moisture content through the
thickness. The curl test applies a finite amount of liquid to one of the surfaces and measures
the resulting curvature over time. Comparison between model predictions and measurement data
revealed that the model is able to predict the overall deformation of a sample immersed in demi
water. However, for different liquids, the model tends to underestimate the deformation time
scales. Additionally, it was found that the coating significantly delays the onset of deformation by
acting a barrier with high resistance against flow due to the relatively small pores in the coating.
In the curl test on plain paper, model predictions tend to overestimate the resulting maximum
curvature compared to the measured data. Furthermore, a discrepancy in the rate of curvature
decrease is observed. Comparison of model predictions between the plain and coated paper showed
a larger maximum curvature in coated paper sheets.
Finally, results from a parameter study demonstrate that an increase in contact angle, viscosity
or coating thickness results in a prolonged duration of liquid infiltration, whereas an increase in
pore size or surface tension decreases infiltration times.
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Nomenclature

β Hygroexpansive coefficient −

χ∗ Reference moisture content −

χE Moisture content for zero elastic modulus −

χf Moisture content fibers −

χp Moisture content pores −

∆χ Difference moisture content −

∆t Time step s

∆V Total volume representative volume element m3

∆Vl Incremental change in liquid volume m3

∆Vfl Volumetric liquid content fibers m3

∆Vpl Volumetric liquid content pores m3

ϵ Total strain −

ϵe Elastic strain −

ϵh Hygroexpansive strain −

ϵp Plastic strain −

ϵ0 Average strain −

η Viscosity Pa · s

Γ Pore-fiber exchange −

γ Surface tension Nm−1

κ Curvature m−1

ϕf Fiber storage capacity −

ϕp Pore porosity −

σ Stress Pa

θ Contact angle rad

ζ Fiber thickness coordinate m

A Sheet surface area m

b Sheet width m

cperm Permeability factor −

D Fiber diffusivity m2/s

d Fiber wall thickness m

E Elastic modulus Pa

E0 Elastic modulus dry fiber Pa
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F Force N

H Sheet thickness m

Kp Permeability m2

L Distance from support table m

Lp Total accessible pore length m

M Moment Nm

p Total pressure Pa

pc Capillary pressure Pa

pamb Atmospheric pressure Pa

pcmax
Maximum capillary pressure Pa

pcmin
Minimum capillary pressure Pa

q Fiber inflow m/s

qf Vertical fiber flux m/s

qp Vertical pore flux m/s

R Curvature radius m

r Pore radius m

rmax Maximum pore radius m

rmin Minimum pore radius m

s Local fiber saturation −

Sf Fiber saturation −

sf Average local fiber saturation −

Sp Pore saturation −

t Time s

Vf Total fiber volume m3

Vp Total pore volume m3

w Out-of-plane deformation m

z Thickness coordinate m

v
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1 Introduction

Paper, a porous-fibrous material, exhibits a characteristic behaviour when it interacts with liquids.
If the contact angle between the liquid and paper is less than 90 degrees, the liquid starts to
infiltrate the porous structure. Initially, it invades the pores and subsequently it diffuses into
the fibers. This infiltration causes the fibers to swell over time. This swelling of the fibers
can lead to dimensional instability when the paper is subjected to various boundary conditions.
Examples of such dimensional instabilities are curling, fluting, and cockling. They are illustrated
in Figure 1.1. In modern digital printing systems, water-based inks are replacing toner-based
products for sustainability reasons. These water-based inks have a relatively low contact angle
with paper. To guarantee dimensional stability during the printing process, special measures in
handling the paper sheets are in order due to the liquid absorption of the water-based inks in the
paper.

(a) (b) (c)

Figure 1.1: Examples of (a) curling, (b) fluting and (c) cockling [11], [14].

The dimensional instabilities observed when paper becomes wet depend on the underlying mi-
crostructure. During the paper manufacturing process, wood fiber pulp is deposited on a moving
wire and then dried and pressed in a continuous process to form a wide sheet [14]. The fibers
generally lie in the plane of the paper sheet and are most likely to orientate themselves in the
direction of motion of the wire. This non-uniform distribution in fiber orientation makes paper an
orthotropic material. The mechanical properties of paper are defined in three principal directions:
the machine direction (MD), which is defined as the direction of motion during manufacturing,
the cross direction (CD), and the thickness direction (z), as illustrated in Figure 1.2. Variations in
the mechanical properties in these principal directions contribute to the dimensional instabilities
under certain boundary conditions. In this work, these principal directions are used as the main
coordinate frame where the height of z = 0 refers to the mid plane of the paper sheet.

Figure 1.2: Principal directions in paper sheets [14].

At Canon Production Printing, one of the global leaders in digital imaging and industrial printing
solutions, research is done on predicting the ink absorption and resulting deformation in paper
sheets. TU/e, in collaboration with Canon, has developed a model that can predict the ink ab-
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sorption and resulting deformation in a one-dimensional framework for plain paper sheets [4]. The
current model employs a simplified representation of the porous network in paper, treating it as a
bundle of parallel tubes with different radii. By solving mass conservation equations, the model
can predict pore and fiber saturation over time throughout the thickness of the paper sheet. This
information, coupled with a simple elastic mechanical model, enables the model to predict paper
deformation under varying boundary conditions. While the current model addresses plain paper
sheets, this study aims to extend its applicability to coated papers. These papers are coated with
a thin polymer layer, which consist of a substantially different pore structure compared to the
fibrous material of paper. Consequently, the application of a coating introduces certain qualities
such as surface gloss, smoothness, and a reduction in the rate of ink absorption.

Earlier research by Schoelkof et al. [17] exteneded inertial theory to a network model, demonstrat-
ing that absorption into a porous network proceeds preferentially through smaller pores. Initially,
this process is governed by initial inertial imbibition combined with the exclusion of larger pores
due to inertial retardation, followed by the Lucas-Washburn absorption dynamics. This inertially
driven selectivity establishes a preferred pathway through the smaller pores during sequential fill-
ing. Yin et al. [21] developed a pore network model for primary imbibition and applied it to
simulate droplet penetration into the coating layer of a coated paper. Results obtained from the
simulation showed a linear decrease in droplet volume with time, which contradicts the expected√
t-behaviour in vertical imbibition that is obtained using macroscopic single phase Darcy’s law.

The study suggested that the constant imbibition rate is likely due to the wetting phase encounter-
ing more viscous resistance and greater accessibility of pores for liquid penetration. A suggestion
was made to switch to the Richards equation to model liquid imbibition in the coated layer of a
coated paper. Alleborn et al. [2], investigated the spreading and sorption of droplets on an unsat-
urated coating substrate. They employed the Richards equation to model unsaturated flow in the
coating layer, coupled with droplet dynamics described by lubrication approximation. Numerical
results showed that a steep capillary sorption curve leads to a sharp localization of liquid infili-
tration. Van der Sman [18], developed a model that can describe the deformation of paper sheets
subjected to changes in moisture content. The model assumed that the moisture content changes
in the plane of the sheet but remains constant through the thickness. It was found that in the
wet state, the developed model accurately captures the qualitative behaviour of paper observed
in experiments. This led to the conclusion that the inhomogeneous moisture content in the plane
contributes to the out-of-plane deformations of wetted paper sheets.

The goal of this study is to understand the physics behind the through thickness liquid transport
in coated paper sheets and the subsequent mechanical deformations. The objective is to extend
the current model from Dave et al. [4], so it can predict the time scales at which liquid flows
through coating and paper pores, and makes the fibers swell. Experimental measurements on
wetted paper strips, both in- and out-of-plane, will be used to validate the model. Different inputs
will be explored with the validated model to study their effect of on liquid transport and sheet
deformation.

The report is structured as follows. First the essential constitutive equations for both the liquid
transport and mechanical model are presented in Chapter 2. A general representation of the
underlying theory is given. At the end of this Chapter the theory is more specialized towards
coated paper sheets by discussing boundary and interface conditions. Chapter 3 outlines the
numerical implementation of these equations, while Chapter 4 gives a short description on the
experimental methods used for validation. Parameters that are used in the model are discussed
in Chapter 5. Predictions made by the model are compared with experimental results in Chapter
6, along with a parameter study. Chapter 7 provides concluding remarks summarizing the key
findings of the study. Finally, Chapter 8 discusses the limitations of the model and possibilities
for future research are offered.
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2 Theoretical Background

In order to make predictions on moisture-induced deformations in (coated) paper sheets, a model
describing the liquid transport into the paper sheet coupled with a mechanical model describing
the resulting deformation is developed. The model primarily builds upon N. Dave’s framework [4],
which characterizes the liquid absorption and resulting deformation on the continuum level, i.e.,
the sheet scale. In order to represent the processes at the micro-scale realistically in an average
sense, he employed insights obtained from highly idealized models defined at the microstructure
scale. For simplicity reasons, he assumed that the water transport solely depends on the thickness
direction z and time t. This means that the transport is assumed to be uniform along the in-plane
directions of the medium. This work adopts a similar one-dimensional continuum model approach,
with some minor adjustments to the idealized micro-scale models. Although most of the model’s
core principles remained the same, a different solution technique is employed.
In this chapter, the theoretical background information used to model the physical processes is
explained. Alterations made to the modeling philosophy from N. Dave’s work are highlighted
and included with an explanation for the suggested modifications. First, details about the liquid
transport are given, followed by an overview of the mechanical model. Finally, the boundary and
interface conditions are discussed.

2.1 Liquid transport

The liquid transport model aims to predict the amount of liquid in the porous medium and fibers
over time. In a one-dimensional continuum model, it is easier to determine this amount in terms
of volume fractions. Multiple volume fractions are defined and used in the model. First, the
volume fractions that describe the volumetric liquid content in the pores Vpl and fibers Vfl. These
fractions represent the ratio of liquid volume within a small representative volume element of
the micro-structure to the total volume of that element ∆V . They are denoted by χp and χf

respectively,

χp =
∆Vpl

∆V
; χf =

∆Vfl

∆V
. (2.1)

Secondly, the sheet’s porosity and the fibers’ storage capacity. These volume fractions describe
the total amount of liquid that can be stored relative to their respective volumes,

ϕp =
∆Vp

∆V
; ϕf =

∆Vfp

∆Vf
(2.2)

where ∆Vp is the volume of pore space contained in the representative volume element ∆V .
The total volume of fibers in the representative volume element is denoted by ∆Vf and equals
∆V −∆Vp. These fibers can store a maximum amount of liquid, which is denoted by ∆Vfp.
The latter volume fractions can be combined to give the saturation of the pores and fibers. These
volume fractions describe the volumetric scaled liquid content within the representative volume
element in the pores and fibers, respectively. The saturation ranges from zero to one, where zero
saturation is equivalent to a dry state, and a saturation of one is equivalent to a fully wet state.
The pore and fiber saturation are given by,

Sp =
χp

ϕp
; Sf =

χf

ϕf (1− ϕp)
. (2.3)

The model uses saturation as a variable to express the amount of liquid in the pores and fibers
at a height z, evaluated at a certain moment in time t. Therefore, saturation is expressed as a
function of both space and time.

The liquid transport model describes the physical process of a liquid entering the porous network
(driven solely by capillary suction) and the subsequent transport through the walls of the pores
into the fibers. The model can thus be split into two parts, which characterize the wetting of

3
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the pore network and the wetting of the fibers, respectively. This is schematically depicted in
Figure 2.1.
Wetting of the pore network is described by a one-dimensional unsaturated flow model that de-
scribes the change in saturation over time through the thickness. The governing equation behind
this unsaturated flow model is called the classical Richards equation [16]. The equation is ob-
tained by applying mass conservation and Darcy’s flow law. The Richards equation alone does
not consider the exchange between the pore network and fibers. An exchange term is added to
the classical Richards equation to account for this and ensure the mass in the whole system is
conserved. Via this exchange term, the expression is coupled to a second equation describing the
liquid transport into the fibers derived from a one-dimensional diffusion equation. The combi-
nation of these equations thus encapsulates the dynamics of liquid transport in the paper sheet,

ϕp
∂Sp

∂t
+

∂

∂z

(Kp(Sp)

η

∂pc(Sp)

∂z

)
+ Γ(Sp, Sf ) = 0 (2.4a)

ϕf
∂Sf

∂t
+

∂qf
∂z

− Γ(Sp, Sf ) = 0 (2.4b)

where pc, µ, Kp, and Γ are the capillary pressure, dynamic viscosity, permeability, and exchange
term, respectively. The first two terms in Equation 2.4a come from the classical Richards equation;
a complete derivation of this equation can be found in Appendix A. It is clear from this equation
that the gradient of the capillary pressure drives the liquid transport in the pore network. As
we assume that the volumetric flux from the pore transport through the thickness is much faster
than that from the fiber phase, the variable qf can be neglected. Inflow into the fibers is thus only
possible through local exchange between pores and adjacent fibers.

Figure 2.1: Schematic of liquid transport model [4].

2.2 Unsaturated flow in porous media

The variables capillary pressure, saturation and permeability from the unsaturated flow descrip-
tion are related. In literature, formulations such as Brooks-Corey [3] and van Genuchten [8] are
widely used to describe these relations. These formulations find their origin in the geomechanics
community, where they are widely used in research on unsaturated flow through soils. Dave’s
work uses a formulation based on the measured pore size distribution. Throughout the remainder
of this work, the Dave’s modelling framework is used with a slight extension to describe the fully
saturated zone for a larger pressure range. Here, a brief overview of this model is given and com-
pared with the Brooks-Corey and van Genuchten model. A brief description of these two models
can be found in Appendix C.

4



Master thesis

2.2.1 Pore size distribution

The pore size distribution P (r) is the probability that a specific pore with radius r is encountered
in a porous medium. It can be coupled to the wetted pore volume with the following expression,

Vpl = Lp

∫ r

0

P (ρ)πρ2dρ (2.5)

where Lp is the total accessible pore length, which is assumed to be independent of r. There is no
direct experimental access to P (r). However, using a mercury intrusion porosimetry (MIP) test,
some information can be obtained about the distribution [10]. An MIP test uses a liquid with a
contact angle higher than 90 degrees, such as mercury. Such liquids do not penetrate the porous
medium by itself. Instead, an external pressure is needed. The intruded volume is then measured
as a function of this applied external pressure. With the use of the Young-Laplace equation in a
cylindrical tube, an estimate for the pore radius can then be determined,

r =
2γcos(θ)

pc
(2.6)

here γ represents the surface tension and θ the contact angle.
The outcome of an MIP test reveals a relationship between pore radius and saturation. The
following equation is used to extract the pore size distribution from a MIP test,

P (r) =
Vp

Lpπr2
dSp

dr
=

Vp

Lpπr2
f(r). (2.7)

The full derivation for this equation is given in Appendix B. The unknown parameter Lp can be
obtained by applying the normalization condition,

∫∞
0

P (r)dr = 1.

2.2.2 Water retention curves

The relationship between the capillary pressure and saturation is commonly referred to as the
water retention curve. Here, the saturation is formulated as a function of capillary pressure. In
the work of Dave et al. [4], the relation between saturation and capillary pressure is derived from
the results of the MIP experiments by fitting a piece-wise linear approximation to the measured
saturation,

Sp(r) =
r − rmin

rmax − rmin
(2.8)

where rmin and rmax refer to the minimum and maximum fitted pore sizes respectively. They are
the derived by fitting Equation 2.8 to the linear part of the measured water retention curve. By
substituting Equation 2.6 for the pore radius r, a function for the water retention curve can be
derived,

Sp(pc) =

pcmax

pc
− 1

pcmax

pcmin
− 1

pcmin
≤ pc ≤ pcmax

(2.9)

where pcmin
and pcmax

are the capillary pressures corresponding to the maximum and minimum
pore radius respectively. The relation is only valid on the domain ranging from the minimum to
the maximum capillary pressure. However, the function needs to be defined for all values of pc.
This is done by specifying that the saturation is equal to one for capillary pressures lower than
pcmin and equal to zero for capillary pressures higher than pcmax ,

Sp(pc) =


1 pc < pcmin
pcmax

pc
−1

pcmax
pcmin

−1
pcmin

≤ pc ≤ pcmax

0 pc > pcmax
.

(2.10)
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The piece-wise linear approximated model (linear model), Brooks-Corey model (BC model) and
van Genuchten model (VG model) are compared with each other in Figure 2.2a. Derivation of the
parameters used in the models can be found in Appendix C.

0 0.2 0.4 0.6 0.8 1

Saturation [-]

10
3

10
4

10
5

10
6

10
7

C
a
p
ill

a
ry

 p
re

s
s
u
re

 [
P

a
]

Water retention curve

Linear model

BC model

VG model

(a) Comparison between models.
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Figure 2.2: Water retention curve: models and experiments.

The linear approximated model and Brooks-Corey model show similar behavior. At zero sat-
uration, however, the Brooks-Corey relation goes to infinity. The van Genuchten model shows
this same behavior for zero saturation. In Figure 2.2b, the linear and van Genuchten models are
compared with the results from the MIP test. For low saturation, the linear approximation is in
agreement with the measurements. For high saturation, the measured capillary pressure lies in
between the predicted values of the linear and van Genuchten models.

2.2.3 Permeability

The permeability is a measure of the resistance against flow in a porous medium. A low perme-
ability means a high resistance against flow, which leads to larger timescales at which a specific
volume of liquid can move through the medium. The permeability is not constant in an unsatu-
rated porous medium because unfilled pores cannot transmit any liquid. As more pores get filled
with liquid, the permeability of the medium increases. This continues until all pores are filled
and the maximum permeability is reached. A model that can accurately describe the relation
between saturation and permeability is thus of vital importance to model the liquid penetration
in unsaturated porous media.

Paper has a complex structure of pores connected by throats with different lengths and radii.
It is possible to develop a relation between saturation and permeability using numerical models
describing this complex three-dimensional structure [15], [20]. However, this takes much compu-
tation time and is impossible in one dimension. The liquid transport model from the work of N.
Dave et al. [4] simplifies this complex structure by assuming flow through a porous rectangular
block via N cylindrical-shaped pores, as shown in Figure 2.1. With the assumption of N parallel
tubes, it is possible to formulate three tube models [10]: identical cylinders, cylinders with differ-
ent radii, and identical cylinders with different radii along their length. These three models are
visually depicted in Figure 2.3.
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Figure 2.3: Three different parallel tube models: 1. identical cylinders (left), 2. cylinders with
different radii (middle) and 3. identical cylinders with different radii along it length (right) [10].

The second and third tube models strongly indicate the upper and lower bounds of the permeability
in the three-dimensional structure. These bounds are, however, a factor of 100 to 1000 apart.
The actual permeability lies thus somewhere in between these values. The second tube model,
which over-predicts the permeability, is scaled with a constant factor to account for this. The
one-dimensional flux qp through the thickness of the porous block can, in this case, be written
according to the Hagen-Poiseuille equation,

qp = −
N∑
i=1

πr4i
8ηA

dp

dz
. (2.11)

By using the definition of the pore porosity, Equation 2.2, and writing the flux as a Darcy equation,
the permeability can be expressed as,

Kp =
1

8
ϕp

∫ r

0
P (ρ)ρ4dρ∫∞

0
P (r)r2dr

. (2.12)

Solving the integrals leads to a relation for the permeability dependent on r. Rewriting Equa-
tion 2.8 and substituting for r gives a relation that is dependent on the saturation. The saturation
can be expressed as a function of the capillary pressure (Equation 2.10), meaning that the per-
meability is thus indirectly dependent on the capillary pressure. Here, the expression is given as
a function of saturation, as this is the one that is used in the model,

Kp(Sp) =
ϕp

24cperm

(
rmin + Sp(rmax − rmin)

)3 − r3min

rmax − rmin
(2.13)

where cperm is the scaled permeability factor and is set equal to 600. A full derivation of this
expression can be found in Appendix D. The resulting relation between permeability and satura-
tion is plotted in Figure 2.4. In the pore network, the empty pores cannot transmit liquid. The
small pores are assumed to fill first due to higher capillary suction [2] and lower inertia effects
[17]. These pores have a much larger resistance against flow with respect to the larger pores. This
explains the slow increase for low saturation in Figure 2.4. As the saturation increases, the larger
pores start to fill, rapidly increasing permeability as the resistance against flow in these pores is
much lower.
Figure 2.4 also shows the permeability model proposed by van Genuchten [8]. Similar to the linear
model, it shows an initial slow increase followed by a rapid increase in permeability with increasing
saturation. Nonetheless, the van Genuchten model predicts an overall slower increase to maximum
permeability than the linear model. A full description on the van Genuchten permeability function
is given in Appendix D.
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Figure 2.4: Relationship between permeability and saturation used in this work.

2.3 Pore-fiber mass exchange

To describe the liquid transport from the pores into the fibers a relation for the exchange term Γ
is established. When water enters the pores, the surface of the surrounding fibers becomes wet.
From the surface the water travels through the thickness of the fiber wall, leading to an increase in
saturation of the fiber. In this work, it is assumed that this motion through the fiber wall can be
expressed as a one-dimensional diffusion process. Additionally, it is assumed that both sides of the
fiber experience the same step change from local fiber saturation s = 0 to s = 1 when the water
gets in contact with the fiber wall. The local fiber saturation is the saturation in a small represen-
tative volume element ∆Vf of the fiber. The lumen, located at the fiber’s center, is assumed to be
closed. Therefore, the fiber thickness equals twice the fiber wall thickness d, as shown in Figure 2.5

A symmetry condition is applied because both sides of the fiber experience the same step change.
So, in the formulation of the one-dimensional diffusion equation, only half the fiber thickness is
used. The one-dimensional diffusion equation looks as follows,

ϕf
∂s

∂t
= D

∂2s

∂ζ2
(2.14)

where D and ζ represent the constant fiber diffusivity and fiber thickness direction respectively.

Figure 2.5: Schematic for liquid diffusion into the fiber.
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The boundary and initial conditions are,

∂s

∂ζ
(0, t) = 0 (2.14a)

s(d, t) = 1 (2.14b)

s(ζ, 0) = 0. (2.14c)

The analytical solution to the diffusion equation is given in terms of a Fourier series,

s(ζ, t) = 1− 4

π

∞∑
n=0

(−1)n

2n+ 1
e
− D

ϕf

(
(2n+1)π

2d

)2
t
cos

(
(2n+ 1)π

2d
ζ

)
. (2.15)

This equation describes the local fiber saturation through the thickness of the fiber. Taking the
average of this and dividing by the fiber thickness gives an estimate on the local amount of fluid
in the fiber,

sf (t) =

∫ d

0
s(ζ, t)dζ

d
. (2.16)

Equation 2.15 can also be used to find an expression for the inflow at the surface of the fiber. This
is done by evaluating the following equation,

q(d, t) = D
∂s

∂ζ
(d, t). (2.17)

The solution for the local fiber saturation as a function of time and inflow are plotted in Figure 2.6a
and Figure 2.6b respectively. The solutions are based on 1000 Fourier terms. It can be observed
that the relation between saturation and inflow behaves as a combination of a linear and power
law relationship. The inflow can then be expressed as a function of the saturation by the following
analytical equation,

qf (sf ) =
D

d

(
a(1− sf ) + b(

1

sf
− 1)

)
(2.18)

where a and b are values that are fitted to the solution from the Fourier series. For the values of
a = 1.45 and b = 0.6 a good fit is observed, as shown in Figure 2.6b by the dashed line.
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Figure 2.6: Relations for fiber saturation.

The local fiber saturation only describes the liquid content in a small region around a specific
pore. It thus only gives information on the saturation of a small fraction of the total fiber volume.
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To transform to a global saturation, a summation of all the local volumetric liquid contributions
needs to be performed and divided by the total liquid storage of the fibers,

ϕfSf =

∑Nw

i=1 ∆Ai

∫ t

0
qfdt

Vf
(2.19)

here ∆Ai is the wetted surface area through which diffusion happens for a specific pore and Nw

is the number of saturated pores. Simplifying the summation like this is allowed because the
boundary flux qf for an unsaturated, empty pore equals zero. So, only saturated pores contribute
to the filling of the fibers. Assuming that these saturated pores fill at the same rate and taking
the time derivative in Equation 2.19 leads to an expression for the pore-fiber mass exchange term,

Γ =

∑Nw

i=1 ∆Ai

Vf
qf (Sf ). (2.20)

In this expression the ratio of wetted surface area to the fiber volume can be written as,

∑Nw

i=1 ∆Ai

Vf
=

ln
(
1 + Sp

rmax−rmin

rmin

)
ln
(

rmax

rmin

)
d

. (2.21)

A full derivation of this equation is given in Appendix E.

2.4 Mechanical deformation

The water uptake by the fibers results in swelling, which drives the mechanical deformation of
the paper sheet. A one-dimensional hygro-mechanical model is used to predict the deformation
resulting from an immersion and curl test. As only one dimension is considered, the total predicted
strain is in the plane of the sheet, whereas the predicted curvature for the curl test is out-of-
plane. This model subdivides the total strain into three components: the elastic ϵe, plastic ϵp

and hygroexpansive strain ϵh. A schematic representation of this is given in Figure 2.7. The
summation of these three terms gives the total strain,

ϵ = ϵe + ϵp + ϵh. (2.22)

Figure 2.7: Schematic mechanical model.

The hygroexpansive strain describes the swelling of the fibers due to an increase in moisture
content and can be written as,

ϵh = β∆χ = βϕfSf (2.23)

where β denotes the hygroexpansive coefficient and ∆χ = χ − χ∗ is the difference between the
current and reference moisture content in the paper [14]. This reference moisture content can be
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chosen freely, where the hygroexpansive strain is defined to be zero at χ = χ∗. The change in
moisture content is related to the saturation of the fibers and can be given as the product of the
storage capacity of the fibers ϕf and saturation Sf .

The elastic strain is linearly dependent on the stress in the material and is described by Hooke’s
law as,

ϵe =
σ

E(χ)
(2.24)

where σ is the stress and E(χ) is the elastic modulus, which is dependent on the moisture content.
An increase in fiber saturation leads to a decrease in the elastic modulus. It is assumed that this
relation is linear and given as,

E(χ) = E0(1−
χ

χE
) (2.25)

where E0 is the elastic modulus related to a dry fiber, i.e., zero moisture content [18]. The constant
χE denotes the moisture content for which the elastic modulus equals zero.

Considering static equilibrium, the forces and moments in the paper sheet should be balanced.
This work assumes no external forces or moments are applied to the paper sheet. This means that
the internal forces and moments should be balanced, meaning that the following two equilibrium
equations hold,

F =

∫ H
2

−H
2

σbdz = 0 (2.26)

M =

∫ H
2

−H
2

σbzdz = 0 (2.27)

where H and b represent the height and width of the paper sheet, respectively [6]. Additionally,
the total strain contribution can be expressed in terms of the average strain and curvature,

ϵ = ϵ0 − κz (2.28)

where ϵ0 is the average strain, which is equal to the strain of the midplane of the sheet, and κ the
curvature. Combining this with Equation 2.22 gives the following expression for the elastic strain,

ϵe = ϵ0 − κz − ϵp − ϵh. (2.29)

The equilibrium equations can then be written in terms of the average strain and curvature by
substituting Equation 2.24 in combination with Equation 2.29. This gives the following result:∫ H

2

−H
2

E(χ)(ϵ0 − κz − ϵp − ϵh)bdz = 0 (2.30)

∫ H
2

−H
2

E(χ)(ϵ0 − κz − ϵp − ϵh)bzdz = 0. (2.31)

These two equations can be used to determine the values of the average strain and curvature when
the moisture content through the thickness of the paper sheet is known. Solving for average strain
and curvature is most easily done by writing the two equations into one system of equations,∣∣∣∣ A −B

−B D

∣∣∣∣ ∣∣∣∣ϵ0κ
∣∣∣∣ = ∣∣∣∣Fα

Mα

∣∣∣∣ (2.32)

with,

A =

∫ H
2

−H
2

E(χ)bdz (2.33)
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B =

∫ H
2

−H
2

E(χ)bzdz (2.34)

D =

∫ H
2

−H
2

E(χ)bz2dz (2.35)

Fα =

∫ H
2

−H
2

E(χ)
(
ϵp − ϵh

)
bdz (2.36)

Mα =

∫ H
2

−H
2

E(χ)
(
ϵp − ϵh

)
bzdz. (2.37)

The parameter b can be taken outside the integral when considering a constant width. The elastic
modulus and hygroexpansive strain are a function of the moisture content, which varies through
the thickness of the paper sheet. This means that both variables cannot be taken outside the
integral. This work assumes that there is no plastic strain, meaning that the force and moment
integrals only depend on the hygroexpansive strain. The integrals can be determined for a given
moisture content, and the system can be solved to find values for the average strain and curvature.

2.5 Boundary and interface conditions

The liquid transport model, described at the beginning of this chapter, is a general representation
of a porous medium that exchanges liquid with surrounding bulk material. When considering a
(coated) paper sheet under certain circumstances, appropriate inputs and boundary conditions
must be given to specify the model for its use case. This work considers two use cases: an
immersion and a curvature test. These use cases resemble experimental setups, further described
in section 4. Here, a short generic overview of the boundary conditions is given alongside a
description of the interface conditions. The specific boundary conditions for the immersion and
curl test are mentioned in section 4. In all cases an initially dry sheet is considered. This initial
condition used to described this is a constant value of the medium’s minimum capillary pressure
through the whole thickness, as this relates to zero pore saturation.

Figure 2.8: Visualization of discontinuity in pore saturation between coating and paper for constant
capillary pressure.

A coated paper sheet can be modeled as a layered stack of two porous media. Before specifying the
boundary conditions, it is interesting to analyze the interface condition between these two layered
stacks. The coating and paper sheet have a different pore size distribution because their respective
pore network differs. As a result, the saturation inside the pore networks may be different for a
specific capillary pressure, as illustrated in Figure 2.8. As the pressure is continuous through the
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whole thickness of the paper sheet, a discontinuity in saturation can exist at the interface. A
technique that is commonly used in modeling layered porous media is to solve Equation 2.4 for
capillary pressure because then the condition at the interface implies continuity of the primary
dependent variable, which is provided naturally by a (continuous) finite element interpolation [9].
This solution strategy differs significantly from the one used by Dave, as he solved for the satura-
tion. In this work, the liquid transport model is solved for capillary pressure, which significantly
increases the ease of solving the equation. The boundary conditions are thus also specified in
capillary pressure instead of saturation. Additionally, at the interface there should be a continuity
in liquid flow. The amount of liquid that leaves the coating should enter the pores of the paper.
The discretization of the weak form of the Richards equation takes care of this continuity.

Applying a liquid to a paper sheet leads to full saturation of the surface where the liquid is
applied. In the model framework this is equivalent to prescribing a pore saturation of one to the
specified boundary where the liquid is applied. However, from Equation 2.10 it is evident that the
pore saturation equals one for all capillary pressure lower than the minimum capillary pressure
of the medium. This thus leaves a question on which capillary pressure must be specified at the
boundary. To answer this the total pressure at the boundary is considered, which is given by,

p = pamb − pc (2.38)

where p and pamb are the total and atmospheric pressure respectively. The total pressure at the
surface of the paper sheet is equal to the atmospheric pressure. From Equation 2.38, it then follows
that the capillary pressure should be equal to zero, which also relates to a pore saturation of one.
Liquid application on the top or bottom of the paper sheet is thus given by,

pc(±
H

2
, t) = 0 (2.39)

where a value of +H
2 refers to the top of the paper sheet and a value of −H

2 to the bottom.
Additionally, it is useful to prescribe a no flow condition on the boundaries. The flow is driven by
a pressure difference through the sheet thickness. A pressure difference of zero thus results in no
flow, which means that this boundary term can be written as,

∂pc
∂z

(Z, t) = 0 (2.40)

where Z refers to an arbitrary boundary.
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3 Numerical implementation

Due to the non-linearity of the liquid transport model, numerical tools are implemented for finding
a solution. In this work an implicit finite difference method is used for discretization in time.
Besides that, a Finite Element framework is established for discrization in space. By combining
the two methods it is possible to find solutions for the dependent variables over time. To solve
the pore-fiber mass exchange it is straightforward to take the fiber saturation as the dependent
variable. As already discussed in Chapter 2.5 the unsaturated flow description will be solved
for the capillary pressure, as this is beneficial in the implementation of the interface condition.
A disadvantage of choosing the capillary pressure as primary dependent variable is that it can
produce significant global mass balance errors under certain saturation conditions unless very
small time steps are used in the numerical approach [5]. This error is clearly visible in the work
of Gottardi [9], where multiple solution techniques are compared with respect to each other. It is
important to take these mass balance errors into account when determining the time step for the
numerical simulation. The liquid transport model from Equation 2.4 is thus rewritten in terms of
capillary pressure. This results in the following two equations that will be solved with the use of
the numerical model,

ϕp
∂Sp(pc)

∂t
+

∂

∂z

(Kp(pc)

η

∂pc
∂z

)
+ Γ(pc, Sf ) = 0 (3.1a)

ϕf
∂Sf

∂t
− Γ(pc, Sf ) = 0. (3.1b)

3.1 Time discretization

The two primary dependent variables, capillary pressure and fiber saturation, both vary over time.
In this work, the implicit backward Euler finite difference technique is used to discretize the system
in small time steps (tn = n∆t). Using the backward Euler method, the time derivative at the next
time step (tn+1) is approximated by using the values of the unknown function at the next time
step. Applying the backward Euler method on the liquid transport model results in,

ϕp
Sp(pc)− Sp(pc,0)

∆t
+

d

dz

(Kp(pc)

η

dpc
dz

)
+ Γ(pc, Sf ) = 0 (3.2a)

ϕf
Sf − Sf,0

∆t
− Γ(pc, Sf ) = 0. (3.2b)

Here the subscript refers to the evaluated time step, i.e. pc,0 = pc(z, t
n) and pc = pc(z, t

(n+1)).
The same principle applies to the fiber saturation.

3.2 Spatial discretization

The thickness direction of the paper sheet is discretized with the use of the Finite Element Method.
This is done by subdividing the paper sheet in small elements, which are connected by nodes. On
each element the solution is approximated by a polynomial. The approximation of the exact
solution on the whole domain can be written as,

phc (z, t
n) =

Nnodes∑
i=1

Ni(z)pc,i(t
n) (3.3a)

Sh
f (z, t

n) =

Nnodes∑
i=1

Ni(z)Sf,i(t
n). (3.3b)

Here phc and Sh
f refer to the approximations of the solution for the capillary pressure and fiber

saturation respectively. The shape function associated with node i is denoted by Ni(z), with nodal
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values given by pc,i and Sf,i. The summation is taken over the total number of nodes Nnodes.
While it is possible to solve Equation 3.2b independently in each node without the use of the
Finite Element method, opting for a Finite Element approach is preferred. This choice allows for
the interconnection of the solution at each nodes through the use of shape functions, resulting in
faster convergence of the solution.
So to find an approximation of the exact solution the nodal values need to be determined. To esti-
mate these values with the use of the Finite Element method, first the time discretized differential
equations, Equation 3.2a and Equation 3.2b, are each cast in a weak form,

∫ H
2

−H
2

v(z)ϕp

(
Sp(pc)− Sp(pc,0)

)
dz −

∫ H
2

−H
2

dv

dz
∆t

Kp(pc)

η

dpc
dz

dz +

∫ H
2

−H
2

v(z)∆tΓ(pc, Sf )dz

+ v(z)∆t
Kp(pc)

η

dpc
dz

∣∣∣H
2

−H
2

= 0 ∀ v(z) (3.4a)

∫ H
2

−H
2

w(z)ϕf (1− ϕp)
(
Sf − Sf,0

)
dz −

∫ H
2

−H
2

w(z)∆tΓ(pc, Sf )dz = 0 ∀w(z). (3.4b)

In these equations H is the thickness of the paper sheet and v(z) and w(z) the weight functions.
The next step is to substitute the approximate solutions for the exact solutions in the weak forms.
For convenience the approximate solutions are written in matrix form, storing the nodal values and
shape functions in column matrices. Galerkin’s method is used for discretization of the weight
functions, which requires that the weight functions are of the same form as the approximate
solutions. For both approximate solutions linear shape functions are used, so the weight functions
also use a linear shape function. Substituting the approximate expressions leads to the following
discretized system,

r1 + q = 0

r2 = 0
(3.5)

with,

r1 =

∫ H
2

−H
2

(
N(z)

[
ϕp

(
Sp(p

h
c )− Sp(p

h
c,0)

)
+∆tΓ(phc , S

h
f )
]
− dN

dz
∆t

Kp(p
h
c )

η

dphc
dz

)
dz (3.5a)

r2 =

∫ H
2

−H
2

N(z)
(
ϕf (1− ϕp)

(
Sh
f − Sh

f,0

)
−∆tΓ(phc , S

h
f )
)
dz (3.5b)

q = N(z)∆t
Kp(p

h
c )

η

dphc
dz

∣∣∣H
2

−H
2

(3.5c)

here the weak form from Equation 3.3a is split in two parts, a residual term r1 and a boundary
term q, as it is easier to work with a separate boundary term in the software implementation of
the Finite Element framework. The second weak from does not have any boundary terms, so in
this case all terms are placed in the residual r2.

3.3 Linearization

The discretized system from Equation 3.5 is highly non-linear due to the non-linear relations pc-
Sp and pc-Kp. To solve this non-linear set of algebraic equations the Newton-Rhapson method is
used. This method iteratively produces an increasingly accurate approximation of the solution. It
is chosen as it is a robust method with a quadratic convergence rate, meaning that error decreases
quadratically and thus decreasing computation time.
Newton’s method makes use of linearization of the non-linear system of equations to come to a
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linear set of equations that can compute the iterative correction. For the discretized system of
Equation 3.5 the linear model is of the form,

K1(z
i)δpc = −(r1(z

i) + q)

K2(z
i)δSf = −r2(z

i).
(3.6)

In this equation K denotes the system Jacobian matrix and δpc and δSf refer to the iterative
corrections for the capillary pressure and fiber saturation respectively. The iterative corrections
are not depended on each other, because substitution of the value for the next increment is done
with two separate functions which are not combined. Adding the iterative correction to the current
iterative value gives the value for the next iteration,

pc(z
i+1) = pc(z

i) + δpc

Sf (z
i+1) = Sf (z

i) + δSf .
(3.7)

Newton’s method iterates until a certain convergence criteria is met. In this work the criteria is
set on the residual. So the algorithm terminates when the residual is below a specified tolerance.
The last iterative values in combination with the shape functions then give the numerical solution
for the current increment.
To solve the non-linear system of equations with Newton’s method, the two unknown system
Jacobian matrices need to be determined. This can be done by substituting the value for the next
increment into the equations for pore saturation, permeability and exchange term,

Sp(p
h
c + δphc ) = Sp(p

h
c ) +

dSp

dpc
δphc

Kp(p
h
c + δphc ) = Kp(p

h
c ) +

dKp

dpc
δphc

Γ(phc + δphc , S
h
f ) = Γ(phc , S

h
f ) +

δΓ

δpc
δphc

Γ(phc , S
h
f + δSh

f ) = Γ(phc , S
h
f ) +

δΓ

δSf
δSh

f .

(3.8)

Substituting these expressions in the discretized system, Equation 3.5, gives a linear system of
equations,

∫ H
2

−H
2

[
Nϕp

dSp

dpc
NT − dN

dz
∆t

(Kp(p
h
c )

η

dNT

dz
+

1

η

dKp

dpc

dphc
dz

NT
)
+N∆t

δΓ

δpc
NT

]
dzδpc

= −(r1 + q) (3.9a)∫ H
2

−H
2

N
[
ϕf (1− ϕp)−∆t

δΓ

δSf

]
dzδSf = −r2. (3.9b)

From this it becomes clear that the Jacobian matrices are given by,

K1 =

∫ H
2

−H
2

[
N

(
ϕp

dSp

dpc
+∆t

δΓ

δpc

)
NT − dN

dz
∆t

(Kp(p
h
c )

η

dNT

dz
+

1

η

dKp

dpc

dphc
dz

NT
)]

dz (3.10a)

K2 =

∫ H
2

−H
2

N
[
ϕf (1− ϕp)−∆t

δΓ

δSf

]
dz. (3.10b)
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3.4 Application of boundary conditions

Within the numerical framework, essential and natural boundary conditions can be applied. To
achieve this, the assembled system of equations must be partitioned as follows:∣∣∣∣K1,uu

i K1,uf
i

K1,fu
i K1,ff

i

∣∣∣∣ ∣∣∣∣δpc,u

δpc,f

∣∣∣∣ = −
∣∣∣∣r1,ui

r1,f
i

∣∣∣∣− ∣∣∣∣qui

qf
i

∣∣∣∣ (3.11)

where the subscript u refers to nodes where the capillary pressures are prescribed, while the
subscript f refers to the remaining nodes.
Considering an essential boundary condition, the capillary pressures in the nodes are known.
Consequently, there is only one iterative correction required which sets the value in this node to
the corresponding prescribed capillary pressure. Therefore, the value of δpc,u at the first iteration
is set to the prescribed boundary value p∗

c and equals zero at the subsequent iterations

δpc,u =

{
p∗
c , for i = 1

0, for i > 1.
(3.12)

The unknown iterative corrections δpc,f can then be calculated by solving the following linear
system of equations,

K1,ff
iδpc,f = −r1,f

i − qf
i −K1,fu

iδpc,u. (3.13)

When a natural boundary condition is considered, the value of qu
i is prescribed. Substituting this

value for qu
i in Equation 3.11 results in a linear system of equations the can be solve for δpc.

3.5 Model structure

The numerical model is structures into multiple modules to enhance the overall organization.
This structure is visually depicted in Figure 3.1. It consist of a ”main” module where simulation
settings can be configured. These settings include inputs such as paper and liquid type, spatial
and time dimensions, and Finite Element settings such as element size, iteration tolerance, and
maximum iteration count. Subsequently, these settings are passed down to the ”Parameters”
module. This module adjusts parameters based on the specified inputs. This module is followed
by the ”Initialize” module, which handles spatial and time discretization, initializes the solution
matrices, and sets the initial guess for the first Newton-Rhapson iteration. This initial guess is set
to be the minimum capillary pressure of the medium plus an offset value,

pc,guess(z) = pc,min + pc,offset. (3.14)

In this work an offset value of pc,offset = 105 Pa is utilized, as it yielded the most robust conver-
gence outcomes. Once all values are initialized, the model progresses to the ”Coating transport”
module. This module focuses solely on the liquid transport through the coating. Here, the paper
is not yet taken into account, as the liquid first needs to reach the interface between coating and
paper. When the capillary pressure at the interface drops below the maximum capillary pressure of
the paper, the model continues to the next module. This next module is called the ”Coating-paper
transport” module. In this module, as the name suggests, both the coating and paper are consid-
ered. The model stays within this module until the simulation time exceeds the user-specified end
time. Subsequently, the model proceeds to the final ”Plot” module, where the simulation data is
post-processed and visualized on the screen.

Figure 3.1 also provides an overview of the ”Coating transport” and ”Coating-paper transport”
modules. These modules are very similar, but have a few minor distinctions. One difference lies
in the calculation of the iterative corrections. The ”Coating transport” module only considers the
capillary pressure iterative correction, while the ”Coating-paper transport” module incorporates
both the capillary pressure and fiber saturation iterative corrections. This is because it is assumed
that bulk material of the coating solely facilitates liquid movement through its pores, without
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Figure 3.1: Visual depiction of liquid transport model structure.

absorbing any of the liquid. Hence, when only considering the coating the inclusion of the fiber
saturation iterative correction becomes unnecessary due to the absence of interaction with the
bulk material. Additionally, the ”Coating transport” module features an initialization step before
it proceeds to the next module, unlike the ”Coating-paper transport” module, which does not
have this initialization step. Within this initialization step, a new mesh which also includes the
paper is generated and the initial guess is set for the next Newton-Rhapson iteration.

The update for the next increment has the same functionality for both modules. It involves
resetting the residuals to zero, increasing the simulation time by the user-specified time step ∆t,
setting the initial guess for the Newton-Rhapson iteration, and calculating the total liquid volume
in the sheet. This is done by determining the incremental change in liquid volume ∆Vl from the
inflow at the boundaries,

∆Vl = Aqu∆t (3.15)

This incremental change is cumulatively added each increment to the total liquid volume in the
pores at each increment. Initially, this volume starts at zero for a fully dry sheet. Through this
approach, the model effectively monitors the amount of liquid in the sheet over time.

3.6 Mechanical model

From the resulting fiber saturation of the liquid transport model, the moisture content in the
sheet is derived. This moisture content is then utilized to determine the elastic modulus and
hygroexpansive strain in each node, iterated over all time steps. For each time step, Equation 2.32
is used to determine the average strain and curvature. The integrals in this equation are solved
numerically using the trapezoidal integration method. This method approximates the region
under the curve of an arbitrary function f(z) by dividing it into a finite number of trapezoids.
The summation of the areas of these trapezoids is the approximation to the integral,∫ b

a

f(z)dz ≈
Nelements∑

i=1

f(zi+1) + f(zi)

2
∆zi. (3.16)

where ∆zi = zi+1 − zi.
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4 Experimental methods

At Canon Production Printing, two experimental setups are employed to study the effect of wetting
(coated) paper sheets. In one of these test the paper is fully immersed in liquid, resulting in uniform
wetting on both sides of the paper sheet. In this setup, only in-plane deformations are observed
due to symmetric distribution through the sheet’s thickness. This test offers valuable insights into
the timescales of in-plane deformations, making it an ideal method for studying such behaviour.
The second test only applies a limited amount of liquid to the top surface of an unconstrained
paper sheet. In this case, the resulting through-thickness distribution of liquid is thus asymmetric.
This asymmetric liquid distribution induces out-of-plane deformations in the unconstrained paper
strip. The test setup is used to measure these out-of-plane deformations. This Chapter provides
a concise overview of both experimental setups and their corresponding boundary conditions for
modelling purposes. The results from these two test setups are presented in section 6 to validate
the model.

4.1 Immersion test setup

The immersion test is used to measure the hygroexpansive strain of a paper sample in one-
dimension. The sample is attached to a fixed and a movable clamp via magnets as depicted
in Figure 4.1. The samples are cut at approximately 17 x 80 mm, where the length direction is
orientated in the cross-machine direction [4]. To ensure that the sample is straightened, a small
pre-tension of 0.05 N is applied at the movable clamp. The change in length of the sample over
time is recorded by using a laser displacement sensor that is located at the fixed sample holder and
aimed at the movable sample holder. The measured displacement divided by the initial length of
the sample gives the hygroexpansive strain of the paper strip in the cross-machine direction. The
liquid is applied by manually lifting a container filled with the liquid to fully immerse the sample.

(a) Experimental setup. (b) Schematic overview.

Figure 4.1: Immersion test setup.

When the sample is fully immersed in the liquid, both surface of the sheet remain constantly
wetted. The sample is thus subjected to symmetric boundary conditions. In the modelling context,
it is then possible to apply a symmetry condition. In this case, only half the thickness of the paper
sheet is considered, which helps in saving computation time. The outer surface of the sheet
experiences a fully saturated condition, while the half-plane is subjected to a no-flow condition.
Thus, the boundary conditions for the immersion test are as follows:

∂pc
∂z

(0, t) = 0 (4.1a)

pc(
H

2
, t) = 0. (4.1b)

The result obtained from the liquid transport model provides the fiber saturation through half
of the sheet’s thickness. This result is mirrored at the half-plane of the sheet to obtain the fiber
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saturation throughout the entire thickness. Subsequently, this result is utilized by the mechanical
model to determine the sheet’s deformation.

4.2 Curl test setup

The curvature test setup prints 8.7 ml/m2 of liquid onto a paper sample using a scanning print-
head. The paper sample is attached to a support table with double sided sticky tape. A laser
displacement sensor measures the out-of-plane deformation w of the paper sheet at a certain dis-
tance L from the support table, as shown in Figure 4.2. It is assumed that the through-thickness
liquid distribution during this test is homogeneous along the length direction of the sample. Un-
der this assumption, the downward curl of the sample, at a certain moment in time, is given by a
constant curvature κ. This curvature can be calculated using straightforward trigonometry,

κ = − 1

R
= − 2w

L2 + w2
. (4.2)

A minus sign is included here because downward curvature is regarded as negative in this study.

Figure 4.2: Curl test setup.

In the modelling context, the top surface of the sheet is in contact with the liquid until all the
liquid is absorb by the sheet. So, as long as the liquid volume inside the paper sheet is lower than
the applied volume of liquid, the boundary condition at the surface equals full pore saturation.
However, once the liquid volume in the paper exceeds the applied amount, the boundary condition
is switched to a no-flow condition, as no water flows into the paper sheet anymore. Conversely, at
the bottom surface of the sheet, there is no liquid intake, so there is a no-flow condition at each
instant in time. Hence, the boundary conditions are as follows:

∂pc
∂z

(0, t) = 0 (4.3a)

pc(H, t) = 0 if
Vl

A
<

Vintake

A
(4.3b)

∂pc
∂z

(H, t) = 0 if
Vl

A
≥ Vintake

A
. (4.3c)
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5 Model parameters

5.1 Medium properties

In this work two unsized paper types are considered: MondiCF and MondiNF. The parameters
employed in the liquid transport model for these two types of paper are listed in Table 5.1. The
parameters rmin and rmax were determined in the work of Dave et al. [4] by fitting the linear
model to measured MIP data provided by Canon Production Printing. The porosity is also ob-
tained from this test. The storage capacity of the fibers is deduced from the total expansion of
the paper sheet in the immersion test, assuming that the fibers have the same hygroexpansive
coefficient. The MondiNF paper type showed a greater expansion, leading to the assumption that
the fibers in the MondiNF paper type have a higher liquid storage capacity.
For the coating, a single baseline type is considered. The parameters for this layer are taken from
literature. The parameters rmin and rmax are estimated as the upper and lower limits of the
pore sizes with the highest probability. The parameters describing the coating are later varied to
investigate their influence on the liquid imbibition through the coating layer.

The parameters related to the fiber diffusion are also detailed in Table 5.1. Although the fiber
storage capacity differs between the paper types, it is assumed that both paper types share identical
fiber diffusivity and fiber thickness. Additionally, it is assumed that the fibers are entirely dry
at the beginning of the simulation, meaning that there is no initial liquid content present in the
fibers.

Table 5.1: Parameters paper types and coating.

H [µm] rmin [µm] rmax [µm] ϕp [-] ϕf [-] θ [°] d [µm] D [m2/s]
MondiCF 89.4d 0.05a 2.05a 0.4518a 0.164 65b 5a 0.4 · 10−11

MondiNF 109d 0.5a 2.5a 0.4312a 0.175 65b 5a 0.4 · 10−11

Coating 15d 0.01c 0.1c 0.34c - 45c - -

Note: Data are from Dave et al. [4]a, Muijtjens [13]b, Yin et al. [21]c and measurement data provided
by Canon Production Printingd.

A visual representation of the three media is presented in Figure 5.1. Here the retention and
permeability curves are given. The MondiCF paper type shows a small overlap in capillary pressure
with the coating, as the maximum capillary pressure of MondiCF is slightly higher then the
minimum capillary pressure of the coating. The MondiNF does not show this overlap in capillary
pressures with the coating. Additionally, the coating shows the highest resistance against flow as
it has the lowest permeability. This lower permeability is a result of the much smaller pores in
the coating compared to the other media. The MondiNF paper shows the least resistance against
flow, as this medium possesses the largest pores with respect to the other the two media.
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Figure 5.1: Visual representation considered media.
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Finally the mechanical properties of the media are listed in Table 5.2. It is assumed that both
paper types share the same mechanical properties. For the coating, the only relevant parameter
is the elastic modulus. Under the assumption that that the bulk material of the coating does not
absorb any liquid, it is expected that the elastic modulus does not decrease nor that the coating
expands after wetting. Although the specific elastic modulus of the coating is unknown, it is
estimated to be in the order of magnitude of 10 − 100MPa [1]. In this work, it is assumed that
the elastic modulus of the coating is one-hundredth of that of a dry paper sheet, aligning with the
order of magnitude of 10MPa.

Table 5.2: Mechanical properties.

ECD [MPa] χE [-] βCD [-]
Paper 2.2 · 103 a 0.16a 0.25a

Coating 22 - 0

Note: Data are from van der Sman [18]a.

5.2 Liquid properties

The immersion test results for (coated) papers are based on tests conducted using demi water. One
of the liquids used as input for the model is thus demiwater. In the parameter study, the effects
of four other liquids are investigated. These liquids correspond to the ones utilized by Dave in his
research. The mixtures consist of water, glycerol and hexanedial, which influences the viscosity
and surface tension. The selected mixtures are chosen such that they represent the corners of the
range of interest for viscosity and surface tension. This is visually depicted in Figure 5.2. The
compositions of liquids, together with their respective viscosity and surface tension are summarised
in Table 5.3.

Table 5.3: Liquid composition and properties.

Model liquid
Glycerole
[m%]

Hexanediol
[m%]

Water
[m%]

Dye
[m%]

Dynamic vis-
cosity [mPas]

Surface ten-
sion [mN/m]

DW 0 0 100 0 0.89 72
1 48 10 41.9 0.1 7.2 27.5
2 25 10 64.9 0.1 3 26.8
3 57.5 0 42.4 0.1 7.9 68.0
4 25 0 74.9 0.1 1.7 70.5

Note: All data are from Dave (2020) [4].

Figure 5.2: Surface tension and dynamic viscosity for liquids used in model.
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6 Results

The results from the model shed light on the through-thickness moisture profiles of the pores
and fibres, alongside the resulting deformation behaviour of the paper sheet over time. In this
Chapter, these results are presented for two scenarios: a paper sheet fully immersed in liquid and a
paper sheet wetted with a finite amount of liquid on its the top surface. The resulting time-scales
regarding the deformations are validated with experimental data. First, a comparative analysis
between the simulated and measured outcome from both the immersion and curl test are given.
Subsequently, a parameter study is employed to analyze the influence of various inputs on the
resulting time-scales regarding water imbibition in the coating layer.

6.1 Immersion test

Simulating the immersion test provides valuable information on the time-scales of liquid imbibition
into the pores and fibers and subsequent deformation. Initially, the simulation is performed on
an plain paper sheet to investigate the timescales in absence of a coating. This result serves as
a reference in analyzing the effect of applying a coating. Subsequently, a coated paper sheet is
simulated, and the results are compared with those obtained from the plain paper simulation.
Finally, the resulting deformations of both the plain and coated paper sheets are compared with
the measurements.

6.1.1 Liquid transport model results plain paper

Figure 6.1 shows the evolution of the through-thickness moisture distribution within the pores
and fibers of a plain paper sheet immersed in demi water. The MondiCF paper type is used in
this simulation and only half the paper thickness is considered. The pore saturation profile shows
a front that moves through the thickness, eventually achieving full pore saturation after several
tenths of milliseconds. Over time the sharp front transitions into a smoother profile. The smallest
pores rapidly reach full saturation due to their responsiveness to high capillary pressures. Larger
pores exhibit a slower uptake, because the magnitude of capillary action-driven flow is lower.

(a) Result pore saturation. (b) Result fiber saturation.

Figure 6.1: Immersion test modelling results for plain paper MondiCF immersed in demi water.

Although the pores fully saturate within several tenths of milliseconds, the absorption of the liq-
uid by the fibers occurs over a significantly longer period. Initially, there is a rapid increase to
approximately a quarter of the fiber saturation, achieved around 0.1 seconds. Filling the remain-
ing portion of the fiber takes, however, significantly longer. Full saturation of the fibers is only
achieved after approximately two seconds. The significant difference in time scales between pore
and fiber saturation is also clearly evident in the graphs showing the mean saturation over time,
as depicted in Figure 6.2a. Liquid uptake by the fibers takes approximately 20 times longer than
fully wetting the pores.
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What is further evident from the results of the fiber saturation is that initially, as the liquid moves
with a sharp front through the pores, only the outer regions of the sheet become saturated. This
leads to an early increase of the fiber saturation towards the outer edges compared to the inner
regions of the paper sheet. However, as time progresses, the fiber saturation profile gradually
becomes more uniform through the thickness. During the fiber diffusion process, there is a rapid
initial increase in fiber saturation. However, as the fiber saturation itself increases, the rate at
which liquid enters the fibers decreases. Consequently, the fiber saturation in the inner regions
catches up with that of the fibers in the outer regions.
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(a) Result average saturation. (b) Result capillary pressure pores.

Figure 6.2: Results average saturation and capillary pressure through the thickness in the pores.

Figure 6.2b shows the resulting capillary pressure profiles over time. These profiles exhibit a
positive gradient, when viewed from the top surface of the sheet, through the saturated parts. This
positive gradient in capillary pressure corresponds to a negative gradient in the total pressure, as
can be derived from Equation 2.38. This pressure gradient is the driving factor behind the flow in
the pores of the sheet. In the unsaturated regions, the gradient equals zero since there is no flow
at that particular moment in time. Across the fully saturated regions, a linear pressure gradient
can be observed. This indicates a constant flow throughout the thickness of this fully saturated
region.

6.1.2 Liquid transport model results coated paper

The same MondiCF paper type is used to simulate a coated paper sheet. A coating with a thickness
of 15µm is applied, while the paper thickness remains unchanged. This results in a total thickness
of 119.4µm, considering that the coating is applied on both sides of the paper. At Canon Produc-
tion Printing, the overall thickness of coated papers was measured and revealed to be around 70-80
µm. This is considerably smaller then the thickness considered here. However, the specific paper
type in these coated papers is unknown. Hence, it is plausible that the base layer thickness of the
paper differs. The lower thickness also implies compression of the paper which can potentially alter
the pore size distribution, leading to an increase in the number of smaller pores. Given the uncer-
tainty regarding the effects of applying a coating on the parameters, it is assumed here that the
base layer thickness and pore size distribution remain unchanged. The resulting through-thickness
moisture distribution within the pores and fibers from the simulation is depicted in Figure 6.3,
whereas the mean saturation and capillary pressure through the thickness are shown in Figure 6.4.

From the results it is evident that the coating almost fully saturates before any liquid goes into
the paper. This is because the pores in the coating are much smaller and therefore favoured to fill
first, due to their higher capillary pressures. The liquid will only start to move into the paper when
the pores being filled in the coating match in size with the smallest pores in the paper, as shown
in Figure 6.4b. In this graph, the black dashed line represents the maximum capillary pressure
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of the paper, found in the smallest pores of the paper. When the capillary pressure inside the
coating reaches this pressure, the gradient of capillary pressure within the paper start to change,
initiating the flow of liquid into the paper. This happens when only the final, larger pores in the
coating remain to be filled. Within the paper the liquid favors to move to the smaller pores deeper
in the sheet at the cost of the larger pores near the top. This phenomenon arises from the limited
supply in liquid via the coating and the higher capillary pressures of the smaller pores, which suck
the water down towards the middle of the sheet.

(a) Result pore saturation. (b) Result fiber saturation.

Figure 6.3: Immersion test modelling results for coated paper MondiCF immersed in demi water.

Another interesting observation in the results of the immersed coated paper is the difference in
total pore and fiber saturation. Figure 6.3a and Figure 6.4a indicates that the pores require a
longer duration to achieve full saturation compared to the fibers. One plausible explanation for
this phenomenon is that the liquid arriving in the pores goes straight into the fibers. As a result,
the pores remain unfilled because the liquid supply via the coating is comparable to the exchange
between pores and fibers.

When comparing the pore saturation profiles in the coated and plain paper sheets, as shown in
Figure 6.1a and Figure 6.3a, one observes that the liquid progresses with a similar sharp front
through the coating. Consequently, the onset of saturation in the paper pores exhibits a slight
delay, approximately 0.084 s. Moreover, the rate of pore saturation is notably lower compared
to a fully immersed plain paper. This is mostly due to the significantly lower permeability of
the coated layer, as can be seen in Figure 5.1b. The liquid must first penetrate through a high
resistance barrier before it can access the pores of the paper.
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Figure 6.4: Results average saturation and capillary pressure through the thickness in the pores
for a coated MondiCf paper sheet.
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Due to the delayed onset of pore saturation, the fibers similarly experience a delay in wetting
initiation. Since it takes considerably more time for the fluid to reach the inner regions of the
paper, the onset of fiber saturation is significantly decreased here. This results in a substantial
difference in fiber saturation through the thickness. Eventually, as the pores in the inner regions
of the sheet begin to fill and the fibers increase in saturation, this difference in saturation through
the thickness diminishes.

6.1.3 Resulting strain time evolution

The results from the water transport model serve as input for the mechanical model. The simulated
fiber saturation through the thickness is used to determine the hygroexpansive strain. Figure 6.5
shows the average strain versus time plot derived from the mechanical model for both paper types,
with and without coating. Additionally, experimental results are included for comparison. How-
ever, it is worth noting that the base layer type in the coated papers differs from that used in the
model. Consequently, comparing results between the model and experiment for coated papers is
only valid on a qualitative basis.

Comparison of the results for plain paper between the model and experiment reveals that the
model tends to overpredict the initial increase in average strain. This discrepancy suggests that
either the timescale of liquid imbibition in the pores is underestimated, or the initial rate at which
the fibers take up water is too large in the model. Another factor which might contribute to this
discrepancy could be the calibration in the measurements. It takes a few milliseconds to fully
submerge the sample by lifting the container with liquid. Calibrating the onset of average strain
to the precise time in the measurements might introduce a small error. Since the results are
compared on a logarithmic time scale, even the slight difference of a few milliseconds can show a
small discrepancy in the result.

Another difference between the model and measurements is observed when the paper reaches
full saturation. In the experimental results, the average strain continues to increase over time,
whereas in the model, the average strain becomes constant after approximately three seconds.
This continued increase in average strain after full saturation has been investigated in the work of
Muijtjens [13]. In his work, he concluded that this phenomenon is likely due to the effect of creep
caused by the initial pre-tension applied to the sample. As the effect of creep is not accounted for
in the mechanical model, this effect is not visible in the model results.
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The model results for the coated paper sheets exhibit a slight delay in the onset of average strain,
approximately 0.084 s. This delay is equivalent to the time required for the liquid to travel through
the coating and reach the top surface of the paper, as can be seen in Figure 6.3a. One can observe
that for the coated MondiNF paper type, the initiation of average strain occurs slightly later.
This small difference arises because the minimal pore size in the MondiCF paper is larger than
the maximum pore size of the coating. Consequently, the entire coating saturates before the paper
pores commence saturation. The mondiCF paper features a lower maximum pore radius compared
to the maximum pore size of the coating. Thus, the paper pores commence saturating before total
coating saturation is achieved. The experimental results on coated paper sheets also reveal a delay
in average strain initiation. However, this delay is slightly longer, indicating that the liquid travels
at a slower pace through the coating than is predicted by the model. Additionally, the converged
average strain value is marginally lower for the coated papers compared to the plain papers. This
slight difference arises because the coating does not expand upon saturation, thereby adding some
resistance to the overall expansion of the sheet. However, since the elastic modulus of the coating
is several orders of magnitude lower than that of paper, the overall resistance is minimal.

6.2 Curl test

The curl test provides additional insights into the out-of-plane behaviour of a paper sheet when
exposed to a liquid. Again, an initial simulation is performed on an plain paper sheet to investigate
the timescales in the absence of a coating. However, the model liquid ML4 is used as the fluid in
the simulation instead of demi water. This choice is made, because demi water cannot be used
in the experimental setup, thus no data is available for this fluid. The model liquid ML4 is also
used to simulate the liquid transport through the coated paper. Finally, the results obtained from
the plain paper simulation are compared with the experimental data from the curl setup and the
simulated data from the coated paper.

6.2.1 Liquid transport model results coated paper

Figure 6.6 shows the evolution of the through-thickness moisture distribution within the pores
and fibers of a plain paper sheet subjected to a finite liquid droplet. The volume per squared
meter of this droplet equals 8.7ml/m2. Within the simulation, the whole thickness H of the sheet
is considered, as the problem is not symmetric. Until a time of approximately 0.02s, a similar
front to that observed in the immersion test is noted. Until this moment, the liquid moves from
the surface of the sheet inside the pores. After this point, the saturation at the surface starts to
decrease because all the liquid moved from the surface into the sheet. Consequently, the liquid
in the pores starts to redistribute itself through the thickness while simultaneously flowing into
neighbouring fibers. As a result of this transport into the fibers, the saturation in the pores
gradually decreases over time, as can be seen in Figure 6.7a.

(a) Result pore saturation. (b) Result fiber saturation.

Figure 6.6: Curl test modelling results for plain paper MondiCF immersed in model liquid ML4.
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From the resulting evolution of the fiber saturation, as shown in Figure 6.6b, it is evident that the
fibers saturate from top to bottom. Since only the top side of the sheet is saturated, the fibers
in the upper regions initiate saturation earlier in time. It takes some time before the pores in the
bottom regions fill, resulting in delayed initiation of fiber saturation in those regions. Consequently,
this leads to a longer duration until full fiber saturation is achieved compared to the immersion
test, as can be seen in Figure 6.2a and Figure 6.7a. In the immersion test, where both sides of the
sheet are saturated, overall saturation occurs faster because the liquid effectively needs to travel
less deep into the sheet. Additionally, the immersion test consist of an infinite amount of liquid,
which accelerates the process since the saturation inside the pores does not decrease. Finally,
model liquid ML4 has a higher viscosity than demi water. This higher viscosity hinders the flow
of liquid ML4 through the porous medium, consequently increasing the pore and fiber saturation
duration.
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(a) Result average saturation. (b) Result capillary pressure pores.

Figure 6.7: Results average saturation and capillary pressure through the thickness in the pores.

The resulting capillary pressure profiles are shown in Figure 6.7b. Initially, the capillary pressure
at the top surface equals zero, which is in accordance with the essential boundary condition. After
approximately 0.02s, the boundary condition transitions to a no-flow condition, indicating that all
the liquid from the surface has entered the sheet. From this point onward, the capillary pressure
at the top begins to increase because pores are being emptied. This process starts with the largest
pores, which have the lowest capillary pressures. As time progresses, smaller pores start empty,
leading to the gradual increase in capillary pressure.

6.2.2 Liquid transport model results coated paper

In the simulation involving coated paper, a coating with a thickness of 15µm is applied, while the
paper thickness remains unchanged. The resulting evolution profiles of saturation are depicted
in Figure 6.8. The results reveal a similar delay in onset of paper pore saturation as observed
in the model results of the immersion test. This delay is again attributed to the smaller pores
in the coating being filled first. Around approximately 0.0165s, when the coating is almost fully
saturated, the liquid starts to move into the paper. The overall pore saturation increases until the
finite amount of liquid at the top surface has been absorbed by the sheet. Subsequently, the paper
pore saturation begins to decline, while the coating pore saturation remains fully saturated, as
shown in Figure 6.10a. The liquid favors to move from the larger paper pores toward the bottom
of the sheet rather than from the smaller coating pores. As the capillary pressure rises, it first
depletes the pores with the lowest capillary pressures, associated with the larger paper pores. The
capillary pressure in the coating remains below the minimum capillary pressure of the coating, as
indicated by the blue dashed line in Figure 6.10b, and thus the saturation remains at one. After
the absorption of all liquid on the top surface by the sheet, the overall pore saturation shows a
decrease. This result mirrors to findings from the plain paper simulation, and is a result of the
liquid moving into the fibers.
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(a) Result pore saturation. (b) Result fiber saturation.

Figure 6.8: Immersion test modelling results for coated paper MondiCF immersed in demi water.

Compared to the plain paper simulation, the maximum average paper pore saturation is notably
lower. This lower saturation is because the coating also absorbs a portion of the total amount
of liquid applied at the top surface. Consequently, less liquid volume infiltrates the paper pores
before the liquid at the top surface is entirely absorbed by the sheet. Additionally, the flow within
the paper pores is significantly reduced compared to the plain paper simulation. This decrease in
flow is a results of the lower permeability of the coating that acts as a barrier. Consequently, the
liquid tends to enter the fibers more rapidly than it progresses through the thickness within the
pores. This leads to a steep increase in fiber saturation, as can be seen in Figure 6.8b.
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Figure 6.9: Results average saturation and capillary pressure through the thickness in the pores.

6.2.3 Resulting strain time evolution

The mechanical model, coupled with the results of the liquid transport simulation, is utilized to
determine the curvature over time. In Figure 6.9a, the results from the model are illustrated for
both plain and coated paper. Additionally, experimental data from test conducted on a plain
MondiCF paper sheet are included. Since there is no available data for coated paper, the results
from the coated paper simulation are compared with those from the plain paper simulation.

Comparison between the model and experiment reveals that the model tends to over predict the
maximum curvature by approximately a factor of 1.7. This overestimation suggests that the
predicted distribution in hygroexpansive strain through the thickness is too sharp. One factor
that can likely influence this distribution is the fiber diffusion. As the fiber diffusion decreases,
the liquid can flow more easily to the pores at the bottom of the sheet. Consequently, the onset
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of fiber saturation at the bottom of the sheet starts earlier, resulting in a more gradual increase
in fiber saturation. As the fiber saturation increases more gradually through the thickness, the
maximum curvature of the sheet decreases. One factor that influences the rate of diffusion is the
fiber diffusivity. It is possible that the fibers experience a different fiber diffusivity when in contact
with model liquid ML4 compared to demi water.
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Figure 6.10: Results curvature over time and hygroexpansive strain in the sheet at maximum
curvature.

The experimental data also reveals a gradual decrease in curvature after reaching maximum cur-
vature, which is considerably slower compared to the simulation results. The slower rate at which
uniform saturation is reached is thus much lower then the model predicts, again indicating a poten-
tial overestimation in fiber diffusion. The presence of fillers and other additives in the paper likely
influences the rate at which full saturation is reached [4]. Additionally, the absence of modelling
the plastic strain in the simulation could contribute to the faster decrease in curvature observed
in the model. In the pure elastic case, the internal stresses within the paper approach zero as the
fibers become more uniformly saturated. Factors such as creep and plasticity could potentially be
influencing the long term curvature behaviour.

When comparing the coated paper to the plain paper, it is evident that the coated paper reaches
a higher maximum curvature. To examine the difference between the two media, the resulting
hygroexpansive strain through the thickness is plotted at the time the sheet is at maximum cur-
vature in Figure 6.10b. It can be observed that in plain paper, the distribution of fiber saturation
is slightly more gradual compared to the coated paper. In the coated paper, the liquid has mostly
entered the fibers in the top regions of the paper, resulting in a significant difference in hygroex-
pansive strain throughout the thickness. This larger hygroexpansive strain is attributed to the
slower rate at which the liquid moves through the pores in the coated paper. According to the
model, the reduction in liquid flow within the paper leads thus to larger curvature in the sheet.
One might argue that the coating could potentially act as a resistance against the curvature.
However, as already evident from the results of the immersion test, the resistance of this layer is
not significant due to its low elastic modulus test.

6.3 Parameter study

The model is now subjected to several parameter variations to study the effect of these parameters
on the penetration time and mechanical expansion. A sweep over the coating thickness, pore radii,
porosity and contact angle is conducted to study the influence of the coating on the penetration
time. Furthermore, the model is executed with the four different model liquids from Table 5.3 to
investigate the effect of various fluids on the mechanical expansion time of the coated paper sheet.
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6.3.1 Coating properties

Figure 6.11 shows the results from the sweep over the coating properties. The value on the y-axis
corresponds to the time at which the paper pores initiate saturation, i.e. the time delay induced
by the liquid penetrating through the coating. An increase in contact angle leads to a longer
penetration time. For contact angles between 0 and 50 degrees a gradual increase is observed
of approximately 0.03s. However, particularly for relatively large contact angles, this increase is
significantly greater. From a contact angle of 50 to 80 degrees an increase of approximately 0.22s
is observed. This aligns with expectations, as higher contact angles introduce greater resistance
to imbibition, and contact angles higher than 90 degrees even prevent imbibition altogether.

The coating thickness is varied between 5-15 µm, which are commonly utilized in coating appli-
cations [7]. From the parameter study it can be concluded that increasing the coating thickness
leads to a nearly linear rise in penetration time. Increasing the coating thickness with 5µm leads
to an approximate increase of 0.025s. Here an increase from 10 to 15 µm, shows a slightly bigger
increase than increasing from 5 to 10 µm, showing the the increase is not entirely linear. This in-
crease in penetration time for thicker coatings aligns with expectations, considering that a thicker
coating requires the liquid to travel a greater distance.

The porosity exhibits no visible effect on penetration time according to the model. Equation 2.4a
and Equation 2.13 explains this behaviour. The last term in Equation 2.4a can be neglected when
only considering the coating, because there is no exchange from the pores to the surrounding bulk
material. By substituting the formulation for the permeability, Equation 2.13, into Equation 2.4a
and considering a constant porosity through the thickness, the porosity can be isolated. From this,
the porosity can be divided out of the equation, meaning that it has no influence on the results.

Finally, increasing pore size at constant porosity results in a decrease in penetration time. This
decrease is particularly notable for very large pores where the decrease is considerable. It is
also noteworthy that a substantial decrease in large pore radius leads to an exponential grow in
penetration time.

Figure 6.11: Results average strain over time from the mechanical model and measurements.
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6.3.2 Liquid properties

Figure 6.12 presents the model and experimental results for the four different liquids. Upon ex-
amining the results, it becomes apparent that model liquid four exhibits the shortest expansion
duration. This liquid also contains the highest water mass percentage compared to the other model
liquids. Introducing Hexanediol or Glycerole into the mixture significantly prolongs the elongation
period, as can be seen from the results of the other model liquids. Addition of Hexanediol reduces
the surface tension of the mixture, thereby decreasing capillary pressures within the pores. This
decrease leads to lower capillary action-driven flow, which in turn extends the saturation times.
The addition of Glycerole increases the mixture’s viscosity. Liquids with high viscosity experience
greater resistance against flow compared to liquids with a low viscosity, leading to extended satu-
ration times. Thus, by adding Hexanediol or Glycerole to the mixture, saturation times increase
and the sheet’s elongation time is prolonged.

The model yields similar elongation times for model liquids ML2 and ML3. However, according
to the experimental data, ML2 exhibits elongation times much closer to ML4, while ML3 tends
to shows similar elongation times to ML1. These measurements indicate that the viscosity has
a significantly greater impact on the elongation times than the surface tension of the liquid. On
possible explanation for this observation is the difficulty with which a highly viscous fluid wants to
infiltrate the fibers. The fiber diffusivity term is based on demi water entering the fibers of the pa-
per, which has a relatively low viscosity. ML2 and ML4 have a slightly higher viscosity with respect
to demi water, however ML1 and ML3 how much higher viscosity’s. This discrepancy in viscosity
could potentially explain why ML2 and ML4, and ML1 and ML3, exhibit similar elongation times.
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7 Conclusion

The main goal of this study was to understand the physics behind the liquid transport in coated
paper sheets and the subsequent mechanical deformations. To achieve this, a one-dimensional
numerical framework is extended to also account for coated papers. This original framework sim-
ulates the capillary-driven flow through a porous-fibrous network and subsequent interaction with
cellulose fibres. At its core, the model employs the classical Richards equation, which is widely
used to describe flow through porous media. To this balance equation, liquid exchange between
pores and fibers is added. The liquid transport from pores into the cellulose fibers is modeled
using a one-dimensional diffusion equation. Relationships between saturation, capillary pressure
and permeability are derived from measured pore size distribution of plain paper sheets. The
transport model is coupled with a hygro-elastic mechanical model to describe fiber swelling and
provide insights into sheet’s hygro-expansion.

Validation of the model is conducted through an immersion test. This experiment measures the
hygro-expansion of fully immersed (coated) paper sheets. A comparison between experimental
data and model predictions revealed that the model is able to predict the overall deformation time
scale for a plain paper immersed in demi water quite well. Only the initial strain showed a slight
overestimation, although at these small time scales, there is also some uncertainty in the measure-
ments. Moreover, the model is able to predict a delay in deformation onset in coated papers due
to the time scales associated with liquid movement through the coating. It was also revealed that
the coating significantly extends the time scales for liquid movement through the paper pores,
primarily due to the lower permeability of the coating. Consequently, this leads to an extended
duration for fibers to saturate, resulting in increased overall deformation times. Qualitatively,
these timescales were also apparent in the measurement. However, a precise quantitative match
between the model predictions and measurements was not achieved due to numerous uncertainties
associated with the properties of coated papers.

Model predictions were also compared with measurement data from a curl test, which measures
the sheet’s curvature over time following the application of a finite amount of liquid on the top
surface. Comparison between model predictions and measurement data for plain paper revealed
an overestimation of the maximum curvature by approximately a factor of 1.7. Moreover, discrep-
ancies were observed in the decrease of curvature after reaching this maximum curvature. The
model predicted a rapid decrease to zero curvature, while data from measurements revealed a slow
decrease that did not return to zero.
Comparison between model predictions for plain and coated paper showed that the coated paper
experienced a larger maximum curvature. This was accompanied by a steeper hygroexpansive
strain profile observed in the sheet at the time of maximum curvature. This steep profile arises
from the slower movement of liquid through the thickness, primarily saturating the upper fibers
in the sheet. According to the model, this reduction in liquid flow, attributed to the resistance of
the coating, leads to larger curvatures.

The model was also subjected to a parameter study. Increases in contact angle, viscosity or coating
thickness prolong the duration of liquid traveling through the coating before initiation of paper
pore saturation, whereas an increase in pore size or surface tension showed a decrease in penetra-
tion times. The porosity did not show any notable changes in penetration times.
Furthermore, four model liquids were employed to investigate the effect of viscosity and surface
tension. It was found that increasing either viscosity or surface tension resulted in an increase
in deformation times. However, there were differences in magnitude between the results from
measurement data and model predictions. The measurements showed that viscosity had a much
greater impact on deformation times compared to surface tension, whereas he model predicted
these effects to be roughly the same. The comparison between model predictions and measure-
ments data might suggest that higher viscosity fluids may encounter more difficulties in entering
the fibers.
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Although the model exhibits some deviations in initial strain increase and long-term expansion
behaviour, the influence of coating application is evident from the model predictions. A total
understanding of the physics behind the liquid transport and subsequent mechanical deformations
is thus not achieved. However, the model gives some understanding on the delay of mechanical
deformations in coated paper sheets. This delay is primarily attributed to reduced pore sizes and
lower permeability in the coating layer. Further research on topics like pore-fiber exchange, perme-
ability function and elasto- and viscoplasticity could enhance accuracy and deepen understanding
of the underlying physics.
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8 Evaluation & Outlook

Throughout this study, certain assumptions have been made which influence the results of the
model. This Chapter evaluates these assumptions and offer suggestions for future research to gain
a deeper understanding of liquid penetration in coated paper sheets.

One aspect of the model that requires further investigation is the transport of liquid from pores
into fibers. In this work, a one-dimensional diffusion model has been proposed to describe the
transport from a single pore into its neighbouring fibers. The summation of these local fiber
saturations yields the global fiber saturation at sheet level. For relatively quick pore saturation
this describes the transport behaviour quite well. Only the initial rate of fiber saturation seems
to be slightly overestimated by the model. In the context of a coated paper, pore saturation is
drastically reduced. This reduction leads to substantial time delays in pore saturation initiation
within larger pores. This delay in larger pores suggest that smaller pores may saturate a region
larger than assumed by the local fiber diffusion equation. Consequently, the time for the fibers to
saturate is likely prolonged. Utilizing a more sophisticated model capable of accounting for these
large variations in pore saturation onset would provide deeper insights into the fiber saturation.
Additionally, the effect of viscosity on fiber diffusion still remains uncertain. The model shows
significant differences in the elongation times of the four model liquids with respect to the mea-
surements. This could potentially be a results of decreased fiber saturation for higher viscosity
fluids. Further research into this might give more insights in the response of (coated) paper sheets
to various liquids.

Additional investigation is needed into the the permeability model within the water transport
model. This study employs a simplistic permeability model derived from a porous block with
cylinders of varying radii. However, this model tends to overestimate the permeability signifi-
cantly, leading to the introduction of a scaling factor to account for this. Despite this correction,
the utilized permeability model shows higher permeability at low saturation compared to the
widely accepted van Genuchten model. Unfortunately, attempts to implement van Genuchtens
permeability model resulted in convergence errors in the current numerical setup of the water
transport model. Investigating these convergence issues further to enable the utilization of the
van Genuchten model could yield additional insights into the penetration time through (coated)
papers. Moreover, investigating more sophisticated permeability models could offer deeper under-
standing of the underlying processes governing liquid penetration. It is worth considering building
upon the research conducted by van der Wijst [20] and Ploumen [15].

The current mechanical model is very simplistic: only elastic and hygro-expansive strain are con-
sidered. Yet, paper exhibits viscoelastic and viscoplastic behaviour. This behaviour is evident in
the measurements, which reveal creep strain over prolonged periods. Integrating this behaviour in
the model would offer greater understanding of the mechanical deformations over extended dura-
tions. This includes conducting creep measurements at various moisture contents to gather creep
data for calibrating the model. Additionally, performing tensile tests on a coating sample could
give more insight in the elastic modulus of the coating. Currently the coating’s elastic modulus is
assumed to be 100 times lower than the elastic modulus of paper. A more accurate determination
of the coating’s elastic modulus could give more insights into its resistance against global sheet
deformation.

An interesting observation from the measurements, simplified in the model, concerns the pa-
per thickness in the coated papers. Measurements revealed a total sheet thickness ranging from
70− 80µm, with a coating thickness of roughly 15µm on both sides. This suggests that the paper
thickness is around 40−50µm, which also implies that the pore size distribution might be affected
due to compression of the paper. In the model, the base layer thickness with a plain paper pore
size distribution is used for the paper layer. The reduced thickness in the measured coated papers
might imply that the liquid penetration is faster than predicted by the model. However, smaller
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pore sizes due to compression implies prolonged liquid penetration. These opposing effects due to
thickness reduction and smaller pores counteract each other. However, the extent of each effect
remains uncertain. Further investigation into the decrease in sheet thickness and possible alter-
ations in pore size distribution could lead to deeper understanding of the liquid penetration in
coated paper sheets.

Finally, the model is limited to predicting liquid transport solely through the thickness of the
paper sheet. Hereby it is assumed that the in-plane liquid distribution is uniform, meaning that
only uniform wetting of paper sheet’s top surface can be analyzed. To investigate the effect of
partial saturation of the top surface, such as when applying a droplet, the model needs to be
extended to higher dimensions.
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A Derivation Richards equation

Richards equation is derived from the general mass balance equation. According to this equation,
the mass accumulation over time is a function of the incoming and outgoing mass fluxes. In terms
of mol it is expressed as,

∂

∂t

∫
V

ndV = −
∮
S

J⃗ · n⃗dS. (A.1)

Where the first term represents the mass accumulation, and the second term the in and outgoing
mass flux. The variable n represents the amount of mol per volume [mol

m3 ], J⃗ the flux [mol
m2s ] and

n⃗ the normal vector. Note that the in going flow is negative and the outgoing flow positive, as is
shown in Figure A.1.

Figure A.1: Schematic of mass balance.

The divergence theorem can be used to express Equation A.1 in terms of two volume integrals,

∂

∂t

∫
V

ndV = −
∫
V

∇ · J⃗dV. (A.2)

From this follows that,
∂n

∂t
= −∇ · J⃗ . (A.3)

The local fluid content in the pores and the volumetric inflow can be written in terms of n and J⃗
through multiplication of the molarity v,

χp = vn (A.4a)

q⃗ = vJ⃗. (A.4b)

Combining Equation A.3 and Equation A.4 leads to,

∂χp

∂t
= −∇ · q⃗

ϕp
∂Sp

∂t
= −∇ · q⃗.

(A.5)

Applying Darcy’s equation and writing in one-dimension leads to,

ϕp
∂Sp

∂t
=

∂

∂z

(Kp(Sp)

η

∂pc(Sp)

∂z

)
. (A.6)

Taking into consideration that the total pressure can be expressed in terms of the capillary pressure,

p(z, t) = pamb − pc(z, t). (A.7)

Equation A.6 can be written in terms of the capillary pressure, which leads to the Richards
equation,

ϕp
∂Sp

∂t
= − ∂

∂z

(Kp(Sp)

η

∂pc(Sp)

∂z

)
. (A.8)
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B Derivation pore size distribution

Assuming that the porous network is made from a bundle of parallel tubes, the intruded volume
can be written as the summation of each tube’s volume,

Vpl(r) = Lp

∫ r

0

P (r)πr2dr (B.1)

here it is important to include the pore size distribution, which is a measure for how much tubes
with radius r are present in the porous medium. Taking the derivative of the volume with respect
to r leads to the following,

dVpl

dr
= LpP (r)πr2

P (r) =
1

Lpπr2
dVpl

dr
.

(B.2)

The intruded volume can also be expressed in terms of the saturation, by multiplying it with the
total pore volume,

Vpl(r) = VpSp(r). (B.3)

The pore size distribution can thus also be expressed in terms of the saturation, by taking the
derivative with respect to r in Equation B.3 and substituting the result in Equation B.2,

P (r) =
Vp

Lpπr2
dSp

dr
. (B.4)
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C Determining water retention parameters

Parameters for the three water retention functions are determined from the experimental MIP
results. Here an example is shown on how to derive these parameters. For this example, experi-
mental results are taken from a MIP test performed on a Mondi CF paper type.
As a first step, the resulting water retention curve from the MIP test is mirrored around 0.5 sat-
uration. In the MIP test the largest pores are filled first, due to these having the least pressure
gradient. When applying an external pressure the mercury thus first invades these pores. When
applying a liquid with a low contact angle, such as demiwater, no external pressure is needed as
the liquid gets sucked into the porous medium. This process happens in the pores with the largest
pressure gradient, as they suck in the liquid the hardest. In this case the smallest pores are thus
filled at first. Due to this opposition it is needed to mirror the curve from the MIP test. The
derived curve is shown with the results from the MIP experiments in Figure C.1
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Figure C.1: Water retention function from MIP result.

C.1 Linear model

The linear model is fitted on the linear part of the derived curve. The linear fit is written in the
form,

Sp,Linear(r) =
r − rmin

rmax − rmin
. (C.1)

The value for rmin is thus equal to the measured radius at which the saturation is zero. The value
for rmax can then be determined from the slope of the linear part of measured water retention
curve,

rmax =
(dSp

dr

)−1

+ rmin. (C.2)

The linear fit is visually depicted in Figure C.1

C.2 Brooks-Corey model

The Brooks-Corey model, describes the relation between capillary pressure and saturation for
values of the capillary pressure higher than the bubbling pressure. The bubbling pressure is the
pressure that needs to be applied on the gas phase to remove an initial amount of water in a
fully saturated porous medium. In the work of Su [19], for capillary pressure lower than the
bubbling pressure the saturation is set equal to one, which leads to the following equation for the
Brooks-Corey model,

Sp,BC(pc) =

{
1 pc < pb(
pb

pc

)λ
pc ≥ pb.

(C.3)

Within this relation the parameters pb and λ need to be determined. The two parameters are
medium dependent and are a measure for the maximum pore size forming and characterization of
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the pore size distribution respectively. In order to fit these parameters to measurement data the
following procedure is followed. First the following derivative on loglog-scale is determined,

dlog10(Sp)

dlog10(pc)
= (ln10)pc

dlog10(Sp)

dpc
. (C.4)

The last term in Equation C.4 is given by,

dlog10(Sp)

dpc
=

d

dpc

( ln(( pb

pc

)λ)
(ln10)

)
= − 1

(ln10)

(pb
pc

)−λ

λ
(pb
pc

)(λ−1) pb
p2c

= − λ

(ln10)pc
.

(C.5)

Substituting Equation C.5 into Equation C.4 then gives,

dlog10(Sp)

dlog10(pc)
= −λ. (C.6)

Plotting the Brooks-Corey water retention function on a loglog-scale thus results in a straight line
with slope −λ. The Brooks-Corey function is thus linearly fitted on the measured water retention
curve displayed on a loglog-scale. This is visually depicted in Figure C.2.
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Figure C.2: Water retention function Brooks-Corey fit.

C.3 van Genuchten model

Unlike the two models mentioned above, the van Genuchten model is valid for all values of pc.
Instead of a discontinuous jump at the bubbling pressure, smoothing is added in this model, which
leads to a continuous curve that approximately goes to one for low capillary pressures. The van
Genuchten model is given by,

Sp,V G =
( 1

1 + (αpc)n
)m

. (C.7)

The relation consist of three unknown parameters, α, m and n. For the special case that the van
Genuchten model can be used in the Mualem theory [12], a relation exists between the parameters
m and n,

n =
1

1−m
. (C.8)

Using Equation C.8, the van Genuchten relation can be rewritten to find an expression for α in
terms of saturation, capillary pressure and the unknown parameter m,

α =
1

pc
(S

− 1
m

p − 1)
1
n . (C.9)
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The parameters α and n can thus be determined if m is known. To determine parameter m from
the measurements, the following procedure is used.
First, Equation C.7 is rewritten as,

χ− χr

χs − χr
=

( 1

1 + (αpc)n
)m

(C.10)

where χ is the water content. The subscripts s and r refer to the saturated and residual water
content of the porous medium. The saturated water content refers to the water content if the
porous medium is fully saturated. This value equals the porosity of the medium. The residual
water content is the initial water content in the porous medium.
From Equation C.10, the water content can be written as a function of the capillary pressure,

χ = χr +
χs − χr

[1 + (αpc)n]m
. (C.11)

Differentiation gives,

dχ

dpc
= −αmn(χs − χr)

(αpc)
n−1

[1 + (αpc)n]m

= −αm(χs − χr)

1−m
S

1
m
p (1− S

1
m
p )m.

(C.12)

Substitution of Equation C.9 into Equation C.12 leads to,

pc
dχ

dpc
= −m(χs − χr)

1−m
Sp(1− S

1
m
p ). (C.13)

The first term in Equation C.13 is related to the slope on the semi-logpc graph of the retention
curve,

dχ

d(log10(pc))
= (ln10)pc

dχ

dpc
. (C.14)

The derivative of the saturation with respect to the logarithm of capillary pressure can also be
evaluated and is related to the slope of the semi-logpc graph of the retention curve,

dSp

d(log10(pc))
=

1

χs − χr

dχ

d(log10(pc))

= −(ln10)
m

1−m
Sp(1− S

1
m
p ).

(C.15)

The parameters α and m can now be determined by taking a point A on the water retention
curve. At point A the values for saturation, capillary pressure and the derivative of saturation
with respect to capillary pressure needs to be evaluated. The best location for evaluating these
values is halfway between χr and χs, so at Sp = 0.5. This is visually depicted in Figure C.3. By
doing this the parameters α and m can be determined with the following two equations,

dSp

d(log10(pc))
= −1

2
(ln10)

m

1−m
(1− 2−

1
m ) (C.16)

pc =
1

α
(2

1
m − 1)1−m. (C.17)
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Figure C.3: Water retention function van Genuchten fit.

To determine parameter m from Equation C.16 it is convenient to express m as of function of the
slope T =

dSp

d(logpc)
. In the work of van Genuchten two empirical inversion formulas are proposed,

m =

{
1− exp(−0.8T ), (0 < T ≤ 1)

1− 0.5755
T + 1

T 2 + 0.025
T 3 , (T > 1).

(C.18)

By approximating the slope on the semilogpc water retention curve the parameter m can thus be
determined. The values α and n can thereafter be derived from Equation C.9 and Equation C.8
respectively.

44



Master thesis

D Permeability models

Darcy’s equation is used to describe flow trough a porous medium. Within darcy’s equation a
variable called the permeability is used, which describes the resistance against flow in the porous
medium. It is in important measure in determining the flux through a porous block. Darcy’s
equation, in one dimension, is given by,

qp = −Kp

η

dp

dz
. (D.1)

The derivation of permeability is presented here for two models proposed by N. Dave et al. [4] and
van Genuchten [8]. Dave’s model is based on the linear part of the experiment results obtained
from a MIP test. This model is also referred to as the linear model. Van Genuchten’s model is
built upon equations derived from Mualem’s model [12], which is formulated based on knowledge
of the water retention curve and the conductivity at saturation.

D.1 Linear model

The linear model assumes that the porous medium is made of a bundle of parallel tubes with
different radii, the total flux can be expressed as the summation of volume flux’s in each cylinder
Qi divided by the total area A,

qp = −
∑Npl

i=1 Qi

A
= −

Npl∑
i=1

πr4i
8ηA

dp

dz
. (D.2)

It is important to note here that the summation is taking over all cylinders that are filled with
liquid, Npl. In the cylinders where no water is available, no flux is present.
The porosity of the porous medium is defined as,

ϕp =
Vp

V
=

∑Np

i=1 πr
2
i

A
(D.3)

here the summation is taken over all pores Np, as the porosity is dependent on all pores inside the
porous medium. Rewriting Equation D.3 in terms of A and substituting the result in Equation D.2
gives,

qp = −ϕp

8η

∑Npl

i=1 r
4
i∑Np

i=1 r
2
i

dp

dz
. (D.4)

From comparing Equation D.4 with Equation D.4 it becomes clear that the permeability for a
bundle of parallel tubes with different radii is given by,

Kp =
1

8
ϕp

∑Npl

i=1 r
4
i∑Np

i=1 r
2
i

=
1

8
ϕp

∫ r

0
P (ρ)ρ4dρ∫∞

0
P (r)r2dr

=

Vp

Lpπ

∫ r

0
dSp

dρ ρ2dρ

Vp

Lpπ

∫∞
0

dSp

dr dr

=

∫ r

0
dSp

dρ ρ2dρ∫∞
0

dSp

dr dr
.

(D.5)

Taking the derivative of the saturation Sp with respect to the pore size r for the linear model
gives,

dSp

dr
=

1

rmax − rmin
. (D.6)
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So the resulting permeability is,

Kp =
1

24
ϕp

r3 − r3min

rmax − rmin
. (D.7)

Writing rwet in terms of Sp and multiplying the permeability by a correction factor 1
cperm

leads to

the final function for the permeability,

Kp(Sp) =
ϕp

24cperm

(
rmin + Sp(rmax − rmin)

)3 − r3min

rmax − rmin
. (D.8)

D.2 van Genuchten model

The van Genuchten model gives a measure for the relative permeability as a function of capillary
pressure based on the theory outlined in Mualem’s model. Relative permeability represents the
ratio of effective permeability to saturated permeability and ranges between zero and one. A
value of one indicates that the effective permeability equals the saturated permeability, i.e. the
permeability of a fully saturated porous medium. The expression for relative permeability is as
follows:

Kr =
Kp

Ksat
(D.9)

with Ksat the saturated permeability. The equation derived by Mualem [12] for predicting the
this hydraulic conductivity is,

Kr = S
1
2
p

[∫ Sp

0
1

pc(z)
dz∫ 1

0
1

pc(z)
dz

]2
. (D.10)

Van Genuchten integrated this expression with his relation for the water retention curve. From
this he derived an expression for the relative permeability in terms of capillary pressure,

Kr(pc) =
{1− (αpc)

n−1[1 + (αpc)
n]−m}2

[1 + (αpc)n]
m
2

. (D.11)

Expressing capillary pressure in terms of saturation gives a relation for relative permeability in
terms of saturation. Subsequently, the effective permeability Kp is obtained by multiplying this
relative permeability by the saturated permeability. The saturated permeability is determined
from the total permeability of the linear model, which involves substituting a value of one into
Equation D.8. Thus, the saturated permeability is expressed as:

Ksat =
ϕp

24cperm

r3max − r3min

rmax − rmin
. (D.12)
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E Global fiber saturation

To transform from the local fiber saturation to a global fiber saturation of the paper sheet the
cross section at a height z is considered. When a specific pore is saturated it starts to fill its
neighbouring fiber. It is assumed that a single pore fills this neighbouring fiber till a depth d,
which equals half the fiber thickness. The volume that a single pore can fill according to this
assumption is visually depicted in Figure E.1 by the red dashed line. The total fiber volume can
then be estimated by adding all local fiber volumes,

Vf =

N∑
i=1

d∆Ai (E.1)

where ∆A is the local area between a specific pore and its neighbouring fiber.

Figure E.1: Schematic cross section paper sheet with simplified pore structure.

Adding the total fiber volume to the total pore volume gives the volume of the paper sheet.
From this expression it is possible to write the total fiber volume as a function of the pore size
distribution P (r),

Vf = V − Vp

= (
1

ϕp
− 1)Vp

= (
1

ϕp
− 1)Lp

∫ ∞

0

P (r)πr2dr.

(E.2)

When assuming that the pores are cylindrical shaped, the local area ∆A between pore and fiber
can be estimated as a fraction of the outer surface of a cylinder. This surface is given by the
circumference of the cylinder times the characteristic length Lp,

∆A = cA2πrLp (E.3)

where cA describes the fraction of the area. This fraction can be found by combining Equation E.1,
Equation E.2 and Equation E.3,

N∑
i=1

cA2πriLpd = (
1

ϕp
− 1)Lp

∫ ∞

0

P (r)πr2dr

cALpd

∫ ∞

0

P (r)2πrdr = (
1

ϕp
− 1)Lp

∫ ∞

0

P (r)πr2dr

cA =
1− ϕp

ϕpd

∫∞
0

P (r)πr2dr∫∞
0

P (r)2πrdr
.

(E.4)
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From this the ratio of wetted surface area can be determined as,∑Nw

i=1 ∆Ai

Vf
=

∑Nw

i=1 cA2πriLp

( 1
ϕp

− 1)Lp

∫∞
0

P (r)πr2dr

= cA
ϕp

1− ϕp

∫ r

0
P (ρ)2πρdρ∫∞

0
P (r)πr2dr

=

∫ r

0
P (ρ)2πρdρ

d
∫∞
0

P (r)2πrdr

=
ln
(
1 + Sp

rmax−rmin

rmin

)
ln
(

rmax

rmin

)
d

.

(E.5)
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