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Abstract.

We consider retrial queues with slow retrials for M/M/s/s loss systems in
the Halfin-Whitt regime. In this regime the service capacity s is large and
the arrival rate ) is related to s according to A = s — v4/s with v < /s.
We present s-uniform asymptotics for the inverse Poisson-Mills ratio f4(9)
as § — —oo. This f; occurs in Cohen’s equation a = fs(y —a), v > 0, for
the retrial factor a = as(7y) that determines the retrial rate © according to
Q = ay/s. We thus obtain approximation results for as(y) with small v > 0
(critical range) with uniform error assessment. Furthermore, we present uni-
form asymptotics of fs(d) in the form of an asymptotic series in powers of
1/4/s with coefficients expressed in terms of the inverse Gaussian Mills ratio
fo(6) in aTange § < s/¢. This allows explicit corrections, in powers of 1/4/s,
of the limiting retrial factor a = as(y) that are valid uniformly in the range
0 << s



1 Introduction

Loss systems with slow retrials in the Halfin-Whitt regime were considered
recently in [1]. Thus, there is considered the M/M/s/s queue (multi-server
loss model) with s servers under a heavy-traffic scaling with arrival rate A
of the form A = s — /s with v a constant, often of order unity, less than
V5. Without retrials, system stability is guaranteed for any v < /s, but
in the presence of (slow) retrials, one must assume v to be positive. Under
the assumption of slow retrials, the additional load €2 on the system due to
retrials was shown by Cohen [2] to satisfy the equation

Q=A+Q)B(s,A\+Q) . (1)
Here, B(s, A) is the Erlang B expression
s/l A 2
Bs, N = L - @)
Z )\k//{:! / 67)‘/()\//5)8 AN
k=0
A

that represents the steady-state blocking probability in the Erlang loss sys-
tem. In the Halfin-Whitt regime, we write

)\:S—’}/\/g, Q:a\/§7 (3)

with a the retrial factor, and then Cohen’s equation (1) takes the form

a:fs(,y_a) ) <4)

where f; is expressed in terms of B as

J
Fu0) =5 (1= 72 ) Bls,s = 6V5) (5)
with § < /s, and negative values of § allowed. The function f; is called the
inverse Poisson-Mills ratio.

Cohen’s equation (4) in the Halfin-Whitt regime was studied in consider-
able detail in [1]. Key results are

— existence, uniqueness and monotonicity properties of the solutions a =
as(y) for s > 1 and 0 < v < /s,

— asymptotics of as(y) for fixed s according to



— convergence as § — 00 of as(7y) to ax(7y) according to
(3~ ax) = O( =) @
Qs — O = )
v v 7

uniformly in v on any compact interval [yy,v1] with 0 < vy < 73 < o0,

— analysis of a(7y) occurring in (7) as the unique solution a of the limiting
form of Cohen’s equation

a:foo<7_a)7 (8)
with v > 0 and f., the inverse of Mills ratio for the Gaussian distribution
e 2%
fuld) = ©)
/ e 20 g5’
— asymptotics of a. () according to
1
1(7) = 2 =742 =200 +8N0TH 007, L0 (10)

The results in [1] on the retrial factors as and a, were obtained by a
thorough study of the Mills ratios f, and f,. In this study the following
facts were noted for f,, and established for f;

— with f = f, or f, there holds
f@0)>-6, —1<f(0)<0,  f6)>0, (11)
for 6 < /s or § < co in the respective cases,

— for fixed s > 1, there holds
2 6y 1 1
fs(é):—é—g—(p—\/g—i‘(Q—g)ﬁ—f—O(ﬁ), (5<0, (12)
and for the limiting case f.,, there holds

1 2 10 74 1
fw(5)=—5—5+§—5—5+§+0(5—9), 5<0, (13)



— convergence as § — 00 of f5(0) to f(0) according to

10) = 100 = 0( ) (14)

uniformly in § on any compact interval [dp, d;] with —oco < d; < b2 < 0.

Cohen’s equation (4) is ill-posed, and this manifests itself by divergence
to 400 of the solutions as(y) and a(7), see (6) and (10), as v | 0. This
ill-posedness stems from (11-13) showing that the graphs of fs(d) and f..(0)
lie above and are tangent to the straight line {(§,—0) |0 < 0}. Hence, there
is no solution a of the equation a = f(y —a) when v < 0 and f = f; or fu,
and there is a unique solution a of this equation when 0 < v < /s or v > 0
in the respective cases. Moreover, the solution a increases to oo as v tends
to 0. From the leading asymptotics of as(y) and ax(7y) as v | 0, one is led
to expect that as(7) — ax(y) = O(1/4/s), also, see (7), when v | 0. Such
information is interesting from the system point of view, since it means that
the Gaussian approximation is valid also in the critical regime ~v | 0 with
vanishing small overcapacity. However, the O(7?) and O(?) terms at the
right-hand sides of (6) and (10) do not allow such a conclusion.

A second concern is the fact that convergence of as(7y) to ax(7y) is rather
slow. One would be interested in being more precise about the O(1/4/s) at
the right-hand side of (7), for instance, in the form of a series

(1) = e(3) + () + S () + (15)

with validity in a set v € (0,7,) with v, — 00 as s — oo. Evidently, an
expansion as in (15) can only be expected to exist when a corresponding
expansion . |

F0) = Fl) + 2 00) 4 5 ) + . (16)
would be available on a range § € (—9,0s) with 0, — 0o as s — oco. An
expansion of the type (16) for B~!(s, s — dy/s) has been developed by Jager-
man, see [3], Theorem 14. However, there is no statement in [3|, Theorem 14,
about uniform validity of the expansion with respect to d, which is required
in our retrial setting where v | 0 implies that § = v — as(y) — —o0 in
Cohen’s equation (4).

Overview of results

In Section 2 we consider, what is called in [1], Subsec. 4.1, the quasi-Gaussian
representation of fs(d) in which f,(d) is displayed in a form reminiscent of
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the expression for f., in (9). By using a substitution involving Lambert’s
W-function, see [4], Sec. 2, the integral contained in this quasi-Gaussian rep-
resentation is brought into a form that is appropriate for repeated partial
integrations, just as this is done when deriving the asymptotic series

[e.9]

1 Lo [ 1 (—1)™(2m — 1)!!
o0 = m=0
1 1 3
= ———=+—=—.., xT— 00,

(17)

see [5], 7.2.14, case n = 0, on p. 300. There results the asymptotic series

oo 1 i
IR (+7+1)a
fs(é)NTJr;{;OW}’ oo, (18)

in which the error after truncating the series after the term with [ = L has
the same sign as and smaller modulus than the term with [ = L + 1. The
coefficients cj; are given by means of a recursion and they are related to Ward
polynomials, see [6]. When in (18) the limit s — oo is taken, so that all terms
with j < [ vanish, the asymptotic expansion (17) for 1/ f.(—z) with z = —¢
is obtained. More generally, by formally summing the triangular array ((, 7),
0 < j <, along diagonals with constant value of [ — 7, one obtains a formal
expansion of 1/f4(d) in powers of 1/4/s with §-dependent coefficients given
in the form of asymptotic series.

Alternatively, by collecting the finite number of terms [, j with common
value of [ + j, one obtains an asymptotic expansion of 1/f,(d) in powers
of 1/6. This expansion is not just formal: a truncation error assessment
appropriate in the contact of asymptotic expansions can be made. In this
form, approximations for f(d) as 6 — —oo, and, subsequently, for as(v) as
~ | 0 with uniform truncation error assessment can be found.

Interestingly, by employing the recursion satisfied by the ¢;;, it can be
shown, see [5], that

1 S~ 1=6/y/s > c;
B(s,s — 0y/5) ve Lo -2 {Z S+t S;(ljn} ’

=0  j=0

J— —00 (19)

with a similar truncation error assessment as in (18).

b}



In Section 3 we consider a representation of 1/f(d) in the form of a
Laplace transform that can be derived from an integral representation of
B~ (s, \) as advocated by Jagers and Van Doorn in [7]. From this represen-
tation of 1/f,(0), the asymptotic series for 1/ fs(d) in powers of 1/§ is readily
reestablished, and we use a method developed by Van Veen in [8] to handle
truncation errors. The same approach can be used to show rigourously that
1/f5(0) — 1/ fs(0) has an asymptotic series in powers of 1/ as § — —o0o,
obtained from the one for 1/f,(d) by deleting the s-independent parts of
the coefficients. In particular, we get 1/f(0) — 1/f(6) = O(67*/+/5), uni-
formly in 6 < 0 and s > 1. The latter result can be used to show that
as(7) — aso(7) = O(1/4/s) as s — oo uniformly in v € (0,1/3).

While both /s B(s,s — dy/s) and fs(0) converge to f.(d) for any J as
s — 00, it is striking to see how much smaller the error fs(d) — foo(9) is than
the error /s B(s,s — 0+/s) — fx(0) for negative 6 : O(672/+/s) compared
to O(6%/(—0 + +/s)) when § < —1. Tt is apparently inclusion of the factor
1 —40/4/s at the right-hand side of (5) that brings about this accuracy im-
provement, a thing one would perhaps never have thought of to do when one
were unaware of the connection with Cohen’s equation in the Halfin-Whitt
regime.

In Section 4 we combine the representation of 1/ f,(0) as a Laplace trans-
form with Van Veen’s method in a form slightly different from the form that
was used in Section 3. This results into an asymptotic series

1 = .
=~ Y 52 K (s) In(6) — o0 <4< sV (20)
fs(6> m=0
with term m = 0 given by 1/f.(d). In (20) we have that Ky(s) =1, K(s) =
Ky(s) = 0, and K,,(s), m = 3,4, ..., are given recursively as polynomials

in s with no constant term and of degree |m/3]. Furthermore, I,,(d) is a
function of the form

_ Pu(=9)
T )

with P,, and @),, polynomials of degree m and m — 1, respectively, that
occur as denominators and numerators of the continued fraction expansion
of Laplace for the function /(z), > 0, in (17). For the series in (20), a
truncation error analysis, based on Van Veen’s method, can be made that
is appropriate in the context of asymptotic series. In particular, when we
truncate the summation in (20) after the term with m = 3, we get

L1
f(0) * 3fec(0) Vs

1n(0) = Qm(=0), (21)

(63 436 + (62 + 2) fo(9)) (22)



as an approximation of 1/f,(§) on a range —oo < & < s'/% with an error
O(E(0)/s) with E(d) expressible in the first few deleted terms of the series
in (20). As a consequence, approximations of fs(J) in terms of f.(J) on a
range —oo < & < s/ and subsequently, approximations of a,(y) in terms
of as(y) on a range 0 < v < s'/% can be given. Here the fact that the
I,, can be expressed according to (21) into f(d) is convenient when using
J = 7 —aw(7) in the Gaussian limit form a = fo (7 —a) of Cohen’s equation.
Thus we find explicit forms for the first two correction terms s~'/2b () and

s 'co(7) in the expansion of a,(vy) in (15).

2 Uniform asymptotics of f(d), § — —oo, from
quasi-Gaussian representation

We let for s > 1 and § < /s

a(0) = as(0) = <—2s <% +1In (1 — %))1/2 : (23)

where the square-root is taken such that sgn(as(9)) = sgn(d). Using this in
the integral form (2) of B with A = s — §y/s, remembering the definition of
fs in (5) and substituting N = s — ¢’\/s, it follows that

st o1

t/"e—%aﬂy>d&

—0o0

f(0) =

From Taylor expansion in (23), one has for § € R

20 62 1/2 1
— F — + ... =9 — . 2
B ) o) x e
This has been used in [1], Subsec. 5.9 to show that f.(6) — fs(d) = O(1/+/s)
uniformly in any compact set of § € R.

We have, see (17), when 6 — —o0,

C%@):5(1+

)

o0

_— 2 2 d(s ~ — 2
In ( 5) € / € mEO: §2m+1 ) ( 6)

—00

in which the error after truncating the series after the term with m = M has
the same sign as and smaller modulus than the term with m = M + 1. This
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is obtained from the integral representation of 1/f,(d) in (26) by repeated
partial integration. We shall derive a similar result for 1/f,(9).
We denote for x € R the solution y € (—o0,1) of

—y—In(l—y)=12" (27)

by y(x), where we choose signs according to sgn(y(z)) = sgn(x). This y is
closely related to Lambert’s W-function and is considered in detail in [4] and
in [9], Appendix. In particular, y is an increasing and concave function of
x € R with y(0) =0, ¢'(0) = 1. Noting from (23) that

- } ~m(1- %) = 2 @)V (28)

y(as(0)/VE) = 5/V5,  G<+s. (29)

We consider the integral

it is seen that

é
1,(5) := / e 2930 g’ (30)

—0o0

that occurs in the quasi-Gaussian representation (24) of fs(d), and we sub-
stitute x = «(d"). By (29) we have

y'(a(d)/Vs)a'(9) =1, d</s, (31)
from differentiation with respect to 9, and so
()

1,(6) = / ey @/ VR e, 6 <5 (32)

The form (32) of I,(d) lends itself for repeated partial integrations in

which (29) and

N i
Ey(x)_y(x) 1, €ER, (33)

are instrumental in keeping the resulting expressions manageable. We first
need some definitions. For [ = 0,1, ... and integer j, we define ¢;; recursively

by

cop = 1; ConO, 7<0orj>0, (34)
vy = (+1+j)a; —(+7j)c -, J=0,1,..,1+1;
1, = 0, j<Oorj>Il+1. (35)

The following table gives (—1)7 ¢;; for j =0,1,...,l and I = 0,1, ...,5.

8



o I O -
ot
w
o
o o o o
o o o o

26 35 15
24 154 340 315 105 O
120 1044 3304 4900 3465 945

Table 1. (—1)¢; for j =0,1,....,l and 1 =0,1,2,3,4,5.

U = W NN = O~

It is not hard to show by induction that for [ =1, 2, ...

, L+ /1 .

0< <_1)] Cij < ]'2j <]> ) J = O?L"'al ) (36)
20)!

ao=1', (=1)'ey= (l'_Q)l = (20— 1) . (37)

Hence, (37) shows that there is equality in the second inequality in (36) for
j =0 and j =1[. It follows also by induction that for £ > 1

| < 5 (k+2) k!, 0<I1<3k. (38)

The inequality (38) sharpens the second inequality in (36) for large [ and
relatively small j # 0.

The relevance of the ¢;; stems from the following result. We have for
[=1,2,... that

Cay(v(n) = U s Lrhaa,

j=0

l

1 Cj
ISP Z yz+1+j(lx/\/§) ‘ (39)

J=0

Indeed, from (33) we get

—_

Vs vs y*(x/V/s)

_ 1—y(@/Vs) 1 1 ( 1 1
y2(

5 e~ 9 e e

9

d (1 ,<x ))_—_1 y'(s/vs) _

z dx \z




which shows (39) for [ = 1, see Table 1. By induction, using (33) and the
definition of the ¢; in (34-35), the validity of (39) is established for general
[ =1,2,.... This leads to the following result.

Lemma 2.1. For £k =0,1,... and o < 0, we have

/ e~ 37 y(z/\/s)dx = Z Ei(a) + Ri(a) , (41)
where
E (Oé) _ 1 - y(a/\/§> 1 eféaz (42)
’ S yalya)
and, for [ = 1,2, ...,
Eya) = %ﬁ‘éﬁ) ; %e—%oﬂ . (43)
Furthermore, Ry(«) is given by
m) = [ G %) Grena)ete.

and Ry (a) has the same sign as and smaller modulus than Ej4(a).

Proof. We have by repeated partial integrations
/ e 2y (x)/5)dr =

— ety [

—00

éy'(z/ﬁ)) e dy = .. =

216 ) Q) ], -

= Y Efa) + Ria) (45)

=0

by (39), and this establishes (41) with Ry(«) as in (44).

10



Next, we have from (36), the last member of (39) and the fact that y(x) <
0 when z < 0 that

san [(2 ) (Ly/a/va)] = (- (46)

Therefore, sgn(E;(a)) = (—1)!. By differentiating the last member of (39)
and using y'(z) > 0, it is also seen that

L[ ) Cram)] e a<o. )

x dx
Therefore, sgn(Ry(a)) = (—1)¥™. Then from

Ru(@) = Buor(@) + R (@) (48)

and
sgn(Ri(a)) = sgn(Eps1(a)) = —sgn(Re (@) (49)
it follows that |Rg()| < |Ek+1(e)], as required.

Theorem 2.2. We have

1 (= (+j+1)g
fs( ~—5+;{Z T ,J}, §——oco.  (50)

j=0

The error i
1 (l+j+1) ¢
E_ZZ{Z Si+3+5 g3(1—3) } (51)
J
that occurs when the series in (50) is truncated after the term with [ = k

has for any § < 0 the same sign as and smaller modulus than the term in the
series over [ with [ = k + 1.

Proof. We use Lemma 2.1 in which we take o = «(d/+/s) with § < 0.
Then we recall the definition (30) of I4(d) and the formula (32) and use that
in the expression (24) for fs(d). Finally, the term with [ = 0 in (41) is set
apart, we take k+ 1 instead of k in (41), and we write [+1 with [ =0,1,.... k
in the terms in the series instead of [ with [ =1, ...,k 4+ 1.

Notes.

1. Forany ! =0,1,..., all terms in the series over j between { } in (50) have
sign (—1)"*1. Hence, the modulus of term with [ = k + 1 equals

k+1 .
i: (k+ 7 +2) eyl 0 1 4 1 ]
]6|k+4+j s%(’”l_j) ‘5|k+4 S%(k—l—l) |5|2k+5

(52)

J=0

11



in which the constant implied bij O only depends on k when § < —1 and
s > 1. The right-hand side of (52) accounts for the two extreme terms
with 7 =0 and j = k + 1 in the series at the left-hand side.

. Denote the terms in the double series in (50) by

_(l‘|‘j+1>clj . ) B
Gy = Sl+3+i gi(—4) J=0,1,...,7, 1=0,1,... (53)
We have o o1y
20+ 1) (=1
G = 521+3 ) [=0,1,..., (54)

and this GG coincides with the term with index m = [+1 in the asymptotic
series in (26) for 1/f (), 6 — —oo. In Section 4 we shall identify the
terms Gy -1, [ = 1,2, ..., in a similar manner.

. Summing the terms Gj; in (50) by grouping the terms with constant value
k of [ + j yields the expansion

fe’e) k
1 1 k +1 Clk—1
707 0 + Z Sk+3 { Z Sl—k/Q} (55)
k=0 I=[%]
as 0 — —oo. The truncation error when we truncate the series over k at
the right-hand side of (55) at k = K can be estimated by Theorem 2.2 by

> 1G] (56)

I+j>K,
0<j<ISKA+1

The quantity in (56) is O(6~%~*) when K is odd and O(6—5~4s71/2) +
O(67K7%) when K is even and the O’s implicit constants only depend on
K when § < —1 and s > 1. The asymptotic series (55) and its truncation
analysis shall be considered in more detail in Section 3, using a different
method to derive (55).

. There holds

1 00 l L
B(s,s — 04/s) ~ 1= ; {; SlH1+7 Sz(l—l—j)} (57)

as 0 — —oo, and the truncation error when truncating the series over [
after the term with [ = k has the same sign as and smaller modulus than
— the expression in { } with [ = K + 1. This follows from

a(d)

L 1 :1_6/\/526%02(5) o322 (2 /3 da
V5 Blss—0v3) L0 IR CACE

—00

12



and Lemma 2.1 where the recursion (34-35) for the ¢;; is used to write

k
1_5/\/_ l+] T J)G-1j Clj
Z sz Z +2+5 Z l+1/2 Z Tt - (59)
s (5/y/5)2+ ST 2 (5] /514

=1

5. As in 3, see (55), we have from (57) the asymptotic expansion, as § —

1 Cli—1
B(s,s —0v/5) kz ;1 sl=3(k+1) (60)
=[5

For integer s, we have that B~!(s,s — §/s) is a rational function of &
and thus possesses an absolutely convergent expansion in powers of 1/¢
when |0] is large. The coefficients in this expansion coincide with what the
expansion in (60) gives. Hence, in that case the expansion (60) actually
converges for large values of |d].

6. There is the following connection with Ward polynomials (that occur in
the theory of Stirling numbers, see [6]). We have for [ = 1,2, ...

S (1Y eyt =Y (1) H 0 1)

where the positive integers H] for [ = 1,2,... and r = 0,1,...,] — 1 are
the coefficients that occur in the expression in [6], (3.31) for the Stirling
polynomials. These H] are given in the table in [6] on p. 92 for 0 < r <
[—1 < 9. Thus a series 2220 ci;(8/+/8)717179, as occurs at the right-hand
side of (59) can be expressed directly in terms of the Ward polynomial

Zl 1 Hfr

Approximation of f;()) as 6 — —oo and of as(y) as v | 0
As an example, we consider the case that we truncate in (55) at k = 4.
Using Table 1, we thus have

fié) - _%+i 542\/’ 515<3_§>_561/§<20_2§> +

13



in which e = O(678s7Y2) +O(67%) for § < —1 and s > 1. Using (1—2)"! =
1+z+22+ 2%+ 0(z), || < 1/2, we then compute the approximation

w0 = A gm e 0-D) a0 +
‘%(15—?+%>—5>1 _

g (- (00

14
—(10—18—2+@>%+ef, (63)
where ¢; = O(67%s72) + O(677) for 6 < —1 and s > 1.

We use this approximation of fs(d) for 6 < —1 and s > 1 to compute
an approximation of as(7y) as v | 0, using the fact that as(y) — +oo as 1/
when v | 0. From Cohen’s equation as(y) = fs(v — as(7)), we need to know
when v — as(y) < —1 when we want to use (63). Now, by [1], Theorem 7,
as(7) increases in s > 1 and a;(y) = (1 —~?) v~ . Hence, v — ays(y) < —1 for
all s > 1 when v — (1 —+?)y~! < —1, i.e., when 0 < v < 1/3. Thus, in this
region of -y, we approximate (ignoring terms like )

a = fS('V_a) =

1 2 6 1

52

+ <16—%>m+<10—%4+%)ﬁ. (64)

With b = 7(a — ), equation (64) can be written, after multiplication by
a—-, as

6 24
2—— )92 16 — — )3 4
2y ( )’Y ( )’Y 114 120\ v
b=1- — S 8 10— —+—)+—. (65
/s A E +( s+32>b4 (65)

This form is appropriate for iteration and we find, by also keeping track of

14



terms like £ in (63), that

s Feai-H0-2) -

+ 0" /Vs)+0(y°) , (66)

where the O’s hold uniformly in s > 1 and 0 <y < 1/3.

3 Asymptotic expansion of 1/f(d) and 1/f(d)—
1/fx(0) as 6 — —oo from the Jagers-Van
Doorn representation of Erlang’s B using
Van Veen’s approach

With the substitution t = (X'/A) — 1 in (2), we have for s > 1 and A > 0
-1

o0

AB(s,\) = / e ML+ t)dt , (67)

0

see [7]. Therefore, from (5) and (67) with A = s — d4/s, we have for § < /s

o —(s—8+/9)t —s -
RORE \/EO/e (1+t)°dt =

= / e ¢TI gy (68)

0

where the substitution v = /s has been used to obtain the last integral.
The representation of 1/f;(d) in the form (68) as a Laplace transform gives
a direct way to get an asymptotic result in powers of 1/6 as § — —oo. We
develop

C(2) = Cu(2) 1= (14 2) e =ML =N "y (s) 2 . (69)
k=0

15



Using this expansion in (68) with z = v/4/s, we get at once the asymptotic

expansion
00 o
Ck(s) sv, k
~ > S [t -
0

k=0

Z kliﬁz ( >k+1 : J— —00 . (70)

By identification of the terms in the asymptotic expansions in (55) and
(70), it is seen that Cy(s) = 1, C1(s) = 0, and that for £ =0,1, ...

C
Ck+2( k+1 Z k Ykl l ght1-1 (71)

In particular, the coefficients in Cyo(s) of s/ with j =k+1,...,k+2— [% k]
vanish, and the C},’s are closely related to Ward polynomials. Also recall the
bound (38).

We note that for fixed ¢

() 0
1 1,2 162 1,,2 ]_
lim = / VT dy = e2° / e 2 dw = (72)
§—00 fs( ) R fOO( )

see (9). We aim at relating the asymptotic expansions of 1/f,(J) and of
1/fs(6), see (26), and to that end a careful analysis of the truncation errors
in (70) has to be carried out. We follow for this a method developed by Van
Veen [8] in the 1930’s for obtaining uniform asymptotic expansions for the
Hermite polynomials. The actual case considered by Van Veen led to power
series expansion of (1+ z)%exp(—s [z — 3 2%]), with s = —n—1=—1,-2, ...,
and, in fact we shall use his results for this case in Section 4. Also, see [10],
Ch. 19 and in particular Sec. 19.7 for expansions involving the exponential
function.

We have as in [8], §4,with C' given in (69), for z > 0
(1+2)C"(2)+5s2C(2) =0, C0)=Cy=1. (73)
From this it is readily seen that

C,=0; (m+1)Cpy1+mCp+sCp1 =0, m=1,2,.... (74)
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Setting B, = (—1)™m C,,, we then find

s
m—1

By=0, Bi=0, By=—s; Bi1 = By, —

The first 9 B’s are given by (75) and by

1.2 5 .2 13 .2
BgZ—S, B4:—S—|—§S, B5:—S+ES, BGZ—S—FES —

B7:—s+%52—%53, Bgz—s+%52—é—gs3+4—%s4.
From (71) and B,, = (—1)" m C,,, we have

k

1
k411
Biio = — E T Clk—18 e
=141

and one can check (76) with Table 1 for the ¢’s.
We next set for 2 > 0 and £k =0,1, ...

C(z) = Z Cm 2™ + Ry(2) .

Inserting this into (73) and using (74), we get
(14 2) Ri(2) + sz Rp(2) = =k Cp 2F — s(Ch_y 2 + Cp 27 .

Again using (74) and B, = (—1)"m C,,, we finally get

(14 2) Ry (2) + 82 Ri(2) = (=" {B1 2F(1 4 2) — Bpyo 25},

i.e., we have for z > 0

/ 8z k+1 k ZF
i) + o Bulz) = (1) {Bii 2" = Bua 1+z}'
Solving this first order ODE for Ry, using
sz C'(2)
C0)=1, Rg(0)=0; =— >0
() ) k() ) 1+ 2 C(Z)vz_ >

we then get for z > 0

z

Ri(z) = (-0

0

Q

()
(%)

o R
Byy1 2" — Byyo e dz .

Q
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Bm—l; m = 2,3,... .

(75)

1.3

g

(76)

(77)

(78)

(79)

(80)

(82)

(83)



From
zZ

C(z) B
= — d <1 <z < 4
oG exp s/1+xx <1, 0<z<z, (84)
it is then see that for 2 > 0
Skt 42
< |B B —_—
IR < Bl - + Bl (%)

We now use (85) in (68) with z = v/4/s, so that for v > 0

k

Con

exp(—s[v/v/s —In(l+0/Vs)]) = ) iz U+ Bi(v/V/s) (86)
m=0
with Ry bounded according to (85). We thus obtain
k
1 m! C,, /—1\m+1
N w72 E

£5(0) mzo sm/? ( 5 ) + (87)

where for 6 < 0 and s > 1

Bel 1 [ s
B < Frl s1001 v e dv +
0

|Bk+2| 1 / k+2 v _
+ k12 Si002) v e dv =
0

(K + DHCrir| | (K +2)![Cryol
s%(’ﬂ+1)(_5)k+2 S%(k+2)(_5)k+3 '

(88)

Thus we have reestablished the result (55) in Section 2 with a better and
simpler estimate for the remainder than what is provided by (56).
We now proceed with applying Van Veen’s approach to estimating trun-

cation errors in the asymptotic expansion of 1/f(d) — 1/f«(d) as § — —oc.
We let

D, (s) = : D,, = lim D,(s), (89)

Sm/2 5500

so that, see (86),

C(v/v/s) = Duls)v™ + Ri(v/V/5) , (90)



and we write

H(v) := lim C(v/y/s) = e 2% ZD o™ 4 Si(v) . (91)

§—00

In Table 2 we display D,,(s) and D,,, noting that D,,(s) is given by (89) and
(71) and that

= (=1/2)/j', Dyjpa=0,  j=0,1,... (92)
m Dy, (s) D,,
0 1 1
1 0 0
2 —1/2 ~1/2
3 ! 0
3v/s
1
4 1/8—— 1/8
/8- o /
-1 1
5 —= 0
6\/§+ 5s+/$
13 1
/48 4~~~ _1/4
0 /48 + 72s  6s? /48

Table 2. D,,(s) and D,, for m =0,1,...,6.
From (83) with z = v/4/s and substituting z = v//s we have

Ri(v/V/'s) = / Qk ’ Zf\/f_; (93)
where
() = 0 {Baa) () = Buaato) 10T

— /5 {(k +1) Dy (5) 0% + (k + 2) Dysa(s) m} L (94)

Furthermore, by letting s — co, we have

Su(v) = lim Ruo/v5) = [ T(0)
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where

(%

T(7) = lim iQk(\/g

§—00 S

) = (k+1) Dppr 0" + (k+2) 0" . (96)

Therefore, for § < 0,

1 1 b —1\m+1
6w - Zm!(Dm(s)—Dm)<7) +

+ / e (Ry(v/v/5) — Si(v)) dv | (97)

0

with Sg given by (95) and Ry given by (93-94). We write for v > 0, using
(94) and (96)

Ri(v/v/s) = Sk(v) =

B /”(cw/ﬁ) H®)
Cw/vs)  H)

)@’“ {(k+1) Diy1(8)—(k +2) Dy1a(s) dv +

e

[ H©) )
+ 0/ @) v {(k + 1)(Dyy1(8) — Diy1) + (k4 2) 9(Dgia(s) — Dia2) +

H
1 5 Diia(s) _
- = (k+2) 0 2 L ap 98
75 ke 2)n S (98)
The second term at the right-hand side of (98), Ts, can be estimated using
i H(U) 1 - [ _1 _l( 2_72) _ Ul+1
— v v < .
/H(Q_})vdv /ve2 dv_l+1 (99)
0 0

Hence
To] < [Dps1(s) — Disr| V"' + | Diya(s) — Dy 0" +

N 1 k+2
Vs k+3

As to the first term at the right-hand side of (98), T}, we use

| Disals) o5 (100)
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Clo/v/5) H(v) _
Clo/\/s) ~ H)

= exp —jﬁmdv] — exp [—U/dew} -

v

v

(2

w 1 i
— —d — 2dw .
exp /1+w/\/§ w \/g/w w

v

IN

By concavity of the function w > 0 +— w/(1 + w/+/s), we have

(2

[ st

v

N[ =

> ly—g)—"
-2 1+v/V/s
Also,
/ w? dw < v*(v — D) .
Therefore,
Clo/s) HW) _ 1, 1w i
— < (p— - (yp= )
Sl ~ i < v e (=g s - 0)
It follows that the first term 77 can be estimated as
1
Ti| < 7 v*((k + 1) [Dysr ()| I + (K + 2) [ Dya(8)] Iia)

21

0= (st Tee) 2

— exp —/H+/\/§dw_ (1exp {%/HwTZ/\/Ede <

(101)

(102)

(103)

(104)

(105)



where, with a = v/2(1 +v/4/s),
I, = /(v —0) e s <

0

v

. Lit2
S U—w]wdw:+. 106
O/( ) U+ +2) (106)
It follows that
|T1| < L ’Dk:-i-l(s)‘ R + L |Dk+2(s)’ oF e (107)

Vs k+2 Vs k43
We then finally find from (98) and (100), (107) that

1 |Dk+1(3)| k+3 1 |Dk+2(3)| k+d
— < — =hee el A

1
+ | Dita(8) = Diga| 0" + [Diya(s) = Dyyal 0" + —= [Dyya(s)[ 0*2 .

\/g
(108)

This estimate should now be inserted in the integral at the right-hand side
of (97). We observe now that, see (89) and (71) and Table 2.

IDisa() = Di|[Dksals) = Disal = O( =) (109)

Furthermore, from
oo

/ v e dv = jl(=1/8)71 (110)
0
it is seen that the contributions of the terms at the right-hand side of (108)
to the integral in (97) are all O(6~%~2571/2) in which the constant implied
by the O only depends on k& when s > 1 and § < —1. Therefore,

fi5> - ﬁ%@ =3 ml(Do(s) - Dm)<%1>m+1 + O((sm—i\/g) (111)

m=0

uniformly in s > 1 and § < —1. That is, the asymptotic expansion of
1/f5(0)—1/fx(5) as § — —oo is obtained from the expansions of 1/ f;(d) and
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1/f»(0) by subtracting them termwise, and the remainder after truncation
at the £ term is of the order of the term with index k 4+ 1, uniformly in
s>1andd < —1.

We use this result to estimate fo(5) — fs(6) when 6 < —1 and s > 1.
With k£ =3 in (111), using Table 2, we get for s > 1 and § < —1

fi5) N fool(é) - 54%/5 + O(ﬁ) : (112)
Therefore,
fs(0) = (fool((g) +542\/§—|—O<55_1\/§>>1 _
= 0= 25%? i O(%&?) 7 (113)

where it has been used that fo(§) = —0 + O(1/6), 6 < 0.
We can use (113) to approximate ay(7y) as v | 0. From
as(rY) = fs(ry - as(7>> ) aoo(’y) = foo(/y - aoo(’y)) ;

1

as(7); oo () = St o). >0, (114)

we get

as(7) = fi(y—as(v)) =

= fOO('V_asm/))_ +O< —

2 1 )
(v —as(7))*Vs (v —as(7))*Vs

= foo¥ = 0o (7)) + (a0e(7) — as(7)) fL(v — o (7)) +

et -
— )+ (aml) — s Py — ) - 22+ O )
(115)
Hence,
) — ) = (% i O<%>) 1+ féo(vl— too(7)) (16)



Now
f2e(8) = = foo(0)(6 + foo(0)) = =1 + % + O(%) . 8<0, (117

where (13) has been used. With § = v — ax(y) = —1/v 4+ O(7), this gives

1 1
TF G —am() 2 PO, >0 (118)

Thus finally

2 gl
aoo(v)—as(v)=7g+0(%> , v >0. (119)

We conclude this section by showing the following consequence of (112).

Proposition 3.1. f,(§) — fs(0) = O(1/4/s) uniformly in § € R (where
we set f5(d) =0 for 6 > /s).

Proof. It has been shown in [1], Subsec. 5.9 that fw(0) — fs(d) = O(1/+/s)
uniformly in any compact set of 6 € R. From (112) we have that f.(0) =
fs(0) = O(1/4/s) uniformly in 6 < —1, and so it is sufficient to consider the

range 6 > 0. For this range we consider the quasi-Gaussian representation
(24) of fs(d). It was shown in [1], Subsec. 5.9 that

s 1)
1 2 La2(8 1
/6_2(5) dé’—/e_Qa‘g(a)d(S/_O(ﬁ) (120)

uniformly in 6 < 4/s while either integral at the left-hand side of (120) is
bounded away from 0 when 0 < § < /s. Hence, it is sufficient to show that

e 3% <1 - %) o 402() _ o(%) L 0<b< /5. (121)

The left-hand side of (121) is positive when 0 < § < /s by [1], (5.64),
and e~2%° < 18/s when ¢ > %(58. So, it is sufficient to consider the range

0<6<34/s
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We have, When0<5§%\/_

—%a§(5)+ln<l—%>:s<% ln(l—%))%—ln(l—%) =
)

53 6\ 1 ) 6\ 1 3+ 30
> L Ep— , [ —(1—-— —1452
> -3 -g 2 (1-) (- ) 2P -5
(122)
Hence, when 0 < 0 < %\/E,
152 ) 1.2 152 (53—1-3(5 M
T S CTNCI WA % 1) RS <
e (1 \/§>e <e NI (123)

with M = max;s0(0% 4 36) e"2%°, which is assumed at § = 3!/4. This com-
pletes the proof.

4 Approximation of 1/f,(J) in terms of 1/ f..(9)
on a range § < s'/% using Van Veen’s ap-

proach

We write now for 6 < /s, compare (68),

[e.9]

: / S 402 o slo//3— B(v/V/3 2 In(1+v/ )]
— e v 2'[} e S|v 3 v S n v S d,U . 124
7.0 2
0
Consider with z = v/4/s the expansion
K(2) = (1+2) 2572 = gmsle=g2®-n(42)]
_ —s[ z —7z4+ J K, - (_1)m L m
3 Z mzﬂ - m(s) 2™,

(125)

just as Van Veen does in [8], §4. The L,,(s) are given recursively by
L0:L1:L2:0, L3:—3, (126)
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S

Lm+1 = Lm - Lm_g 5 m = 3,4, cee e (127)

m— 2
Van Veen shows the following result in [8], §5. There holds for z > 0 and
E=0,1,..

k
K(z) =Y Ku(s)2" +Ti(2) , (128)
where B
1) = [ o) ez (129)
and )
Qu(z) = (—1)F+1 2F {Lk+1 — Liso2 + Lisa 5 i Z} . (130)
Now
K(z)/K(z) = exp 3/1+2wdw < K(z), 0<z<z, (131)

z

and so
T(2)] < K(Z)/Ek(!Lk+1|+|Lk+2|5+!Lk+3|52) =
0

= K(Z)(lKk+1| + |Kk+2| z + |Kk+3| 2’2) ZIH_1 s z Z 0. (132)

We shall restrict attention to the range %sz2 < 1 which ensures that 1 <
K(z) < e when z > 0, see (131). Recalling that z = v/4/s, this means that
v is restricted by

0 <wv<w(s) =335, (133)

We next find out for which ¢ < /s truncation of the integral in (68) and
(124) to the range 0 < v < v(s) leads to exponentially small errors. Thus we
consider

o(v) == 6v—sv/v/s —In(l+v/ys)], v>0. (134)

When § < 0, we have that p(v) is maximal 0 at v = 0, and when 0 < § < /s,
the maximum of p(v) is assumed at

5
L=6/vs

b= 9(8,s) = (135)
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We have
p(0) = —6y/s —sIn(1 = 6/V/5) > 6%, (136)

z 2 v2
p(v) =0v—s / 112 dz < dv — . (137)

Therefore,

= 3 (v(s) — 6% — —\/_ > 1 (v(s) — 6 —3/2. (138)

Then choosing ¢ < %’U(S) = 27131/3 s1/6 produces relative errors in truncat-
v(s)
ing f exp(p(v)) dv as f exp((v)) dv of the order exp(—3 3% s'/%). Here

it has also been used that ©(v) is a concave function of v > 0 and that for

6 < Lu(s), we have
¢ (v(s)) < —Sv(s) ———~— Lo vls)/Vs — 131/ g1/ 1-(3/s)'
= 2T T+ (3/5)7
which is negative when s > 3.
We therefore have, with uniformly exponentially small error when 6 <

s 0(s), that

(139)

f5(9)

Ty(z) €2 dv |

k
= Zs’%m[(m(s) / o™ D2 dy +

m=0 0

c>l.____~§ e
N
w

2

(140)

with 7}, bounded as in (132) and Ky = 1, K,,, = m~*(—=1)™ L,,, where L,,

is given through (126-127). The asymptotic analysis is now completed by
v(s)

replacing the integrals [ v™exp [0v — 3 v %] dv by

I,(0) == /ume‘”} 2 du | (141)



at the expense of exponentially small errors, and by bounding |7 (z)| by

e

1 1
perTeEy) <|Kk+1! Liy1(0) + 7 [ Krz| L2 (0) + — [ K] fk+3) - (142)

We thus arrive at an asymptotic series

fj 5~ > 5T Kou(s) In(0) (143)

with uniform relative truncation error assessment in the range —oo < § <
271 31/3 516 = (95/8)1/6.

We next consider the quantities K,,(s) and I,,,(0) in (143) in more detail.
For the first few K,,(s) we have Table 3, and as to the I,,(d) we shall be
concerned in expressing them in terms of 1/f.(5). We have

7 1
Ih(6) = e2?” / e 20707 gy = 2% / e 2 dw = 0 (144)
0

1 0 5 L
583/2
2 0 6 _—1+L
6s2  18s
R S
3s1/2 Ts5/2 1283/2
-1 —1 37
Y 5 55 T 18052

Table 3. s 2™ K,,(s) with Ko(s) =1 and Kp,(s) = (—1)"m~! L.(s),
m =1,2,... where L,,(s) given by (126-127).

Furthermore, I,,,(6) = [ém)(é). With x = -6, we let

= e2"’ / e 2" dw . (145)

Then
U(m+ 3,-6) (146)



with U(a, x) the parabolic cylinder function, see [5], Ch. 19. Now there holds
form=0,1,...

1" (@) = Pp() l(2) = Q) | (147)
where P, and @), are polynomials defined recursively by
P()(JZ) =1 s Qo(ZE) =0 s (]_48)

and form =0,1, ...,
Puyi(z) =2 Pu(z) + Pp(2) ;. Quia(z) = Pu(2) + Qp(z) . (149)

In Table 4 we display the first few polynomials P, (). The polynomials P,
can be expressed in terms of the Hermite polynomials He,,, see [5], Ch. 22,
as

P, (x) = zim (Hep,)(iz) , m=0,1,.., (150)

but for the @), such a simple closed form does not seem to exist. Alterna-
tively, the P, and Q,, occur in the m'™ convergent I,,(x) = Q,.(x)/P,.(z) of
the continued fraction expansion of Laplace for Mills ratio,

11 2 3 m

[ = — . — ... 151
(z) 4 o+ x4+ x4+ T+ (151)

see [11], Sec. 3 and Appendix, [12], pp. 83-84.

m P (x) Qm(z)

0 1 0

1 =z 1

2 2241 x

3 234 3x r? 42

4 ' +622+3 x3 + 5x

5 a°+102% + 15z a4+ 922 + 8

6 25+ 152* + 4522 4+ 15 25 + 142° + 33z

7 xT 4 212° + 10522 + 1052 2% + 202t + 8722 + 48

8 %+ 2820 + 210x* + 42022 + 105 27 + 2725 + 18523 + 279x

Table 4. P, (z) and @,,(z) for m =0,1,...,8.

We use (143) to find approximations of f4(J) in terms of fo(d). Truncat-
ing (143) at m = 3, we get

1 1
7.0) = Ko(s) 1o(6) + )

K3(s) I3(0) + ¢, (152)
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where ¢ accounts for a relative order of O(exp(—s'/3)) uniformly in the range
§ < s'/6 together with T}, bounded as in (142). Hence, 1/f,(d) is approxi-
mated by

N SEIEPIT S1c) M S S S NV N N
b s (D) = s = S (B)1-0) - Qu(-)
L (P304 (02 42) fu(0)) ) (153)

EESCRETRONE
where the Table 4 and I(—§) = 1/ f«(d) has been used.

The ——Correctlon in (153) has the asymptotic series

1 6 +30
42+ —— ) ~
3 (742 7o) )
~ %(5%2 (8% +38) D (=1)" 2m — o) =
m=0
=Y (=)™ Z(m—1)2m—1)5", (154)
m=2

where (17) has been used. On the other hand, when we collect in (50)
all terms containing a factor 1/4/s, i.e., all terms (I, ) with j = [ — 1 and
[ =1,2,..., we get for the coefficients of 1/4/s in 1/ fs(d) the formal expression

= 2l
=1
It can be shown from the recursion (34-35) and from (37) that
oty =5 (D' -1,  1=23 .., (156)

confirming formal equality of the respective \/ig—corrections.
From (153), we find a \/ig—correction on the approximation f.(J) of fs(J)

as
1
o(0) — —= Fo(8) (> + 35+ (62 +2) (0)) . 157
foo(0) 3\/§f()(++(+)f()) (157)
We shall use this to find a \/ig—correction
(9) + —= b () (158)
Qoo \7Y \/5007



to the Gaussian limit approximation a.(7) of as(y). With
Gou8) 1= — 1 fou(8)(6% + 36 + (02 +2) ful0)) (159)
we thus consider the approximated version
1
a:foo(v—a)Jrﬁgoo(v—a) (160)

of the finite-s Cohen equation (4). Ignoring errors O(1/s), we get (v sup-
pressed in ao(7y) and b (7))

1 1 1 1
a+\/g f(va\/g>+\/§g<7a\/§>
= Flr ) — b foy — o) = gl — )
= Joo\V 7 G \/goooo’}/ Qoo \/ggoo’)/ Qoo ) -
(161)
USing Goo = foo(7 — oo), We then see that
goo('y - aoo)
boo = : 162
1+ féo(fy - aoo) ( )
This can be elaborated further, using
f5(0) = = (8) (0 + fos(9)) (163)
and foo(7 — o) = @oo. This yields
féo(’y_am) = 70 - (164)
Furthermore, from (159) and fo (7 — @oo) = oo, We compute
Goo (7 = o) = = 5 Ase(37 = a0 + (7 — as)?) -
Therefore, we get as our final result
— 5 00(37 = Ao + (7 — ax0)?)
boo(7Y) = boo = —2— = = 1
) et (165)
Using that, see (10),
Vas(7) =1=7+2"+ 00", >0,

it can be shown that b (y) — —2 as v | 0, compare (6).
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Further corrections can be considered as well. Thus, with

Ful0) 4 2 0 S 0] )+ b)) (166)

being the ——correctlon of f5(0) and as(7y), respectively, we get upon ignoring
errors 1/ 2 and suppressing 7y in aeo (), boo(V), Coo(7),

R P ( Ly o2 )+
Qoo oo —Coo = Jo — U — —F= — Cxo
NG s 7 Nkl

1 1 1 1 1 1
+ 750 (1m0 = b = Sn) (1m0 = b = D) =
- fOO(V_aw)_<%boo+§COO> féo(’y_aa» _b2 f”( _aOO) +
L ! boo G 1h 167
e (0 = 0w = et gl — ) ey —an) - (167)

USing o = foo(7 — o) and equating terms with factors 1/4/s and 1/s, we
again get (162) for by, and

Co = %bgofgo_boogéo—f_hoo
* L+ fl

(168)

with fI . f2, g.., he evaluated at v — ao, and b, evaluated at 7.
Again, this can be elaborated. Using fo(7 — @) = a0 and (163-164),
we find
fé/o(fy_am) :7(100(’7"'@00)_6100 : (169)

Furthermore, by, was already found in (165), and we can compute g-_(7—aoo)
from (159) and (163-164) using fo (7 — @) = aoo. This is still feasible, with
the final result

9he(Y — tos) = 3a[y(y —a)® (v + a) + 5ya — a® = 3], (170)

where we have written a = a,, at the right-hand side. Finally, we should
compute hoo (7 — aoo). For this, we write down all terms at the right-hand
side of (143) comprising factors s°, s7%/2, s71. Using Table 3, it is seen that
we should include the terms with m = 0,3,4 and 6. The 1/s-correction to
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1/f5(0) is then obtained by adding to (153)

1 1 1 1
N _ - _ @ 16 (_5) =
4s 1a(0) + 18s Is(9) 4s =0+ 18s (=9)
1
= = P8 U=0) — Qu(=0)] + = [Po(=5)1(=0) — Qo(~0)] =
1 6 4 2 5 3
= s [(20° + 216" 4+ 360° + 3) [(—9) + 26° + 195° + 216] , (171)
where Table 4 has been used. Recalling that [(—0) = 1/f,(0), we then get
1 1
5o 1,(6) + 13s Is(0) =
1
= ————[20° + 216" + 360 26° +190° 4 216) fos (0)] -
36sfoo(6)[ + + 360 + 3 + (20° + 196” + 216) fo ()]

(172)

The expression (172) should be added to the right-hand side of (153) to
obtain the 1/s-correction of 1/f(d) in terms of fo () and 6. The two cor-
recting terms being small compared to 1/ f(d), the 1/s-correction of f,(d)
is obtained by expanding (% +e)t = f—ef?+&2f3 with ¢ small compared
to f. The coefficient h..(0) of 1/s in this 1/s-correction of fg(9) is then given
as

hoo(8) = foo(8) |5 (6% + 38 + (67 4+ 2) fus(8))* +

— (209 + 210* + 3607 + 3 + (207 + 196° + 210) foo(6))
(173)
This works out to
hw(é) =

= fogéé‘) [28° 4 36% — 3+ (607 + 218° + 276) foo(8) + 4(8% + 2)% f2(9)] ,
(174)

and in this expression we should set § = y—a., and use that fo(Y—ts) = Goo-
Therefore, the computation of the term 1 ¢ (7) in the 1/s-correction in (166)
of as(7) according to (168) is feasible but quite involved.

The corrections based on (165) and on (168-170), (174) have been checked
for the case that v = 1 and s = 10, 20, 50, 100, 1000, see Table 5.
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s a)  aw)+ % boo(1) an(l) + % be(1) + ~ 1)
10 0.2563620 0.2105055 0.2575139
20 0.3239228 0.3008443 0.3243485
50 0.3902951 0.3810048 0.3904065
100 0.4260664 0.4214055 0.4261064
1000 0.4885668 0.4880980 0.4885680

Table 5. \/Lg—correction and 1-correction of as(1) = 0.5189416 as an
approximation of as(1), s = 10, 20, 50, 100, 1000, using
beo(1) = —0.9753608 from (165) and ¢ (1) = 0.4700844 from
(168-170), (174). J.S.H. van Leeuwaarden is acknowledged
for providing the numerical values of a,(1).
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