Sensitive force determinations and some related topics
Citation for published version (APA):
Massen, C. H. (1971). Sensitive force determinations and some related topics. [Phd Thesis 1 (Research TU/e /
Graduation TU/e), Applied Physics]. Technische Hogeschool Eindhoven. https://doi.org/10.6100/IR136842

DOI:
10.6100/IR136842
Document status and date:
Published: 01/01/1971
Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)
Please check the document version of this publication:
• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.
• Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
• You may not further distribute the material or use it for any profit-making activity or commercial gain
• You may freely distribute the URL identifying the publication in the public portal.
If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 09. Jan. 2023

SENSITIVE FORCE DETERMINATIONS AND SOME
RELATED TOPICS

C. H. MASSEN

SENSITIVE FORCE DETERMINATIONS AND SOME
RELATED TOPICS

Proefschrift

TER VERKRIJGING VAN DE GRAAD VAN DOCTOR IN DE
TECHNISCHE WETENSCHAPPEN
HOGESCHOOL

TE

EINDHOVEN,

RECTOR MAGNIFICUS,
SENAAT

IN

AAN

HET

DE

OP

TECHNISCHE

GEZAG

VAN DE

VOOR EEN COMMISSIE UIT DE

OPENBAAR

TE

VERDEDIGEN

VRIJDAG 19 NOVEMBER 1971 DES NAMIDDAGS
TE 4 UUR

door

CAREL HERMAN MASSEN
GEBOREN TE ZELHEM

OP

Dit proefschrift is goedgekeurd door de promotoren Prof.
Dr. P. van der Leeden, Technische Hogeschool, Eindhoven
en Prof. Dr. Ir. Th. Gast, Technische Universitit,
W. Berlijn.

AAN MIJN VROUW
AAN MIJN KINDEREN

Contents

Introduetion

6

Chapter I
Origins of errors

~n

miero-weighing teehniques

Introduetion
Chapter Ia ''Instrumental and environmental factors
affeeting the sensitivity of beam type
balanees"
Chapter Ib "Errors in vaeuum microbalances caused by
unequal thermal expansion of the balance
arms"
Cornrnents on Chapter I

8

9

45

64

Chapter II
Applieation of, and experiments with, miero-balances
Introduetion
Chapter IIa "Application of micro-balances to the
measurement of gas pressures over eight
decades"
Chapter IIb "Magnetie behaviour of atomie iodine"
Chapter IIc "Field dependenee of the magnetic suseeptibility of the liquid erystal phase of
p-axoxyanisole"
Cornrnents on Chapter II

65

66
76

81
86

Chapter III
Experiments

~n

related fields of research

88

Samenvatting

92

Woorden van dank

93

INTRODUCTION

The investigations described in this thesis
have been carried out at the Eindhoven University of
Technology in the research group "Fysische Analyse
Methoden" of the Physiscs Department in close caoperatien with the Chemistry Department of the University
College of North Wales in Bangor and that of the
University ColLege of Wales in Aberystwyth and with
the "Institut fÜr Mess- und Regelungstechnik" of the
"Technische Universität" in West-Berlin.
One of the items of the Eindhoven research
group was the study of chemical reaction processes by
means of magnetic susceptibility measurements. These
were carried out with a microbalance which served for
the detection of the farces involved in the application
of the Faraday method. The design (i) of the microbalance was such that it allowed the measurement of
rnagnetic susceptibilities at temperatures ranging from
room temperature to over 900°C, its sensitivity
permitting the study of diamagnetic substances. The
balance work involved in these investigations initiated
a more general contemplation of the various causes of
inaccuracies which may be a measure for the sensitivity
of force and mass determinations. The results of the
different experiments invalving highly accurate force
determinations have appeared in earlier publications,
a number of which are incorporated in this thesis.
Chapter I deals with a systematic study of the
origins of errors in weighing techniques by including
publisbed work (ii) and (iii). In Chapter II results are
presented of experimental work in which sensitive force
determinations are essential, the contents are taken
from publications (iv)-(vi). In Chapter III related
topics are dealt with by sumrnarising publisbed work.
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Chapter I

ORIGINS OF ERRORS IN MICRO-WEIGHING TECHNIQUES

Introduetion
A systematic study of the origins of errors which
may interfere with the reliability of micro-balance
measurements has been made. To visualize the causes of
the errors an appropriate calculating model was devised
for each error; see Chapter Ia, which camprises the
contents of reference (ii), except for parts that are nat
relevant to this thesis. A comprehensive exposition of
one cause of experimental error in precise weighing,
viz. " the armlength effect", is given in Chapter Ib,
which camprises reference (iii). A few brief comments on
Chapter I are to he found in "Comments on Chapter I".
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Chapter Ia

INSTRUMENTAL AND ENVIRONMENTAL FACTORS AFFECTING THE
SENSITIVITY OF BEAM TYPE BALANCES

Introduetion
Balance techniques have today become a separate and
increasingly important scientific discipline (I ,2) and
so-called spurious masses have become significant in the
precise weighing of matter. Their importance is a logical
result of the development of increasingly sensitive (3)
balances which allowed the detection of ever smaller mass
variations. Same time ago the point was finally attained
where the desired detectable mass variations became
smaller than the spurious mass changes. An understanding
of the nature of the spurious mass changes is necessary
in order to utilize the microbalance in a meaningful
manner.
In this chapter the more important disturbances
resulting in spurious mass changes a re discussed. Since
there are many types of spurious disturbances associated
with the large variety of experimental conditions under
which balance measurements are made, it is impossible
to provide a completely exhaustive discussion in a
single chapter. The approach here has been to present
simplified and idealized discussions wherever possible.
The specific examples employed in this chapter have
been chosen arbitrarily since a complete review of more
representative situations would undoubtedly encompass a
book rather than a chapter. These examples will, however,
prove useful in illustrating the relative magnitude of
such spurious effects under actual experimental
conditions and the nature of the requirements for
minimizing these effec ts.

1. Brownian motion
The most fundamental cause of spurious mass changes
is Brownian motion, i.e. the irregular movement of bodies
due to thermal agitation. This effect is subject to

9

analysis through the application of the law of
equipartition of energy which states that a body (4)
participates in the thermal motion in such a way that
the mean energy in each degree of freedom is !kT. The
following is an estimate of the magnitude of such
irregular balance motions for t he most simple form of a
balance, i.e. the spring balance (F igure Ia, 1).

Figure Ia, I. Schematic of the spring balance for which the
Brownian motion is calculated.

A body of mass m is connected to a massless spring
with a known spring constant C. The force, F, acting on
th e body i s related to the deflection or extension, u,
of the spring as fellows:

F

-Cu .

(Ia, I)

The expression fo r the pot e ntial energy , € , stored
in the spring because of the deflection, u, 1s

(Ia,2)
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If uB is the rms value of the irregular deflections
caused by the Brownian motion, the law of equipartition
reads:
!kT.

(Ia,3)

When the de~lection uB.is related toa spur1ous force,
FB, we obta1n by equaE1on Ia,J,
kT.

(la,4)

Equation (la,4) becomes more traetabie by replacing C by
an expression in termsof the period of oscillation,t ,
0
(equation Ia,S) of the balance:

t

0

2 n Vm/C.

(Ia,S)

(2 n/t ) JmkT .

(Ia,6)

This leads to:

0

Since there is little damping with the b a l a nce
shown in Figure la,l and at least two r eversal points
have to .be read in any one measurement, a time interval
of the order of the period of oscillation is required.
Using equation la,6 and assuming t = I sec, m = I g,
kT= 4 x Jo-14 erg (T approximatel? 300 K), the spurious
force, FB, is found to be of the order of magnitude of
10-6dyne (approxima tely 10-9 g). Although this is only
a rough estimate, a more detailed analysis dealing with
practical types of balances shows that a JQ-9 g mass
variation is about the usual sensitivity limit (5,6).

11

2. Knudsen for•ces
This discussion is concerned with the effect of
forces on the balance which originate from the
surrounding gas. Buoyancy is the most obvious of these
forces. Since the calculation of its magnitude is
relatively simple if the gas pressure is known,
buoyancy can hardly be classified as a problem of the
type being considered here.
There are, however, specific situations where the
effects of gas pressure require a more detailed analysis.
We shall consider the typical situation in thermogravimetry (7-12) where there is a gas in a vessel the walls
of which are not at a uniform ~emperature. The
refinement of the conception of gas pressure necessary
here has, as its most striking feature, the fact that
the forces exerted by the gas upon the vessel are no
longer only normal to the wall. The components parallel
to the wall are usually called longitudinal Knudsen
forces.
To illustrate the existence of longitudinal
Knudsen forces consider a two-dimensional example of
a single gas molecule moving inside a square vessel (see
Figure Ia,2). It is assumed that the molecule repeatedly
follows the path ABCDAB. The schematic representation
of a vertical temperature gradient (Tc > TA) is embodied
in the example by the different values of the velocity
vA, vB, vc and v 0 the molecule has after striking the
wall at A, B, C, and D, respectively.
The ve loeities can be expressed in terros of a main
part vA and an additional part ~v such that

vA + tw

and vC

(Ia, 7)

When ~v is small eeropared with vA it can be inferred
from equations Ia,7 that the temperatures at Band D
are half these at A and C. The calculation of t he forces
acting on the wall resulting from the motion of the gas
molecule described above, will be restricted t o the
vertical component of these forces since the horizontal
12

component is difficult to relate to the behaviour of a
real gas without including in the model a second molecule
moving in the opposite direction. The contribution of
each collision to the vertical force is shown in Figure
Ia,2. The vertical moment transferred by the impact
and the recoil of the molecule at B for instanee is
given by 4 V2mvA and -4 VLmvB, respectively. This
results in a net vertical momenturn transferred to the
wall, which equals -4 V2m~ v and is the basis of the
longitudinal Koudsen force at B, which acts parallel
to the surface. An equal force acts at D in the same
direct ion.
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Figure Ia,2. The one molecule model demonstrating the origin of
longitudinal Knudsen forces at B and D and the Knudsen
pressure dîfference between A and C, TC > TB = T0 > TA.

It is also worth consiclering the vertical momenta
which are related to the pressure of a real gas
transferred to the top and bottorn surfaces of the square.
The momenturn transferred at C is directed opposite to
that at A. Their magnitudes, which are not equal, are
given by 4 V2m(2vA + 3~v) and 4 Vlm(2vA + ~v),
respectively. The algebraic sum of the momenta transferred
at A and C equals Vlm~v. The fact that the two momenturn
13

transfers do not cancel is the basic of what is known
as the Knudsen Pressure Difference, frequently referred
to as Thermal Transpiration Effect or Transverse Knudsen
Farces (13-17). The sum of all the vertical momenta at
A, B, C, and D is zero, a result which shows that the
total Longitudinal Koudsen Farces just cancel the total
Transverse Koudsen Farces. From more general
considerations it can be seen that this is an expected
conclusion. If the stationary state conditions ho ld,
the sum of all farces (transverse and longitudinal) on
the wall of the vessel is zero. This is a straightforward result of Newton's third law applied toa gas and
vessel, and of the fact that in the stationary state the
total momenturn of the gas is constant. In the example
of Figure Ia,2, the general statement does not exclude
net farces on a part of the wall. From the above it can
be concluded that in a we ighing experiment, where a
sample is suspended in a vessel filled with a gas, farces
are exerted on both the sample and vessel. The above
analysis deals with a vessel containing a single molecule.
To apply it to a gas consisting of a large number of
molecules, it is essential to employ the kinetic theory
of gases
Of major importance in the kinetic theory of gases
is the magnitude of the mean free path, À, of the gas
molecules as compared to the smallest dimeosion of the
vessel W. The theory simplifies in I) the low pressure
region where À >> W, and 2) the slip or viseaus flow
pressure region where À << W. In the pressure region
where À and W are of the same order of magnit ude, the
phenomenon is more complex. In practice extrapo la tion of
the results from the two adjacent regions is not
difficult.
In the low pressure region the number of molecules
which strike the wal l per unit area and unit time is the
same throughout the vessel even when the temperature
is notuniform throughout (Figure Ia,3). In the slip or
viseaus flow region the momenturn transferred per unit
area and unit time to the wall by the colliding molecules
is the same throughout the vessel, even with nonuniform
temperatures, Fig.Ia,3. The two conditions hold in both
pressure regions when wall temperatures are homogeneous.

i4

These situations are visualised in a simplified manner
in Figures Ia,3 showing a vessel with a vertical
tempera ture gradient. The influenc e of t he vertical
walls is eliminated by assum~ng thàt the molecules
move only vertically.
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Figure Ia,3. Illustration of the uniformity of the num~er of molecules
to and from the container walls at low pressures (a ) and
of the quantîty p at high pressures (b ).
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From the law of conservation of mass it follows
that in the low pressure range the number of gas
molecules approaching the top per unit time and area
equals the number of molecules leaving it. Obviously
this must equal the number of molecules approaching
the bottorn per unit time and unit area. It is assumed
that in the slip flow pressure range intermolecular
collisions taking place nearest to the wall occur at
a distance ! À V2 from it. Here the law of conservation
of mass requires that the number of molecules at A
travelling in the direction between the bottorn of the
vessel and the bulk of the gas, and the number of those
travelling in the opposite direction are equal. At B a
similar equality is required for the number of gas
molecules travelling between the top of the vessel and
the bulk of the gas and vice versa. In the slip flow
region it is the law of the conservation of momenturn of
the bulk of the gas that leads to uniformity of pressure all over the walls. Assuming that the gas is in
mechanical equilibrium, the momenturn transferred to the
bulk of the gas per unit time and unit area by the
molecules at A must cancel that transferred by the
molecules at B. Because momenta determine the gas
pressure at the bottorn and at the top, respectively,
the gas pressure is homogeneous. It will be shown in the
following analysis that the presence of the vertical
walls in the vessel makes this result valid only as a
first-order approximation.
A more direct approach to weighing disturbances
resulting from Knudsen forces is to calculated the forces
acting on a sample inside the vessel (17-24). The
presence of a body inside a vessel, however, inevitably
complicates the calculations, without contributing to
the understanding of the nature of the effects.
Therefore only the forces on the walls of the vessel
which contains nothing but the gas will be calculated.
It should be kept in mind, however, that a sample would
only contribute to the total surface affected and that
a Knudsen force would act on it in very much the same
manner in which it acts on the walls of the vessel.
The vessel chosen for the calculations is shown
~n Figure Ia,4. It is rectangular with such dimensions
h, d, and w that h >> w and d >> w. The temperature
16

gradient is assumed to be vertical implying that the
isothermal planes are horizontal. For simplicity it ~s
supposed that the gas molecules move only in planes
parallel to the plane of the drawing, making angles
of 450 with the vertical. Further their velocity, v(z),
is determined by the temperature at the height z where
the last cellision took place. Consiclering a molecule
that hits the wall at the height z, it is seen that at
low pressures (Figure Ia,4) the previous cellision was
with the other wall at a height z - w or z + w. At high
pressures the previous cellision took place with another
gas molecule at a height z - ~ À 1/2 or z + ~À 1/2 where À
is the mean free path. Let M(z) be the number of
molecules which leave the vertical wall at height z per
unit time and area with equal distribution over the two
directions allowed by the model of Figure Ia,4. As
explained previously, in the low pressure region M has
a uniform value throughout the vessel. Consicier the
vertical force in the low pressure region caused by gas
'molecules on the part of the vertical wallat height z
and of dimensions d and óz where z is chosen not too
near the top or bottom. The vertical momentum, dF 1 ,
transferred to the wall resulting from the impact of
the gas molecules now equals
/2mdóz [Mv(z - w) - Mv(z + w)].

(Ia,8)

The total amount of momenturn involved in the recoil of
the same molecules is zero, since it is assumed that the
velocity, v(z), of all the molecules which leave the
wall in each of the two directions allowed by our model
have the same magnitude. Restricting the discussion to
a linear relation between v and z,

v(z)

dv

v(O) + z dz ,

(Ia,9)

the total force F 1 acting separately on each side wall

~s
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Figure Ia,4. Model of the 1'\ovements of the gas molecules in the low
pressure range (a) and in the slip flow region (b).
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-~ v2rnMwdh

V

dv
dz

V2rnMwdv

bottorn

(I -

V

top )· (Ia,IO)
bottorn

Using a first-order approximation to calculate the
pressure at the bottom, pb
, and necessarily
ottom
including the recoil momentum, it ~s found that
pbottom

V2rnMv

(Ia, I I)

bottom·

From equation Ia, JO and Ia, I I the total longitudinal force
on one of the side walls at low pressure (À> w):
V

Fl

lwdp
2

bottorn

(I

-

top

)

vbottom

p (T
- T
)
- !wd T
bottorn
top

.}

(Ia,l2)

This equation can be obtained from a simplified form of
the equipartition theorem (equation Ia,31e) and the
assumption that (T
- Tb
) << T
.
top
ottom
bottorn
At higher gas pressures where À is small compared
with w, the vertical momentum, dF 1 , transferred per unit
time to the part of the wall depth d and height 6z is
given by
V2md6z [M(z - !À /2)v(z - ~ À
- M(z + !À V2)v(z + ~ À

1/2)

}cra,13)

J2)],

where v is obtained from equation Ia,9. To evaluate M it
is necessary to develop a detailed model of the molecular
motions. M not being uniform involves a gas flow along
the wall. This is illustrated in Figure Ia,4b which
shows the transport through a horizontal rectangular
plane of dimensions d and !À V2. The number of molecules
passing through this plane per unit time per unit area
19

1n the upward direction, Mht'can be derived from the
following relationship:

P 1!'2).

v'2 >- dM(z -

(Ia,l4)

In the downward direction the number passing trough
the plane per unit time and area, Mh~' follows from:

p

VlÀdM(z +

-/2).

(Ia, 15)

The net transport of molecules through the plane equals:

J2>-d [M (z

p

-

v'2) -

P 1/2)].

H(z +

}

(Ia,l6)

which 1n first-order approximation becomes:
dM
dz

(Ia, I?)

The fact that the result is not zero implies a net
vertical gas flow along the wall which can b~ represented
by the macroscopie velocity uwall so that:
dM
dz

(Ia,l8)

where n 1s the number of gas molecules per unit volume.
Equation Ia, 18 can be modified to

J2 .I_
n

20

À

dM
dz'

(Ia, 19)

The macroscopie velocity of the gas is now equal at the
two side walls of the vessel. Since the vessel is closed
at the top and bottom, the gas flow along the walls must
be compensated by a gas flow in the center of the
container in the opposite direction (see Figure Ia,5).
The driving force for the central flow is a gas pressure

hot

0

x
cold

Figure Ia,5. The macroscopie gas flow caused by a vertical temperature
gra,dient in the slip-flow pressure region.

difference (p

- pb
) between the top and bottorn
top
ottom
of the vessel resulting from the flow along the wall. The
vertical velocity u(x) is therefore dependent upon the
x coordinate, the zero of which is taken midway between
the two walls (see Figure Ia,5). For this situation in
which the vessel is closed:
21

0.

(Ia,20)

Assuming laminar flow conditions, it follows from
Poiseuille 1 s law:

u(x)

ptop - Pbottom ( 2
1 2)
2 nh
x - 4w
+ uwall'

(Ia,21)

where n is the viscosity of the gas. Substituting
equations Ia,l9 and Ia,21 in equation Ia,20 and
assuming that dM/dz is independent of z, it follows that

(Ia,22)

Camparing equations Ia,22 and Ia,l3 it is seen that all
information on longitudinal and transver se farces, respectively, is given in terms of the unknown quantity M.
However, one important condition has not yet been used,
namely, that the resultant force acting on the vessel
must be zero. This condition follows from the s tationary
state of the gas and Newton's third law. To apply this,
the total longitudinal for ce F1 on e a ch of the side wa lls
is ca lculated. Using a first-ord e r approximati on for M
and v, equation Ia,13 yields

-

~m \ d

d(Mv)
- - - !:;,z.
dz

Integrating to obtain F 1 results

(Ia,23)

~n

(Ia,24)
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When differences

F1

-~mÀd[M(v

~n

v and

~n

M are small

top - vb ottom ) + v(M top - M..
-oottom )]. (Ia,25)

As explained before, the total force on the wall must be
zero, thus

2F 1 + wd(p

top

Substitution of equations
Ia,26 yields:

By

re a rrang~ng

M

top

- p

bottorn

)

=

0

Ia,22 and Ia,25

~n

1

= -lmMÀd(v
2

equation

equation Ia,27

M
bottorn

= _

M(v

- v
)
top
bottorn
v + 12 J2n/mwn

To calculate F 1 we substitute equation Ia,28
Ia,25 resulting ~n

F

(Ia,26)

·

top

- v

bottorn

)(1 -

(Ia,28)
~n

I
)
I + 12 V'In/mwnv'

whic h a ccording to equations I a ,31 below and for
leads ~n a first-order approximation to:
6 V2nMd À
(v
- v
)
wnv
top
bot torn ·

equation

(la,29)

À <<

w

(la,30)
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The following relations based on t he elementary kinetic
theory of gases have been used~

À

V

top

-

V

liJ..

(la,3Jb)

V2nv,

(Ia,3Jc)

p

M

v2mMv

p

(Ia,3Ja)

12mMÀ'

ll

!mnv

T

bottorn

(la,3Jd)

- T
bottorn

top
T

V bottorn

2

(la,3Je)

bottorn

The unusual coefficients in these relations are the
result of the model of mole c ules moving in two directions
only. Equation Ia,3Je is only valid for srnall temperatur e
differences. Substituting equations Ia,3l in equation
Ia,30:

d
w

!1 2

Ip

(T

top

- T

)

bottorn ·

(Ia,32)

Equations Ia,J2 and Ia,32 together give a description of the longitudinal Knudsen forces in the two pressure regions. Equation Ia, 12 dernonstrates the proportiona lity of th e for c es to pre ssur e at low pres sur e value s.
Equation I a,32 shows that at higher pressures, in th e
slip or viscous flow region, the longitudinal forces
fall off inversely proportionally to pressure. The maximurn occurs in the region between the two pressure regions
where the rnean free path À of the molecules is of the order of magnitud e of the dist ance w between the two wall s.
24

Comparison of equations Ia, 12 and Ia,32 reveals a
pronounced difference in the temperature dependences in
the two pressure ranges. Further it is seen that only in
the slip flow pressure range does the nature of the gas
play a part through the specific constant A.
As noted previously, for simplicity, the
longitudinal Knudsen forces acting on flat walls have
been calculated rather than those acting on an actual
sample or a hangdown wire which would have been more
realistically related toa cylindrical model (18,19).
This more complicated model leads to:
- R.R
~

~ (T
- T
)
o T
top
bottorn •

(Ia, 33)

for low pressures and to:

ln (R /R.) - I
0

~

T
p

(T

top

-

T

)

bottorn '

(Ia,34)

for the slip flow region.
Here R is the radius of the vessel and Ri is the
radius 0 of the hangdown wire or of the sample.
The following two examples show the order of
magnitude of longitudinal Knudsen forces. The first case
considers the effect upon a sample with a 2 mm radius
surrounded by a furnace, the inner radius of which equals
I cm. The temperature difference causing the Knudsen
forces originates here from nonuniformities of the
furnace wall temperature, which are estimated to be
5 ne at a furnace temperature of 500 K. If the gas in
the furnace is oxygen, A is 3.35 x Jo-2 dyne cm-I oe-I.
Using these data in equations Ia,33 and Ia,34 yields,
in the low pressure region:
F1
and

~n

=

p/500

the slip flow pressure region:
F1

=

14.4/p.
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These pressure dependences are illustrated in Figure
Ia,6. The intersectien of the two lines occurs at
p
= 85 dynes/cm2 = 0.065 torr corresponding to a
ma x

r

10tog (Am)
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/~,

~

2
//

;

''
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'

0

-1~----+------r-----+------~----+------r~~-+----~
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-4

-3

-2

-1

0

2
- - - - 10 tog P

Figure Ia,6. Thè spurious mass effect caused by longitudinal Knudsen
forces. The numerical data are those from the examples
dealt with in the text; a refers to the effect on the
sample, b to the effect on the hangdown wire; Äm in ~g,
p in torr.

Knudsen force of 0.17 dyQe and a spurious mass effect
of 170 wg. As a second example, the force acting on
the hangdown wire (radius 20 wm) which passes through
the orifice of the furnace (T
- T
. = -2000C)
top
bottorn
~s calculated. For a temperature of 400 K, the result
~n the low pressure region is:
F l = p/ I 000
and the slip flow pressure region:
F1

54/p.

The intersectien occurs at p = 230 dynes/cm2 = 0.17
torr. The maximum force ~s 0.23 dyne, which corresponds
to 230 wg.
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3

Apart from the longitudinàl Knudsen force, a
transverse Knudsen force F can be calculated from
t
.
t h e equatlon
F

(Ia,35)

t

in which S equals the area of the horizontal cross
section of the sample. In the low pressure region
equation Ia,35 gives:
p [1 -

J(T top /T bottorn ) ] S.

(Ia,36)

This expression lS a simple consequence of the fact
that in the low pressure range the uniformity of M
leads to the equation:
(Ia,37)

Substituting in equation Ia,36 for p the values of
p
calculated in the two previous examples, the
ma x
maximum values of the transverse Knudsen force on the
sample and on the hangdown wire are 0.054 dyne and
0.65 x Jo-3 dyne respectively.
3. Cavity farces

Cavity farces are by nature related to Knudsen
farces and occur when a temp . . gradient exists perpendicularly to the surface of a porqus sample (25-27). Consider
a vertical cylindrical pore, radius R ( see Figure Ia,7),
in a sample with a vertical temperature gradient, R playing a role similar to that of W in the low pressure Knudsen range; see section 2. For simplicity assume a uniform
gas temperature T above the sample. Stationary state
conditions requirg that the number of gas molecules, A,
entering the hole through the orifice equals the number
27

of gas molecules, B, leaving it. The velocity of the A
molecules is governed by the temperature of the gas
TA = Tg, while the velocity of the B molecules corresponds
to the temperature somewhere on the wall of the hole,
TB' Again for simplicity suppose that the average place
where the B molecules had their last callision with the
wall is at a distance R below the orifice, the temperature
TB is then:

T

g

- R (dT ) .
dz

(Ia,38)

Figure Ia,7. Illustration of the model used for the explanation of
cavity forces.

Now consider the momenturn transported by the A and B
molecules through the orifice per unit time and area.
Added together, these make up the pressure p 0 at the
orifice. For simplicity, assume the case of a completely
uniform temperature, i.e. TA= TB. Here each of the
momenturn tr a nsports corresponds to half the bulk gas
pressure p .
g
Returning to the situation of the pore with the
temperature gradient, it is seen that the presence of
the temperature gradient does not affect the numbers of
molecules, A and B, passing through the orifice. The
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number of entering molecules, A, is only determined by
the physical state of the gas above the sample and the
number of l e aving molecules, B, remains equal to it
because of the steady state c onditions. The momenturn
transferred by the B molecules, however, has to be
corrected with the factor VTB/TA
, because the
veloeities of the B molecules are related to the
temperature TB instead of TA. This means that:

(Ia,39)

Using equation Ia,38 and restricting the discussion to
temperature gradients so small that first-order
approximations are allowed, p becomes
0

R

T

(Ia,40)

g

It is se e n that the pressure p 0 at the orifice differs
from the bulk gas pressure p by the amount öp as follows:
g

R
T

(Ia,41)

g

Equation Ia,41 shows that ö p is directly proportional to
the gas pressure Pg· This proportionality only holds for
the region where tne derivation of equation Ia,41 is valid,
i.e., at pressures so low that the mean free path À of the
molecules is great compared to the radius, R, of the pore.
At higher pressures the effect decreases rapidly with
increasing pressure (27). The maximum ef f ect will therefore occur not far from that pressure at which the mean
free path equals the radius of the pore. Substituting
AT/À (see equation Ia,3Jb) for p of equation Ia, 41,
we obtain:
g
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(Ia,42)

6p

and for the

max~mum

value of 6 p which occurs when

-l4 A (dT)
dz '

~

R,

(la,43)

It is apparent that although the maximum value of the
effect is not directly dependent upon the pore radius,
the radius does determine the pressure at which the
maximum effect occurs. In order to obtain the resulting
forces, it is necessary to multiply the expressions for
6p-for single pores by the total surface area of the
top of the sample that is covered by holes. For example
assuming 0. I cm2 for this area, A = 3.35 x Jo-2(oxygen),
and dT/dz = 5°C/cm, the magnitude of the disturbing
cavity force, 6 Fc , is 0.0042 dyne and that of t he
spurious mass effect, 6mc is 4.2 ~g.
For pores wi th a radius of I \liD the maxi mum force
will occur at about 75 torr. The cavity forces can be
minimized by a furnace design (28,29) which concentrates
upon temperatur e homogeneity.

4. Armlength effect
Koudsen and cavity forces, because of their
proportionality with pressure , disappear at low pressures.
Another disturbance resulting from temp e rat ure
inhomogeneiti es , therefore, becomes predominant ~n the
region of very low pressures.
The discussion will here be confined to the
inequality of the arms of a balance beam arising from
thermal e xpans ion differences caused by temperature
inhomogeneities. To understand the influ e nc e of the
a rmlength v a riations upon force measurements, it must be
remembered that a beam balance actually compares the
moments of force. Apart from the obvious reduction of the
armlength effect by reducing temperature gradients in the
vicinity of the balanc e, much can be done through a
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suitable choice of the beam material (30,31). This is
illustrated by the simplified example shown in Figure
Ia,8). Here one part of the beam is surrounded by a
tube half of which is maintained at the temperature,
Tt, while the rest of the tube is at room temperature
T.
It is further supposed that the temperature of the
beam at the fulcrum is room temperature. This last
condition is especially difficult to realize but it
can be approached if there is a similar but opposite
temperature jump at the tube surrounding the other
part of the beam. The heat flow shown by the dotted
line in Figure Ia,8 is of prime importance. Under low
gas pressure conditions the heat is transported in the

Tt

Figure Ia,S. Schematic of the heat flow in the example for which the
armlength effect is calculated.

form of radiatioL, Gr• between the hot part of the tube
and the beam. The heat flow through the be am, Ge, to
the fulcrum i s by conduction. For simplicity, assume
that the beam under consideration consists of equal
parts having the following different physical properties:
(I) The half at the end of the beam has the actual
specific heat C of the beam material, but an infinite
heat conductivity. lts temper a ture Tb is therefore
unif o rm. (2) The othe r half, ne ar th e ful c rum, has the
a c tual conductivity À of the beam material but its
specific heat is zero. Tb - T , therefore, represents
the temperature difference across the latter part. The
heat flow, Qr, is, ac c ording to the Stefan-Boltzmann
law, governed by the resistance Rr, which, when the
31

temperature differences are small, equals:

(Ia,44)

R

r

in which Dt and Db are the diameters of the tube and
beam, respectively, l is the length of the arm, Eb
and Et are the emissivities of the beam and the tube,
respectively, and o, the Stefan-Boltzmann constant,
5.6 x Jo-5. The heat flow, Qc, governed by the resistance
Re is given by:

(Ia,45)

R
c

The heat capacity, eb, of the end half of the arm 1s
given by:

(Ia,46)
where p is the density and C the specific heat of the
beam material. With the help of these newly defined
quantitie~, we can find the beam end temperature, Tb,
from:

(Ia,47)

From equation Ia,47 follows for stationary st a te
conditions:
R

T - T
b

c

R + R
r

(Tt - T ) .

(Ia,48)

c

The relaxation time interval, T, characteristic of the
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establishment of the steady state situation is:

I /R

T

+ I /R

c
r
= -~'-----

(Ia,49)

Cb

In order to calculate the ?purious mass effect, it is
first necessary to determine the expansion of the arm
under the conditions shown in Figure Ia,8 in the
stationary state. The expansion 61 1 of the end half of
the arm at the uniform temperature Tb is given,by

a l(Tb - T ),

(Ia,50)

where a is the linear expansion coefficient of the beam
material. Thé expansion 6 1 2 of the other part of the arm,
where the temperature drops (linearly) from Tb to T
is
given by:

a l(Tb- T ).

(Ia,51)

Neglecting the mass of the beam and incorporating
equation I a ,48, the corresponding spurious mass 6m, 1s:

óm

m

R
c
+ R

~ a m ----

R
r

(Tt - T ), (Ia,52)

c

where m is the mass of the sample.
The required information for specific beam materials
and the results of the calculations are represented in
Table Ia, I. To illu s trate the depe ndency o f the effect on
the beam material three different beams, viz. an aluminium
33

Table Ia, I
Beam
material
Al
Si02
Siü -Au
2

x

À
Jo-6

E:b

24
o. 13
I. 6

0.5
0.9
0.02

0:

x

23
0.5
0.5

c

p

J06

x

2.7
2.2
3. I

Jo-6
9.2
8.0
5.9

beam (Al), a fused quartz beam (Si02) and a fused quartz
beam covered with a thin gold layer (Si02-Au) have been
considered. In the latter case the effective heat
conductivity, Àeff' is given by:

2
2
2
DSi0 ÀSi0 + (DAu- DSi0 ) ÀAu
2
2
2
2
DAu

(Ia,53)

where DAu is the total diameter of the beam (0.2cm),
DSi0 is the diameter of the quartz body of the beam,
2
taken to be 0.195 cm, which involves a gold layer
with a thickness of 25 wm. Inserting ÀSiO = 0.013 x 10 7
7
-J
-1 0 -1
.
2
and ÀAu = 3 x JO erg cm sec
C , lt follows that
Àeff = 0.16 x 107 erg cm-lsec-loc-1. Effective values for
the density, p, and the specific heat, C, have been
calculated in a similar manner. The following values were
used in the calculation to obtain T and 6m: Db = 0.2cm,
Dt = 3cm, 1 = 5cm, (T. + Tb)/2 = 300 K, Et = 0.9 (fused
quartz), m = I g and Tt- T = J°C. The required data for
specific beam materials and the results for the
calculations are presented in Table Ia, I.
From Table Ia, I it can be concluded that the
combination of the fused quartz beam covered with a gold
layer is most advantageous. This result is not surprising
since such a beam combines the advantages of the high
heat conductivity and low emissivity of a roetal wit~ the
low expansion coefficient of fused quartz. This result
has been verified experimentally (32).
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Beam
material

x

Al
SiOz
Siü 2-Au

0.96
0.53
24

Rr
103

Re
106

x

eb
1o-6

x

3.3
610
49

1.9
1.4
1.4

T

x

6.3
400
69

t.m
109

60
200
0 . 75

5. Radiation pressure
This discussion will consider the influence of
radiation pressure on mass determination with a microbalance. Let a light souree be located at . a distance d
above one of the arms of a microbalance and the ether
arm be shielded from the radiation. The fraction f of
the totally emitted radiation energy which is intercepted by the balance arm is given by:
2

A/4TTd ,

f

(Ia,54)

where A is the effective area of the balance arm
obtained by cross-sectioning it in the direction
perpendicular to the radiation. The radiation is
accompanied by a transfer of momenturn per second, p,
given by:
p

Q/c,

(Ia,55)

where Q is the radiation power emitted by the bulb in
both the visible and infrared part of the spectrum, and
c is the velocity of light (3 x 1010 cm/sec). If the
balance arm is a perfect reflector, the transferred
momenturn will be at most twice the momenturn inherent in
this radiation. So the resulting force Fr acting on the
balance arm will not exceed:
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F

r

2fp

2

(A/2nd )(Q/c).

(Ia,56)

Taking the example of a bulb which emits Q = 100 W = J09
erg/sec of radiation while the distance d = 10 cm and
A = 2 cm2, equation Ia,56 leads to Fr = 10-4 dyne which
corresponds to a spurious mass effect of 0. I ~g. This
example shows that only in very particular cases will
radiation pressures be a souree of not negligible
disturbances.
6.

G~a vitati ona l fo~ce s

The presence of a heavy body in the vicinity of a
balance can cause gravitational farces, F , acting on
parts of it as given by the general law g
F

(Ia, 57)

g

d

Figure Ia,9. Illustration of gravitation force acting on the sample m
2
because of the presence of the body m •
1
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1n which m 1s the mass of the heavy body, m 1s the mass
1
of the part of the balance involved, d is the2 distance
between the two centers of mass, and G is the gravitation
constant, 6.7 x I0-8cm3/g-sec2.
The magnitude of the effect of this forGe is
calculated using Figure Ia,9. Assuming that m1 = 105 g,
mz = 0.3 g, and d = 20 cm, it fellows that Fg = 5 x Jo-6
dynes, corresponding to a spurious mass effect of 5 x
J0-3 )Jg.
The fact that this value is so small even for the
rather pronounced situation shown in the figure indicates
that, in general weighing, disturbances of this kind are
not significant.

7. El ea trostatic forces
When parts of the balance and its surroundings are
electrically charged, forces described by Coulomb's law
will be present. Such charges occur frequently with their
crigin usually related to the frictional electricity
generated at the solicl-gas interface.

_['

.
I+
I\

+I

_

__
,...__
+-1
....+ _./

-I
---

R

Figure Ia,JO. Model used in calculating the electrastatic force between
charges on sample and balance case.

In order to give an estimate of these forces,
consider the following simple hypothetical example in
which the sample as well as
part of the bottorn of the
balance case below the sample are electrically charged.
Assume that these charged parts can be represented by two
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I cm radius spheres 5 cm apart, as illustrated in Figure
Ia,IO, with bath spheres having a potential which may
well be 1000 V. The total charge of a sphere can be
calculated from the equation

V = 9 x 10

11

JL
R

(Ia,58)

s

where V is the electrical potential of the sphere in
volts, Q is its charge in coulombs and R ~s its radius
s
~n
cm.
11
8
In this example, Q = 1000/(9 x 10 ) = 10- /9
coulomb. The force acting between the two spheres from
eaulomb's law is
F

9

x

1018

QQI 2

1 2 R '

(Ia,59)

where R is the distance between the spheres in cm and F
is the mutual force in dynes. For the above example
F = 0.4 dyne, equivalent to 400 ~ g. Although this has
been a very simple example, it illustrates that electrastatic farces are among the more serious weighing
disturbances and can result ~n substantial weighing
errors.
The view that grounding of either the balance ar
its case alone would eliminate the electrastatic farces,
ignores the fact that farces may also originate from the
remaining induced electri c charge. This may be seen by
consiclering a capacitor with one of the plates grounded
and the other electrically charged.
As an example the force will be calculated for the
case in which the electrical charge is present only on
the balance while the surrounding balance case is
grounded. This is illustrated schematically in Figure
Ia, 1 l. A constant charge is homogeneously distributed
along the hangdown wire. The hangdown wire is coaxially
surrounded by a grounded tube. The hangdown wire and
the tube farm tagether a cylindrical capacitor with the
capacity C being given by:
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c

(Ia,60)

where C is expressed in farads, 1 is the length of that
part of the hangdown wire which is surrounded by the tube

~ F

+

+
+
+

+

Figure Ia,II. Illustration of the capacitor formed by a charged sample
and hangdown wire and a grounded balance case which gives
rise to an electrastatic force.

and Rt and Rh are the radii of tube and hangdown wire,
respectively. The energy s associated with this capacitor
is given by:

(Ia,61)
where s is expressed in ergs and q in coulomb/cm. Using
equation Ia,60 in Ia,61 yields:
(Ia,62)

The electrastatic force acting on the hangdown w1re
satisfies

F

(Ia,63)
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Si nee

q

cv

(Ia,64)

1

this force can be expressed as a function of the potential
V by

(Ia,65)
Substitution of the typical values:

103 volts

V

R

t

2 cm

leads to an estimated value of F = 0.5 dyne, equivalent
to 500 ~ g. This example demonstrates that grounding of
the balance or case alone is oot sufficient to eliminate
electrastatic farces and that it is necessary to ground
both the balance and its surroundings. When insulating
materials are used, the ground conneetion is made with
the aid of a conductive coating.

8. Magnetostatic farces
Befare calculating spurious mass changes arising
from magnetostatic effects, it is of value to discuss the
origins of the disturbing magnetic fields. First, there
is the earth's magnetic field which is of the order of a
few tentbs of an oersted and is constant within 1%.
Inhomogeneities in the earth field may arise from the
presence of ferromagnetic materials in the vicinity of
the balance. Secondly, there are stray fields of electric
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currents which, though they are usually an order of
magnitude smaller than the earth rnagnetic field, can he
of irnportance hecause of their time dependence. For
exarnple, an electric furnace used to heat the sample can
produce a sizeahle disturhance. If it does not have a
hifilar or noninductive winding, the rnagnetic fields
rnay well he greater than 10 Oe. The magnitude of the
field is then dependent upon the temperature of the
furnace. The inhornogeneity of the field depends strongly
upon the furnace design. Application of a hifilar winding
can reduce the field hy two orders of magnitude.
Two effects of rnagnetic fields are discussed here.
First, a magnetic couple will arise, when perrnanently
rnagnetized ferrornagnetic irnpurities are present in the
hearn. To find the spurious rnass change, 6rn, involved, we
relate 6rn to the maximurn value of the rnagnetic couple :
g 1 6rn

V I H,

(Ia,66)

where g is the acceleration due to gravity, 1 the length
of the halance arm in cm, V the volurne of the irnpurities
per crn3, I the permanent rnagnetization of the irnpurities
in gauss, and H the rnagnetic field in oersted. Using the
practical values: V = lo-4 crn3 for highly impure hearn
rnaterial, I = 104 G, H = 0. I Oe and 1 = 10 cm, we see
that 6rn = 10 wg. This clearly dernonstrates the need for
avoiding ferrornagnetic irnpurities.
Secondly, a force will he developed whenever pararnagnetic
and ferromagnetic materials are placed in an inhornogeneous magnetic field. Taking the rnagnetization of those
rnaterials to be proportional to the field, the resulting
spurious rnass variatien is found frorn:
g 6m

=

VxH(aH/az),

(Ia,67)

where x is the susceptihility of the material and aH/az
is the vertical component of the rnagnetic field gradient.
As one exarnple, consider the forces acting on a
soft ferrornagnetic sample when the earth magnetic field
is slightly inhomogeneous. Using the practical data: V =
I crn3, x = 10, H = 0.2 Oe, aH/az = 0.01 Oe/cm, it is
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found that 6m = 2 ~g. As another example, consider a
paramagnetic sample in the field of an inductively wound
furnace. Substituting in equation la,67 the values:
V = I cm3, x = I0-5, H = 10 Oe, oH/oz = I Oe/cm, results
in 6m = 0. I ~g. An appropriate furnace design can limit
the magnetostatic disturbances, so that only the ferromagn~tic materials in the balance need cause concern.

9. "Building vibrations"
The elimination of "building vibrations" may be of
extreme importance to a successful weighing procedure.
There have, however, been hardly any detailed considerations of vibration problems.
The term "building vibrations" cover vibrations
of three different origins. First, there are the
vibrations originating from the ground on which the
laboratory is built. Heavy traffic, for instance, is a
frequent souree of vibration of the soil. Secondly,some
vibrations have their origin in the building itself, e.g.,
machinery, the slamming of doors, or the variation of
wind pressure against the walls. Finally, the furniture
or framing associated with the balance can generate
vibrations or modify those from the other sources.
Vibrations can be reduced by appropriately choosing the location of the weighing room and the construction of the experimental set-up. Since unfortunately
these choices generally involve different people with
widely diverging responsibilities, optimum vibration-free
conditions are usually not within the rea c h of the
experimenter. In general, he must, therefore, concentrate
on reducing the localized effects of the "building
vibrations".
Many of the various ways of achieving this
reduction are based upon the "heavy table - weak spring"
method. This method is illustrated by the example
depicted in Figure Ia, 12. The table on which th e balance
is built is represented by the body of mass m. This is
supported by a spring with a spring constant C. The other
end of the spring is connected to the building, which is
supposed to take part in a vertical vibration given by
the equation:
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A

2 building

z

.
.
buddwg e

jwt

(Ia,68)

•

A damping device with a damping constant k is mounted
parallel to the spring. We get the following equation
of motion .of the table:
..

mztable

+ kZ

table

+ Cz

table

Czb u1'ld 1ng
·
+ kzb u1· ld 1ng
· ·
(Ia,69)

m

Figure Ia,l2. Schematic picture of the "heavy table-weak spring" method
for the reduction of building vibrations.

Using equation Ia,68 the particular solution of
equation Ia,69 reads
j(wt +

A

2

table e

~)

where
2building

1

c

(Ia,70)

1

C +

j wk

+ j wk - w2m

I

(Ia,71)

•

The reduction of building vibrations is :;uccessful when
the amplitude of the table is smaller than that of the
building, i.e., if z ta bl e < zb u1'ld'1ng which, with the use
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of equation Ia,71 leads to
w > V(2C/m)

w

0

1/2.

This shows that the device is effective as long as the
frequency of the oscillation wis greater than 1.4 times
ihe free oscillation frequency w0 of the table-spring
system. A low value of w0 , which requires a large value
of m and a small value of C, is therefore desirable .
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Chapter Ib

ERRORS IN VACUUM MICROBALANCES CAUSED BY UNEQUAL THERMAL
EXPANSION OF THE BALANCE ARMS
Abstract
A detailed analysis is made of the magnitude
of the error that arises from temperature
inhomogeneities along the balance case when a microbalance operates at low pressures. A general equation
is derived which enables the influence of the nature
of the constructional material and the geometrical
dimensions of the balance and case to be assessed.
The validity of this equation when applied to a
particular balance material, Dural, for a specified
type of temperature inhomogeneity, has been tested
experimentally. The calculations reveal that,
contrary to accepted practice in vacuum microbalance
techniques, the use of a material with very low
coefficient of expansion (such a9 silica) does not
secure the minimum error arising from temperature
inhomogeneities. It emerges that two other
properties, the thermal conductivity and emissivity,
are equally important; and there is much to be said
in favour of choosing certain metals or alloys
(such as Dural) as constructional materials for the
balance beam. The error discussed here is likely to
be most serious when the ambient pressure is less
than about 10 wtorr. For most materials, if a
measuring accuracy in the region of I wg is required,
temperature inhomogeneities along the balance case
of up to I degC may be tolerated.

1. Introduetion
That environmental temperature inhomogeneities
cause inequalities in the armlengths of beam-type microbalances, and hence affect their accuracy, is
appreciated by all concerned with precise weighing
techniques.
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Several authors (Gulbransen 1944, Newkirk 1960,
Czanderna and Honig 1957, Rhodin 1953, Walker 1961,
Behrndt 1961, Lukaszewski 1962) have considered th~s
souree of error, and it has been generally advocated
(Czanderna and Honig 1957, Gulbransen 1953, Behrndt 1961)
that, in order to minimize the spurious deflections
arising from small temperature inhomogeneities of the
surroundings, the balance beam should be constructed from
material of very low thermal expansion coefficient such
as silica or Invar. This practice appears appropriate so
long as the thermal resistance affered by the gap between
the beam and the balance casing is small in comparison
with that affered by the beam, In these circumstances
temperature inhomogeneities of the environment and of the
balance case will be simulated by the beam itself.
For vacuum microbalances, the pressure of the gas
in which the balance operates lies well in the Koudsen
range -- generally speaking for the dimensions norrnally
encountered (see, for example, various articles in Vacuurn
Microbalance Techniques (Katz 1961, Walker 1962, Behrndt
1963) for further details) the Knudsen range extends up
to about JO mtorr - and so the heat conductance between
beam and case will decrease with decreasing pressure, the
minimum conductance being deterrnined by the thermal
radiation between the surfaces of the beam and case.
Under these cortditions it therefore seerns possible that,
because of the comparatively low thermal transfer between
the balance and its surroundings, the temperature
inhomogeneity along the bearn will differ radically from
that prevailing along the balance case. This, in turn,
will affect the equality in armlengths, and it is obvious
that, in addition to the coefficient of expansion,
allowance has now to be made .for the therrnal
conductivity of the material. This paper, which is one
of a series devoted to a systematic study of the errors
associated with ultra-sensitive balances, examines the
relative importance of the thermal conductivity and
the expansion coefficient in min~mizing inequalities in
armlength arising from inhomogeneities of the environmental temperature. It highlights the question of the
choice of material for the construction of rnicrobalances.
For all the calculations carried out ~n this papér
it has been assurned that the balance cage is evacuated
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to such an extent that heat conduction of the gas within
the case can be neglected and that a rather special,
though realistic (see section 4), type of temperature
inhomogeneity on the balance case prevails. The
inhomogeneity is assumed to manifest itself as a sharp
temperature boundary coïncident with one of the ends of
the balance beam (see figure Ib,I) so that the balance

~21~

-ll

Fx 1+1
I
~Xe

Figure Ib,l. Geometrical arrangement of the beam and
case of the balance.

case may be considered to have been divided into two
parts of constant but different temperature. Although
many patterns of temperature inhomogeneity do not
conform to the one envisaged here, it is felt that,
apart from its intrinsic value, the one used
constitutes a valuable guide in the estimation of the
magnitude of the errors brought about by many ether
temperature inhomogeneities.
After first deriving the equations for the
spurious mass change arising from the temperature
inhomogeneity, numerical calculations are carried out
for fused quartz and aluminium as beam materials, two
substances which, because of their low density and lack
of ferromagnetism, are contestants for use in balance
construction. For camparisen we shall also give a few
results for ether materials less commonly used for beam
construction ( section 3). Fortunately the two materials
considered in detail here
differ markedly in their
thermal conductivities and expansion coefficients, so
that the numerical results yield a synoptic picture of
the relative importance of these two properties. It will
emerge that, in addition to the two physical properties
already mentioned, another, the emissivity, is also
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relevant. Sectien 4 deals with an experimental test, and
sectien 5 with the significanee of some of the
predictions made in this paper.

2. Temperature distribution aZong the beam
The beam and the case of the vacuum microbalance are
considered to be coaxial cylinders of very different
radii (r << R, see figure Ib, 1). The lengthof the beam ~s
21, whereas that of the case is assumed to be infinite.
The middle of the beam is made the origin of the linear
place coordinates x and xc, which refer to the beam and
the case respectively. The case extends from -oo to +oo,
and its temperature is supposed to be T 1 for -oo < xc < -1
and T2 for -1 < Xe < +oo, Dwing to thermal radiation
between the various parts of the beam and the balance
case, and owing to the heat flow by conduction along the
beam, the temperature of the latter will depend on x. Dur
first objective is to derive the function relating the
temperature along the beam and x under stationary state
conditions.
From the theory of conduction of heat by radiation,
if fellows that, when two surfaces of areas dAJ and dA2,
who se emissiviti es EJ and s 2, respectively, are
separated by a distance d, the net heat flow dq21 from
the surface at higher temperature (T2 > Tl) is given by

(Ib,l)

where o is the Stefan-Boltzmann constant and ~ and 6
are, respectively, the angles of intersectien of the
line joining the surfaces and the normals to the surd

Figure Ib,2. Schematic arrangement to illustrate the eosine
law, equation (Ib,l).
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faces dA 1 and dA2 (figure Ib,2). Equation (Ib, 1) holds
when the reflection from dA1 and dA2 as well as the
angular variation of the emissivity is ignored.
Consider the areas depicted in figures Ib,3(a) and
(b) as analogues of dAl and dA2. From these we see that

2R

2-r

(a)

( !; )

Figure Ib,3. Coordinates of the surface elements on (a) beam
and (b) case to which equation (Ib,l) is applied.

dA 1

r

dA 2

R dy dx

}

dS dx
c

(Ib' 2)

where y = a - S. To utilize equation (Ib, I) we may
write (see figure Ib,4):

cos

<P

R

cos 8
(x

c

cosy
d
R

(Ib '3)

d

- x) 2 + R2

=

d2
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Therefore, for the situation illustrated by figure Ib,4
equation (Ib,l) may be written as

Figure Ib,4. Blustration of the geometrical relations between the
different parameters, as given in equation (Ib,3).

dx dx

dq

c

dBdy,

(Ib,4)

where Tx c and Tx are the temperatures at the coordinates
xc and x on the balance case and beam respectively. If
the total flow of heat by radiation through the section
2 nrdx is written as qdx, it follows that
qdx

I

xc =

X

c

+oo

= -oo

J(3

= 2nJy=+n /2

B= 0

y=-n/2

(T
{R

4
xc
2

4

- T ) cos y
x
-2 2 dxcd(3dy. (Ib,S)

+ (x

c

- x) }

Because of the stationary state conditions, the righthand side of equation (Ib,S) can be equated to the heat
flow, by conduction, along a length dx of the beam so
that
50

q

(Ib,6)

Ln which À is the thermal conductivity of the bearn
material.
Elirninating q frorn equations (Ib,S) and (Ib,6) and
carrying out the integration with respect to y and S
results in

(Ib,7)

Incorporating the above-rnentioned boundary conditions for
T , equation (Ib,7), upon integration, becornes
x

c

rrÀr

(Ib,8)
{ . R(x + 1)
+ tan -1
R2 + (x + 1)2

( x + 1 ) }.

R

Equation (Ib,8) rnay be solved by utilizing the
boundary conditions

E]E20

À

(T

4

4

- T )
-1
1

(Ib,9)

and

(Ib, 10)
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which have been obtained from the application of the
principle of conservation of energy, in the steady state,
at the extremities of the beam. The nature of the actual
problems we are dealing with in practice permits us to
restriet the use of equations (Ib,B), (Ib,9) and (Ib,IO)
to those cases where all the temperatures over the
system are very close to one another, so that for any
temperature difference L'IT we are justified in using the
approximation

(Ib, I!)
Introduetion of the definitions
x

~

x
1

=

(Ib, 12)

(Ib, 13)

1
R

c

(Ib, 14)

2s 1 s 2 1
B

2
(Ib,15)

>..r

and
C(l + x~)

+

c2 ( 1

+

x~) 2

+ tan

-1

~
{ C(I + x ) } ( Ib, 16)

together with the substitution of equation (Ib,l I) makes
equations (Tb,8),(Ib,9) and (Ib,10) more tractable. The
result is given by equations (Ib,17),(Ib,l8) and (Ib,19).
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+I
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(Ib,I9)

Numeri ca l solutions of equation (Ib,l7), with equations
(lb,l8) and (IB,l9) as boundary conditions, were worked
out, using a digital computer, by Dr. A.J. Geurts of the
Department of Mathernaties of the Eindhoven University of
Technology, for two fixed and typical values of C,
namely C = 3/2 and C = 8/3, and for several values of B
between B = 0 and B = oo, and for T1 = 300 K. The results
of these calculations are summarized in figur e (Ib,S(a),
(b), and (c)). In these figures the "reduced" temperature
T* along the beam is plotted as a function of the
"reduced" coordinate x:t. These figures s how the
importance of the thermal conductivity of the beam.
For large values of this conductivity, the temperature
differences along the beam become much less pronounced
and so e quality of arm length is fav.oured. It ~s to be
noted that the curves marked B = oo correspond to an
ideal insulating beam, and those marked B = 0 to an
ideal conducting one.
lt may be seen from the figure (Ib,S(b) and (c))
that, for smal1 values of B, and at an arbitrary but
fix ed valu e of x:t, T* varies roughly linearly with B.
To a ppreciate why this should be so, it is instructive to
consider the electrical analogue for the system envisaged
here. In a simple series circuit, consisting of a high
and a low resistance, the magnitude of the flow of
electrici~y will be determined largely by the high
resistanc e, but the potential drop along the low
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resistance is still proportional to the magnitude of that
resistance. Likewise, in a vacuum microbalance assembly,
if the resistance to the heat flow along the beam is much
less than the radiation resistance between the balance
case and the beam -which is so when B ~ 0 - the actual
heat flow will be determined largely by the radiation
resistance of the annular space, but the temperature
difference along the beam will be proportional to its
thermal resistance, i.e. directly proportional to B.

3. The calculation of the spurious mass change arising

from a given temperature distribution along the beam
In the preceding section we discussed how the
temperature distribution along the beam could be
calculated with the aid of the parameters B and C, these
discussions being restricted to a particular temperature
distribution along the balance case. In this section we
shall discuss spurious mass changes associated with the
difference in expansion of the two arms of the balance.
Again we shall deal with balances that have a
cylindrical beam and equal arm lengths 1 (at homogeneaus
temperatures), the mass of the beam being mb. At one end
of the beam the sample, of mass ms, is suspended. At the
other end of the beam a counterweight, also of mass m5 ,
is suspended so that, at homogeneaus temperatures, the
sample is totally counterbalanced. We now introduce
inhomogeneities of the temperature along the beam, the
temperature at the coordinate x being Tx. From
elementary reasoning it can be shown that these
temperature inhomogeneities give rise to a spurious mass
change 6m of the sample given by
s

6m lg = ag
s

x

(Ib,20)
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in which a is the linear expansion coefficient of the
beam material and g is the acceleration due to gravity.
If the temperature distribution is the same as in
the example dèalt with so far, we can utilize the
reduced quantities T* and x* introduced in the preceding
sectien (equations (Ib,l2) and (Ib,l3)). Equation (Ib,20)
then becomes
6m

~n

(Ib,2I)

s

which

P

=

1
+1
0

T*dx* -

Jo
-1

*

T dx *

(Ib,22)

and

(Ib,23)

Q

Table Ib, 1

c
3/2
3/2
3/2
3/2
3/2
8/3
8/3
8/3
8/3
8/3
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0

0

3.84
7.67
76.7
00

15.92
29.34
118.84
171.48
0

0
I. 00

2.00
20.0
00

3.06
5.96
41.52
117.83

0

5.58
10.28
40.04
45.35
0
I. 05
2.05
14.00
23.80

We have calculated the values of P and Q for different values of the parameters B and C by numerical
integrations basedon the curves in figures Ib,S(a),(b)
and (c). The results are summarized in table Ib,l.
As mentioned at the end of the previous section, for
small values of B, T* varies linearly with B and so we
may expect P and Q to be proportional to B. This is borne
out by table Ib,2 • the constants of proportionality being:
for C

for C

P/B

3/2

Q/B
P/B

8/3

Q/B

415
145
306
lOS

}

(Ib,24)

Using equation (Ib,21) and the specific data for
different beam materials collected in table Ib,2 we have
calculated the spurious mass changes, per degree
temperature difference, for several arrangements. The
Table Ib,2
Material

E2

Ni
Al
Cu
Pt
Ag
Silica
Brass

0.04
0.5
0.03
0.03
0.02
0.93

o.os

À

x I0- 7

0.90
2.38
3.85
0.69
4. 18
0.0126
1.1

(Br/1 2 ) x 10 8
0.826
3.90
0. 145
0.808
0.0890
I. 37 x 10 3
0.846

p

a :x 10

8.8
2.7
8.9
21.4
10.5
2.2
8.6

results are shown in table Ib,3. In addition to the
data enumerated in table Ib,2 we used:
s1
0.93, which holds for a balance case that
made of silica (fused quartz)
0.4 g
2
= 2rrr lp g

6

13
23
16
9
19
0.5
18

B

where p is the density of the beam material.
57

Table Ib,3
Material

l

r

Ni
Al
Cu
Pt
Ag
Silica
Bra ss
Ni
Al
Cu
Pt
Ag
Silica
Brass
Al
Silica
Al
Silica

8
8
8
8
8
8
8
8
8
8
8
8
8

0.
0.
0.
0.

8

8
8
4
4

IS
IS
IS
IS
o. 1S
o. 1S
o. 1S
o. 1S
o. 1S
0. IS
0. IS
0. IS
0. 1S
0. IS
0.07S
0.07S
0. IS
0. IS

R
16/3
16/3
16/3
16/3
16/3
16/3
16/3
3
3
3

3
3
3

3
3
3
3
3

6m

s

x 10 6

0.030
o. 11
0.006S
0.043
O.OOS4
0.038
0.041
0.040
0. IS
0.0089
0.060
0.0074
0.062
O.OS7
o. 13
0.027
0.020
0.031

4. Experimental and results
We have checked the calculations by measuring the
spurious mass changes using one of the vacuum m~cro
balances assembled by Mr.B.R. Williams at the Chemistry
Department of the University College of North Wales,
Bangor.
The balance, which has been described fully elsewhere (Williams 1964, Ph.D. Thesis, University College
of North Wales), is made of Dural and is similar in
design features to the one described by Gulbransen
(1944). The sensitivity of the balance was determined by
the buoyancy methad and was found to be O.S ~g per 0.01
mm beam deflection. A temperature distribution was
arranged along the case corresponding to the one for
which the above calculations hold. The distribution was
achieved by jacketing the case and circulating water
from thermosrats through the space between the jackets
S8

and the balance case. Temperature was recorded using
iron-constantan thermocouples. The experiments were
carried out at less than I ~ torr, the pressure being
monitored by means of a sensitive McLeod gauge which was
directly connected to the balance case. The geometrical
parameters had the following values: 1 = 8 cm, r = 0.075
cm, R = 3 cm. The mass of the sample was 0.4 g so that
the measured results may be eeropared with one of the
calculated results given in table Ib,3. T2 - T 1 was given
several values between +300C and -15°C. Random
fluctuations in the value of 6ms/CT2 - TJ) were observed,
the variability in the results being indicated by the
highestand lewest values of this ratio: 0.50 and 0.16
~g dege-l, respectively. The mean, and the standard
deviation of the mean, for 6ms/(T 2 - T 1 ) with ÖT ~ 5.0
degC were 0.22 + 0.07 ~g degc-l(ten observations), which
is to b e compared with the calculated result from table
Ib,3: 6ms/(T 2 - T 1) = 0.13 ~g dege-l.

5. Discussion
5. I. The pressure range where the armlength effect
important factor

~s

an

Temperature inhomogeneities along the balance case
give rise to three distinct types of disturbances, the
armlength effect, the Knudsen pressure effect, and
effects due to conveetien currents.
The approach to the armlength effect discussed in
this paper is based upon the assumption that the heat
conduction between the case and beam is restricted
solely to thermal radiation, a state of affairs which
prevails at pressures low enough to ensure that heat
conduction by the Knudsen gas is negligible. Above pressures of appr. Io-2torr the heat conduction by the gas,
and thus the armlength effect, may be considered to be
constant as long as free conveetien does not contribute
to the heat conduction.
Other disturbances due to ternperature inhomogeneities along the balance case are the Knudsen farces (see.
Chapter Ia). A rough estimate shows that at pressures of
about I 0 ~torr the Knudsen pressure eff,c ::t becomes
comparable with the a rmlength effect cc n sidered here. It
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is apparent, therefore, that armlength inequalities
become limiting factors only at pressores lower than
JO ~torr, that is, in high vacuum experiments. At higher
pressures, the armlength effect calculated in this paper
will, in general, amount to a small fraction of the
total disturbances arising from the inhomogeneities
along the balance case.
At relatively high pressures (e.g. a few dozen
torr) the Knudsen effect disappears, but the appearance
of free conveetien introduces new disturbances of a
completely different kind: such conveetien effects are
outside the scope of this paper.
5.2. Location of the temperature JUmp at the balance case
The model on which our calculations are based presupposes a very special type of temperature inhomogeneity.
This model has appeared justifiable if only because the
calculations proved readily amenable to experimental
vindication. It is, nevertheless, pertinent to consider
whether the numerical estimates made herein would have
been seriously affected if the location of the abrupt
temperature change were altered. It can be shown that the
inequality of armlength, and hence the weighing error, is
greatest when the temperature jump is located at the
region on the balance case corresponding to the primary
fulcrum of the balance; and if the balance is made of an
insulating material, the weighing error may be as much
as twice that calculated for the present location of the
temperature jump. Arguments can be given that a uniform
temperature gradient along the balance case would lead
to an effect comparable to that of the effect associated
with the jump coinciding with one of the beam ends. The
magnitude of the weighing error is of course considerably reduced if the temperature jump occurs at a distance
far from the extremities of the balance beam.
5.3. Uncertainty of the value of the emissivity
In the calculations use has been made of available
values for the emissivities of the materials from which
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the balance and case are constructed. The choice of the
correct value for the emissivity of a materi~l can be
crucial. For example, the emissivity of aluminium, and
probably also of Dural (or Duralumin, which is aluminium containing 4 per cent capper and traces of magnesium, manganese and silicon), can vary by a factor ten,
depending on the thickness of the oxide layer. Moreover,
there exists the likelihoed of there being a strong
angular dependenee of this property. Both these factors
have been tacitly ignored in our calculations. It
fellows, therefore, that the discrepancy noted in
section 4 (0.22 as against 0.13 ~g dege-l) may be
ascribed to factors associated with the uncertainty 1n
our knowledge of the emissivity.
5.4. Non-stationary state conditions
Since our approach to the evaluation of the
temperature distribution has presupposed that stationary
state conditions obtain, it has to be borne in mind that,
in practice, once the temperature inhomogeneity has
manifested itself, a certain time must elapse befare the
system adjusts itself so as to attain the temperature
distribution calculated here. The time which must elapse,
the relaxation time; is highly dependent upon the nature
of the balance material. For example, a balance made of
Dural, under the type of conditions which concern us
here, has a relaxation time of the order of a few
minutes. For fused quartz, on the other hand, the
relaxation time may well be of the order of an hour. It
is apparent, therefore, that,if it is convenient or
desirable to measure mass changes during a short time
interval, there is an advantage in using a balance beam
made of fused quartz. Measurements to be carried out over
long time intervals are best made using a balance
constructed from metal.

6. ConcZusions
The error in weighing arising from inequality of
armlength owing to temperature inhomogeneities along the
balance case is likely to dominate all other errors when
6J

the ambient pressure is lower than about 10 ~torr.
Special attention to this souree of error is therefore
needed in microbalance experiments carried out in
high vacua. The notion that weighing errors are
minimized if the balance beam is made of a material of
low thermal expansion coefficient is dispelled. Certain
metals and alloys which possess much higher expansion
coefficients and thermal conductivity (and lower
emissivity) than silica are found to be as good, or
even better (see table Ib,3), materials for construction.
That the value of the expansion coefficient is not vital
in the choice of material is strikingly demonstrared by
the fact that copper and silver would, if used for beam
construction, give rise to weighing errors - arising
from armlength inequality - which are about a sixth of
the error experienced using a sili ca be am of equal
dimensions.
Although the precise extent of weighing errors ~s
dependent upon the nature of the material used for
balance construction, it has been calculated that, for
the dimensions of balance and case encountered generally
in vacuum microbalance techniques, the spurious mass
change per degree temperature difference along the
balance case is approximately 0. I ~ g for aluminium,
silica, platinum, nickel and brass. Even if the
approximations and assumptions made in the calculations
have served to yield a final figure which is less than
it would be in practice by as much as a factor five, it
is evident that, generally, a temperature inhomogeneity
up to I degC would be easily tolerable for all beam
materials if the precision of the balance is in the
region of I ~g.
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Cornments on Chapter I
In Chapter Ia, section I, ~s discussed the order of
magnitude of the disturbing effect brought about by the
Brownian motion in respect of measurements using a rnassspring system. In that prefatory discussion, the time
necessary for one measurement is arbitrarily taken as the
free oscillation time of the rnass-spring system. One could,
in fact, increase the signal-to-noise ratio of this
randomly chosen set-up by taking a large nurnber of
readings, N. For practical reasens this procedure is not
in use in balance techniques, although the signal-to-noise
ratio would be a factor VN tirnes better.
To estimate the Brownian motion effect, the rnass-spring
system was chosen; it is, however, easy to apply those
calculations to torsion balances. The resulting spurious
couple is then to be found frorn the RHS of equation Ia,6
by substituting J for rn (J being the moment of inertia of
the torsion balance). A more detailed treatment of this
subject applied to torsion balances is given in section
4,1 of the book:"Moderne Messmethoden der Physik", Vol. I
by F.X. Eder, Berlin, 1952.
The free oscillation time which has been chosen I second
in the example, may in practice becorne as long as 1000
seconds. If so, it may be incorrect to apply the theory
described, owing to the fact that the influence of the
damping of the balance may no longer be neglected. Under
the latter circumstances a relaxation time will govern
the effect of Biownian motion.
In sectien 6 of Chapter Ia two errors owing to electrastatic forces are discussed. In a situation represenred by the model chosen for a grounded balance case,
as depicted in figure Ia,ll, another force may arise
acting on the sample owing to the induced (mirror-image)
charge on the bottorn of the balance case. It can be
shown that the effect of this force is smaller than that
of the one evaluated frorn equation Ia,59. Reduction of
the mirror-irnage forces is feasible by locating the
sample at some distance above the bottorn of the balance
case, which distance is great compared to the radius,
Rt, of the balance case.
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Chapter II

APPLICATION OF, AND EXPERIMENTS WITH, MICRO-BALANCES

INTRODUCTION
In this chapter an example will be given of the
practical applicability of micro-balauces (Chapter IIa)
and two examples (Chapter IIb and IIc) of the major
importance of highly sensitive micro-balances for successful attempts to study chemical processes of diamagnetic and of weakly paramagnetic substances, by means of
magnetic susceptibility measurements.
In Chapter IIa the applicability of a micro-balance
to the construction of a wide-range manometer for low
pressures is reported, see reference (iv). Chapter IIb
describes the use of a micro-balance for studying the
dissociation of iodine vapour; see reference (v). In
Chapter IIc a micro-balance is used for the determination of the mass of quasi-particles in p-azoxyanisole
see reference (vi).
Some comments with respect to the measurement accuracy attained in the experiments are to be found in
ttcomments On .Chapter IItt.
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Chapter IIa

APPLICATION OF MICRO BALANCES TO THE MEASUREMENT OF GAS
PRESSURE OVER EIGHT DECADES

Abstract
It ~s well-known that Knudsen forces can be
used for measuring low gas pressures and that
buoyancy farces can be used for measuring higher gas
pressures. An experiment is described where these
two kinds of forces were stuclied simultaneously and
from the results conclusions are drawn on the
possibility of designing a wide range manometer.

1. Introduetion
During the last two decades the design of balances
has been a matter of great concern in industries. As a
result, modern scientists have at their disposal
commercially available balances with great sensitivity
which can be fully automatised and are designed for use
in wide temperature and pressure ranges. A consequence is
that balances find their way in a wide variety of fields
of application in which mass or force measurements are
involved. It is in this scope that to the old idea of
Knudsen of measuring gas pressures by means of the force
acting on a test body in an environment of non-homogeneaus temperature, attention is being paid again (1 ,2).
While these Knudsen farces are important at low gas
pressures, balances have also been used for measuring
higher gas pressures with the help of the buoyancy farces
(3). In the present paper it will be domonstrated that a
combination of the two principles can lead to a manometer
covering a wide pressure range.
2. Theory

A. Buoyancy farces
The buoancy force Fb acting on a cylindrical test
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body satifies the equation

(IIa, I)

where r

radius of the sample

s

h
p
T

Do

g '
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length of the sample
gas pressure
gas temperature (in K)
density of the gas under normal conditions

acceleration due to gravity
Th is equation holds when the gas is at uniform
temperature.
B. Knudsen farces
These farces occur when a gas at low pressure has a
non-uniform ternperature (4). We shall consider the case
of a cylindrical vessel and sample (see Fig.Ila,J) where
the upper partsof bath are at ternperature T 1 , and the
lower parts are at T2. When Knuds e n conditions hold for
the gas in the space between vessel and sample and when
the radii of sample and vessel do not differ much, the
following well-known relation holds for the pressures Pt
and P2 in the space above and below the sample:

Owing to this inequality in pressure the normal farces
acting on the top and bottorn surfaces of the sample
will result in a net normal force, Fns , on the sample
satisfying:
F

ns

(IIa,3)

On the top and bottorn of the vessel there are similar
normal farces resulting in the net normal force, Fnv , on
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the vessel given by:

F

(IIa,4)

nv

The total normal force, Fnt , exerted by the gas on the
walls of sample and vessel tagether now reads:

F

nt

F

ns

+ F

nv

=

TI

(IIa,S)

According to Newton's third law there will be a normal
force of equal magnitude and eppesite sign (i.e. -Fnt)
exerted by the walls upon the gas. As the mechanical equilibrium condition requires the net force on the gas to be

Fig. Ila,l The schematic arrangement for the calculation of the
longitudinal Knudsen force
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zero, there cannot but exist another force compensating
this total normal force, which therefore equals +Fnt· The
compensating force will be caused by the cylind~ical
parts of the walls and be directed parallel to the
cylinder axis. For our purpose this reaction force, Flt•
caused by the gas and acting upon the cylindrical parts
of the walls is of importance. This longitudinal force
will, according to Newton 's third law, follow:

F

lt

=

-F

(IIa,6)

nt

As the difference between rs and rv is small, the total
longitudinal force will be distributed over sample and
vessel in the proportion of their respective radii. For
the longitudinal force, Fls , on the sample this lêads to:
r

s

r + r
S

F
V

lt

.

(IIa,7)

For the total force, Fts , exerted on the sample we know
(IIa,B)

using equations Ila,2, IIa,3, IIa,S, Ila,6, IIa,7 and
Ila,B we obtain
F

ts

(IIa,9)

3. Apparatus
To study the applicability of equations IIa,l and
Ila,9 for the development of a wide-range manometer,
experiments were carried out with apparatus, part of
which is shown in Fig.IIa,2. As a sample a closed glass
cylinder was used, rs = 1.7 cm. It was suspended from a
Sartorius vacuum microbalance type 4101 after Gast. The
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bal a nee

Fig. IIa,2

Sch~atic

of the

measur~ent

arrangement

sample was surrounded by a cylindrical glass tube, rv =
2.54 cm, which was connected to the balance chamber. For
the pressure measurements an ionization, a Pirani and a
Bourdon manometer were used, tagether covering a wide
pressure range. The temperatures of the top and the
bottorn parts of the tube containing the sample could be
controlled separately by means of circulation thermostats.
All was so arranged that the temperature jump occurred at
the middle of the sample. The possibilities of recording
the readings of the balance and the ionization manometer
were made use of.

4. Experiments and results
The experiments were carried out with nitrogen as a
gas. The results are shown in Fig.IIa,3, where the force
acting on the sample is plotted as a function of the gas
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pressure. Part of the measurements were carried out with
a temperature jump from 101oc to 15.5oc around the sample;
while during the rest of the measurements the temperature
of the apparatus was homogeneaus and equal to room
témperature (250c).
In Fig.IIa,3 we shall distinguish 5 regions:
Region a (between to-5 and IQ-2 torr, with temperature
jump around the sample)
Here the measured force is caused by the
Knudsen forces as described by equation IIa,9.
The line drawn represents this theory. The pressure measurements were carried out with an ionization manometer.
Region b (between Io-2 and I torr, with temperature JUmp
around the sample)
This is the region where the "Knudsen forces at
intermediate pressures" occur (5). A theoretical
treatment of the region will hardly play a role
in manometer design. The pressure measurements
were carried out with a Pirani manometer.
Region c (from 10 torr to I atm, with temperature jump
around the sample)
This is the region where the buoyancy forces are
predominant. The line drawn corresponds with
theory equation IIa,l; as temperature the
average value (58.25°C) of the temperature above
and below the jump has been used. A Bourdon
manometer was used to measure the gas pressure.
Region d (between I torr and I atm, no temperature jump
around the sample)
As in Region c, the buoyancy forces are
predominant. The line drawn represents the equation IIa,I (room temperature), Again a Bourdon
manometer was used.
Region e (between Io-2 and I torr, no temperature JUmp
around the sample)
This is the continuation of Region d.
A Pirani manometer was used.
When measuring forces with a balance one has to carry
out an additional measurement to obtain the zero point
reading. In the experiments described by Fig. IIa,3 such
a measurement, in which no external forces act on the
balance , is not possible. Theref ore the zero point of the
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Fig. Ila,3 Experimental results
Measurements with temperature gradient around the sample
Region a ionization manometer
Region b Pirani manometer
Region c Bourdon manometer
Measurements at uniform temperature
Region e Pirani manometer
Region d Bourdon manometer
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balance bas been evaluated by an extrapolation of the lewest pressure experiments both with and without a temperature jump around the sample.

5. Discussion
The aim of the experiments being described here
bas been to show that it is in principle possible to
apply force determinative methods to measuring gas
pressures over a wide range. Though this first
experiment is not clained to have been carried out
under optimum conditions, its resulls, tagether with
the theoretical ones of sectien 2, will serve as a
basis for the discussion of the possibilities of
designing a wide range manometer.
To that end we shall campare three starting points.
I.
A set-up at a homogeneaus temperature.
II. A set-up with a temperature jump around the
sample.
lil. A set-up where a temperature jump around the
sample can be switched on or off.
In Region a only set-up II and lil make sense, the
temperature Jump being essential to the existence of
Knudsen farces. Fig.Ila,3 shows a marked discrepancy
between measurements and theory. A number of reasens
could account for this:
I. In at least part of this pressure range the validity
of Knudsen conditions is doubtful.
2. The space between sample and vessel is not small
enough to allow a straightforward application of
equation Ila,2. Theoretically, it would not be
impossible to take this into account; however, the
fact that accommodation and scattering coefficients
of the walls are not unity would highly complicate
such a theory.
3. The ionization manometer used may well have introduced
some systematic errors.
From the figure one can see that in Region a the
measured and the calculated farces are proportional.
Deviations from proportionality can readily be ascribed
to the ionization manometer. We may conclude that with
respect to their accuracy after appropriate calibration
set-up II and lil can at least compete with the
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ionization manometer.
In Region b set-up II and III would also make
sense, were it not that the negative slope involves the
relationship between pressure and measured force over
Regions a and b tagether becomes equivocal.
In Region-e and Region d the correspondence between
theory and experiment~ is very satisfactory. It may be
concluded that the force measurement method is at least
as reliable as the Bourdon manometer.
In Region e only set-up I is applicable. For
reliable measurements very good temperature homogeneity
is required. For instance, an erroneous temperature
jump of l/20oc would already result in a Knudsen force
of about 10~2 dyne. Systematic errors in the Pirani
manometer could well account for the discrepancy
between measurements and theory.

6. Conalusions

. app 1"Lca bl e at pressures between 10 -2 torr
Set-up I LS
and I atm while in the lowest decade of this range special
attention is required for temperature homogeneity. Set-up
II is applicable at pressures between Io-5 and Io-2 torr
and between 10 torr and 1 atm. Set-up III would cover the
whole range between lo-5 torr and 1 atm but has as a
disadvantage the relatively long waiting times before
obtaining temperature homogeneity when it is necessary
to switch the heating on or off.
The balance method may be expected to be at least as
accurate as the manometers used in the experiments
described; the output of the balance can be recorded
or used for automation.
Acknowledgements
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Chapter Ilb

MAGNETIC BEHAVIOUR OF ATOMIC IODINE

AbstY'act
Experimental evidence about the magnetic
behaviour of mono-atomie iodine has hitherto been
restricted to work in the fields of opties and E.P.R.
In literature the dissociation of J 2 has been stuclied
and data on the gas composition are mentioned. Our
measurements were possible thanks to the ultrasensitivity of the balance used. With the help of
chemical equilibrium data the magnetic susceptibility
of mono-atomie iodine is calculated from the
susceptibility of the composite gaseous state. A
comparison with theoretically predicted values 1s
given.

IntY'oduction
For a number of years a very sensitive microbalance has been available at our laboratory which is
used for magnetic susceptibility measurements. Here the
necessity for a sensitive force determination may be
showu with the help of the following equation which
emerges from the application of Faraday's method:

F
where m

x
H

=

m X H dH
dx

mass of the sample
magnetic susceptibility of the sample
magnetic field
magnetic field gradient.

(IIb, 1)

dH
dx
The force F will be very small, when any of the quantities listed is small.This force measurement has been
applied to iodine vapour, a comparison with predicted
values of the farces is given.
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Appar>atus
The balance ~s shown in figure IIb,l. The suspension
wire is thin enough to allow the neglection of its
torsion couple, which involves that measurements are not
affected by changes in the torsion constant resulting
from temperature variations. Tagether with the above,
the high sensitivity may be ascribed to the fact that
horizontal forces are measured while most balances
measure vertical forces (i.e. parallel to gravitation).
8

6

A

B

Figure Ilb,l. Schematic representation of the balance, A side view and
B top view. I suspension wire, 2,3,4,5 balance arms, 6
vessel with sample, 7 pole pieces of the magnet, 8
furnace, 9,10 inductive displacement meter, 9 ferroxcube
rods, 10, coil of which the selfinduction is measured,
11,12 compensation system, 11 coil (fixed to the balance)
through which the compensation current is sent, 12 permanent magnet, 13 oil damping.
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The latter kinds of balance are constructed symmetrically. Small variations in armlength caused by variations
in the ambient temperature distribution interfere with
this symmetry. The effect of disturbances on a balance
which accompany conveetien currents is smallest with our
type of balance. For most high-sensitivity balances the
smallest detectable force is in practice not over 108
times smaller than the total weight of the load. For our
type of balance this factor is nearly JolO, the smallest
detectable force being 3 x Io-5 dyne, which is near the
spurious force determined by the thermal movement of
the balance.

Experimental results and discuss ion
The experiments described here concern the dissociation of J2 molecules. This dissoci~tion has been extensively
studied by Perlman and Rollefson(l) at gas pressures
below I atm. They measured the gas density at high
temperatures and from the result they calculated the
dissociation constant and the virial coefficient of the
iodine. With the help of magnetic susceptibility measurements one can expect additional information, The expectation is based upon the fact that the molecules are
diamagnetic, while the mono-atomie iodine is paramagnetic.
The assumption is made that the diamagnetism neither
depends on temperature nor on the fact whether one
iodine molecule or two iodine atoms are considered. This
implies that changes in the degree of dissociation
involve changes in the magne tic susceptibility to be
measured by means of the balance.
The experiments are best carried out at high gas
pressures, at which the total amount of mono-atomie
iodine and hence its paramagnetic contribution is
greatest. This yields additional results to gas density
measurements at low pressures mentioned above . 19.3 mg
iodine was placed in a quartz vessel, volume 0.38 cm3.
The force on vessel and sample in an inhamogeneaus
magnetic field was measured as a function of temperature.
The results are presented in figure Ilb,2.
Using Perlman and Rollefson's(l) constants, the mass of
mono-atomie iodine in our vessel was calculated as a
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function of temperature. The magnetic susceptibility of
this mono-atomie iodine was calculated from:
1.5
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Figure Ilb,2. Calculated line and measurèd points as a function of
temperature. The point at 820 °C being on the calculated
line, results from the calculation procedure.

x

N g2 Jl2 J(J+I)
3kT

( Ilb' 2)

where N: Avogadro's number
)1: the Bohr magneton
g: the Landé factor
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For g the value 1.33 was substituted, a value which is
known from E.P.R. measurements (2) and is consistent
with the value corresponding to a Russell-Saunders
coupling; for mono-atomie iodine the quanturn number
3
J equals 2 (3).
The unknown diamagnetism of the vessel itself has
been determined by camparing the value of the measured
force with that of the calculated one at 820 °C, which
has proved ~o be a practical reference temperature in the
experimental procedure.This diamagnetism was taken into
account in the calculations.
From Fig.IIb,2 bath the calculated and t he experimental values of the farces may be seen. The discrepancies indicate that for iodine extrapolation of its gas
constants to higher pressures (20 atm) cannot be carried
out without reserve. Additional measurements will be
necessary to study which of the parameters included in
our calculations must be adapted.
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Chapter Ilc

FIELD DEPENDENCE OF THE MAGNETIC SUSCEPTIBILITY OF THE
LIQUID CRYSTAL PHASE OF p-AZOXYANISOLE

Abstract
We have stuclied the field and temperature
dependenee of the susceptibility of the liquid
crystal phase of p-azoxyanisole for fields from 2002550 oersteds.The results for the highest fields
agree with those of F~ex at 8000 oersteds, but for
lower fields the susceptibility becomès field-dependent. The experimental results may be adequately
represented by a simple theoretica! expression
obtained frorn statistica! considerations. The only
adjustable parameter in the theoretica! formula is
an effective mass which arises from interactions between the molecules and amounts to% 2 x 1o-11 gram.

1. Introduetion and theory
The relation of the magnetic susceptibility of the
liquid crystal phase to that of the solid phase is a
complicated, many-body problem. The energy of the system
depends not only on the orientation of the molecules with
respect to the magnetic field but also on their orientation with respect to each other. To obviate this difficulty, one introduces a set of non-interacting quasi-particles (swarms) of mass M (3). The energy is then

E

(IIc,l)

where the surn extends over quasi-particles. Here x~ and
Xll are the diarnagnetic susceptibilities perpendicular
and parallel to .the axis of the molecules, and 6. is the
angle between the magnetic field, H, and the axi~ of the
molecule~ in the ith quasi-particle. Using the standard
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procedures of statistica! mechanics (4), one finds for
the susceptibility of the liquid crystal phase

(Ilc,2)

H~

where

2kT

Cxn-

X.L)

and

cos 6.

1

Equations Ilc,l and Ilc,2 contain a single adjustable parameter, M, which in principle can be obtained by
measuring
at one temperature, T, and one field, H. However, it is important to attempt to check the validity of
equation Ilc,l. Since the absolute temperature varies
little tbraughout the liquid crystal phase, the only
practical methad of examining the general correctness of
the prev{ous expressions is to vary field H. The small
value of
implies that a balance of considerable sensitivity is needed for small fields. Complications of two
different kinds arise. The swarms may be embedded in
normal liquid, which does not contribute to the variatien
of the observed susceptibility with the applied field,
implying a reduction of the effective volume of the swarms.
One further complication arises from the fact that the
walls of the container exert an crienting force on the
molecules which cannot be evereome even by the application
of large (104 oersteds) magnetic fields. This again
r educes the effective volume of material which may be
oriented by the field. If one assumes that the molecules
in the layer of material on the walls have an orientation
that varies randomly from place to place over the surface
of the vessel, the susceptibility of the surface layer is
then just that of the liquid phase. The effective volume
of the sample may then be determined by measuring the
in a large magnetic field and camparing the value so
obtained wi th that of XII, which would be the
susceptibility if all the quasi-particles of the
material were uniformly aligned.

x

x

x
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2. ExpePimentaZ method and PesuZts
Although for p-azoxyanisole (PAA) a number of
rneasurements in electric fields have been reported
(1,5), only FÖex (2) reported measurements in a high
magnetic field. In this paper we report the results of
magnetic susceptibility measurements on PAA, which have
been obtained by using the Faraday methad with a
sensitive balance described by Poulis (6) and in
Chapter IIb. The sample consisted of 0.2841 gram of PAA
held in~~n evacuated spherical quartz container.
Measurements were made for fields of 2550, 1050, 275,
and 200 oersteds at a number of temperatures in the
liquid crystal and liquid phase. The absolute accuracy
of the susceptibility measurements was about 3%,
determined by the irreproducibility of the adjustment
of the sample to the plac e where the calibration is
taken and by the correction for the quartz container in
which the PAA was placed.
The temperature dependenee of the susceptibility
for the field strengths used is shown in figure IIc,l,
where the curves are drawn to fit th~ measured points
1.1
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best. The susceptibilities at 2550 oersteds are in good
agreement with those observed by FÖex (2) at 8000
oersteds and may therefore be considered characteristic
of the completely oriented liquid crystal phase.
According to FÖex (2) the principal susceptibilities of
crystalline PAA are

and

XX

- 0.655

x

I0- 6

xy

- 0.634

x

I0- 6

Xz = - 0.408

x

I0- 6

(c.g.s.).

The z direction lies along the long ax1s of the
molecule, and therefore
x....
'

0.7

x
...............

'1-

IX

1

x - xliquid
Figure Ilc,2. Predicted and observed values of --..::.=..~~
x,,- xJ.
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and

X1

~( x x + xy)

XII

X2

In figure IIc,2 we have plotted the quantity
(X- x1 . . d)/(Xil- X.J..) calculated from equation IIc,2,
. ~qu~
J
as a function of ç;2 • The three experimental points have
been fitted to the theoretical curve by assuming that a
field of 2550 oersteds produces essentially complete
alignment of the molecules (represented by the point
plotted in the upper right-hand area of figurè IIc,2)
and by using a value of 2 x 10-11 gram for the quas~
particle mass, M.
The agreement between the theory and observations
is qualitatively satisfactory but not sufficiently good
that one may regard the theory as more than a rough
picture of a rather complicated situation. The value of
M derived from these measurements is larger than that
derived from other methods (3), but at present there
appears to be no explanation for this fact.
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Comments on Chapter II
A discussion is devoted to the measurement accuracy
of the experiments described in Chapter Ilb and IIc, For
the measurements in Chapter Ilb use can be made of the
value of the smallest detectable force variation, 6F,
which from reference (i) is known to be % 3 x to-S dyne.
This value corresponds with the inaccuracy which can be
concluded from figure Ilb,2. For the measurements of
Chapter Ilc the value of 6F qan be used to find the
smallest detectable variation, 6x , in the magnetic
susceptibility. To that end we evaluate 6x from equation
Ilb, I and find:
6F
m H dH

dx

In Chapter Ilc; mis approx. 0.3 g. Assuming that ~:

H
r

where r in .the experiments under consideration is approx.
10 cm, it follows for 6X by substituting these numerical
values in the equation for ~x, that

For the field strengths given in Chapter IIc the
following table shows the corresponding values of 6x.
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H (oersteds)

öx x JO 7 (c.g.s.)

2550
1050
275
200

0.001
0.01
0. I
0.2

The calculated ~x-values of this table are in satisfactory agreement with the inaccuracies which can be deduced from the data plotted in figure IIc,2.
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Chapter III

EXPERIMENTS IN RELATED FIELDS OF RESEARCH

Introduetion
The previous chapters contain a selection of publications of which the present writer was one of the
authors. The choice was partly based on the fact that
the publications referred to are among those in which
his share was most pronounced. Another reason was that
the selection was to serve as an illustration of the
variety of possible causes of error encountered in
micro-balance techniques and of the various types of
information one can collect from micro-balance experiments.
The present chapter comprises a selection of
publications- dealing with work related to the central
themes of this thesis- in synoptic form.

Synopses of pub li shed work on r e lated topics
I.
The detection of small mass variations has hitherto
mainly been confined to micro-balances because of the
accompanying weight changes . In recent years the application of quartz resonators to the detection of ever
smaller mass variations, has been accepted as a valuable
or even as an indispensable souree of information. Their
applicability to the measurement of mass variations is
based upon the fact that the resonance frequency, f, of a
quartz crystal depends upon the mass of its electrode
pair. Until recently their practical use in this field
was restricted to measurements at one particular temperature, owing to the strong temperature dependance of f.
The fact that one quartz wafer c an be provided with two
e l e ctrode pairs, which act independently of one another
(III, I, III,2, III,3), makes it feasible to apply quartz
resonators to experiments involving measurements of small
mass variations as a function of temperature.
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2.
A fermer study of the magnetic behaviour of liquid
and gaseaus sulphur by means of magnetic susceptibility
measurements has led to:
(a) magnetic susceptibility measurements on liquid and
gaseaus selenium (III,4) (selenium being in the same
column of the periadie system of the elements as
sulphur),
(b) perusal of the polymeri~ation theory of liquid
sulphur (III,5) and
(c) a lirerature study of the physical properties of
liquid sulphur (III,6).
'
Ref.(a) These measurements show that the contributions of
the liquid and of the vapour to the susceptibility of the
composite sample, are of the same order of magnitude. It
has, however, been proved possible to obtain information
on böth the liquid and the vapeur from the measured data
by applying the polymerization theory for liquid sulphur.
Ref. (b) This has resulted in a supplement to the polymerization theory of liquid sulphur by introducing the
existence of numbers of su~phur atoms per chain which
are not integral multiples of eight.
Ref. (c) From this it fellows that the physical properties of liquid sulphur can apparently be described by an
addition theerem invalving the additivity of the properties of sulphur rings and chains.
3.
Experience in the field of micro-balance techniques has prompted us to develop a knife-edge microbalance ("moving-table balance") in which the restoring
couple is provided by sui~ably adapting the angle of the
plane of the support on which the knife-edge rests
(III,7).

4.
Measurements of magnetic susceptibilities are
often carried out using Gouy's method. The magnitude of
the errors that may occur consequent upon incorrectly
adjusting the sample, render the accuracy of the values
of magnetic susceptibilities in the lirerature doubtful
(III,8).

5.
At the 7th .Vacuum Microbalance Techniq~s conference two kinds of lectures were to be distinguished,
v1z. lectures iri which are presented the development
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of new and the impravement of existing measuring methods
using vacuum micro-balances, and lectures in which new
experiments employing such balances and experimental
results are discussed. The same distinction may be said
to have existed as regards the audience. These kinds of
conferences are therefore the ideal rally for fruitful
exchanges of views and experiences between experimenters
withand designers of vacuum micro-balances (III,9).
6.
Work in the field of magnetic susceptibilities has
led to the development of a new methad of measuring magnetic susceptibilities. In this new technique use is
made of a commercially available magnetometer situated
outside a coil, while the sample is inside this magnetising coil. It has proved to be possible to carry out
measurements on samples in both static and alternating
magnetising fields. The methad dispenses with the c umhersome adjusting procedure involved in using micro-balances
for measuring magnetic susceptibilities. As a result it
appears to be possible to measure the susceptibility
of half a dozen diamagnetic substances within an hour,
while attaining a relative accuracy of one per cent
(III,IO, III,ll).
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Samenvatting
Een overzicht is gegeven van de foutenbronnen, die
er de oorz~ak van kunnen zijn dat bij gevoelige krachtmetingen met micro-balansen meetfouten worden gemaakt.
Aan de hand van een aantal rekenmodellen is de grootte
van die fouten berekend en waar mogelijk zijn adviezen
gegeven over maatregelen die getroffen moeten worden om
dergelijke meetfouten te reduceren (Chapter I). Vervolgens is de toepasbaarheid van een micro-balans voor de
constructie van een manometer voor lage gasdrukken onderzocht en zijn twee experimenten beschreven, waarbij het
noodzakelijk is gebleken tot de grens van de gevoeligheid van de daarbij gebruikte micro-balans te gaan
(Chapter II). Een aantal onderwerpen die verband houden
met het voorgaande zijn in het laatste deel van dit
proefschrift opgenomen in de vorm van korte beschrijvingen (Chapter III).
De inho~d van Chapter I en Chapter II komt overeen met
die van vijf publikaties waarvan de schrijver dezes een
der auteurs is. De keuze van deze vijf publikaties is ten
dele gebaseerd op het feit dat het aandeel van hem in de
totstandkoming ervan het grootst is geweest en ten dele
omdat deze keuze moet dienen als illustratie van de
verscheidenheid van fouten die in micro-balans experimenten kunnen optreden en van de informatie die uit dergelijke experimenten kan worden afgeleid.
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STELLINGEN
behorende bij het proefschrift van C.H. Massen

Eindhoven,

19 november 1971

I

De apparatuur voor het meten van het stofgehalte ln
de lucht met behulp van trillende snaren zoals die is
ontwikkeld aan de Technische Universit~t, W.-Berlijn•~
heeft toepassingsmogelijkheden in de vloeistofchromatografie.
•bij het "Institut fÜr Mess- und Regelungstechnik", waarmee sinds enige tijd de groep
"Produktontwerp en mechanische constructie",
afd. W., Technische Hogeschool, Eindhoven,
samenwerkt.

II

Het is mogelijk voor elektrische geleidingsmeringen
in elektroforetisch onderzoek een detector te construeren
die het elektrische stroomverloop niet verstoort.

lil

Voor het analyseren van de samenstelling van lucht
kan men gebruik maken van kwartsresonatoren.
IV
Een balansopstelling die geschikt is voor het meten
van zowel opwaartse krachten als Knudsen krachten biedt,
behalve voor het bepalen van de gasdruk•, toepassingsmogelijkheden voor het bepalen van de samenstelling van
ternaire gasmengsels.
*dit proefschrift, Chapter IIa.
V

De verwachting van MÜller en Klemm dat de meting
van de diffusiecoëfficiënten van de verschillende waterstofisotoopmoleculen informatie kan verschaffen over het
effect van een asymmetrische massaverdeling in die moleculen op de intermoleculaire potentiaal, is niet gerechtvaardigd.
K.P. MÜller en A. Klemm, Z.Naturforsch.,
25a, 243 (1970).
J. van de Ree, Physica, 37, 584 (1967).

VI
De verschillende wrijvingscoëfficiënten tussen vaste lichamen kunnen met behulp van een balans in een eenVoudige demonstratie aanschouwelijk worden gemaakt.

VII
Trillende snaren worden toegepast voor het meten
van krachten en massa's; men wekt daartoe staande golven
in de snaren op. Het verdient aanbeveling ook de toepasbaarheid van lopende golven te onder zoe ken.

VIII
Het nuttig effect van collegedemonstraties blijkt
aanzienlijk verhoogd te worden door deze demonstraties
te laten verzorgen door studenten .

IX
Enkele instructieve demonstraties worden mogelijk
bij het natuurkunde-onderwijs als men een spectroscoop
aanpast om gebruikt te kunnen worden in combinatie met
een T. V.-camera.

x
Bij het meten van hoekverdraaiingen met behulp van
een spiegelaflezing kan het van nut zijn lenzen te gebruiken met een niet cirkelvormige doorsnede.

XI
De reproduktiemethode-die b.v . voor de vervaardiging van proefschriften kan worden toegepast- waarbij de
getypte tekst en de tekeningen zonder tussenkomst van fotografische negatieven of positieven op de beelddrager
kunnen worden overgebracht, verdient meer aandacht.

XII
In gebouwen waar zich deuren bevinden aan het einde
van lange gangen of van hoge trappen is het wenselijk tekens aan te brengen zodanig dat men reeds aan het begin
van deze lange gangen en hoge trappen kan zien of die
deuren al dan niet op slot zijn .

XIII
Bij atletiekrecords worden afstanden veelal opgegeven met een nauwkeurigheid van een centimeter . De voorwaarden die worden gehanteerd bij het erkennen van deze
records zijn echter niet voldoende gedetailleerd omschreven om deze nauwkeurigheid te rechtvaardigen.

