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The purpose of this paper is to present a method for the design of two-reflector optical systems that
transfer the given energy density of the source to the desired energy density at the target. We find that the
two-reflector design problem gives rise to a Monge-Ampère equation with transport boundary condition.
We solve this boundary value problem using a recently developed least-squares algorithm [1]. It is one
of the few numerical algorithms capable to solve these type of problems efficiently. The least-squares
algorithm is also capable to provide two solutions of the Monge-Ampère problem, one of them is concave
and the other one is convex. The reflectors are verified for several numerical examples by our self-build
ray-tracer based on Monte-Carlo simulation. © 2016 Optical Society of America
OCIS codes:

Optical design, inverse problem, freeform optics, Monge-Ampère equation, least-squares method, ray tracing.

1. INTRODUCTION
The optical system design problem is an inverse problem: "Find an
optical system which contains reflectors and/or lenses that gives
the desired light output for a given input". Inverse methods
can significantly speed up the design process, and even provide
designs that could realistically never be achieved without inverse methods [2, 3]. On the other hand, most commonly used
techniques in illumination optics are forward methods: "Provide
the light output for a known light source and optical system".
The most commonly used forward method is Monte-Carlo ray
tracing [4]. The rays are traced through the system until they
hit a target receiver and an estimate is made of the light output.
These type of methods can be evaluated by simulation, which
is much cheaper and faster than making prototypes, but unfortunately, it can be slow if high precision is needed because the
error is proportional to the reciprocal value of the square root of
the number of rays traced.
In this article, we design an optical system consisting of two
reflector surfaces using inverse methods. A partial differential
equation for the reflector surfaces can be derived using the law
of reflection and conservation of luminous flux. This partial
differential equation is a Monge-Ampère (MA) type equation
and has a transport boundary condition [5, 6].
This so-called second boundary value problem is closely related to the optimal mass transport problem: given a pile of
sand and a hole, find a plan to transport the sand into the hole
while minimizing the total transport cost [5]. In fact, the optical

design problem is equivalent to finding an optimal transference
plan, i.e., a mapping m which transfers the given energy distribution of the source to the desired energy distribution at the
target, which also minimizes the total transport cost. Glimm and
Oliker [2] have shown that the problem of optical design of tworeflector systems for a light source consisting of a parallel beam
of light is equivalent to the Monge-Kantorovich mass transfer
problem with a quadratic cost function.
There are very few numerical methods available to solve
such an inverse reflector problem, which is a strongly nonlinear
partial differential equation of the Monge-Ampère type. To
the best of our knowledge, the other optical design methods
were published recently [2, 6–9]. In the first two references
[2, 6] the authors have shown an analysis of the inverse reflector
design problem without any numerical method, the authors in
[7] solved this problem using variational analysis and recent
works published in [8, 9] used the B-spline collocation method.
We solve this Monge-Ampère boundary value problem using a variant of the least-squares method introduced by Prins
et al. [1]. The least-squares algorithm is an iterative minimization procedure. At each iteration, three steps are performed:
two of these are nonlinear minimization steps, which can be
performed pointwise, and the third step involves two Poisson
problems. The least-squares method gives the optimal mapping
which transforms the given energy density at the source to the
desired energy density at the target, and the optical system is
obtained via this mapping. The least-squares method has shown
good performance for one-surface optical systems in the far field
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approximation. In this article, we challenge the algorithm for
two-surface optical systems for a given light intensity in the
form of a parallel beam of light rays to achieve a desired output intensity at the target, and we will show that the algorithm
works very smoothly even for more complex problems.
This article is organized as follows. In Section 2 we give
a generalized approach for geometrical construction of optical
systems. The least-squares algorithm to solve the MA equation is
presented in Section 3. In Section 4 we provide the outline of the
algorithm for two-reflector systems. In Section 5 we calculate
the solution of the MA equation from the optimal mapping
which is nothing but the surface of the first reflector, the second
reflector is calculated by a relation which is established in Section
2. The reflectors are verified by our self-developed ray-tracing
algorithm which is explained in Section 6. We give several test
results in Section 7 and we conclude this article with discussion
and conclusions in Section 8.

2. FORMULATION OF THE OPTICAL SYSTEM
Let us consider the two-reflector system shown schematically in
Figure 1. Let (x = ( x1 , x2 ), z) denote the Cartesian coordinates
in R3 with z the vertical coordinate and x1 , x2 the coordinates
in the plane z = 0, denoted by α1 , and let S be a bounded
domain in the plane α1 . Consider a beam B1 of parallel light
rays emitted from the source S which is propagating in the
positive z-direction. The emittance, i.e., luminous flux per unit
area, of the light at the plane α1 is given by f (x) [lm/m2 ], x ∈ S ,
where f is a non-negative integrable function on the domain S .
The incoming beam B1 is intercepted by the first reflector R1 ,
defined as the graph of a function z ≡ u1 (x), x ∈ S . The beam
B1 is reflected off R1 , and forms a new beam B2 . The beam
B2 is intercepted by reflector R2 , which transforms it into the
output beam B3 which should have parallel light rays again. The
reflector R2 is defined as the graph of a function w ≡ ` − z =
u2 (y), y ∈ T , where y ≡ (y1 , y2 ) are the Cartesian coordinates
of the target plane α2 , and obtained by a mapping m : S → T .
Beam B3 consists of parallel light rays propagating in the same
direction as B1 . The target at a distance ` > 0 from the plane α1
is denoted by T .
The goal is to design a two-reflector system such that after
two reflections the emerging rays again have parallel light rays
with a prescribed illuminance g(y) [lm/m2 ] at the plane α2 : z =
`, where g is a non-negative integrable function on the domain
T . It is assumed that both R1 and R2 are perfect reflectors and
no energy is lost in the reflections. Conservation of energy gives
the constraint
ZZ
S

f (x)dx =

ZZ
T

g(y)dy.

(1)

The key tool for the design of such an optical system is to find a
mapping y = m(x) : S → T that satisfies the energy conservation constraint (1), i.e., for each A ⊂ S , we have
ZZ
A

f (x)dx =

ZZ
m(A)

g(y)dy,

The mapping m can be derived by tracing a typical ray
through the optical system. Let us consider a ray emitted from
a position x ∈ S on the source and propagating in the positive
z-direction, let ŝ be the unit direction of the incident ray. The ray
strikes the first reflector R1 , reflects off in direction t̂, strikes the
second reflector R2 , and reflects off, again in the direction ŝ. The
downward unit normal vector n̂ on R1 is given by

(∇u , −1)
.
n̂1 = p 1
|∇u1 |2 + 1

(4)

Throughout this article, we use the convention that a hat denotes
a unit vector. The direction t̂ = t̂ (x) of the reflected ray is
t̂ = ŝ − 2(ŝ · n̂1 )n̂1 = ŝ + 2

(∇u1 , −1)
.
|∇u1 |2 + 1

(5)

Let us denote by d(x) the distance from reflector R1 to reflector
R2 along the ray reflected in the direction t̂ (x) and ` be the distance between the source plane (α1 : z = 0) and the target plane
(α2 : z = `), thus, the total optical path length L corresponding
to the ray associated with a point x ∈ S , is given by
L (x) = u1 (x) + d (x) + u2 (y).
The theorem of Malus and Dupin (the principle of equal optical
path) states that the total optical path length between any two
orthogonal wave-fronts is the same for all rays [10, p.130], so the
total optical path length L will be independent of the position
vector x and it reads

(2)

L = u1 (x) + d (x) + u2 (y).

(3)

The image on the target of the point x ∈ S is the point (y, `) ∈ T
under the ray trace mapping m, i.e., y = m(x), x ∈ S . This
mapping can be obtained by the projection of t̂ on the plane α1 ,
i.e.,
 

and after a change of variables the constraint becomes
f (x) = g(m(x))| det(Dm(x))|, ∀x ∈ S ,

Fig. 1. Sketch of a two-reflector optical system.

where Dm is the Jacobian of the mapping m : S → T , which
measures the expansion/contraction of a tube of rays due to the
two reflections.

t1
m (x) = x +   d (x),
t2

(6)

(7)
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where t1 , t2 are the first two components of the vector t̂. Substituting t1 , t2 from equation (5) into equation (7), we have

∇ u1
m (x) = x + 2
d (x).
|∇u1 |2 + 1

(8)

The optical distance d(x) between the reflectors can be obtained
through the projection of t̂ onto −ŝ and using total optical path
length relation (6). After some manipulation we obtain
L − ` = (1 − t3 ) d (x).

where β = L − ` is the "reduced" optical path length [2].
Next, we will derive the mathematical expressions for the
reflector surfaces. The optical distance d between the reflectors
is given by
2
d2 = u1 (x) + u2 (y) − ` + |x − y|2 .
(11)
Thus, from equations (6) and (11) we obtain
2
2
L − u1 (x) − u2 (y) = u1 (x) + u2 (y) − ` + |x − y|2 ,
which can be rewritten as
u1 (x) + u2 (y) =

β2 + 2β` − |x − y|2
.
2β

(12)

This is a mathematical expression for the location of the reflectors.
The right hand side, say c(x, y) = ( β2 + 2β` − |x − y|2 )/2β is
concave, and the reflectors u1 (x) and u2 (y) are either convex or
concave [2].
Now the problem is to find such a pair of reflectors that
satisfies relation (12) using the energy conservation equation (3)
and mapping relation (10). Also, this problem is closely related
to the mass transfer problem as Glimm and Oliker have shown
in their article [2], with a quadratic cost function which equals
the right hand side of relation (12). Thus, once we have found
such a mapping m that satisfies the energy conservation relation
(3) then the reflectors are obtained using relations (10) and (12).
Note that mapping relation (10) can be written as


1 2
|x| + βu1 (x) = ∇u,
∀ x ∈ S,
(13)
m (x) = ∇
2
where u is some potential function on S . Prins et al. [1] have
shown that there is an important theorem by Brenier [11, p.125]
stating that such an optimal mapping is the unique gradient of a
convex or a concave function u. Substituting the mapping m(x)
from relation (13) in problem (3) and by choosing the positive
sign, we obtain
det(D2 u) =

f (x)
,
g(∇u(x))

∀ x ∈ S,

3. NUMERICAL METHOD
In this section, we introduce a recently developed numerical
method to solve the optical design problem of two reflectors.
The solution of the above Monge-Ampère problem is computed
by the least-squares algorithm which we outline below, for more
details see [1]. We require the Jacobi matrix of m, given by


∂m1

(14a)

where D2 u is the Hessian of u. This equation is known as the
Monge-Ampère equation. The accompanying boundary condition
∇u(∂S) = ∂T ,
(14b)
states that the boundary of the source S is mapped to the boundary of the target T [12]. This Monge-Ampère problem has a
unique convex and a unique concave solutions. Both solutions
can be obtained using the least-squares algorithm. In this article,
we will give a detailed explanation for the concave solution u
and a brief summary for the convex solution.

∂m1
∂x2 

∂x
Dm =  1

(9)

Note that t3 < 0. Combining equations (5), (8), and (9), we find
the relation
m (x) = x + β ∇ u1 (x),
(10)

3

∂m2
∂x1

,

(15)

∂m2
∂x2

equals a real symmetric matrix Q(x) = I + βP (x), satisfying
det( Q(x)) =

f (x)
,
g(m(x))

∀ x ∈ S.

(16)

The matrix P approximating D2 u1 (for the simplicity of notations
we omit the arguments), and the matrix Q approximating D2 u
should be a negative semi-definite matrix. The negative semidefiniteness of the matrix Q guarantees concavity of u, which
in turn gives a concave reflector surface u1 (x) as well. We know
that the 2 × 2 matrix Q is negative semi-definite if and only if
tr( Q) ≤ 0

det( Q) ≥ 0.

and

(17)

Since the source emittance f and the target illuminance g are
non-negative, from (16) the second inequality in (17) is already
satisfied. We only have to verify the inequality tr( Q) ≤ 0.
Since the matrix Q is symmetric, the mapping m satisfies
∂m1 /∂x2 = ∂m2 /∂x1 , which is the condition for m to be a conservative field on an open and simply-connected domain S , and
thus the gradient of a function, for more details about conservative field see [13, p.866].
We enforce the equality Dm = Q by minimizing the following functional:
JI (m, Q) =

1
2

ZZ
S

||Dm − Q||2 dx.

(18)

The norm used in this functional is the Fröbenius norm, which is
defined as follows. Let A : B denote the Fröbenius inner product
of the matrices A = ( aij ) and B = (bij ), defined by
A:B=

∑ aij bij ,

(19)

i,j

√
the Fröbenius norm is then defined as || A|| = A : A. Next, we
address the boundary condition (14b) by minimizing the second
functional:
I
1
|m − b|2 ds,
(20)
JB (m, b) =
2 ∂S
where |.| denotes the 2-norm for vectors. We combine the functionals JI for the interior and JB for the boundary by a weighted
average:
J (m, Q, b) = αJI (m, Q) + (1 − α) JB (m, b).

(21)

The parameter α (0 < α < 1) controls the weight of the first
functional compared to the second functional. The functionals
JI , JB and J are defined on the following spaces, respectively


f
Q(m) = Q ∈ [C1 (S)]2×2 det( Q) =
,
(22a)
g(m)

B = {b ∈ [C (∂S)]2 | b(x) ∈ ∂T },
2

2

V = [C (S)] .

(22b)
(22c)
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The minimizer gives us the mapping m which is the gradient
of the potential u. We calculate this minimizer by repeatedly
minimizing over the three spaces separately. We start with an
initial guess m0 , which will be specified shortly. Subsequently,
we perform the iteration
bn+1 = argmin JB (mn , b),

(23a)

Qn+1 = argmin JI (mn , Q),

(23b)

b∈B

Q∈Q(mn )

mn+1 = argmin J (m, Qn+1 , bn+1 ).

(23c)

m∈V

This procedure is continued until J (mn , Qn , bn ) does not significantly decrease anymore. Finally, we calculate the solution u(x)
from the converged mapping m.
We initialize our minimization procedure by constructing
an initial guess m0 which maps the source area S to a bounding box of the target area T . Without loss of generality we assume the smallest bounding box of the source and the target are
rectangular and denote these by [ amin , amax ] × [bmin , bmax ] and
[cmin , cmax ] × [dmin , dmax ], respectively. Then the initial guess is
given by
x1 − amin
amax − x1
c
+
cmax ,
amax − amin min amax − amin
x − bmin
bmax − x2
m02 = 2
d
+
dmax .
bmax − bmin min bmax − bmin
m01 =

0

Dm0

amax − amin
= amin + (i − 1)h1 , h1 =
, i = 1, ..., N1 , (25a)
N1 − 1

x2,j = bmin + ( j − 1)h2 , h2 =

d11 = δx1 m1 , d12 = δx2 m1 , d21 = δx1 m2 , d22 = δx2 m2 , (26b)
where δx1 and δx2 are the central difference approximation of
∂/∂x1 and ∂/∂x2 , respectively. Moreover, to avoid crossing grid
lines we require d11 , d22 < 0 by imposing
d11 = min(δx1 m1 , ε),

bmax − bmin
, j = 1, ..., N2 . (25b)
N2 − 1

4. MINIMIZING PROCEDURES FOR b, Q AND m
We start the minimizing iteration process (23) using initial guess
m0 . Here each iteration consists of three steps, the minimizing
procedures for b and m follow the same steps as in Prins et al.
[1], but the minimizing procedure for Q has an extra condition
and differs some what from the procedure in [1]. The changes in
the minimizing procedure of Q are described below.
Minimizing procedure for Q. The minimizing procedure for Q
differs from the minimizing procedure prescribed in [1] because
here we minimize the functional JI to obtain a concave solution
instead of a convex solution of the problem (14). Thus, we have
the different condition (17) in minimizing problem (23b). We
assume m fixed and minimize JI (m, Q) over the matrices under
the condition (16).
Since the integrand of JI (m, Q) does not contain derivatives
of Q, the minimization procedure can be done pointwise. Thus
we need to minimize || D − Q|| for each x ∈ S , where D is the
central difference approximation of Dm. Let’s define




q11 q12
d11 d12
, D = 
,
Q=
(26a)
q12 q22
d21 d22

d22 = min(δx2 m2 , ε),

(27)

for a threshold value ε < 0. In our computations we chose
ε = −10−8 . Note that the matrix D need not be symmetric and
d12 , d21 > 0 is possible. Next we define the function
H (q11 , q22 , q12 ) =

1
|| D − Q||2 .
2

(28)

Also we define the matrix DS as the symmetric part of the matrix
D, i.e.,


DS = 

d11

dS

dS

d22

,

(29)

with dS := 21 (d12 + d21 ). Note that also tr( DS ) ≤ 0. The function
HS corresponding to the symmetric matrix D S is defined as
HS (q11 , q22 , q12 ) =

Note that the corresponding Jacobian matrix Q =
of the
initial condition is symmetric (in fact diagonal) negative definite,
and this initial condition satisfies our requirement tr( Q) ≤ 0.
We solve the Monge-Ampère problem (14) by discretizing
the source S with a standard rectangular N1 × N2 grid for some
N1 , N2 ∈ N, so the grid is given by
x1,i

with

(24a)
(24b)

4

1
|| DS − Q||2
2

1
= H (q11 , q22 , q12 ) − (d12 − d21 )2 .
4

(30)

Since (d12 − d21 )2 is independent from q11 , q22 and q12 , we can
minimize HS instead of H. For each grid point ( x1,i , x2,j ) ∈ S
we have the following quadratic minimization problem
minimize HS (q11 , q22 , q12 )
subject to q11 q22 − q212 =
q11 + q22 ≤ 0.

f
,
g

(31a)
(31b)
(31c)

Prins et al. [1] solved the above problem analytically, and
the authors have shown that for given d11 , d22 , d12 and f /g
there exist at least one and at most four possible solutions that
minimize Hs (q11 , q22 , q12 ) and satisfy the nonlinear constraint
q11 q22 − q212 = f /g, which are local minima. From these we
have to select the ones that give rise to a negative semi-definite
matrix Q, i.e., satisfy q11 + q22 ≤ 0, and we will show that this
is always possible.
The possible minimizers of problem (31) are obtained using
the Lagrangian function, defined as


1
f
2
Λ(q11 , q22 , q12 ; λ) =
DS − Q + λ det( Q) −
, (32)
2
g
where λ is the Lagrange multiplier. By setting all partial derivatives of Λ to 0, we find the critical points of Λ, and this gives the
following algebraic system
q11 + λq22 = d11 ,

(33a)

λq11 + q22 = d22 ,

(33b)

(1 − λ)q12 = dS ,
f
q11 q22 − q212 = .
g

(33c)
(33d)

The system (33a)-(33c) is linear in q11 , q22 and q12 , and is regular
if λ 6= ±1. For the singular cases of the system (33a)-(33c), i.e.,
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when λ = ±1 see [1]. Here, we calculate the critical points for
the regular case λ = ±1 by inverting the system, i.e., we express
q11 , q22 and q12 in terms of λ as
q11 =

λd11 − d22
dS
λd22 − d11
, q22 =
, q12 =
.
1−λ
λ2 − 1
λ2 − 1

(34)

In the ideal situation, Dm̃ = P and thus ∂m̃1 /∂x2 = ∂m̃2 /∂x1 ,
which implies m̃ is a conservative vector field [13, p.866] and
thus there exist a potential u1 such that ∇u1 = m̃. However, we
will most likely not be in this ideal situation, therefore we look
for a function that satisfies equation (14a) in the least-squares
senses, i.e.,

Substituting these expressions in equation (33d) gives the following quartic equation

u1 (x) = argmin I (φ),

I (φ) =

φ

F (λ) = a4 λ4 + a2 λ2 + a1 λ + a0 = 0,

(35)

with coefficients given by
a4 = f /g ≥ 0,

(36a)

a2 = −2 f /g − det( DS ),

(36b)

a1 = || DS ||2 ≥ 0,

(36c)

a0 = f /g − det( DS ).

(36d)

The quartic equation (35) can be solved using Ferrari’s method
[14, p.32]. For detailed solution of the quartic equation see [1].
Furthermore, from equations (33a)-(33b) the condition (31c)
becomes
tr( DS )
tr( Q) =
≤ 0,
(37)
λ+1
and consequently, we have to select Lagrange multipliers that
satisfy the above condition. It has been shown by Prins et. al. [1]
that problem (35) has at least two real roots. Moreover, at least
one solution satisfies λ > −1, which gives λ + 1 > 0 and for this
value of λ the concavity condition (37) is satisfied indeed.
Note that for the convex case, we have to make a few changes
in our algorithm. Also note that the convexity of u does not
guaranties the convexity of u1 . For the convex solution of the
Monge-Ampère problem (14), we have the following condition
corresponding to the trace condition (17)
tr( Q) ≥ 0

and

det( Q) ≥ 0.

tr( Q) =

tr( DS )
≥ 0,
λ+1

5. COMPUTATION OF REFLECTOR SURFACES AND
ALGORITHM SUMMARY
The minimization procedure steps (23a), (23b) and (23c) are repeated until J (m, Q, b) is not decreasing anymore. Since we are
interested in the solution of the Monge-Ampère equation which
is nothing but the first reflector surface u1 (x), we compute the
reflector u1 (x) from the converged mapping m, i.e., we calculate
u1 such that x + β∇u1 = m. Let’s rewrite this relation as

∇ u1 (x) =

1
(m − x) = m̃(x),
β

(40)

and this u1 will be the approximate solution of the MongeAmpère equation (14a) with boundary condition (14b).

ZZ
S

|∇φ − m̃|2 dx.

(41)


1
I (u1 + ev) − I (u1 )
e
 ZZ

1
2
= lim
e|∇v| + 2(∇u1 − m̃) · ∇vdx
e →0 2
S

δI (u1 )[v] = lim

e →0

=

ZZ
S

(42)

(∇u1 − m̃) · ∇vdx.

The minimizer is given by

∀ v ∈ C2 (S).

δI (u1 )[v] = 0,

(43)

Let n̂ denote the unit outward normal at the boundary ∂S . Using
the following identity derived from Gauss’s theorem,
ZZ
S

∇v · F + v∇ · Fdx =

I
∂S

vF · n̂ds,

(44)

we conclude from (43)
I
∂S

v(∇u1 − m̃) · n̂ds −

ZZ
S

v(∆u1 − ∇ · m̃)dx = 0, ∀ v ∈ C2 (S).

(45)
Applying the fundamental lemma of the calculus of variation
[15, p.15], we find
∆u1 = ∇ · m̃,

∇u1 · n̂ = m̃ · n̂,

x ∈ S,
x ∈ ∂S .

(46a)
(46b)

This is a Neumann problem, and only has a solution if the compatibility condition is satisfied, which reads

(39)

and consequently, we have to select Lagrange multipliers that
satisfy again λ > −1 to enforce tr( Q) ≥ 0. We also have to
change our initial condition (24) according to the requirement of
positive definiteness of the initial matrix Q0 = Dm0 . For more
details about the convex case see [1].

1
2

We calculate the minimizing function u1 (x) using calculus of
variations. The first variation of the functional in equation (41)
in a direction v is given by

(38)

We also need d11 , d22 > 0 to avoid crossing grid lines, which
can be achieved simply by reverting the condition (27). The
condition (37) on the Lagrange multiplier for this case becomes

5

ZZ
S

∇ · m̃dx −

I
∂S

m̃ · n̂ds = 0.

(47)

By Gauss’s theorem, this is satisfied automatically. The solution
of the Poisson equation with Neumann boundary condition
is unique up to an additive constant. To make the solution
unique, we have added the constraint u1 ( x1 , x2 ) = 1 at the first
discretized left most corner point. The second reflector surface
is calculated from the relation (12), i.e.
u2 (m(x)) =

β2 + 2β` − |x − m(x)|2
− u1 (x) ∀x ∈ S .
2β

(48)

6. THE RAY-TRACING ALGORITHM
In this section, we will describe a ray-tracing algorithm to verify
our numerical results obtained by the least-squares method.
The results can be verified using commercial tools as well but
commercial tools use the B-spine type of algorithms which give
an additional error in computation, to avoid these type of errors
we use our-self build algorithm. Before a detailed explanation of
the algorithm is given, we give a brief outline of the challenges
involved in the computation.

Research Article

Journal of the Optical Society of America A

We start our ray-tracing algorithm by generating a random
point p on the source. The ray emitted from the point p is propagating in positive z-direction and intercepted by the reflector
R1 , say at a point r 1 . The value of u1 ( p) at the intersection point
r 1 is obtained using bilinear interpolation, which is explained
in appendix A. A challenging task for bilinear interpolation is
to find the proper quadrilateral that contains the point p and
it becomes more challenging for irregular grids on the target.
The reflector R1 reflects off the ray in the direction t̂, which is
obtained using the law of reflection (5). The reflected ray intersects the reflector R2 , say at point r 2 , and the intersection
point is calculated using the bisection method. Next we find
the interpolated value u2 of the reflector R2 at that point, for
which we need bilinear interpolation on irregular grids. The
illuminance on the target screen is calculated by intersection of
the reflected rays from the reflector R2 with the target T .
The algorithm steps are the following:
• Find the quadrilateral on the source domain and the interpolation value of the reflector R1 .
• Compute the direction of the reflected ray.
• Compute the intersection of the reflected ray with the reflector R2 .
• Find the quadrilateral on the target domain and the interpolation value of the reflector R2 .
• Calculate the illumination on the target.
Find the quadrilateral on the source domain and the interpolation value of the reflector R1
First of all, we generate a random point p on the source
domain S using the Monte-Carlo random generator. Secondly,
we calculate the interpolated value of u1 ( p) using bilinear
interpolation (see appendix A). For that we have to know the
quadrilateral that contains the point p. In our calculation the
source domain has a regular rectangular grid. We find the
nearest grid point to the point p via the minimum distance
approach, then we search for the point p in the four surrounding
rectangular cells and find the proper cell using MATLAB’s
inbuilt function inpolygon. Let us, say V1 is the interpolated
z−value of the reflector R1 at the point p. The corresponding
coordinates on the reflector R1 are ( p1 , p2 , V1 ) .
Compute the direction of the reflected rays
The direction of the reflected ray t̂ = (t1 , t2 , t3 ) is calculated
using the law of reflection (5)
t̂ = ŝ − 2(ŝ · n̂1 )n̂1 ,
where ŝ = (0, 0, 1) is the direction of the incident rays, and n̂1 is
the unit downward normal of the reflector R1 which is given by
relation (4).
Compute the intersection of the reflected ray with the
reflector R2
Once we have obtained the interpolation value ( p1 , p2 , V1 ) of the
reflector R1 at the point p and the reflected direction t̂, we need
the intersection of the reflected ray with the second reflector
R2 . The reflected ray goes through the cylinder generated by
the target domain T (see Figure 2) but it is hard to find the
intersection point due to irregularity of the grid. The target
grid depends on the energy pattern of the target which is not
uniform in most of cases, e.g. the image target grid lines depend
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Fig. 2. Sketch of the cylinder generated by the target.

on a nonuniform illumination g. We use the fact that the ray
propagating towards the reflector R2 intersects the cylinder
generated by the target T at least twice (may be more due to
irregularity of the boundary). The reflected ray can be written in
the vector form as
v = r 1 + st̂,
(49)
where r 1 = ( p1 , p2 , V1 ) are coordinates of the reflector u1 (x)
corresponding to the point p and s ≥ 0 is a scalar representing
the arc-length along the reflected ray. Let ( Xb, Yb) denote the
discretized boundary of the target domain. The parametric
equation of any line segment on the boundary is




Xb(i )
Xb(i + 1) − Xb(i )

 + µ (i ) 
 , i = 1, 2, ..., Nb , (50)
Yb(i )
Yb(i + 1) − Yb(i )
where 0 ≤ µ(i ) ≤ 1 for all i = 1, 2, ..., Nb and Nb is number
of boundary grids. The reflected ray given by equation (49)
intersects a boundary segment of the cylinder if
 
  



p1
t1
Xb(i )
Xb(i + 1) − Xb(i )
 +s  = 
 + µ (i ) 
.
p2
t2
Yb(i )
Yb(i + 1) − Yb(i )
(51)
This is a system of linear equations for s and µ(i ) and can simply
be solved
µ (i ) =

(Yb(i ) − p2 )t1 − ( Xb(i ) − p1 )t2
, (52a)
( Xb(i + 1) − Xb(i ))t2 − (Yb(i + 1) − Yb(i ))t1
s=

µ(i )( Xb(i + 1) − Xb(i )) + Xb(i ) − p1
,
t1

(52b)

where the denominators in above expressions are not zero in
our calculations. We repeat this process for all line segments
of the target boundary. There will be an intersection between
the reflected ray and the cylinder generated by the target if and
only if 0 ≤ µ(i ) ≤ 1 for at least one i. If a light ray enters the
cylinder then it also has to leave the cylinder so there will be at
least two intersection points (may be more due to irregularity
of the boundary or no intersection if the ray is going in wrong
direction).
If there is no intersection due to numerical noise (for rays
close to the boundary) between the reflected ray and line segments of the target boundary we will go for the next ray and if
there is an intersection we go to the next step of our algorithm.
Let’s say there are at least two intersection points then we start
with the first two s-values and find the interpolation value u2 of
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the reflector R2 at these points using bilinear interpolation as
explained in appendix A, and then check the position of these
points by comparing with the exact value of the reflector R2 at
that point. The possibilities are:
• If any of these points is approximately on the reflector R2
then go to the next step (find corresponding illuminance on
the target).
• If both points are either above or below the reflector R2
then go for next two intersection points.
• If one of them is above the reflector R2 and other one is
below the reflector R2 then go to the bisection process explained below.

(a) α = 5 × 10−3

Let’s say a = s(1) is above the reflector and b = s(2) below the
reflector. Now, we have two points to start the bisection process
and we can calculate the desired point through the bisection
method. Note that interpolation of the reflector R2 at all these
points is calculated using bilinear interpolation.
Find the quadrilateral on the target domain and interpolation value of the reflector R2
Before calculating the interpolated value of u2 (y) at the specified
point through bilinear interpolation we have to know the proper
quadrilateral which contains the point. The target grid may not
be regular since it depends on the desired target illuminance.
We go from a regular grid on the source to an irregular grid on
the target via the mapping m which is given by relation (10).
To find the closest grid point to the specified point, we use the
following norm to calculate the nearest grid point

||(Dm)−1 [ p − m(xij )]||2 ,

(b) α = 5 × 10−2

(53)

where xij = ( x1,i , x2,j ), i = 1, 2, ..., N1 , j = 1, 2, ..., N2 represents
the source grids. Due to the skewness of the target grid and
numerical noise it is not always possible to find the required
point in the nearest four surrounding quadrilaterals, thus
we extended our search algorithm to sixteen surrounding
quadrilaterals. Once we find the proper quadrilateral we can
find the corresponding interpolated value as described above.
We can verify that the direction of the reflected ray is the same
as the direction of the incident ray using the law of reflection (5).

(c) α = 0.2

Calculate the illumination on the target
Finally, we calculate the target illuminance by calculating the
intersection of the reflected rays with the plane α2 and collect
the rays in bins.

7. NUMERICAL RESULTS
Two solutions for the optical system can be obtained using the
least-squares algorithm, one of them is concave and the other
one is convex. We test the algorithm for two problems for the
concave solution: in the first problem we map a square parallel
beam of light with uniform emittance into a circular parallel
beam with uniform illuminance, and in the second problem we
transform a square uniform parallel beam into a picture on a
screen. We also show the differences between the concave and
convex solutions of the optical system for the second problem.
The numerical results are verified by our self-build ray tracer
based on the Monte-Carlo simulation.

(d) α = 0.5

Fig. 3. Square to circle problem: convergence history for differ-

ent values of α.
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A. From a uniform square to a uniform circle

The first test case is the design of an optical system of two reflectors that transforms the uniform emittance of a square into
a circle. The source domain is given by S = [−6, −4] × [−1, 1]
and the target domain by T = {(y1 , y2 ) ∈ R2 ||y||2 ≤ 1}. The
light source is a parallel beam of light with uniform emittance,
i.e.,
(
1
if ( x1 , x2 ) ∈ S ,
f ( x1 , x2 ) = 4
(54)
0 otherwise.

(a) The mapping after 150 iteration for α = 0.2.

(b) The ray tracing result for 1 million rays.

Fig. 4. Square to circle problem: the mapping.

The target plane is at a distance ` = 20 from the source plane
and
√ we have fixed the reduced optical path length β = 5(1 +
2) which keeps the incident angle π/8 for target planes on
both reflectors corresponding to the central ray, i.e., β fixes the
reflectors in such a way that the tangent of the reflectors at the
central point have inclination of π/4. The target T is illuminated
by a parallel beam of light rays with uniform illuminance, i.e.,
(
1
if (y1 , y2 ) ∈ T ,
g ( y1 , y2 ) = π
(55)
0 otherwise.
Note that the energy conservation condition (1) is satisfied. We
solve the boundary value problem (14) for a uniform 200 × 200
grid for different values of α in functional (21). We found from
various experiments that the number of boundary grid points Nb
does not influence the convergence of the algorithm if it is chosen
large enough. Since a large value of Nb does not significantly
increase the calculation time, we have chosen Nb = 1000. We
also found from various experiments that α = 0.2 is a good
choice for α to have errors in JI and JB close together. Choosing α
too large or too small slows down convergence. The convergence
history of the algorithm for different α is shown in Figure 3. We
stopped the algorithm after 150 iterations because JI and JB stall.
The resulting mapping after 150 iterations on a 200 × 200
grid is shown in Figure 4a. We tested the reflectors using the ray
trace algorithm. We ran the algorithm for 1 million uniformly
distributed random points on the source, the corresponding
illuminance on the target is plotted in Figure 4b. The functions
u1 ( x1 , x2 ) and u2 (y1 , y2 ) representing the reflectors surfaces R1
and R2 , respectively, which are computed from this mapping,
are shown in Figure 5 with flat shading. The reflectors are plotted
on the source and the target areas, respectively.
B. From a uniform square to a picture

(a) Reflector R1 .

(b) Reflector R2 .

Fig. 5. Square to circle problem: the reflectors surfaces.

The second test case is the design of an optical system of two
reflectors which transforms a square uniform parallel beam of
light into a target distribution corresponding to a given picture.
Here, we challenge our algorithm for three different pictures on
the target. The emittance of the light source is again the same as
defined in (54) and the parameters of the optical system are also
the same as defined in the Section A. The desired target illuminations g(y1 , y2 ) are given by three grayscale test images shown
in Figure 6. Note that the pictures are converted into grayscale
and contain some black region, which results in g(y1 , y2 ) = 0 for
some (y1 , y2 ) ∈ T . This would give division by 0 in the MongeAmpère equation. Therefore, we have increased illuminance to
5% of the maximum value if it is less than 5% of the maximum
value.
The three test pictures pose different challenges for our optical design algorithm. The first test image is the painting "Girl
with a Pearl Earring" by the famous dutch painter Johannes Vermeer, the original picture is shown in Figure 6a. The painting
has different patterns, e.g. the patterns of the pearl and cloths.
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(a) The painting.

(a) Convergence history of the mapping.

(b) Mandrill.

(c) Cat.

Fig. 6. Simulation results for three test images. First column:
original images; second column: the ray tracing results.
(b) The converged mapping.

In the second test image Mandrill, see Figure 6b, the challenge is
to depict the hair of the beard of the monkey. The challenge of
the image Cat, see Figure 6c is different patterns, e.g. the pattern
of the flooring tiles and the wall in the background as well as
the pattern of the light spot in the background. Our algorithm
was able to reproduce all these details well.
We discretized the source S on a 500 × 500 grid, with 1000
boundary points. The convergence history of the algorithm for
the first test image is shown in Figure 7a for α = 0.2. The algorithm exhibits the same convergence for all three test images. We
stopped the algorithm after 150 iterations, because JI and JB did
no longer seem to decrease. The resulting mapping is shown in
Figure 7b for the first test image. The mapping contains the gradient of the reflector surface u1 ( x1 , x2 ). Another representation
of the mapping can be seen by plotting the gradient of the reflectors, which is shown in Figure 8. The gradients of the reflectors
are plotted on the source and the target areas, respectively.
The reflector surfaces are verified using the ray tracing algorithm. We ran our ray tracing algorithm for 10 million uniformly
distributed random points on the source to compute the actual

Fig. 7. The mapping and its convergence history for first test

image.

illumination pattern produced on the target. The target illuminance for 10 million rays is plotted in the Figure 6. The ray
tracing algorithm achieves 99.99% of the desired illuminance on
the target. Each of the three output images is very close to the
corresponding original image, although the images are slightly
blurred, but even complex details can be identified.
The least-squares algorithm is very memory-efficient. All our
numerical calculations are performed on a laptop with only 4
GB of RAM. The calculation time and numerical residuals in the
algorithm corresponding to the iterations count for the all three
test images are shown in Table 1 for grid size 500 × 500. We have
presented the calculation time and residuals corresponding to
the grids in Table 2 for fixed number of iterations of 150. The
calculation time is in seconds and we have seen that it is almost
the same for the all three test images because we have the same
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Table 2. Computing time (in sec) and residuals in the least-

squares algorithm for the painting corresponding to grids
Grids

100 × 100

200 × 200

300 × 300

400 × 400

500 × 500

Time

11

23

40

62

86

JI

2.3 × 10−2

9.9 × 10−3

5.7 × 10−3

3.5 × 10−3

2.5 × 10−3

JB

7.8 × 10−5

2.0 × 10−5

1.3 × 10−5

5.1 × 10−6

4.1 × 10−6

(a) Gradient of the reflector R1 .

Fig. 9. Optical system for concave solution.

(b) Gradient of the reflector R2 .

Fig. 8. Gradients of the reflectors corresponding to first test

image.

Table 1. Computing time (in seconds) and residuals in the

least-squares algorithm for the test images
Iterations

Painting

Mandrill

Cat

10

50

Fig. 10. Optical system for convex solution.

100

150

Time

9

31

58

86

JI

5.0 × 10−2

5.7 × 10−3

2.7 × 10−3

2.5 × 10−3

JB

1.2 × 10−3

2.4 × 10−5

1.1 × 10−5

4.1 × 10−6

Time

9

31

58

86

JI

5.8 × 10−2

1.2 × 10−2

1.0 × 10−2

1.0 × 10−2

JB

5.2 × 10−4

8.6 × 10−5

6.7 × 10−5

6.4 × 10−5

Time

9

31

58

86

JI

5.2 × 10−2

8.4 × 10−3

7.1 × 10−3

6.9 × 10−3

JB

1.4 × 10−3

3.4 × 10−5

1.9 × 10−5

1.7 × 10−5

size images. The parameters for the results in Table 1 and 2 are
α = 0.2 and Nb = 1000.
The mapping for the concave solution of the optical system
reverts the illuminance pattern of the source on the target, but
the convex case is just opposite to the concave, see Figures 9 and
10. The results are obtained using the ray-tracing algorithm for
the same discretization and parameters defined above.

8. DISCUSSION AND CONCLUSIONS
We have presented a geometrical design method for the optical system consisting of two reflecting surfaces which is based
on the principle of equal optical path length. This method is
rigorously used to obtain a mathematical expression for the reflectors. This geometrical construction method is also suitable
for more general optical systems consisting of one or more than
one reflecting/refracting surface.
We have applied the recently developed least-squares method
to design an optical system with two reflectors which is a MongeAmpère type equation with the transport boundary condition.
Comparing all other available methods [2, 6–8] our method is
also capable to solve complex problems efficiently as we have
presented in the numerical results section.
The ability to solve the optical design problem for both convex and concave solutions makes our method a valuable addition to existing methods. The algorithm is very time and memory
efficient which makes it more suitable to use the algorithm for
these type of problems. The least-squares method has shown
very good performance to achieve the desired target even for
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complex images.
We have also developed a ray tracing algorithm to verify our
results obtained by the least-squares method. The ray tracing
algorithm worked with 99.99% efficiency.
In future work we plan to apply this approach to more
general optical systems consisting of more than one reflectors/lenses. A partial differential equation governing the optical
systems can be derived using the same physical arguments of
optics. We will work on systems for a point light source as well
as a parallel beam of light.
Fig. 12. A mapping function allows us to represent the arbi-

A. BILINEAR INTERPOLATION ON IRREGULAR GRIDS
First we explain bilinear interpolation for regular grids and then
we extend our interpolation method for irregular grids. The
interpolation technique we used in our ray tracer code is based
on linear area weighting. The linear method described here offers a good compromise between accuracy and computational
overhead. This interpolation scheme is summarized in Figure
11. We want to interpolate some quantity existing at the position denoted by the large (red) circle to the four grid nodes.
To do this, we divide the cell into four sections. The fraction
to be deposited to each node is numbered(shaded) with the
same number(color) (see Figure 11). We label the coordinates
as l ∈ [0, 1] and m ∈ [0, 1]. A value of zero corresponds to the
left or bottom edge, and a value of 1 is the right or top edge.
The interpolated value of the function at the point is simply
calculated by multiplying the value at each node by the opposite
area and add the contributions together, i.e.,
Vp = w1 v1 + w2 v2 + w3 v3 + w4 v4 ,

(56)

where w1 , w2 , w3 and w4 are areas of the opposite sections and
v1 , v2 , v3 and v4 are node values. This gives the interpolation
value at any arbitrary point in the cell of the regular grid.
However, we do not have regular grids on the target (grids
are depend on the target pattern), so our task is to extend this
approach for irregular grids. Here, we do this by mapping an
irregular grid to a unit square regular grid.
Mapping an arbitrary quadrilateral to a unit square
The above technique works but it has one serious drawback: it
is useful only for rectangular cells but we have irregular grids
as well. In order to perform the interpolation for an arbitrary
quadrilateral, we need to obtain a mapping function as shown
in Figure 12. Our goal is to come up with a function such that

trary shaped quadrilateral as a square.

( x, y) = F (l, m) where l ∈ [0, 1] and m ∈ [0, 1] describes the
entire point space enclosed by the quadrilateral. In addition,
we want F (0, 0) = ( x1 , y1 ), F (1, 0) = ( x2 , y2 ) and so on to
correspond to the polygon vertices. This function, yet to be
determined, forms a map that allows us to transform the
quadrilateral from the physical coordinate set to a logical
coordinate space. In the logical coordinates, the polygon
morphs into a square, regardless of its physical form.
Once the logical coordinates are obtained, we calculate interpolation value just as described above. What remains now is to
find the mapping. To do this, we assume a bilinear mapping
function given by
x = α1 + α2 l + α3 m + α4 lm,

(57a)

y = β 1 + β 2 l + β 3 m + β 4 lm.

(57b)

We next use these expressions to solve the four coefficients


x1





1

  
  
 x2  1
 =
  
 x3  1
  
1
x4

0

0

1

0

1

1

0

1

0




α1

 
 
0  α2 
 .
 
1  α3 
 
0
α4

The coefficients in the above matrix come from Figure 12 where
we defined our mapping function. A similar expression is also
written for the β k , (k = 1, 2, 3, 4) coefficients. We can solve these
linear systems for the coefficients αk and β k easily by inverting
the matrices.
Now, we have our mapping to go from the logical to the
physical space. To obtain the reverse mapping for l and m we
need to solve system (57). Note this system is no longer linear,
however it can be solved quite easily analytically. We can first
obtain
x − α1 − α3 m
,
(58)
l=
α2 + α4 m
substituting l into the second expression, we obtain

(α4 β 3 − α3 β 4 )m2 + (α4 β 1 − α1 β 4 + α2 β 3 − α3 β 2 + xβ 4 −
(59)
yα4 )m + (α2 β 1 − α1 β 2 + xβ 2 − yα2 ) = 0.

Fig. 11. Computational cell is subdivided and the fraction

corresponding to the diagonal area is deposited onto each
node.

This is simply a quadratic equation with the three coefficients
given by the terms in the parentheses and the physical solution
m is obtained using the quadratic formula. Then we put m in
equation (58), calculate l and the interpolation value can be
calculated from equation (56).

Research Article

REFERENCES
1. C. R. Prins, R. Beltman, J. H. M. T. T. Boonkkamp, W. L. IJzerman, and
T. W. Tukker, “A least-squares method for optimal transport using the
Monge-Ampère equation,” J. Sci. Comput. 37, B937–B961 (2015).
2. T. Glimm and V. Oliker, “Optical design of two-reflector systems, the
Monge-Kantorovich mass transfer problem and Fermat’s principle,” Indiana University Mathematics Journal 53, 11070–11078 (2004).
3. C. R. Prins, in “Inverse Methods for Illumination optics,” (ISBN 978-90386-3662-7, 2014).
4. A. S. Glassner, in “An introduction to Ray Tracing,” (Academic Press,
1991).
5. C. R. Prins, J. H. M. T. T. Boonkkamp, J. V. Roosmalen, W. L. IJzerman,
and T. W. Tukker, “A Monge-Ampère solver for free-form reflector design,”
J. Sci. Comput. 36, B640–B660 (2014).
6. X. J. Wang, “On the design of reflector antenna,” Inverse Problems 12,
351–375 (1996).
7. J. Rubinstein and G. Wolansky, “Intensity control with a free-form lens,”
J. of Opt. Soc. of Am. A 24, 463–469 (2007).
8. K. Brix, Y. Hafizogullari, and A. Platen, “Solving the Monge-Ampère
equation for the inverse reflector problem,” Mathematical Models and
Methods in Applied Sciences 25, 803–837 (2015).
9. K. Brix, Y. Hafizogullari, and A. Platen, “Designing illumination lenses
and mirrors by the numerical solution of Monge-Ampère equations,” J.
of Opt. Soc. of Am. A 32, 803–837 (2015).
10. M. Born and E. Wolf, in “Principles of Optics,” (Pergamon Press, 5th
edition, 1975).
11. C. Villani, in “Topics in Optimal Transportation,” (American Mathematical
Society, Vol. 58, 2003).
12. H. Ries and A. Rabl, “Edge-ray principle of nonimaging optics,” J. of
Opt. Soc. of Am. A 11, 2627–2632 (1994).
13. R. A. Adams and C. Essex, in “A complete course calculus,” (A complete course calculus, 2013).
14. J. Tignol, in “Galois’s Theory of Algebraic Equations,” (Longman Scientific and Technical, Harlow, UK, 1988).
15. M. Mesterton-Gibbons, in “A Primer on the Calculus of Variations and
Optimal Control Theory,” (1st ed., American Mathematical Society, 2009).

Journal of the Optical Society of America A

12

PREVIOUS PUBLICATIONS IN THIS SERIES:

Number

Author(s)

Title

Month

16-15

M.F.P. ten Eikelder
J.H.M. ten Thije
Boonkkamp
B.V. Rathish Kumar

A Finite Volume-Complete
Flux Scheme for the
Singularly Perturbed
Generalized Burgers-Huxley
Equation

June ‘16

16-16

A.S. Tijsseling

An overview of fluidstructure interaction
experiments in single-elbow
pipe systems

July ‘16

16-17

R. Beltman
J.H.M. ten Thije
Boonkkamp
W.L. IJzerman

A least-squares method for
the inverse reflector problem
in arbitrary orthogonal
coordinate systems

August ‘16

16-18

I.N. Zwaan
M.E. Hochstenbach

Multidirectional subspace
expansion for one-parameter
and multiparameter
Tikhonov regularization

August ‘16

16-19

N.K. Yadav
J.H.M. ten Thije
Boonkkamp
W.L. IJzerman

A least-squares method for
the design of
two-reflector optical systems

September ‘16

Ontwerp: de Tantes,
Tobias Baanders, CWI

