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Introduetion
The work presented in this thesis falls within the framework of thermonuclear fusion
research. A world wide effort is undertaken towards the goal of an energy producing
thermonuclear fusion reactor. The energy production of such a reactor is based on
the fusion of light elements, releasing large amounts of nuclear binding energy. This
in contrast with current fission reactors, where heavy elements are split into lighter
elements.
The nuclei attract one another when the distance between them is sufficiently small.
For larger distances the force between the nuclei is dominated by the repulsive Coulomb
force. Only in collisions with high initial velocity, can the nuclei overcome the potential
harrier associated with this force, and can fusion occur. In thermonuclear fusion high
temperatures of 108 to 109 °C are used,

80

that the particles have high thermal veloei ties.

At these temperatures one deals with fully ionized gasses, or plasmas. Even for high
initial veloeities the collisions that lead to fusion do not occur frequently. Therefore, a
sufficiently dense mixture of light elements has to he confined at a high temperature for
a long enough time so that a significant fraction of the mixture has fused together.
Of interest for fusion are those reactions that occur frequently for relatively low
energies, and that yield a significant amount of energy. These are:
ÎD + IT -t ~He (3.5 Me V)+ Ön(14.1 MeV),
ÎD +~He-t ~He (3.7MeV) + jp(14.6MeV),

(0.0.1)

where D is Deuterium, T is Tritium, He is Helium, n is a neutron, and p is a proton.
The fusion of Deuterium and Tritium is going to he used in the first experimental fusion
reactors. In this reactor the temperature will he around 20 keV (1 keV

1.16 ·107 °C),

and for this value the fusion reaction between Deuterium and Tritium occurs with far
more probability, than the reaction between Deuterium and 3-Helium. However, even
for the Deuterium Tritium reaction this temperature is still below the value for which
the reaction rate has its maximum, which is roughly 70 keV.
The energy carried by the Helium nuclei that are generated in the Deuterium Tritium
reactions can he used to heat the mixture of light elements. If this heating alone
1

is suflident to maintain the temperature needed for fusion one speaks of an ignited
plasma. For ignition, temperatures around 20 keV, confinement times in the order of
one second, and partiele densities several times 1 · 1020 m- 3 , are needed. Although all
these parameters have been obtained separately, so far no experiment has reached all
the conditions simultaneously.
The feasibility of a commercial fusion reactor has yet to be demonstrated. A number
of severe teehuical problems still have to be solved. A better understanding of the
physics processes that occur in a fusion reactor can help to improve the way in which
it is constructed, or help to decide in what parameter regime it should operate.

The tokamak
The high temperatures needed for fusion cannot be obtained ifthe plasma is in direct
contact with material walls. This contact is prevented through 'magnetic confinement'.
Charged particles follow magnetic field lines, and confinement is obtained if the imposed
field is such that no field line leaves the confinement chamber.
By far the most successful scheme of magnetic confinement is the tokamak, which
is sketched in figure 0.1. The plasma in the tokamak is produced in a vacuum vessel
that has the shape of a torus. A set of coils surrounding the vessel generates a magnetic
field in the toroirlal direction. A toroirlal current is generated in the plasma via a large
transformer. This current generates a poloirlal magnetic field and, consequently, the
total magnetic field is helical, forming a set of closed nested magnetic surfaces. The
induced current also heats the plasma through Ohmic dissipation.
The tokamak was invented by Russian scientists in the fifties. In the early tokamaks
energy confinement times of several milliseconds, and ion temperatures of a few hundred
eV were reached. Because a reactor should have a confinement time around one second,
and because the confinement time roughly scales as a 2 , with a the radius of the plasma,
ever larger tokamaks were built, resulting in the early eighties in the construction of the
large machines TFTR in the United States and JET in Europe, which have major radii
of several meter. In these tokamaks the record plasma temperatures, plasma density
and confinement time are close to what is needed for ignition. But as mentioned these
parameters are not obtained simultaneously.
2
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Figure 0.1. Schematic sketch ofthe tokamak.

In most experiments performed in these machines the plasma does not contain
Tritium, and virtually no fusion occurs. So far JET has only used a small amount of
Tritium in only a few plasma shots. On TFTR a campaign from December 1993 to
august 1994 was devoted to Deuterium Tritium fusion experiments. A record of 6.2
MW of fusion power, achieved with a total of 30 MW neutral beam injection, was set
during these experiments.
TFTR and JET are still too small to reach plasma parameters relevant for a fusion
reactor, which is thought to operate in the regime of ignition. The first experiment
aimed at ignition, ITER, is presently being designed. Because of its cost this project
is organized as an international collaboration of the European Community, the United
States, Russia, and Japan. ITER will have a major radius of about 8 m.
In the FOM-Institute for plasma physics 'Rijnhuizen', where the work presented
in this thesis was performed, a small tokamak, RTP (Rijnhuizen Tokamak Project), is
available. It has a major radius of0.72 m, a plasma radius of0.16 m, and a magnetic field
of 2.3 tesla. The experimental programme is aimed at the understanding of physical
3

processes rather than technological development. The two most important areas of
research are the understanding of energy and partiele transport in the tokamak, and
the interaction of electromagnetic waves, that have wavelengtbs in the mm range, with
the plasma.

Electron cyclotron waves
The Ohmic dissipation used for heating decreases as the temperature increases.
Additional heating is used to reach higher temperatures in the experiments. Also,
generating the current in the plasma inductively by a transformer, necessarily leads to
a pulsed operation of the tokamak. Generating the current noninductively would make
steady state operation possible.
Several schemes for plasma heating and noninductive current drive exist. The work
presented in this thesis is concerned with one of them: electron cyclotron waves. These
electromagnetic waves have frequencies in the range of the gyration frequency of the
electrous around the magnetic field lines, which is of the order of 100 GHz. The resonant
coupling of the wave with the electron gyromotion leads to absorption of wave power.
Because the gyrofrequency varies over the plasma, wave and gyrofrequency match in a
localized region in contiguration space, and the deposition of wave power is localized.
Heating with electron cyclotron waves is the simplest of the radio frequency heating
schemes with respect to the coupling to the plasma. For other heating schemes, like
lower hybrid or ion cyclotron heating, an evanescent region between the antenna and
the plasma exists. The absence of such a region for electron cyclotron waves makes that
these waves can be injected more easily into the plasma.
Because the electron cyclotron waves are easy to inject, and the power can be
deposited in the centre of the plasma, these waves are attractive for plasma heating. In
a reactor this heating scheme can be used to reach the temperature needed to ignite
the plasma. The waves can also be used for noninductive current drive, but the current
drive efficiency is somewhat low. The localized absorption, however, makes the waves
attractive for control of plasma instabilities. These instahilities can, for instance, lead
to a sudden collapse of the plasma, known as a disruption. By modifying the current
profile, instahilities in tokamak plasmas can be controlled or prevented.
4
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On the RTP tokamak many experiments have been performed with the two available gyrotrons of 60 GHz 180 kW. A new gyrotron of 110 GHz 500 kW has recently
been installed. Although the tokamak is small, it is certainly large enough for electron
cyclotron heating experiments. A large amount of power is absorbed by the plasma in
the first pass of the wave beam, and the region of power absorption is much smaller
than the minor radius. Besides heating, the electron cyclotron waves are used to diagnose the plasma. The localized power deposition makes a study of the local transport
processes possible. Also, the localized absorption of the waves leads to considerable
power densities and, consequently, nonthermal effects. For a proper description of, for
instance, the magnitude of the driven current, the nonthermal effects have to be considered. Furthermore, the local nonthermal population can again be used to diagnose
the plasma.

This thesis
In this thesis a study of the nonthermal effects, that are generated by the inductive
electric field and the electron cyclotron resonant heating, is presented.
A numerical code was developed to solve the kinetic equation that describes the
evolution of the electron velocity distribution. This equation is a Boltzmann equation
in which the many small angle scattering collisions that occur in the plasma are modelled
by a Fokker-Planck collision term. The waves are treated within quasi-linear theory,
which gives a ditfusion of resonant electrons in velocity space. Besides the effects of the
collisions and the electron cyclotron waves, also the effect of the electric field induced
by the transfarmer is included in the model. This toroidal electric field accelerates the
electrans in the direction parallel to the magnetic field.
The electrons in a tokamak move along the field lines that wind helically around the
torus on magnetic surfaces. On the magnetic surfaces the magnetic field varies such that
a toroidally symmetrie magnetic well is formed with the minimum field strength on the
outboard side. Some of the electrans are trapped in this magnetic well, and are unable
to reach the high field side. Others, the so-called passing electrons, move over the entire
surface. The specific geometry of the tokamak is incorporated in the model through
an average over the electron orbits. The result is the bounce-averaged Fokker-Planck
5

equation which gives the evolution of the averaged distribution function on a magnetic
surface. The fi.rst chapter of this thesis describes the assumptions and derivation of
this equation. The second chapter discusses the theory of electron cyclotron waves and
derives the quasi-linear diffusion tensor that models the interaction of the waves with
the plasma.
The Fokker-Planck code is used in the interpretation of electron cyclotron heating experiments on the RTP tokamak. The measured soft X-ray spectra, which give
information on the nonthermal electron velocity distribution, are compared with code
calculations in chapter 3. This is done for both Ohmic and low and high power electron
cyclotron heated plasma shots. Reasonable agreement is found. Chapter 4 discusses the
transmission of the injected heating wave. The measured transmission is not equal for
positive and negative values of the angle between the direction of propagation and the
direction of the magnetic field. This asymmetry is proposed to be a synergistic effect of
the heating with electron cyclotron waves and the parallel electric field. The chapters
3 and 4 show that the model provides an appropriate description of many aspects of
the nonthermal population. We may conclude that the model used provides in most
respects a correct description of the evolution of the electron velocity distribution, and
is, therefore, a useful tooi for the interpretation of experiments.

The last chapter of this thesis is concerned with the breakdown of one of the key
assumptions in the model mentioned above, the toroidal symmetry. It is shown that
the toroidally localized heating with EC waves can generate a toroidally nonsymmetrie
trapped electron population. In a certain parameter region the magnitude of the population can be significant, and is observable on the electron cyclotron emission diagnostic.

6
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Chapter 1.
Theoretical framework
In this chapter the basic theory for the description of the kinetic evolution and
equilibrium of electrous in a hot, magnetically confined plasma is discussed. Two processas that generate nonthermal electron distributions are considered. These are the
acceleration by the inductive electric field that drives the current in the tokamak, and
the heating with high power radio frequency (RF) waves. The Coulomb interactions,
or collisions for short, are the driving force towards thermal equilibrium. It is assumed
that a steady state exists in which the effects of the electric field and the waves are
balanced by collisions. These collisions then set the timescale on which the equilibrium
is attained.
For the parameters applicable to present day fusion experiments and future fusion
reactors, the Coulomb interactions are weak. This results in a key feature of the kinatic
behavior of particles in such devices, namely, their extremely long mean free path for
collisions. For an electron as well as a hydrogen ion, moving at the thermal velocity
Vth

J2T /m this mean free path (>..mfp) is
(1.0.1)

Here T,. is the temperature in units of keV,
1013 cm-3 ,

n13

is the partiele density in units of

and m is the rest mass of the particle. In present day tokamak experiments

the temperature is typically several keV and the density varies from 1 · 1013 to 1 ·
1014 cm- 3 . Therefore, the mean free path is of the order of kilometers, and exceeds the
machine size, which is typically several meters , by two orders of magnitude.
In the absence of a magnetic field the particles would hit the walls of the device and
be lost on a very short timescale. In the strong magnetic field used for confinement,
the particles can move freely only in the direction of the magnetic field. Their motion
perpendicular to the field is restricted by the Lorentz force which generatea a gyration
with a gyroradius p which for a thermal electron is
Pth

1 • 10 -2 Tl/2/B
e,k
T cm,

Theoretica! Framework

(1.0.2)
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where BT is the magnetic field strength in tesla and the index e indicates the electrons.
For fusion experiments the magnetic field is several tesla, and the gyroradius is much
smaller than the machine size.
Because of the long mean free path the electrans sample the complete magnetic geometry along the field lines during their kinetic evolution. Consequently, the magnetic
geometry has a profound infl.uence on the kinetic evolution and equilibrium of the electrons. Therefore, first the magnetic geometry of the tokamak is discussed insection 1.1.
Because of the fini te gyroradius the electrans sample the magnetic field in a small region
perpendicular to the magnetic field line. The inhomogeneity of the magnetic field then
makes that the electrans do nat move exactly along the field lines. The more complicated motion in the inhamogeneaus magnetic field is described in section 1.2. In that
section it will be shown that taking the orbits along the field lines is nevertheless a very
good approximation.
These first two sections provide the background for the discussion of the kinetic
equation. For the kinetic evolution of the electrons, the Coulomb collisions, the acceleration along the field lines due to an inductive electric field, and the resonant interaction
with radio frequency electromagnetic {RF) waves, is considered. The kinetic equation
takes the farm of a Fokker-Planck equation, i.e. a general convection diffusion equation,
in momenturn space. The diffusion and convection coefficients in this equation are the
sum of the diffusion and convection coeffidents of the different processes that determine
the kinetic evolution.
The general Fokker-Planck equation is discussed in detail in section 1.3. There, the
Fokker-Planck equation is averaged over the fast periadie motion perpendicular to and
the periadie motion along the magnetic field lines. The latter averaging is made possible
by the long mean free path for collisions, and results in a tractable, lower dimensional
equation, that is valid on the timescale of collisional relaxation. The orbit average is also
known as hounee average and results in the sa called 'bounce averaged Fokker-Planck
equation'. Section 1.4 discusses the coefficients in the Fokker-Planck equation due to
the acceleration by the inductive electric field.

Finally, the Fokker-Planck callision

coefficients are discussed in detail in section 1.5. The discussion of wave theory, and the
8
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diffusion coeffi.cients in the Fokker-Planck equation for the case of electron cyclotron
resonant (ECR) waves, is deferred to chapter 2.

1.1. The Tokamak contiguration
To prevent a fast loss of particles along the field lines, no bundie of field lines
should leave the plasma. Because of the divergence-free nature of the magnetic field,
the simplest configuration for which this is possible, is toroirlaL One of the devices
with a toroirlal configuration is the tokamak. The general theory of tokamak plasmas
is described in [1] and [2].In this section the magnetic field structure is discussed
briefly. The magnetic field in a tokamak consists of an externally applied field in the
toroirlal direction and a poloirlal field generated by a toroirlal current in the plasma. The
combination of these fields makes that the magnetic field lines wind helically around the
torus, and forma set of closed nested magnetic surfaces. This is sketched in figure 1.1.
Because of the nested surfaces, the field lines in the centre of the plasma never reach the
plasma edge. The distance perpendicular to the field lines over which the particles have
to he transported is many gyroradii, and therefore, confinement is good. Due to the fast
transport along the field lines plasma parameters like density, temperature, and hence
pressure, are to a very good approximation independent of the position on the surface.
In fact the velocity distrîbution, that is obtained from the kinetic equation described in
section 1.3, does not depend explicitly on the position on the flux surface.
Figure 1.1 also shows the cylindrical coordinate system (R, <p, z), where the z-axis is
aligned along the axis of symmetry of the tokamak, and the magnetic axis, which is the
centre of the magnetic surfaces, lies in the xy-plane. A point X is characterized by its
major radius R, i.e. the distance of the point to the axis of symmetry of the tokamak, the
vertical coordinate z, and the toroirlal angle <p. The magnetic equilibrium is rotationally
symmetrie and, hence, independent of <p. The major radius of the magnetic axis is Ra.
The points on a surface with the largest major radius will be referred to as the outboard
side, or low field side. The points with the smallest major radius are called the inboard,
or high field side.
Theoretica! Framewerk
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magnetic surface

magnetic axis
Figure 1.1. Sketch of the magnetic topology in a tokamak.
The toroidally symmetrie magnetic field B of a tokamak can be written in the
general form (see for example [2])

B = F('tf;)'Vep + 'V'I/J x '\lep,

(1.1.1)

where 'Ij; = '1/J(R, z). This form ensures 'V· B = 0. The first term of (1.1.1) is the
toroidal component of the field.

Because '\lep =

erp/ R

the toroidal field strength is

Brp = F ('Ij;)/ R. In a tokamak the toroidal field is much larger than the poloidal field
Bp = I'V'I/11/R, which is given by the second term. The main variation in the field

strength is, therefore, due to the toroidal field. On a magnetic surface this field drops
off with major radius as

1/R.

From equation ( 1.1.1) it can easily be seen that B ·'iJ'Ij; = 0 and, consequently, the
magnetic field lies in the toroidal surface of constant 'Ij;. The function 'Ij; is the poloidal
flux

Ji

B · nda

= 21r'lj;(R, z),

(1.1.2)

where the integration is over a plane A bounded by a circle with radius R, which has
its centre on the z-axis at height z. The vector n is the unit vector perpendicular to
this plane. The magnetic surfaces traeed out by the field lines, as discussed above, are
therefore, also referred to as flux surfaces.
10
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Because the magnetic field determines the partiele trajectories it is convenient to
use coordinates which are related with the magnetic field topology. One can introduce
a set of flux coordinates ('1/J, <p, 11), where 1J is the poloirlal angle. The volume element
in this coordinate system is
dV

d'I/J rd1J
IV'I/JI cosXRd<p,

(LL3)

where r is the minor radius, which is the distance from a point to the magnetic axis,
and X is the angle between the unit vector Vr and 'V'I/J/IV'I/JI. In chapter two these
coordinates are used when the interaction with a wave beam, which is localized around
a position on the surface, is considered.
In tokarnaks additional poloirlal magnetic fields are applied to shape the flux surfaces
or keep the plasma in equilibrium. The exact geometry of the surfaces is determined by
the external fields, the current in the plasma, and the force balance

J x B='Vp,

(1.1.4}

where J is the current density, and pis the pressure. In the absence of additional shaping,
and for not too high plasma pressures, the magnetic surfaces are well approximated by
a set of concentric circular surfaces. The equations for the kinetic evolution derived in
the first two chapters are valid for arbitrary shaped, closed magnetic surfaces. However,
in the numerical computations discussed in chapter three to five, the concentric surface
approximation is used. This approximation is discussed in detail in appendix A.
Due to the combination of toroirlal and poloidal magnetic fields the field lines are
helicaL The number of toroirlal rotations during a complete poloirlal rotation is called
the magnetic winding number or safety factor q. The surfaces on which q is rational,
i.e. where the field lines close upon themselves after a limited number of turns around
the torus, are topologically unstable. Any disturbance in the poloidal flux at the rational
surface which has the samehelicity as the field lines leads to the break up of the magnetic
surface into a chain of so called magnetic islands. If the disturbance in the poloirlal flux is
small, the islands formed at the rationat surfaces occupy only a small part of the plasma
volume, while in the rest of the volume 'good' surfaces exist. For larger disturbances
the islands of several rational surfaces overlap, and regions with a stochastic magnetic
field are formed. In this thesis the model of nested magnetic surfaces is used.
Theoretica! Framework
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1.2. Charged partiele orbits
Due to the long mean free path the electrous follow their single partiele orbits for
many turns around the torus, and these orbits are essential in a proper kinetic description. The equation that describes the evolution of the electron velocity distribution
function is averaged over the single partiele orbits. In this section these orbits and the
average over the orbits are discussed.
In a homogeneaus magnetic field the motion of an electron consists of a free motion
along the field lines, and a gyration around the magnetic field lines. The change in
gyrophase 4> is
(1.2.1)
where
Wc

Wc

is the gyrofrequency

eBfmc,

(1.2.2)

with -e, m the electric charge and rest mass of the electron, and c the velocity of light.
In equation (1.2.1) 'Y is the relativistic factor 'Y =

,/1 + p 2 /m2 c2 , with p the momenturn

of the electron. The frequency of gyration of the electron, therefore, depends on the
energy of the electron. For fusion plasmas the thermal particles have an energy of the
order of 10 keV (1 < 'Y ;S 1.02), and relativistic effects are generally not important.
Nevertheless, the relativistic correction to the gyration frequency (1.2.2) is essential
when the interaction with the electron cyclotron waves is considered, because this interaction occurs through a resonance of the particles gyration and the wave frequency,
and requires an exact match of bath frequencies. The gyroradius p is

(1.2.3)
where the index .l indicates the component perpendicular to the magnetic field.
In a tokamak the magnetic field is not homogeneous, and the motion of the particles
is more complicated. From the value of the gyroradius of an electron with thermal
velocity (Pth) it is clear that the gyroradius is small compared to the characteristic
length over which the magnetic field changes. The difference in length scales being
12
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of the order ó

PIR

~

w-4 w- 5

in present day tokamak experiments. One can

derive approximate formulae for the motion in the inhomogeneons magnetic field of a
tokamak in which the inhomogeneity is treated as a smal! perturbation. The motion
of the partiele can he split in the perpendicular gyration around the field lines and the
motion of the centre of gyration. The gyrocentre motion consists of a motion in the
direction of the local magnetic field and corrections, which are a factor ó smaller, and
are known as the drifts.
For the motion in the inhomogeneons magnetic field one can derive a set of constauts
of motion or adiabatic constauts of motion. The characteristics of the single partiele
orbits can he understood best in terros of these constauts of motion. Using the equations
of motion, the magnetic moment f.l
2

w=__!!_J:._
2mB

(1.2.4)

can he shown to he an adiabatic invariant of motion, i.e. the magnetic moment is
approximately conserved over a time interval in wbich the partiele travels a distance
large compared to the typicallength scale over which the magnetic field changes. There
are two other invariants. In a static magnetic field, the energy of a partiele is conserved.
Instead of the partiele energy itself it is convenient to use the related quantity

ê

(1.2.5)

with m being the rest mass, which is also conserved. Furthermore, due to toroidal
symmetry the canonkal toroidal angular momenturn P'P,
Rp"'

e

+ -'1/J,
c

(1.2.6)

is conserved. Here, A." = '1/J IR is the toroirlal component of the vector potentiaL
The most important effect of the inhomogeneons magnetic field in a tokamak is the
trapping of partieles. Due to the motion along the helical field line, a partiele initially
at the out board, low field side of the magnetic surface moves towards a region of higher
magnetic field, closer to the axis of symmetry of the tokamak. The conservation of
magnetic moment then gives rise to an increase in perpendicular momentum, which in
combination with the conservation of energy leads to a decrease in parallel momentum.
Theoretica! Framework
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The force in the direction of the magnetic field that causes this decrease of the parallel
momenturn is known as the mirror force. For some particles the parallel momenturn
goes to zero before they can reach the inboard side of the surface. These particles are
reflected at the point where the parallel momenturn becomes zero and are trapped in the
magnetic well formed by the 1/R dependenee of the magnetic field over the magnetic
surface.
In the following section the kinetic equation is written in momenturn p 0 and pitch
angle Bo

Bo

{1.2.7)

arctan(p.Lo/Pjjo)

coordinates. Here, the index 0 refers to the outboard, low field side, position on the flux
surface. These momenturn coordinates will be referred to as low field side momenturn
coordinates. Using the conservation of energy and magnetic moment, the momenturn
and pitch angle on a certain point of the surface can be expressed in the low field side
momenturn coordinates
p=Po

sinB

JB/BosinBo = asinBo

(1.2.8)

(a :2:: 1).

These transformations can be used whenever the mirror force is the only force that
determines the change in momenturn as the partiele moves over the flux surface. The
regions in velocity space occupied by trapped particles follows from equation (1.2.8)
and the ratio of the minimum magnetic field strength Bo, on the outboard side of the
surface, and the maximum field strength Bm, on the inboard side of the surface. All
particles
with

sinBtrap

JBo/Bm,

(1.2.9)

are trapped. For most tokamaks 1 - Bof Bm :S 0.2, and most particles are passing
partides.
As discussed above, the gyrocentre motion consists of the free motion along the field
lines and a drift veloclty. The drift velocity of an electron in a static magnetic field is

Vff R" x B
V

14

d

=

-Wc

R~ B

vj_
- 2wc

B x VB
B2

(1.2.10)
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where Re is the radius of curvature of the field line, and v is the velocity. The fust term
is the curvature drift, which is generated by the centrifugal force a partiele experiences
as it follows a curved field line. The second term is the grad B drift, which is generated
by a difference in magnetic field strength, and hence gyroradius, over its gyro-orbit. For
a purely toroirlal magnetic field in the positive cp direction the drift is
(1.2.11)

In spite of the constant direction of
the drift the electrous are not lost from
the tokamak. This follows from the con-

Flux surface
- - • Drift surface passing particles
• • • • • • • • Drift surface trapped particles

servation of canonical toroidal angular momentum, and is a consequence ofthe cyclic
motion of the partiele over the flux surface. Above the equatorial plane z

0,

the drift is in the direction of increasing
minor radius r, while below this plane the
drift is in the direction of decreasing minor radius. These two motions compensate exactly, such that the electrous move
over closed surfaces, also called drift surfaces.

For passing particles these drift

surfaces are shaped like the magnetic sur-

Figure 1.2. Drift surfaces of trapped
and passing particles.

faces, but are shifted horizontally with
respect to them. This is shown in figure 1.2. The shift of the drift surface depends on
the momenturn and pitch angle of the particles. When a trapped partiele moves in the
same direction as the magnetic field, its orbit is slightly shifted to one side of the flux
surface, while it is shifted to the opposite side when the partiele moves in the counter
direction. For trapped particles the projection of the drift surface on the poloirlal plane,
therefore, forms thin banana shaped orbits, again shown in figure 1.2. The excursion of
an orbit relative to the surface can be calculated using equation (1.2.6). The distance l
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an electron travels perpendicular to the surface is

dt/J
dl= IVt/JI
where

wcp

1

dRp"'

(1.2.12)

mwcp~'

leBpfmcl is the gyrofrequency calculated with the poloirlal magnetic field.

It turns out that barely trapped particles have the highest excursion from the surface.
For electrous this excursion is typically of the order of 0.1 cm (Bp

0.05 T, VIl

Vth(l keV)). So in good approximation the single partiele orbit of an electron lies on a

partienlar flux surface. In the kinetic description of the electron velocity distribution
this will he assumed to be the case exactly. Only the effects of the mirror force are
retained.
The trapped particles perform a periodic motion between their reflection points.
Because toroirlal symmetry is assumed every poloirlal rotation of a passing partiele is
equivalent, and can also be seen as a periodic motion. This periadie motion is known
as the hounee motion. It is this motion over which the equation, that describes the
evolution of the distrihution function, is averaged. This hounee average is defined as
(1.2.13)

where r 8 is the hounee time

f

ds

(1.2.14)

~·

It is also eonvenient to define a hounee phase
ds
d<f>B = WB Ivcos 81'

</>8

(1.2.15)

with w8 being the bonnee frequency w8

= 2n/r8 • In the equations above s is the

length along the field line. The integration is over a complete cyclic motion, i.e. over
a complete poloirlal turn for passing particles and over the inner and outer leg of the
trapped partiele orbits. For trapped particles after the hounee average the same orbit
is specified by two pitch angles: Bo and

1r -

80 • This leads to some complieations. For

instance, when a physical quantity is calculated by integrating over all electrons, each
trapped partiele orhit should contribute only once. For the integration over pitch angle
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we, therefore, define the integration symbol
excluded the range

1r

/2 < flo < 1r -

J*, which is the integration from 0 to

1r

fltrap·

Besides the hounee average, also the average over the volume will be needed. The
so called flux surface average is defined as the average over the infinitesimal volume
element between two flux surfaces. The volume element dJV is the product of the
toroidallength element Rdip, the poloidallength element dlp which can be expressed in
the lengthelement along the field line dlp
between the surfaces dl

(Bp/ B) ds = IV'I/71 ds/ BR, and the distance

d'I/7/IV'I/JI
(1.2.16)

Therefore, the surface average of some quantity G
(1.2.17)
is equivalent to an average over the length along the field line divided by the magnetic
field strength. The integration along the field line is over a complete poloidal turn,
indicated by the index

P.

For all quantities that involve an integration over momenturn space the surface
and hounee average are related. Because of the mirror force the pitch angle of an
electron changes as it moves along the field lines. Therefore, a quantity that involves
an integration over momenturn space of the electrous is a function of the position on
the surface. The surface average of such a quantity can be written as an integration of
the hounee averaged quantity over momenturn space on the low field side

11

J ) _
1
ds
( / G d P A - JPds/B PB
1
= JPdsjB

eo(s)

dJPB
ocos
- -flo
-G
Bo cosfJ

j* d Po vuoBo f 9ïG
ds
j* .-\(G)sd Po,
J

J

(1.2.18)

where the quantity .À is introduced

vors( vo, flo) cosOoI
JP ds(Bo/ B) ·

I

(1.2.19)

In the fust step of equation (1.2.18) the relations (1.2.8) have been used to write the
integration over momenturn space as an integration over momenturn space on the low
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field side. In the latter integration the trapped particles that cannot reach the point on
the surface because of trapping have to be excluded. In the second step the integration
sequence has been changed. The first integration is now over the entire momenturn
space while the integration along the field line is over the hounee orbit instead of a
complete poloidal turn. Because the hounee time is proportional to 1/v,

À

is a function

of the pitch angle only. Furthermore, it can be shown that
-1
411"
Hence,

/*
À

21r sin 8od8oÀ

= 1.

(1.2.20)

appears as a weighting factor in the integral on the right hand side of (1.2.18).

1.3. The hounee averaged Fokker-Planck equation
The derivation of the equation that describes the behavior of charged particles in
tokamaks, in the long mean free path regime, is outlined in detail in chapter 3 of
ref. [3].Below, the essential steps in the derivation are discussed briefly. In this section,
the motion of the electrans is assumed to follow a field line exactly. Both the finite
size of the gyroradius and the drifts due to the inhomogeneity in the magnetic field are
neglected. With these approximations collisional transport across the magnetic surfaces
has been removed. The kinetic equation for the velocity distribution on a flux surface
is completely uncoupled from the other flux surfaces.
In its general form the Boltzmann equation for the electron distribution function
can be written as

{)j

at

where

[

+v·Vf+e E+

V X

c

· Vp/ = C(f),

(1.3.1)

f is the velocity distribution, which is normalized on the partiele density n
(1.3.2)

The right hand side of (1.3.1) models the effect of the collisions. In a plasma the
mutual interactions are dominantly small angle scattering processes. The effect of these
18
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collisions can be modelled by a Fokker-Planck collision term, which has the form of a
diffusion convection term in momenturn space

C(f) =

'Vp ·

[D · 'Vpf +SJ]=

(1.3.3)

-\i'p · fcoh

where D and S are the diffusion tensor and convection vector, and fcol is the momenturn
space flux. The Boltzmann equation with the collision term of (1.3.3) will be referred
to as the Fokker-Planck equation. The collision term is discussed in detail in the next
section. Here, the quasi-linear flux, and the gyro- and hounee orbit average, which lead
to a simpler equation, are discussed.
In equation (1.3.1) the electric (E) and magnetic field (B) contain both the slowly
varying externally applied fields, and the fast varying electromagnetic fields of the injected EC waves. When the distribution function is written as the sum of a slowly
varying part

j,

and a fiuctuating part

pled equations for

aj

and

i are obtained

[A

vx:ê]

Î

A

i, and the equation is linearized in i, two couA

8t +V. \i'f + e E + -c- . 'Vpf =

-\i'p.

r

(1.3.4)

ai
- [AE+ -cvx:êl · 'Vpf-= -e [-E+ -cvx:BJ · 'Vpj,A
ot +v · 'Vf+e
where

r = r col + r qh

with

r ql

(1.3.5)

the so called quasi-linear flux, which gives the time

averaged collective effects of the electromagnetic fields and the fluctuating part of the
distribution function
x :8)
r ql = \I e (-E + -V c
- · 'V p!-) t.

(1.3.6)

Here, we are interested in the long time behavior of the distribution function

j,

as

described by equation (1.3.4). The quasi-linear flux in this equation can be calculated
after equation (1.3.5) is solved.

This solution and the related quasi-linear flux are

discussed in more detail in chapter two.
The quasi-linear Fokker-Planck equation (1.3.4) still describes several processes taking place on widely different timescales. The shortest timescaleis the gyroperiod (rq,).
On a longer timescale (rB) the electrous perform their periodic motion over the flux
surfaces, i.e. the hounee motion. From the discussion of the mean free path it follows
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that collisions affect the distrihution on an even longer timescale (r col). Furthermore,
it is assumed that a steady state exists in which the effect of the EC waves on the
distrihution is halanced hy collisions. The timescale of quasi-linear effects (TqJ) is then
also much larger than the timescale of the hounee motion. The following ordering in
timescales, therefore, applies
(1.3. 7)
To calculate the evolution on the longest timescales, equation (1.3.4) is averaged over
the gyro- and hounee motion of the electrons.
To perform the average over the gyromotion, a solution of the distri hution function

Î

in terms of a series ordered to inverse powers of the gyrofrequency,

Î

=

Îa + Îb + .. ,

is sought. Equation (1.3.1) can he written in the general form
(1.3.8)
Clearly the time derivative of the gyrophase ~

Wc+ O(w~) is an order of magni-

tude larger than the derivatives of momenturn and pitch angle. Hence, to lowest order
equation (1.3.8) gives

&Îa

Wc &cfo

(1.3.9)

= 0.

Thus, to lowest order in the gyrofrequency the distribution function is independent of
the gyrophase. In next order one ohtains
(1.3.10)

All terms in the expansion of Î must he periodic in ifJ to have a proper physical meaning.
Therefore, when averagedover the gyrophase, the left hand side of (1.3.10) vanishes and
the result is the gyro-kinetic equation [3]

ak
~
1
.
at+vcosBb ·V fa- vsm8V · b
2

sin8 &Îa}
p &8
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where b is the unit vector in the direction of the magnetic field. The second term on
the left hand side of equation (1.3.11) represents the free motion along the field lines,
the third term is the effect of the mirror force generated by the change in magnetic field
strength along the field line. The fourth term is the acceleration by the component of
the electric field parallel to the magnetic field.
The effect of the hounee motion which is described by the second and third term
takes place on a timescale much shorter than the other processes. To perform the
average over the hounee motion the distribution function fo

fo(po, Bo, s) = fa(p(po, Bo, s), O(po, Bo, s), s),

(1.3.12)

is introduced, where (p, 0) are related to (po, Bo) through the equations (1.2.8) that
give the change in momenturn and pitch angle due to the action of the mirror force.
Therefore, the influence of the mirror force is implicitly introduced in this equation.
Through the introduetion of this distribution function the second and third term of
(1.3.11) can he combined to yield
•

1

.

vcos(}b ·V' Ja- 2vsm0\l · b

afa
aio
ae
= WB B4JB ·

(1.3.13)

The hounee motion can now he treated analogously to the gyromotion, performing an
expansion of fo in inverse powers of the hounee frequency. Again to lowest order the
distribution is independent of the hounee phase, and in next order order after hounee
averaging

8 Jo
8 Jo
-=-((V'
· f)q,)B- ( eE11 { c o8sJo( }sin(}
---}) .
8t
p
8p
p8(}
B

(1.3.14)

Here, Jo is the lowest order expansion in the hounee frequency, which is independent of
the hounee phase Jo = Jo(po, Bo) and only an implicit function of the position on the
surface through the transformations (1.2.8).
The original distribution function of equation (1.3.1) has a six dimensional phase
space (x, p).

The phase space of the distribution in equation (1.3.14) is only 2+1

dimensional. For every flux surface the equation gives the evolution of the distri bution
as a function of momenturn and pitch angle.

The distribution function of (1.3.14)

is independent of the gyrophase and not an explicit function of the length along the
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field line. Furthermore, toroirlal symmetry is assumed which makes the distribution
independent of the toroirlal angle. The latter assumption is not triviaL To obtain
a toroidally symmetrie velocity distribution, symmetry in the magnetic field is not
sufficient. Also, the physical processes that influence the kinetic evolution have to
he toroidally symmetrie. This is not the case for the heating with electron cyclotron
waves, because the plasma is heated at a partienlar toroirlal angle. On rationat surfaces,
where the field lines close upon themselves after a limited number of turns around the
torus, the wave heats a helical band rather than the entire surface. On non-rationat
surfaces the passing particles move over the entire surface on the short timescale of the
hounee motion and their distribution will he toroidally symmetrie. However, due to the
reileetion in the hounee points the motion of a trapped trapped partiele is restricted to
a limited part of the magnetic field line. Only the drifts make that the hounee orbit
moves in toroirlal direction around the torus. In the first four chapters of this thesis it
is assumed that this drift is much faster than the collisional and quasi-linear timescale
and, consequently, that the trapped partiele distribution is toroidally symmetrie. Also
rationat surfaces are treated as non-rational surfaces, and the passing distribution is
toroidally symmetrie. In chapter five the validity of the assumption of the fast drift of
the trapped partiele orbit, and the consequences of its breakdown are stuclied in more
detail.
Equation (1.3.14) gives the evolution of the distribution function on a flux surface
as a function of momenturn and pitch angle. It is this equation that is implemented in
a computer code and integrated in time to obtain a steady state. The terms between
the angular brackets of (1.3.14) are of the general form

(1.3.15)
where the coeflicients S and D are the local convection and ditfusion coeflicients due
to collisions, EC quasi-linear diffusion, and inductive electric field. These coeflicients
depend on the position along the hounee orbit. The distribution function, however, is
not an explicit function of the position along the field line and can he taken out of the

22

Chapter 1

hounee average. With the help of (L2.8) one finds that

~
TB

1
TB

f ~~~
Ivul

=

p 2 ap

f

ds

1

_1_~~VTB~
VTB p~ apo

1

a

~ p 2 sin(} ae = VTB
=

f

TB

f ~=~~~À~
f~
Ivul
Ivul
À p~ apo TB

ds
cos(}
a
I cos fJI p~a 2 sin fJo cos fJo aeo

1
1
a IcosfJol
lv cos fJoTBI p~ sin fJo aeo

=~

1
a À-1À p~ sin fJo afJo VTB

f Idsvul

f~
Icos fJI a

cos(}

cos(}

2 cos fJo

'

a 2 COS (}0

(1.3.16)

and the equation (1.3.15) can he written in terms oflow field side momenturn coordinates
a Jo
at
=

2

1
.

1

a [2

Àp~ apoÀ Po Spo

Àp0 smfJo

aae À

o

2

a

2

a

+ PoDpopo apo + PoDpo8o aeo

J

Jo+

[P~ sin fJoSe0 + p~ sin fJoDe0p0aaPo + p~ sin fJoDe0e0 aaeo] Jo.

(1.3.17)

The coefficients So and Do of (1.3.17) are related to the local convection and dilfusion
coefficients S and D through

s80 -(cos(}
s)
acosOo 8 B

D

_ ( cos(} D )
8opo- acosOo 8p B

(1.3.18)

To complete the kinetic description these coefficients have to he determined. The contribution of the acceleration by the electric field and collisions to the coefficients is given
in section 1.4 and 1.5, while the contribution due to quasi-linear ditfusion is given in
the next chapter.
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1.4. Acceleration by the inductive electric field
The coefficients of the inductive electric field in the hounee averaged Fokker-Planck
equation can he calculated using (1.3.18). First the convective term must he written in
spherical coordinates

o Jo sin(} o Jo }
1 o [
]
-eE11 { cosB-- - - = - - -p2eE11cosBJo +
op
P oB
p2 op
1

o[2

•

sin(}

p2 sinBo(} p smBeEuPJo
The local convection coefficients Sff 0

= -eE11 cos(}

and S{f 0

J

(1.4.1)

eE11 sinB/p can now he

inserted in (1.3.18) to calculate the hounee averaged coefficients

Sffo0

= ( -eE11 cos B)

(1.4.2)
8

The toroidal electric field generated hy the primary winding varies as

1/R
(1.4.3)

Eu= RoEuo/R(s),

Because of the appearance of cos(} in hoth coefficients (1.4.2) the hounee average can
easily he calculated with the result
SDC

Po

=

-eEIIos*
À

cos(}

0

(1.4.4)

where s* is

s* = i dsRo/R(s)j i dsBo/B(s),

(1.4.5)

for passing particles, and zero for trapped particles. After a complete hounee period
the trapped partiele is at the same position on the surface and has, therefore, no net
acceleration hy the electric field.
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1.5. Collision operator
An electron in a plasma is interacting with many other particles at any instant,
and a significant defiection is more likely to be due to the cumulative effect of many
weak interactions than a single close collision. These small angle scattering collisions
can be modelled by a Fokker-Planck collision term. One of the features of this collision
term, which is important in the description of the kinetic effects, is the decrease of the
effect of collisions as the velocity of the colliding particles increases. This is, because
the interaction time is shorter as the velocity increases and, therefore, the transferred
momenturn is smaller. Furthermore, more momenturn has to be transferredtoa partiele
to give it a specific defiection if the velocity of this partiele is larger. Therefore, the
collisional relaxation times in a hot plasma are relatively long.
The Fokker-Planck collisionterm in the non-relativistic limit was derived by Landau
[4],and for a relativistic plasma by Beliaev and Budker [5]. Although, for fusion plasmas the electrontemperature is of the order of 10 keV, and the thermal electrous can,
to a very good approximation, be described by non-relativistic dynamics, in descrihing
noothermal effects energies up to several hundred keV are important, and relativistic
dynamics should be used. However, the expression of Beliaev and Budker [5] is complicated and, therefore, an approximation of their expression is used in the calculations of
chapters three to five. It can be shown [6] that, if at least one ofthe colliding particles
is non-relativistic, the electron collision term can be approximated by

with
-

M

1 2= -(g
I - gg)
g3

g=

lgl = lv- v'l·

(1.5.1)

In the equations above the sum is over all partiele species s, Z 8 is the charge number
of that species, ln Aes is the Coulomb logarithm [1]
lnAee ~ 16.1- ~ ln(ne,13)

+ ln(Te,k)

lnAes ~ 16.4- ~ ln(ne,13)

+ ln(Te,k),
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and the index e denotes the electrons. Here, Tk is again the temperature in units of keV
and n 13 is the density in units of 1013 cm- 3 . The approximation of (1.5.1) can be made
in fusion plasmas because the density of high energy particles is low. In the cases relevant
for fusion experiments the distribution function for low energies is nearly Maxwellian
and deformations start only at energies larger than the thermal energy. This is because
the effect of collisions decreases as the energy of the electrons increases, making the
generation of nonthermal electrons more easy at higher energies. As the distribution
function is exponentially decreasing with energy the population of nonthermal electrous
is much smaller than that of thermal electrons. Because of this difference in population
density, the nonthermal electrous collide mostly with thermal particles. Therefore, most
collisions involve a low energy, non-relativistic particle.
From the expression (1.5.1) the contributions of the collisional processes to the
coefficients S and D (8 001 , Dcol) at a certain point on the flux surface can be derived.
Below, first the local influence of the collisionsis discussed. At the end of this section
the hounee average of the collision operator is given.
With the help of the collision operator typical relaxation times for an electron colliding with a Maxwellian background can be calculated. The collision time r is defined as a
typical defl.ection time of an electron with (non-relativistic) energy mv 2 /2

Te, i.e. the

time in which an .electron with this energy looses its velocity in a certain direction due
to collisions [1]

7'00 :::::!

T3/2
e,k
67 - - p,s.

(1.5.3)

ne,13

Here, the indices es indicate the electron collision time due to collisions with species s.
The collision time increases as the temperature increases, and decreases for increasing
density. The strongest nonthermal effects are, therefore, to be expected in low density
high temperature plasmas. The collisionterm drives the distri bution towards a Maxwell
distribution.
Several useful approximations to the collision operator of equation (1.5.1) exist.
They are discussed in detail by Karney [7].Because of the nature of the nonthermal
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effects discussed above, a linearized collision operator can be used for the electronelectron collisions. The distribution

f is linearized around a background

j.

(1.5.4)

Neglecting collision termsof the order (5!) 2 the collisionoperator is written as
(1.5.5)

The first term in this equation gives the effect on the distribution function due to the
collisions with the background. The second term represents the effect on the background
due to collisions with öf. In this approximation the distribution öf is the population of
nonthermal electrons, while the background should properly describe the thermal part
of the distribution. For high energies öj ::::P f* is allowed, the only restrietion is that the
collisions between the particles of öf can be neglected, i.e. the integrated density in the

öj population must be much smaller than the density in the f* population.
For an isotropie background and a homogeneons magnetic field the fust term of
(1.5.5) can be calculated with the expressions given by Karney [6]. One choice for

the background is the commonly used Maxwellian background /. = fm(P) [7]. The
convection and ditfusion coefficients for this case are
P erf' (P/Pth)/Pth]

D'i//}(p)

(1.5.6)

where
Pth

..,fimT;_.

(1.5.7)

The other coefficients So, Dop, and Dp0 are zero, because the background is isotropie
and there is, therefore, no preferred direction in the collisional processes. In equation
(1.5. 7) it is explicitly indicated that the coefficients are a function of momenturn p only,

and do not depend on the pitch angle.
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The second term in the collisionoperator (1.5.5) represents the effect on the background due to collisions with óf. In the computer code for this term only the first order
of an expansion of óf in Legendre harmonies jl

f 1 (p) =-3111' dBsin8cosBf(p,B)

(1.5.8)

2 0

is retained. The second term of the collision operator then provides for parallel momenturn conservation in electron-electron collisions. This approximation is known as
the 'truncated collision operator' [7]. The momenturn conservation is essential for the
correct calculation of the current density on a surface. Therefore, the second term of the
callision operator with the first order Legendre harmonie is necessary for the calculation
of current drive efficiencies. An explicit expression for this term is given in ref. [6] for
a homogeneous magnetie field
Cee(/m(p),J 1 (p)cos8) =

371'3/2v3

th
neToo

fm(p)cos(}

{Jl(p)

--+
~

~(4~13 9~1 )) +

~(4~12 + 6)) ]dp +
1

11oo
5

P

pl2 fl(p') m [ ~'v ( Te (4~2
Te ~ pl2 me?

+ 6)- !(4~3 9~)) +
3

~'zv ( mv2 3 1 2
) ]
1}
""""""312 -T. ~ - -3 (4~ + 6) dp •
~

p

(1.5.9)

e

The Maxwellian background truncated operator does not conserve the energy in the
electron-electron collisions. The energy a nonthermal electron looses when it collides
with the thermal background, does not increase the energy of the background, which is
fixed at a given value. The operator simply generatea a relaxation to a Maxwellian with
the given temperature. Although, generally speaking, the non-conservation of energy
is a disadvantage, it is necessary within the framework outlined in section 1.3. This
is because other energy loss mechanisms, like energy transport across the flux surface,
have been neglected. The framework outlined in this chapter describes nonthermal
effects, where the energy put in the nonthermal population, through acceleration by
the inductive electric field or absorption of electron cyclotron waves, is transferred by
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collisional processes to the thermal background. This energy is then transporled away
from the surface by an unspecified process.
The electron-ion collision operator can be simplified considerably because of the
large difference in electron and ion velocity. Due to this difference the velocity of the
ions does not play a role in the collisions. Furthermore, due to the large mass difference
almost no energy is transfered. The electron-ion collisionscan therefore be modelled by
a collision term which involves only pitch angle scattering
Dcol,ei ( ) _

(}(}

p -

3.jiZeff'Ym~vrh
8TeeP3

(1.5.10)

•

The other terms being of the order of me/fni compared with the corresponding electronelectron Collision terms. In (1.5.10)

8

zeff is the effective charge Zeff
8

The expressions above give the local collision operators. Next, the hounee average
of these expressionsis discussed (see also ref [8]). In the expressions (1.5.6)and (1.5.10)
the coefficients only depend on the momenturn p, and do not involve the pitch angle.
From the transformations (1.2.8) it is clear that the hounee average of these expressions
is trivial since the momenturn is constant over the surface. Therefore, the coefficients
can betaken out of the hounee average of equation (1.3.18), and the result is

~0

(1.5.11)

These relations hold for the first term of the Hnearized Maxwell background electronelectron collisionoperator as wellas for the electron-ion collisionoperator (1.5.10). The
correction to the pitch angle scattering term is a simple multiplication factor which only
depends on the pitch angle and magnetic geometry. This is convenient for numerical
computation because this factor needs to be calculated only once. The second term
of the linearized collision operator is only slightly more complicated as it depends on
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the pitch angle. To perform the average we first derive the relation between jl(p) at a
certain position on the surface and /J(po} which is calculated at the low field side
1

f (p,s)

311r d8sm0f(p,O)cos0=.
31". d8o a

= -2
= a

o

2

2

0

2

sin Bo cos 00
f(po,Bo)cosfJ
cos 8

IJ (po).

(1.5.12)

When the integration over pitch angle is written as an integration over pitch angle at
the low field side position of the surface, the integration borders have to be adjusted,
excluding trapped particles that cannot reach the position s because of the refl.ection in
the hounee point. However, the trapped partiele distribution is symmetrie in the pitch
angle, and does not contribute to the integral of (1.5.12). Therefore, the integration
over pitch angle at the low field side position can be extended to include all pitch angles.
With equation (1.5.12) the hounee average can be evaluated to obtain

where
s

0

=i

dsB(s)/Bo/

i

dsBo/B(s).

(1.5.14)

Because the magnetic field varies approximately as 1/R, s0 is approximately equal to

s•.
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Chapter 2.
EC diffusion operator
Ta complete the kinetic description of the previous chapter the velocity space diffusion coefficients due to the interaction of the electrans with the Electron Cyclotron
(EC) waves, have to he derived. In this chapter a brief introduetion to the theory of EC
waves is given, and the derivation of the quasi-linear diffusion coefficients, that arises
from the interaction with the waves, is discussed.
Sectien 2.1 discusses the linear theory of electromagnetic waves in the electron cyclotron range of frequencies. This theory provides the basis for the description of wave
propagation and polarization, as well as the absorption of wave energy. Sectien 2.2 then
turns to the discussion of quasi-linear theory, which describes the diffusion in velocity
space that is a consequence of the wave-partiele interaction. The test partiele approach
is used to calculate the quasi-linear diffusion coefficients in the tokamak geometry. In
sectien 2.3, a general expression for the diffusion coefficient is obtained in terms of
invariants, that characterize the test partiele orblts in the static magnetlc field of the
tokamak. This expression contains a resonance function that replaces the usual delta
function resonance of the quasi-linear homogeneaus plasma theory for a monochromatic
wave. Due to the fini te slze of the wave beam, and the varlation of the parameters that
determine the resonance condition over the wave beam, the resonance is broadened.
This is discussed in detailinsection 2.4. In section 2.5 the diffusion tensor in the low
field side momenturn coordinates as used in the Fokker-Planck code (see section 1.3) is
derived from the diffusion coefficients of magnetic moment and energy. Finally, some
details of the implementation of the expresslons in the numerical code are discussed in
section 2.6.

EC dilfusion operator

33

2.1. Electron cyclotron waves
The reaction of a plasma to electromagnetic waves with frequencies in the range of
the electron gyration frequency influences the properties of these waves considerably.
This section deals with the linear theory of the wave plasma interaction. The most essential properties of electron cyclotron waves and the consequences for their application
in tokamaks are discussed. An extensive treatment of this material can he found in the

review artiele by M. Bornatici et al. (1].
The tokamak plasma is a non-homogeneons medium for the propagation of the
waves. The wavelength in the case of electron cyclotron waves is in the mm range, and
is much smaller than the scale length of the change in plasma parameters. The quotient
ofthe wavelengthand the characteristic length over which the plasma properties change
can then he used as a small parameter in which the solution of the wave equations can
he expanded. Below, this formalism which is described by Bernstein [2],is discussed
briefly and some general concepts in the theory of electromagnetic waves in plasmas are
described.
Fist we discuss the basic assumptions. The starting point is formed by the Maxwell
equations
cV x

B = 41l'J + 8Êj8t,

cV x Ê

-8Bj8t.

(2.1.1)

The electric and magnetic field are written in the eikonal form

Ê(x,t)

Re[e(x,t)eitb(x,t)]

(2.1.2)

where 1/J is the fast varying phase and e and b are the slowly varying electric and
magnetic field amplitudes. By definition the wave vector k and wave frequency w are

k(x, t)

V'!/J(x, t)

w(x, t)

-81/J(x, t)j8t.

(2.1.3)

All quantities except the phase 1/J are assumed to vary on a length scale long compared
to the wavelength and on a timescale long compared to the wave period, that is

ó = 211'
w
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where Ç = ~. b;, k;, w, .. .. Furthermore, it is assumed that the Hermitian part if~

=

·Hifij + if;;) of the conductivity tensor is small compared to the anti-Hermitian part
.!:._Á

aij

1

.!:...

= 'E(aij

.!:...*

- aj;),

or

(2.1.5)

where the asterix denotes complex conjugation and

is the dielectric tensor

Ë

i= I+ 41riif jw.

(2.1.6)

The amplitude of the electric field is assumed small. The induced current is then linear
in the electric field. The most general non-localfarm of this relation is
J(x, t}

=

J

d3x1 [

dt' if(x

x 1, t

t 1, x+ x' t

~ t') . Ë(x', t').

{2.1.7)

00

For a homogeneaus plasma the conductivity tensor if is not a nmction of the sum arguments (x+x')/2 and (t+t')/2. In a weakly inhomogeneons plasma if varies rapidly with
the difference arguments compared with the sum arguments. With these assumptions
the dispersion relation, the energy balance, and the ray equations of geometrical opties
can be derived. A brief discussion is given below.
One may defi.ne the conductivity tensor a(k, w; x, t) of a single Fourier mode as

J 1

00

a(k,w;x,t)=

d 3 x'

dt'if(x1,t1,x,t)exp[iw(x,t)t'

ik(x,t)·x'],

(2.1.8)

which is identical to the conductivity of a homogeneaus plasma with the plasma parameters identical to those at (x,t). For an electric field of the farm (2.1.2), the current
density is then given by
(2.1.9)
where the secoud term
-

i

_

.

T

K · e =--[V· (Vka)]· e- 1[(Ve) · Vk]·
2

i

+2

[aat (aa)]
.aa ae
aw . e + 1 8w. at

(2.1.10)

is of the order ó compared with the first term.
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By substitution of this result, and of the electric and magnetic fields given by equations (2.1.2), in the Maxwell equations, one finds after elimination ofthe magnetic field
in lowest order in the small parameter t5 an equation for the electric field
(2.1.11)
where A is the dispersion tensor, and N is the refractive index N = ckjw. Equation
(2.1.11) has non-trivial solutions only if the determinant of the dispersion tensor is zero
A(k, w, x, t)

det[A(k, w, x, t)]

= 0,

(2.1.12)

which yields the dispersion relation

w = w(x, k, t),

(2.1.13)

i.e. the local relation between the wave vector and the wave frequency. The dispersion
equation determines the modes of propagation in the plasma. For a certain mode,
equation (2.1.11) then also gives the direction of the electric field, or polarization of the
wave.
Other important information on the wave energy density, transport, and absorption
can be obtained from the energy balance, or Poynting's theorem
(2.1.14)
Substitution of the fields (2.1.2) and the current (2.1.9), and averaging over the fast
variation of the wave phase now yields the energy balance equation for the waves
V·

[~Re[e* x b]
8?r

-1e * ·w€-A ·e.
81r

(2.1.15)

Here, the term K · e in the current density which is of the order ó has been retained. The
terms in this equation have the following interpretation: The term on the left hand side
is the divergence of the wave energy flux, which is the sum of the flux of electromagnetic
energy, or Poynting flux, and the non-electromagnetic part of the energy flux which is
due to the particles flowing coherently with the wave. The terms between the square
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brackets on the right hand side give the total wave energy density. This energy density
consists of the time averaged magnetic energy density and a second term, which is a
combination of electric energy density a.nd that part of the kinetic energy density of the
electrous which is due to the coherent motion with the wave. The last term on the right
hand side of (2.1.15) gives the absorption of wave energy by the plasma.
We will consîder cases in which the plasma and, hence, the dispersion properties do
not change on the timescale of wave propagation. In this case the terms involving the
time derivative in (2.1.15) can be neglected. Also, the time dependenee in the dispersion
relation can be dropped.
The direction of the wave energy flux coincides with that of the group velocity v g
defined by
vg

= 8wf8k.

(2.1.16)

In a weakly inhomogeneons plasma the propagation of the waves then is along rays which
are tangent to the group velocity, and can be described with the help of geometrical
opties. The evolution of the wave vector along the ray follows from 8kj8t + 'Vw

= 0,

which can be obtained directly by differentiation of the definitions of k and w with
respect to t and x, respectively. With the wave propagation given by the group velocity,
this then results in the following ray equations

dx _ 8w(x, k)
-

8k

d
an

dk _
dt-

8w(x, k)
8x

(2.1.17)

which also guarantees the validity of the dispersion relation (2.1.13) along the rays.
There is a problem in applying the formalism described above around the cyclotron
resonance. Around this resonance the anti-Hermitian part of the dielectric tensor is,
for typical parameters, not small compared with the Hermitian part. Because the polarization of the wave is such that the absorption nevertheless is small, it is assumed
throughout the literature that the anti-Hermitian part does not greatly affect the propagation of the waves. However, to derive this result one also has to neglect the derivatives
of the anti-Hermitian part with respect to the wave frequency and wave vector, which
can formally not be justified.
Mostly, the ray trajectories are calculated using the cold plasma dispersion relation
(see below), for which the anti-Hermitian part of the dielectric tensor is zero, and the
EC dilfusion operator
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problems mentioned above do not apply. In most cases this is expected to yield a
sufficiently accurate description of the wave propagation [3],although in certain special
cases the warm plasma dispersion has been found to result in significantly different wave
trajectories [4].
The equations above apply to waves in general, as long as the wave length is much
smaller than the scale length over which the plasma properties change. Below, the
specific properties of electron cyclotron waves are considered. Two expressions for the
dielectric tensor are given. The first is valid if the thermal motion of the particles can
he neglected. It has a relatively simple form, and many charaderistics of the waves
can easily he obtained. The second includes the thermal motion, and is, therefore,
more general, but also more complicated. In the discussion of the dielectric tensor a
Cartesian coordinate system will he used which has its z-axis in the direction of the
static magnetic field and its x-axis in the direction of the perpendicular component of
the wave vector.
In the cold plasma approximation all thermal motions are neglected. The main
properties of propagation of electron cyclotron waves can he treated within this approximation. Due to the appearance of cut-ofl's the propagation is not possible for arbitrary
frequency, and important constraints on the application of electron cyclotron waves in
tokamaks can he derived. In the cold plasma approximation the electrons oscillate locally in the electromagnetic field. The behaviour of the electrons is described by fluid
equations, and the current is proportional to the electron fl.uid velocity. The dielectric
tensor can he calculated directly from the linearized momenturn balance. The result is
0
0

(2.1.18)

0

where

Wp

is the plasma frequency
(2.1.19)

The anti-Hermitian part of the dielectric tensor (2.1.18) is zero. It follows then from
(2.1.15) that there is no absorption of the wave in the cold plasma approximation. Also,
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the dielectric tensor is not a function of the wave vector, and the non-electromagnetic
part of the energy flux is zero. This is due to the cold plasma approximation, which
excludes particles fiowing coherently with the wave.
In the cold plasma approximation the dispersion relation has two solutions for the
modes of electromagnetic wave propagation
(2.1.20)

with
(2.1.21)

where

eis the angle between the wave vector and the magnetic field. The solution with

the minus sign N_ denotes the ordinary mode (0-mode), the solution N+ the extraordinary mode (X-mode). Note that, in spite of the singularity in the dielectric tensor
at the cyclotron frequency, the wave dispersion nevertheless is regular at the cyclotron
frequency. The only exception is the X-mode at exactly parallel propagation (sine= 0)

.Nj1

which exhibits a wave resonance,

-7

oo at w

We.

Wave resonances, i.e. N, k

-7

oo,

are to he discriminated from partiele resonances like the electron cyclotron resonance,
which occurs when the wave phase becomes constant in the moving frame of the particle.
The latter resonance results in absorption of power from the wave by the particles.
The dispersion relation (2.1.20) exhibits cut-offs, and wave propagation is not possibie for arbitrary frequency. From equation (2.1.17) it follows that the parallel component
of the wave vector k11 is, for the propagation of the wave in the toroidally symmetrie
tokamak, approximately constant
dku
dt

dk'P
dt

1 8w(x, k)
=0.
R 8<p

-~--=-

(2.1.22)

Therefore, in the present context a practical definition of cut-off is the vanishing of the
perpendicular wave number kJ.

-7

0 for a given k11. Note that close to a cut-off the

approximation that the wavelength is much smaller than the length scale over which
the plasma properties change no longer holds. The 0-mode has a cut-offat the plasma
frequency, and can only propagate if its frequency is larger w
EC dilfusion operator
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two eut-offs W±, and a wave resonanee (Nl.-+ oo) at the upper hybrid frequeney wuH
1
4 c

-w2

It ean propagate if w_

2

w
+ -:------:-7-P--:--:-;;
1 (ck /w) 2 '

< w < WuH

(2.1.23)

11

or w

> w+.

These eonstraints for the propagation have important eonsequenees for the applieation of electron cyclotron waves in tokamaks. For heating it is desirabie that the wave
energy is absorbed close to the magnetic axis. lt will he explained at the end of this
seetion that the heating sehemes of interest use 0-mode first harmonie, and X-mode
first or seeond harmonie. First and seeond harmonie, bere, refer to a wave frequeney
equal to or twiee the gyrofrequeney on axis. These waves can only propagate to the
central region if they do not encounter a eut-off. Both the gyrofrequency and the plasma
frequeney vary within the plasma. For the equatorial plane this dependenee is given in
tigure 2.1. The gyrofrequeney approximately varies as 1/ R due to the dependenee on
the magnetic field, while the plasma frequeney is highest on the magnetie axis, where
the density is highest, and decreases for inereasing minor radius.

Figure 2.1. The gyrofrequency Wc and plasma frequency Wp in the equatorial plane as
a lunetion of major radius R.

I

I

L----~~-·

I
I (l) = Wc
I

Wc

high field side

Ra

R

{a}

I

! w = ro-

L------

I

I
I

Figure 2.2. Position of the cut-offs and upper hybrid resonance for (a) the X-mode and
(b) the 0-mode.
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The positions of the varions cut-off's and the upper hybrid resonance for a fixed frequency
relevant for first harmonie heating are shown in figure 2.2. The shaded area corresponds
to regions where one of the modes cannot propagate. It is clear from figure 2.2 that
the 0-mode can be injected from all sicles and propagates until it reaches the cut-off
w

= Wp.

Therefore, there is a density limit for central heating wp(Ra)

= wc(Ra).

The

first harmonie X-mode can not he used with low field side injection. This is becanse,
the cut-off w+ is encountered before the waves can reach the position where w = wc,
i.e. w+

> Wc independent of the density. lt can, however, he nsed with high field side

injection where it can propagate until the cut-off w_ is reached. This gives a density
limit for the nse of the X-mode, which is twice that of the 0-mode fust harmonie.
The secoud harmonie X-mode can propagate from the low field side provided that the
density is low enough such that the w+ cut-off is not encountered. This again gives a
density limit of twice the density limit for the perpendicularly propagating 0 mode first
harmonie.
For perpendicular propagation, k

l_

B, the 0-mode is linearly polarize 1. with its

electric field in the direction of the static magnetic field, while for the X-mode the
electric field has a component which is perpendicular to both the magnetic field and the
direction of propagation, plus an electrostatic component in the propagation direction,
which becomes dominant close to the upper hybrid resonance. Going from perpendicular
propagation to parallel propagation the 0- and X-mode transform into the left- and

> Wp, the 0-mode transforms
into a left-handed, and the X-mode into a right-handed polarized wave. For w < wp the
right-handed circularly polarized wave. For frequencies w

0-mode is cut-off and the X-mode transforms into the left-handed wave. Becanse the
motion of the electrous around the field lines is right-handed, it is the right-handed wave
and, therefore, the X-mode for which the coupling between particles and the wave is
strongest. This picture is complicated by the divergence of the dielectric tensor elements
at w

Wc, which results in an exactly left-handed polarization •"" .J.e X-mode at the

cyclotron resonance. A lengthy discussion on the polarization of electron cyclotron
wavescan he found in the hook of Stix [5].
The absorption of wave energy occurs through a wave partiele resonance. It is a
velocity space effect and is not described by the cold plasma approximation. A proper
EC diffusion operator

41

description of the absorption can he obtained if the conductivity is calculated from the
linear response of the distribution function on the electromagnetic wave field, given by
the linearized Vlasov equation (1.3.5). Besides the inclusion of absorption this description also modifles the polarization of the waves around the first and second harmonie.
These changes in the polarization have a significant impact on the coupling between
waves and particles. For these reasous the dielectric tensor calculated from the distribution function will he discnssed below.
The terms on the leÎt-hand side of equation (1.3.5) tagether represent the total time
derivative of the linear response of the distribution function

j

along unperturbed orbits.

The equation can he solved by integrating along these orbits

i(t)

=

J
t

vxB
,
1
-]
dt e [ E+-c·'Vpf·

(2.1.24)

-00

The salution of this equation canthen be used to calculate the induced current

- J

J = -e

d3pv f.

(2.1.25)

Substitution of (2.1.24) in (2.1.25) gives the induced current as a function of the wave
electric field from which the dielectric tensor can be derived. In this calculation the
plasma response is usually expressed by an expansion in cyclotron harmonies. This
expansion involves the phase factor of the wave exp[ik x- iwt] along the particles orbit.
The motion of the electrans consists of a gyration around the field lines and the motion
of the gyrocentre along the field lines
kx- kxlt=o = kJ..psin(wcth + </>o)- kJ..psin</>o

+lot knvudt',

(2.1.26)

and the phase factor can he written as
e[ikx-iwt] = exp[i(Co- wt
e[i(Co-wt+

J:

k11v11dt')]

+lot kuvudt')] exp [ikJ..psin(wcth +<Po) J

t

Jn(kJ..p)e[inwcth+in.f>o],

(2.1.27)

n=-oo

where Co

kxlt=O- kJ..psin</>o is the initial phase and Jn is the nth order Bessel

function. With the help of this expansion the dielectric tensor can be expressed as a
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sumover harmonies with the final result (see ref. [1] equation (2.3.17))
€:ij

= Ó;j +

f J

(2.1.28)

d3p w -w--:--=--n-W_c_/:-'Y,
'Y

n=-oo

with

Bij=

(

?._.LU(nJn/~)

-ifh_UnJ~J~jb

2

(2.1.29)

Ipj_UnJnJnfb

P.LUJn

fiuUnJ~jb

-ip1 UJnJ~

where b = k.1_p, J~

dJnfdb,

x

pfmc and

- aj]

- aj]

Pn 8P.L ·

PllaP.L

(2.1.30)

The integrand of (2.1.28) exhibits a pole at w- kuvu- nwc/"f = 0. Causality, that is the
demand that the electric field at time t

= t0

can only induce a current perturbation in

the plasma at times t > to, prescribes the contour of integration in the complex plane.
The pole should be treated as
lim

v-+O+

.

w + lll

-P[W- kilvil1-

1
kilvil - nwcf'Y -

nwch

]

id(w- k11v11 - nwc/1),

(2.1.31)

where P denotes the Cauchy principle part. The distribution function, that appears in
the dielectric tensor through the functions U and W, is the local gyrophase independent
distribution ftmction

Î

Î (Pil, p.L, x). This distribution can be calculated by solving

the hounee averaged Fokker-Planck equation.
Because the matrix

Bij

is Hermitian, the principle part of the integral gives the

Hermitian part of the dielectric tensor. The anti-Hermitian part of the of the tensor
arises from the contribution of the pole in the integral, i.e.
(2.1.32)

Therefore, absorption depends on the distribution, through the functions U and W,
around a curve in velocity space given by
(2.1.33)
EC difiusion operator
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This is the resonance condition. To absorb energy from the wave the frequency of the
wave in the frame of the particle, i.e. w - kilvil where kilvil is the Doppier shift, must
equal the gyration frequency of the electron Wc/"! or one of its harmonies.
For electrous with energies smaller than 10 keV, 1 < 'Y ,$ 1.02, and k11v11/w ,$ v11/c ,$
0.2, and the resonance condition can only be satisfied for a small difference between
gyro- and wave frequency. Therefore, the region in which significant absorption of the
wave occurs, is welllocalized in configuration space.
Absorption at higher harmonies is due to so called finite gyroradius effects. In the
limit of vanishing k.1_p, i.e. when the gyroradius is negligible compared with the wavelength, an electron would experience a harmonie phase change with the frequency of the
wave, and absorption would only occur if wave and gyration frequency match. Due to
the finite dimension of the gyro-orbit the electron perfarms a harmonie motion within
the wave. It follows from the expansion of (2.1.27) that the phase change an electron
experiences is not a simple harmonie with the wave frequency but also has frequency
components w ±Wc/"!, w

± 2wcf"f,

.... Therefore, absorption at higher harmonies oc-

curs. For the application in tokamaks the wavelength of the electron cyclotron waves
is larger than the gyroradius, i.e. k.1_p
ment Jn(k.1_p)

~

«

1, and because for small values of the argu-

(k.1_p)n/2nn! , the absorption is less effi.cient as the harmonie number

increases. This decrease in absorption is due to the small phase difference over the gyro
orbit.
A finite gyroradius effect is also important in absorption of waves for which the
polarization is such that it does not couple directly to the perpendicular motion of the
electrons. This is, for instance, the case for a perpendicularly propagating 0-mode.
In this case the wave does not carry parallel momentum, and the interaction of the
wave with the resonant electrous leads to a change in their perpendicular momenturn
only. This in spite of the fact that the electric field of the wave is parallel to the
static magnetic field. The mechanism of absorption can be understood by studying
the influence of the electric and magnetic field of the wave separately. First only the
influence of the electric field is considered. It follows from the expansion of (2.1.27) that
when wave and gyration frequency match, i.e. if w

wcf"f, the time averaged component

of the electric field has magnitude En J1 ( k l.P). In the limit of vanishing k l.P an electron
would experience an oscillating electric field, which on average vanishes. However, for
finite kJ..p the time averaged parallel electric field is non-zero, due to the motion of
the electron within the wave. It is, therefore, a finite gyroradius effect that leads to a
net acceleration in the direction parallel to the magnetic field and, consequently, to an
increase in energy. The Lorentz force exerted by the magnetic field of the wave cannot
lead to an increase in energy but it can couvert parallel momenturn into perpendicular
momentum. For a perpendicularly propagating 0-mode the averaged Lorentz force due
to the magnetic field exactly compensates the parallel acceleration of the electric field
component. Therefore, the electric and magnetic field together only lead to an increase
in perpendicular momentum.
Because a finite gyroradius effect is needed to absorb the 0-mode, its absorption is
less eflicient than that of the X-mode. In fact, the absorption of the first harmonie 0mode is comparable to the absorption of the secoud harmonie X-mode, which is also due
to a fini te gyroradius effect. In present day tokamak experiments only the first harmonie
X- and 0-mode, and the secoud harmonie X-mode have strong enough absorption to
be of interest for heating.
Besides the inclusion of absorption, the dielectric tensor (2.1.28) also gives a better
description of the polarization compared with the cold plasma approximation. This is
especially important for the X-mode first harmonie which is left-handed polarized in the
cold plasma approximation for w =

Wc·

In the case of a warm plasma the screening of the

right-handed component is less effective. At w
Wc a finite right-handed component
2
of the order (wc/wp)2(vthfc) remains. Because the right-handed component couples
far better to the motion of the electrous the correct polarization is essential in the
calculation of the absorbed power.
A process lacking in the description using the dielectric tensor is the emission of
electron cyclotron waves. This emission is the consequence of the constant acceleration
of the electrous in the static magnetic field, which generates the gyromotion. Equations
with which the emissivity can be calculated are given in ref. [1]. The power an electron
loses through radiation is larger when its energy is increased. Therefore, the emission of
radiation gives information on the temperature or nonthermal character of the plasma,
EC dilfusion operator
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and is often used as a diagnostic tool. For the range of electron energies considered in
the present work, however, the power lost is negligible and does not affect the electron
velocity distribution.

2.2. Quasi-linear diffusion
This section discusses quasi-linear theory. Quasi-linear theory describes the long
term behaviour of the distribution function under the action of the electron cyclotron
waves. The test partiele approach, which can be used to calculated the quasi-linear
ditfusion coefficients in velocity space, is introduced, and the application to the tokamak
heating experiments is discussed.
The wave fields and the linear response of the distribution function

j vary rapidly in

time. The long term influence of the waves can be calculated using quasi-linear theory.
In quasi-linear theory it is assumed that the slowly varying behaviour of the distribution
function is due to the time averaged effects of the wave fields and the linear response

8}
1
[- vxB]-)
8tEc =-\Vp·e E+-c- ft'

(2.2.1)

where the average is over a time long compared to the oscillation period. If one solves
the equation of the linear response (2.1.24) and substitutes it in (2.2.1) it follows that
within quasi-linear theory the wavesinduce a dilfusion in velocity space

aj - !_

8tEc- 8p

[n af]

8p ·

(2.2.2)

Apart from the procedure outlined above the ditfusion coefficient D can also be derived
using a test partiele approach. It was shown by Demeio and Engelmann [6] that this
approach gives the same result.
In the test partiele approach the change in a parameter that characterizes the unperturbed motion is calculated following one partiele over a time interval r in which
the coherent interaction with the wave occurs. For the parameter that characterizes
the motion, invariants of motion in the static magnetic field contiguration will be used.
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These invariants will bere he denoted by the symbols I, J. In the final calculation of
the dilfusion coefficients the magnetic moment and the energy parameter e of equation
(1.2.5) will he used. The change in I, D.I is due to the Lorentz force

F exerted by the

electromagnetic field of the wave, i.e.

dl
dt

~:t.I =

81 8p
'

-·F
t+r

j 8p81. Fdt'.

(2.2.3)

t

The integration in (2.2.3) is along the partiele orbit. This orbit depends on the force
exerted by the wave, but if the wave amplitude is small the deviation from the zeroth
order partiele orbit during the coherence time

T

will he small and the change in the

invariant (2.2.3) can he obtained by integrating along the zeroth order orbit. This is
in fact the central assumption in quasi-linear theory. Essentially it means that D.I is
calculated in first order perturbation theory only. Note that the linear response (2.1.24)
is also calculated by integration along an unperturbed orbit.
The linear response D.I calculated from (2.2.3) depends on the initial conditions at
time t. Because the electrons can be in or out of phase with the wave, this response
vanishes when averaged over the initia! conditions. The square of the change however
has a non-vanishing average. This indicates that there is a ditfusion intheinvariant but
no friction. The ditfusion coefficient diJ for two quantities I and J associated with one
partienlar orbit is the average over the initia! conditions of D.I L).J divided by two times
the coherence time

(D.I D.J}
2T

(2.2.4)

The framework outlined above is applied to the special geometry of the tokamak,
which is sketched in figure 2.3. The injected wave beam heats a localized region on the
magnetic surface. This region has a typical width of a few cm and the electrans pass
this region in a short time.
lt is assumed that the randomizing process which destrays the coherence between
the particles and the wave occurs on a timescale shorter than the time between two
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Figure 2.3. The electron cyclotron wave
beam heats a magnetic surface in a small
region.
····Field lines

passes of an electron through the beam, but longer than the transit time through the
beam. In this case tll, tl.J is the change in one pass through the beam and r is
the average time between two passes, which is the hounee period for the orbits that
cross the beam. Furthermore, as discussed in chapter one, toroidal symmetry of the
electron distribution function is assumed. The effect of the electron cyclotron waves
on the distribution function on the collisional and quasi-linear timescale is given by
the diffusion coefficient averaged over all possible orbits. We will calculate (tl.J tl.J) by
integrating along a complete hounee orbit, and specify this orbit by its toroidal position
at the low field side <po. The averaged diffusion coefficient DIJ canthen he written as
-DIJ = -141TrB

J

d<po (tl.J tl.J).

(2.2.5)

This diffusion tensor is calculated in the following sections. In section 2.3 a general
expression for (tl.J tl.J} using the test partiele approach will he derived. In section 2.4
the average over all possible orbits will he calculated, and in section 2.5 the diffusion
coefficients for low field side momenturn coordinates Do, see equation (1.3.18), will be
calculated from the obtained expressions.
First it is discussed whether the application of quasi-linear theory for the description
of ECRH experiments on tokamaks is justified. The central assumption of quasi-linear
theory is that the change tll can be calculated by integrating along an unperturbed
electron orbit. The energy absorption of an electron that passes the beam can destroy
the coherence between the wave and electrous through the change in "' appearing in
the resonance condition. In section 2.4 it will he derived that resonant interaction
with the wave occurs in a small region in velocity space. The spread in energy of the
absorbing electrous that pass the beam on a certain orbit is determined by several
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processes discussed in that section. In most cases the finite interaction time is the most
important process. The width in electron energy for this processis mc2 1::t.1

= mc2v 11 j Lw,

where L is the half width of the beam. The energy an electron absorbs during one pass
should be smaller than the energy width, so that it can be in resonance during the entire
pass. Below, this restrietion is discussed for the perpendicularly propagating 0-mode
first harmonie, and for the X-mode first and secoud harmonie.
As discussed in section 2.1 the parallel electric field component of the perpendicularly propagating O-mode averaged over the gyroperiod is Ë11 J 1 ( k..LP). The energy
absorbed by an electron during one pass is

me2 !::t.1

~

where Jn(z)

Lv.11 1rVJ.î {E!i1rP
0
1r---eE11 ~ ---e - - , (Perpendicular 0- mode n
À Wc
À Wc
C
~

1), (2.2.6)

znj2nn! was used, and À is the wave length. In the secoud step of

equation (2.2.6) the electric field of the wave Ëu was expressed as a function of the
injected heating power through P0 /L 2 = (c/41r)Êrr, which is valid for low density plasmas. The polarization for the X-mode has a right-handed component. The coupling
between wave and particles is much better for this component than that of the 0-mode.
For the X-mode first harmonie the right-handed component at the resonance is small,
especially near perpendicular propagation. For increasing parallel refractive index the
right-handed component is larger. For the second harmonie the wave is almost linearly
polarized and can be written as the sum of a right- and left-handed polarized wave.
The change in energy due to the interaction with a right-handed wave is proportional
to ÊJn-l(kJ.p)
(right- handed),

(2.2.7)

where n is the harmonie number. The condition that the absorbed energy is smaller
than the width of the resonance can now be written as
cotanlfo

L

> 0.12Iv'Po(MW)

2

cos lfo

Lw

1

(Perpendicular 0- mode n

( 1r IVJ.

-.-a->
0.038-(
)' , Sllluo
v n- 1 . A Wc
EC ditfusion operator

)n-1 vfPo(MW),

1),

(right- handed).

(2.2.8)

(2.2.9)

49

There is always a cone in velocity space for which the parallel velocity is too low to
satisfy the equations above, and the quasi-linear model does not apply. The estimates
show that for present day tokam.ak experiments, which have power levels of several
hundred kW, the application of quasi-linear theory to describe the interaction of the
plasma and the wave is to he done with some caution.
Two electron cyclotron heating experiments performed on the RTP tokamak are
discussed in the next chapters. In these experiments the plasma is heated using 0-mode
waves injected perpendicular to the magnetic field. The maximum power of the injected
waves is Po= 180 kW, the width of the beam is approximately L

2 cm and the wave

length is>.= 0.5 cm. Inserting these parameters in (2.2.8) gives cotanOo > 0.2. In these
experiments the quasi-linear model applies to approximately 86% of the particles, and
the description of the experiments using quasi-linear theory is expected to work well.
The secoud assumption in the application of quasi-linear theory to the tokamak
geometry is that the processes that destroy the coherence between waves and particles
occur on timescales longer than the time an electron needs to pass the beam, but shorter
than the time between two passes. One of the processes that destroys the coherence
between particles and the wave is formed by collisions. Although these take place on a
long time scale it will he shown below that even a small angle scattering collision can
destroy the coherence and, therefore, loss of coherence takes place in just a fraction
of the collisional timescale. The difference in gyrophase 4J over a length l is roughly

wclfvll. If the partiele's parallel velocity would change in this intervalthen the change
in gyrophase ó4J would he

(2.2.10)

An expression for the correlation length l = lc can be found by substituting ó4J =

1r

and

using the slowing down time. This time is the charaderistic time in which an electron
loses its momentum in a partienlar direction due to collisions with the Maxwellian bulk

"d1 =

T8

(1/vll)dvllfdt, it is approximately

energy of the electron in keV, and
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2.7 · w- 5 Ek312

n;,i3 s, where Ek is the

is the electron density in units of 1013 cm- 3 •
Chapter 2

The coherence length then is
:rrv~Tsd

Ek 5/4

Wc

Wc,lOO / ne,13

- - = 22

1 2 1/2

(cm),

(2.2.11)

where wc,lOO is the gyrofrequency in units of 2:rr·100 GHz. This length must be compared
to the toroidal circumference 2:rr R and the beam width, which is of the order of several
cm. For the parameter range of interest the assumption of a coherence length longer
than the beam width but smaller than the length of the hounee orbit is generally well
satisfied.

2.3. General expression for the ditfusion coefficient
In this section a general expression for (.D..l.b..J}, where I and J are two invariants
of the partiele motion in the static magnetic field configuration, is derived using the
metbod outlined in the previous section. In the derivation the following assumptious
are made. The length scale over which the beam profile varies is taken much longer
than the wave length, but much shorter than the major radius. The curvature of the
magnetic field lines over the width of the wave beam can then be neglected, and the
field lines can be approximated by straight lines. For the electric field of the wave we
take

Ë = Ee h(x) ei(k·x-wt] +e.c.,

(2.3.1)

where e.c. denotes the complex conjugate, e gives the direction of polarization, and the
profile of the beam is given by the function h(x). The strengthof the coupling between
waves and particles, which for instanee is a function of the wave polarization, is taken to
be constant over the beam. In evaluating the profile function h along the electron orbits
the velocity of the electrous is taken to be constant. However, because small changes
in the parameters that determine the resonance condition can destroy the coherence
of the electrous and the wave, and have a large infiuence on the absorption of energy,
the resonance of the wave and the electrons, which is a result of the integration over
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the fast varying phase of the wave fields, is treated with care. Therefore, changes in
velocity and magnetic field over the beam, which lead to changes in the Doppier shift
and gyrofrequency, are maintained in the calculation of the wave phase (k ·x- wt).
In order todetermine !:ll the force

F has to be integrated along the partiele orbit.

Using Maxwell's equation (2.1.1) the Lorentz force can be expressed in the electric field
amplitude only

-

F

= eE[e + v x [k x e] ]h(x) e1·[k·x-wt] +e.c.,

(2.3.2)

w

where the derivative of the profile function h(x) has been neglected because the profile
varies over a length scale much larger than the wave length.
Because of the gyration around the field lines it is convenient to use cylindrical
coordinates with the axis in the direction of the magnetic field line. The velocity of the
electrons is
(2.3.3)
where (at, a2, b) form a set of orthogonal unit veetors with b along the magnetic field
and

al

along k_L. Furthermore, it is convenient to introduce the right-handed

e-'

left-handed e+' and the parallel ëu polarization components

e± = __:_(e.
at)± i__:_(e. a2)
.,(2
.,(2

êll = e. b.

(2.3.4)

Using these definitions the parallel component of the Lorentz force can he written as
[e + v x [k x e]]· b

ëu[I- v.Lk.L

w

+ e-i4>]] +

The perpendicular component

v~ll [ë+e-i.P + e- ei4>].

(2.3.5)

v2w

2w

F · a.L, where a.L = a 1 cos c/> + a2 sin c/>, is

[e+ vx[kxe]]·a.L
w

_1 [1- vukn][e+e-i<P+ë-eitf>]+ vuëuk.L[ei.P+e-i<f>]. (2.3.6)
JZ
w
2w
To integrate along the orbit the equations of motion are substituted and an expansion in cyclotron harmonies is made which is identical to that of (2.1.27). The exponents
in (2.3.5) and (2.3.6) containing the gyrophase can now be combined with the exponent
in (2.1.27). Substitution of (2.3.5), (2.3.6) and (2.1.27) in (2.2.3) gives an expression for
the change in an invariant
!:ll =eE

f: j

n=-oo
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0

1

dt (aun:I
Pil

+ G.Ln:I )eiCoh(x) ein,P-iwt+iJ: kuvudt +e.c.,

(2.3.7)

p 1.
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where

- 1
vukn +
G.1.n- ;;:;[1- -][E Jn+l

y2

W

vnnwc
+ E- Jn-1] + --E11Jn,
V.J. 'YW

and use ha.s been made of the relation Jn-l(z)

+ Jn+l(z)

(2.3.8)
= 2nfzJn(z). The functions

Glln and G l.n determine the strength of the coupling between the particles and the wave.
When one rewrites the time dependent part of the exponent in (2.3.7) as

(2.3.9)
it is clear that unless
(2.3.10)
the integral over time t of equation (2.3.7) is an integration over a rapidly oscillating
function, and will effectively be zero. Equation (2.3.10) is the previously discussed
electron cyclotron resonance condition (2.1.33).
The functions Glln and G l.n depend on time through the changes in partiele velocity
and wave parameters over the beam. However, it is a.ssumed that the most important
variation of the integrand of (2.3.7) is due to the profile function h(x) and the time
dependenee in the exponent that generates the resonance condition. This a.ssumption is
well satisfied because small changes in the partiele velocity and wave parameters along
the orbit destroy the resonance between the wave and the partides, but have only a
small infl.uence on the functions Glln and G l.n· These function can then be evaluated at
the centre of the beam. It is convenient to introduce the resonance function

J
T

.óJ1n

h(x) e-i

J:

w-kllvll-nwchdt' dt,

(2.3.11)

0

which is the integral over the time dependent part of (2.3.7). This resonance function
is evaluated in the next section.
From expression (2.3.7) it is possible todetermine the average (D.I D.J}. The product
of the changes in the two invariants in the static magnetic field contiguration is given
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by

6.16.J

~ L.....
~
= e2 E 2 L.....

{ 2ia0 [

e

"'
ei[n+n'J<Po 6.0n6.~'n'

+

a 11 .. 881

Pil

n=-oon'=-oo

l[

81
+ a.Lna
P.L

alln' 88J

Pil

[alln-8
81 + a.L .. -8
81 l [a*lln'-8
8J + a*.Ln'-8
8J l
Pil

P.L

Pil

l

8J
+ a.Ln'8

P.L

P.L

x

x
(2.3.12)

which depends on two parameters that characterize the orbit at t

0, the initia!

gyrophase <Po and the phase difference C0 • Equation (2.3.12) is to he averagedover these
initia! conditions to obtain (6.16.J). The first term of (2.3.12) yields zero when averaged
over Co and the second term yields zero when averagedover the initial gyrophase except
for n

n 1• Thus the average over the initial conditions yields
2

(6.1t::.J)=2e E

l

a

2

~

L.....

n=-oo

{

81 8J
* l [ 8! 8J
81 8J]
lau .. l2 88+Re[au
..a.Ln 8 8 + 8 8 +
Pil Pil

Pil P.L

12 81 8J } 16.0 12
.Ln 8P.L 8P.L
n '

P.L Pil

(2.3.13)

which will be used insection 2.5 to calculate the diffusion coefficients.

2.4. Resonance function
In this section the resonance function (2.3.11) is discussed. An analytic expression
for this function can only be obtained for a specific choice of the profile h(x), and if
some approximations for the integral in the exponent of (2.3.11) are made. Here, the
profile h(x) is assumed to be Gaussian
(2.4.1)
where l'P and lp are the lengtbs in toroirlal and poloirlal direction along the surface, and

L'P and Lp are the widths of the beam in toroirlal and poloirlal direction. The index
b denotes the centre of the beam. To perfarm the integration over time of (2.3.11)
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the equations of motion have to be substituted in (2.4.1). Here, these equations are
simplified by neglecting the change in velocity during the passage of the electron through
the beam. Due to the very small change in magnetic field strength along the field line
over the width of the beam this approximation is reasonable. However, small changes
in the Doppier shift can have a significant effect because of the resonant character of
the interaction. Therefore, the change in velocity is maintained in the argument of the
exponent of (2.3.11), i.e. the change in Doppier shift that is due to the change in parallel
velocity is taken into account.
Because the parallel velocity goes to zero in the hounee point, the approximation
of constant velocity during the passage of the beam is not correct for trapped particles
that have their hounee points within the wave beam. However, this occurs for only a
small number of particles, because the area of the wave beam on the surface is mucb
smaller than the area of the flux surface itself.
With the simplified equations of motion the highest power of time appearing in the
argumentsof the exponentsof (2.3.11) is t 2 • The integration over timecanthen be
performed analytically. The result is a rather complex function which is difficult to
interpret and will not be given bere. Below, first a simple case, for which the function
simplilles considerably, is considered.
To interpret the resonance function we look at an orbit through the centre of the
beam (l'P = 0, lp = lpb) which passes the beam at constant speed, i.e. vil = 0. The
Doppier shift and the poloirlal dependenee of the profile function h(x) are neglected. In
this case

lö.nnl 2 takes the simplified form
(2.4.2)

where

ö.

/ _ ~ 8[w - nwc/1] dlp L
nwc 'Y - 2
8l
dl 'P•
p
'P

(2.4.3)

which is the change in gyrofrequency an electron experiences during the passage of the
beam due to the magnetic field inhomogeneity. The function

lö.nnl 2 bas its maximum

at the resonance condition (2.3.10) calculated at the centre ofthe beam. It is for typical
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parameters of tokamak plasmas a narrow function in velocity space. The width of the
function, which will be referred to as the broadening of the resonance, is the sum of two
effects: the finite transit time Lv:>fiv:> and the change in gyrofrequency over the beam

t::.nwc/;. The first contribution to the broadening is due to the finite interaction time.
Energy absorption is possible if the phase difference between the wave and the electron
does not change by a large amount during the interaction time. For a finite transition
time this means that the wave and gyrofrequency do not have to match exactly. The
second contribution to the broadening is due to the different gyrofrequencies along the
partiele orbit leading to a range of electron energies for which the resonance condition
at some point along the orbit is satisfied.
The result (2.4.2) is a simple case of the more general formula which is not given
here because due to its complexity it does notlead to more physical insight. However,
when this complex function is averaged over all possible orbits through the beam it can
be written in a simple form. Because the functions Glln and G ..Ln are calculated at the
centre of the beam the average over the orbits of (2.2.5) involves only the resonance
function. The resulting averaged resonance function W,
(2.4.4)
is introduced here. One can write the result of the integration over the toroirlal angle
as
(2.4.5)
where the index b denotes that the quantities have to be evaluated at the centre of
the beam. Equation (2.4.5) is the result of an integration over the resonance function
(2.3.11), it is not derived from the simplified result (2.4.2).
Equation (2.4.5) expresses that the resonance is peaked around the resonance condition calculated at the centre of the beam. Different orbits pass the beam at different
gyrofrequencies and see different parts of the wave beam which can have different wave
vectors. The different resonance conditions for the different orbits leads to a further
broadening of the resonance on top of the single orbit resonance broadening. This
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broadening D..Q of the averaged resonance function is
D..Q

= [Lp!!_ ('Y _ nwc
2 alp

w

NuPII) I ] + [L'~' _!__ ('Y
2

_

me

b

2 8lcp

2

nwc -

w

NuPu) I ] +
me

b

'Y 2B2l"vllb2 'Y 2B2Pvllb2
w2L2B2
+ w2L2B2.
<p
p

(2.4.6)

It is the sum of the various broadening effects. The fust two terrus of (2.4.6) are
the change in resonance condition over the beam. All particles satisfying a resonance
condition within the beam are able to absorb power from the wave. The last two terms
give the broadening due to the finite transit time in poloidal and toroidal directions.
Note that the root in front of the exponent is a normalization factor. In the limit of
very small broadening D..Q -+ 0 the combination of the root and the exponent becomes
equal to the delta function of quasi-linear theory in the homogeneons field limit.
The broadening due to the different gyrofrequencies associated with each orbit and
the broadening due to the change of this gyrofrequency along the orbit are combined in
the first term of (2.4.6). In the literature [7] the resonance function has been generalized
from thestarting point of (2.4.2) and the observation that the various orbits would
introduce more broadening. Performing the generalization in this way the following ad
hoc broadening was derived

(2.4.7)
where

.i written in the symbols used in this section is

. 11 [ Bp ] a 1[ B~ a I
tl = 2 Lp+ Bcp L 8 lp + 4 LP+ B~ L'P a l~
2

10

2]

2

b.

(2.4.8)

The second term of this equation incorporates the second order variation over the beam
of the parameters that determine the resonance function. This non-linearity is not incorporated in the expression (2.4.6). The broadening in the fust term of (2.4.8) is the
sum of the broadening due to the different orbits through the beam (the term proportional to

Lp)

and the broadening that occurs for a single orbit (the term proportional

to BpL<p/ B 10 ). The calculations above (2.4.6) show that this broadening is at least for
a Gaussian profile in the linear case too large. The discrepancy is small because
(2.4.9)
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where

€

= r/R is the inverse aspect ratio. Another difference between equations (2.4.7)

and (2.4.6) is that the broadenin~ -~ue,,!ol the variation in gyrofrequency and Doppier
shifts are treated separately in (Vtd'j. înJthe first term of (2.4.6) these two effectscan
have a different sign. In this case the square of the sum of the variation of gyrofrequency
and Doppier shift in equation (2.4.6) is smaller than the sum of the aquared broadening
effects of equation (2.4.7). In conclusion, (2.4.6) gives a more correct description of the
broadening in the resonance function than (2.4.7).

2.5. Ditfusion coefficient
With the given expression for the resonance function (2.4.5) and the expression for

(D.ID.J) of section 2.3 the diffusion tensor Du can be calculated. For use within the
bounce-averaged Fokker-Planck formalism derived in chapter one, this diffusion tensor
has to be converted to low field side momenturn and pitch angle coordinates

D _ (
-

DPoPo
D9oPo

DPo9o )
D9o9o •

(2.5.1)

In this section the coefficients ofthe tensor (2.5.1) are expressed in terms ofthe diffusion
in magnetic moment.
In section 2.3 it was noted that the resonance function and, therefore, the diffusion
coefficients are peaked around the resonance condition
(2.5.2)
When evaluated at the resonance position it can be shown that

Pl.
w
Glln = -Nu-Gl.n·
me nwc
For the plasmas parameters of interest Pl./me

(2.5.3)

«:

1 and the coupling to the parallel

component Glln is much smaller compared with the coupling to the perpendicular component Gl.n· For electron cyclotron waves the parallel diffusion is much smaller than
the perpendicular. Relation (2.5.3) is used below to express the elements ofthe diffusion
tensor in terms of G l.n·
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Using equations (2.3.13) and (2.4.4) the diffusion coeflicients for magnetic moment
and energy can he calculated at the point where the wave intersects the surface. With
the help of (2.5.3) the different coeflicients can he expressed in the coeflicient for the
magnetic moment

Deen=2e
'

2

Pl.

(-m

Pil
w
2
Pil
w
2
+ Pl.
- - N I I - ) 2IG1.nl W= (1 + - N I I - )2 B Dp.p.n·
m me n Wc
me n Wc
'

(2.5.4)

Because magnetic moment and energy are constants of the motion in the static magnetic
field the diffusion coeflicients are not a function of the position on the surface and can he
used directly to calculate the changes on the low field side. The diffusion tensor (2.5.1)
canthen he calculated from (2.5.4) with the help of a simple coordinate transformation
(2.5.5)
where

Po,..= 8po I = 0
8p, e
1
00 = 80o I = m Bo
,..
8 p, e
p~ sin Bo cos Oo

(2.5.6)

Using (2.5.4), (2.5.5), anci (2.5.6) the diffusion coeflicients of the low field side momenturn and pitch angle can he expressed as

B5 D (!!_) 2 (1 + PIINII __!:!__) 2

DEc =
PoPo

m2
p~

DEc9 =
Po o

m2

B5 D

p~

,..,.. Bo

!!_

,..,.. Bo

(1

me nwc

+ PIINII _!:!__) (
me nwc

1
- !!_ (1
sin Bo cos Oo
Bo

+ PII.Njl _!:!__)
me nwc

tan Bo)

Dfo~o = D:o~o
2

2

mB5
B ( 1 + PIINII
w )
D9EG
9 = -D,..,.. ( . (} 1 (} - -B
---tanOo ) .
0 0
Po4
sm ocos o
o
me nwc
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Note that the magnetic field B and momenta Pil and p 1. are to be evaluated at the
centre of the beam, unless indicated explicitly otherwise.

2.6. Implementation of propagation and absorption
In the previous section the velocity space ditfusion coefficients of equation (1.3.17)
are expressed in the ditfusion coefficient for magnetic moment. The latter ditfusion
coefficient can he calculated from the expressions in sections 2.3 and 2.4. Therefore,
the ditfusion coefficients in the bounce-averaged Fokker-Planck equation that model
the interaction between the wave and the electrans can now he obtained. However,
to calculate these coefficients a number of parameters have to he known. This section
describes how these parameters are obtained, and briefly discusses some aspects of
the implementation in the computer code

RELAX

[8] that solves the bounce-averaged

Fokker-Planck equation.
The expressions of section 2.3 and 2.4 contain the nmction Gl.n that determines
the strength of the coupling between waves and particles, and the averaged resonance
function W. To calculate G1.n, the wave vector (Nu, N1.), and the gyrofrequency, as well
as the polarization (e+, e-, and t:'11) and electric field strength, have to he known. These
parameters have to he determined at the crossing of the centre of the beam with the
surface. For the calculation of the averaged resonance function the parallel refractive
index N11, and the gyrofrequency have to be known. For these parameters both the
value at the centre of the beam, and the variation over the beam, must be determined.
The crossing of the beam centre with the surface is calculated by tracing rays, i.e. by
integrating the equations (2.1.17). In these equations the dispersion tensor of the cold
plasma approximation is used. The ray-tracing calculations are performed by the code
TORAY

[9].The ray equations give the change of the wave vector along the ray, and thus

the parallel and perpendicular refractive index at the centre of the beam are known.
From the position of the crossing also the gyrofrequency can be calculated, and from
these parameters the resonance condition at the centre of the beam can be calculated.
By also tracing the rays on the edges of the beam, the variation of the resonance
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condition over the beam can be calculated. One then has the necessary information to
calculate the averaged resonance function W.
For the calculation of the coupling function G l.n one also needs the polarization
and the electric field strength. These quantities cannot be determined within the cold
plasma approximation with sufficient accuracy. To determine them,

RELAX

calculates

the dielectric tensor for a warm plasma with the help of equations (2.1.28) to (2.1.30).
For the distribution function in these equations the calculated electron distribution
function is used. With the help of the dielectric tensor the polarization vector can be
obtained directly.
The amplitude of the electric field is calculated in

RELAX

from the quotient of the

actual power flux S and the power flux Su calculated with unity electric field amplitude,
I.e.

(2.6.1)
The latter power flux can be calculated directly from the two terms in the square
brackets on the left-hand side of (2.1.15) and the dielectric tensor for a warm plasma.
To calculate the power flux S, the power absorption along the ray path prior to the
crossing of this ray with the surface has to be calculated. The absorbed power density

PA is equal to the time derivative of the surface averaged energy density generated by
the wave induced ditfusion

PA =

:tEe (j ('y- 1)mc f d p) A
2

3

=

J

2

('y- 1)mc

>..( ~~ EJ 8d 3p0 ,

(2.6.2)

where equation (1.2.18) was used. With the help of equation (1.3.17) the absorbed
power can be expressed as an integration over the quasi-linear ditfusion term. After an
integration by parts one can show that
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where the ditfusion coefficients are g,iven by (2.5.7). The amount of power that reaches
a surface P(sr) is the total injected power Po minus the absorbed power, i.e.
(2.6.4)
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where the integration is along the ray path, dsr is the length element along the ray,
and d V is the volume of the toroidal shell that is heated by the power absorbed in the
lengthelement dsr.
For several reasons it can be required to divide the beam into smaller parts, rather
than treating the wave beam as a whole. The absorption is a strong function of the
parallel refractive index. Usually, at some position in the plasma, the power in only part
of the parallel refractive index spectrum is absorbed. The distribution of power over the
spectrum then changes as the beam propagates through the plasma. When the beam
is treated as a whole the absorption diminishes the total power in the beam, but does
not change the distribution of power over the spectrum. Also for central deposition
splitting of the beam is desirable. In this case surfaces with small minor radius fall
within the wave beam. Such a surface is heated by only part of the beam and the power
that reaches this surface is not equal to the entire power in the beam. If the power
that reaches such a surface is not corrected then the nonthermal effects on this surface
would be overestimated. A third argument for splitting the wave beam is the more
accurate treatment of the coupling functions Glln and G .Ln· By splitting the beam in
smaller parts these functions are evaluated at positions closer to the absorption region.
A possible way of splitting the beam is discussed in appendix B. The splitting scheme
outlined in this appendix is implemented in the computer code.
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Chapter 3.
Comparison of measured and calculated SXR spectra
The electron velocity distribution, Jo (po, 8o, 1/J ), of a tokamak plasma is commonly
assumed to he nearly Maxwellian. With this assumption, the electron temperature

(Te) is well defined, and relations between Te and other plasma properties such as
electrical conductivity can he derived. The Maxwellian character of fo(po, 8o, 1/;) has
been confirmed experimentally for high density plasmas (ne > 1020 m- 3 ), for energies
up to 6-lOXTe, typically [1-S].However, deviations from a Maxwellian distribution occur
at lower densities, where a suprathermal tail evolves on the velocity distri bution function
as a result of the toroidal electric field. In the so-called slide-away regime the tail carries
most of the plasma current and a significant part of the kinetic energy. In such cases
the relation between the plasma resistivity and the kinetic temperature is unclear, and
to evaluate the plasma resistivity the 'thermal bulk' becomes almost irrelevant. The
application of electron cyclotron resonance heating (ECRH) to the plasma leads to a
further deformation of Jo (po, 8o, 1/1) [9].
The soft X-ray spectrum emitted by the plasma gives information on this electron
distribution function. Unfortunately, there is little experimental information on the
soft X-ray spectrum during ECRH. Simulations of the spectra using Fokker-Planck
calculations have been published [10-11], but these references discuss only one example
and do not intend to present a thorough analysis ofthe effect of ECRH on the soft X-ray
spectra for several plasma conditions.
This chapter presents a comparison of soft X-ray (SXR) spectra measured on RTP
(Rijnhuizen Tokamak Project) with numerical calculations using the Fokker-Planck code
RELAX [12].A large part of this workis published in refs. [13-14].The measurements
for this work have been performed by D.F. da Cruz, the Fokker-Planck simulations were
clone by A.G. Peeters, and the interpretation was clone in collaboration.
Spectra have been measured in Ohmic plasmas at various densities, and in ECRH
plasmas at various EC power densities. The following questions will he addressed here.
What is the influence of ECRH and of the electric field on f 0 (p 0 , 80 , 1/;)? Is the electron
Comparison of measured and calculated SXR spectra
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temperature measured via the soft X-ray spectra the same as the value given by Thomson scattering? How much energy can he contained in the population of suprathermal
electrons? How much current is carried by them?
The chapter is structured as follows. In section 3.2 a description of the RTP tokamak
and its diagnostics is presented. Section 3.3 is devoted to the results obtained with the
soft X-ray pulse height analyzer. Section 3.4 discusses the simulations performed with
the bounce-averaged Fokker-Planck code. In section 3.5 the modelling of the soft X-ray
emission is discussed. Finally, in sections 3.6 and 3.7, the interpretation of the results
is presented, foliowed by a general discussion.

3.1. Experimentalset-up
The vacuum vessel of RTP has a major radius R

ro

=

0.72 m and a minor radius

0.23 m. A poloirlal carbon limiter is used which limits the plasma radius to a

typical value of a

0.164 m. The plasma current has a maximum of lp= 150 kA and

the plasma duration is limited to of 500 ms. The maximum toroirlal field is B'P = 2.3 T
and is directed opposite to the electron drift direction (see Fig. 3.1). The RTP tokamak
is equipped with two gyrotrons with a frequency of 60 GHz, a maximum output power
of

PEcRH

180 kW, and a maximum pulse duration of 100 ms.

One of the two

available gyrotrons, used for the experiments described in this chapter, is connected to
RTP at the low field side. The wave launcher is positioned at R

0.928 m and has a

diameter of 63.5 mm. The wave beam is well described by a Gaussian beam originating
from R

= 0.95 cm with angular half widths at the 1/e power level of 3.4° in poloidal

direction and 3.1° in toroirlal direction. The waves are launched perpendicular to the
magnetic field in 0-mode polarization. The plasma breakdown in RTP is done by a
short ECH pulse from the low field side launcher with a duration of typically 10 ms.
For the interpretation of the measurements, several diagnostics [15] were available: magnetic diagnostics, a single-point Thomson-scattering scanning system, a high
resolution 19-channel interferometer, a hard X-ray monitor, an 80-channel soft X-ray
tomography system, and a 20-channel heterodyne radiometer as well as a 6 channel
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grating polychromator for the ohservation of electron cyclotron emission. This chapter
deals with the measurements ohtained with the soft X-ray pulse height analysis system
[16,13] which has a single, fixed tangential viewing chord (see Fig. 3.1). The spectra

that will he presented and interpreted in the next sections are limited to the speetral
region 4 - 20 ke V typically. The lower energy range of the spectra could not he used due
to electromagnetic piek-up. Furthermore, this range must be suppressed to get enough
statistics in the tail.

Fig. 3.1- Top view of the RTP
tokamak. The locations of
the key diagnostics for this
chapter and of the ECRH
launcher are indicated, a.s
well as the directions of the
SoftX-ray
PHA

pla.sma current, lp, and the
toroidal magnetic field, B<P.
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3.2. Experimental results
The measurements for ECR heated plasmas described in this chapter have all been
performed using 0-mode injection from the low field side with the resonance in the
plasma centre, corresponding to a magnetic field of 2.14 T at the magnetic axis. Typical
signals of the plasma current, the electron density, the loop voltage and the EC intensity
(2nd harmonie X-mode) for these shots are shown in Fig. 3.2. High central electron
temperatures (Thomson scattering) around 3 ke V have been obtained in low-density
plasmas (neo:::; 2.0 · 1019 m- 3 )

(lp

,

with 180 kW ECRH, and for various plasma currents

60-90 kA). The following observations are typical for the ECR heated discharges.

With the onset of the ECRH pulse, a drop in the loop voltage is observed accompanied
by a decrease in neo in the beginning of the pulse and an outward displacement of the
plasma column. The density profile broadens, sometimes even becomes hollow, and the
total density increases. The nonthermal EC emission measured in the 2nd harmonie 0mode and X-mode rises substantially, an increase of the soft X-ray emission is observed,
but the hard X-ray emission decreases.
Several reproducible discharges have been selected in order to determine the time
evolution of Te during a complete plasma shot when ECRH was applied. Before the
onset of ECRH the value of Te deduced from the X-ray spectra is somewhat higher than
the value measured with Thomson scattering in the plasma centre, although within
the limitsof experimental error. However, during the ECRH pulse the temperature
measured with the soft X-ray diagnostic is systematically higher, up to 50%. This discrepancy motivated a more careful analysis of the experimental data, especially during
the ECRH pulse.
In Fig. 3.3 typical soft X-ray spectra obtained during the Ohmic and the ECRH
phase of RTP discharges are presented. On the ordinate we plot the power flux per
electron volt per steradian of the photons that reach 1 cm2 of the detector. The ECRH
power was scanned from 0 kW to the maximum of 180 kW. In Figs. 3.3b-c two cases
are shown, namely medium power (48 kW) and maximum power (180kW). In order
to analyse the density dependence, two spectra for different electron densities obtained
during the Ohmic phase are presented in Fig. 3.3d and 3.3e. Also depicted in Fig. 3.3
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Fig. 3.2-Typical time traces of RTP: (a) plasma current, lp, (b) loop voltage,

Vioop• (c)

central electron density, neo, and (d) central electron temperature, Te. For this plasma
shot EGRH is applied between 110 and 140 ms.
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are the simulated spectra for each of the five cases. These simulations will he described
in the next section. In Table 3.1 the plasma conditions for which the spectra have been
obtained are given.
All spectra in Fig. 3.3 have been obtained by averaging approximately 6 reproducible
plasma shots, and by averaging over about 90 ms per shot, which is the duration of the
ECRH pulse. The values of the effective charge number,

Zeff,

presented in table 3.1

have been determined using neoclassical resistivity. For thermal plasmas the effective
charge can also he obtained from the enhancement of the X-ray emission over the
continuurn emission of a pure hydrogen plasma. For our case this enhancement factor
cannot he obtained properly, due to the presence of noothermal features in the speetral
region above 4 keV. Note that there is a large difference in

Zeff

between the discharges,

refl.ecting different wall conditions before and after the boronization of the RTP vacuum
vessel.
Two peaks caused by line radiation are visible in the speetral region 4-8 keV (see
Figs. 3.3b and c). These peaks have been identified as line radiation from Fe and Cr,
which are components of the stainless steel vacuum vessel. The presence of these two
peaks represents one of the main difliculties for determining Te from the slope of the
spectrum around 5 keV. It has been noticed that whereas the line radiation contribution
in the Ohmic phase is almost absent, especially the Fe-line becomes very pronounced
during the ECRH phase.
The straight line in Fig. 3.3 corresponds to the spectrum radiated by a plasma with
Te equal to Te- Thomson. From the measured spectra it can he seen that for low energies

the spectrum is close to the Maxwellian spectrum. This part can he identified as the
emission from the thermal 'bulk' electroos with a Maxwellian distribution. For higher
energiesstrong noothermal effects are observed.
The term transition point will he used below to define the photon energy where the
transition from the thermal part of the spectrum to the tail occurs. When both the
low energy (thermal) part of the spectrum and the high energy tail of the spectrum
are fitted by straight lines, the transition point is represented by the energy for which
the two straight lines intersect. From a comparison of Figs. 3.3a-c, for which ne was
constant but the ECRH power was increased, it is clear that the EC waves change the
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Table 3.1 - Plasma conditions for tbe spectra depicted in Fig. 3.3. neo - central electron
density, PEe RH- ECRH power, Te- central electron temperature measured witb Tbomson
scat tering,

VJoop-

loop voltage, Ze!f-effective charge number, lp - plasma current, and

S f tbe sealing factor applied for the numerical calculations
Fig.

SJ

neo

PEG RH

Te

Vloop

1013cm-3

kW

keV

V

3.3a

2.1

-

0.8

2.8

3.0

90

0.38

3.3b

2.2

48

1.0

1.4

1.8

90

0.38

3.3c

2.2

180

1.8

0.6

1.8

90

0.25

3.3d

3.1

0.8

2.2

2.8

125

2.3

3.3e

7.3

0.7

1.8

1.4

125

0.8

Zelf

lp

kA

I

spectrum. The shots without ECRH show a clearer transition from the thermal part of
the spectrum to the tail. With increasing power the bulk temperature increases from
0.8 to 1.8 keV and the tail 'temperature' decreases from 26 to 4 keV, for 0 kW and 180
kW, respectively. Thus, the transition becomes less clear and for the case of full power
it is almost impossible to distinguish two separate regions.
By camparing Figs. 3.3a, 3.3d and 3.3e it can he concluded that the nonthermal
effects decrease with increasing ne. However, at densities on the magnetic axis of neo
7.3 · 1019 m- 3 (see Fig. 3.3e) there is still a very clear transition point around 9 keV
(assuming that the region below this energy represents the thermal 'bulk') with the tail
beyond this energy being almast flat. Note that the intensity level of this tail is much
smaller than the tail observed for discharges with low densities as presented in Figs. 3.3a.
Another striking observation is the high 'temperature' of 1.1 keV, determined from the
slope of the spectrum, in the range 4-9 keV of the spectrum, compared to the Thomson
temperature of 0.7 keV.
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3.3. Distribution function calculated with the bounce-averaged
Fokker-Planck code
To compare the measurements described above with theory, a number of simulations
using the Fokker-Planck code RELAX [12] were performed. The underlying physical
model of this code is discussed in chapters one and two of this thesis. The simulations
were performed using 20 concentric flux surfaces and a 128x64 grid in the momentumpitch-angle space. All simulations were performed with central deposition of the ECRH
power as in the experiment. If ECRH was applied, the 20 flux surfaces represented
only the innermost 4 cm (radius) of the torus to obtain a good resolution of the power
deposition. Outside this area the power deposition is negligible, and therefore, in this
area, a Maxwellian distribution was used for the calculation of the X-ray spectrum. The
contribution to the spectrum is, however, strongly weighted to the centre, so that the
plasma outside r = 4 cm gives a minor contribution. If no ECRH was applied, the 20
surfaces covered the innermost 10 cm of the torus.
Central density and temperature have been obtained from the interferometer and
the Thomson-scattering diagnostic. The profiles were taken to be parabolic and the
square of a parabola respectively, i.e.

ne

( (_ar)2),

(3.3.1)

neo 1

where a is the plasma radius. The inductive toroirlal electric field was calculated directly
from the averaged loop voltage. For

Zeff

the values determined by means of neoclassical

resistivity are used. These values were calculated with the 1-D transport code SNAP
[17-18]
Because the collision frequency for suprathermal electrous decreases as their energy
increases, and the acceleration by the electric field is the same for all electrons, there is
an energy beyond which the acceleration of the electric field exceeds the collisional drag.
This energy is known as the critica! energy (Ec)· If one takes the high velocity limit of
the Fokker-Planck electron-electron collision term, and further neglects all relativistic
effects and makes the substitution (8j8v11

Ec (keV) =
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8j8v), the critica! energy is
(3.3.2)
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where lnA is the Coulomb logarithm, and

En the electric field in Vfm.

is equal to the expression given by Knoepfel [19].Note that

Zeff

Equation (3.3.2)

doesnotenter into the

equation. Although pitch-angle scattering reduces the parallel momentum, it does not
change the energy of the electrons. Beyoud the critical energy the electrons are freely
accelerated. At high enough energies where collisions can he neglected entirely, this
results in a flat tail in momenturn space. The critica! energy, therefore, is a measure
for the energy where the tail on the distribution function is formed. We found that Ec
as defined in Eq.(3.3.2) gives values that are consistent with the transition point in the
calculated X-ray spectra.
The EC waves influence the distribution function through the ditfusion of resonant
electrons in velocity space. This diffusion is mainly in perpendicular direction, i.e. the
parallel momenturn is approximately constant. The energy of these resonant electrons
depends on the radial position through the dependenee of the gyrofrequency on the
major radius. The absorption coefficient (a) for EC waves is a complicated function of
the wave parameters and the distribution function. For waves with 0-mode polarization
propagating perpendicular to the magnetic field in a low-density Maxwellian plasma, a
depends on the energy of the resonant electrons, Er, through
(3.3.3)

from which it can he shown that the absorption is largest when the resonant electrons
have an energy of 2.5 times the thermal energy, and that even at high energies compared to thermal, some energy is still absorbed. The influence of the absorbed power
on the distribution function for a perpendicularly propagating 0-mode was investigated
by Fidone et al.

[20].For low resonant energies the collisions are effective, and the

deformations of the distribution function are small. At higher resonant energies the
same amount of absorbed energy per resonant partiele leads to a larger deformation,
compared to the low energy case, because of the less effective collisions. However, the
number of resonant particles becomes smaller as the resonant energy increases. Therefore, the largest population of suprathermals is created for resonant energies several
times thermal. For the creation of a large number of suprathermals the broadening of
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the resonance in velocity space, due to for instanee the finite spread in parallel refractive index, is important. If the resonance condition is satisfied for high energies but the
resonance is broad enough to overlap also with the low energy part of the distribution
function where the population of electrous is high, then a large number of electrouscan
diffuse to high energies. Of course, the combined effect of EC waves and the inductive
toroidal electric field makes the picture even more complicated. This was studied by
Meyer et al. [21].The interaction with the EC waves doesnotchange the parallel momentum of the particles. However, as aresult of the increase in energy the collisionality
decreases and the infiuence of the electric field is stronger. The combination of ECRH
and toroidal electric field therefore leads to an enhancement in the plasma current and
energy.
Figure 3.4 shows the parallel distribution function
(3.3.4)
and perpendicular temperature
(3.3.5)
for the simulations performed with the parameters of Figs. 3.3a and 3.3c. In these
figures uil is the parallel momenturn normalized to the thermal momentum. The radius
ofthe flux surface is 0.25 cm for the Ohmic discharge, and 1.5 cm for the 180 kW ECRH
discharge, corresponding to the largest nonthermal population in the simulations. The
figure illustrates the qualitative arguments presented above. In the Ohmic discharge
the electric field was high and there is a clear tail on the distribution function. The
180 kW ECRH discharge shows a deformation in the parallel distribution function at
low energies, as a result of the interaction with the EC waves. Also the perpendicular
temperature is increased as aresult of the diffusion of resonant electrous in perpendicular
direction. This observation is in contrast with the Ohmic discharge for which, at low
energy, the perpendicular temperature is nearly equal to the bulk temperature.
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3.4. Modelling of the X-ray emission
When the electron velocity distribution has been calculated, the X-ray spectrum
can he simulated by consiclering the collisional processes that the electrous undergo in
the plasma. Two processes are responsible for the emission of a continuurn X-ray spectrum, namely Bremsstrahlung and recombination radiation. In the case of a Maxwellian
velocity distribution, relatively simple equations can he used to determine the radiated
spectrum [1].
When the velocity distribution function is non-Maxwellian an integration over the
velocity distribution function has to he performed, both for Bremsstrahlung and recombination radiation. The following expression can he used to determine the Bremsstrahlung intensity l 8 (E) [22]

IB(E)

= 2:: __i!_:!_ 167r ..!!:.:___
Z

( 4m;o) 3

2V3 m 2c3

j

G(E, v, Z) f(v)d3v
v

(3.4.1)

where the sum is taken over all ions species present in the plasma, E is the photon
energy, e the elementary charge, m the electron mass, Eo the vacuum permeability, c
the light speed, and nz the density of ions with ionic charge Z. The factor G, the
Gaunt factor, is, in the classicallimit, equivalent to the frequency dependent part of the
expression obtained by Kramers [23] for the power radiated as a result of the scattering
process of an electron by the Coulomb field of an ion. Modifications of the classical
expression for the Bremsstrahlung due to quanturn mechanica! and relativistic effects
are normally introduced in this factor. In the simulations presented in this chapter the
following expression for the Gaunt factor

G=

?TV3x
d IF Z111
. 2172'1'
. x 12
[exp(21r171) - 1][1 - exp( -21r172)] dx ( '
' ' )

has been used, where
(3.4.2)
are the initial and final electron velocities, Ry the Rydberg energy, F the
hypergeometrie function, and x = -4171172/(171- 112) 2. This equation was obtained by
v1

and

v2

Sommerfeld [24] consirlering a nonrelativistic quanturn analysis.
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The approach described above by using Gaunt factors disregards any anisotropy
of photon emission. Rigorously one should use the Bremsstrahlung cross sectious, u,
differential to photon energy and emission angle ó, where ó is the angle between the
partiele velocity and the propagation direction of the emitted photon. The anisotropy of
the photon emission resulting from Bremsstrahlung is usually described in the literature
[25-26] by means of the shape function, S, defined as

where Ee denotes the electron energy, and

n the solid angle of photon detection.

In

this references tables of the shape function are given. Some features of the functional
dependenee of the shape function could be mentioned here:
(1) anisotropy is observed for Ee as low as 5 keV; for this energy, the backward emission
is about 40% lower than the maximum of emission;
(2) the observed anisotropy is less important for low values of E / Ee than for high values;
(3) for low values of Ee theemission is peaked at ó = 90° for E/Ee

~

1, while with

increasing electron energy the peak of emission shifts forward (to 0°).
A rough indication of the importance of the anisotropy can be found by using an
interpolation of the tables mentioned above.

The angular dependenee was used in

conjunction with the cross sections calculated with G

= 1, which is not entirely correct.

Because the line of sight of the detector is in the opposite direction to the plasma
current, the motion of the electrous that carry the current is directed away from the
detector. This direction is less favourable for theemission of photons. Therefore, the
observed number of photons emitted by electrous in the tail should be less than the
value calculated by means of isotropie cross sections. On the other hand, the thermal
part of the spectrum can be described by the cross sections integrated over the angle of
emission because the distribution function is isotropie in this case. The most significant
correction introduced by the shape functions is, therefore, in Fig. 3.3a. In this case,
it was found that the ratio of emission at 20 and 5 keV was a factor 1.6 lower in the
case where the shape functions were taken into account. Although clearly visible, even
on a logarithmic scale, the change is not dramatic. In all other cases the changes were
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much smaller. Because these calculations can only give a rough indication, the shape
functions are not taken into account in the simulated spectra in Fig. 3.3.
For the recombination radiation the approach foliowed by Kramers [23] is applied.

In the derivation of the equations for recombination radiation Kramers used the correspondence principle to assign the classica! power radiated by an electron in a hyperbalie
orbit to the discrete lines with energy E

= Ee + Z 2 Ryfn2 , where Z 2 Ry/n2 is the en-

ergy of the recombined state with principal quanturn number n. For the ground levels,
tables of the ionization energies have been used instead. The following equation for the
intensity IR(E) of the recombination radiation in the case of an arbitrary distribution
function is obtained
2

Z (
é ) 161!"
nz 21T1i
IR(E)= '"''"'
L.JL.t r;;~-~wn(Z)
3
Z

n

41l"EQ

3v3m c- m

J

.

Gnvf(v)ó(lvl-vo)smBdOdv (3.4.3)

where ~wn is the frequency range of the classica} power spectrum associated to the nth
line,
2

(

~Wn = z Ry (n

1

1

1/2)2 - (n + 1/2)2

)

(3.4.4)

except for n = 1, for which the first term inside the brackets has been substituted by
the experimental value of the ionization energy for the ground state; Gn is the Gaunt
factor for the recombination to the nth shell, v0

= [2(E- Z 2 Ryjn2 )jmj112 ,

ó(x) the

Dirac function, and B the pitch angle. The Gaunt factor has been taken to he 0 for
pboton energies smaller than the binding energy of the electron E

< Z 2R 11 fn 2 ,

and 1

for E 2: Z 2R 11 fn 2 • Quanturn mechanica! calculations show that in the latter case the
Gaunt factor is in the range 0.8

< Gn < 1.2

[27-28] for E < 25Z2 Ry. At higher energies

they decrease approximately logarithmically.
In Eq. (3.4.3) the summation in Z extends to all ionization stages of the impurity
species present in the plasma. Impurity concentrations have been obtained by matching the calculated value of Zelf, consiclering a fixed relative proportion of each species

(no/nc and nFe/nc, where ni here denotes the density of the impurity species i). The
following values have been used: no/nc = 0.3 and npefnc = 0.06. This procedure
has been foliowed because presently no diagnostic is available on RTP to measure these
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quantities absolutely. The concentration of the ionization states of each impurity species
has been determined assuming coronal equilibrium.
The importance of recombination and Bremsstrahlung to the simulated spectra has
been investigated for the cases presented in Table 3.1. The condusion is that the contribution of recombination is dominant at low photon energies, while Bremsstrahlung
is more important in the tail region, where the effective temperature is larger. When
consiclering the contribution of recombination to Fe 25+ in the simulated spectra, a large
recombination edge is obtained around 8.8 keV. Since this edge is not observed in the
experimental spectra, this ionization stage cannot be present in the plasma with concentrations that are obtained from the coronal model. For photon energies somewhat larger
than the recombination edge, the contri bution of recombination decreases exponentially
with the Maxwellian temperature. This is because these photons are emitted by the
bulk electrons. Because the effective temperature in the region of 8-9 ke V is much larger
than the Maxwellian temperature for the non-thermal plasmas discussed in this chapter,
the contribution of recombination is negligible even for energies slightly higher than the
recombination edge. Therefore, when the edge is not visible in the experiment it cannot
be important. The absence of Fe 25+ is due to small ionization rate of Fe 24+. Even for
the highest temperature case discussed in this chapter, Fig. 3.3c, the ionization time is
longer than 2.5 s, which is much longer than the plasma duration. For this reason this
ionization stage has not been included in our final results. lts concentration has been
summed to the concentration of the ionization stage Fe 24+ instead. This correspondents, in fact, to the worst situation with regard to the recombination contribution,
since the recombination intensity is a function of the Z 2 and Fe 24+ has the largest
ionization energy. For the lower ionization states the ionization times are smaller, but
can still be much larger than the typical timescale of transport. Therefore, the coronal
equilibrium may never be reached. The coronal model used for the ionization states is
therefore expected to lead to an overestimate of the contribution of recombination.
In Fig. 3.3 the solid lines represent the results of simulations, calculated by taking
into account the Gaunt factor and recombination, but without the shape functions. Also
represented in these plots are the spectra that would be expected for a pure Maxwellian
plasma at Te- Thomson. This was calculated with the simplified Kramers formula. From
Comparison of measured and calculated SXR spectra
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these pictures we notice that the simulations can satisfactorily reproduce the shape
of most spectra measured on RTP. However, in all cases it is necessary to apply a
multiplication factor to superimpose the measured and the simulated spectra. This
factor, which for each of the cases is given in table 3.1, is somewhat larger than can he
explained by the uncertainties in temperature and outlining of the detector. The reason
for this discrepancy in absolute intensity still remains unclear.

3.5. Interpretation and discussion
Using the electron velocity distribution determined by the simulations, some important quantities could he calculated. For all 5 cases shown in Fig. 3.3, the following
quantities have been determined:
(1) The volume integrated energy change (I::!.E) and the maximum energy change at
a certain flux surface AEmax obtained by comparing the total energy in the calculated distribution function with the energy in a Maxwellian plasma which has a
temperature equal to Te- Thomson.
(2) The surface integrated increment (over the plasma cross-section) (!la} in plasma
conductivity and the maximum increment at a certain flux surface Aamax obtained
by comparing the conductivity calculated with the Fokker-Planck code with neoclassical conductivity.
(3) The empirie parameter Ç defined by
(3.5.1)

where (Teff)n is the slope of the spectrum measured at n times the temperature of
the 'thermal bulk'. This parameter is a measure of the change in the slope of the
spectrum. These quantities have been summarized in Table 3.2, together with the
critica! energy calculated with Eq. (3.3.2).
The low-density Ohmic X-ray spectrum shown in Fig. 3.3a has a sharp transition
around Ec

~

7 ke V between the thermal and nonthermal part of the spectrum. The

fiat tail beyond this energy is due to the tail on the distribution function caused by the
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Table 3.2 - neo central electron density, PEcRH ECRH power, tl.E the change in energy,
/l.(J' the increment in plasma conductivity, the parameter

e, and Ec the critica] energy

for the Jive spectra depicted in Fig. 3.3.
Fig.

e

neo

PECRH

tl.Ema:x

(tl.E}

tl.O'ma:x

(tl.O'}

1019 m-3

kW

%

%

%

%

24

12

28

16

0.26

7

Ec
keV

3.3a

2.1

3.3b

2.2

48

22

2

37

7

0.43

15

3.3c

2.2

180

39

4

86

7

0.75

36

3.3d

3.1

6

3

5

3

0.69

13

3.3e I

7.3

<3

«1

0.3

0.2

0.561

26

1 Calculated using the experimental spectrum.

electric field as discussed in the section 3.4. This tail carries locally considerable amounts
of energy and current. In fact the values listed for Fig. 3.3a depend on the maximum
energy used in the computations, which was 170 keV. Because the Fokker-Planck code
does not include physical mechanisms which reduce the tail, using a larger energy range
simply means extending the tail to higher energies and would, therefore, increase the
values of D.E and D..O'. This is typical of cases in which a significant electron runaway
rate is obtained [29].These numbers should, therefore, only be seen as an indication.
For the other simulations (see Fig. 3.3.b-e) the distribution function at the maximum
energy has a very low value and the results do not depend on the energy range in the
computation.
For the two cases during ECRH (see Fig. 3.3b and 3.3c) the critical energy is higher.
This change can be understood as follows. When ECRH is applied the temperature of
the bulk electrans increases and therefore the resistivity decreases. Because the plasma
current is kept constant this willlead to a decrease in inductive toroirlal field, and to an
increase of the critica! energy, as can beseen from Eq. (3.3.2). The increase in critica!
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energy means that the tail due to the electric field is formed at higher energies with
(exponentially) less particles in the tail. Therefore, in the case of 180 kW one would
not expect a large nonthermal contribution due to the electric field alone.
The distortion from the Maxwellian spectrum below the critical energy shown in
Fig. 3.3b and 3.3c is due to the heating by the EC waves. It can be seen from Table 3.2
that this leads to strong, local nonthermal effects. It should be noted, however, that the
power deposition of the EC waves is very localized. The increase of the total conductivity
was, for instance, only 7% in the case of 180 kW ECRH. Furthermore, radial ditfusion
which could alter these local changes significantly, is not taken into account.

The

effect of radial ditfusion of the suprathermal electrons on the plasma conductivity has
recently been stuclied [30].In certain cases this has been found to lead to an appreciable
increase in conductivity. In the Ohmic phase the nonthermal effects also decrease with
minor radius because the temperature decreases, but the effect is much less localized.
The total conductivity has increased by 16% compared to the neoclassical value in the
case of Fig. 3.3a, whereas the maximum change was only 28% here. This leads to the
condusion that the determination of Zeff from neoclassical resistivity is actually better
in the case of 180 kW ECRH than in the low-density Ohmic case.
Heating with EC waves leads to totally different deformations in the distribution
function compared to the deformations caused by the electric field alone. The spectra
for ECH discharges have a more gradual transition from the bulk to tail, starting at
energies close to thermal, and a tail with a moderate temperature (a few times the
thermal energy) is observed. The occurrence of a more gradual transition from bulk to
tail in the spectrum with increased ECRH power can clearly be seen from the change
in the empirie parameter Ç, which increases from 0.26 for no ECRH to 0.75 for 180 kW
ECRH.
From Table 3.2 and Eq. (3.3.2) it can be seen that with increasing ne the critical
energy increases as well, due to a higher collision rate. From the spectra of Figs. 3.3d
and 3.3e it can be seen that the nonthermal effects indeed decrease.
As is clear from Figs. 3.3a-c, the Fokker-Planck code can reproduce the nonthermal
effects during the Ohmic as well as the ECRH phase of the RTP discharges if ne is
low. However, for neo
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simulated spectrum cannot reproduce the details observed in the energy range above
6 keV. The flat tail beyoud 9 ke V may he generated by a population of runaway electrous
which are produced in the beginning ofthe discharge, when ne is very low and the electric
field is high. The speetral region 5-9 keV in Fig. 3.3e which has a higher 'temperature'
than measured with Thomson scattering could not be explained by either the toroirlal
electrical field or by runaway electrons. In order to estimate the energy residing in this
group of mildly nonthermal particles, one cannot simply take the derivative of the SXR
spectrum because volume effects can he important, i.e. a small population in the centre
can have the same effect as a larger population distributed over the plasma column.
However, if we assume the peaking towards the centre to be same as the thermal part,
the energy in the nonthermal population between 6 and 11 ke V can be estimated to be
0.2%. The power needed to maintain such a population would then be between 10 and
20% of the total input power because the energy confinement time is roughly two orders
of magnitude longer than the collisional energy loss time of these electrons.
If recombination is not taken into account in the model, a good agreement can be

found for the shape of the calculated spectra with the measurements in Fig. 3.3d. In fact,
as discussed above, the coronal model overestimates the recombination contribution. A
more realistic model for the ionization equilibrium should be used to decide whether
the discrepancy for this case can be explained by a wrong estimation of the recombination contribution. In all cases shown in Fig. 3.3, the agreement of the shape of the
calculated spectrum with the experimental points is somewhat better if recombination
is not included.
From the simulations it is clear that deformations of the distribution occur in the
energy range 4-6 keV. As a consequence, the speetral region where the value of Te is
derived from the measured spectra is not suitable due to the large nonthermal features,
induced either by the toroirlal electric field or by the absorption of microwaves. Therefore, in most cases, especially during ECRH, the determination of Te from the X-ray
spectra gives a larger value than Thomson scattering. This also leads to an underestimate of the X-ray enhancement factor, and consequently of Zeff. At higher densities
the deformation in the range 4-6 keV is smaller and the temperature can be determined
with greater accuracy.
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The change in plasma conductivity l:l.a is an increasing function of ECRH power,
qualitatively following the behaviour of the energy in the nonthermal part of the distribution function. It should be mentioned that the valnes calculated for Fig. 3.3e did not
account for the distartion above 5 keV. In order to analyse how the current density is
distributed over the spectrum, Fig. 3.5a shows the fraction of the current, J1 (Ç), carried
by electrans with an energy above ÇTe:
(3.5.2)
for the computed spectra of Figs. 3.3a-c. In Fig. 3.5a the thicker line represents the
current distribution for a small electric field and without ECRH. The conductivity calculated with the Fokker-Planck code in this case is identical to the Spitzer conductivity
[31],with the proper neoclassical correction [32]. For the spectrum in Fig. 3.3a, a large
fraction of the current is carried at energiesabove 16 times Te, whereas with ECRH the
current at such energies decreases with increasing EC power and is negligible for the
high power case. Also observed is that the current carried in the energy range 3-10 Te
increases slightly. This effect can be seen better in Fig. 3.5b, where the first derivative

dJJfdÇ is shown. When the ECRH power is increased (see Fig. 3.3c) the current distribution in the spectrum becomes much broader. This is consistent with the nonthermal
effects related with ECRH as described above. In Figs. 3.5a-b the curves corresponding
to 48 and 180 kW were calculated for the surfaces where the maximum absorption takes
place.
Camparing the position of the peak in the current distribution in Fig. 3.5b, it can
be observed that it is localized at the same energy (2.5 Te) for the cases of Figs. 3.3a
and 3.3b. However, for the 180 kW ECRH power case the peak is shifted to energies

> 3.5 Te and the peak has become slightly flattened. This is because the electrans which
are in resonance with the EC waves on the magnetic surface with the largest nonthermal
features, have an energy 3.5 Te. The flatterring in the current distribution corresponds to
the quasi-linear flattening of the distribution function which occurs around the resonant
energy. For flux surfaces further away from the axis, the region of distartion moves to
higher energies, and the maximum of the curve again occurs at 2.5 Te.
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3.6. Conclusions
The following conclusions can be drawn from the work presented above. Substantial
distortions of the soft X-ray spectrum in the energy range a few times thermal are
observed both in Ohmic and ECR heated discharges. In ECR heated tokamak plasmas,
the nonthermal population is of an entirely different nature than in Ohmic plasmas at
low densities. In the latter case a flat tail up to high energies is formed, while in the
former case the noothermal population is at energies only a few times thermal. The
consequence of these observations is that caution is needed if the electron temperature
is deduced from the soft X-ray spectrum in the energy range a few times thermal.
Noothermal effects in low-density Ohmic plasmas, and especially with ECRH, generally
give an overestimate of the electron temperature.
Another difference is that in the ECRH phase the noothermal effects are very localized around the position where the resonance condition is satisfied, while the localization
in the Ohmic phase is much less pronounced. It was found that, although locally the
increase of the plasma conductivity is much larger in the 180 kW ECRH phase, the total
change in plasma conductivity is larger for the low-density Ohmic phase. The noothermal population can be simulated very well by the 2+ 1 D bounce-averaged Fokker-Planck
equation. Only at high densities noothermal effects are observed which are not caused
by collisions and the inductive electric field. These effects can be partly explained by
the presence of runaways created during start-up, but the unexpected high temperature
found at high densities in the speetral range 5-9 keV remains unexplained.
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Chapter 4.
Asymmetrie wave transmission during
electron cyclotron resonant heating
In low density plasmas in the RTP tokamak the single-pass absorption of 0-mode
waves at the fundamental electron cyclotron resonance is observed to he toroidally
asymmetrie. The absorption is highest for waves travelling in the direction opposite
to the toroirlal plasma current. Fokker-Planck quasi-linear code simulations have been
used to analyse these measurements
The Rijnhuizen tokamak RTP is equipped with two 60 GHz, 200 kW, 100 ms gyrotrons. One of the gyrotrons is connected to the low field side (LFS) of the tokamak.
The waves are injected in the midplane perpendicular to the toroirlal magnetic field,
either in 0-mode polarization for ECRH at the fundamental resonance or in X-mode
polarization for heating at the secoud harmonie resonance. The other gyrotron is connected to the tokamak on the high field side (HFS) and is used for the oblique injection
of fundamental X-mode waves. The experiments reported here, have been performed
with the LFS gyrotron and concern fundamental harmonie 0-mode heating on axis.
Opposite to the LFS launcher, a mirror is mounted to deflect the transmitted wave
power obliquely in order to prevent back-reflection and standing waves. In this mirror
nine antennae are mounted to measure the transmitted power. Extensive measurements
have been performed with this set-up to test the theoretica} expectations with respect
to wave refraction and wave absorption in Maxwellian plasmas [l].For the~al plasmas,
the main characteristics of wave absorption and dispersion are found to agree with the
theory for Maxwellian plasmas. These results are reported elsewhere [2].Here, we are
concerned with the low density regime, with densities neo on the magnetic axis lower
than 2 x 1019 m - 3 , in which significant deviations from the predictions for Maxwellian
plasmas have been found. In particular, close to perpendicular propagation the fundamental 0-mode wave transmission is expected to he independent of the angle of
propagation with respect to the magnetic field or, in other words, to he independent
of the parallel refractive index. At low densities, however, the measurements show a
Asymmetrie wave transmission ...
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clear asymmetry with the transmission being strongly reduced for waves travelling in
the direction opposite to the toroidal plasma current.
The work presented in this chapter is accepted for pubHeation in Plasma Physics
and Controlled Fusion [3].Several people made a contribution to this work. The measurements of the transmitted power were performed by F.M.A. Smits. A first simulation which showed that Fokker-Planck quasi-linear codes predict an asymmetry was
performed by G. Giruzzi. The various simulations, the sealing law and further interpretation was done by A.G. Peeters and E. Westerhof.
The outline of this chapter is as follows. Insection 4.1, a brief presentation is given
of the experimental set-up, and of measurement and interpretation techniques. The
experimental observations are presented in section 4.2. The conditions under which the
optical thickness can be asymmetrie are discussed insection 4.3. Numerical simulations
are presented in section 4.4. Subsequently, the results of the experiments and the
simulations are compared and an interpretation of the findings is presented in section 4.5.
Finally, the conclusions are summarized in section 4.6.

4.1. ExperimentalSet-up and Measurement Methods
The gyrotron used for the experiments described in this chapter, is connected to
RTP at the low field side. The wave launcher is positioned at R

= 0.928 mand has a

diameter of 63.5 mm. The wave beam is well described by a Gaussian beam originating
from R = 0.95 cm with angular half widths at the 1/e power level of 3.4° in poloidal
direction and 3.1° in toroidal direction.
In figure 4.1 the horizontal and vertical cross-sections of the experimentalset-up to
measure the single-pass transmitted power are shown. A detailed description is given
by Smits [4]. The diagnostic consists of nine conkal horns placed in a cross opposite the
ECH launcher. The transmitted power flux profile is probed in the toroirlal as wellas the
poloidal direction at five horizontal and five vertical measuring points. Both vertical and
horizontal wave polarizations can be received and measured independently. For the work
described here the horizontal polarization, which corresponds to 0-mode propagation,
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has been selected. The horns are embedded in a smooth, roof-shaped mirror. This
mirror prevents the beam from being refl.ected back into the launcher. In combination
with a cylindrical mirror surrounding the launcher it also eliminatea standing waves.
This set-up reduces the power entering the horns after multiple refl.ections, in vacuum, to
a level of -27 dB with respect tothatentering directly, and down to -55 dB in presence
of an absorbing plasma. All channels are absolutely calibrated with an accuracy of 15%.
POLOIOAL

TOROIDAL

CROSS.SECTION

CROSS.SECTION

19
v~s

3
homs 0
-4
-8

horns

0

-19

inside
mJrror

Fig. 1. Toroidal and poloidal cross-section of the mensurement set-up.
For the interpretation of the measured transmitted powers in terms of the optical
depths, the usual WKB assumptions are adopted, and the power flow is described along
ray trajectories. Furthermore, it is assumed that the presence of absorption and the
scattering by density fl.uctuations do not alter the ray trajectory of the transmitted part
of the wave power. The scattered power is assumed to be lost from the wave bearn.
First, reference measurements of the transmitted power, Tref, have been performed with
the resonance layer outside the plasma, thus for zero optical depth. Next, with the
resonance layer inside the plasma but otherwise similar plasma conditions (i.e. same
density profile and q-profile), measurements have been performed of the transmitted
power, Ta, in the presence of absorption. The optical depth ris determined from Tref
and Ta as
exp[-r]

Ta/Tref·

(4.1.1)

Here, the refraction and scattering in the two measurements must he equal. Errors in
the calibration cancel in the ratio. Refraction in the poloidal plane is very sensitive
for the electron density profile, and therefore the density profiles of both reference and
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absorption measurement must be identical. Refraction in toroirlal direction is much
less sensitive. It is only a weak nmction of the peak density and, to a lesser extent, of
the peaking of the density profile. Scattering has been verified to be negligible if the
peak density neo is less than half the cut-off density nc of the 0-mode [4]. At higher
densities, scattering is assumed to be comparable for plasmas with identical densityand q-profile. We stress that to determine an absolute value for the optical depth very
reproducible discharges are required.
However, todetermine the difference in optical depth between two antennae in the
toroirlal plane, less stringent requirements have to he met. The difference in optica!
depth is given by
Tr2
Trl

(4.1.2)

Ta2

where subscripts 1 and 2 correspond to horns 1 and 2. Since refraction and scattering are
only weakly dependent on the toroirlal angle [4], systematic errors, that are introduced
as a consequence of differences in retraction and scattering between the reference and
absorption measurements, will largely cancel in the calculation of the relative optical
depth Ar

r1

r2. The accuracy of the measurements of the relative optical depth

in the toroidal plane is estimated as ±0.2 provided that the reference and absorption
measurements are obtained for the same central density and simHar density profile
shapes.

4.2. Experimental Observations
Typical signals of plasma current, electron density, loop voltage and EC intensity
(2nd harmonie X-mode) for the plasma shots studied in this chapter are shown in
figure 3.2 of chapter 3. High central electron temperatures (Thomson scattering) around
3 keV have been obtained in low density plasmas, neo
plasma currents lp

60

< 2.0 x

1019 m - 3 , and for various

90 kA. The following typical observations are made. At

the onset of the ECRH pulse, a drop in the loop voltage is observed accompanied by a
decrease in neo in the beginning of the pulse. The density profile broadens, sometimes
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even becomes hollow, whilst the total density increases. The nonthermal EC emission
measured in the 2nd harmonie 0-mode and X-mode rises substantially, an increase of
the soft X-ray emission occurs, and the hard X-ray emission decreases.
In low density plasmas strongly nonthermal contributions are observed in the ECE
and soft X-ray spectra. A detailed study of the nonthermal soft X-ray spectra has
shown that they are in good agreement with spectra calculated on the basis of the
distribution functions predicted by Fokker-Planck quasi-linear code calculations [5].Simultaneously with these nonthermal effects the ECRH transmission diagnostic shows a
marked toroirlal asymmetry in the wave absorption. This is shown in figure 4.2, which
gives the optica} deptbs along the rays reaching each of the five antennae in the horizontal plane for a typical low density plasma. The optica! depth is much larger for waves
propagating in the direction opposite to the toroirlal plasma current.

3.0
2.5

Fig. 4.2. The optica] depths as a function of the ray path in the equatorial

2.0

plane for a typicallow density discharge
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The magnitude of the asymmetry depends strongly on the central density as shown

in figure 4.3, which gives the optica} depths as observed on the three central toroirlal
horns as a function of the central density.

These data have been obtained from a

discharge in which the density during the ECRH pulse has been increased by gas puffing.
Figure 4.3b shows the measured optica! depth asymmetry b.r, which is defined here as
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+3circ and -4°. It is

the difference in optical depth as measnred by the horns at 'Ij;

clearly seen that the asymmetry becomes negligibly small at the higher densities. The
curve in figure 4.3b shows a fit to the measured optical depth asymmetry of the form
t:.r = r+3- L4 = c1/nf§, where n19 is the central electron density in units of 1019 m- 3,
with the results cl
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Fig. 4.3. (a) The optica] deptbs for the central three toroidal horns as a lunetion of the
central density. The absorption data were obtained from a single discharge in which a
density ramp was applied during ECRH. (b) The corresponding asymmetry t:..r in the
optica] depth between the horns viewing at t{; = -4° and +3°.

Of course, the dependenee on the toroirlal position of the horns implies a dependenee on the parallel refractive index

Nu

in the area of wave absorption (the bottorn

axis in fig 4.2). Given the fact that the EC resonance condition is invariant under a
simultaneons change of sign of the parallel refractive index and the parallel momentum,
an asymmetry of the wave absorption implies an asymmetry in the electron distribution function. It will he argued that the asymmetry is due to a nonthermal electron
population. This is supported by the strong density dependenee shown in fig 4.3.
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4.3. N ecessary conditions for asymmetry in the optical depth
In this section the conditions under which the optical depth can be asymmetrie are
discussed. The optica! depth is determined by the amount of absorbed power, and can be
calculated from the quasi·linear ditfusion coefficient derived in chapter 2 in combination
with the distribution function. In the limit of zero broa.dening ó.Q -t 0, see equation
(2.4.5), the quasi·linear ditfusion tensor reduces to the ditfusion tensor obtained from
quasi·linear theory fora homogeneous plasmaand a plane wave (6].
1
DEc= -CpJ..DEcC,
Pl.

(4.3.1)

where the coefficient DEc is given by
1Te2

2

DEc= - 2-IGI ó('Y- wc/w- NliPII/mec),
mew

(4.3.2)

with G being the usual factor depending on the polarization of the wave electric field

E

(4.3.3)

and C is the differential operator defined by
C=

_!!_ + Pl.NIIw _!!_,
8pJ..

IDeCWc

8p11

(4.3.4)

Here, e+,- are the right- and left-handed circularly polarized componentsof the perpendienlar wave electric field, and ê11 is the parallel component. In the electron cyclotron
range of frequencies, the wave driven ditfusion is ma.inly in the direction of the perpendicular momentum. Since both Pl./mee and Nj1 are (much) smaller t,han unity, the
ditfusion in the direction of the parallel momenturn is very small. For perpendicular
propagation the electron cyclotron waves can only generate symmetrie perturbations of
the distribution function.
In the following, the consequences of Eq. (4.3.1) for the dependenee of the absorption
coefficient and the optica! depth on the parallel refractive index are analysed. For typical
parameters applying to the experiments on RTP, the quasi-linear operator is dominated
by perpendicular diffusion, and the second, parallel ditfusion term in Eq. (4.3.4) is
negligible. Also the effect of the parallel refractive index on the wave polarization
Asymmetrie wave transmission ••.
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is small for nearly perpendicular propagation. The main dependenee on the parallel
refractive index for the quasi-linear ditfusion and, consequently, wave absorption and
optica} depth then is through the resonance condition. The optica! depth is proportional
to the integral along a ray path of the normalized absorbed power for an electric field
of unit amplitude, i.e.

r

rv

where

J J
J!
ds

d3 p::DEcfe(x,p)

ds

d3 p - - - aP.L!GI 2 8('Y- nwc/w- NuPu/mec)-a fe(x,p),

p 2 1a
2mp.L Pl.

D and Gare given by Eqs.

a

A

Pl.

(4.3.2) and (4.3.3) with

(4.3.5)

IÈI = 1.

One immediately observes that the optica! depth can only be asymmetrie with respeet to the parallel refractive index, when the distribution function has an asymmetry
in the parallel momentum. This is not a suflident condition, however. The asymmetry in the distribution must also be spatially localized. For a spatîally homogeneons
distribution function, the integrals over the ray path and over momenturn may be interchanged to obtain
r

f"V

I wds IJd3p2p2

_!_aa P.LiG12aa !e(p),
mp.L Pl.
Pl.

where the gradient lengthof the magnetic field LB

(4.3.6)
iwcdsjdwcl has been taken to be

constant in the absorption region. Because of the change in gyrofrequency along the ray
path the resonance condition is satisfied for any electron at some point along the ray path
regardless its energy and parallel momentum, and the optica! depth for a homogeneons
distribution is independent of N11. Although the integral of the absorption coefficient,
for a homogeneaus distribution, is independent of the Nu, the local absorption coefficient

is not. At a certain position along the ray path the resonance curve crosses different
parts of momenturn space for different values of Ni1· A nonthermal distribution that is
localized in momenturn space only contributes to the absorption at a given position for a
certain value of N11. For a nonthermal distribution that is also localized in configuration
space, the optica! depth is a function of the parallel refractive index.
In the case of ECRH a nonthermal distribution is created just in the region of bulk
absorption, and will remain localized there provided the transport of the nonthermal
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electrous is su:fficiently small. An asymmetry in this nonthermal distribution with respect to Pil is created by the parallel electric field.

4.4. Results ofthe Numerical Simulations and Interpretation
Simulations of the experiments have been performed with the use of 2+1-D FokkerPlanck quasi-linear codes (see chapter 1 and 2 and ref.

[7]).These codes solve the

2-D (momentum pand pitch angle 9) bounce-averaged Fokker-Planck equation for the
evolution of the electron distribution function on a given set of magnetic surfaces. Symbolically the bounce-averaged Fokker-Planck equation can be written as
fJ!
fJt

(4.4.1)

where the first term on the right hand side C(f, Je, i) denotes the effect due to collisions
with electrous and ions, respectively, the secoud term

rEG

represents the EC wave

driven quasi-linear flux, and the last term gives the convection due to the DC parallel
electric field. The angular brackets indicate the averaging over the hounee phase iflB·
The electron-ion collisionoperator is evaluated in the high velocity limit, and contributes
only to pitch angle scattering. The electron-electron collision operator is approximated
by the Maxwellian-background operator corrected for parallel momenturn conservation
(see section 1.5). It is noted here that this collision operator conserves particles and
parallel momentum, but does not conserve energy. In fact, the Maxwellian background,
which is held at a fixed temperature taken from the experiment, serves as an energy bath.
This implicitly assumes, that the radial energy transport is mainly due to transport of
bulk particles, and that the energy loss of the fast particles is dorninated by collisional
losses to the bulk while the losses due to other processes like, for example, radial ditfusion
are small.
Simulations have been performed for various plasma parameters. Density and temperature have been varied over the range covered by the experiments, neo
2.5 x 10

19

m-

3

,

and Teo

= 1.2 to 2.2 keV.

1.3 to

The ECRH power level has been varied

between 60 and 180 kW, and for the electric field valnes between 0.03 to 0.14 V /m have
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been used. The dependenee on Zeff has been investigated by choosing

Zeff

= 1 to 5.

Simulations have been performed both with and without a DC toroidal electric field.
In the simulations of ECRH discharges, the flux surfaces cover only the central region
of the plasma column up to 5 cm in radius, to obtain a good spatial resolution in the
power deposition region. Further outside, the EC power deposition and, therefore, the
nonthermal effects are negligible. A complete list of the parameters for all simulations
is given in table 4.1.
A simulation has been performed for the same plasma parameters as for the experimental observations in figure 4.2. The electric field in this simulation has been chosen
to be 0.07 V Jm. For this value the current density on the magnetic axis is such that the
magnetic winding number on axis is close to one (qo

~

1). The results of the simulation

are shown in figure 4.4 in terms of the optical depth as a function of the parallel refractive index along the ray trajectodes in the absorption region. In these calculations
the optica! depth is obtained by integrating along the ray trajectories, using the full,
relativistic expressions for the absorption coefficient. The experimental data are shown
again for comparison. Also given are the optical deptbs that are obtained for a purely
Maxwellian plasma, and for Fokker-Planck simulations with only a parallel electric field
and no ECRH, or with ECRH only.
As expected, for a Maxwellian plasma the optical depth is symmetrie in, and almost
independent of N11. When only the electric field term is included in the Fokker-Planck
calculation, a small asymmetrie change in the optica! depth is obtained. A much larger,
but symmetrie change in the optical depth is observed, when only ECRH is included in
the calculation. The optical depth for the central ray with

Ni1

= 0 is seen to decrease

due to quasi-linear saturation of the absorption, while the optical depth for finite N11
in the wings of the wave beam is seen to increase. Only when both the electric field
and the ECRH dilfusion are properly accounted for, a large asymmetry of the same
sign and magnitude as in the experiment is obtained. The behaviour of the optical
depth as a function of parallel refractive index, shown in figure 4.4, is typical. In all
simulations there is a dip at zero parallel refractive index and two peaks at finite N 11
with a large asymmetry in the peak values. For all simulations, the asymmetry in terms
of the difference t::.r between the peak values is given in table 4.1. This asymmetry
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Table 4.1. The parameters of the simulation runs and the resulting asymmetry
ne
10t9m-3

Te
keV

1.35
1.35
1.35
1.35
1.35
1.50
1.50
1.50
2.00
2.00
2.00
2.50
2.50
2.50

2.20
2.20
2.20
2.20
2.20
1.90
1.90
1.90
1.50
1.50
2.20
1.25
1.25
1.50

Eu
V/m
0.07
0.03
0.14
0.14
0.14
0.14
0.14
0.14
0.07
0.14
0.07
0.07
0.14
0.07

zeff

PEe

Pabs

2.7
2.7
2.7
2.7
2.7
1.0
2.7
5.0
2.7
2.7
2.7
2.7
2.7
2.7

kW
180.
180.
180.
120.
60.
180.
180.
180.
180.
180.
180.
180.
180.
180.

kW
115.
115.
112.
81.
43.
116.
120.
122.
123.
123.
123.
124.
124.
131.

Lj.r*

0.84
0.33
1.74
1.21
0.63
3.54
1.23
0.71
0.19
0.42
0.37

o.o ...
0.16
0.10

-

* Lj.r is the difference between the two peak values of the optica! depth at positive and
negative N11 {cf. figure 4.4).

Fig. 4.4. The calculated optical depth
in the equatorial plane as a tunetion of

3.0

N11 for a low density discharge: neo

1.3 x 1019 m- 3 • The curves show the

2.5

results of the calculations fora Maxwellian distribution (heavy line), fora simulated plasma shot with an electric field

2.0

't 1.5

of 0.07 Vjm (dotted line), fora simulated plasma shot with 180 kW of
ECRH (dash-dotted line), and for a

1.0
~

-;

..

0.5

simulatedplasmashot with both 180kW
of ECRH and an electric field of 0.07
V/m (thin line).

(the experimental

data of Fig. 2 arealso given).
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increases with decreasing density and increasing temperature and parallel electric field.
Also a larger amount of ECRH power leads to a larger asymmetry.
These results clearly show that the calculated asymmetries are due to a synergistic
effect ofthe ECRH and E11· This yields the following physical picture ofthe effect. First,
due to the very high local power densities that are achieved (in the order of 10 MW /m3 ),
the ECRH generates a significant nonthermal electron population. Because of the perpendicular wave propagation, this population is symmetrie in parallel momenturn space.
Second, the parallel electric field will accelerate this nonthermal population resulting
in an excess amount of nonthermal electrous moving in the direction opposite to the
toroirlal current. As these particles are created in the area of bulk power deposition,
they can only contribute to absorption of a given part of the wave spectrum when the
relativistic down shift of their gyrofrequency is compensated by a Doppier shift. This
is only the case for the waves propagating in the same direction as the energetic electrous so that the Doppier shift is positive and, hence, mostly for rays propagating in
the direction of the current carrying electrons. For waves propagating in the opposite
direction, the Doppier shift for the energetic current carrying electrous gives an additional resonance downshift, which prevents the interaction in the area where they are
created. For the latter waves, the energetic electrous only add to absorption after radial
ditfusion (not included in the numerical model) toa higher field region.
Based on this picture of the asymmetry, it is possible to construct a simple beuristic
sealing law for the size in the asymmetry of the optica} depth. The fact that the
effect is caused by a synergy between the parallel electric field and ECRH, suggests
that the asymmetrie perturbation of the distribution function will in leading order be
proportional to both
is ex: PEcT:/

2

Eu and the energy absorbed per partiele in a collision time, which

/Zeffn;.

Since the change in optical depth is itself proportional to the

density of nonthermal electrons, this then leads to a sealing of the asymmetry

~r

of

the optica} depth according to
~TCX:

E 11 PEcT:12

zeffne2

(4.4.2)

In ligure 4.5 the results of all Fokker-Planck calculations are summarized by plotting
the asymmetry in the optica! depth as a function of this sealing parameter. In this plot
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Fig. 4.5. The results of the Fokker-Planck quasi-linear calculations (table 4.1) in terms
of the optica] depth asymmetry in the equatorial plane as a lunetion of the proposed
sealing parameter (4.4.2) in the units of table 4.1.
all the simulations are close to a straight line through the origin, which is a clear confirmation of the proposed sealing and the underlying physical model of the asymmetry.
The main deviation from the proposed sealing law is a slightly stronger than quadratic dependenee on the electron density (ex: 1/n~.4). In particular, this explains the
deviation of the points in the bottorn left corner of the figure, which correspond to the
simulations with the highest density. A reason for this slight discrepancy might be the
fact that, at higher densities, refraction becomes important, leading to a decrease of the
absorbed power density, while also the total absorbed power decreases.
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4.5. Comparison and Discussion
A comparison ofthe experimental results presented in figure 4.2 with the simulations
as presented in figure 4.4, shows that a number of features are reproduced by the
simulations. In particular, the asymmetry of the optical depth with respect to the
parallel refractive index is reproduced. For the optical depth in the centre of the wave
beam the simulations predict a decrease, while for the experimental data of figs. 4.2
and 4.3 the optical depth for '1/J = 0°, for low densities, is larger or equal to that of
'1/J

=

-4°. For high densities the measured value of the optical depth for '1/J

=

0° is

somewhat smaller than that of '1/J = -4°. No satisfactory explanation for the absence
of the quasi-linear dip in low density plasmas has been found. In the simulations it was
observed that an increase in the electric field leads to an increase of the wing for positive
parallel refractive index and to a decrease in the wing for negative values in the index.
The central dip value, however, remains the same and, therefore, changing the electric
field does not improve the correspondence between measurements and simulations in
this respect.
A decisive argument for our interpretation would be a direct comparison of experimental results with the proposed sealing law (4.4.2). Some parameters in this sealing,
however, are not only difficult to control, but may also be strongly interdependent in the
2

experiment. For example, E11T;; /Zefi will be practically constant in the experiments
since in most cases the central current density is fixed by qo

~

1, thus equation (4.4.2)

approximately is

t:J..r ex:

PEe

(4.5.1)

--2.

qone

Only the power and the density can easily be varied. figure 4.3 clearly shows that the
asymmetry indeed decreases strongly with increasing density. A fit to the experimental
data shows a decrease with "" 1/n~, stronger than predicted by the proposed sealing.
Although the simulations show a slightly stronger dependenee as well, a difference in
2

the density sealing remains. This might be due toa small variation in E11T;; /Zeff·
As argued in section 4, the asymmetry can only occur when, apart from being asymmetrie in Pil, the distribution function is inhomogeneous as well. This requirement can
be used to estimate an upper limit for the ditfusion rate of the suprathermal electrons,
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that are responsible for the asymmetry. The energy of these electrous follows from the
condition that their parallel momentum is such that the Doppier shift for a parallel
refractive index Nj1

~

0.10- 0.15 (see tigure 4.4) compensates for the relativistic down

shift of their cyclotron frequency. For p .L = 0 this yields a value for the energy of
20 - 30 keV. This estimate agrees well with the results of the simulations, where the
asymmetry in the optical depth is attributed to electrous in the energy range of 20 40 keV, by scanning the maximum energy of the electrous in the calculations of the
absorption coeffi.cient and the optical depth. The radial shift at which these particles
would contribute to wave absorption at the opposite side of the parallel refractive index
spectrum, is then estimated to be .dr

~

6 cm. Thus, the radial diffusion for these

particles must be slow enough to allow an inhomogeneity of the distribution function
over this distance. This yields the requirement for the diffusion coeffi.cient
D

< .dr2 ,

(4.5.2)

,....,

Te

where

Te

is the slowing-down time of the suprathermal particles responsible for the

asymmetry. For a typical density of ne

= 2 x 1019 m- 3

this gives an upper limit for

the diffusion coeffi.cient of D ;:S 2 m2 /s. The bulk electron diffusion coeffi.cient for these
discharges is of the same order.

4.6. Conclusions
The toroidally asymmetrie wave transmission that is observed in the ECRH experiments on the RTP tokamak, is proposed to be a synergistic effect of the DC toroidal
electric field and the EC waves. ECRH creates a spatially localized, large, but symmetrie
nonthermal electron population. The parallel electric field accelerates this population
and induces an asymmetry in the distribution function, which is responsible for the
asymmetrie wave absorption. Reasonable agreement has been obtained between the
measured asymmetry and the one predicted by Fokker-Planck quasi-linear code calculations. The calculations, however, also predict a significant quasi-linear saturation of
the absorption for the central part of the wave beam, which is not confirmed by the
Asymmetrie wave transmission ..•

105

experiment. A henristic sealing law, Eq. (4.4.2), for the asymmetry in the optical depth
has been obtained which is in good agreement with the numerical code predictions over
a wide range of parameter space. The experimental data are insufBeient to allow a
definitive comparison with this sealing law. Still, the general trends are borne out by
the experimental data, which show a decrease of the asymmetry with increasing density.
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Chapter 5.
Toroirlal asymmetry in the trapped partiele
population generated by toroidally localized
Electron Cyclotron Resonant Heating.
The previous cha.pters assume toroidal symmetry of the velocity distribution function. This assumption is based on the fast transport along the field lines in combination
with the toroidally symmetrie magnetic equilibrium. However, fast transport along the
field lines does not necessarily mean that the particles move over the entire flux surface. Because of the reflection in the hounee points, the motion of a trapped partiele is
restricted to a limited part of a magnetic field line, and the orbit has a specific toroidal
position. In the case of electron cyclotron resonant heating, the plasma is heated at a
specific toroidal angle. The wave only heats those trapped particles whose orbits cross
the beam and, hence, the trapped partiele distribution can he toroidally asymmetrie.
The population in the beam is heated more efficiently compared with the toroidally
symmetrie case because the same amount of power is absorbed by fewer particles. Consequently, in the asymmetrie case the trapped partiele distribution in the beam bas a
more strongly nonthermal character compared with the toroidally symmetrie case. This
chapter discusses a number of effects that are caused by the toroidally localized heating
of the trapped particles. Part of this work was publisbed in ref. [1].
Also on rational surfaces, where the field lines close upon themselves aftera limited
number of turns around the torus, the particles do not move over the entire surface.
Here, the passing particles are assumed to move move along the field lines over the
entire surface on the short timescale of the hounee motion, as is the case for non-rational
surfaces. Their distribution is then toroidally symmetrie.
Several effects tend to restore the toroidal symmetry in the trapped partiele region.
The trapped partiele orbits do move in toroidal direction due to the drifts, which are
the result of the magnetic field inhomogeneity. Also, the plasma as a whole can exhibit
a toroidal rotation. Furthermore, the collisional scattering of electrons from the trapped
partiele region to the passing region has to be considered. If trapped particles escape
Toroidal asymmetry in the trapped partiele population ...
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from the magnetic well, their orbits lose their specific toroidal position. Collisional
coupling of the trapped and passing regions, therefore, diminishes the toroidal asymmetry. Only if these three processes occur on a timescale sufficiently long compared with
the timescale of energy absorption from the wave, does a significant asymmetry in the
distribution result. The latter timescale can he defined as the time in which trapped
particles absorb an amount of energy equal to the thermal energy.
In this chapter, an analysis is given of the conditions under which a toroidally asymmetrie trapped partiele distribution is generated, and of the consequences that this has
for plasma properties and diagnostic signals. Insection 5.1 the pertinent physics processes, and the timescales associated with these processes are discussed. To describe the
toroirlal asymmetry, the kinetic equation, as discussed in chapter 1, must he altered. The
proper kinetic equation is derived in section 5.2. This equation is implemented in the
numerical code RELAX. Section 5.3 presents several examples of simulated toroidally
asymmetrie electron distributions that are generated by ECRH. The effects of the asymmetry on the EC current drive efficiency, and EC emission spectrum, are analyzed.
Finally, the conclusions are presented in section 5.4

5.1. Timescales of processes involved
This section discusses the timescales of the four processes that are important for the
formation of a toroidally asymmetrie trapped partiele distribution. These are: toroidal
plasma rotation, toroidal drift of the trapped partiele orbit, escape from the magnetic
well due to collisions, and heating with electron cyclotron waves. At the end of this
section the various timescales are compared and the parameter regime, in which a
significant toroidal asymmetry in the trapped partiele population results, is identified.

Plasma rotation
Plasma rotation is observed experimentally with frequencies in the range 1-20kHz.
The larger tokamaks generally have lower rotation frequencies. The high values around
20 kHz are obtained during neutral beam injection, where momenturn of the beam is
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transfered to the plasma. The physics of plasma rotation is not entirely understood,
and it is impossihle to predict the rotation frequency for a given set of parameters. In
the equation for the kinetic evolution derived in section 5.2, plasma rotation can he
added hy introducing a toroidal velocity of the trapped partiele orhit independent of
the energy of the partiele. All numerical calculations of section 5.3, however, are clone
for negligihle rotation. The rotation of the plasma in these cases is assumed to occur on
a timescale larger than the timescale of the orhit drift. This condition can he satisfied
only for plasma rotation frequencies lower than 1-2kHz typically.

Toroirlal drift of the trapped partiele orbit
The gyrocentre motion of a charged partiele consists of the motion in the direction
of the magnetic field, and a slow motion across the magnetic field is due to the inhomogeneity of the magnetic field. With only the motion along the magnetic field the orhit
of a trapped electron has a specific toroidal position. Below, the toroidal position of the
hounee orhit is defined using the field line on which the partiele resides at a given time.
The position is specified hy the toroidal angle <po of the crossing of this field line with
the equatorial plane on the low field side. The motion across the magnetic field leads to
a slow toroidal motion of this orhit. In this suhsection the timescale in which the orhit
drifts around the torus is derived. Analytic expressions for the orhit drift are ohtained
in the approximation of the magnetic geometry hy concentric circular flux surfaces. The
derived expressions are accurate in lowest order in the inverse aspect ratio

€

= r / R only.

The drift of the orhit has two contrihutions that are hoth due to the inhomogeneity
of the magnetic field. The first contrihution is due to the poloidal component of the
vertical electron drift (1.2.10). The electron drifts from one field line to another, and
the toroidal position of the orhit slowly changes. Because the motion in toroidal and
poloidal direction are related through the helicity of the field line, the toroidal motion
of the trapped partiele orhit due to the poloidal component Jdrift of the vertical electron
drift is
(5.1.1)
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At a certain position on the surface the contribution of the poloidal component of the
drift (1.2.10) to the orbit drift is
(5.1.2)
where 'IJ is the poloidal angle which is chosen such that (R, r.p, '19) forms a right handed
coordinate system, and 'IJ = 0 on the outboard side of the surface. Almost all trapped
particles spend most of their time in the region on the surface where cos iJ

> 0. For

these particles the orbit drift, which is chosen to be in the positive r.p direction, is
opposite to the enclosed plasma current (negative r.p direction). In the limit of barely
trapped particles the timespent in the reileetion point, where cos 'IJ

< 0, diverges.

These

particles drift in the negative r.p direction. The approximation in (5.1.2) can be made

1

for trapped particles, because v ~ ;5

fVÎ,

The drift of trapped particles is mostly due

to the grad B drift of the inhomogeneous magnetic field. The curvature drift heing of
minor importance because of the low parallel velocity compared with the perpendicular
velocity.
The second effect that causes a toroidal drift of the orhit is the dependenee of
the magnetic winding number q on the minor radius. This dependenee in combination
with the excursion of the trapped partiele from the surface leads to a difference in
toroidal distance between the hounee points for the inner and outer leg of the trapped
partiele orbit. The orbit is again shifted slightly after a hounee period. To calculate
the contribution to the orhit drift the excursion from the surface has to he known.
This excursion can be calculated using the conservation of canonical toroirlal angular
momenturn P'{>, equation (1.2.6). For circular concentric surfaces to lowest order in the
inverse aspect ratio

jV7/Jj

= d7fJ/dr = RBiJ::::::: RfBjq,

(5.1.3)

With the help of these approximations the excursion ór from the surface on which the
hounee points lie, r = rb i.e. the surface where the parallel velocity is zero, is
ór

q

= - v11 + 0(15).

(5.1.4)

fWc
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where qféwc is evaluated at the hounee point. From the equation (5.1.4) the contribution
to the drift of the orbit at a certain position on the orhit can be derived in analogy to

(5.1.1) as

qs

2
-R22
vil'
é Wc

<Po= 8q-à
where

sis the shear s = (rfq)dqfdr,

(5.1.5)

which for normal current profiles varies between

zero on the magnetic axis and two at the plasma edge, and qsf R 2 é 2wc is again evaluated
in the hounee point. For positive shear this contribution to the orhit drift is opposite
to the enclosed plasma current and, therefore, in the positive cp direction.
Both the equations (5.1.2) and (5.1.5) give the contribution to the orhit drift at a
position on the orbit. The quantity of interest is the combination of the two effects
averaged over the orbit
(5.1.6)
where all quantities have to he evaluated at the surface on which the hounee points lie.
To lowest order in the inverse aspect ratio the hounee average can be performed (see
appendix A) to give

(<i:>o)B =

2

qvR2 H(~~:*, 8){1 + O(e)},

2Wc

(5.1.7)

f

with
(5.1.8)
and
~>.

*=

!ï+i

()

(5.1.9)

y~cos O·

Here, K and E are complete elliptic functions of the first and second kind, and

~~:*

is

a parameter that goes from zero for deeply trapped particles to one for barely trapped
particles. Figure 5.1 shows

H(~~:*,

s) as a function
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for various values of the shear.
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Figure 5.1. Plot of H(K*, s) as a function of""* for various values of the shear

s.

The function H(K*, s) is of the order one and, therefore, the time a partiele needs to
drift around the torus
_ 41rwcR
2
qv

2

€ _

'ïdrift -

'ïdrift

O

-

is approximately

. 022 5

€ Wc,lOO

q

E

k

R2

(5.1.10)

s,

where Ek is the energy of the trapped partiele in keV, and

Wc,lOO

is the gyrofrequency

in units of 21r · 100 GHz.

Collisional escape
If due to collisions a trapped partiele is scattered to the passing region its orbit no
longer has a specific location on the magnetic surface. The escape from the magnetic well
due to collisions sets a maximum timescale on which the heating of a trapped partiele
in the beam can occur and, therefore, determines the magnitude of the asymmetry. The
collisional escape time can he estimated with the help of the pitch angle scattering term
of the high velocity limit of the Fokker-Planck collisionterm [2]

8/
_1
ne,l3 (lnA)
1 8 [ .
8f]
8t == 9776s (Zeff+l)Ek3/2 16 sin9o89o sm9o89o ,
where

ne,l3

(5.1.11)

is the partiele density in units of 1013 cm - 3 . This high velocity limit applies

when the velocity of the electron is much larger than the thermal velocity. The pitch
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angle of the trapped-passing boundary

Btrap

is given by equation (1.2.9). From this

equation, and the assumption of small inverse aspect ratio, it follows that escape of a
trapped partiele requires, on average, scattering over an angle
it follows that the typical timescale for escape
Tese

~ 1 · 10- 4 S

E

1+

Z

E

Tese

f:..(J ~

.fi.

From (5.1.11)

is

3/2
k

(5.1.12)

elf ne,13

Quasi-linear heating time
The timescale on which the heating occurs is derived from a simple model. The
average increase in energy per unit of time of the electrans is equal to the absorbed power
Pabs

divided by the number of particles that share the energy. This number is determined

by the density and the volume of the shell that is heated. In the asymmetrie case for
trapped particles in the beam, this volume is a factor l:..<{)tor/27r smaller compared with
the passing particles, where l:..<ptor is the toroidal extension of all orbits that cross the
beam. This extension is not equal the toroirlal width of the beam on the surface. Due
to the motion along the field lines which is mainly in toroirlal direction the extension
of orbits that can absorb energy from the beam is determined mostly by the poloirlal
width rather than the toroirlal width (see also figure 2.3).
(5.1.13)
where LiJ is the poloirlal extension of the beam on the surface. For simplicity it is further
assumed that there is no difference in power absorption between trappèd and passing
particles. This approximation neglects the pitch angle dependenee in the coupling of
the wave and particles. This approximation is rather crude. For a perpendicularly propagating 0-mode, for instance, the coupling between wave and particles is proportional
to cos 2 (), and is, therefore, smaller for trapped particles than for passing particles. The
coupling for the X-mode on the other hand is stronger for trapped particles than for
passing particles.
In the circular surface approximation the volume of the toroirlal shell with width dr
is 47r 2 R 2c:dr, and the power absorbed in this shell is 2P k; · dr, where P is the power
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that reaches the shell and

~

is the imaginary part of the wave vector. The average

increase in energy per partiele per unit of time then is
dE

dt =

21r
fl.f{)tor

2Pki · dr
ne411' 2 R 2 € dr

P ki cos(L{ki, dr))
1l'qRL."ne

(5.1.14)

where ki is the imaginary part of the wave vector, and P is the power that reaches the
surface. An expression for ki fora perpendicularly propagating 0-mode in a low density
plasma was given in chapter 3, equation {3.3.3).
In the calculation of the change in energy (5.1.14) it is assumed that the energy is
shared by all electrons. This is a good approximation only when the thermal bulk is
heated. However, the value of the energy increase for the thermal bulk also gives a very
rough estimate of the energy increase of the resonant electrans when the wave heats
electrans which have an energy several times thermal. This is because the strongest,
exponential dependenee of ki on the resonant energy, whlch is due to the exponential decrease of resonant electrans with increasing resonant energy, is compensated by the same
dependenee in the number of electrans that share the energy. However, the coupling
between particles and the wave is energy dependent, and quasi-linear effectscan make
that less energy is absorbed for higher resonant energies. Therefore, the energy increase
(5.1.14) can only be used to have an indication of the importance of the asymmetry.
Tbe energy increase of the trapped partiele population in the beam, given by
(5.1.14), is not a function of the minor radius. Although the volume of the toroidal
shell V

411' 2 Rr dr increases with minor radius, the toroidal extension of the popula-

tion that is heated decreases. Except for changes in the magnetic winding number and
poloidal extension of the beam, the volume of trapped particles that is heated is constant. For the passing partiele distribution, however, the energy increase per electron
in a callision time decreases with increasing minor radius due to the increase in volume.
Because the trapped particles outside the beam region are collisionally coupled to the
passing partiele distribution this energy increase also determines the nonthermal effects
in the trapped partiele distribution outside the beam. Because the nonthermal trapped
partiele population in the beam is approximately independent of the minor radius, and
the population outside the beam decreases with increasing minor radius, the asymmetry
is larger for a larger minor radius.
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The different parameter regimes
Below the timescales of the different processes are compared and different regimes
are identified. Plasma rotation will not be considered here. The two processes that
diminish the toroidal asymmetry then are: the escape from the magnetic well due to
collisions, and the orbit drift of the trapped particles. The quotient of the timescales
associated with these processes is independent of the inverse aspect ratio

f,

or minor

radius
Tdrift =

225 (l

+Z

Tese

2

) We,lOoR ne,13
elf

qEk

5/2

(5.1.15)

.

The relative difference in drift and escape time is strongly dependent on the energy of
the trapped electron. This is because the timescale for collisional escape increases with
increasing energy, while the drift time decreases. For typical parameters the thermal
particles will have a shorter escape time compared with the drift time. Noothermal
electrous with higher electron energies, however, might have a shorter drift time. When
consiclering the drift of the orbit, two timescales can be indentified. Besides the time in
which the orbit drifts around the entire torus, also the time in which it drifts over the
length

D..r.ptor

drift time

has to be considered. This timescale is a factor

b..r.ptor /27r

shorter than the

T drift.

Three regimes based on the difference in the timescales of escape and orbit drift can
now be indentified. In the first regime

Tese

<

b..r.pt 0 rTdriJtf27r,

the trapped partiele is

scattered out of the trapped partiele area before the orbit drifts out of the beam. This
is the case for low energits. The drift of the orbit can be neglected, and the maximum
energy a trapped partiele in the beam can absorb is (dE/dt)Tese, which increases with
increasing energy of the trapped particles because of the longer collisional escape time.
In the secoud regime

b..r.pt 0 rTdriJtf27r

<

Tese

<

Tdrift,

the electron is scattered out of

the trapped partiele area before it moves around the torus. This condition is satisfied
for intermediate energies of the trapped particles. The energy the trapped electron
can absorb is determined by the time the orbit is in the beam

(dEjdt)(D..r.pt 0 rTdriJtf27r).

Now, the absorbed energy decreases with increasing energy due to the shorter drift time.
Finally, in the third regime

Tese

> Tdrift• the trapped particles move around the entire
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torus without escaping the magnetic well. This is the case for high energy electrons. In
this case the fast drift makes the distribution function toroidally symmetrie.
From the discussion above it follows that the maximum absorbed energy of trapped
particles in the beam is limited and occurs at the boundary between the first two regimes
Tese= f:::..r.pt 0 r1"driJtf21r.

Combining equation (5.1.10) and (5.1.12) to eliminate the energy,

and using equation (5.1.14) one can derive
(5.1.16)
where f\1w is the power in units of MW. From this equation it is clear in which parameter regime the largest asymmetry in the nonthermal population occurs. A high
magnetic field, or high gyrofrequency, and small value of the magnetic winding number,
leads to a larger asymmetry because of the smaller drift. High absorbed power, due
to a large amount of injected power and high values of ki, leads to high values of the
energy increase. The density dependenee is partly compensated by the approximately
linear dependenee of ki on the density. This approximation applies for not too high
electron densities. The remaining dependenee leads to an increase of nonthermal effects for smaller densities. This is because the collisional escape time is longer. The
latter effect is also the reason for the dependenee on Zeff, which should be low for a
large nonthermal effect. The dependenee on the major radius is somewhat misleading.
The maximum absorbed energy increases with decreasing major radius because of the
volume of the toroirlal shell. However, larger tokamaks, generally, have more heating
power installed because of the larger volume. Also, in small tokamaks the criterion that
the drift time is shorter than the plasma rotation time is often not satisfied. Finally,
a smaller toroirlal extension of the trapped partiele orbits that cross the beam leads to
larger nonthermal effects.
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5.2. The kinetic equation
In this section the equation for the evolution of the toroidally non-symmetrie distribution function is discussed. It is argued that the localized heating has, to a good
approximation, no influence on the magnetic geometry and, therefore, on the partiele
orbits. The derivation of the kinetie equation in the non-symmetrie case is then similar
to the derivation in the toroidally symmetrie case described in section 1.3. Because the
passing particles are assumed to move over the magnetic surface on the short timescale
of the hounee motion, the passing particles have a toroidally symmetrie distribution
function, and the kinetic equation for passing particles in the non-symmetrie case is
identieal to the symmetrie case. For the trapped particles the distribution function is
an explicit function of the toroidal angle, and the kinetie equation contains a convective
term in the toroidal direction which describes the toroidal motion of the trapped partiele
orbits. After the kinetic equation is derived, the collisionoperator and the quasi-linear
ditfusion operator for the case of the non-symmetrie heating are discussed. Finally, a
simpler model is given, neglecting the toroidal motion of the trapped partiele orbits.
Two plasma properties affect the magnetic equilibrium: the current density and
the pressure gradient. The current in the plasma is due to the passing particles which
have a toroidally symmetrie distribution. Therefore, only the pressure gradient can
generate a toroidal asymmetry in the magnetie geometry. However, the effect of the
pressure gradient is generally small, and the non-symmetrie pressure gradient due to the
asymmetrie population of the nonthermal trapped particles is only a small correction to
the total pressure gradient. This is because the total change in energy in the distribution
due to the nonthermal effects is generally smaller than the energy in the thermal part,
and because most nonthermal particles are passing particles. Therefore, the magnetic
geometry can be consi.dered to he unaffected and toroidally symmetrie.
The OOivation of the toroidally non-symmetrie kinetic equation is analogous to
that of the toroidally symmetrie equation derived in chapter one. The average over the
gyrophase is performed in the same way. However, the distribution function now is an
explicit function of the toroidal angle. Furthermore, the drift terms can no longer he
neglected if the toroidal motion of the orbit is to he described. Therefore, the gyro
Toroidal asymmetry in the trapped partiele population ...
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kinetic equation (1.3.13) should he replaced hy

aia (vcos8b + vd) ·V fa'
at+

1

aia + e Eu -8/a

.

-v sm 8 V · b -
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(

= - Vp

·

r ),p

(5.2.1)

where v d is the drift velocity. The ioclusion of the drift velocity leads to a large number
of effects, because the electrous now no longer move along the field lines. Here, only
the toroirlal motion of the orhit will be retained. The radial extension of the orbit is
neglected.
For non-rational surfaces the passing particles move over the surface on the short
timescale of the hounee motion, and their distribution is toroidally symmetrie. The
hounee average then results in an equation similar to that of the toroidally symmetrie
case (1.3.17)
8fo
8fo)
8t
= -((Vp. f}<,6}B,'flo- ( eEnap
B

passing particles.

(5.2.2)

11

The index cp0 indicates an average over the toroirlal angle of the collisional and quasi
linear flux. Below, in the collisionoperator a toroidally symmetrie background is used,
and this average of the collision operator becomes trivial.
For trapped particles the motion is approximated by

aja

• 8Îa

(vcos8b + vd ·V fa~ vcos8- + cpo- ·
8s
8 'PO
A

(5.2.3)

)

The first term on the right hand side represents the motion along the field line which
occurs on the short timescale of the hounee motion. This term is identical to the second
term on the left hand side of equation (1.3.13). The second term represents the toroirlal
motion of the orbit. The timescale of this motion is taken to he of the same order as
the collisional and quasi-linear timescale. With this ordering in timescales the hounee
average can be performed analogous to that of the toroidally symmetrie case, with the
result
8fo(cpo)
8t

trapped particles.

(5.2.4)

The distribution Jo (po, 8o, cpo) is the hounee phase independent part of the distrihution
function, similar to the distribution
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of the toroidally symmetrie case (see
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section 1.3). The electric field term does not appear in the equation (5.2.4) because its
contribution is zero for trapped particles. The two equations (5.2.2) and (5.2.4) give the
kinetic evolution in the toroidally non-symmetrie case. They have to be solved with the
boundary condition that the distribution function is continuons on the trapped passing
boundary. Also the partiele flux in pitch angle direction integrated over the toroidal
angle must be continuons on this boundary.
It is assumed that the collisions can be described with a Maxwell background collision operator, where density and temperature are independent of the toroidal angle.
With this assumption the collision operator is not a function of the toroidal angle.
This assumption is reasonable because the short escape time for thermal electrous sets
a short timescale on which the heating of thermal trapped particles in the beam can
occur and, therefore, the distribution of the bulk of the trapped particles is, to a very
good approximation, Maxwellian with identical temperatures of the trapped and passing distribution. Furthermore, when the heated electrous have energies several times
thermal, and the bulk is heated through collisions of these electrous with bulk electrons,
then no substantial asymmetrie heating of the bulk occurs because the timescale for energy transfer is much longer than the escape time. Because the bulk of the particles
is Maxwellian the integrated density in

8/

= f

fm is much smaller tha.n the inte-

grated density in the Maxwell distribution fm, a.nd the callision term C(&J, 8f) can be
neglected (see also section 1.5).
The quasi-linear velocity space flux due to the heating with electron cyclotron waves
is toroidally non-symmetrie. The ditfusion tensor as a functions of <po can be calculated
with the expressions given in chapter two, where the resonance function now is not to
be averaged over all possible orbits through the beam. Here, the ditfusion tensor will
be approximated by a block function

{:~tor

Jb.<ptor dt.po DEo(t.po)

inside the beam
(5.2.5)
outside the beam ,

i.e. the ditfusion tensor in the beam is assumed to he independent of the toroidal angle.
Outside the beam the tensor is zero. With the assumption of equation (5.2.5) the
ditfusion tensor in the beam is simply a factor 21r / t).t.ptor larger than the ditfusion tensor
of the toroidally symmetrie case.
Toroidal asymmetry in the trapped partiele population ...

119

The model described above will be referred to as 'the full model'. It is not too complex for modern supercomputers, but it involves an extra dimension compared with the
toroidally symmetrie distribution and, therefore, its solution consumes a large amount
of computer time. A simplification of the model can be made when the orbit drift is
small, i.e. if one can neglect the first term in equation (5.2.4). This corresponds with
the first regime

'ïesc

<

f.l.cptM1"driftf2rr

discussed in the previous section. With this ap-

proximation and the approximation for the ditfusion tensor (5.2.5), there are only two
different trapped partiele populations at each magnetic surface. The first is heated by
the wave, and bas a toroirlal extension equal to the toroirlal extension of all trapped
partiele orbits that cross the beam !.l.cptor· The secoud population, which covers the
rest of the torus 2rr

f.l.cpt 0 r, is not heated. There is no direct coupling between the

two trapped partiele populations, but both are collisionally coupled to the same passing
partiele distribution. In the following sections the model with only two trapped partiele
distributions is referred to as 'the simple model'.

5.3. Results of numerical calculations
In this section the results of the numerical calculations are discussed. First an
example is given of the non-symmetrie distribution of trapped particles that is generated by the localized heating with ECRH. It is shown that the local electron cyclotron
emissivity in the secoud harmonie X-mode bas a significant asymmetrie component.
The emission from the plasma as a whole is calculated in the second example. lt is
shown that the non-symmetrie distribution can be observed on the ECE diagnostics of
tokamak experiments. The third example is concerned with the ditference in the passing partiele distribution between the case in which the trapped partiele distribution is
symmetrie and the non-symmetrie case. Although the passing partiele distribution is
always toroidally symmetrie, a ditference might occur due to the H.uxes over the trapped
passing boundary that can be different in the toroidally symmetrie and non-symmetrie
case. The example compares the current drive efficiency of the electron cyclotron waves
for the toroidally symmetrie and non-symmetrie cases.
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As a first example of the nonthermal effects that are generated by the more efficient
heating of trapped particles in the beam, the results of the simple model are discussed
for the parameters of a medium size tokamak: major radius R = 1.5 m, plasma radius
a= 0.6m, and toroirlal magnetic field on the magnetic axis B'P = 4T. The plasma is

heated by an electron cyclotron wave with a frequency of 105 GHz launched in 0-mode
polarization in the equatorial plane perpendicular to the magnetic field lines. The (half)
spread of the wave beam is 3 degrees in toroirlal and 2 degrees in poloirlal direction, and
the total power of the wave is 1 MW. The plasma parameters at the position where the
resonance is satisfied (r
electron density

ne

R!

10.5 cm, low field side) are: electron temperature Te = 1 keV,

= 1 · 1013 cm -a, and effective charge Zeff = 1.

number at this position is q

R!

The magnetic winding

1. For the parameters given above 21T / f:::..'Ptor

= 8 and

the drift and escape time are
'Tdrift

= 3.54msE- 1 (keV),

'Tese

= 3.43 p.s E312 (keV).

(5.3.1)

The validity of the simple model requires that the trapped partiele escapes before the
orbit drifts out of the beam, i.e.

Tese

< 'Tdrijt/8. This condition is satisfied for E <

7

keV. For this energy the time in whicll an orbit drifts around the torus is 0.5 ms. For
the calculation to be valid the plasma rotation should, therefore, be smaller than 2 kHz.
For the maximum value of the imaginary part of the wave vector ki, the energy increase
calculated with equations (5.1.16) and (3.3.3) is (dE/dt)r

5 keV, and considerable

nonthermal effects are expected.
Simulations have been performed on a 100 times 150 grid in pitch angle-momentum
space, with a maximum momenturn of pfmc = 0.3. The distribution function was
calculated for three surfaces with radii r = 10, 9.5, 9 cm, for which the ratios of the
gyro- over the wave frequency are

wc/w = 1.002,

1.005, and 1.008. Power absorption

along the beam trajectory before any of these surfaces is reached, is not taken into
account.
Figure 5.2a and 5.2b show the contour plot of the distribution function at r

9.5

cm, in- and outside the beam. Contours are drawn at
j

= l, ... ,n.
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Figure 5.2a and 5.2b. Contour plot of the distribution function at r = 9.5 cm in the
beam (5.2a) and outside the beam (5.2b), as a lunetion of normaJized parallel and
perpendicular momentum.
Fora non-relativistic Maxwellian this gives equidistant circular contours with a spacing
of lJp

=

Pth/2. The population in the trapped partiele area, the area between the

straight lines, is clearly different inside and outside the beam. By definition there is
only one passing partiele distribution and, consequently, the level curves in the passing
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Figure 5.3. Perpendicular temperature as a function of normalized parallel momenturn
for the distribution at r = 9.5 cm in the beam (heavy line) and outside the beam (thin

:~~%ns of figure

5.2a and 5.2b are identical. The trapped partiele area in the beam

has a region with a very wide spacing between the level curves, indicating a very flat
distribution function. This distribution has a higher energy density than the trapped
partiele distribution outside the beam. The difference also shows up in the perpendicular
temperature as a function of parallel momentum, defined by
Tl.(PII) =:

211'

f (p)
11

11

100

p2

P1.dP1. 1. f(pii,Pl.),
2m
o

(5.3.3)

with

f!I(PII) = 211'

loo

Pl.dPl.f(PII,Pl.)·

(5.3.4)

This perpendicular temperature is shown in figure 5.3, where the heavy line gives the
result inside the beam, and the thin line gives the result outside the beam. The trapped
particles contribute for low values of the parallel momentum. For these values the
perpendicular temperature is larger inside the beam.
Because the electron cyclotron emission in second harmonie X-mode is proportional
to

Pi

a large fraction of this emission is due to trapped particles. Therefore, it is
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Figure 5.4. Emissivity in second harmonie X-mode as a function of gyro over emitted
wave frequency for the three surfaces: r

= 10 cm (5.4a), r = 9.5 cm

(5.4b), and r

=9

cm (5.4c). The heavy line gives the emiBBivity in the beam region, the thin line outside

this region, and the dotted line the thermal emissivity.

124

Chapter 5

expected that the electron cyclotron emission is affected by the toroidal asymmetry
in the trapped partiele distribution. The EC emissivity in second harmonie X-mode
of the three surfaces as a function of gyro- over wave frequency is shown in figure
5.4. This emissivity is proportional to the power per unit of volume that would be
emitted by a plasma that has a distribution equal to the distribution on the low field
side of the magnetic surface. It is not the plasma emission that would be detected
by a diagnostic, because the emitted power can be reabsorbed and different parts of
the plasma contribute to the emission. In the figure the heavy line gives the electron
cyclotron emissivity for the distribution in the beam, the thin line gives the emissivity
outside the beam, and the dotted line gives the thermal emissivity. It is clear form
these figures that the emission from trapped electrous inside the beam region can be
substantially increased. It should be noted however, that theemission for wcfw

> 0.507

is from electrons with an energy larger than 7 keV, where the model is not valid.
The calculations with the simple model indicate that the effect of the toroidally nonsymmetrie distribution function can lead to significant changes in the EC emissivity.
However, the model is valid in a limited energy range. Actual diagnostic signals might
be dominated by the electrous in a different energy range and, therefore, it is not clear
what the effect of the asymmetry on the observable ECE spectrum is. To answer this
question the full model, i.e. taking into account the toroirlal drifts should be used, and
the emission from the entire plasma has to be calculated. Below, such a simulation with
the full model is discussed.
The parameters are: major radius R

= 1.5 m,

plasma radius a

= 0.6 m,

effective

charge Zelf= 1, and toroidal magnetic field on the magnetic axis B'P = 4_T. For heating
0-mode waves with a frequency w j21r = 88 GHz and power P = 1 MW are injected in
the equatorial plane perpendicular to the magnetic field. The temperature and density
profiles are taken to be

where the central temperature and density are Teo = 3.2 keV, neo = 1.8 · 10 13 cm- 3 .
At the point where the wave and gyrofrequency match, r = 41 cm, the temperature
and density are Te = 1 keV, ne = 1 · 10 13 cm- 3 • At this position the safety factor is
Toroidal asymmetry in the trapped partiele population ...
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taken to he q

~

2. The parameters are taken such that a large asymmetrie trapped

partiele distrihution eau he expected. They are relevant for off-axis heating experiments
in present day tokamaks, for example aimed at the stabilization of the m

= 2 tearing

mode. The factor that determines the more efficient heating is chosen to be 21r / l::i.tp

10.

For these parameters the maximum absorhed power of the trapped particles calculated
with (3.3.3) is (dE/dt)r

3.6 keV. The simple model is only valid for electron energies

E < 4.5 keV.
Figure 5.5 gives the EC emission in second harmonie viewed from the high-field
side, inside and outside the heam region, as a function of the frequency. In the heam,
here, refers to the beam edge where the orbits of deeply trapped particles drift out
of the beam region. At this position the nonthermal effects are largest. Outside the
heam refers to the position just outside the wave beam where the orbits of deeply
trapped particles drift into the beam region. At this position the nonthermal effects
are smallest. In the figure the frequency of emission has been converted to the radial
position in the equatorial plane where it matches 2wc. On the ordinate the radiated
power flux is plotted in units that reflect a temperature, that is, the given temperature is
the temperature of a thermal hlack body plasma that would radiate the same amount of
power. The calculation of the EC emission is performed by the NOTEC code [3], which
wasextended to allow arbitrary distribution functions. From the figure it is clear that
the nonthermal emission is mostly due to the non-symmetrie distribution of trapped
particles in the heam. Therefore, the asymmetry is clearly visible.
In the third example, electron cyclotron current drive using X-mode from the high
field side is investigated. Although the current is associated with passing rather then
trapped particles, the flux over the trapped-passing houndary might change considerably
due to the strong noothermal distrihution of trapped particles in the beam. It turns out
that, to calculate the current accurately, one needs a very fine mesh and small timesteps.
The limited computer time, therefore, forces the use of the simple model.
To have a significant asymmetrie nonthermal distribution, the chosen parameters
correspond to a large tokamak: major radius R = 2.25 m, inverse aspect ratio e
electron density ne = 4 · 1019 m - 3 , effective charge Zetr
on axis Bcp
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0.133,

1, and magnetic field strength

= 4.5 T. The factor that determines the more efficient heating is lltptor/27r =
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Figure 5.5. Electron cyclotron emission in second harmonie X-mode viewed from the
high lield side, as a lunetion of frequency inside and outside the beam. The frequency
is converted to the radial position where it matches 2wc, the power flux is given as a

radiative temperature.

1/8. The ratio ofthe gyro- over the wave frequency was chosen to be wc/w = 1.039, and
two values for the parallel refractive index (.Njl = 0.206, 0.156) are considered. These
parameters correspond toa wave with a frequency of 107.5 GHz injected from R = 154
cm in the equatorial plane under an angle of 15°

(Nu

= 0.156) or 20°

tNu = 0.206)

with V R. The spread in parallel refractive index, which is the dominant effect causing
the broadening of resonance, is

~NII =

0.035. The current drive efficiency 1/, which is

defined as

11

J
21rRPa (A/W),

(5.3.5)

where Pa is the absorbed power density, is calculated for three values of the injected
power: Pi

10 kW, 1 MW and 10 MW.
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For the parameters given above the simple model is valid for trapped partiele en-

< 17 keV. The gyro- over wave frequency is chosen such that the part of the
resonance curve that is responsible for current drive, i.e. vu < O, lies in the energy range

ergies E

for which the simple model is valid. Also, to have a large asymmetrie trapped partiele
distribution a significant amount of power is to be absorbed by the trapped particles,
and the resonance curve should cross the trapped partiele region for not too high values
of the energy. Such a choice of parameters is far from optimum for current drive, because the power absorbed by trapped particles does not contribute to the driven current.
Furthermore, the trapping of passing particles, as a result of the wave driven dilfusion
also diminishes the current drive efficiency, and can even lead to a reversal of the driven
current. The obtained values of the current drive efficiency are, therefore, rather low,
and the example is mainly of academie interest.
The results of the simple model, denoted by aS, are given in table 5.1, together
with the results of a toroidally symmetrie calculation, denoted by S. Negative values
in this table indicate a reversal of the current due to trapping of passing particles as
mentioned above. This reversal of the current occurs for Te = 2 keV and not for
Te = 1.4 keV. Because at higher temperatures the electron momenturn space density

at the crossing of the electron cyclotron resonance with the trapped passing boundary
is larger, more passing particles are pushed into the trapped partiele region due to
the interaction with the wave. The lower current drive efficiencies for
compared with Nu

Nu

0.206

0.156 is a consequence of the larger energy of the current carrying

resonant electrons in the latter case, leading to longer collisional relaxation times. The
simulations were performed using two different grid sizes of 100 x 150 and 200 x 150
in pitch angle momenturn space, with a maximum in momenturn of pjmc = 0.4. The
listed values in the table are obtained by extrapolating toward zero grid size. The listed
error is one third of the required extrapolation and refiects the numerical uncertainty.
To obtain good accuracy also extremely small timesteps of ót

= 5 · w- 8 s <t:: rcol

have

been used.
For smal! power densities, the current driven by the EC waves is linear in the power
density. In this case the current density can be calculated from the linear response of a
background distribution. The background for the toroidally non-symmetrie calculation
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Table 5.1. Current drive efficiencies for the toroidal symmetrie case (S) and the asymmetrie case (aS)
Te= 2,
'

p,.t

O.Dl

1

10

Nu

= 0.206

1.4,

Te

Nu

0.156 Te = 1.4, N 11 = 0.206

Pa

TJ

Pa

TJ

Pa

TJ

s

27.9

-4±1

6.7

45±2

14.3

22±1

aS

27.9

-4±1

6.5

47±2

14.3

22±1

s

2734

-6.1±0.6

659

38±2

1450

17±1

aS

2600

-6.3±1.2

632

39±2

1415

18±1

s

-

-

5387

16±1

13321

0.5±1

aS

-

-

5012

17±1

11338

1±2

11 in MW, Pa (absorbed power density) in kW/m- 3 , Tl in

w-4 AJW, Te in keV

is a toroidally symmetrie Maxwellian. Therefore, the current drive efficiency is the
same for the toroidally symmetrie and asymmetrie cases. For high wave powers the
larger quasi-linear saturation of the trapped partiele distribution in the asymmetrie case
makes that less energy is absorbed by electrons that do not carry current. The amount
of driven current does not differ from the symmetrie case by a significant amount.
Therefore, there is a tendency towards marginally higher current drive efficiency. For the
parameters considered bere this change is small and the change in efficiency is smaller
than the numerical uncertainty. That the infiuence on the current drive efficiency is
small suggests that changes in the passing partiele distribution due to the non-symmetrie
trapped partiele distribution are small.
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5.4. Condusion
The investigations presented in this chapter show that due to localized heating with
electron cyclotron waves the distrihution of trapped particles can he toroidally nonsymmetrie. The more effi.cient heating of the trapped particles in the wave heam leads
to a larger noothermal trapped partiele population compared with the trapped partiele
population ohtained in the toroidally symmetrie case. The energy in the asymmetrie
noothermal population can he estimated hy the equations given in section 5.1. From
these equations it follows that a significant asymmetry occurs for high power heating
on the low field side of a magnetic surface with suffi.ciently high inverse aspect ratio in
a tokamak in which the toroirlal drift of the orhit is slow, and plasma rotation can he
neglected.
A kinetic equation for the evolution of the non-symmetrie trapped partiele velocity
distrihution is derived. The passing particles are assumed to move over the surface
on the short timescale of the hounee motion, as is the case on non-rational surfaces.
The kinetic equation for the evolution of their velocity distrihution then is, except for
the houndary conditions at the trapped-passing houndary, identical to the toroidally
symmetrie case. The trapped partiele distri hution is an explicit function of the toroirlal
angle. The orhit drift of trapped particles results in a toroirlal convection.
Numerical calculations show that the toroirlal asymmetry is suffi.ciently large to
he ohservahle hy ECE diagnostic. Whereas, the current drive efficiency for X-mode
downshifted resonance at large wave powers is hardly affected hy the asymmetry.
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Appendix A.
Circular flux surface approximation

The magnetic field geometry in the tolmmak can be determined by solving the
force balance equation J x B = Vp, for given pressure and toroirlal current profiles,
and with the appropriate boundary conditions. In its general form this equation can
only be solved numerically. Although it is possible to use a numerically calculated
magnetic equilibrium in the Fokker-Planck code RELAX, the simulations presented
in this thesis have all been performed with the magnetic geometry approximated by
circular flux-surfaces. This approximation has the advantage that the hounee integrals,
like the hounee time, can be calculated analytically. In this appendix the circular surface
approximation is briefly discussed, and expressions for the length element along the
magnetic field line, and the variation of the magnetic field over the magnetic surface, are
derived. Then, analytic expressions are given for the hounee time (1.2.14), the correction
factor for pitch angle scattering (1.5.11), the quantities s* (1.4.5) and

S

0

(1.5.14), and

the function H(K-, s) (5.1.8) that determines the toroidal drift of the trapped partiele
orbit.
The circular surface approximation is obtained through an ordering in the inverse
aspect ratio

€

= r / R, and the assumption of a perfectly conducting circular tokamak

vessel. In the ordering the toroirlal magnetic field and the safety factor are taken to be of
order unity, while the plasma beta ({3 = 2J.LoP/ B 2 ), which is a measure ofthe influence of
the pressure on the magnetic geometry, is taken of the order
field is then of the order

€.

2
€ •

The poloidal magnetic

The RTP tokamak has a vessel which has a circular poloirlal

cross section, and the tokamak operates at low plasma pressure. Therefore, the circular
surface approximation is useful in the simulations of the ECRH experiments on RTP as
described in chapters three and four.
The magnetic field calculated up to and including first order in € is such that the flux
surfaces are concentric circles. To second order the flux surfaces are still circular but but
are shifted outward with respect to the tokamak vessel as shown in figure A.l. To third
order the surfaces are no longer circular but have elliptical and triangular distortions.
Circular flux surface approximation
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Here, the various hounee integrals are calculated up to and including first order. To he
ahle to do this the poloidal field, however, has to he known in second order.
The magnetic geometry up to and including second order consists of outwardly
shifted circles and it is convenient to use the coordinates

R = Ra:xis + r cos {} - .6. (r)

z =

(A.1)

rsiniJ,
R

where r is the radius of the circular surface,
and {} is the poloidal angle measured from
the centre of the circular surface as shown in
figure A.l. Raxis is the major radius of the
magnetic axis, i.e. the flux surface with radius r -+ 0. The outward shift of the surface

D.(r), which is known as the Shafranov shift,
is of the order RE 2 and oheys .6.(0) = 0.

Tokamak
axis

This shift is due to toroidal effects and is
connected with the pressure and the interFigure Al. Coordinate system

na! inductance l; of the plasma

.6. 1 = d.6./ dr

= (l;/2 + (3{) )E,

(A.2)

with
(3{) =

!~-' 02

r BiJ

r(p(r')- p(r))r dr
1

Jo

1
•

(A.3)

Note that .6.1 is of the order E. The toroidal and poloidal magnetic field are [1]
(AA)
B{) =

(

q Raxïs

r Bcpaxis
3
+ r cos iJ- Raxïs.6. 1 cos iJ) + tJ(BcpaxisE ).

(A.5)

For the calculation of the hounee integrals expressions for the length element along the
field line and for the variation of the magnetic field over a flux surface are needed. Both
expressions can he ohtained from the equations ahove.
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Because the safety factor is of order unity the length element along the field line
can be expressed as

Therefore,
ds

dr,o

= R d'!9d'!9 + O(R€

2

d'!9),

dr,o
rB'P
d'!9 =RB{)'

with

(A.7)

Substitution of the equations (A.4) and (A.5) then gives the desired equation for the
length along the magnetic field line
ds = qRaxis[1- b..' cos'!9]d'!9 + O(R€ 2d'!9).

(A.8)

Although the terms in the equations of the magnetic field that are due to the Shafranov
shift are of the order €2, the influence of the shift on the line element is of the order €.
This is because the poloidal magnetic field is in leading order fBtpaxisjq, and the relative
corrections of the Shafranov shift on the poloidal magnetic field are of the order €.
Because the poloidal magnetic field is of the order €, the total magnetic field is
approximately equal to the toroidal magnetic field B = B'P+O(B'P€ 2 ), and the variation
of the magnetic field over the magnetic surface is

!!_ =
Bo

B'P
B'Po

+ 0(€2)

= Ro
R

+ 0(€2) =

1+€
1 + €cos'!9

+ 0(€2).

(A.9)

With the help of (A.8), (A.9), and the transformations (1.2.8) all integrals that appear
in the bounce-averaging can be written as integrals over '!9. These integrals can then
be solved by a series expansion in €. For circular concentric surfaces, i.e. neglecting the
shift this calculation can be found in [2].Below the expressions including the Shafranov
shift are given.
For the calculation of the hounee time the variation of the parallel velocity over the
magnetic surface must be calculated. Using the conservation of energy and magnetic
moment the parallel velocity component can be written as
(A.lO)
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Substituting (A.9) a.nd rewriting the equation gives

vll-v

-

V1 + ecosD- sin2 80 (1 + e)
yfl + ecosiJ

(A.ll)

where
~

= 2e/(1 + e)

K.

2

The parameter K.t is small

= 2e/(eos2 Oo(1 + e)).
K-t

(A.12)

= O(e) ~ 1, and the square root eontaining

K-t

ean, with

the help of a Taylor expansion, be written as a series, with every next term being a
factor ~ smaller. The result of the hounee integrals ean then he written as a series
with the terms containing integrals of the type
(A.13)
with r

=

-1 in case of the hounee time. The integration domain of (A.13) is equal to

that of the hounee integrals defined in chapter one. That is, iJ goes from 0 to 27r for
passing particles and goes from one hounee point to the other and back for trapped
particles. The integrals

I~

satisfy the reeurrence relation, (see [3])
(A.14)

with m :2: 4 a.nd
_
10 1

_ {

2K(K-2 )

-

4K(1/K2 )/K

-l _ {

I2

-

<1
trapped particles K > 1
passing particles

K-

2(K(K2 ) - E(K2 )]/K 2

passing particles

y;,

4[K(1/K2 )

trapped particles

K-

E(l/K2 )]/K

<1
> 1'

(A.15)

(A.16)

where K and E are the complete elliptie integrals of the first a.nd seeond kind. With
the help of these expressions the hounee period ean be written as

(A.17)
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where
Wm

2m-3
= ~Wm-1,

Wo=

(A.18)

1.

Every term in the sum of (A.17) is a factor ~>i= O(t:) smaller than the previous term,
and only a small number of terms are needed to get an accurate result. Because of
the accuracy of the results (A.8) and (A.9), the result (A.17) is accurate up to and
including first order in € only. The terms m ;:::: 2 in the sum are of the same order or
smaller than the neglected terms. Nevertheless, it is customary in the literature to use
(A.17) with ë:t/

= 0 up to arbitrary order.

This choice is alsomadein the Fokker-Planck

code RELAX.
With the help of the expressions above it is also possible to calculate the quantity
2

cos () )
( a 2 cos 2 Oo

1 + -12- ( -12 - 1)
cos Oo a
B

B

(r4 sin2 ('1?/2)) 8

1

2qRaxis~
- - L..t Wm~>t2m+2[( 1

1

'UIIOTB

A')I 1
All 1 ]
2m+2 + 2~
2m+4 •

~

m=O

(A.l9)

which appears as a correction factor in the pitch angle scattering, see equation (1.5.11).
In the quantities À, s* and s0 the following integrals appear
1
1
{ dsB/Bo
{ ds.Ro/R + O(Raxis€2 ) = qRaxis f ( +(~( -

lp

lp

lp

Ll';~st?) dt?+

+ €COS

O(RaxïsE 2 ) = 27rqRaxis(l + €) + O(Raxist:2 ).

1

dsBo/B

(A.20)

j (1 + ECos'l?;~ e Ll' cos'!?) dt? + O(Raxise2)

qRaxis

27rqRaxis(1 - e) + O(Raxist:2 )
up to first order in

€

(A.21)

0

the quantities s* and s satisfy
(A.22)

Finally, the function

H(~>,

s) of equation (5.1.7), that gives the toroirlal drift of the

trapped partiele orbit, is calculated in leading order
2"

v2

H(~>, s) = I cos'!?+ u-4) = /1- 2 sin2 (t?/2) + ~[1- a2 sin2 OoJ)
\

éV

VTB

J

B

€

\

d'l?(){1- 2sin2('1?/2) +

COS

1

1
1
-1-1 [I0 - 212 +

2s[-2r

1

0
-,_2

2s[ 1>22 -

21-2 1]]

B

2sin2 ('1?/2)]} + O(e).

+ O(e) ,

(A.23)

0

Circular flux surface approximation

135

Substitution of the equa.tions (A.15) and (A.16) gives

(A.24)
where

,.* =

1/""• is the parameter used in chapter 5.
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Appendix B.
Splitting of the beam
In section 2.6 it is discussed that it can he desirabie to split the wave beam in
smaller beamlets. With this more local treatment the change in power distribution
over the parallel refractive index spectrum can he taken into account. Also central
deposition and the evaluation of the coupling functions Gun and G J..n can he treated
more accurately. In this appendix the splitting of the beam is discussed in some detail.
This splitting scheme is implemented in the computer code that solves the hounee
averaged Fokker-Planck equation.
We think of the beam as being built up from different smaller beamlets at different
spatial positions on the flux surface. The difficulty arises in finding an acceptable way
of splitting the function W (2.4.5). The splitting would he trivia! if all electrons would
he out of resonance before passing from one beamlet to another. All beamlets are then
independent and the function W is simply the sum of the functions calculated for each
beamlet. However, if the electrous are in resonance over several beamlets the resonance
function (2.3.11) can not be written as a sumover the various beamlets. One could of
course choose the splitting such that the area over which an electron is in resonance
lies entirely within one beamlet. But this would give a different splitting for each point

in velocity space with the different beamlets overlapping due to different positions and
areas. This would make the conneetion to the ray tracing difficult.
From the discussion following equation (2.4.5) for the function W one ~ould on physical grounds arrive at the following generalization: Because the width of the resonance
seems to be determined by all the possible resonance conditions within the beam one
could take the width of the resonance of a beamlet to he due to all the possible resonance
conditions within the beamlet. However the broadening due to the finite transit time,
which can be seen as broadening due to the finite time a partiele can be in resonance,
should not he set to the transit time for the beamlet because an electron can he in
resonance over more than one beamlet. For the transit timethebest choice would be
the time an electron needs to pass the entire beam. The quasi-linear diffusion coefficient
Splitting of the beam
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is linear in the total power carried by the wave (Du ex E 2 ex

F'i). For a beamlet we

take the power carried by that beamlet. Thus we arrive at the following generalization
Nbeamlets
B
E 21G.Lni 2W = __
'Y_
E[IG.Ln,ii 2 LcpiLpiRB 1. X
4WTBVI!

L

i=l

p bz

[
1 (
V~
2D.Qi exp - 2D.Qi 'Y -

nwc Pi!NII)2]
---:;;- - me i

(B.1)

where all quantities are evaluated at the centre of the beamlet. The broadening is

D.Qi

= [Lpi _!__ ('Y _
2 8lp

2
nwc _ PIINII) .]
w
me •

+

[Lcpi ~ ('Y _ nwc _ PIINII) .]
2 8lcp
w
me •

2

'Y2f2.

+ w2{:2
cp
where the term "(2

(B.2)

t;;w 2L; has been neglected.

almost all relevant cases

< 0.01,

This term is generally

t:. 2 / q

2, which is in

smaller than the broadening due to the finite toroirlal

transit time. The toroirlal extension

L~

is evaluated as
(B.3)

where cp is toroirlal angle of the centre of the beamlet and the angle brackets denote an
average over the power of the beamlets
(cp ) =

L: C{JiF'i
L: F'i .

(B.4)

The numerical factor 2 in (B.3) is because the power is proportional to the square
of the profile (h). For a Gaussian profile the definition of

L~

gives Lep. Note that

the generalization described above is almost equivalent with taking the beams to be
independent. The only difference is in taking the transit time of each beamlet equal to
the transit time of the total beam.
If the broadening due to the different gyrofrequencies and Doppler shifts within one

beamlet is small compared with the broadening due to the finite transit time then the
Gaussian resonance functions overlap considerably in velocity space. One can show that
in the limit of very fine splitting where the sum over the various beamlets goes over in
an integral over toroirlal and poloirlal position the result of (B.1) is exactly the same as
(2.4.5) if the same assumption for the linear change in the resonance condition is made.
Only the broadening due to the finite poloirlal transit time is missing because this term
was neglected in (B.2).
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Summary
This thesis discusses the nonthermal effects in the electron population of a tokamak, that
are generated by the inductive electric field and electron cyclotron resonant heating.
The kinetic description of the plasma is given by a Boltzmann equation for the
electron velocity distribution, in which the many small angle scattering Coulomb collisions that occur in the plasma are modelled by a Fokker-Planck collision term. These
collisions drive the distribution towards the Maxwellian distribution of thermodynamic
equilibrium. The energy absorption from the electron cyclotron waves and the aceeteration by the toroirlal electric field lead to deviations from the Maxwellian distribution.
The interaction of the electron cyclotron waves with the plasma is treated within quasilinear theory. Resonant interaction occurs when the wave frequency matches one of the
harmonies of the gyration frequency of the electrous in the static magnetic field. The
waves generate a dilfusion of resonant electrous in velocity space. The inductive electric
field accelerates the electrous in the direction parallel to the magnetic field and leads
to a convection in velocity space. The equilibrium that is reached between the driving
forces of the electric field and the electron cyclotron waves and the restoring force of the
collisions is stuclied in this thesis. The specific geometry of the tokama.k is incorporated
in the model through an average of the kinetic equation over the electron orbits. lt
is assumed that the electrous move along the magnetic field lines over closed magnetic
surfaces. Because the electron orbits generally cover the whole magnetic surface, this
average results in an equation for the toroidally symmetrie, average dist:ribution function on a magnetic surface. The result is known as the bounce-averaged Fokker-Planck
equation.
The model is incorporated in a computer code, and is used in the interpretation of
electron cyclotron heating experiments on the RTP tokama.k. The measured soft X-ray
spectra, which contain information on the nonthermal electron energy distribution, are
compared with code calculations. Good agreement for the shape of the spectra is found
for low and high power electron cyclotron heated plasma shots, and for low density
Ohmic shots. However, the calculated absolute inteusity is not in agreement with the
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measurements, and in high density Ohmic shots smal! deviations from the Maxwellian
spectrum are measured that are not predicted by the model.
Also the measurements of the transmission of the injected heating wave are analyzed.
The transmission is not equal for positive and negative values of the angle between the
direction of propagation and the direction of the magnetic field. This asymmetry is
proposed to be a synergistic effect of the heating with electron cyclotron waves and the
parallel electric field. The localized power absorption of the electron cyclotron waves
leads to a considerable, spatially localized nonthermal population. This population is
then accelerated by the parallel electric field making it asymmetrie in parallel velocity.
The asymmetry in this population leads to the asymmetry in the transmission.
The analyzed experiments show that the model provides an appropriate description
of many aspects of the nonthermal population. We may conclude that the model used
provides in most respects a correct description of the evolution of the electron velocity
distribution, and is, therefore, a useful tool for the interpretation of the experiments.
The last part of the thesis is concerned with the breakdown of one of the key assumptions in the model mentioned above, the toroidal symmetry of the velocity distribution.
It is shown that the toroidally localized heating with EC waves can generate a toroidally
non-symmetrie trapped electron population. In a certain parameter region the magnitude of the population can be significant, and is observable with the electron cyclotron
emission diagnostic.
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Samenvatting
Dit proefschrift behandelt niet-thermische effecten in de elektronensnelheidsverdeling in
tokamak plasma's, die gegenereerd worden door het inductieve elektrische veld en door
elektron-cyclotron-resonante-verhitting.
De kinetische beschrijving van het plasma wordt gegeven door een Boltzmann vergelijking voor de elektronensnelheidsverdeling, waarin het grote aantal verstrooiingen
over kleine hoeken als gevolg van Coulomb botsingen is gemodelleerd door een FokkerPlanck botsingsterm. Deze botsingen drijven de verdelingsfunctie naar de Maxwellverdeling van thermodynamisch evenwicht. De absorptie van energie uit de golven en
de versnelling door het toroidale elektrische veld leiden tot afwijkingen van de Maxwellverdeling. De interactie tussen de golven en het plasma wordt beschreven met een
quasi-lineaire theorie. Resonante interactie vindt plaats wanneer de golffrequentie gelijk
is aan één van de harmonischen van de gyratiefrequentie van de elektronen in het statische magneetveld. De golven induceren een diffusie van resonante elektronen in de snelheidsruimte. Het inductieve, elektrische veld in de tokamak versneld de elektronen in de
richting parallel aan het magneetveld en genereert een convectie in de snelheidsruimte.
Het evenwicht dat bereikt wordt tussen de drijvende krachten van het elektrisch veld en
van de elektron cyclotron golven en de drijvende kracht veroorzaakt door de botsingen,
wordt in dit proefschrift beschreven. De geometrie van de tokamak wordt meegenomen
in het model door een middeling van de kinetische vergelijkingen over de banen van de
elektronen. Hierbij wordt aangenomen dat de elektronen langs de magnetische veldlijnen
over gesloten magnetische oppervlakken bewegen. Omdat de banen over het algemeen
het gehele oppervlak beschrijven, resulteert deze middeling in een vergelijking voor de
toroirlaai symmetrische, gemiddelde verdelingsfunctie op het magnetisch oppervlak. Het
resultaat staat bekend als de 'bounce-averaged' Fokker-Planck vergelijking.
Een computerprogramma is geschreven voor de oplossing van de modelvergelijkingen
en het model is gebruikt voor de interpretatie van de elektron-cyclotron-verhittingsexperimenten uitgevoerd aan de RTP tokamak. Het gemeten zachte Röntgen spectrum, dat informatie bevat van de niet-thermische energieverdeling, is vergeleken met
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numerieke simulaties. Goede overeenkomst tussen de vorm van het gemeten en gesimuleerde spectrum is gevonden voor plasma's verhit met laag en hoog golfvermogen
en voor Ohmse plasma's met een lage dichtheid. De berekende absolute intensiteit is
echter niet in overeenstemming met de metingen en in Ohmse plasma's met een hoge
dichtheid worden kleine afwijkingen van het Maxwell spectrum waargenomen die niet
voorspeld worden door het model.
Het model is verder gebruikt voor analyse van de gemeten transmissie van de
geïnjecteerde elektron-cyclotron-golven. Deze transmissie is niet gelijk voor positieve
en negatieve waarden van de hoek tussen de richting van propagatie en de richting van
het magneetveld. Het wordt voorgesteld dat deze asymmetrie een gevolg is van een
synergie tussen de golfverhitting en het elektrisch veld. De lokale absorptie van het
golfvermogen leidt tot een grote lokale niet-thermische populatie. Deze populatie wordt
vervolgens versneld door het elektrische veld waardoor een asymmetrische verdeling
in de parallelle snelheid ontstaat. Deze asymmetrie veroorzaakt de asymmetrie in de
transmissie.
De geanalyseerde experimenten tonen aan dat het model een groot aantal aspecten
van de niet-thermische elektronen populaties in tokamaks kan verklaren. We kunnen
dan ook concluderen dat het gebruikte model een, in de meeste opzichten, correcte
beschrijving geeft van de evolutie van de elektronensnelheidsverdeling in een tokamak
en daarom een zinvol hulpmiddel is bij de interpretatie van de metingen.
Het laatste deel van het proefschrift onderzoekt één van de centrale aannames in
het bovenstaande model, te weten de toroidale symmetrie van de verdelingsfunctie.
Het wordt aangetoond dat de toroidaal gelokaliseerde verhitting met elektron-cyclotrongolven een toroidaal niet-symmetrische gevangen deeltjes populatie kan genereren. Voor
een bepaalde keuze van de parameters kan deze niet-symmetrische populatie dermate
groot zijn dat zij waarneembaar is met de elektron cyclotron emissie diagnostieken.
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Stellingen behorende bij het proefschrift
High power RF heating and nonthermal distributions in tokamak plasmas
door
A.G. Peeters
1, Het mechanisme achter de absorptie van de loodrecht propagerende 0-mode in
gemagnetiseerde plasmas is niet duidelijk omschreven in de literatuur. De versnelling
van alleen het electrisch veld leidt door een eindig gyrostraal effect tot een toename in de
component van de snelheid parallel aan het statische magneetveld. Het magnetisch veld
van de golf draait de richting van de snelheid hetgeen samen met de versnelling door
het electrisch veld resulteerd in een toename van alleen de komponent van de snelheid
loodrecht op het magneetveld. (zie hoofdstuk twee van dit proefschrift)

2. De aanname van geneste gesloten magnetische oppervlakken is een van de kwetsbaarste aannames die aan de bassis ligt van bestaande numerieke Fokker-Planck codes
voor de kinetische beschrijving van tokamak plasmas. Magnetische oppervlakken met
rationele magnetische winding getallen zijn topologisch instabiel en kleine verstoringen
kunnen leiden tot gebieden met stochastische veldlijnen en lokale gesloten magnetische
structuren. In dergelijke lokale structuren kan de EC verhitting leiden tot totaal andere
effecten dan worden voorspeld door het gebruikte model met middeling over de geneste
magnetische oppervlakken.
3. De lokale absorptie en het hoge vermogen van electron cyclotron golven in tokamak
experimenten kunnen, door het genereren van een drukgradient en stroomdichtheid,
leiden tot magnetische structuren waarin het plasma een bijzonder hoge temperatuur
heeft.
4. De beschrijving van EC golven met behulp van ray-tracing wordt bemoeilijkt door het
bestaan van een groot anti-Hermitisch deel van de dielectrische tensor rond de cyclotron
resonanties. Over het algemeen wordt in de literatuur aangenomen dat dit probleem
niet belangrijk is omdat de polarizatie van de golf zich zodanig gedraagt dat de absorptie
klein blijft. Hierbij worden stilzwijgend afgeleiden naar golffrequentie en golfvector van
het anti-Hermitische deel van de dielectrische tensor verwaarloosd, hetgeen over het
algemeen niet gerechtvaardigd kan worden.
5. In de stabiliteitsanalyse van plasmas in advanced scenario tokamak reactoren moet de
electron-stress-tensor, die onder andere de bootstrap-stroom genereert, welke voor deze
scenarios een belangrijke komponent van de totale stroomdichtheid vormt, meegenomen
worden in de wet van Ohm. Voor de niet lineaire tearing mode kan dit leiden tot
instabiliteit van modes met relatief hoge poloidale mode-getallen die stabiel zouden zijn
in berekeningen met resistieve MHD.
[J.D. Callen et. al., procedings of Plasma Physics and Controlled Nuclear Fusion Research Kyoto (1987) 2 157]
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6. Vanwege de eenvoudigere realizering en hogere of gelijke effi.cientie heeft het voorkomen van disrupties in tokamaks door verhitting van het m=2 eiland de voorkeur boven
de volledige stabilezering van de m=2 tearing-mode door stroomaandrijving buiten het
q=2 oppervlak.
7. In de toekomst zal de relatie van de schaakcomputer tot de mens die van de auto ten
opzichte van de hardloper zijn: de auto haalt veel hogere snelheden, maar er is niemand
die daar nog bewondering voor heeft.
8. Omdat door he.t verbleken van de ideologiën de standpunten in de Nederlandse
politiek alsmaar verder convergeren, zal het stemmen op personen steeds belangrijker
worden, dit zal bijdragen tot een verkiezingsoverwinning van Wim Kok bij de volgende
parlementsverkiezingen.
9. In het kiezen van bezuinigingsposten in het universitair onderwijs moet de effectiviteit
van de opleiding, dat wil zeggen de kans die deze opleiding geeft op een baan binnen
het vakgebied, een grotere rol gaan spelen.
10. Dit is één van de laatste stellingen die tijdens een Nederlandse promotie kan worden
aangevallen.
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