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abstract. We use the periodic unfolding technique to derive corrector estimates for a

reaction-diffusion system describing concrete corrosion penetration in the sewer pipes.

The system, defined in a periodically-perforated domain, is semi-linear, partially dissipa-

tive, and coupled via a non-linear ordinary differential equation posed on the solid-water

interface at the pore level. After discussing the solvability of the pore scale model, we

apply the periodic unfolding techniques (adapted to treat the presence of perforations)

not only to get upscaled model equations, but also to prepare a proper framework for

getting a convergence rate (corrector estimates) of the averaging procedure.

Keywords: Corrector estimates, periodic unfolding, homogenization, sulfate corrosion

of concrete, reaction-diffusion systems.

1. Introduction

Concrete corrosion is a slow natural process that leads to the deterioration of concrete

structures (buildings, bridges, highways, etc.) leading yearly to huge financial losses ev-

erywhere in the world. In this paper, we focus on one of the many mechanisms of chemical

corrosion, namely the sulfation of concrete, and aim to describe it macroscopically by a

system of averaged reaction-diffusion equations whose effective coefficients depend on the

particular shape of the microstructure. The final aim of our research is to become capa-

ble to predict quantitatively the durability of a (well-understood) cement-based material

under a controlled experimental setup (well-defined boundary conditions). The striking

thing is that in spite of the fact that the basic physical-chemistry of this relatively easy

material is known [1], we have no control on how the microstructure changes (in time and

space) and to which extent these spatio-temporal changes affect the observable macro-

scopic behavior of the material. The research reported here goes along the line open in

[11], where a formal asymptotic expansion ansatz was used to derive macroscopic equa-

tions for a corrosion model, posed in a domain with locally-periodic microstructure (see
1
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[17] for a rigorous averaging approach of a reduced model defined in a domain with locally-

periodic microstructures). A two-scale convergence approach for periodic microstructures

was studied in [10], while preliminary multiscale simulations are reported in [3]. Within

this paper we consider a partially dissipative reaction-diffusion system defined in a do-

main with periodically distributed microstructure. This system was originally proposed

in [2] as a free-boundary problem. The model equations describe the corrosion of sewer

pipes made of concrete when sulfate ions penetrate the non-saturated porous matrix of

the concrete viewed as a ”composite”. The typical concrete microstructure includes solid,

water and air parts, see Fig. 2.1. One could argue that the microstructure of a concrete

is neither uniformly periodic nor locally periodic, and the randomness of the pores and

of their distributions should be taken into account. However, periodic representations

of concrete microstructures often provide good descriptions. For what the macroscopic

corrosion process is concerned, the derivation of corrector estimates [for the periodic case]

is crucial for the identification of convergence rates of microscopic solutions. The stochas-

tic geometry of the concrete will be studied as future work with the hope to shed some

light on eventual connections between the role played by a locally-periodic distributed

microstructure vs. stationary random(-distributed) pores. In this spirit, we think that

there is much to be learnt from [18].

The main novelty of the paper is twofold: on one hand, we obtain corrector estimates

under optimal regularity assumptions on solutions of the microscopic model and obtain

the desired convergence rate (hence, we have now a confidence measure of our averaging

results); on the other hand, we apply for the first time an unfolding technique to derive

corrector estimates in perforated media. The main ideas of the methodology were pre-

sented in [12, 13] and applied to linear elliptic equations with oscillating coefficients, posed

in a fixed domain. Our approach strongly relies on these results. However, novel aspects

of the method, related to the presence of perforations in the considered microscopic do-

main, are treated here for the first time; see section 3. The main advantage of using the

unfolding technique to prove corrector estimates is that only H1-regularity of solutions of

microscopic equations and of unit cell problems is required, compared to standard meth-

ods (mostly based on energy-type estimates) used in the derivation of corrector estimates.

As a natural consequence of this fact, the set of choices of microstructures is now much

larger.

The paper is structured in the following fashion: After introducing model equations and

the assumed microscopic geometry of the concrete material, the section 2 goes on with

the main assumptions and basic estimates ensuring both the solvability of the microscopic

problem and the convergence of microscopic solutions to a solution of the macroscopic

equations, as ε → 0. In section 3 we state and prove the corrector estimates for the

concrete corrosion model, Theorem 3.6, determining the range of validity of the upscaled

model.
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Note that the technique developed in this article can be applied in a straightforward way

to derive convergence rates for solutions of other classes of partial differential equations,

posed in domains with periodically-distributed microstructures.

2. Problem description

2.1. Geometry. We assume that concrete piece consists of a system of pores periodically

distributed inside the three-dimensional cube Ω = [a, b]3 with a, b ∈ R and b > a. Since

usually the concrete in sewer pipes is not completely dry, we consider a partially saturated

porous material. We assume that every pore has three distinct non-overlapping parts: a

solid part, the water film which surrounds the solid part, and an air layer bounding the

water film and filling the space of Y as shown in Fig. 2.1. Note that the dark (black)

parts indicate the water-filled parts in the material where most of our model equations are

defined. The reference pore, Y = [0, 1]3, has three pair-wise disjoint domains Y0, Y1 and

Y2 with smooth boundaries Γ1 and Γ2 as shown in Fig. 2.1. Moreover, Y = Ȳ0 ∪ Ȳ1 ∪ Ȳ2.

Figure 1. Left: Periodic approximation of the concrete piece. Right: Our

choice of the microstructure.

Let ε be a small factor denoting the ratio between the characteristic length of the pore

Y and the characteristic length of the domain Ω. Let χ1 and χ2 be the characteristic

functions of the sets Y1 and Y2, respectively. The shifted set Y k
1 is defined by Y k

1 :=

Y1 + Σ3
j=0kjej for k = (k1, k2, k3) ∈ Z3, where ej is the jth unit vector. The union of all

Y k
1 multiplied by ε that are contained within Ω defines the perforated domain Ωε

1, namely

Ωε
1 := ∪k∈Z3{εY k

1 | εY k
1 ⊂ Ω}.

Similarly, Ωε
2, Γε1, and Γε2 denote the union of εY k

2 , εΓk1, and εΓk2, contained in Ω.

2.2. Microscopic equations. We consider a microscopic model
∂tu

ε −∇ · (Dε
u∇uε) = −f(uε, vε) in (0, T )× Ωε

1,

∂tv
ε −∇ · (Dε

v∇vε) = f(uε, vε) in (0, T )× Ωε
1,

∂tw
ε −∇ · (Dε

w∇wε) = 0 in (0, T )× Ωε
2,

∂tr
ε = η(uε, rε) on (0, T )× Γε1,

(1)

with the initial conditionsuε(0, x) = u0(x), vε(0, x) = v0(x) in Ωε
1,

wε(0, x) = w0(x) in Ωε
2, rε(0, x) = r0(x) on Γε1

(2)
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and the boundary conditions

uε = 0, vε = 0 on (0, T )× ∂Ω ∩ ∂Ωε
1, w

ε = 0 on (0, T )× ∂Ω ∩ ∂Ωε
2, (3)

together with



Dε
u∇uε · ν = −εη(uε, rε) on (0, T )× Γε1,

Dε
v∇vε · ν = 0 on (0, T )× Γε1,

Dε
u∇uε · ν = 0 on (0, T )× Γε2,

Dε
v∇vε · ν = ε(aε(x)wε − bε(x)vε) on (0, T )× Γε2,

Dε
w∇wε · ν = −ε(aε(x)wε − bε(x)vε) on (0, T )× Γε2.

(4)

We consider the space H1
∂Ω(Ωε

i ) = {u ∈ H1(Ωε
i ) : u = 0 on ∂Ω ∩ ∂Ωε

i}, i = 1, 2.

Assumption 2.1. (A1) Di, ∂tDi ∈ L∞(0, T ;L∞per(Y ))3×3, i ∈ {u, v, w}, (Di(t, x)ξ, ξ) ≥
D0
i |ξ|2 for D0

i > 0, for every ξ ∈ R3 and a.a. (t, x) ∈ (0, T )× Y .

(A2) Reaction rate k3 ∈ L∞per(Γ1) is nonnegative and η(α, β) = k3(y)R(α)Q(β), where

R : R → R+, Q : R → R+ are sublinear and locally Lipschitz continuous. Fur-

thermore, R(α) = 0 for α < 0 and Q(β) = 0 for β ≥ βmax, with some βmax > 0.

(A3) f ∈ C1(R2) is sublinear and globally Lipschitz continuous in both variables, i.e.

f(α, β) ≤ Cf (1 + |α|+ |β|), |f(α1, β1)− f(α2, β2)| ≤ CL(|α1−α2|+ |β1− β2|) and

f(α, β) = 0 for α < 0 or β < 0.

(A4) The mass transfer functions at the boundary a, b ∈ L∞per(Γ2), a(y) and b(y) are

positive for a.a. y ∈ Γ2 and there exists Av, Aw, Mv, Mw such that b(y)eAvtMv =

a(y)eAwtMw for a.a. y ∈ Γ2 and t ∈ (0, T ).

(A5) Initial data (u0, v0, w0, r0) ∈ [H2(Ω) ∩ H1
0 (Ω) ∩ L∞(Ω)]3 × L∞per(Γ1) and u0(x) ≥

0, v0(x) ≥ 0, w0(x) ≥ 0 a.e. in Ω, r0(x) ≥ 0 a.e. on Γ1.

We define the oscillating coefficients:

Dε
i (t, x) := Di

(
t, x

ε

)
, i ∈ {u, v, w}, aε(x) := a

(
x
ε

)
, bε(x) := b

(
x
ε

)
, kε(x) := k

(
x
ε

)
.

Definition 2.2. We call (uε, vε, wε, rε) a weak solution of (1)–(4) if uε, vε ∈ L2(0, T ;H1
∂Ω(Ωε

1))∩
H1(0, T ;L2(Ωε

1)), wε ∈ L2(0, T ;H1
∂Ω(Ωε

2)) ∩ H1(0, T ;L2(Ωε
2)), rε ∈ H1(0, T ;L2(Γε1)) and
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satisfies the following equations

T∫
0

∫
Ωε1

(
∂tu

εφ+Dε
u∇uε∇φ+ f(uε, vε)φ

)
dxdt = −ε

T∫
0

∫
Γε1

η(uε, rε)φdγdt, (5)

T∫
0

∫
Ωε1

(
∂tv

εφ+Dε
v∇vε∇φ− f(uε, vε)φ

)
dxdt = ε

T∫
0

∫
Γε2

(
aεwε − bε vε

)
φdγdt, (6)

T∫
0

∫
Ωε2

(
∂tw

εϕ+Dε
w∇wε∇ϕ

)
dxdt = −ε

T∫
0

∫
Γε2

(
aεwε − bε vε

)
ϕdγdt, (7)

ε

T∫
0

∫
Γε1

∂tr
εψdγdt = ε

T∫
0

∫
Γε1

η(uε, rε)ψdγdt (8)

for all φ ∈ L2(0, T ;H1
∂Ω(Ωε

1)), ϕ ∈ L2(0, T ;H1
∂Ω(Ωε

2)), ψ ∈ L2((0, T )×Γε1) and uε(t)→ u0,

vε(t)→ v0 in L2(Ωε
1), wε(t)→ w0 in L2(Ωε

2), rε(t)→ r0 in L2(Γε1) as t→ 0.

Lemma 2.3. Under the Assumption 2.1, solutions of the problem (1)–(4) satisfy the

following a priori estimates:

||uε||L∞(0,T ;L2(Ωε1)) + ||∇uε||L2((0,T )×Ωε1) ≤ C

||vε||L∞(0,T ;L2(Ωε1)) + ||∇vε||L2((0,T )×Ωε1) ≤ C,

||wε||L∞(0,T ;L2(Ωε2)) + ||∇wε||L2((0,T )×Ωε2) ≤ C,

ε1/2||rε||L∞(0,T ;L2(Γε1)) + ε1/2||∂trε||L2((0,T )×Γε1) ≤ C,

(9)

where the constant C is independent of ε.

Proof. First, we consider as test functions φ = uε in (5), φ = vε in (6), ψ = wε in (7) and

use Assumption 2.1, Young’s inequality, and the trace inequality, i.e.

ε

t∫
0

∫
Γε2

wεvεdγdτ ≤ C

t∫
0

∫
Ωε2

(|wε|2 + ε2|∇wε|2)dγdτ + C

t∫
0

∫
Ωε1

(|vε|2 + ε2|∇vε|2)dγdτ.

Then, adding the obtained inequalities, choosing ε conveniently and applying Gronwall’s

inequality imply the first three estimates in Lemma.

Taking ψ = rε as a test function in (8) and using (A2) from Assumption 2.1 and the

estimates for uε, yield the estimate for rε. The test function ψ = ∂tr
ε in (8), the sub-

linearity of R, the boundedness of Q and the estimates for uε imply the boundedness of

ε1/2‖∂trε‖L2((0,T )×Γε1).

Lemma 2.4. (Positivity and boundedness) Let Assumption 2.1 be fulfilled. Then the

following estimates hold:

(i) uε(t), vε(t) ≥ 0 a.e. in Ωε
1, wε(t) ≥ 0 a.e. in Ωε

2 and uε(t), rε(t) ≥ 0 a.e. on Γε1,

for a.a. t ∈ (0, T ).
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(ii) uε(t) ≤ Mue
Aut, vε(t) ≤ Mve

Avt a.e. in Ωε
1 , wε(t) ≤ Mwe

Awt a.e. in Ωε
2 and

uε(t) ≤Mue
Aut, rε(t) ≤Mre

Art a.e. on Γε1, for a.a. t ∈ (0, T ).

Proof. (i) To show the positivity of a weak solution we consider uε− as test function in (5),

vε− in (6), wε− in (7) , and rε− in (8), where φ− = min{0, φ} with φ+φ− = 0. The integrals

involving f(uε, vε)uε−, f(uε, vε)vε−and η(uε, rε)uε− are zero, since by Assumption 2.1

f(u, v) is zero for negative u or v and η(u, r) is zero for negative u. In the integrals over

Γε2 we use the positivity of a and b and the estimate vεwε− = (vε+ + vε−)wε− ≤ vε−wε−.

Due to the positivity of η, the right hand side in the equation for rε, with the test function

ψ = rε−, is nonpositive. Adding the obtained inequalities, applying both Young’s and

the trace inequalities, considering ε sufficiently small, we obtain, due to positivity of the

initial data and using Gronwall’s inequality, that

‖uε−(t)‖L2(Ωε1) + ‖vε−(t)‖L2(Ωε1) + ‖wε−(t)‖L2(Ωε2) + ‖rε−(t)‖L2(Γε1) ≤ 0,

for a.a. t ∈ (0, T ). Thus, negative parts of the involved concentrations are equal zero a.e.

in (0, T )× Ωε
i , i = 1, 2, or in (0, T )× Γε1, respectively.

(ii) To show the boundedness of solutions, we consider (uε−eAutMu)
+ as a test function

in (5), (vε−eAvtMv)
+ in (6) and (wε−eAwtMw)+ in (7), where (φ−M)+ = max{0, φ−M}

and Ai,Mi, i = u, v, w are positive numbers, such that u0(x) ≤Mu, v0(x) ≤Mv, w0(x) ≤
Mw a.e in Ω, and Ai, Mi for i = v, w are given by (A4) in Assumption 2.1. Adding the

equations for uε, vε, wε and using Assumption 2.1 yield, with U ε
M = (uε − eAutMu)

+,

V ε
M = (vε − eAvtMv)

+, and W ε
M = (wε − eAwtMw)+,

τ∫
0

(∫
Ωε1

∂t(|U ε
M |2 + |V ε

M |2) + |∇U ε
M |2 + |∇V ε

M |2dx+

∫
Ωε2

∂t|W ε
M |2 + |∇W ε

M |2dx
)
dt

≤ C

τ∫
0

[ ∫
Ωε1

((
Cf (e

AutMu + eAvtMv)− AueAutMu

)
U ε
M + |U ε

M |2 + |V ε
M |2 + ε2|∇V ε

M |2

+
(
Cf (e

AutMu + eAvtMv)− AveAvtMv

)
V ε
M

)
dx+

∫
Ωε2

(
|W ε

M |2 + ε2|∇W ε
M |2
)
dx
]
dt.

Choosing Au, Mu such that Cfe
AutMu + Cfe

AvtMv − Aue
AutMu ≤ 0 and Cfe

AutMu +

Cfe
AvtMv − Ave

AvtMv ≤ 0, and ε sufficiently small, Gronwall’s inequality implies the

estimates for uε, vε, wε, stated in Lemma.

Lemma 5.1 in Appendix and H1-estimates for uε in Lemma 2.3 imply uε(t) ≥ 0 and

uε(t) ≤ eAutMu a.e on Γε1 for a.a. t ∈ (0, T ). The assumption on η and equation (8) with

the test function (rε − eArtMr)
+, where r0(x) ≤Mr a.e. on Γ1, yield

ε

∫ τ

0

∫
Γε1

(1

2
∂t|(rε − eArtMr)

+|2 + Are
ArtMr(r

ε − eArtMr)
+
)
dγdt =

ε

∫ τ

0

∫
Γε1

η(uε, rε)(rε − eArtMr)
+dγdt ≤ Cη(Au,Mu)ε

∫ τ

0

∫
Γε1

(rε − eArtMr)
+dγdt.
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This, for Ar and Mr, such that Cη ≤ ArMre
ArT , implies the boundedness of rε on Γε1 for

a.a. t ∈ (0, T ).

Lemma 2.5. Under Assumption 2.1, we have the following estimates, independent of ε:

‖∂tuε‖L2((0,T )×Ωε1) + ‖∂tvε‖L2(0,T ;H1(Ωε1)) + ‖∂twε‖L2(0,T ;H1(Ωε2)) ≤ C.

Proof. We test (5) with φ = ∂tu
ε, and using the structure of η, the regularity assumptions

on R and Q and the boundedness of uε and rε on Γε1, we estimate the boundary integral

by

ε

∫ t

0

∫
Γε1

η(uε, rε)∂tu
εdγdτ = ε

∫ t

0

∫
Γε1

kε
(
∂t
(
R(uε)Q(rε)

)
−R(uε)Q′(rε)∂tr

ε
)
dγdτ

≤ C

∫
Ωε1

(
|uε|2 + ε2|∇uε|2 + |u0|2 + ε2|∇u0|2

)
dx+ Cε

∫ t

0

∫
Γε1

(
1 + |∂trε|2

)
dγdτ,

where R(α) =
∫ α

0
R(ξ)dξ. Then, Assumption 2.1, estimates in Lemma 2.3 and the fact

that D0
u/2− ε2 ≥ 0 for appropriate ε, imply the estimate for ∂tu

ε.

In order to estimate ∂tv
ε and ∂tw

ε, we differentiate the corresponding equations with

respect to the time variable and then test the result with ∂tv
ε and ∂tw

ε, respectively. Due

to assumptions on f and using the trace inequality, we obtain∫
Ωε1

|∂tvε|2dx+ C

∫ t

0

∫
Ωε1

|∇∂tvε|2dxdτ ≤ C

∫ t

0

∫
Ωε2

(
|∂twε|2 + ε2|∇∂twε|2

)
dxdτ

+C

∫ t

0

∫
Ωε1

(
|∂tuε|2 + |∂tvε|2 + |∇vε|2

)
dxdτ +

∫
Ωε1

|∂tvε(0)|2dx, (10)∫
Ωε2

|∂twε|2dx+ C

∫ t

0

∫
Ωε2

|∇∂twε|2dxdτ ≤ C

∫ t

0

∫
Ωε2

(
|∂twε|2 + |∇wε|2

)
dxdτ

+

∫
Ωε2

|∂twε(0)|2dx+ C

∫ t

0

∫
Ωε1

(
|∂tvε|2 + ε2|∇∂tvε|2

)
dxdτ. (11)

The regularity assumptions imply that ||∂tvε(0)||L2(Ωε1) and ||∂twε(0)||L2(Ωε2) can be esti-

mated by the H2-norm of v0 and w0. Adding (10) and (11), making use of estimates for

∂tu
ε, ∇vε and ∇wε, and applying Gronwall’s Lemma, give the desired estimates.

Lemma 2.6. (Existence & Uniqueness) Let Assumption 2.1 be fulfilled. Then there exists

a unique global-in-time weak solution in the sense of Definition 2.2.

Proof. The Lipschitz continuity of f , local Lipschitz continuity of η and the boundedness

of uε and rε on Γε1 ensure the uniqueness result. The existence of weak solutions follows

by a standard Galerkin approach, [14], using the a priori estimates in Lemmata 2.3, 2.4

and 2.5.
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2.3. Unfolded limit equations. We define Ω̃ε
int = Int(∪k∈Z3{εY k, εY k ⊂ Ω}), Γ̃εi,int =

∪k∈Z3{εΓki , εY k ⊂ Ω}, (Rn)i = Rn ∩ {ε(Yi + ξ), ξ ∈ Zn}, Ω̃ε,l
i = {x ∈ (Rn)i : dist(x,Ωε

i ) <

l
√
nε}, l = 1, 2.

Definition 2.7. [4, 5, 7] 1. For any function φ Lebesgue-measurable on perforated domain

Ωε
i , the unfolding operator T εYi : Ωε

i → Ω× Yi, i = 1, 2, is defined by

T εYi(φ)(x, y) =

φ(ε
[
x
ε

]
Y

+ εy) a.e. for y ∈ Yi, x ∈ Ω̃ε
int,

0 a.e. for y ∈ Yi, x ∈ Ω \ Ω̃ε
int,

where k := [x
ε
] denotes the unique integer combination Σ3

j=1kjej of the periods such that

x− [x
ε
] belongs to Yi,

2. For any function φ Lebesgue-measurable on oscillating boundary Γεi , the boundary

unfolding operator T εΓi : Γεi → Ω× Γi, i = 1, 2 is defined by

T εΓi(φ)(x, y) =

φ(ε
[
x
ε

]
Y

+ εy) a.e. for y ∈ Γi, x ∈ Ω̃ε
int,

0 a.e. for y ∈ Γi, x ∈ Ω \ Ω̃ε
int.

We note that for w ∈ H1(Ω) it holds that T εYi(w|Ωεi ) = T εY (w)|Ω×Yi .

Lemma 2.8. Under the Assumption 2.1, there exist u, v, w ∈ L2(0, T ;H1
0 (Ω))∩H1(0, T ;L2(Ω)),

ũ, ṽ ∈ L2((0, T )× Ω;H1
per(Y1)), w̃ ∈ L2((0, T )× Ω;H1

per(Y2)), and r ∈ H1(0, T, L2(Ω×
Γ1)) such that (up to a subsequence) for ε→ 0

T εY1(u
ε)→ u, T εY1(v

ε)→ v in L2((0, T )× Ω;H1(Y1)),

∂tT εY1(u
ε) ⇀ ∂tu, ∂tT εY1(v

ε) ⇀ ∂tv in L2((0, T )× Ω× Y1),

T εY2(w
ε)→ w, ∂tT εY2(w

ε) ⇀ ∂tw in L2((0, T )× Ω;H1(Y2)),

T εY1(∇u
ε) ⇀ ∇u+∇yũ in L2((0, T )× Ω× Y1),

T εY1(∇v
ε) ⇀ ∇v +∇yṽ in L2((0, T )× Ω× Y1),

T εY2(∇w
ε) ⇀ ∇w +∇yw̃ in L2((0, T )× Ω× Y2),

(12)

and

T εΓ1
(rε)→ r, ∂tT εΓ1

(rε) ⇀ ∂tr in L2((0, T )× Ω× Γ1),

T εΓ1
(uε)→ u in L2((0, T )× Ω× Γ1),

T εΓ2
(vε)→ v, T εΓ2

(wε)→ w in L2((0, T )× Ω× Γ2).

(13)

Proof. Applying estimates in Lemmata 2.3, 2.5 and Convergence Theorem [7, 8], see

Theorem 5.3 in Appendix, implies the convergences for uε, vε, wε in (12). The strong

convergence of rε is achieved by showing that T εΓ1
(rε) is a Cauchy sequence in L2((0, T )×

Ω×Γ1), for the proof see [10, 16]. A priori estimate for ∂tr
ε and the convergence properties

of T εΓ1
, [7], imply the convergences of T εΓ1

(∂tr
ε). To show the convergences (13), we make

use of the trace theorem, [9], and of the strong convergence of T εY1(u
ε) as ε→ 0, i.e.

‖T εΓ1
(uε)− u‖L2((0,T )×Ω×Γ1) ≤ C‖T εY1(u

ε)− u‖L2((0,T )×Ω;H1(Y1)) → 0 as ε→ 0.
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Theorem 2.9. Under the Assumption 2.1, the sequences of weak solutions of the problem

(1)-(4) converges as ε → 0 to a weak solution (u, v, w, r) of a macroscopic model, i.e.

u, v, w ∈ L2(0, T ;H1
0 (Ω))∩H1(0, T ;L2(Ω)), r ∈ H1(0, T ;L2(Ω×Γ1)) and u, v, w, r satisfy

the macroscopic equations∫ T

0

∫
Ω×Y1

∂tuφ1 +Du(t, y)
(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

)
(∇φ1 +∇yφ̃1) + f(u, v)φ1dydxdt

= −
∫ T

0

∫
Ω×Γ1

η(u, r)φ1dγydxdt,∫ T

0

∫
Ω×Y1

∂tvφ1 +Dv(t, y)
(
∇v +

n∑
j=1

∂v

∂xj
∇yω

j
v

)
(∇φ1 +∇yφ̃1)− f(u, v)φ1dydxdt

=

∫ T

0

∫
Ω×Γ2

(a(y)w − b(y)v)φ1dγydxdt, (14)∫ T

0

∫
Ω×Y2

∂twφ2 +Dw(t, y)
(
∇w +

n∑
j=1

∂w

∂xj
∇yω

j
w

)
(∇φ2 +∇yφ̃2)dydxdt

= −
∫ T

0

∫
Ω×Γ2

(a(y)w − b(y)v)φ2dγydxdt,∫ T

0

∫
Ω×Γ1

∂trψdγydxdt =

∫ T

0

∫
Ω×Γ1

η(u, r)ψdγydxdt,

for φ1, φ2 ∈ L2(0, T ;H1
0 (Ω)), φ̃1 ∈ L2((0, T )× Ω;H1

per(Y1)), φ̃2 ∈ L2((0, T )× Ω;H1
per(Y2))

and ψ ∈ L2((0, T )×Ω×Γ1), where ωju, ωjv and ωjw are solutions of the correspondent unit

cell problems

−∇y(Dζ(t, y)∇yω
j
ζ) =

3∑
k=1

∂ykD
kj
ζ (t, y) in Y1, ζ = u, v, (15)

−Dζ(t, y)∇ωjζ · ν =
3∑

k=1

Dkj
ζ (t, y)νk on Γ1 ∪ Γ2, ωjζ is Y -periodic,

∫
Y1

ωjζ(y)dy = 0,

−∇y(Dw(t, y)∇yω
j
w) =

3∑
k=1

∂ykD
kj
w (t, y) in Y2, (16)

−Dw(t, y)∇ωjw · ν =
3∑

k=1

Dkj
w (t, y)νk on Γ2, ωjw is Y -periodic,

∫
Y2

ωjw(y)dy = 0.

Proof. Due to considered geometry of Ωε
1 and Ωε

2 we have∫ T

0

∫
Ωεi

uεφdxdt =

∫ T

0

∫
Ω×Yi
T εYi(u

ε)T εYi(φ)dydxdt, i = 1, 2.

Applying the unfolding operator to (5)-(8), using T εY1Di(t,
x
ε
) = Di(t, y), i ∈ {u, v} and

T εY2Dw(t, x
ε
) = Dw(t, y), considering the limit as ε → 0 and the convergences stated in

Theorem 2.8, we obtain the unfolded limit problem. Similarly as for microscopic problem,

using local Lipschitz continuity of η and f and boundedness of macroscopic solutions,

which follows directly from the boundedness of microscopic solutions, we can show the
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uniqueness of a solution of the macroscopic model. Thus the whole sequence of microscopic

solutions converge to a solution of the unfolded limit problem. The functions ũ, ṽ, w̃ are

defined in terms of u, v, w and solutions ωju, ω
j
v, ω

j
w of unit cell problems (15) and (16), see

[10, 16].

3. Corrector estimates

First of all, we introduce the definition of local average and averaging operators. After

that, we show some technical estimates needed in the following.

Definition 3.1. [12, 4] 1. For any φ ∈ Lp(Ωε
i ), p ∈ [1,∞] and i = 1, 2, we define the

local average operator (”mean in the cells”) Mε
Yi

: Lp(Ωε
i )→ Lp(Ω)

Mε
Yi

(φ)(x) =
1

|Yi|

∫
Yi

T εYi(φ)(x, y)dy =
1

εn|Yi|

∫
ε[x
ε

]+εYi

φ(y)dy, x ∈ Ω.

2. The operator Qε
i : Lp(Ω̃ε,2

i ) → W 1,∞(Ω), i = 1, 2 is defined as Q1–interpolation of

M ε
Yi

(φ), i.e. Qε
i (φ)(εξ) =Mε

Yi
(φ)(εξ) for ξ ∈ Zn and

Qε
i (φ)(x) =

∑
k∈{0,1}n

Qε
i (φ)(εξ + εk)x̄k11 . . . x̄knn for x ∈ ε(Yi + ξ), ξ ∈ Zn,

where for x ∈ ε(Yi + ξ) and k = (k1, . . . , kn) ∈ {0, 1}n points x̄kll are given by

x̄kll =

xl−εξl
ε

, if kl = 1,

1− xl−εξl
ε

, if kl = 0.

3. The operator Qε
i : W 1,p(Ωε

i )→ W 1,∞(Ω) is defined by Qε
i (φ) = Qε

i (P(φ))|Ωεi , where Qε
i

is given in 2. and P : W 1,p(Ωε
i )→ W 1,p((Rn)i) is an extension operator, in the case there

exists P, such that ‖P(φ)‖W 1,p((Rn)i) ≤ C‖φ‖W 1,p(Ωεi )
.

Note T εYi ◦M
ε
Yi

(φ) = Mε
Yi

(φ) for φ ∈ Lp(Ωε
i ) and Mε

Yi
(φ)(x) = MYi(T εYi(φ))(x), addi-

tionally
∑

k∈{0,1}n
x̄k11 . . . x̄knn = 1.

Definition 3.2. [7, 8] 1. For p ∈ [1 +∞] and i = 1, 2, the averaging operator U εYi :

Lp(Ω× Yi)→ Lp(Ωε
i ) is defined as

U εYi(Φ)(x) =


1
|Y |

∫
Y

Φ(ε
[
x
ε

]
Y

+ εz,
{
x
ε

}
Y

)dz for a.a.x ∈ Ω̃ε
i,int,

0 for a.a.x ∈ Ωε
i \ Ω̃ε

i,int.

2. U εΓi : Lp(Ω× Γi)→ Lp(Γεi ) is defined as

U εΓi(Φ)(x) =


1
|Y |

∫
Y

Φ(ε
[
x
ε

]
Y

+ εz,
{
x
ε

}
Y

)dz for a.a.x ∈ Γ̃εi,int,

0 for a.a.x ∈ Γεi \ Γ̃εi,int.

For ωi ∈ H1
per(Yi), due to∇yω

i(y) = ∇yT εYi
(
ωi
(
x
ε

))
= εT εYi

(
∇xω

i
(
x
ε

))
and U εYi(∇yω

i(y)) =

εU εYi
(
T εYi
(
∇xω

i
(
x
ε

)))
= ε∇xω

i(x
ε
) = ∇yω

i
(
x
ε

)
, we have that U εYi(∇yω

i(y)) = ∇yω
i
(
x
ε

)
.
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3.1. Basic estimates. In this subsection, we prove some technical estimates, used in the

derivation of corrector estimates.

Proposition 3.3. For φ1 ∈ L2(0, T ;H1(Ω)) and φ2 ∈ L2(0, T ;H1(Ωε
i )) we have

‖φ1 −Mε
Yi

(φ1)‖L2((0,T )×Ω) ≤ εC‖∇φ1‖L2((0,T )×Ω),

‖φ2 −Mε
Yi

(φ2)‖L2((0,T )×Ωεi )
≤ εC‖∇φ2‖L2((0,T )×Ωεi )

.
(17)

Proof. This proof is similar to [12]. For φ1 ∈ L2(0, T ;H1(Ω)) we can write

x→ φ1|ε(ξ+Y )(x)−Mε
Yi

(φ1)(εξ) ∈ L2(0, T ;H1(εξ + εY )) with ε(ξ + Y ) ⊂ Ω.

Using Yi ⊂ Y and applying Poincaré inequality, we obtain

T∫
0

∫
ε(ξ+Y )

|φ1 −Mε
Yi

(φ1)(εξ)|2dxdt =

T∫
0

∫
ξ+Y

∣∣∣φ1(εy)− 1

|Yi|

∫
ξ+Yi

φ1(εz)dz
∣∣∣2εndydt

≤ Cεn
T∫

0

∫
ξ+Y

|∇yφ1(εy)|2dydt = Cε2

∫
ε(ξ+Y )

|∇xφ1(x)|2dxdt.

Then, we add all inequalities for ξ ∈ Zn, such that ε(ξ + Y ) ⊂ Ω, and obtain the

first estimate in (17). The second estimate follows from the decomposition of Ωε
i into

∪ξ∈Znε(ξ + Yi) and Poincaré’s inequality as in the previous estimate.

Lemma 3.4. For φ ∈ L2(0, T ;H2(Ω)), φ2 ∈ L2(0, T ;H1(Ω̃ε
i )) and ω ∈ H1

per(Yi), we have

the following estimates

‖∇φ−Mε
Yi

(∇φ)‖L2((0,T )×Ω) ≤ εC‖φ‖L2(0,T ;H2(Ω),

‖(Mε
Yi

(∂xiφ)−Qε
Yi

(∂xiφ))∇yω‖L2((0,T )×Ωεi )
≤ εC‖φ‖L2(0,T ;H2(Ω))‖∇ω‖L2(Yi),

‖Qε
Yi

(φ2)−Mε
Yi

(φ2)‖L2((0,T )×Ω) ≤ εC‖∇φ2‖L2((0,T )×Ω̃εi )
,

‖Qε
Yi

(φ)− φ‖L2((0,T )×Ω) ≤ εC‖∇φ‖L2((0,T )×Ω̃),

‖Qε
Yi

(φ2)− φ2‖L2((0,T )×Ωεi )
≤ εC‖∇φ2‖L2((0,T )×Ω̃εi )

, (18)

‖φ− T εΓi(φ)‖L2((0,T )×Ω×Γi) ≤ εC‖∇φ‖L2((0,T )×Ω) + εC‖∇φ‖L2((0,T )×Ωεi )
,

‖∇Qε
Yi

(φ2)‖L2((0,T )×Ω) ≤ C‖∇φ2‖L2((0,T )×Ω̃εi )
,

‖Qε
Yi

(ω(y))− ω(y)‖L2(Yi) ≤ C‖∇yω‖L2(Yi),

‖T εYi(Q
ε
Yi

(φ2))−Qε
Yi

(φ2)‖L2(Ω×Yi) ≤ εC‖∇φ2‖L2((0,T )×Ω̃εi )
.

Proof. The first inequality follows directly from the first estimate in (17) applied to ∇φ.

To show the second inequality, we use the definition of the operator Qε, the equality∑
k∈{0,1}n x̄

k1
1 . . . x̄knn = 1, and obtain

Qε
Yi

(φ)(x)−Mε
Yi

(φ)(x) =
∑

k∈{0,1}n

(
Qε
Yi

(φ)(εξ + εk)−Mε
Yi

(φ)(εξ)
)
x̄k11 . . . x̄knn .
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Then, it follows∫
ε(ξ+Yi)

∣∣Qε
Yi

(φ)(x)−Mε
Yi

(φ)(x)
∣∣2∣∣∣∇yω

(x
ε

)∣∣∣2dx
≤ 2n

∑
k∈{0,1}n

∣∣Qε
Yi

(φ)(εξ + εk)−Qε
Yi

(φ)(εξ)
∣∣2εn ∫

Yi

|∇yω(y)|2 dy.

For any φ ∈ W 1,p(Int(Yi ∪ (Yi + ej))), the following estimate holds

|MYi+ej(φ)−MYi(φ)| = |MYi(φ(·+ ej)− φ(·))|

≤ ||(φ(·+ ej)− φ(·)||Lp(Yi) ≤ C||∇φ||Lp(Yi∪(Yi+ej)).

Thus, by the definition of Qε
Yi

(φ)(x) and by a scaling argument this implies

|Qε
Yi

(φ)(εξ + εk)−Qε
Yi

(φ)(εξ)| ≤ εC||∇φ||L2(ε(ξ+Yi)∪ε(ξ+k+Yi)). (19)

We sum over ξ ∈ Zn with ε(ξ + Yi) ⊂ Ω̃ε
i and obtain the desired estimate. Using (19) we

obtain also that∫
Ω

|Qε
Yi

(φ)−Mε
Yi

(φ)|2dx

≤ ε2C
∑

ε(ξ+Yi)⊂Ω̃εi

εn
∑

k∈{0,1}n
||∇φ||2L2(ε(ξ+Yi)∪ε(ξ+k+Yi))

≤ ε2C

∫
Ω̃εi

|∇φ|2dx.

In the same way, using the estimates stated in Proposition 3.3, the fourth and fifth

estimates in (18) follows from:

‖Qε
Yi

(φ2)− φ2‖L2((0,T )×Ωεi )
≤ ‖Qε

Yi
(φ2)−Mε

Yi
(φ2)‖L2((0,T )×Ω)

+‖Mε
Yi

(φ2)− φ2‖L2((0,T )×Ωεi )
≤ εC‖∇φ2‖L2((0,T )×Ω̃εi )

.

For φ ∈ H1(Ω) applying the trace theorem to a function in L2(Γi) yields∫
Ω×Γi

|φ− T εΓi(φ)|2dγdx ≤
∫

Ω×Γi

(
|φ−Mε

Yi
(φ)|2 + |Mε

Yi
(φ)− T εΓi(φ)|2

)
dγdx ≤

Cε2|Γi|
∫
Ω

|∇φ|2dx+ C

∫
Ω×Yi

(
|Mε

Yi
(φ)− T εYi(φ)|2 + |∇y(Mε

Yi
(φ)− T εYi(φ))|2

)
dydx

≤ Cε2|Γi|
∫
Ω

|∇φ|2dx+ C

∫
Ωεi

|Mε
Yi

(φ)− φ|2dx+

∫
Ω×Yi

|∇yT εYi(φ))|2dydx

≤ ε2C
(∫

Ω

|∇φ|2dx+

∫
Ωεi

|∇φ|2dx
)
.

To obtain an estimate for the gradient of Qε
Yi

(φ2), with φ2 ∈ L2(0, T ;H1(Ω̃ε)), we define

k̃j = (k1, . . . , kj−1, kj+1, . . . , kn), k̃j1 = (k1, . . . , kj−1, 1, kj+1, . . . , kn), k̃j0 = (k1, . . . , kj−1, 0, kj+1, . . . , kn)

and calculate

∂Qε
Yi

(φ2)

∂xj
=
∑
k̃j

Qε
Yi

(φ2)(εξ + εk̃j1)−Qε
Yi

(φ2)(εξ + εk̃j0)

ε
x̄k11 . . . x̄

kj−1

j−1 . . . x̄
kj+1

j+1 x̄
kn
n .

Now, applying (19) we obtain the estimates for ∇Qε
Yi

(φ2) in L2((0, T )× Ω).



UNFOLDING AND CORRECTOR ESTIMATES 13

For y ∈ Yi we have QYi(ω(y))(y) − ω(y) =
∑

k∈{0,1}n
(Qε

Yi
(ω)(k) − ω(y))ȳk11 . . . ȳknn , where

ȳkll =

yl − ξl, if kl = 1,

1− (yl − ξl), if kl = 0
. The Poincaré’s inequality and the periodicity of ω

imply the estimate for Qε
Yi

(ω(y))− ω(y).

To derive the last estimate, we consider

‖T εYi(Q
ε
Yi

(φ2))−Qε
Yi

(φ2))‖L2(Ω×Yi) ≤ ‖T εYi(Q
ε
Yi

(φ2))−Mε
Yi

(Qε
Yi

(φ2))‖L2(Ω×Yi)

+‖Mε
Yi

(Qε
Yi

(φ2))−Qε
Yi

(φ2)‖L2(Ω×Yi) ≤ C‖Qε
Yi

(φ2)−Mε
Yi

(Qε
Yi

(φ2))‖L2(Ωεi )

+C‖Mε
Yi

(Qε
Yi

(φ2))−Qε
Yi

(φ2)‖L2(Ω) ≤ εC‖∇Qε
Yi

(φ2)‖L2(Ω) ≤ εC‖∇φ2‖L2(Ω̃εi )
.

3.2. Periodicity defect. In the derivation of error estimates we use a generalization of

the Theorem 3.4 proved in [12] for functions defined in a perforated domain:

Theorem 3.5. For any φ ∈ H1(Ωε
i ), i = 1, 2, there exists ψ̂ε ∈ L2(Ω;H1

per(Yi)):

‖ψ̂ε‖L2(Ω;H1(Yi)) ≤ C‖∇φ‖L2(Ωεi )
n ,

‖T εYi(∇φ)−∇φε −∇yψ̂
ε‖L2(Yi;H−1(Ω)) ≤ Cε‖∇φ‖L2(Ωεi )

n .

Here φε = Qε
Yi

(φ).

The proofs of Theorem 3.5 go the same lines as in [12, Theorem 3.4], using the estimates

‖T εYi(φ)‖L2(Ω×Yi) ≤ C‖φ‖L2(Ωεi )
, ‖∇Qε

Yi
(φ)‖L2(Ω) ≤ C‖∇φ‖L2(Ω̃εi )

.

3.3. Error estimates. Under additional regularity assumptions on the solution of the

macroscopic problem, we obtain a set of error estimates. We emphasize here again that

the most important point is that only H1-regularity for the solutions of the microscopic

model and of the cell problems is required.

Theorem 3.6. Suppose (uε, vε, wε, rε) are solutions of the microscopic problem (1)-(4)

and u, v, w ∈ L2(0, T ;H2(Ω))∩H1((0, T )×Ω)), r ∈ H1(0, T ;L2(Ω×Γ1)) are solutions of

the macroscopic equations (14). Then we have the following corrector estimates:

‖uε − u‖L2((0,T )×Ωε1) + ‖∇uε −∇u−
n∑
j=1

Qε
Y1

(∂xju)∇yω
j
u‖2

L2((0,T )×Ωε1) ≤ Cε
1
2 ,

‖vε − v‖L2((0,T )×Ωε1) + ‖∇vε −∇v −
n∑
j=1

Qε
Y1

(∂xjv)∇yω
j
v‖2
L2((0,T )×Ωε1) ≤ Cε

1
2 ,

‖wε − w‖L2((0,T )×Ωε2) + ‖∇wε −∇w −
n∑
j=1

Qε
Y2

(∂xjw)∇yω
j
w‖2

L2((0,T )×Ωε2) ≤ Cε
1
2 ,

ε
1
2‖rε − U εΓ1

(r(t, x, y))‖L2((0,T )×Γε1) ≤ Cε
1
2 .
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4. Proof of Theorem 3.6.

We define distance function ρ(x) = dist(x, ∂Ω), domains Ω̂ε
ρ,in = {x ∈ Ω, ρ(x) < ε} and

Ω̂ε
i,ρ,in = {x ∈ Ωε

i , ρ(x) < ε}, where ρε(·) = inf{ρ(·)
ε
, 1}. Definition of ρε yields

‖∇xρ
ε‖L∞(Ω)n = ‖∇xρ

ε‖L∞(Ω̂ερ,in)n = ε−1. (20)

Then, for Φ ∈ H2(Ω) and ωj ∈ H1(Yi), i = 1, 2, j = u, v, w, we obtain the following

estimates, [12],

‖∇Φ‖L2(Ω̂ερ,in)n + ‖Qε
Yi

(∇Φ)‖L2(Ω̂ερ,in)n + ‖Mε
Yi

(∇Φ)‖L2(Ω̂ερ,in)n ≤ Cε
1
2‖Φ‖H2(Ω),∥∥∥ωj ( ·

ε

)∥∥∥
L2(Ω̂εi,ρ,in)

+
∥∥∥∇ωj ( ·

ε

)∥∥∥
L2(Ω̂εi,ρ,in)n

≤ Cε
1
2‖∇yω

j‖L2(Yi)n ,

‖(1− ρε)∇xΦ‖L2(Ω)n ≤ ‖∇xΦ‖L2(Ω̂ερ,in)n ≤ Cε
1
2‖Φ‖H2(Ω), (21)

‖∇x(ρε∂xjΦ)‖L2(Ω)n ≤ C(ε−
1
2 + 1)‖Φ‖H2(Ω),∥∥∥ε∂xiρεQε

Yi
(∂xjΦ)ωj

( ·
ε

)∥∥∥
L2(Ωεi )

≤ Cε
1
2‖Φ‖H2(Ω)‖ωj‖L2(Yi),∥∥∥ερε∂xiQε

Yi
(∂xjΦ)ωj

( ·
ε

)∥∥∥
L2(Ωεi )

≤ Cε‖Φ‖H2(Ω)‖ωj‖L2(Yi).

Now, for φ1 ∈ L2(0, T ;H1(Ωε
i )) given by

φ1(x) = uε(x)− u(x)− ερε(x)
n∑
j=1

Qε
Y1

(∂xju)(x)ωju
(x
ε

)
we consider an extension φ̃ε1 from (0, T )× Ωε

1 into (0, T )× Ω such that

‖φ̃ε1‖L2((0,T )×Ω) ≤ C‖φ1‖L2((0,T )×Ωε1) and ‖∇φ̃ε1‖L2((0,T )×Ω) ≤ C‖∇φ1‖L2((0,T )×Ωε1).

Due to zero boundary conditions such extension can be defined for whole Ω. Notice that

Qε
Yi

(∂xju) and ∇u are in L2(0, T ;H1(Ω)), but not in L2(0, T ;H1
0 (Ω)).

We consider φ̃ε1 ∈ L2(0, T ;H1
0 (Ω)) and ψ̂ε1 ∈ L2((0, T )×Ω, H1

per(Y1)), given by Theorem

3.5, as test functions in the macroscopic equation (14) for u:∫ τ

0

∫
Ω×Y1

∂tuφ̃
ε
1 +Du(y)

(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

)(
∇φ̃ε1 +∇yψ̂

ε
1

)
dydxdt

+

∫ τ

0

∫
Ω×Y1

f(u, v)φ̃ε1dydxdt+

∫ τ

0

∫
Ω×Γ1

η(u, r)φ̃ε1dγdxdt = 0.

In the first term and in the last two integrals we replace φ̃ε1 by Mε
Y1

(φ1), φ̃ε1 by T εΓ1
(φ1),

and u by T εY1(u). As next step, we introduce ρε in front of ∇u and ∂xju and replace ∇φ̃ε1
by ∇Qε

Y1
(φ1). Now, using Theorem 3.5, we replace ∇φε1 + ∇yψ̂

ε
1, by T εY1(∇φ1), where

φε1 = Qε
Y1

(φ1) and obtain∫ τ

0

∫
Ω×Y1

∂tT εY1(u)Mε
Y1

(φ1) +Du(y)ρε
(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

)
T εY1(∇φ1)dydxdt

+

∫ τ

0

∫
Ω×Y1

T εY1(f(u, v))Mε
Y1

(φ1)dydxdt+

∫ τ

0

∫
Ω×Γ1

η(u, r)T εΓ1
(φ1)dγdxdt = R1

u,
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where

R1
u =

∫ τ

0

∫
Ω×Y1

[
∂t(u− T εY1(u))Mε

Y1
(φ1) + ∂tu(φ̃ε1 −Mε

Y1
(φ1))

+ρεDu

(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

)(
∇(Qε

Yi
(φ1)− φ̃ε1) + (T εY1(∇φ1)−∇φε1 −∇yψ̂

ε
1

))
+(ρε − 1)Du

(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

)
(∇φ̃ε1 +∇yψ̂

ε
1) + f(u, v)(φ̃ε1 −Mε

Y1
(φ1))

+(f − T εY1(f))Mε
Y1

(φ1)
]
dydxdt+

∫ τ

0

∫
Ω×Γ1

η(u, r)(T εΓ1
(φ1)− φ̃ε1)dγdxdt.

Then we remove ρε, replace ∇u by Mε
Y1

(∇u), ∂xju by Mε
Y1

(∂xju) and, using Mε
Y1

(φ) =

T εY1 ◦M
ε
Y1

(φ), we apply the inverse unfolding

∫ τ

0

∫
Ωε1

(
∂tuMε

Y1
(φ1) +Dε

u

(
Mε

Y1
(∇u) +

n∑
j=1

Mε
Y1

(∂xju)∇yω
j
u

(x
ε

))
∇φ1

)
dxdt

+

∫ τ

0

∫
Ωε1

f(u, v)Mε
Y1

(φ1)dxdt+

∫ τ

0

∫
Ω×Γ1

η(u, r)T εΓ1
(φ1)dγdxdt = R1

u +R2
u,

where

R2
u =

∫ τ

0

∫
Ω×Y1

[
(1− ρε)Du(y)

(
∇u+

n∑
j=1

∂xju∇yω
j
u(y)

)
T εY1(∇φ1)

+Du(y)
(
Mε

Y1
(∇u)−∇u+

n∑
j=1

(
Mε

Y1
(∂xju)− ∂xju

)
∇yω

j
u(y)

)
T εY1(∇φ1)

]
dydxdt.

Introducing ρε in front of Mε
Yi

(∂xju) and replacing Mε
Y1

(φ1) by φ1, Mε
Y1

(∇u) by ∇u,

Mε
Y1

(∂xju) by Qε
Y1

(∂xju) yield

∫ τ

0

∫
Ωε1

[
∂tuφ1 +Dε

u

(
∇u+

n∑
j=1

ρεQε
Y1

(∂xju)∇yω
j
u

(x
ε

))
∇φ1 + f(u, v)φ1

]
dxdt

= −
∫ τ

0

∫
Ω×Γ1

η(u, r)T εY1(φ1)dγdxdt+R1
u +R2

u +R3
u, (22)

where

R3
u =

τ∫
0

∫
Ωε1

[(
∂tu+ f

)
(φ1 −Mε

Y1
(φ1)) + (ρε − 1)Dε

u

n∑
j=1

Mε
Yi

(∂xju)∇yω
j
u

(x
ε

)
∇φ1

+Dε
u

(
∇u−Mε

Y1
(∇u) +

n∑
j=1

ρε
(
Qε
Y1

(∂xju)−Mε
Y1

(∂xju)
)
∇yω

j
u

(x
ε

))
∇φ1

]
dxdt.
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Now, we subtract from the equation for uε the equation (22) and obtain for the test

function φ1 = uε − u− ερε
n∑
j=1

Qε
Y1

(∂xju)ωju the equality

τ∫
0

∫
Ωε1

[
∂t(u

ε − u)(uε − u− ερε
n∑
j=1

Qε
Yi

(∂xju)ωju) +

Dε
u

(
∇(uε − u)− ρε

n∑
j=1

Qε
Yi

(
∂xju

)
∇yω

j
u

)(
∇(uε − u)− ε

n∑
j=1

∇x

(
ρεQε

Yi

(
∂xju

)
ωju
))

+
(
f(uε, vε)− f(u, v)

)(
uε − u− ερε

n∑
j=1

Qε
Yi

(∂xju)ωju
)]
dxdt+

τ∫
0

∫
Ω×Γ1

(
η(Tεuε, Tεrε)− η(u, r)

)
T εΓ1

(
uε − u− ερε

n∑
j=1

Qε
Yi

(∂xju)ωju
)
dγdxdt = Ru,

where Ru = R1
u +R2

u +R3
u.

We consider ψε = T εΓ1
rε − r as a test function in the equations for T εΓ1

(rε) and r and,

using local Lipschitz continuity of η and boundedness of uε, u, rε, r, obtain∫ τ

0

∫
Ω×Γ1

∂t|T εΓ1
rε − r|2dγdxdt ≤ C

∫ τ

0

∫
Ω×Γ1

(
|T εΓ1

rε − r|2 + |T εΓ1
uε − u|2

)
dγdxdt.

Applying Gronwall’s inequality and considering T εΓ1
(rε0)(x, y) = r0(y) yield

‖T εΓ1
(rε)− r‖2

L2(Ω×Γ1) ≤ C‖T εΓ1
(uε)− u‖2

L2((0,τ)×Ω×Γ1) + ‖T εΓ1
(rε0)− r0‖2

L2(Ω×Γ1)

≤ C
(
‖T εΓ1

(uε − u)‖2
L2((0,τ)×Ω×Γ1) + ‖T εΓ1

(u)− u‖2
L2((0,τ)×Ω×Γ1)

)
.

Then, for the boundary integral using the estimate in Lemma 3.4 we obtain∫ τ

0

∫
Ω×Γ1

(η(T εΓ1
(rε), T εΓ1

(uε))− η(r, u))T εΓ1
(φ1)dγdxdt ≤

C
(
‖T εΓ1

(rε)− r‖L2((0,τ)×Ω×Γ1) + ‖T εΓ1
(uε)− u‖L2((0,τ)×Ω×Γ1)

)
ε‖φ1‖L2((0,τ)×Γε1)

≤ C
(
‖uε − u‖L2((0,τ)×Ωε1) + ε‖∇(uε − u)‖L2((0,τ)×Ωε1) + ε‖∇u‖L2((0,τ)×Ω)

)
×(

‖φ1‖L2((0,τ)×Ωε1) + ε‖∇φ1‖L2((0,τ)×Ωε1)

)
. (23)

Therefore, the ellipticity assumption, the Lipschitz continuity of f and Young inequality,

applied to the estimate for the boundary integral (23), imply∫ τ

0

∫
Ωε1

(
∂t
∣∣ûε − ερε n∑

j=1

Qε
Y1

(∂xju)ωju
∣∣2 +

∣∣∇ûε − ρε n∑
j=1

Qε
Y1

(∂xju)∇yω
j
u

∣∣2)dxdt
≤ C

∫ τ

0

∫
Ωε1

(∣∣ûε − ερε n∑
j=1

Qε
Y1

(∂xju)ωju
∣∣2 +

∣∣v̂ε − ερε n∑
j=1

Qε
Y1

(∂xjv)ωjv
∣∣2)dxdt

+ε2

∫ τ

0

∫
Ω

|∇u|2dxdt+Ru + Cε
u,
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where ûε = uε − u, v̂ε = vε − v and

Cε
u := Cε2

τ∫
0

∫
Ωε1

n∑
j=1

(
|Qε

Y1
(∂t∂xju)ωju|2 + (1 + ε2)|∇Qε

Y1
(∂xju)ωju|2 + |Qε

Y1
(∂xju)ωju|2

+|Qε
Y1

(∂xjv)ωjv|2 + |Qε
Y1

(∂xju)∇yω
j
u|2
)
dxdt+ C

∫ τ

0

∫
Ω̂ε1,ρ,in

n∑
j=1

∣∣Qε
Y1

(∂xju)ωju
∣∣2dxdt

≤ C
(
ε2‖u‖2

L2(0,T ;H2(Ω)) + ε2‖u‖2
H1((0,T )×Ω) + ε‖u‖2

L2(0,T ;H2(Ω))

)
‖ωu‖2

H1(Y1)n

+Cε2‖v‖2
L2(0,T ;H1(Ω))‖ωv‖2

L2(Y1)n .

Here we used that

ε2

∫
Ωε1

|∇
(
ρεQε

Y1
(∂xju)

)
ωju|2dx ≤ ε2

∫
Ωε1

|∇Qε
Y1

(∂xju)ωju|2dx+

∫
Ω̂ε1,ρ,in

|Qε
Y1

(∂xju)ωju|2dx.

The estimates of the error terms in the subsection 4.1 imply

|Ru| = |R1
u +R2

u +R3
u| ≤ ε1/2C

(
1 + ‖u‖H1((0,T )×Ω) + ‖u‖L2(0,T ;H2(Ω))

+‖v‖L2(0,T ;H1(Ω)) + ‖r‖L2((0,T )×Ω×Γ1)

)
‖φ1‖L2(0,T ;H1(Ωε1)).

Then, applying Young’s inequality, we obtain

∫ τ

0

∫
Ωε1

(
∂t|ûε − ερε

n∑
j=1

Qε(∂xju)ωju|2 + |∇ûε − ρε
n∑
j=1

Qε
Y1

(∂xju)∇yω
j
u|2
)
dxdt

≤ C

∫ τ

0

∫
Ωε1

(
|ûε − ερε

n∑
j=1

Qε
Y1

(∂xju)ωju|2 + |v̂ε − ερε
n∑
j=1

Qε
Y1

(∂xju)ωjv|2
)
dxdt

+C(ε+ ε2)(1 + ‖u‖2
H1((0,T )×Ω) + ‖u‖2

L2(0,T ;H2(Ω)))
(
1 + ‖ωu‖2

H1(Y1)n

)
+Cε2‖v‖2

L2(0,T ;H1(Ω)

(
1 + ‖ωv‖2

H1(Y1)n

)
+ ε2‖r‖2

L∞((0,T )×Ω×Γ1).

Similarly, estimates for vε − v − ε
n∑
j=1

Qε
Y1

(∂xjv)ωjv and wε − w − ε
n∑
j=1

Qε
Y2

(∂xjw)ωjw are

obtained. The only difference is the boundary term. Applying the trace theorem and

estimates in Lemma 3.4, the boundary term can be estimated by

∫
Ω×Γ2

(
(a(y)w − b(y)v)φ̃ε1 − (a(y)T εΓ2

(w)− b(y)T εΓ2
(v))T εΓ2

(φ1)
)
dγdx

≤ C

∫
Ω×Γ2

(
|w − T εΓ2

(w)|+ |v − T εΓ2
(v)|
)
T εΓ2

(φ1) + (w + v)|φ̃ε1 −Mε
Y1

(φ1)|

+(w + v)|Mε
Y1

(φ1)− T εΓ2
(φ1)|

)
dγdx ≤ εC

(
||v||H1(Ω) + ||w||H1(Ω)

)
||φ1||H1(Ωε1).
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Thus, we obtain for v̂ε = vε − v and ŵε = wε − w

∫ τ

0

∫
Ωε1

(
∂t|v̂ε − ερε

n∑
j=1

Qε
Y1

(∂xjv)ωjv|2 + |∇v̂ε − ρε
n∑
j=1

Qε
Y1

(∂xjv)∇yω
j
v|2
)
dxdt

≤ C

∫ τ

0

∫
Ωε1

(
|ûε − ερε

n∑
j=1

Qε
Y1

(∂xju)ωju|2 + |v̂ε − ερε
n∑
j=1

Qε
Y1

(∂xjv)ωjv|2
)
dxdt+

C

τ∫
0

∫
Ωε2

(
|ŵε − ερε

n∑
j=1

Qε
Y2

(∂xjw)ωjw|2 + ε2|∇ŵε − ρε
n∑
j=1

Qε
Y2

(∂xjw)∇yω
j
w)|2

)
dxdt

+C(ε+ ε2)
(
1 + ‖v‖2

L2(0,T ;H2(Ω)) + ‖v‖2
H1((0,T )×Ω)

)(
1 + ‖ωv‖2

H1(Y1)n

)
+Cε2

(
‖u‖2

L2(0,T ;H1(Ω)) + ‖w‖2
L2(0,T ;H1(Ω))

)
+ Cv,∫ τ

0

∫
Ωε2

(
∂t|ŵε − ερε

n∑
j=1

Qε
Y2

(∂xjw)ωjw|2 + |∇ŵε − ρε
n∑
i=j

Qε
Y2

(∂xjw)∇yω
j
w|2
)
dxdt

≤ C

∫ τ

0

∫
Ωε1

(
|v̂ε − ερε

n∑
j=1

Qε
Y1

(∂xjv)ωjv|2 + ε2|∇v̂ε − ρε
n∑
j=1

Qε
Y1

(∂xjv)∇yω
j
v|2
)
dxdt+

C

∫ τ

0

∫
Ωε2

(
|ŵε − ερε

n∑
i=1

Qε
Y2

(∂xjw)ωjw|2 + ε2|∇ŵε − ρε
n∑
j=1

Qε
Y2

(∂xjw)∇yω
j
w|2
)
dxdt

+C(ε+ ε2)
(
1 + ‖w‖2

L2(0,T ;H2(Ω)) + ‖w‖2
H1((0,T )×Ω)

)(
1 + ‖ωv‖2

H1(Y1)n

)
+Cε2‖v‖2

L2(0,T ;H1(Ω) + Cw,

where

Cv := Cε2

τ∫
0

∫
Ωε1

n∑
j=1

(
|Qε

Y1
(∂t∂xjv)ωjv)|2 + (1 + ε2)|∇(Qε(∂xjv))ωjv|2 + |Qε

Y1
(∂xju)ωju|2

+|Qε
Y1

(∂xjv)ωjv|2 + |Qε
Y1

(∂xjv)∇yω
j
v|2
)
dxdt+

∫ τ

0

∫
Ω̂ε1,ρ,in

|Qε
Y1

(∂xjv)ωjv|2dxdt

+Cε2

∫ τ

0

∫
Ωε2

n∑
i=1

(
|Qε

Y2
(∂xjw)ωjw|2 + |Qε

Y2
(∂xjw)∇yω

j
w|2
)
dxdt

≤ C(ε2‖v‖2
L2(0,T ;H2(Ω)) + ε2‖v‖2

H1((0,T )×Ω) + ε‖v‖2
L2(0,T ;H2(Ω)))‖ωv‖2

H1(Y1)n

+ε2C‖u‖2
L2(0,T ;H1(Ω))‖ωu‖2

L2(Y1)n + ε2C‖w‖2
L2(0,T ;H1(Ω))‖ωw‖2

H1(Y2)n
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and

Cw := ε2C

τ∫
0

∫
Ωε2

n∑
j=1

(∣∣Qε
Y2

(∂t∂xiw)ωjw
∣∣2 +

∣∣∇Qε
Y2

(∂xiw))ωjw
∣∣2 +

∣∣Qε
Y2

(∂xjw)ωjw
∣∣2 +

∣∣Qε
Y2

(∂xiw)∇yω
j
w

∣∣2)dxdt+ ε2C

τ∫
0

∫
Ωε1

n∑
j=1

(∣∣Qε
Y1

(∂xjv)ωjv
∣∣2 +

∣∣Qε
Y1

(∂xjv)∇yω
j
v

∣∣2)dxdt
+

τ∫
0

∫
Ω̂ε2,ρ,in

n∑
j=1

∣∣Qε
Y2

(∂xjw)ωjw
∣∣2dxdt ≤ ε2‖v‖2

L2(0,T ;H1(Ω))‖ωv‖2
H1(Y1)n

+C
(
ε‖w‖2

L2(0,T ;H2(Ω)) + ε2‖w‖2
L2(0,T ;H2(Ω)) + ε2‖w‖2

H1((0,T )×Ω)

)
‖ωw‖2

H1(Y2)n .

For sufficiently small ε, adding the all estimates, removing ρε by using the estimates (21),

applying Gronwall’s inequality and considering that uε(0) = u0, vε(0) = v0, vε(0) = v0 we

obtain the estimates for uε, vε, wε, stated in the theorem.

To obtain the estimate for rε−U εΓ1
(r), we consider the equations for T εΓ1

rε and r with the

test function T εΓ1
rε − r. Using the properties of U εΓ1

, the local Lipschitz continuity of η,

and Gronwall’s inequality, yields∫
Γεi

|rε − U εΓ1
(r)|2dγ ≤ C

∫
Ω×Γ1

|T εΓ1
(rε)− r|2dγ ≤ C

∫ t

0

∫
Ω×Γ1

|T εΓ1
(uε)− u|2dγdτ +∫

Ω×Γ1

|T εΓ1
(r0)− r0|2dγydx ≤

∫ t

0

∫
Ω×Γ1

|T εΓ1
(u)−Mε

Y1
(u)|2 + |Mε

Y1
(u)− u|2dγdτ

+C

∫ t

0

∫
Ωε1

[∣∣ûε − ε n∑
j=1

Qε
Y1

(∂xju)ωju
∣∣2 + ε2

∣∣∇ûε − n∑
j=1

Qε
Y1

(∂xju)∇yω
j
u

∣∣2
+ε2C

n∑
j=1

(∣∣Qε
Y1

(∂xju)ωju
∣∣2 + ε2

∣∣∇Qε
Y1

(∂xju)ωju
∣∣2 +

∣∣Qε
Y1

(∂xju)∇yω
j
u

∣∣2)]dxdτ
≤ C(ε+ ε2)

(
‖u‖2

L2(0,T ;H2(Ω)) + ‖u‖2
H1((0,T )×Ω) + ‖v‖2

L2(0,T ;H2(Ω)) + ‖v‖2
H1((0,T )×Ω)

+‖w‖2
L2(0,T ;H2(Ω)) + ‖w‖2

H1((0,T )×Ω) + ‖r‖2
L∞((0,T )×Ω×Γ1)

)
.

4.1. Estimates of the error terms. Now, we proceed to estimating the error terms

R1
u, R

2
u, and R3

u. Using the definition of ρε, the extension properties of φ̃ε1, Theorem 3.5,

and the estimates (21) we obtain∫
Ω×Y1

∣∣∣Du(y)(ρε − 1)
(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

)(
∇φ̃ε1 +∇ψ̂ε1

)∣∣∣dydx
≤ C‖∇u‖L2(Ω̂1,ρ,in)

(
1 +

n∑
j=1

‖∇yω
j
u‖L2(Y1)

)(
‖∇φ̃ε1‖L2(Ω) + ‖∇ψ̂ε1‖L2(Ω×Y1)

)
≤ Cε1/2‖u‖H2(Ω)

(
1 +

n∑
j=1

‖∇yω
j
u‖L2(Y1)

)
‖∇φ1‖L2(Ωε1).
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The Theorem 3.5 and the estimates (20) and (21) imply∫ τ

0

∫
Ω×Y1

ρεDu(y)
(
∇u+

n∑
j=1

∂xju∇yω
j
u

)(
T εY1(∇φ1)−∇φε1 −∇yψ̂

ε
1

)
dydxdt

≤ C(ε1/2 + ε)‖u‖L2(0,T ;H2(Ω))

(
1 +

n∑
j=1

‖∇yω
j
u‖L2((0,T )×Y1)

)
‖∇φ1‖L2((0,T )×Ωε1).

We notice Mε
Y1

(φ̃ε1) = Mε
Y1

(φ1) and using estimates (20) and (21), Lemma 3.4, the fact

that φ̃ε1 is an extension of φ1 from Ωε
1 into Ω and φ1 = φ̃1 a.e in (0, T )× Ωε

1, implies∫ τ

0

∫
Ω×Y1

ρεDu

(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

)
∇
(
Qε
Yi

(φ1)− φ̃ε1
)
dydxdt ≤

‖∇
(
ρεDu

(
∇u+

n∑
j=1

∂u

∂xj
∇yω

j
u

))
‖L2((0,τ)×Ω×Y1)‖Qε

Yi
(φ̃ε1)− φ̃ε1‖L2((0,τ)×Ω) ≤

Cε
(
ε−1‖∇u‖L2((0,T )×Ω̂1,ρ,in) + ‖∇2u‖L2

)(
1 +

n∑
j=1

‖∇ωju‖L2(Y1)

)
‖∇φ̃ε1‖L2((0,τ)×Ω)

≤ C(ε1/2 + ε)‖u‖L2(0,T ;H2(Ω))

(
1 +

n∑
j=1

‖∇ωju‖L2(Y1)

)
‖∇φ1‖L2((0,τ)×Ωε1).

Applying the estimates in Lemma 3.4, yields

τ∫
0

∫
Ω×Y1

(
∂t
(
u− T εY1(u)

)
Mε

Y1
(φ1) + ∂tu

(
φ̃ε1 −Mε

Y1
(φ1)

))
dydxdt

≤ Cε
(
‖∂t∇u‖L2((0,T )×Ω)‖φ1‖L2(Ωε1) + ‖∂tu‖L2(Ω)‖∇φ1‖L2(Ωε1)

)
.

Due to Lipschitz continuity of f , we can estimate∫ τ

0

∫
Ω×Y1

(
(f(u, v)− T εY1(f(u, v)))Mε

Y1
(φ1) + f(u, v)(φ̃ε1 −Mε

Y1
(φ1))

)
dydxdt

≤ εC(‖∇u‖L2((0,T )×Ω) + ‖∇v‖L2((0,T )×Ω))‖φ1‖L2((0,τ)×Ωε1)

+εC(1 + ‖u‖L2((0,T )×Ω) + ‖v‖L2((0,T )×Ω))‖∇φ1‖L2((0,τ)×Ωε1).

For the boundary integral we have∫ τ

0

∫
Ω×Γ1

η(u, r)(T εΓ1
(φ1)− φ̃ε1))dγdxdt ≤ ‖η(u, r)‖L2((0,τ)×Ω×Γ1) ×(

‖T εΓ1
(φ1)−Mε

Y1
(φ1)‖L2((0,τ)×Ω×Γ1) + ‖Mε

Y1
(φ1)− φ̃ε1)‖L2((0,τ)×Ω×Γ1)

)
≤ C

(
1 + ‖u‖L2((0,T )×Ω) + ‖r‖L∞((0,T )×Ω×Γ1)

)
×(

‖T εY1(φ1)−Mε
Y1

(φ1)‖L2((0,τ)×Ω;H1(Y1)) + ‖Mε
Y1

(φ1)− φ̃ε1)‖L2((0,τ)×Ω)

)
≤ εC

(
1 + ‖u‖L2((0,T )×Ω) + ‖r‖L∞((0,T )×Ω×Γ1)

)
‖∇φ1‖L2((0,τ)×Ωε1).
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Thus, collecting all estimates from above we obtain the estimate for R1
u:

|R1
u| ≤ C(ε1/2 + ε)‖u‖L2(0,T ;H2(Ω))

(
1 +

n∑
j=1

‖∇ωju‖L2(Y1)

)
‖∇φ1‖L2((0,τ)×Ωεi )

+Cε
(
‖u‖H1((0,T )×Ω) + ‖v‖L2(0,T ;H1(Ω))

)
‖φ1‖L2(0,τ ;H1(Ωε1).

Using the estimates (21) implies∫ τ

0

∫
Ωε1

(1− ρε)Dε
u

n∑
j=1

Mε
Yi

(∂xju)∇yω
j
u

(x
ε

)
∇φ1dxdt

≤
n∑
j=1

‖Mε
Yi

(∂xju)‖L2((0,τ)×Ω̂ε1,ρ,in)‖∇yω
j
u

(x
ε

)
‖L2(Ω̂ε1,ρ,in)‖∇φ1‖L2((0,τ)×Ωε1)

≤ εC
n∑
j=1

‖u‖L2(0,T ;H2(Ωε1))‖∇yω
j
u‖L2(Y1)‖∇φ1‖L2((0,τ)×Ωε1).

Thus, the last estimate and applying the estimates (18) and (21) yields

|R2
u| ≤ ‖∇u‖L2((0,τ)×Ω̂εint,ρ,1)(1 + ‖∇yωu‖L2(Y1)n×n)‖T εY1(∇φ1)‖L2((0,τ)×Ω×Y1)

+Cε‖u‖L2(0,τ ;H2(Ω))(1 + ‖∇yωu‖L2(Y1)n×n)‖T εY1(∇φ1)‖L2((0,τ)×Ω×Y1)

≤ (ε1/2 + ε)C‖u‖L2(0,T ;H2(Ω))(1 + ‖∇yωu‖L2(Y1)n×n)‖φ1‖L2((0,τ)×Ωε1).

Due to estimates in (21) and in Lemma 3.4 we obtain also

|R3
u| ≤ εC

(
‖∂tu‖L2((0,T )×Ωε1) + ‖f‖L2((0,T )×Ωε1) + ‖u‖L2(0,T ;H2(Ωε1))‖∇yωu‖L2(Y1)n×n

+‖∇2u‖L2((0,T )×Ωε1) + ‖∇2u‖L2((0,T )×Ωε1)‖∇yωu‖L2(Y1)n×n

)
‖∇φ1‖L2((0,τ)×Ωε1).

In the similar way we show the estimates for the error terms in the equations for v and

w:

|Rv| ≤ Cε
1
2

(
1 + ‖v‖L2(0,T ;H2(Ω)) + ‖v‖H1((0,T )×Ω) + ‖u‖L2(0,T ;H1(Ω))

+‖w‖L2(0,T ;H1(Ω))

)
‖φ2‖L2(0,τ ;H1(Ωε1)),

|Rw| ≤ Cε
1
2

(
1 + ‖w‖L2(0,T ;H2(Ω)) + ‖w‖H1((0,T )×Ω) + ‖v‖L2(0,T ;H1(Ω))

)
‖φ3‖L2(0,τ ;H1(Ωε2)).
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5. Appendix

Lemma 5.1. Let Ω ⊂ Rn be a bounded domain with Lipschitz boundary. If z ∈ H1(Ω) ∩
L∞(Ω), then z ∈ L∞(∂Ω).

Proof. Let z ∈ H1(Ω)∩L∞(Ω). Since C∞(Ω) is dense in H1(Ω), we consider a sequence of

smooth functions {fn} ⊂ C∞(Ω), such that fn → z in H1(Ω) and ‖fn‖L∞(Ω) ≤ ‖z‖L∞(Ω).

Applying the trace theorem, see [9], we obtain fn → z in L2(∂Ω). Thus, there exists a

subsequence {fni} ⊂ {fn} converging pointwise, i.e., fni(x)→ z(x) a.e. x ∈ ∂Ω, and, due

to ‖fni(x)‖L∞(∂Ω) ≤ ‖z‖L∞(Ω), follows that ‖z‖L∞(∂Ω) ≤ ‖z‖L∞(Ω) a.e. x ∈ ∂Ω.

Lemma 5.2. [4, 5] 1. For w ∈ Lp(Ωε
i ), p ∈ [1,∞), we have

||T εYiw||Lp(Ω×Yi) = |Y |1/p||w||L2(Ω̃εi,int)
≤ |Y |1/p||w||L2(Ωεi )

.

2. For u ∈ Lp(Γεi ), p ∈ [1,∞), we have

||T εΓiu||Lp(Ω×Γi) = ε1/p|Y |1/p||u||L2(Γ̃εi,int)
≤ ε1/p|Y |1/p||u||L2(Γεi )

.

3. If w ∈ Lp(Ω), p ∈ [1,∞) then T εYiw → w strongly in Lp(Ω× Yi) as ε→ 0.

4. For w ∈ W 1,p(Ωε
i ), 1 < p < +∞,

‖T εΓiw‖Lp(Ω×Γi) ≤ C
(
‖w‖Lp(Ωεi )

+ ε‖∇w‖Lp(Ωεi )
n

)
.

5. For w ∈ W 1,p(Ωε
i ) holds T εYi(w) ∈ Lp(Ω,W 1,p(Yi)) and ∇yT εYi(w) = εT εYi(∇w).

6. Let v ∈ Lpper(Yi) and vε(x) = v(x
ε
), then T εYi(v

ε)(x, y) = v(y).

7. For v, w ∈ Lp(Ωε
i ) and φ, ψ ∈ Lp(Γεi ) holds

T εYi(v w) = T εYi(v)T εYi(w) and T εΓi(φψ) = T εΓi(φ)T εΓi(ψ).

Theorem 5.3. [7, 8] Let p ∈ (1,∞) and i = 1, 2.

1. For {φε} ⊂ W 1,p(Ωε
i ) satisfies ‖φε‖W 1,p(Ωεi )

≤ C, there exists a subsequence of {φε}
(still denoted by φε), and φ ∈ W 1,p(Ω), φ̂ ∈ Lp(Ω;W 1,p

per (Yi)), such that

T εY1φε → φ strongly in Lploc(Ω;W 1,p
per (Yi)),

T εY1φε ⇀ φ weakly in Lp(Ω;W 1,p
per (Yi)),

T εY1(∇φε) ⇀ ∇φ+∇yφ̂ weakly in Lp(Ω× Yi).

2. For {φε} ⊂ W 1,p
0 (Ωε

i ) such that ‖φε‖W 1,p
0 (Ωεi )

≤ C there exists a subsequence of {φε}
(still denoted by φε) and φ ∈ W 1,p

0 (Ω), φ̃ ∈ Lp(Ω;W 1,p
per (Yi)) such that

T εYiφ
ε → φ strongly in Lp(Ω;W 1,p(Yi)),

T εYi(∇φ
ε) ⇀ ∇φ+∇yφ̃ weakly in Lp(Ω× Yi).
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3. For {ψε} ⊂ Lp(Γεi ) such that ε1/p‖ψε‖Lp(Γεi )
≤ C there exists a subsequence of {ψε}

and ψ ∈ Lp(Ω× Γi) such that

T εΓi(ψ
ε) ⇀ ψ weakly in Lp(Ω× Γi).

Proposition 5.4. [7, 8] 1. The operator U εYi is formal adjoint and left inverse of T εYi, i.e

for φ ∈ Lp(Ωε
i )

U εYi(T
ε
Yi

(φ))(x) =

φ(x) a.e. for ∈ Ω̃ε
i,int,

0 a.e. for ∈ Ωε
i \ Ω̃ε

i,int.

2. For φ ∈ Lp(Ω× Yi) holds ‖U εYi(φ)‖Lp(Ωεi )
≤ |Y |−1/p‖φ‖Lp(Ω×Yi).

Theorem 5.5. [12] For any φ ∈ H1(Ω), there exists φ̂ε ∈ H1
per(Y ;L2(Ω)):

‖φ̂ε‖H1(Y ;L2(Ω)) ≤ C‖∇φ‖L2(Ω)n ,

‖Tε(∇xφ)−∇φ−∇yφ̂ε‖L2(Y ;H−1(Ω))n ≤ Cε‖∇φ‖L2(Ω)n

Theorem 5.6. [13] For any φ ∈ H1(Ω) there exists φ̂ε ∈ H1
per(Y ;L2(Ω)):

‖φ̂ε‖H1(Y ;L2(Ω)) ≤ C‖∇φ‖L2(Ω)n ,

‖Tε(∇xφ)−∇φ−∇yφ̂ε‖L2(Y ;(H1(Ω))′)n ≤ Cε‖∇φ‖L2(Ω)n + C
√
ε‖∇φ‖L2(Ω̂ε,3)n ,

where Ω̂ε,l = {x ∈ Rn : dist(x, ∂Ω) < l
√
nε}.

The proofs of Theorems 5.5, 5.6 and 3.5 are based on the following fundamental results:

Theorem 5.7. [12] For any φ ∈ H1(Yi, X) and X separable Hilbert space, there exists a

unique φ̂ ∈ H1
per(Yi, X), i = 1, 2, such that φ− φ̂ ∈ (H1

per(Yi, X))⊥ and

‖φ̂‖H1(Yi,X) ≤ ‖φ‖H1(Yi,X), ‖φ− φ̂‖H1(Yi,X) ≤ C
n∑
j=1

‖φ|ej+Y ji − φ|Y ji ‖H1/2(Y ji ,X).

Theorem 5.8. [12] For any Φ ∈ W 1,p(Yi) and for any k, k ∈ {1, . . . , n}, there exists

Φ̂k ∈ Wk = {φ ∈ W 1,p(Yi), φ(·) = φ(·+ ej), j ∈ {1, . . . , k}}, such that

‖Φ− Φ̂k‖W 1,p(Yi) ≤ C

k∑
j=1

‖Φ|ej+Y ji − Φ|Y ji ‖W 1−1/p(Y ji ), i = 1, 2,

where the constant C is independent on n, Y j
i = {y ∈ Y i, yj = 0}, j ∈ {1, . . . , n}.
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