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Summary

The role of fluid in fractured porous media
Due to the nature of fluid saturated porous medium that is prone to cracking,
the study of failure mechanisms in this field becomes inevitable. Here, the coupling between the different components of solid matrix and interstitial fluid have
to be taken into account. Furthermore, the developed cracks or discontinuities
may influence the flow and the deformation patterns of porous media.
A multi-scale numerical model has been constructed to calculate crack propagation in a deforming fluid-saturated porous medium subjected to small deformation. The saturated porous medium is modelled as a two-phase mixture,
composed of a deforming solid matrix and interstitial fluid. Linear-elastic fracture mechanics was initially adapted to model crack growth. In later developments, the crack growth was modeled by using cohesive zone approach, where
the creation of a crack is lumped into a single surface ahead of the crack tip.
The crack is described in a discrete manner by exploiting the partition-of-unity
property of finite element shape functions. The nucleation and the opening of
micro-cracks are modelled by a traction-separation relation.
Soft tissues and rubber-like materials can experience large deformation. Here,
the small strains assumption may no longer hold. Moreover, due to high stress
at the tip, material can undergo large strains prior to cracking. Therefore, in
order to get a better analysis of the flow in fractured porous medium, a general
numerical model for crack propagation in porous media subject to large strains
has been developed in this thesis. The fluid flow away from the crack is modelled in a standard manner using Darcy’s relation, while in the discontinuity
a flow is assumed which takes into account the change of permeability due to
progressive damage evolution inside the crack. A heuristic approach is adopted
to model the orientation of the cracks at the interfaces in the deformed configuration. The crack growth model is incorporated in the multi-scale model
of fractured porous media, resulting in a two-field and a two-scale formulation
xi

xii

Summary

with the solid displacements and fluid pressures as unknowns. The resulting
algebraic equations are nonlinear due to the cohesive-crack model, the geometrically nonlinear effect and presence of the coupling terms of micro fluid that
requires high order continuity for pressure at the vicinity of the crack. A linearisation is applied to the system for use within a Newton-Raphson iterative
procedure, and a weighted-time scheme is applied to discretise the system in
the time domain.
Fracture in porous media is geometrically complex, and for this reason, the use
of isogeometric analysis (IGA) for the analysis of flow in fractured porous media
can have advantages. In this method, spline functions (B-splines and NURBS),
that are commonly used in computer-aided design (CAD) to describe the geometry, are applied as basis functions for the analysis replacing the traditional
Lagrange polynomial functions. To ease the integration of spline functions into
the existing finite element technology, data structure based on Bézier extraction
of NURBS. Here, the Bézier extraction operator decomposes the splines based
elements to C 0 continuous Bézier elements which bear a close resemblance to
the Lagrange elements.
By virtue of the fact that the same functions are used for the representation
of the geometry in the design process and for the analysis, there is no need
to carry out an elaborate meshing process. Furthermore, due to higher order
interelement continuity of the splines basis functions, a continuous profile of
fluid flow can be achieved. Hence, a local mass balance can be obtained, which
is unlikely in standard finite element results. The high order continuity of the
splines basis functions also reduce the sensitivity of the continuum porous model
to minimum critical time step and a better convergence rate than the standard
finite element. In addition, the coupling terms of micro fluid which explains the
leakage fluid flux from the surrounding porous medium into the crack can be
modelled correctly by using high order continuity of the splines basis functions.
At last, the proposed approach is also capable to simulate the fractured porous
medium even with a coarse mesh.

Chapter one

Introduction

Geo- and bio-materials are usually considered as porous materials. They consist of a deformable porous solid matrix which is filled with fluid under fully
or partially saturated condition. The pressure of the fluid in the void space
and the deformation of the medium are strongly related. Under the action of
external forces, these type of materials can easily fail and develop cracks or
discontinuities. In return, the presence of cracks may influence the fluid flow
and deformation of the porous media. Therefore, in order to arrive a thorough
understanding the fracture behaviour of porous media, the need to study the
coupling of these mechanism is inevitable.
In the field of petroleum engineering, this fracture mechanism is very important in the modelling process of hydraulic fracturing. Hydraulic fracturing,
commonly known as ”fracking”, is a fluid driven fracture technique that is used
to increase hydrocarbons production from the subsurface system of reservoirs.
Hydraulic fracturing enables the production of natural gas and oil from rock and
shale formations deep below the earth’s surface (1.5 – 6.1 km) which is typically
greatly below groundwater reservoirs or aquifers according to US Environmental Protection Agency (2010), see Figure 1.1. At such depth, there may not be
sufficient permeability or reservoir pressure to allow natural oil and gas to flow
from the rock formation into the wellbore at economic rates. Hence, inducing
conductive fractures to increase the rock permeabilities becomes crucial. Moreover, the huge amount of reserve oil and gas contain in the shale formation (US
estimated at 70,000 km3 ), justify the interest of many petroleum industries in
the modelling hydraulic fracturing process (Secchi and Schrefler, 2012).
In the field of biomedical engineering, the fracture mechanism of an intervertebral disc is being investigated in the study of lower back pain. Lower back
pain is a major health problem which affects 40 % of people worldwide at some
1
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Figure 1.1: Schematic representation of hydraulic fracturing process. A mixture of
water and chemical additives is injected in high pressure to the geologic
formation. The pressure exceeds the rock strength and the fluid enlarges
fractures in the rock. At the later stage, a propping agent, such as sands
and ceramic beads, is pumped into the fractures to keep them from closing as the pumping pressure is released. Natural gas will flow from pores
and fractures in the rock into the well for subsequent extraction. (US Environmental Protection Agency, 2010).

point in their lives. In severe cases, lower back pain may cause by intervertebral disc herniation. Intervertebral disc is a cartilage tissue located between
adjacent vertebrae in the spine of human body, see Figure 1.2(a). During disc
herniation, cracks occur in the outer fibrous ring (annulus fibrosus) of an intervertebral disc allowing the soft central portion (nucleus pulposus) to bulge out
beyond the damaged outer rings, see Figure 1.2(b). The bulging out of the disc
will pinch the outer nerves around the spine causing lower back pain. A biphasic model of fractured porous media may give more insight in the process of the
disc herniation (Kraaijeveld 2009) that leads the medical doctors to develop a
better treatment for lower back pain.
In this chapter, a deep insight of some aspects of fracture mechanism in monophase (solid) materials is provided, followed by discussion regarding numerical
techniques to model these mechanism. In addition, a short overview of numerical methods used in modelling flow and deformation in fractured poroelastic
media in literature are given, followed by the objective and layout of this thesis.

1.1 Mechanics and modelling of fracture

(a)

3

(b)

Figure 1.2: (a) The overview of a human spine with a close-up to an intervertebral
disc (adopted from http://arthritis-research.com). (b). A hearniated
intervertebral disc, where the white represents fractures occuring from
the center nucleus pulposus (NP) to the outer annulus fibrosus (AF),
Videman and Battie (1999)

1.1 Mechanics and modelling of fracture
Failure or fracture of a material in general can be described by a number successive events. The first event to fracture is the nucleation of micro-separations
in a small area around an existing crack, called the process zone, see Figure 1.3.
Micro-separations consist of small cracks in the micro-structure of a material.
Nucleation of these small cracks occurs in places where the stress concentration
is high and the inter-atomic bonds are relatively weak, e.g. near material inhomogeneities such as cavities or phase boundaries. These nucleation processes
dissipate energy, thus they are irreversible and give rise to reduction of the
strength and the stiffness of the material. When the applied load is increased,
the existing micro-separations can grow and coalesce to form larger defects.
The larger defects lead to higher stress concentrations in the structure, further
reduction of the strength and stiffness of the material, and finally to final failure
of the structure. It is noted that the whole evolution process is different for
each micro-structure of the material, the loading state and the environmental
conditions (Remmers, 2006).
To model the fracture propagation in the process zone, the effects of all microseparations are usually lumped into one single model that governs the propagation of a single dominant crack. The model must be able to capture the

4
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Figure 1.3: Simplified representation of the process zone (shaded area) with microseparations ahead of an existing crack in a granular material (Remmers,
2006).

reduction of the material stiffness and strength in a realistic way and accompanied by a correct dissipation energy in the material (Remmers, 2006).
The propagation of a single crack in elastic solid was initially simulated using
the theorem of minimum energy. Griffith (1921) assumed a crack propagation
criterion based on the surface energy in the structure. The motivation to use
this energy criterion instead of the maximum tensile stress was based on the
work of Inglis (1913), who had demonstrated that using a linear elastic mechanical model, the stresses near the crack tip are infinite, hence useless for the crack
growth criterion. Irwin (1957) extended Griffith’s theory for ductile materials
by including small-scale yielding near the crack tip and introduced the concept
of stress intensity factors in relation to the energy release rate in order to qualify the stress conditions around the crack tip. The generalisation of Griffith’s
work as well as the use of the method in combination with the finite element
method, has led to a powerful tool for the simulation of crack growth denoted
as linear elastic fracture mechanics (LEFM). However, despite of the successful
application of many engineering problems, the method has some drawbacks.
First, the process zone should be relatively small compared to the geometrical
dimensions. Second, crack nucleation in an undamaged material away from a
dominant flaw could not be taken into account. Third, related to numerical
modeling, in order to simulate crack propagation, remeshing around the crack
tip is needed.
The development of finite element technology in many engineering industries
boosted the improvement of the techniques for simulating fractures. Over the
years, two trends can be distinguished; the smeared or continuous approach
and the discrete or discontinuous approach.
In the smeared approach, failure of the structure is introduced by the deterioration of the stiffness and the strength of the material in the vicinity of an

1.1 Mechanics and modelling of fracture
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integration point in the finite element model. Total failure of the structure is
obtained when the stiffness in the material is reduced to zero. In this way,
instead of creating a real crack in the material (a discontinuity in the displacement field), localisation of the deformations in the process zone will occur that
gives rise to large deformation gradients, which eventually causes numerical
problems. To avoid these problems, regularisation of the formulation has been
suggested. Here, the large deformation gradient is embedded in the kinematics as an additional strain field. These models are commonly denoted as embedded discontinuity approaches, pioneered by Ortiz et al. (1987), Belytschko
et al. (1988), to which in the latter improvement by incorporating higher order
derivatives of displacements (de Borst and Muhlhaus, 1992, Pijaudier-Cabot
and Bažant, 1987, Peerlings et al., 1998).
In the discrete approach, a crack is introduced as a discontinuity in the displacement field. The most prominent in this class is the cohesive zone approach,
pioneered by Dugdale (1960) and Barenblatt (1962). In contrast with LEFM,
in which the length of the process zone is small compared to the geometrical dimensions, the cohesive zone approach can also be used when this limitation fails
to hold. In this approach, the process zone is lumped in a single plane ahead of
the existing crack, see Figure 1.4. The opening of the discontinuity is governed
by an additional constitutive relation, the cohesive constitutive model. The
relation between the work consumed in the cohesive zone and in the crack tip
is as such the stress singularity is cancelled and the near tip stresses are finite.
Needleman (1987) extended the approach by inserting cohesive interfaces at
specific planes in the material regardless the existence of a crack. In this way,
crack nucleation can be captured and together with the constitutive relation
for the bulk, appropriate balance laws and boundary and initial conditions, this
cohesive constitutive relation completely specify fracture problem.

Figure 1.4: Schematic representation of the cohesive surface approach to fracture.

The cohesive surfaces have been incorporated in the finite element mesh by
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means of interface elements that are placed between the standard continuum
elements (Schellekens and de Borst, 1994, Alfano and Crisfield, 2001). To simulate a perfect bond prior to cracking, a high dummy stiffness is applied to the
interface elements. In case when the crack path is known in advance, the interface elements can be placed in the finite element mesh alongh the known crack
path. However, the crack path is often unknown and the placement of the cohesive surface can be troublesome. Xu and Needleman (1994) placed the interface
elements between all continuum elements, allowing the simulation of complex
fracture phenomena such as crack branching and crack initiation away from
the crack tip. This approach, however, is not completely mesh independent.
In fact, since the interface elements are aligned with element boundaries, the
orientation of cracks is restricted to a limited number of angles. In addition,
setting a too low dummy stiffness results in a too compliant response, while
higher dummy stiffnesses in combination with a standard Gaussian integration
scheme give rise to traction oscillation at the cohesive surfaces (Schellekens and
de Borst, 1993b).
In the more elegant approach, the cohesive surface is incorporated in the continuum element by using the partition-of-unity property of finite element shape
functions (Babuška and Melenk, 1997). The cohesive zone is represented by a
jump in the displacement field of the continuum elements (Moës et al. 1999,
Wells and Sluys 2001a, Wells et al. 2002, Remmers et al. 2003). The magnitude of the displacement fields is governed by additional degrees of freedom,
which are added to the existing nodes of the finite element mesh. A crack can
be extended in any direction at any time by adding new additional degree of
freedom without changing the topology of the finite element mesh.
Recently, Verhoosel et al. (2011) introduced arbitrary discontinuities in isogeometric analysis by exploiting the elegant possibility to lower the order of the
spline interpolation functions. Here, an isogeometric finite element is used to
discretise the cohesive zone formulation for failure in materials. In the case of
pre-defined interface, a NURBS B-splines are used to obtain an efficient discretisation. In the case of propagating cracks in arbitrary direction, T-splines
are found to be more suitable, due to their ability to generate localised discontinuities.

1.2 Fracture modelling for poroelastic media
Flow of fluids in deforming porous media has been a topic of attention in engineering science ever since the seminal works of Terzaghi (1943) and Biot (1965).
Much work has been done on the completion of the theory and the construction
of analytical solutions (Verruijt 1969, Schiffman et al. 1969, Booker 1974), as
well as on the development of efficient and accurate numerical schemes, in par-

1.2 Fracture modelling for poroelastic media
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ticular using the finite element method (see Sandhu and Wilson 1969, Booker
and Small 1975, Vermeer and Verruijt 1981, Lewis and Schrefler 1998). Indeed,
the subject of porous media is crucial for understanding and predicting the
physical behaviour of many systems of interest. Geotechnical and petroleum
engineering are classical fields of application, but the recognition that many
human tissues are, in fact, porous media, and the recognition that many durability problems cannot be solved without a proper knowledge and understanding
of porous media, has given research into the deformation and flow in porous
media a new impetus. Because of these new fields of application, the classical two-phase theory has been extended to three and four-phase media, taking
into account ion transport and electrical charges as well (Snijders et al. 1995,
Huyghe and Janssen 1997).
In later developments, models have been published which also take into account the evolution of damage and emergence of cracks in porous media. In
petroleum engineering, the researches are mainly focus on hydraulic fracturing.
Rice and Cleary (1976) and Detournay and Cheng (1993) developed analytical solutions of the fractured porous media in the framework of linear elastic
fracture mechanics. Boone and Ingraffea (1990) presented a combined finite
difference-finite element for hydraulically driven fracture simulation in poroelastic media. The crack opening process is modeled using traction-free interface elements. Adaptive remeshing method has been proposed by Secchi et al.
(2007) to simulate crack nucleation and propagation in a porous material. The
remeshing algorithm which is utilized to follow the propagating cracks, can
model a discontinuity through multiple elements in one time step. Here, a laminar compressible fluid flow is assumed. Segura and Carol (2008a) used zero
thickness interface finite elements to model crack growth in the pre-existing
fractures of porous media. Fracture propagation in dynamic regime has also
been investigated by Khoei et al. (2011) for fully and partially saturated porous
media.
In a series papers of de Borst and co-workers (de Borst et al. 2006, Réthoré et al.
2007a,b, 2008), the partition-of-unity method have been introduced to model
crack propagation in saturated porous media. The saturated porous medium
was modelled as a two-phase mixture, composed of a deforming solid skeleton
and an interstitial fluid. At the fine scale the flow in the crack is modelled as a
viscous fluid using Stokes’ equations. Since the cross-sectional dimensions of the
cavity formed by the crack are assumed to be small compared to its length, the
flow equations can be averaged over the cross section of the cavity. Kraaijeveld
(2009) utilized the partition-of-unity method to simulate crack propagation in
ionized porous media. Here, mode-I and mode-II type of fracture were modeled by a continuous and a discontinuos assumption of the chemical potential,
respectively. A stepwise crack propagation has been reported due to the interchange between propagating crack and the pressure diffusion across the crack.

8
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Similar phenomenon has also been reported experimentally by Pizzocolo et al.
(2012).
All the works of the mentioned papers have been done under a small strain
framework assumption. This assumption, however, will fail to analyse the flow
and the deformation of the saturated porous medium under high loads or when
dealing with gels, human tissues and rubber-like materials. Moreover, due to
high stress at the tip, material can undergo large strains prior to cracking.
Therefore, in order to get a better analysis of the flow in fractured porous
medium, an extension of the model into a large (finite) strain framework is
preferred. Furthermore, flow of the fluid at the vicinity of the crack plays
crucial role in the fluid-driven fracture porous medium. Correct calculations
must be done, especially flow continuity at the tip, to get better analyses of the
flow in the fractured porous medium.

1.3 Objective and layout of the thesis
The objective of this research is to improve the existing porous medium fracture
model. The improvement are performed not only in the physics of the model,
but also in the discretisation method used in the numerical simulation as such
a robust and reliable simulation of fractured porous medium can be achieved.
In this thesis, an extension to a finite strain framework is made to approach the
real physics of the fractured porous medium. By zooming into the crack tip,
one wants to understand the role of the fluid flow during crack propagation.
To this end, a general fluid flow formulation in the fractured porous media is
needed.
Furthermore, an isogeometric analysis approach has been proven to be an effective discretisation method for modelling fracture in solids. In this thesis, an
investigation is made to utilize the spline basis functions for the description of
the geometry and the analysis of a fractured porous medium.
In Chapter 2, the finite strain formulation of the continuum porous medium
is given. Here, the nonlinear kinematics are given, together with the balance
laws and constitutive equations that govern the continuum porous medium.
The model is verified by some numerical examples, followed by discussion and
limitations of the approach.
Discontinuity is introduced in the formulation of the finite strain porous medium
in Chapter 3. The resulting system of equations from Chapter 2 is complemented by the interface behaviour of the solid and the fluid part of the mixture. Finite element implementation of the partition-of-unity method will be
presented, summarised with a number of examples in fractured porous medium.

1.3 Objective and layout of the thesis
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Furthermore, an overview of the fundamental of isogeometric finite element
analysis is given in the following chapter. This chapter provides essential information regarding isogeometric approach, some advantages of the splines basis
functions and the treatment to get a finite element data structure.
The application of isogeometric analysis to poroelastic medium is presented in
Chapter 5. Here the finite element data structure explained in Chapter 4 is
applied to model flow and deformation of the porous medium. The chapter
concludes with some numerical examples.
In Chapter 6, the proposed discretisation method is applied to analyse fluid flow
in fractured porous medium. An isogeometric interface element is introduced
and the results of the analysis is compared with the standard interface element
for modelling fracture problem in solids. In the end, the examples are given
to show the capability of the isogeometric interface element to correctly model
fluid flow in a fractured porous medium.
Finally, discussions and conclusions drawn from this work as well as recommendations for future work are presented in Chapter 7.

Chapter two

Biphasic model for porous media

The development of mathematical models for quantitative prediction of the system of biphasic porous media is of primary interest in several fields of engineering and physics. In petroleoum engineering, biphasic model takes important
role in forecasting oil production, surface subsidence and stres-strain development in the oil field (Zheng et al. 2013). In hydrogeology, the study of water
flow in aquifer can be done through biphasic porous media (Verruijt 1969).
In biomechanics, multiphase formulations have been used to simulate the deformation of soft biological tissues such as subcutis by Oomens et al. (1987),
artery walls by Kalita and Schaefer (2008) and cartilage tissues by Huyghe and
Janssen (1997), to name a few.
Historically, the theory developed by Biot (1965) constitutes one of the first
complete theoretical approaches for the macroscopic modeling of porous media.
Although this theory is only suitable for the description of small strain kinematics framework, it has been very influential in setting the direction of the
research for several decades. Related to this, geometrically linear finite element
techniques for saturated porous media with elastic solid skeleton properties are
reported in publications by Schiffman et al. (1969), Sandhu and Wilson (1969)
and Hwang et al. (1971).
Concerning porous media model at large strains, Carter et al. (1977) presented
a model for finite elastic three-dimensional consolidation of porous soil. Multiplicative decomposition between elastic and plastic deformations was proposed
by Armero (1999) for modelling poro-plasticity at large strain. Recently, Li
et al. (2004) have proposed a finite deformation formulation, which is based on
the description of balance equations in the reference configuration of the solid
phase to accurately predict the transient dynamic response of saturated porous
media at large strains. A real application for their model is the prediction of
11
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the liquefaction susceptibility of saturated granular soils, where the geometric
nonlinearity of the model plays crucial role (Chan et al., 1999).
In this chapter, a biphasic model of porous media at large strains will be presented, based on the recent developments. Here, the motion of the solid skeleton
in a Lagrangian description is followed. The momentum balance equations are
formulated using this description. The mass balance equations may be interpreted to provide volume constraints to the governing equations. Subsequently,
the mass balance equations are written identifying the spatial point as the instantaneous material point occupied by the solid phase. For the solid matrix a
compressible Neo-Hookean hyperelastic material model is assumed. In contrast
with Li et al. (2004), the enhanced Kelvin viscous damping for solid matrix
is negected for simplification of the proposed model. The resulting system of
equations is nonlinear due the geometrically nonlinear effect. A linearisation is
applied to the system for use within a Newton-Raphson iterative procedure, and
a weighted-time scheme is applied to discretise the system in the time domain.
The chapter is ordered as follows. In the next section, the governing equations
for biphasic porous media at large strains are introduced. This section contains
the short introduction to nonlinear kinematics, the balance equations which
govern the physical system and the constitutive relations. The spatial discretisation based on Galerkin formulation is presented, followed by implementation
aspects. The performance of the model is assessed afterwards, followed by some
points of discussion.

2.1 Governing equations
In this section, the basic equations including kinematics, balance law and constitutive equations are introduced. These equations and constitutive equations
are combined to obtain the full formulation of the boundary value problem.
Finally, the governing equations in terms of the solid skeleton displacement u
and the pore fluid pressure pf are retrieved.

2.1.1 Kinematic relations at large strains
Consider a mixture that consists of two immiscible constituents: a solid skeleton
and interstitial fluid that occupies the pores. At any time t, solid and fluid
particles occupy simultaneously the location x:
x = ϕπ (Xπ , t),

π = s, f.

(2.1)

2.1 Governing equations
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The subscript π denotes the solid constituent (s) and the fluid constituent (f).
With regard to the individual motion of constituents of a biphasic medium,
material points of the solid skeleton and the pore fluid, both belonging to
x at the current time t, were located at different positions in the reference
configuration, see Figure 2.1.

x
Fs
Current configuration

Xs
Xf

y

Reference configuration

x
z

Figure 2.1: Kinematics of saturated biphasic porous medium.

The displacement field of the solid skeleton u at any time t can be represented
as
u(Xs , t) = x(Xs , t) − Xs ,

(2.2)

while the deformation gradient of the solid skeleton is defined as
Fs = (∇s0 x)T = I + ∇s0 u,

(2.3)

where I is the identity matrix and ∇s0 = FT
s · ∇ is the gradient operator with
respect to the solid reference configuration. In this Thesis, the reference configuration of the porous body is assumed identical to the reference configuration
of the solid skeleton. Hence, ∇s0 = ∇0 and Fs = F.
Furthermore, the velocity field of Xπ at time t is defined as
Dπ
∂ϕπ
(x) =
(Xπ , t).
Dt
∂t

(2.4)

Herein, Dπ /Dt denotes the material time derivative for an observer following
the motion of the π-th constituent. For the solid case, the velocity field of the
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solid constituent is defined as
u̇ =

Ds
(x),
Dt

(2.5)

where the superimposed dot indicates the material time derivative which follows
the motion of the solid. In addition, the determinant J of the deformation
gradient
J = detF =

dΩ
dΩ0

(2.6)

represents the volumetric change of the solid between the reference and current
configuration. Differentiation with respect to time gives the rate of volumetric
strain of the solid matrix and is written as
J˙ = J∇ · u̇ .

(2.7)

Based on the deformation gradient, different strain measures can be defined.
In this context, the Green-Lagrange strain E is used
E=


1 T
F ·F−I .
2

(2.8)

2.1.2 Balance equations
The body Ω consists of a mixture of a solid skeleton with interstitial fluid.
Furthermore, it is assumed that there is no mass transfer between the constituents. The inertia effects, convective term and gravity acceleration can be
neglected and the process is considered as isothermal. With these assumptions,
the balance of linear momentum for the solid phase reads:
∇ · σ = 0 in Ω,

(2.9)

where σ denotes the total stress tensor. The total stress tensor can generally
be decomposed as follows:
σ = σeff − αpf I,

(2.10)

with σeff the effective stress tensor of the solid skeleton, the Biot coefficient α,
the pore fluid pressure pf and the second-order unit tensor I.
The linear momentum equation (2.9) can be written in the reference configuration as
∇0 · P = 0 in Ω0 ,

(2.11)

2.1 Governing equations
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where P is the total first Piola-Kirchhoff stress tensor
P = Peff − αpf F−T ,

(2.12)

where Peff denotes the effective first Piola-Kirchhoff stress tensor of the solid
skeleton. The corresponding initial and boundary conditions are:
n0 · P = t̄0 on Γt,0 ,
u
= ū0 on Γu,0 ,

(2.13)

with Γ0 = Γt,0 ∪ Γu,0 , Γt,0 ∩ Γu,0 = ∅. The terms t̄0 and ū0 are the prescribed
external traction and the prescribed displacement, respectively, and n0 is the
outward unit normal vector to the porous body.
Under the same assumptions, conservation of mass for a fluid with zero source
density yields the mass balance in the reference configuration as
ṁf + ∇0 · Q = 0 in Ω0 ,

(2.14)

where mf denotes the fluid volumetric strain or the fluid content per unit reference volume of the porous medium and Q is the fluid flux acting on the surface
of a unit reference volume porous. The superimposed dot indicates the material
time derivative which follows the motion of the solid. The equation basically
tells that the rate of change of fluid volumetric of a unit volume pore is simply
quantified by the amount of volume fluid crossing a unit area of porous solid.
The fluid mass increment in the current configuration is defined in Detournay
and Cheng (1993) as
mf = αε +

1
pf ,
M

(2.15)

where α is the Biot coefficient, and M denotes the compressibility modulus,
defined through
1
φ
1−φ
=
+
,
M
Kf
Ks

(2.16)

where the coefficients Ks , Kf and φ represent the compressibility of the solid
part, the compressibility of the fluid part, and the porosity of the medium,
respectively. The volumetric strain of the solid matrix ε reads
ε = J − 1.

(2.17)

Hence, by taking into account Equation (2.15) and (2.17), the mass balance of
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the total mixture is obtained as:
1
ṗf + αJ˙ + ∇0 · Q = 0 in Ω0 .
M

(2.18)

The corresponding initial and boundary conditions are:
n0 · Q = q̄0 on Γq,0 ,
pf
= p̄0 on Γp,0 ,

(2.19)

with Γ0 = Γq,0 ∪ Γp,0 , Γq,0 ∩ Γp,0 = ∅. The terms q̄0 and p̄0 are the prescribed
amount of outflow of pore fluid and the prescribed pressure, respectively.

2.1.3 Constitutive relations
To complete the mathematical description of the problem, a constitutive relation for the mechanical deformation of the solid matrix and a constitutive
relation for interstitial pore fluid flow must be specified. The effective second
Piola-Kirchhoff stress tensor of the solid skeleton, Ṡeff , is related to the GreenLagrange strain rate Ė by a linear stress-strain relation for the solid
Ṡeff = D : Ė,

(2.20)

where D is the fourth-order tangent stiffness tensor of the solid material. The
second second Piola-Kirchhoff stress tensor itself relates to first Piola-Kirchhoff
stress Ṡeff through Seff = Peff · F−T .
For the flow of the pore fluid, we assume that Darcy’s relation holds for isotropic
media as described by Biot (1965)
k
q = − ∇ pf ,
µ

(2.21)

where k is the intrinsic permeability tensor of the porous material and µ is the
dynamic viscosity of the interstitial fluid. In a Lagrangian framework it reads
Q=−

K
∇0 p f ,
µ

(2.22)

with
K = J F−1 · k · F−T

(2.23)

is the pull-back intrinsic permeability tensor relating the fluid relative velocity
vector q from the deformed to the undeformed configuration of the solid matrix.
Since isotropy for porous medium is assumed, the intrinsic permeability tensor

2.2 Weak form and numerical elaboration
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k and the scalar κ will be used interchangeably.

2.2 Weak form and numerical elaboration
The weak form of the balance equations are obtained by multiplication of the
linear momentum, Equation (2.11) and the mass balance, Equation (2.18), with
an admissible displacement field δu and pressure field δp, respectively, and
integrating over the domain Ω0 to give
Z
δu∇ · P dΩ0 = 0
(2.24)
Ω0

and
Z

δpαJ˙ dΩ0 +

Z

Ω0

1
δp ṗf dΩ0 +
M
Ω0

Z
δp∇0 · Q dΩ0 = 0.

(2.25)

Ω0

Applying Gauss’ theorem, introducing Darcy’s relation (2.22), and using the
boundary conditions at the external boundaries Γt,0 and Γq,0 give:
Z
Z
∇δu : P dΩ0 =
δu · t̄0 dΓ0
(2.26)
Ω0

Γt,0

and
Z
−

δpαJ˙ dΩ0 −

Z

Ω0

1
δp ṗf dΩ0 +
M
Ω0

Z

K
∇0 δp ∇0 pf dΩ0 =
µ
Ω0

Z
δp q̄0 dΓ0 .
Γq,0

(2.27)
The term ∇δu : P can be replaced by the work-conjugate term δE : S, where
δE describes the variation of the Green-Lagrange strain field and S is the total
second Piola-Kirchhoff stress tensor (Belytschko et al. (2000)). Hence, Equation
(2.26) becomes:
Z
Z
δE : S dΩ0 =
δu · t̄0 dΓ0 .
(2.28)
Ω0

Γt,0

2.2.1 Discretisation
The system of equations is discretised in the spatial domain using standard
Lagrange polynomial of finite element shape functions. The solution fields of
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displacement and pressure are discretised as follow
e

u=

n
X

e

Nui ai ,

pf =

i=1

n
X

Npi bi

(2.29)

i=1

where ai and bi contain the displacement and pressure degrees of freedom of
node i, respectively, with ne number of nodes that are supported by each element. Alternatively, the discrete displacement and pressure field in (2.29) can
be cast in the following form for a single element:
u = Nu a,

pf = Np b,

(2.30)

where Nu and Np describe the standard polynomial interpolation for displacement and pressure field, respectively. Furthermore, the variation of the GreenLagrange strain field can be written as:
δE = B0 δa

(2.31)

with B0 contains the bounded part of spatial derivatives of Nu with respect
to 1the reference
 configuration and, in two-dimensional case, is defined as B =
ne
B0 , · · · , B0 , with


∂Nui ∂y
∂Nui ∂x


∂X ∂X
∂X ∂X






i
i


∂Nu ∂x
∂Nu ∂y
i
(2.32)
B0 = 



∂Y ∂Y
∂Y ∂Y




i
i
i

 ∂N i ∂x
∂N
∂x
∂N
∂y
∂N
∂y
u
u
u
u
+
+
∂X ∂Y
∂Y ∂X ∂X ∂Y
∂Y ∂X
for i = 1, · · · , ne number of nodes per element.

2.2.2 Discrete equations
Adopting a Bubnov-Galerkin formulation, the variations of the displacement
and the pressure are interpolated in the same manner. Hence, inserting the
discretised variations of displacements and pressures into the weak forms as
described in Equations (2.27) and (2.28) yields the discretised version of the
equilibrium equations for all admissible variations of displacement and pressure.
This gives:
Z
Z
T
B0 S dV0 =
δu · t̄0 dS0 ,
(2.33)
V0

S0

2.2 Weak form and numerical elaboration

Z
−
V0

˙ T
αJN
p dV0 +

Z
V0

K
∇0 NT
∇ 0 pf
p
µ
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Z
dV0 −
V0

1
ṗf NT
p dV0 =
M

Z
δp q̄0 dS0 .
S0

(2.34)
The time integration is carried out using a weighted-time scheme, where the
differential terms are approximated linearly by considering the residual values
between the current and the previous step, and the values of the independent
variables are weighted results of the current and previous step:
 
dZ
Zn+1 − Zn
=
dt n+θ
∆t
Zn+θ =θZn+1 + (1 − θ)Zn ,

(2.35)

where Z = {a , b}T , ∆t gives the time increment, Zn and Zn+1 are the state
vectors at times tn and tn+1 , while θ is a parameter bounded by the interval
[0, 1]. The system of equations of (2.33) and (2.34) is evaluated at time tn+θ .
A Crank-Nicholson scheme is retrieved for θ = 21 , and is unconditionally stable
for θ > 21 (Booker and Small, 1975). In the remainder the backward scheme
θ = 1 will be used.
A Newton-Raphson procedure is used to compute the solution at each time
step. For this purpose a residual vector Ri is defined at iteration i as
#  
"
#
i
i "
i
fext
KT Q
a
0
0
∆a
i
(2.36)
−
+
R =
∆tqext
0
∆tθH
b
QT C
∆b
where the stiffness matrices are defined as
Z
Z
T
B 0 dV0
KT =
B0 DB0 dV0 +
BT
0 SB
V0
V0
Z
Q = −
BT
0 αmNp dV0
V0
Z
1
C = −
NT
Np dV0
p
M
V0
Z
K
H = −
(∇0 Np )T ∇0 Np dV0
µ
V0

(2.37)
(2.38)
(2.39)
(2.40)
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and the external load terms are given as
Z
fext =

NT
u t̄0 dS0

(2.41)

NT
p q̄0 dS0 .

(2.42)

S0

Z
qext =
S0

The stiffness matrix KT consists of the material contribution and the geometric
contribution of the stiffness, denoted by the first and second term of the right
hand side of Equation
(2.37), respectively. The term m = [1, 1, 0]T and B0 is
 1
e
defined as B0 = B0 , · · · , B0n
∂Nui

B i0 =  ∂X
0



0 
∂Nui 
∂Y

(2.43)

for i = 1, · · · , ne number of nodes per element.
The matrix coupling term between solid and fluid is denoted by Q. In a full
Newton-Raphson algorithm, the iterative matrix Ki is the Jacobian matrix of
the residual R:


KT
Q
i
K =
.
(2.44)
QT C + ∆tθH

2.3 Numerical examples and verification
In this section, two consolidation problems are discussed, which demonstrate
a few of many problems that can be solved with the proposed biphasic model.
These examples emphasize the importance of consistent large strain analyses for
realistic situations, where the small strain assumption is no longer valid. For
this purpose, small strain results are compared with the results gained from
large strain studies.
Within the context of constitutive assumptions, the effective solid skeleton hyperelastic mechanics for all the presented examples, is characterised using the
compressible Neo-Hookean model with the stored energy function Ψ of the form
(Belytschko et al., 2000)
Ψ(C) =


µ0
λ0
(ln J)2 − µ0 ln J +
tr (FT · F) − 3 ,
2
2

with λ0 and µ0 are the Lamé constants of the linearised theory.

(2.45)
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For numerical simulations, quadrilateral elements are utilised to discretise the
domain with an equal (bilinear) interpolation for the displacements and for the
pressure, that leads to the violation the Ladyzenskaya-Babuška-Brezzi condition
(Babuška 1973, Brezzi 1974). Indeed, pressure oscillation have been observed
in the simulations. However, this oscillation will gradually ameliorate.

2.3.1 One-dimensional consolidation
For one-dimensional consolidation analysis, a 10-m deep, fluid saturated soil is
considered. This soil is subjected to a step load t̄0 applied at the top level, see
Figure 2.2. The soil is perfectly drained on the top surface while impermeable at
the remaining surfaces. Regarding the boundary conditions for the deformation
process, the bottom of the sample is assumed to be fixed, whereas the left
and the right boundaries, respectively, are able to slide frictionless in vertical
direction.
t̄0

h

n0 · Q = 0

n0 · Q = 0

pf = 0

y
n0 · Q = 0
a
Figure 2.2: Model geometry and boundary conditions for one-dimensional consolidation analysis. A uniform strip loading t̄0 is applied at loading rate of 10
MPa s−1 on the top of the soil with a cross section a = 1 m and a height
h = 10 m.

A uniform strip loading t̄0 is applied at loading rate of 10 MPa s−1 up to a maximum value, which corresponds to the Young’s modulus of the solid skeleton
E = 1 GPa. The porous medium has Poisson’s ratio ν = 0.0, intrinsic permeability k = 1.0194 × 10−9 m2 , dynamic viscosity µ = 0.001 Pa and porosity
φ = 0.3. The fluid is assumed incompressible by assigning a high compressibility modulus M = 1 × 1018 GPa. The analysis has been performed with 16
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quadrilateral elements and a time increment of 1s.
1

t̄0 /E

0.8
0.6
0.4

Small strain
Large strain
Görke et al.
Meroi et al.

0.2
0
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
uy /h

Figure 2.3: Normalized vertical settlement vs. applied load in one-dimensional consolidation analyses. Result from large strain study (+) is compared with
theoretical solution at large strains by Meroi et al. (1995) and numerical
results obtained by Görke et al. (2012)

The linear small strain solution of the consolidation problem is compared to a
large strain analytical model from Meroi et al. (1995) as well as to corresponding numerical results in Figure 2.3. The results are in good agreement with
literature, with small deviation are observed at the increasing loading magnitude. This deviation is also observed by Görke et al. (2012). The reasons for
this might come from the incomplete information for some model conditions
(e.g., loading rate, details of the constitutive models). In this example, the
same material parameters observed by Görke et al. (2012) is used, hence the
results coincide with the findings from the mentioned paper.
To study the behaviour of the saturated porous medium in time, the soil column
is subjected to constant load of various magnitudes. In this way the asymptotic
settlement effects of the soil column are observed. Under the same setting
as in Figure 2.2, the observation has been done by Li et al. (2004) with the
following material properties; Young’s modulus E = 19.64 MPa, Poisson’s ratio
ν = 0.403, porosity φ = 0.42, intrinsic permeability k = 1.0194 × 10−8 m2 and
fluid dynamic viscosity µ = 0.001 Pa. Constant load t̄0 at various magnitudes
2 MPa, 4 MPa and 8 MPa has been applied in 0.5 s with ∆t = 0.01 s.
Numerical results obtained in this study as seen in Figure 2.4, show a good
agreement with literature values. As expected from the strain dependent stiffness of the solid matrix due to Neo-Hookean material model, the large strain
simulation predict smaller settlement values at equilibrium compared to the

2.3 Numerical examples and verification

23

0
2 MPa

uy [m]

-0.4

4 MPa

-0.8
-1.2

8 MPa

-1.6
-2

0

0.1

0.2

0.3

0.4

0.5

t [s]
Figure 2.4: Vertical settlement vs time histories at different applied constant loading
(2, 4 and 8 MPa): (- -) small strain results, (—) numerical results by Li
et al. (2004), (+) results from the large strain study.

small strain model. The increasing difference becomes apparent as the applied
load increases.

2.3.2 Two-dimensional consolidation
t̄0
pf = 0
a

n0 · Q = 0

y

n0 · Q = 0

4a

4a

n0 · Q = 0
x
Figure 2.5: Model geometry and boundary conditions for two-dimensional consolidation analysis. A constant uniform strip loading t̄0 is applied at magnitudes of 4, 8 and 12 MPa on the top of the soil with a cross section a = 1
m and a height h = 4 m.

Two-dimensional consolidation of a layer subjected to a uniform strip loading
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t̄0 is described in Figure 2.5. For the boundary conditions, at the bottom of the
soil layer all nodes are fixed, while nodes at the lateral surfaces are constrained
horizontally. Zero pressure at the top layer and impermeable lateral surfaces
are assumed. The soil layer has Young’s modulus E = 10 MPa, Poisson’s ratio
ν = 0.3, intrinsic permeability k = 1.0194 × 10−8 m2 , porosity φ = 0.91, and
fluid viscosity µ = 0.001 Pa. Similar to one-dimensional case, an incompressible
fluid has been assumed. Constant loading t̄0 at various magnitudes 4, 8 and
12 MPa has been applied at 10−4 s at one step, and kept constant until the
system reached an equilibrium. The problem has been solved by different sizes
quadrilateral elements of finite element method. Coarse meshes have been used
for discretising the domain away from the surface subjected to uniform loading
while at the surface a denser meshes have been used to gain a stable solution
at early loading time.

-0.4

t̄0
E

= 0.4

t̄0
E

= 0.8

t̄0
E

= 1.2

uy /a
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-1.2
-1.6
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0.0001

0.001

0.01
τ

0.1

1

Figure 2.6: Normalised vertical settlements vs normalised time histories τ at different
applied constant loading (4, 8 and 12 MPa): (- -) small strain results,
(+) results from the large strain study. Here, τ = ct/h2 , with c is the
consolidation time.

Figure 2.6 shows the normalised vertical settlement of the soil surface, calculated for small strain and large strain at various magnitudes of loading. Similar
to the one-dimensional consolidation case, the large strain model give lower
absolute settlement values at equilibrium compared to the small strain model.
With increasing load these differences become apparent hence they cannot be
neglected, considering the substantial uncertainties of the porous media structures that prone to failing as well as the uncertainties of the real material
parameters of porous media. Therefore, the modeling of porous media has to
be performed carefully according to the real condition, e.g., by using large strain
approaches if small strain assumption is not justified.

2.4 Discussion and limitations
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2.4 Discussion and limitations
A biphasic model of porous media at large strain has been developed and numerical tests have been performed to show its capability. Discretisation based on
finite element formulation has been used to simulate the consolidation problems.
Standard linear quadrilateral elements are used to simulate the deformation and
the flow of fluid in the porous medium. In this thesis the same order of shape
functions are used for approximation of displacement and pressure fields. Hence,
the Ladyzenskaya-Babuška-Brezzi-condition is violated according to Babuška
(1973) and Brezzi (1974). As a consequence, spurious ”checker-board” modes
of oscillation and locking in the pressure field emanate. In literature, stabilization techniques have been investigated to solve the problem, including the
application of the projection-step method proposed by Chorin (1968) into the
geomechanical problems by Pastor et al. (1999).
1

y/h [-]

0.8
0.6
0.4
numerical study
analytical sol.

0.2
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0

0.2

0.4
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Figure 2.7: Normalised fluid flow profile of one-dimensional consolidation test in ydirection for 16-linear finite elements compared to the analytical solution
at τ = 0.1. The stepwise profile of the flow is gained due to the chosen
linear shape functions for pressure.

Furthermore, by using standard elements of finite element shape function in
which C 0 continuity over interelement boundaries exists, a local mass balance
between the adjacent elements can never be achieved. An extra error is made
by the fluid flow calculation. Figure 2.7 describes the phenomena where the
stepwise flow profile is captured in between the adjacent elements. The Darcy’s
flow which is governed by pressure gradient will be smooth inside the elements,
but discontinuous over element boundaries. The discontinuous flow profile can
possibly induces inaccuracy of the numerical solutions. Several researches have
been conducted to find the remedy of this problem. In literature, a mixed
hybrid type of finite elements have been proposed to solve the potential flow
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problem by Kaasschieter and Huijben (1992) and applied by Malakpoor et al.
(2007) for modelling the swelling behaviour of porous media. Here, a Lagrange
multiplier is used to enforce the continuity of the flux between the adjacent
elements. Furthermore, high-order continuous spline basis functions of isogeometric analysis can especially be attractive to model continuous fluid flow over
element boundaries. An elaborated discussion will be given in the Chapter 5.

Chapter three

Partition of unity model for crack
propagation in porous media
1

In the previous chapter, a biphasic model for porous media at large strains
has been provided for correctly modeling the deformation of a fluid saturated
porous material. It was demonstrated that a small strain assumption may
lead to incorrect analysis of the structure, especially when dealing with high
external loads or any types of material that prone to large deformation such
as soft tissues and gels. In addition, these type of materials can easily fail
due to cracks or discontinuities under the development of external loads. The
presence of cracks may influence the flow and deformation patterns of porous
media. Therefore, in order to arrive a thorough understanding the behaviour
of porous media, the need to study the failure mechanism is inevitable.
In the literature, the topic of fluid flow in fractured porous media has been approached in different ways. A combined finite difference-finite element method
has been proposed by Boone and Ingraffea (1990) for simulating hydraulically
driven fracture propagation in poroelastic media. Secchi et al. (2007) proposed
finite element method combined with mesh adaption to model hydraulic cohesive crack growth in fully saturated porous media, while Segura and Carol
(2008a) used zero thickness interface finite elements to model crack growth in
the pre-existing fractures of porous media. Fracture propagation in dynamic
regime has also been investigated by Khoei et al. (2011) for fully and partially
saturated porous media. Indeed, finite elements technology has been widely em1

Reproduced from: F. Irzal, J.J.C. Remmers, J.M.R. Huyghe R. de Borst, (2012). A
large deformation formulation for fluid flow in a progressively fracturing porous material.
Computer methods in applied mechanics and engineering, 256, p. 29–37.
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ployed for fracture modeling in porous media due to its flexibility in handling
material inhomogeneity, complex boundary conditions and dynamic problems,
together with moderate efficiency in dealing with complex constitutive model
and fractures (Jing 2003). Based on this fact, the model is developed in the
context of finite element technology. Crack growth was initially modelled using
linear-elastic fracture mechanics as formerly described by Griffith (1921) and
Irwin (1957), but later also via a cohesive-zone approach, where the process
zone is lumped into a single plane ahead of the crack tip. The opening of this
plane is governed by a traction-separation relation. In order to allow for the
nucleation and the propagation of cracks in arbitrary directions, irrespective
of the structure of the underlying finite element mesh, the model exploits the
partition-of-unity property of finite element shape functions (Babuška and Melenk, 1997), also by Moës et al. 1999, Wells and Sluys 2001a, Wells et al. 2002,
Remmers et al. 2003.
Recently, a two-scale numerical model has been constructed for crack propagation in a deforming fluid-saturated porous medium subject to small
strains (de Borst et al. 2006, Réthoré et al. 2007a,b, 2008), and extended to
include the swelling property of porous media by Kraaijeveld et al. (2013). The
saturated porous material was modelled as a two-phase mixture, composed of
a deforming solid skeleton and an interstitial fluid. At the fine scale the flow
in the crack is modelled as a viscous fluid using Stokes’ equations. Since the
cross-sectional dimensions of the cavity formed by the crack are assumed to be
small compared to its length, the flow equations can be averaged over the cross
section of the cavity. The resulting equations provide the momentum and mass
couplings to the standard equations for a porous material, which hold on the
coarse scale.
Soft tissues and rubber-like materials can experience large deformations. Therefore, the small strain assumption then no longer holds. In this contribution, an
extension is made to a finite strain framework, introducing nonlinear kinematics
in combination with a hyperelastic material response. Here, the motion of the
solid skeleton is followed using a Lagrangian description and express the momentum balance equations using this description. Subsequently, one can write
the mass balance equations identifying the spatial point as the instantaneous
material point occupied by the solid phase. The resulting system of equations
is nonlinear due to the cohesive-crack model, the geometrically nonlinear effect
and presence of the coupling terms. A linearisation is applied to the system for
use within a Newton-Raphson iterative procedure, and a weighted-time scheme
is applied to discretise the system in the time domain.
This chapter is ordered as follows. In the next section, the nonlinear kinematic
relations for a fractured porous medium are elaborated. These relations are
used to construct the linear momentum and mass balance relations which have
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been discussed in Chapter 2. Here, a briefly summary of the balance equations will be provided, complemented by constitutive relations for the mixture
in the bulk as well as at the interface in the following section. The spatial
discretisation, which exploits the partition-of-unity property, is presented, followed by implementation aspects. The performance of the model is assessed in
Section 3.6, followed by some points of discussion.
Ω+
0
nΓd,0

n+
Γd
n∗Γd

Γd,0

n−
Γd

Γ+
d
Γ∗d
Γ−
d

Ω−
0
(a)

(b)

Figure 3.1: (a). Schematic representation of body Ω0 crossed by a material discontinuity Γd,0 in the undeformed configuration. (b). Discontinuity interfaces
−
Γ+
d and Γd and their normal vector representation in the deformed configuration

3.1 Kinematics of discontinuity
Figure 3.1(a) shows a body crossed by a discontinuity Γd,0 in the reference or
undeformed configuration. The body is divided by the discontinuity into two
−
+
−
sub-domains, Ω+
0 and Ω0 (Ω0 = Ω0 ∪ Ω0 ). A vector nΓd,0 is defined normal
to the discontinuity surface Γd,0 in the direction of Ω+
0 . The total displacement
field of the solid skeleton u consists of a continuous regular displacement field
û and a continuous additional displacement field ũ:
u(X, t) = û(X, t) + HΓd,0 ũ(X, t),

(3.1)

where X is the position vector of a material point in the undeformed configuration and HΓd,0 is the Heaviside step function centered at the discontinuity and
is defined as:

1 , X ∈ Ω+
0
(3.2)
HΓd,0 (X) =
0 , X ∈ Ω−
0.
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From the displacement decomposition in Equation (3.1), the deformation map
ϕ(X, t) for a body crossed by a discontinuity can be written as:
ϕ(X, t) = x(X, t)
= X + û(X, t) + HΓd,0 ũ(X, t),

(3.3)

where x is the position vector of a material point in the deformed configuration.
The velocity of the solid constituent is defined as
ẋ =

Dx
= u̇
Dt

(3.4)

where the superimposed dot indicates the material time derivative which follows
the motion of the solid. The deformation gradient F is obtained by taking the
gradient of (3.3) with respect to the undeformed configuration:
F = F̂ + HΓd,0 F̃,

(3.5)

with F̂ = I + ∇0 û and F̃ = ∇0 ũ.
Similar to the previous chapter, the volumetric change of the solid between
the undeformed and deformed configuration is represented as J = det (F),
and the rate of volumetric change of the solid part will follow Equation (2.7).
Furthermore, the Green-Lagrange strain E is calculated by taking into account
the total deformation gradient F according to Equation (2.8).
The magnitude of the displacement jump v at the discontinuity Γd,0 is represented as the magnitude of the additional displacement field ũ;
v(X, t) = ũ(X, t),

X ∈ Γd,0 .

(3.6)

With aid of Nanson’s relation for the normal n to a surface Γ
n = J F−T n0

dΓ0
,
dΓ

(3.7)

+
the expressions for the normals at the Ω−
0 side and at the Ω0 side of the interface
can be derived as

dΓd,0
dΓ−
d

−T
dΓd,0
= det(F̂ + F̃) F̂ + F̃
nΓd,0
,
dΓ+
d

−T
n−
nΓd,0
Γd = det(F̂) F̂

(3.8)

n+
Γd

(3.9)

respectively. Figure 3.1(b) illustrates the normal vector at the discontinuities.
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Considering the fact that the magnitude of the opening v will be relatively
small, it is assumed that an average normal can be defined for use within a
cohesive-zone model according to Wells et al. (2002):
n∗Γd



−1
1
1
dΓd,0
= det F̂ + F̃
F̂ + F̃
.
nΓd,0
2
2
dΓ∗d

(3.10)

The vector n∗Γd is used to define the traction vector at the ‘average’ discontinuity plane Γ∗d , and to resolve a displacement jump into normal and tangential
components. To simplify the notation, nΓd will henceforth substitute n∗Γd .
Furthermore, the change of geometry of the porous domain will also change
the flow of the interstitial fluid. Here the opening of the crack will induce high
pressure gradient between the crack surfaces. To capture this phenomenon, a
regularisation in the pressure field is needed. It is assumed that no pressure
difference between the crack surfaces while fracturing. The pore fluid flow, however, will be phenomenologically discontinous at the vicinity of the crack. Since
the pore fluid flow follows the Darcy’s law, the regularisation of the pressure
field is done by introducing a distance function DΓd,0
DΓd,0 = (X − XΓd,0 ) · nΓd,0

X ∈ Ω0

(3.11)

where XΓd,0 is the crack coordinate at the reference configuration. The normal
derivative of the distance function is discontinuous and equal to HΓd,0
~ Γ = nΓ · ∇0 DΓ = HΓ
∂D
d,0
d,0
d,0
d,0

(3.12)

Hence, the total pressure fields of the interstitial fluid reads
pf (X, t) = p̂(X, t) + DΓd,0 p̃(X, t)

(3.13)

where p̂ and p̃ denote the regular and additional pressure field, respectively.

3.2 Governing equations
Summarising from Chapter 2, the quasi-static balance of linear momentum
equations for the fluid saturated porous body Ω0 with respect to underformed
configuration can be written as:
∇0 · P = 0 ,

in Ω0

where P is the total nominal stress tensor as defined in Equation (2.12). The
discontinuity in the domain of the body Ω0 can be regarded as an additional
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surface boundary that is located in the domain, see Figure 3.2. Therefore,
the corresponding initial and boundary conditions from Equation (2.13) can be
augmented with an internal boundary:
nΓd · P = t(v) on Γd

(3.14)

where nΓd is the normal vector to the surface of discontinuity Γd according
to Equation (3.10) and the traction at the boundary t is a function of the
displacement jump v.
Γq,0
Ω+
0

Γp,0

nΓd,0

Γd,0

Y

Γu,0
Ω−
0
Γt,0

X

Figure 3.2: Body Ω0 at the reference configuration X, Y crossed by a discontinuity
Γd,0 and complemented by boundary conditions

Similarly, the linear mass balance of the discussed system
1
ṗf + αJ˙ + ∇0 · Q = 0 ,
M

in Ω0

complemented by the initial and boundary conditions from Equation (2.19),
can be augmented with an internal boundary
nΓd · q = qd on

Γd

(3.15)

where qd represent the leakage flux of the fluid along the crack interface toward
the surrounding porous medium.

3.3 Constitutive equations
To close the mathematical problem, constitutive relations for the mechanical
deformation of the solid skeleton and the interstitial fluid must be specified.
In case of the bulk part of the porous media, similar constitutive relations as in
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Chapter 2 hold for both solid and fluid part. For the solid matrix, the effective
stress rate tensor is related to the strain rate tensor by a linear stress-strain
relation according to Equation (2.20). Furthermore, the pore fluid flow follows
Darcy’s relation for isotropic media according to Equation (2.22).

3.3.1 Interface behaviour
The nonlinear behavior of the fracturing material in the cohesive zone is governed by a traction separation law relating the cohesive tractions to the relative
displacements, namely
td = td (vd , κ)

(3.16)

with td denotes the tractions defined in a frame of reference which is aligned
with the orientation of the discontinuity in the element, vd is defined as the relative displacement vector at the discontinuity, the difference in the displacement
vector between the two faces of the discontinuity and κ is a history parameter.
In quasi-brittle materials, e.g. soils, clays and other fluid saturated porous
medium, as soon as the fracture strength of the material is exceeded, the cohesive zone develops in which the material begins to fail and exhibits a softening
behavior. The softening induced by the material failure is simulated using
a softening cohesive law. This implies that the cohesive traction transferred
across the cohesive zone is made a decaying function of the relative displacement. It is noted that in quasi-brittle materials the cohesive zone undergoes
softening because of the occurrence of micro-cracks.
Restricting the treatment to a two-dimensional configuration, the cohesive tractions can be written as: td = tn nΓd + ts sΓd , where tn and ts are the normal
traction and the shear traction, see Figure 3.3. The local displacement jump
vd is denoted by vd = vn nΓd + vs sΓd .
Linearisation of the cohesive relation (3.16) results in the following differential
form
δtd = T δvd ,

(3.17)

with T represents the material tangent stiffness matrix of the discrete tractionseparation law. In local coordinate system, the material tangent stiffness is
obtained by differentiating the normal and tangential cohesive traction with
respect to the displacement jump in both directions by taking into account the
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history parameter κ, namely

∂ts
∂ts ∂κ
+
 ∂vs
∂κ ∂vs

Td = 
 ∂t
∂tn ∂κ
n
+
∂vs
∂κ ∂vs


∂ts
∂ts ∂κ
+
∂vn
∂κ ∂vn 


∂tn
∂tn ∂κ 
+
∂vn
∂κ ∂vn

(3.18)

The local tangent stiffness matrix Td is transformed into global coordinate
system through:
T = AT · Td · A

(3.19)

with A the standard orthogonal transformation matrix. Following the standard
procedures, matrix A in two-dimensional problem can be constructed by (Bathe
1996):


cos(i1 , nΓd ) cos(i1 , sΓd )

(3.20)
A=
cos(i2 , nΓd ) cos(i2 , sΓd )
where (i1 , i2 ) represent the standard unit vector governed the two-dimensional
global coordinate system.
The traction from the solid part updated at the interface is coupled to the
pressure of the fluid. Assuming stress continuity from the cavity to the bulk,
we have:
nΓd · P = td − pf nΓd .

(3.21)

To arrive at a relation for the leakage flux of the pore fluids into the vicinity of
the crack, the flow continuity equation for the fluid inside the crack is averaged
over the cross section. The results obtained are included in the mass transfer
coupling terms that emerge in the weak form of the continuity equations of flow
in the porous medium. The continuity equation for the fluid flow in the crack
is identical to that of the surrounding porous medium. In what follows, the
formulations are presented in the current local Cartesian coordinate (s, n) with
directions aligned with the tangent and normal unit vectors to the discontinuity,
sΓd and nΓd , respectively. Effectively, one has:
Z

h

−h




1
ṗf + α∇ · u̇ + ∇ · q dn = 0.
M

(3.22)

Since the cross section of the cavity is relatively small to its length, the variation
of the fluid pressure across the discontinuity is ignored. Hence, the first term
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Figure 3.3: Geometry and local coordinate system in cavity in the deformed configuration.

of equation (3.22) can be rewritten as
Z

h

−h

2h
1
ṗf dn =
ṗf .
M
M

(3.23)

Using the definition of the divergence in the local coordinate system and making
restriction to a two-dimensional configuration for brevity, the following expression for the second term of Equation (3.22) is obtained:

Z h
Z h 
∂ u̇s ∂ u̇n
α∇ · u̇ dn =
α
+
dn
(3.24)
∂s
∂n
−h
−h
where u̇s and u̇n denote the tangential and normal components of the solid
velocity, respectively. Because h is small compared to the other dimensions,
it can be assumed that the tangential component of the solid velocity varies
linearly with n. Consequently, the derivative with respect to s also varies
linearly with n. Taking this into account, the contribution which includes the
tangential derivative can be integrated analytically. Defining h·i = (·+ +·− )/2 as
the average of the corresponding values at the discontinuity faces, one obtains
the following relation


Z h
∂ u̇s
1 ∂ u̇s
(h) +
(−h) + α (u̇n (h) − u̇n (−h))
α∇ · u̇ dn = 2hα
2 ∂s
∂s
−h
∂ u̇s
= 2hαh
i + α[[u̇n ]],
(3.25)
∂s
where the difference in the normal velocity between both crack faces [[u̇n ]] is
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given by
[[w]] = 2ḣ.

(3.26)

Taking into account the divergence operator in the local coordinate system and
assuming that relative fluid velocity in tangential direction with respect to the
crack, the following expression is obtained for the third term of equation (3.22)

Z h
Z h
∂qs ∂qn
∇ · q dn =
+
dn
∂s
∂n
−h
−h


Z h
Z h
∂
∂qn
∂pf
=
−kd
dn +
dn
(3.27)
∂s
−h ∂s
−h ∂n
where qs and qn denote the tangential and normal components of the relative
fluid velocity, respectively. The permeability at the discontinuity, kd , can be
modelled by taking into account the progressively opening of the crack surface
through (Boone and Ingraffea, 1990)
kd =

h2
.
12µ

(3.28)

Furthermore, since the fluid pressure is assumed to be uniform across the discontinuity, the first and the second derivatives with respect to the s-axis are
constant along n. Hence,


Z h
∂pf
∂
∇ · q dn = 2h
−kd
+ [[qn ]].
(3.29)
∂s
∂s
−h
The normal component [[qn ]] = qd = nΓd · q is the term sought after. Hence, by
substituting the components of equation (3.22) and rearranging, the micro-flow
coupling term is obtained:


∂
2h
∂ u̇s
∂pf
nΓd · q = 2h
i − 2αḣ.
(3.30)
kd
− ṗf − 2hαh
∂s
∂s
M
∂s

3.4 Weak form and numerical elaboration
The equilibrium equation (2.11) can be expressed in a weak form by multiplication with an admissible variational displacement field δu and integrating the
result over the domain Ω0 :
Z
δu · (∇0 · P) dΩ0 = 0.
(3.31)
Ω0

3.4 Weak form and numerical elaboration
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Following a standard Bubno-Galerkin approach, the space of the admissible
variations is taken the same as the field of actual displacement, Equation (3.1),
therefore it reads:
δu = δ û + HΓd,0 δ ũ

(3.32)

Similarly, the admissibile displacement jump δv at the discontinuity Γd can be
written as
δv = δ ũ.

(3.33)

Substituting the variations into Equation (3.31) gives:
Z
Z
δ û · (∇0 · P) dΩ0 +
HΓd,0 δ ũ · (∇0 · P) dΩ0 = 0
Ω0

(3.34)

Ω0

which hold for all admissible variations δ û and δ ũ. Using Gauss’ theorem and
applying the boundary conditions from Equation (3.14), the equation above
can be written as
Z
Z
Z
∇0 δ û : P dΩ0 +
δ ũ · (td − nΓd pf ) dΓ =
HΓd,0 ∇0 δ ũ : P dΩ0 +
Ω0
Ω0
Γd
Z
Z
δ û · t̄0 dΩ0 +
HΓd,0 δ ũ · t̄0 dΩ0 .
(3.35)
Γt,0

Γt,0

Replacing the terms ∇0 δ û : P and ∇0 δ ũ : P by the work-conjugate terms
δ Ê : S and δ Ẽ : S (Belytschko et al., 2000), the above expression becomes
Z
Z
Z
δ Ê : S dΩ0 +
HΓd,0 δ Ẽ : S dΩ0 +
δ ũ · (td − nΓd pf ) dΓ =
Ω0
Ω0
Γd
Z
Z
δ û · t̄0 dΩ0 +
HΓd,0 δ ũ · t̄0 dΩ0 .
(3.36)
Γt,0

Γt,0

Here, δ Ê and δ Ẽ denote the regular and additional parts of the variation of the
Green-Lagrange strain field, while S is the total second Piola-Kirchhoff stress
tensor.
Similarly, the weak form of the linear mass balance can be achieved by multiplying Equation (2.18) with an admissible variational pressure field δp and
integrating the result over the domain Ω0 :
Z
Z
Z
−1
˙
δp M ṗf dΩ0 +
δp αJ dΩ0 +
δp∇0 · Q dΩ0 = 0.
(3.37)
Ω0

Ω0

Ω0

Following Bubnov-Galerkin, the admissible variation of the pressure field is
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taken the same as the field of actual pressure according to Equation (3.13) to
give:
δp = δ p̂ + DΓd,0 δ p̃.

(3.38)

Substituting the variations into Equation (3.37), applying Gauss theorem, introducing Darcy’s relation (2.22) and using the boundary conditions in Equation
(3.15) gives:
Z
Z
Z
K
−1
˙
δ p̂ M ṗf dΩ0 −
δ p̂ αJ dΩ0 +
∇0 δ p̂ ∇0 pf dΩ0
−
µ
Ω0
Ω0
ZΩ0
Z
−
DΓd,0 δ p̃ M −1 ṗf dΩ0 −
DΓd,0 δ p̃ αJ˙ dΩ0
Ω0
Ω0
Z
Z
K
+
∇0 (DΓd,0 δ p̃) ∇0 pf dΩ0 +
δ p̂ q dΓ
µ
Ω0
Γd
Z
Z
(3.39)
=
δ p̂ q̄0 dΓ0 +
DΓd,0 δ p̃ q̄0 dΓ0 .
Γq,0

Γq,0

which hold for all admissible variations δ p̂ and δ p̃.

3.4.1 Discretisation
The model presented in the previous sections imposes some restrictions on the
assumed displacement and the pressure fields. The opening of the discontinuity
must be described with sufficient accuracy in order to reproduce the cavity
geometry properly. These requirements can be satisfied exploiting the partitionof-unity property of finite element shape functions (Babuška and Melenk, 1997).
In the spirit of previous works on crack propagation in a single-phase medium
(Moës et al. 1999, Wells and Sluys 2001a, Wells et al. 2002, Remmers et al.
2003) the interpolation of each component of the displacement field of the solid
phase is enriched by discontinuous functions:
X
X
u=
Nui âi +
Nui ãi ,
(3.40)
i∈N

i∈Nsup

where Nui are the standard finite element shape functions supported by the set
of nodes N included in the discretised domain Ω. Nodes in Nsup have their
support completely cut by the discontinuity, as depicted in Figure (3.4). They
hold regular degrees of freedom of displacements âi and additional degrees of
freedom of displacements ãi corresponding to the discontinuous function HΓd,0 .
Alternatively, the discrete displacement field in Equation (3.40) can be cast in
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Figure 3.4: Two-dimensional finite element mesh with a discontinuity denoted by the
bold line. Nodes with enhanced degrees of freedom are indicated by solid
dots. The grey elements contain additional terms in the stiffness matrix
and the internal force vector.

the following form for a single element:
u = Nu â + HΓd,0 Nu ã

(3.41)

where Nu is a matrix that contains the standard interpolation polynomials
function for all the nodes that support this element. The strain field E can be
obtained by differentiating the discrete displacement field with respect to the
reference configuration X to give
E = B0 â + HΓd,0 B0 ã

X∈
/ Sd,0

(3.42)

where Sd,0 is the discontinuity in the element and B0 denotes the bounded part
of spatial derivatives of Nu with respect to the undeformed configuration as
described previously in Equation (2.32).
The discrete displacement jump at the discontinuity Sd,0 as presented in Equation (3.6) is equal to
v = Nu ã.

(3.43)

For the approximation of the pressure, the standard finite element interpolation
is enriched by the distance function DΓd,0 which is the distance to the surface
of discontinuity Γd,0 . All nodes whose support is cut by the discontinuity Nsup ,
also hold additional pressure degree of freedom
X
X
Npi DΓd,0 b̃i ,
(3.44)
pf =
Npi b̂i +
i∈N

i∈Nsup
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where Npi are the finite element shape functions used for pressure field interpolation. In a similar fashion to the displacement interpolation, one writes
Equation (3.44) as
pf = Np b̂ + DΓd,0 Np b̃

(3.45)

where Np is a matrix that contains the standard interpolation polynomials
functions used for pressure field interpolation in an element. They hold regular
degrees of freedom of pressure b̂ and additional degrees of freedom of pressure
b̃.
Furthermore, the pressure gradient in the reference configuration can be written
as
∇0 pf = ∇0 Np b̂ + ∇0 (DΓd,0 Np ) b̃
~ Γ Np + DΓ ∇0 Np ) b̃
= ∇0 Np b̂ + (∂ D
d,0
d,0

(3.46)

The choice for NuI and NpI is driven by modelling requirements. Indeed, the
modelling of the fluid flow inside the cavity requires the second order derivative
of the pressure as seen from equation (3.30). Hence, the order of the finite
element shape function NpI has to be sufficiently high, otherwise the coupling
between the fluid flow in the cavity and the bulk part will be lost. Furthermore,
the order of the finite element shape function NuI must be greater than or equal
to the order of NpI for consistency in the discrete balance of momentum, so
that spurious oscillations or locking in the pressure field can be avoided (Lewis
and Schrefler, 1998). However, a quadrilateral element is used with bilinear
shape functions for the displacement and for the pressure fields for simplicity.
Furthermore, integration by parts method is used to solve the high order term
of the micro-coupling.

3.4.2 Discrete equations and resolution
Adopting a Bubnov-Galerkin formulation, the variations of the displacement
fields the pressure fields and their derivatives with respect to position vector X
are interpolated in the same manner:
δ û = Nu δâ

δ ũ = Nu δã
(3.47)

δ p̂ = Np δ b̂

δ p̃ = Np δ b̃

Hence, inserting the discretised variations of displacements and pressures into
the weak forms as described in equations (3.36) and (3.37) yields the discretised
version of the equilibrium equations for all admissible variations of displacement
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and pressure. This gives:
Z
Z
Z
T
T
(B0 δâ) S dV0 +
HΓd,0 (B0 δã) S dV0 +
(Nu δã)T t dS
V0
V0
Γd
Z
Z
(Nu δâ)T dS0 +
HΓd,0 (Nu δã)T dS0 .
=
St,0

Z

Z

(Np δ b̂)T αJ˙ dV0
V0
Z V0
Z
K
T
+
(∇0 Np δ b̂)
∇0 pf dV0 −
DΓd,0 (Np δ b̃)T M −1 ṗf dV0
µ
ZV0
Z V0
~ Γ Np δ b̃)T K ∇0 pf dV0
−
DΓd,0 (Np δ b̃)T αJ˙ dV0 +
(∂ D
d,0
µ
V0
V0
Z
Z
K
(Np δ b̂)T q dS
+
DΓd,0 (∇0 Np δ b̃)T ∇0 pf dV0 +
µ
Sd
Z
ZV0
(Np δ b̂)T q̄0 dS0 +
DΓd,0 (Np δ b̃)T q̄0 dS0 .
=
T

−

(Np δ b̂) M

(3.48)

St,0

−1

ṗf dV0 −

(3.49)

Sq,0

Sq,0

By taking the variation of one admissible variation δâ, δã, δ b̂ or δ b̃ at the time
and setting the others to zero, the following systems of equations can be derived:
Z

BT
0 S dS0

Z

NT
u t̄0 dS0

=

V0

(3.50)
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ṗf dV0 −

V0

Z V0
+
V0

˙
NT
p αJ dV0
K
∇0 p f
∇ 0 NT
p
µ

Z
dV0 =
Sq,0

NT
p q̄0 dS0

(3.52)
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Sq,0

Sd

Similar to previous chapter, the time integration is carried out using a weightedtime scheme according to Equation (2.35). Here, the vector of nodal unknowns,

T
Z = â, ã, b̂, b̃ , includes all the degrees of freedom for regular and additional
displacements and presssures.
A Newton-Raphson procedure is used to compute the solution at each time
step. For this purpose a residual vector Ri is defined at iteration i as
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Kââ Kâã
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ã 

b̂ 
b̃






(3.54)

where fâext · · · fb̃ext given by the right hand side of Equations (3.50)–(3.53), respectively, and fâint · · · fb̃int are given by the left hand side of Equations (3.50)–(3.53),
respectively. The stiffness matrices for solid part are defined as
Z

Kâã
Kãâ
Kãã

Z
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=
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(3.55)
(3.56)
(3.57)
(3.58)

Sd

The term B0 contains the derivatives of the displacement shape functions ac-
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cording to Equation (2.43). Furthermore, the coupling matrices between fluid
and solid are defined as
Z
(3.59)
Qâb̂ = −
αBT
0 mNp dV0
V0
Z
Qâb̃ = −
DΓd,0 αBT
(3.60)
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(3.61)
u nΓd Np dS
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Z
(3.62)
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Z
T
1
(3.64)
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Qb̃ã = −
p m B0 dV0 + Kflow
V0

(3.65)
with m = [1, 1, 0]T . In the end, the compressibility and permeability matrices
for the fluid part are defined as
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When an element is supported by one or more enriched nodes, the stiffness
matrix and force vector will have additional terms. The additional terms at the
interface, i.e, the cohesive traction (3.21) and the mass coupling terms (3.30)
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cause the resulting stiffness matrix to become nonsymmetric. The linearisation
of the additional terms with respect to the geometric contribution, K1geo and
K2geo , also generates a nonsymmetric contribution, but this plays a significant
role only when a discontinuity at which tractions are acting undergoes large
rotations or significant changes in area (Wells et al., 2002). Enforcing symmetry
normally slightly decreases the convergence rate (Wells et al., 2002), but allows
an easier implementation and less multiplications per iteration. In this thesis,
the computations have been carried out by leaving out the linearisation of the
additional terms to the geometric contribution and to the micro-flow coupling,
which are denoted by the term Kigeo , i = 1, 2 and Kjflow , j = 1, 2, 3, respectively.

3.5 Finite element implementation
The finite element implementation of the model follows largely that presented
by de Borst et al. (2006). For completeness, some details of the implementation
are reviewed, particularly with respect to the resulting stiffness matrix of the
system, which consist of a material part, a geometric part and coupling terms.
The key step in the finite element implementation is the selection of nodes
where extra enhanced degree of freedom should be added. The specimen with
a static interface shown in Figure 3.4 is considered. In the finite element model,
the interface is modelled as a discontinuity in a structured mesh composed of
four-noded elements. Additional degrees of freedom are added to nodes whose
support is crossed by a discontinuity. The other nodes remain unchanged.
Since only the nodes of elements that are crossed by the discontinuity have
additional degrees of freedom, the total number of degrees of freedom of the
system is slightly larger than for the case without a discontinuity.
From the computational aspect, an important issue is the numerical integration of the continuum element in the presence of a discontinuity as well as the
numerical integration of the coupling terms at a discontinuty. For this purpose,
standard Gauss integration is applied for the continuum elements crossed by a
discontinuity. To integrate the traction forces and leakage flux at a discontinuity, integration points located at the discontinuity are used. To achieve an
accurate numerical integration, one needs sufficient integration points on each
side of an element crossed by a discontinuity (Moës et al., 1999). Details of the
adopted integration scheme has been discussed by Wells et al. (2002).
To simulate a propagating crack a criterion is needed that governs the crack
evolution. For given load level, the equivalent traction at the Gauss points in
the element ahead of the crack tip is checked against the cohesive strength of the
material tc . If the equivalent traction at any of the Gauss points in the element
ahead of the crack tip exceeds the cohesive strength, the crack is extended into
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that element until it touches one of the element edges. The equivalent traction
teq is computed from the tractions of an averaged effective stress tensor σe at
the crack tip (Camacho and Ortiz, 1996):
p
(3.72)
teq (θ) = t2n + t2s /β
where
tn = nT σe n,

ts = sT σe n,

(3.73)

represent the normal and shear tractions, respectively, which lie along an imaginary axis η which constructs an angle θ with respect to x-axis, see Figure 3.5.
The parameter β defines the ratio between the shear and the normal strength
of the material.

y
n

η
s
θ
x

Figure 3.5: Schematic representation of a crack tip on global coordinate system (x, y)
and local coordinate system n, s. The equivalent traction teq at the tip
is calculated along an imaginary axis η at an angle θ with respect to the
x-axis.

Since the stress field varies strongly in the vicinity of the crack tip, the local
stress field is not reliable for the prediction of the crack growth direction. Following Wells et al. (2002), a smoothing of the stresses around the tip is used
with the following stress measure in the criterion for crack propagation:
R
w σe dΩ
tip
σeff = ΩR
,
(3.74)
w dΩ
Ω
in which w is the Gaussian weight function that smoothens the stress field at
the tip neighborhood defined as
 2
1
r
w=
exp
−
,
(3.75)
(2π)3/2 l3
2l
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with r the distance to the tip and l a characteristic length which defines the
size of region of influence of the stress, which is often taken as approximately
three times the typical element size (Wells et al. 2002).

tn /tc

1

Gc

0
0

vn /δn,cr

1

Figure 3.6: The normalised traction in normal direction across the discontinuity as a
function of the normalised opening of the displacement jump with respect
to the fully developed crack opening δn,cr normal to the crack surface. The
fracture toughness Gc represents amount of energy dissipated to create a
fully open unit cracked surface.

Crack growth which is described by the extension of a discontinuity is governed
by the stress state at the tip. For the case of pure mode-I opening mode, the
crack propagates along a straight line. Since the direction of crack propagation
is known in advance, the partitioning is carried out within the elements which
are to be bisected by the crack as the crack propagates. The opening of the
discontinuity is governed by the cohesive constitutive relation. The tractions,
are initially identical to the ultimate traction or the cohesive strength, are decreased to zero according to a softening relation by Wells and Sluys (2001b). In
this model, the normal traction tn at the crack surfaces decreases exponentially
according to:


tc
tn = tc exp − κ
(3.76)
Gc
with a cohesive strength tc and a fracture toughness Gc . Accordingly, a consistent linearised tangent matrix Td has been derived:




t2c
tc
0 0
Td =
with Tnn = − exp − κ .
(3.77)
0 Tnn
Gc
Gc
This cohesive constitutive relation consists of a debonding part only. Since the
cohesive surface is only created upon crack propagation, the cohesive relation
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used for the partition of unity method does not need an elastic part to model a
perfect bond prior to cracking, in comparison with the conventional interface element method. Later in Chapter 6, other type of cohesive constitutive relations
will be introduced, which include an elastic part to model the bonding prior to
cracking of adhesive interface elements in isogeometric analysis framework.

3.6 Numerical examples
The numerical examples in this section illustrate the performance of the model.
All examples are two-dimensional, with the quadrilateral element used as the
underlying element with bilinear shape function for the displacements and the
pressure. Neo-Hookean material behaviour is assumed to model the material
in the large-strain regime.

3.6.1 Peel test
To test the geometrically nonlinear model, a double cantilever beam composed
of a fluid-saturated porous material, shown in Figure 3.7, is analysed. The
material has a Young’s modulus E = 14 GPa, a Poisson’s ratio ν = 0.18,
a porosity φ = 0.2, an intrinsic permeability k = 2.78 × 10−10 mm2 and a
fluid viscosity µ = 1 × 10−9 MPa s. The bulk modulus of the solid material
Ks = 13.46 GPa, while for the fluid Kf = 0.2 GPa. The Biot coefficient has
been assumed as α = 1. The beams are bonded by an adhesive with a strength
tc = 1.7 MPa and a toughness Gc = 0.1 N/mm. A 1 mm pre-notch is located at
¯
u̇

1
0
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1

2h

¯
u̇
a
l
Figure 3.7: Peel test geometry for double cantilever fluid saturated porous material.
A 1 mm crack is initiated with the dashed line represent the given crack
propagation.

the symmetry axis of the beam. The beam is clamped on the left-hand side, and
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a vertical velocity u̇¯ = 1.0×10−2 mm/s is applied to the top left and the bottom
right corner nodes of the beam. All boundaries of the beam are assumed to be
impervious and the microflow coupling is neglected. Two different mesh sizes
of 10 × 100 and 5 × 50 quadrilateral elements have been taken for the analysis
with a time increment of 0.01 s.
2
5×50

1.6
Force [N]

10×100
1.2
0.8
0.4
0

0

0.1

0.2 0.3 0.4 0.5
Displacement [mm]

0.6

0.7

Figure 3.8: Force-displacement diagram for peel test with different mesh sizes. Although a roughness response from the coarse mesh, it still follows the
response for the finer mesh, indicating that the model is mesh independent.

Force-displacement response for the two meshes are shown in Figure 3.8. The
roughness of the response for the coarse mesh is due to extensions of a discontinuity through an entire element and the jumping of inelastic deformation from
integration point to integration point. From the figure it is seen that as the
mesh is refined the response becomes smoother and the coarse mesh response
generally follows the response for the finer mesh, indicating that the model is
independent of the spatial discretisation.

3.6.2 Delamination test
This problem has been analysed previously by Réthoré et al. (2008) for an
unsaturated porous medium and using a small-strain assumption. The material
properties generally follow the one from the previous peel test, with different
Young’s modulus E = 25.85 GPa and a fluid viscosity µ = 5×10−10 MPa s. The
problem is reanalysed here, assuming a fully saturated medium, but extending
to a finite strain framework. The notched square plate has a length 50 mm and
is located along the symmetry axis. The geometry and loading of the plate are
shown in Figure 3.9.
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250 mm

¯
u̇

50 mm

y

250 mm
x

¯
u̇
Figure 3.9: Delamination test geometry for two square plate porous material with a
¯ is applied to induce the crack notch to
50 mm crack notch. A velocity u̇
propagate to the right end of the specimen.
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Figure 3.10: Load-displacement diagram for delamination test.

50

3 Partition of unity model for crack propagation in porous media

The plate is loaded in pure mode-I by two vertical velocities u̇¯ = 2.35 × 10−3
mm/s. All boundaries of the plate are assumed to be impermeable. The analysis
is carried for a discretisations of 45 × 45 bilinear quadrilateral elements with
time steps of 0.01s. The numerical analysis continues until the crack tip has
reached the right-hand side of the plate.

(a)

(b)

Figure 3.11: Fluid pressure profiles [MPa]: (a) with micro-flow coupling and (b) without micro-flow coupling

(a)

(b)

Figure 3.12: Norm of the fluid pressure gradient profiles [MPa/mm]: (a) with microflow coupling and (b) without micro-flow coupling
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Figure 3.10 shows the load-displacement diagram. Figure 3.11 shows the contours of the pressure. Two cases are shown, first for a simulation that includes
the micro-flow coupling term at the interface, and secondly, a simulation is
shown in which the micro-flow coupling term is not taken into account. In the
latter case, the crack is clearly not recognized as a discontinuity in the pressure
field and the fluid flows through the crack as it does in the bulk. Another representation of the effect is given in Figure 3.12, which displays the norm of the
pressure gradient.

3.6.3 Shear test

10 mm
30 mm
¯
u̇

y

x

80 mm
Figure 3.13: Shear test geometry and the boundary conditions for square plate porous
material with a 10 mm crack notch.

The model can capture crack propagation in arbitrary directions, which is
demonstrated by the shear test on a fluid-saturated beam-like structure shown
in Figure 3.13. A 10 mm pre-notch is located at the symmetry axis of the
beam. The beam has a Young’s modulus E = 14 GPa, Poisson’s ratio ν = 0.3,
intrinsic permeability k = 2.78 × 10−10 mm2 , fluid viscosity µ = 0.001 Pa and
porosity φ = 0.1. The bulk modulus of the solid material Ks = 36 GPa, while
for the fluid Kf = 2. GPa. The Biot coefficient has been assumed as α = 1.
Through this simulation, a constant kd = 2.78 mm2 has been assumed.
The beam is clamped on the right hand side, while the top and bottom sides are
simply supported. The boundaries of the beam are assumed to be impervious,
with pressure is set to zero at the right hand side. The lower-left side of the
beam is loaded in pure mode II-by horizontal velocities u̇¯ = 1.0 × 10−3 mm/s,
while the upper-left side is clamped. Two meshes, with 2480 and 7650 elements, respectively, have been used, each composed of quadrilateral elements.
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Figure 3.14: Fluid pressure profiles [MPa] for shear test

A constant time increment ∆t = 0.01 s has been used. The mode-II loading is
sustained until the crack reaches the beam edge.

Figure 3.15: Norm of pressure gradient profile for shear test where higher pressure
gradient occurs along the crack path.

Figure 3.14 shows the fluid pressure profile as the crack propagates while Figure 3.15 shows the norm of the pressure gradient during crack propagation.
The highest gradient of the pressure occurs where the crack opens. The crack
path is plotted in Figure 3.16. Evidently, the crack deviates earlier for the finer
discretisation. However, during propagation a similar path is followed for both
mesh sizes, which indicates mesh independency.

3.7 Discussions and limitations
A large-strain formulation has been developed for a fluid-saturated porous
medium, which contains cracks, either pre-existing or nucleating and propagating. The location and the direction of the cracks is independent of the
discretisation by virtue of the exploitation of the partition-of-unity property of
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Figure 3.16: Comparison of the crack path for two different number of elements

finite element shape functions. The fluid in the cracks has been assumed to be
viscous, and the permeability in the cracks has been assumed to be depending on the crack opening, but these restrictions can be relaxed without major
consequences. Also, the elaboration, which has been done for two dimensions,
can straightforwardly be generalised to three dimensions. The subgrid scale
model generates the coupling conditions for mass and momentum to the governing equations at the macro-scale. The example calculations demonstrate the
importance of the inclusion of the coupling conditions.
From the computational aspects, some issues still have to be resolved. All the
simulations of the fractured porous has been performed for semi-dry and stiffed
saturated porous medium. Decreasing the stiffness or Young’s modulus or permeability induce numerical instability and the results show mesh dependency.
This might happen due to the time for fluid to resolve after crack growth of one
element increases. An extension to introduce a Kelvin viscous damping of the
solid matrix might help to solve the problem. In addition, introducing a rate
dependent crack opening might be good to solve the stability issue of the crack
opening.
Furthermore, from the modelling issues, higher order derivatives of the microflow model has been solved by integration by parts, imposing zero flow assumption at the boundaries. To get an accurate results, higher order continuity
of the shape functions are needed. To this end, B-spline basis functions of isogeometric analysis becomes attractive for solving the problem . It provides not
only higher order continuity inside the elements, but also interlement boundaries that leads to a more accurate flow analysis of porous medium. Therefore,
the following chapter will give elaborate explanations on the isogeometric analysis approach replacing the current finite element technology.

Chapter four

Fundamentals of isogeometric
finite element analysis

4.1 Motivation
Being developed in the 1950s to 1960s, finite element methods and analyses
have been widely exploited for numerical solutions of many engineering problems. These problems can be described in terms of differential equations which
covers a certain region of a geometry. In engineering industries, the geometry of the specific problem is typically provided by designers using computer
aided design (CAD) tools, in which smooth spline basis functions are employed.
Before performing a large scale finite element analysis, this smooth geometry
in most cases is approximated by finite elements with non-smooth piecewise
polynomial basis functions. This process can be both time consuming and far
from trivial. Moreover, the finite element meshing process may lead to inexact geometrical representation of the problems. To alleviate these problems,
Hughes et al. (2005) proposed a unification of the engineering design and analysis processes through the concept of isogeometric analysis. The fundamental
idea of this concept is to employ the same spline basis functions for both the
parametrisation of the geometry and for the discretisation of the approximation
spaces defined over the computational domain defined by that geometry. By
doing so, the exact geometry is taken into account for the numerical analysis.
A comprehensive work on this subject has been published by Cottrell et al.
(2009).
Initially, isogeometric analysis was based on B-spline and NURBS patches,
which are the current industry standard for computational geometry. More re-
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cently, T-splines (Sederberg et al. 2003) and other spline technologies (Dokken
et al. 2011, Vuong et al. 2011, Cirak et al. 2000) have been employed in isogeometric analysis, primarily to enhance the method with local refinement capabilities.
To ease the integration of the splines into an existing finite element framework,
Borden et al. (2011) and Scott et al. (2011) developed finite element data structures based on Bézier extraction of NURBS and T-splines. The Bézier extraction operator decomposes the splines based elements to C 0 continuous Bézier
elements which bear a close resemblance to the Lagrange elements. The global
smoothness of the splines basis functions is localized to the element level, making isogeometric analysis compatible with existing finite element codes while
still utilizing the excellent properties of the spline basis functions as a basis for
geometric modelling and analysis.
In this thesis, isogeometric analysis will be employed for the analysis of continuum and fractured saturated porous medium. Prior to this, a brief introduction
to isogeometric analysis is given in this chapter. Here, the properties of spline
basis functions are highlighted in Section 4.2. In Section 4.3, the concept of
Bézier extraction to gain the finite element data structures for the isogeometric
analysis is presented. By employing the same concept, the isogeometric interface element is introduced in Section 4.4. By this element the crack interface
is parametrised using the same spline basis functions, which leads to an easy
implementation for fractured media.

4.2 Isogeometric essentials
In order to elucidate the properties of isogeometric analysis that are potentially
advantageous in the context of poroelasticity, a univariate B-spline is considered. A univariate B-spline curve is parametrised by a linear combination of n
B-spline basis functions, {Ni,p }ni=1 , with p the order of the spline functions. The
coefficients corresponding to these functions, {Xi }ni=1 , are referred to as control points. The basis functions are defined over a non-decreasing knot vector
b
Ξ = {ξ1 , ξ2 , · · · , ξn+p+1 }. This knot vector partitions the parameter domain, Ω,
into m segments of positive length, which are referred to as elements. In order
to create interpolatory basis functions at the domain boundaries the first and
last knot values are repeated p + 1 times. The internal knots, i.e. the knots with
values distinct from the first and last knot values can be, but are generally not,
repeated.
Traditionally, B-spline basis functions of order p, {Ni,p }ni=1 , are evaluated using
the Cox-de Boor relations (Cox 1972, de Boor 1972), which start by defining
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piecewise constant basis functions over the partitioned parameter domain as

1 ξi ≤ ξ < ξi+1
Ni,0 (ξ) =
(4.1)
0
otherwise
after which the higher-order basis functions (p > 0) are defined using the recursion relation
Ni,p (ξ) =

ξi+p+1 − ξ
ξ − ξi
Ni,p−1 (ξ) +
Ni+1,p−1 (ξ).
ξi+p − ξi
ξi+p+1 − ξi+1

(4.2)

For details about efficient and robust algorithms for the determination of the
B-spline basis functions and their derivatives one can refer to Piegl and Tiller
(1997). For a complete overview of the properties of B-splines, please refer to
Hughes et al. (2005) and Cottrell et al. (2009). The properties of special interest
in the context of this thesis are presented as follows:

Continuity
B-spline basis functions are piecewise polynomials with C p−1 continuity over the
element boundaries corresponding to non-repeated internal knots. For example,
quadratic (p = 2) splines are continuously differentiable (C 1 ) over non-repeated
knots, which is in contrast to quadratic Lagrange finite element bases which
are only continuous (C 0 ). Essentially, splines are smooth functions. Moreover,
the continuity of spline basis functions can be controlled by the multiplicity
of internal knots, see Figure 4.1. The number of continuous derivatives over
a particular element boundary is decreased by one by the duplication of the
corresponding knot. As a consequence, a weak discontinuity (C 0 ) can be created
by repeating a knot p times, and a strong discontinuity (C −1 ) by repeating it
p + 1 times. In this way the interelement continuity of the basis can locally be
reduced in order to, for example, model non-smooth geometry features, or to
facilitate the application of boundary conditions.
In the context of poroelasticity the use of higher-order continuous bases can
especially be attractive for modelling the pressure field since in this case the
fluid flux defined by Darcy’s law is continuous over element boundaries, which
is a physically desirable property of the discretised formulation. This effect of
this property will be studied numerically in Chapter 5.

Variation diminishing property
B-splines are known to behave different from Lagrange polynomials when employed to fit discontinuous data in the sense that the Gibbs effect, i.e. the severe
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Figure 4.1: Second-order B-spline basis functions defined over the knot vector Ξ =
{0, 0, 0, 1, 2, 2, 2, 3, 4, 4, 5, 5, 5}, where the knot value of 2 is repeated three
times to make the basis discontinuous across the corresponding element
boundary.

oscillations experienced with Lagrange polynomials, is not present. Numerical
simulations have indicated that this property of splines has advantageous effects in isogeometric analysis when used to represent sharp (boundary) layers
(Cottrell et al. 2009).
Poroelastic problems are known to experience sharp gradients in the neighbourhood of some specific applied boundary conditions, particularly in the transient
part of the solution. Although this boundary layer effect diminishes in time,
correctly capturing the transient regime can be important for obtaining reliable
steady state results. In fact, the occurrence of severe oscillations in finite element formulations for poroelasticity has been numerically observed by various
authors over the past decades (see for example, Murad and Loula 1994, Pastor
et al. 1999).

Refinement
It can be necessary to refine the B-spline bases, mainly for the purpose of analysis. An h-refinement strategy is provided by means of (unique) knot insertion
and a p-refinement strategy is provided by order elevation. Moreover, B-splines
provide an additional type of refinement, referred to as k-refinement, which
essentially increases the smoothness of the discretisation. It should further be
noted that B-spline basis functions have a compact support, which is in contrast to, for example, basis functions used in many spectral methods. In fact,
the number of basis functions supported by each element is equal to p + 1, the
same as for Lagrange polynomials. This implies that the matrices introduced
in the discretised system of equations are sparse with a bandwidth very similar
to that of traditional finite elements of the same order.
Over the past decades B-splines have been generalised in various ways. From
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the perspective of geometric modelling an essential extension is provided by
non-uniform rational B-splines (NURBS) which permit the exact representation of conic sections such as circles and ellipses. NURBS basis functions are
constructed by rationalising {Ni,p }ni=1 as
Wi Ni,p
Ri,p = P
ı Wı Nı,p

(4.3)

with {Wı }nı=1 a set of positive control point weights, see, for example, Hughes
et al. (2005), Cottrell et al. (2009). In the remainder of this work the NURBS
basis functions will also be denoted as {Ni,p }ni=1 . The distinction between
NURBS and B-splines will be clear from the context.
Moreover, surfaces and volumes can be constructed using a tensor product
structure. A surface, for example, is defined as a mapping from a parameter
b ⊂ R2 to the physical domain Ω ⊂ Rnd , with nd the dimension of the
domain Ω
physical domain which is often, but not necessary, equal to that of the parameter
domain (in this work nd = 2). The parameter domain is then partitioned by
the knot vectors Ξ = {ξ1 , ξ2 , · · · , ξnξ +pξ +1 } and H = {η1 , η2 , · · · , ηnη +pη +1 }, over
nξ
nη
ξ
η
which the sets of basis functions {Ni,p
(ξ)}i=1
and {Ni,p
(η)}i=1
are defined,
η
ξ
respectively. Using a tensor product structure, the n = nξ nη basis functions
b are then defined as
over Ω
Ni (ξ) = Nıξ (ξ)Nη (η)

with i = ı + ( − 1)nξ

(4.4)

and ı and  are in the range of [1, nξ ] and [1, nη ], respectively. Note that the
subscripts p, pξ and pη have been dropped for notational convenience. In the remainder of this work equal orders in both parametric directions are considered,
i.e. pξ = pη = p. The order p will be clear from the context. The set of control
points, {Xi ∈ Rnd }ni=1 , corresponding to the multivariate basis functions (4.4)
is referred to as the control net. In the case of NURBS each control point is
supplemented with a weight Wi .
The tensor product structure of B-spline surfaces and volumes allows for the
creation of discrete cracks by repeating a knot value in one of the tensorial
directions p + 1 times. The resulting discontinuity in the univariate basis is
then propagated throughout the complete specimen by virtue of the tensor
product structure of B-splines. Evidently, this concept can be used directly to
mimic adhesive layers that run throughout the entire domain. To localise the
discontinuity and make the same strategy suitable for modelling propagating
interfaces T-splines can be used (Verhoosel et al. 2011). Figure 4.2 shows an
example of a B-spline surface with a discontinuity inserted in a single tensorial
direction. The control net on Figure 4.2b consists of the control points which
are located on the geometry. In general, however, control points can be located
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Figure 4.2: The parameter domain and control net for a mode-I delamination test
of a double cantilever beam. (a) The parameter domain is partitioned by the global knot vectors Ξ = {0, 0, 0, 13 , 23 , 1, 1, 1} and H =
{0, 0, 0, 21 , 21 , 21 , 1, 1, 1}. The interface is inserted through the repeated
knot value at η = 12 . The bivariate basis functions for the B-spline patch
are constructed as the tensor product of the univariate basis functions in
each parametric direction. (b) The control net defines the physical domain through the isoparametric map. The discontinuity in the η-direction
permits the creation of discontinuities in the geometry.

outside the geometry.

4.3 The Bézier mesh
In the previous section a notion of elements in the parametric domain has been
introduced as being the intervals of positive length in a knot vector. In the
bivariate case (or in general the multivariate case) the knot vectors defined
in each of the parametric directions impose a tensorial grid on the parameter
domain. The faces with positive area are then referred to as elements, and the
number of elements is denoted by m. Similarly, elements can be defined for Tsplines. Since an underlying global tensor product structure is missing in that
case, elements are then defined as regions in the parameter domain bounded
by lines of reduced continuity (Scott et al. 2011). For B-splines, which are a
subset of T-splines, this notion of elements based on continuity reduces to the
element definition by means of the knot vector partitioning described above.
Since isogeometric analysis follows the isoparametric paradigm, the elements in
the parameter domain map onto elements in the physical domain. The elements
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Figure 4.3: Left: The second-order Lagrange basis defined over a uniform mesh with
5 elements. Right: A second order B-spline basis defined over the same
mesh (without knot repetition).

in the physical domain form a partitioning of the computational domain.
It is important to note that the element definitions for splines are compatible with the traditional notion of elements in finite element methods in the
sense that element boundaries coincide with lines of reduced continuity of the
basis functions. In contrast to traditional finite elements the piecewise basis
functions in splines are not the same for every element. Figure 4.3 illustrates
this condition, where on the left, the second-order Lagrange basis functions are
b = [0, 5] partitioned by m = 5 elements.
plotted over the parameter domain Ω
On the right, the B-spline basis of order two over the same mesh is plotted. It
is noted that the basis functions over every Lagrange element are the same and
hence the parent element concept, which is from an implementation perspective an essential ingredient of practically all finite element formulations, can
be used directly. In contrast, however, in the case of the B-spline basis, the
basis functions per element are different for every element which hinders the
direct application of the parent element concept. It is important, however, to
realise that the element shape functions in B-splines of a certain order span the
space of polynomials (restricted to the element) of the same order. Hence, a
change of basis can be used for the representation of the element-specific shape
functions. We illustrate this concept in Figure 4.4 where a canonical set of element functions, {Bi }p+1
i=1 , defined over a parent element, Ω̃, is mapped onto the
element-specific B-spline basis functions, {Nie }p+1
i=1 , by means of an extraction
e
operator C :
N e = C eB

(4.5)

In Bézier extraction use is made of the Bernstein polynomials, B , as the canonical set of element basis functions. This choice is a result of the algorithmic
procedure by which the element extraction operators are constructed. The
commonly used method is based on standard knot insertion algorithms which
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Figure 4.4: A schematic representation of the Bézier extraction process. The element
extraction operator C e maps the canonical set of functions defined over
the parent element onto the element-specific B-spline basis functions.

reduces the original B-spline basis to a C 0 basis by repeating all internal knots
p times, while assembling the smoothness information in the extraction operators. For a detailed discussion of Bézier extraction for multivariate splines and
T-splines, see Borden et al. (2011) and Scott et al. (2011), respectively.
The Bézier representation in the univariate case as illustrated above can directly
be extended to the multivariate case. The result is a finite element compatible
data structure, referred to as the Bézier mesh (de Borst et al. 2012 on Chapter
15), which consists of:
• A set of control points and weights which are used to map the parametric
domain with its underlying parent elements onto the physical domain
using the parametric map provided by the spline basis functions. In this
sense, the control points play the same role as nodes in finite elements.
• A connectivity table that indicates which global basis functions are supported over every element. This table does not differ from that used in
finite elements.
• A set of Bézier extraction operators. In general the operators can be different for all elements, but in practice they will coincide for many elements.
Moreover, the operators are in general sparse matrices. As a consequence,
the continuity information lumped into the extraction operators can be
stored efficiently.
The resulting data structure is backward compatible to finite element since the
Lagrange polynomials can also be extracted from the canonical set of basis functions. A schematic representation of a Bézier mesh corresponding to the given
parametric space in Figure 4.2 is shown in Figure 4.5. It is important to note
that the only difference between a traditional finite element mesh and a Bézier
mesh concerns the extraction operators. From the perspective of implementation these operators are implemented at the level of basis function evaluations
(and derivatives thereof), and hence do not need to appear in the model-specific
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parts of a finite element implementation. Also, it should be mentioned that a
Bézier mesh can contain bulk elements as well as boundary elements. In this
contribution boundary elements will be used for imposing Neumann boundary
conditions.

η̃

Ce
1

ξ˜
-1

y
1
x

Parent element

Physical element

Figure 4.5: The Bézier continuum element consists of a set of basis functions defined
over a parent element, which are mapped to the physical domain by means
of an isoparametric map. It is noted that the Bézier mesh is represented
by solid lines, while the control net in Figure 4.2 was denoted by dash
lines.

4.4 The Bézier interface element
In this contribution, it is demonstrated how the Bézier extraction concept can
be used to provide a finite element data structure for isogeometric interface
elements. Similar to the interface elements used in traditional finite element
models, an interface element in isogeometric analysis essentially provides an
interpolation of the jump in the field variables over an interface. As indicated
in the previous section, an interface in a B-spline patch is created by increasing
the multiplicity of a knot in one of the parametric directions. This interface
is then parametrised by a lower dimensional spline (a univariate spline in two
dimensions or a bivariate spline in three dimensions).
As for the basis functions over the bulk material, the interface basis functions
can also be constructed using Bézier extraction. Again the idea is to map
a canonical set of basis functions defined over a parent element to a set of
element-specific B-spline basis functions, see Figure 4.6. The interface extrac-
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Figure 4.6: The Bézier interface element consists of a set of basis functions defined
over a parent element, which are mapped to the physical domain by means
of an isoparametric map. The interface element connects the continuum
basis functions on both sides of the interface. The ’s indicate the control
points which influence the location of Bézier points, indicated by ’s.

tion operators can either be constructed directly from the univariate knot vector
in the direction of the interface, or be inherited from the extraction operators of
the neighbouring bulk elements. A fundamental difference between a standard
line element and an interface element is that the interface element is connected
to the surrounding bulk elements on two sides. Since the isogeometric interface
element is an isoparametric element, the consequence of this two-side connectivity is that the geometry definition can be ambiguous. In the case that the
geometry is merely described in the undeformed configuration, the interface
control points can be taken as the control points on the boundary of the bulk
material on either side of the crack (e.g. points 1–3 in Figure 4.6). In the case
of large deformations a common assumption is to use the average of the control
points on the two sides of an interface, see e.g. Wells et al. (2002).
The isogeometric interface extraction for the B-spline patch in Figure 4.2 is
shown schematically in Figure 4.7. Similar to bulk elements, The finite element
data structure for the isogeometric interface element also consist of a set of
control points, connectivity table or IEN-array, and Bézier extraction operators.
The control points remain unaltered compared to the case of a bulk mesh,
since the interface is fully defined by the bulk control points. The control
point numbers on either side of the interface are collected in the connectivity
table. Although it is possible that only the control points on one side of the
interface are used for the geometry parametrisation, it is an essential feature of
the interface element to couple the field variables on either side of the interface.
The operations required to interpolate the jump in the field variables over the
interface are discussed in details in Chapter 6.
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Figure 4.7: The deformed state of quadratic Bézier interface elements under mode-I
loading condition, denoted by the blue lines. For each element e the ’s
indicate the control points which influence the location of Bézier points,
indicated by ’s. It is noted that the domain only has three elements in
the horizontal direction. The Bézier extraction operator C e , e = 1, 2, 3,
maps a canonical set of element functions, defined over the parent element, onto the element-specific basis functions N e

Chapter five
1

Isogeometric analysis of poroelasticity

The fields application of deformable and fracturing porous media are indeed geometrically complex, precluding analytical solutions, and making the meshing
of the domain often cumbersome and time-consuming. For this reason, the use
of isogeometric analysis (IGA) for the analysis can have advantages. Indeed, the
basic idea of isogeometric analysis is to use splines, which are the functions commonly used in computer-aided design (CAD) to describe the geometry, as the
basis functions for the analysis rather than the traditional Lagrange polynomial
functions (Hughes et al. 2005, Cottrell et al. 2009). Originally, Non-Uniform
Rational B-Splines (NURBS) have been used in isogeometric analysis (Borden
et al. 2011), but their inability to achieve local mesh refinements has led to the
development of their generalisation, T-splines (Scott et al. 2011).
By virtue of the fact that the same functions are used for the representation of
the geometry in the design process and for the analysis, there is no need anymore for a sometimes elaborate meshing process. This important feature allows
for a design-through-analysis procedure which yields a significant reduction of
the time needed for preparation of the analysis model (Hughes et al. 2005, Cottrell et al. 2009). A further benefit of the use of splines as basis functions is that
they possess a high degree of continuity. As a consequence, displacement-based
analysis can be carried out that also have a high precision in terms of the computation of the stresses. Similarly, the fluid flow, which is proportional to the
pressure gradient when seepage is according to Darcy’s relation, now becomes
continuous across element boundaries, thus ensuring local mass conservation.
1

Reproduced from: F. Irzal, J.J.C. Remmers, C.V. Verhoosel, R. de Borst (2013). Isogeometric finite element analysis of poroelasticity. International journal for numerical and
analytical methods in geomechanics, 37, p. 1891–1907.
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In the previous chapter, a brief introduction to isogeometric analysis has been
given. Several properties of spline basis functions have been highlighted and the
advantages for poroelastic modelling have been given. In this chapter, the concept of isogeometric analysis that has been previously discussed is utilized for
modelling of deformable saturated porous media. To this end, a brief recapitulation of the governing equations for flow in a deforming porous medium under
quasi-static loading conditions is explained. The formerly explained biphasic
model of porous media in Chapter 2 is reduced and simplified to a small strains
framework. The strong as well as the weak formulations will be considered,
since the latter is necessary as a starting point for the derivation of isogeometric finite elements. It is noted at this point that the interpolation of the
displacements and the pressures that ensue as the fundamental unknowns in the
discretised poroelasticity problem have been taken of equal order and regularity,
thereby violating the Ladyzenskaya-Babuška-Brezzi condition. Proper formulations that accommodate this condition for similar problems have recently been
proposed by Buffa et al. (2011), Evans and Hughes (2012). The chapter concludes by some one-dimensional and two-dimensional examples, which show the
improved results of isogeometric analysis compared to standard finite element
analysis.

5.1 Poroelasticity problem: reduction to small strain
In this section, a concise summary of the governing equations of poroelasticity
at small strains framework is provided, which stem from the interaction of a
solid, porous skeleton with an interstitial fluid in the pore structure under fully
saturated condition.

5.1.1 Governing equations
The linear momentum balance of a fluid saturated porous body Ω under a
quasi-static loading condition can be written as:
∇ · σ = 0,

x∈Ω

(5.1)

where σ is the total stress tensor, composed by the effective stress σeff of the
solid skeleton and the hydrostatic pressure pf according to Equation (2.10).
A small increment dσeff of the effective stress tensor in the solid skeleton is
assumed to be related to a small increment of the strain tensor, d by an
incrementally linear stress-strain relation:
dσeff = D d

(5.2)
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where D represents the fourth-order tangential stiffness tensor of the solid matrix. Furthermore, kinematic relations of the small strain theory tells that the
strain tensor is governed by taking the derivative of the displacement field with
respect to the position of the body, namely
 = ∇s u,

(5.3)

where ∇s denotes the symmetric differential operator:
1
∇s  = (∇ + ∇T )
2

(5.4)

Similar to Equation (2.14), under zero source density assumption of the porous
medium, the mass balance reads:
∂mf
+∇·q=0
∂t

(5.5)

where mf denotes the fluid volumetric strain and q represents the fluid flux
acting on the surface of a unit porous matrix. Following the Darcy’s relation
in an isotropic porous medium, the fluid flux q which describes the motion of
a fluid relative to the solid reads:
k
q = − ∇pf
µ

(5.6)

with k the intrinsic permeability and µ the fluid dynamic viscosity. The fluid
volumetric strain mf then follows from:
mf = α tr() +

1
pf
M

(5.7)

where the compressibility modulus M is defined according to Equation (2.16)
Upon substitution of the volumetric response of the fluid, equation (5.7), and
Darcy’s relation, Equation (5.6), into Equation (5.5), the mass balance becomes:

α∇ · u̇ +

1
k
ṗf + ∇ · (− ∇pf ) = 0
M
µ

(5.8)

where the superposed dot denotes the material time derivative.
The linear balance of momentum, Equation (5.1), is complemented by the
boundary conditions
nΓ · σ = t̄,

u = ū,

(5.9)
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which hold on complementary parts of the boundary Γt and Γv , with Γ =
Γt ∪ Γv , Γt ∩ Γv = ∅, t̄ and ū being the prescribed external traction and the
prescribed displacement, respectively. The balance of mass, Equation (5.8), is
complemented by the boundary conditions
nΓ · q = q̄,

pf = p̄,

(5.10)

which hold on complementary parts of the boundary Γq and Γp , with Γ = Γq ∪Γp ,
Γq ∩ Γp = ∅, q̄ and p̄ being the prescribed amount of outflow of pore fluid and
the prescribed pressure, respectively.

5.1.2 Weak form
The system of equations (5.1) and (5.8) is now cast in a weak form using
Galerkin’s method. Here, the same solution space for the displacement field
and for the pressure field is chosen, denoted by Su and by Sp , respectively. It is
recalled that the poroelastic problem leads to a mixed formulation, and therefore, the Ladyzhenskaya-Babuška-Brezzi conditions apply, which constrains the
choice of the interpolation functions (Babuška 1973, Brezzi 1974). Herein, an
equal order interpolations for both the displacement and the pressure field has
been used, thus violating the Ladyzhenskaya-Babuška-Brezzi conditions. Indeed, pressure oscillation have been observed in the simulations that are shown
in the section on examples. However, the results also suggest that higher-order
splines are less prone to these oscillations than linear basis functions.
The trial spaces are denoted as Vu and Vp , and it is assumed that Vp = Sp
and Vu = Su modulo inhomogeneous boundary conditions. By taking into account the boundary conditions (5.9) and (5.10), the weak form of equation (5.1)
and (5.8) become:
Z
Z
s
∇ wu : σ dΩ =
wu · t̄ dΓ
(5.11)
Ω

Γt

and
Z

Z

1
− wp α∇ · u̇ dΩ − wp ṗf dΩ +
M
Ω
Ω
for all wu ∈ Vu and all wp ∈ Vp .

Z

Z
κ ∇wp · ∇pf dΩ =

Ω

wp q̄ dΓ (5.12)
Γq
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5.2 Isogeometric analysis of poroelasticity
Having set the ground for isogeometric analysis in the previous chapter and
having summarised the governing equations of poroelasticity, the isogeometric
analysis concept to poroelasticity is now ready to apply. In particular, the weak
forms of the linear balance of momentum and the balance of mass equations are
rendered into a discrete form using an isogeometric finite element discretisation
in space, and then in time through application of a weighted-residual scheme
as explained in Chapter 2.
The system of equations is discretised in the spatial domain using the NURBS
basis functions described in Chapter 4. As mentioned earlier, the only difference
between a standard finite element implementation and this implementation is
that each element has element specific basis functions, which can be obtained
from the Bernstein polynomials by using the element extraction operators, according to Equation (4.5). From that point on, the procedure to calculate the
global internal force vector and the stiffness matrix is identical to a standard
finite element implementation. For each element, the local contribution to these
terms is calculated using the element specific basis functions and their derivatives. The element contributions are finally added to the global vector and the
global matrix in a conventional assembly procedure.
Let Su and Sp be the discrete solution spaces for the displacement field u and
the pressure field pf , respectively. These spaces are written in terms of the
basis functions defined over the Bézier mesh {Ni }. For a given element e, the
displacement and pressure field can be approximated in terms of the element
specific basis functions according to:
e

u=

n
X

e

Nie (ξ, η)aei

i=1

,

pf =

n
X

Nie (ξ, η)bei

(5.13)

i=1

where ne are the number of control points i that are supported by element e,
and aei = [ax , ay ]i and bei are the displacements and the pressure in these control
points, respectively. Similarly, the strain field is constructed using the spatial
derivative of the displacement field Bei of the specific element e
e

=

n
X
i=1

Bei (ξ, η)aei

(5.14)
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in which
∂N e ∂ξ ∂N e ∂η
+
 ∂ξ ∂x
∂η ∂x




e
0
Bi (ξ, η) = 



 ∂N e ∂ξ ∂N e ∂η
+
∂ξ ∂y
∂η ∂y




0




∂N e ∂ξ ∂N e ∂η 

+

∂ξ ∂y
∂η ∂y 


e
e
∂N ∂ξ ∂N ∂η 
+
∂ξ ∂x
∂η ∂x

(5.15)

The spatial derivative of the pressure field, which is needed in the Darcy equation (5.6) is obtained in a similar way;
∂N e ∂η
+
 ∂ξ ∂x
∂η ∂x

∇Nie (ξ, η) = 

0
 ∂N e ∂ξ



0




∂N e ∂η 

(5.16)

∂N e ∂ξ
+
∂ξ ∂y
∂η ∂y

The relations above can be written in a matrix-vector notation. In the remainder of this section, the derivation is constrained to a two-dimensional model.
The extension to the three-dimensional case is straightforward. The displacement u in element e can be written as a function of the discrete displacement
degrees of freedom a in the knots that support the element:
u = Nu a

(5.17)

where matrix Nu contains the basis functions of all control points that support
element e:

 e
N1 0 N2e 0 ... Nnee 0

(5.18)
Nu = 
e
e
e
0 N1 0 N2 ... 0 Nne
The same can be done for the pressure in a specific element:
pf = Np b
with the row vector Np defined as:


Np = N1e N2e ... Nnee

(5.19)

(5.20)

and be a vector that contains the pressure degrees of freedom in the control
points that are supported by element e. In Voigt notation, the strain relation
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and the Darcy equation are written as:
 = Ba;

q = −κ∇Np b

(5.21)

where B is the bounded part of spatial derivatives of N e that maps the element
discrete displacements to the local strains. In comparison with Equation (2.32),
it is defined as


∂Nnee
∂N1e
∂N2e
0
0
···
0 
 ∂x
∂x
∂x




e
e
e

∂Nne 
∂N1
∂N2


0
···
0
B= 0
(5.22)

∂y
∂y
∂y




e
e 
 ∂N e ∂N e ∂N e ∂N e
∂N
∂N
ne
ne
1
1
2
2
···
∂y
∂x
∂y
∂x
∂y
∂x
The gradient of the shape functions ∇Np that are used to interpolate the pressure pf reads:


∂Nnee
∂N1e ∂N2e
...
∂x
∂x 
 ∂x


(5.23)
∇Np = 
e 
e
e
∂Nne
∂N1 ∂N2
...
∂y
∂y
∂y
The test functions wu and wp for the displacements and the pressure are discretised in the same manner. Introducing these relations in the weak forms,
equations (5.11) and (5.12), results in the following set of equations:
Z
BT σeff dV − Qb = fu
(5.24)
V

−QT ȧ − Cḃ − Hb = fp

(5.25)

where the matrices given above are defined as
Z
Q=

T

αB mNu dV ;

Z
C=

V

V

1 T
N Np dV ;
M p

Z
H=

κ∇NT
p ∇Np dV

V

(5.26)
while the right-hand-sides of (5.24) and (5.25) are equal to:
Z
Z
T
fu =
Nu t̄ dS ;
fp =
NT
p q̄ dS
S

S

(5.27)
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The time derivatives of u and p are approximated in a typical step of the computation using a weighted-time scheme as explained in Chapter 2. Replacing
the time derivative terms ȧ and ḃ in the left-hand side of equations (5.24) and
(5.25) by relation (2.35) and linearising the system of equations gives:


  



K
−Q
∆a
fu
0
=
+
(5.28)
−QT −C − ∆tθH n+θ ∆b
−∆tfp n+θ
−∆tHb n
where
Z
K=

BT DBdV

V

is the element tangent stiffness matrix, and D the consistent tangent of the
constitutive relation. This system can be solved for the incremental state variables (∆a, ∆b). In the case of a linear-elastic bulk material, as assumed in the
ensuing examples, convergence is in one iteration. The integration is usually
performed by the Gaussian quadrature. Here, the integrals are pulled back, first
onto the parametric element and then onto the parent element. This requires
the evaluation of the global basis functions, their derivatives, and the Jacobian
determinate of the pullback from the physical space to the parent element at
each quadrature point in the parent element. These evaluations are done in an
element shape function routine.

5.3 The Bézier mesh data structures
As mentioned earlier, by utilizing Bézier extraction a finite element data structure for splines can be constructed. An example of this data structure, referred
to as the Bézier mesh, is shown in Figure 5.1. This Bézier mesh is generated from the B-spline surface on Figure 4.2. For the continuum domain, the
Bézier mesh consists of a set of control points, a connectivity table (IEN-array)
in which the control points are listed that support a given element, and the
element extraction operators Borden et al. (2011). In Figure 5.1 the extraction operators are represented by full matrices. In practice, the sparsity of the
operators is exploited to reduce the size of the mesh files.

5.4 Numerical examples
In order to show the capability of the proposed discretisation method, three
numerical examples are provided. The first two examples emphasize on the
advantages of the higher order continuity of the spline basis functions to perform
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Figure 5.1: Mesh file for the bulk part of the double cantilever beam of Figure 4.2. The coordinates of the control points are given after the label
<Control Points>. The control point ID number is given first, followed
by the x- and y-coordinate of the point. The element connectivity is
given next. In this case, each bulk element is supported by 9 control
points. Finally, the extraction operator matrix for each of the 6 elements
is given. The dimension of these matrices is [9 × 9] and they are generally
sparse. In this example, the full matrices are stored. In order to reduce
the length of the input file, one can use a sparse format instead.
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consolidation analyses of one- and two-dimensional porous medium. The third
example will emphasize on the power of isogeometric analysis to exactly capture
curved geometries. As comparison to the results from isogeometric study, the
results from standard finite element study will also be provided.

5.4.1 One-dimensional consolidation
A fluid-saturated body in confined compression shown in Figure 5.2 is considered. A load t̄0 is applied on the top of the body, while the horizontal
displacements of the body are constrained to zero. Since the left-hand and the
right-hand boundaries are taken as impermeable, the boundary value problem
essentially becomes a one-dimensional problem. The top boundary is also impermeable, while at the bottom boundary fluid can flow out freely. The Young’s
modulus equals E = 6 GPa, Poisson’s ratio ν = 0.4, the porosity n = 0.5, the
intrinsic permeability k = 4 × 10−11 mm2 and the fluid viscosity µ = 2 × 10−5
MPa s. The bulk modulus of the solid material Ks = 3.6 GPa, while for the
fluid Kf = 3 GPa. For the Biot coefficient it has been assumed that α = 1.
t̄0

n·q=0

n·q=0

n·q=0

h

y
pf = 0
a
Figure 5.2: Schematic representation of confined compression of a column. A constant uniform strip loading t̄0 = 1 MPa is applied at the top of the column
with a cross section A = 1 mm and a height h = 8 mm.

The problem has been solved using finite element analysis (FEA) and isogemetric analysis (IGA). For the finite element analysis, linear quadrilateral elements
have been used with an equal order of interpolation for the displacements and
for the pressure. In the isogeometric analysis, cubic B-spline basis functions
have been used in either direction, also of the same order for the displacements
and for the pressure. Mesh convergence studies have been carried out using
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Linear finite elements (p = 1)
Number of elements (ne )
Number of DOFs

4 8
30 54

16
102

32
198

Cubic Bézier elements (p = 3)
Number of elements (ne )
4 8
16 32
Number of DOFs
84 132 228 420
Table 5.1: Meshes used for the one-dimensional consolidation problem

uniform meshes with 4, 8, 16, and 32 linear finite elements and cubic Bézier
elements. It is noted that linear Bézier elements coincide with linear finite
elements. An overview of the meshes is given in Table 5.1.
4

Analytical sol.
FEA p = 1
IGA p = 3

qy /κ

3
2
1
0
0

0.2

0.4

0.6

0.8

1

y/h
Figure 5.3: The fluid flow profile in the y-direction for eight linear finite elements
and four cubic Bézier elements at the normalised time τ = 0.025, where
τ = ct/h2 and c is the consolidation constant. The results are compared
with the analytical solution by Murad and Loula (1992).

Marked differences have been observed when plotting the pressure gradient
along the (vertical) axis of the body. Here, the finite element solution naturally
becomes discontinuous over element boundaries, see Figure 5.3. On the other
hand, a continuous profile is obtained for the solution that stems from the
isogeometric analysis. Moreover, this result is indiscernible from the analytical
solution. By virtue of Darcy’s relation, the flow of the interstitial fluid, and
therefore the mass flow, is proportional to the pressure gradient. Therefore,
the computed mass flow is also continuous and follows the analytical solution,
which obviously satisfies the local mass balance. Hence, unlike the finite element
solution, the isogeometric solution locally satisfies the mass balance.
Figure 5.4 shows the pressure profiles for the isogeometric and for the finite
element analyses. Results are shown for a time step ∆t that is 10% of the
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(a) ∆t = 0.1∆tc

(b) ∆t = ∆tc

Figure 5.4: The pressure profile for linear finite elements and for cubic Bézier elements. In (a) the time step ∆t is 10% of the critical time step ∆tc , while
in (b) the time step equals the critical time step. In all cases the profile
has been plotted for t = 2∆t and compared with the analytical solution
by Murad and Loula (1992).

critical time step ∆tc (Vermeer and Verruijt, 1981), Figure 5.4(a), and for a
time step that equals the critical time step, Figure 5.4(b). No oscillations in
the pressure field are expected when the time step is equal to or larger than
the critical time step. Indeed, Figure 5.4(b), which is for t = 2∆t shows no
oscillations, neither for the finite element analysis, nor for the isogeometric
analysis. However, according to Vermeer and Verruijt, 1981, oscillations can
be expected when the time step is smaller than the critical time step. This is
confirmed by the pressure profiles shown in Figure 5.4(a), which are also for
t = 2∆t. Yet, it appears that the magnitude of the oscillations is ameliorated
in the isogeometric analysis. This suggests that the higher degree of continuity
in the isogeometric analysis leads to a smaller critical time step than the result
by Vermeer and Verruijt, 1981, which was obtained for one-dimensional finite
elements with a linear interpolation.
Linear finite elements (p = 1)
Number of elements (ne )
Number of DOFs

16
75

Cubic Bézier elements (p = 3)
Number of elements (ne )
Number of DOFs

16 64 256
189 362 1197

64
243

256
867

1024
3267

1024
3885

Table 5.2: Meshes used for the two-dimensional consolidation problem
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5.4.2 Two-dimensional consolidation
Next, two-dimensional plane-strain consolidation of a layer subjected to a uniform strip loading t̄0 is analysed, see Figure 5.5. The material properties are
identical to those used in the one-dimensional example problem with an exception for Poisson’s ratio, where it has now been assumed that ν = 0. Mesh
convergence studies have been carried out using uniform meshes with 16, 64,
256, and 1024 linear finite elements and cubic Bézier elements. An overview of
the meshes is given in Table 5.2.
t̄0
pf = 0
a

nΓ · q = 0

9a

C 0 -line

nΓ · q = 0

5a

y

nΓ · q = 0
x

Figure 5.5: Geometry and boundary conditions for the two-dimensional consolidation
problem. A constant uniform strip loading p0 = 4 MPa is applied on
top of the layer with a cross section A = 5 mm.

The pressure distribution along the vertical central line, i.e the left boundary
of the right (symmetric) part of the domain that has been discretised, has been
used to compute the peak pressure. The result is plotted in Figure 5.6 for both
types of analyses and for different numbers of degrees of freedom corresponding
to the levels of mesh refinement.
It is observe that, at variance with the finite element solutions, the isogeometric analyses approach the analytical solution monotonically, and that for a
relatively coarse discretisation the isogeometric analyses accurately reproduces
the analytical result. Figure 5.7 gives the fluid flow in the y-direction along the
vertical central line for a 8 × 8 finite element mesh and for a 8 × 8 Bézier mesh.
As in the one-dimensional example the isogeometric analysis results in a local
mass balance due to the proportionality of the fluid flow to the pressure gradient and the higher-order continuity that is achieved by the use of the spline
functions.
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0.64

Analytical sol.
FEA p=1
IGA p=3

pf max/t̄0

0.63
0.62
0.61
0.6
0.59

102

103
degrees-of-freedom

104

Figure 5.6: The normalised maximum pressure along the vertical central line for different number of degrees of freedom. The results are compared with the
analytical solution by Schiffman et al. (1969).

The same analysis has been also carried out when imposing a C 0 continuity line
at the edge of the line load, see Figure 5.5. The C 0 line has been introduced by
repeating the internal knots at that location p times in the parametric domain.
As explained in Section 2, the knot insertion reduces the original B-spline basis
to a C 0 basis.
5

y/A [-]

4

FEA p = 1
IGA p = 3

3
2
1
0
-2

-1

0

1
2
qy /κ [-]

3

4

5

Figure 5.7: Profile of the fluid flow in the y-direction. In contrast to finite elements,
isogeometric analysis gives a continuous flow profile due to higher order
continuity of the spline basis functions.

Two types of cubic Bézier meshes have been generated, where one mesh includes
a C 0 line at the edge of the line load. A small difference in the pressure profile
is observed, Figure 5.8. However, this difference decreases in time. For the fluid
flow, a difference of about 10% is observed, see Figure 5.9 for the fluid flow in
the x-direction and Figure 5.10 for the fluid flow in the y-direction.
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Figure 5.8: Comparison of the pressure profile in the lateral direction for the cases
with and without C 0 continuity line.
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Figure 5.9: Comparison of the fluid flow in the x-direction with and without C 0 continuity line

5.4.3 Curved geometry
The third example demonstrates the power of isogeometric analysis to exactly
capture curved geometries, for example, conic shapes such as a cylinder, or
a circle. Here, a quarter of a thick ring is simulated, that is clamped at the
bottom side and is simply supported on the left side. A displacement is applied
on the left side of boundary in the negative y-direction, and let it linearly
increase with respect to time. The applied displacement is kept constant after
t = t0 , see Figure 5.11. Figure 5.12 shows the meshes used in the finite element
analyses and in the isogemetric analyses.
Figure 5.12 shows the pressure evolution at point A calculated with the same
number of elements using standard finite elements and Bézier elements of the
second and of the third order. The traction along the left side of the annular
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Figure 5.10: Comparison of the fluid flow in the y-direction with and without C 0
continuity line

nΓ · q = 0

uy

nΓ · q = 0
uy
r2

y

pf = 0

r1

t0

t

nΓ · q = 0
x
Figure 5.11: Geometry of a quarter of an annular ring with boundary conditions.
The inner and the outer radius are r1 = 0.5 mm and r2 = 1.5 mm,
respectively. A shear displacement uy = 0.1 mm is applied as a linear
function of time, and is kept constant after t = t0 = 10s.

ring is compared for the results of the finite element and the Bézier meshes. As
a reference, the result calculated from 4096 cubic Bézier elements is provided.
Again, by using only a few Bézier elements the solution approaches the reference
solution quickly.
Furthermore, a mesh convergence study is given in Table 5.3. Comparing the
finite element analysis with 4 × 4 elements and the isogeometric analysis for
p = 3 and 2 × 2 elements, which have the same number of degrees of freedom,
it is observed that, for the isogeometric analysis, the error in the pressure is
five times smaller and the error of the traction is seven times smaller than for
the standard finite element analysis when using the same number of degrees
of freedom. The rows containing the results of these analyses in Table 5.3 are
highlighted.
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(a) Finite element mesh

(b) Quadratic Bézier mesh

Figure 5.12: Finite element meshes and Bézier meshes

FEA (p=1)
FEA (p=1)
FEA (p=1)
IGA (p=2)
IGA (p=2)
IGA (p=2)
IGA (p=3)
IGA (p=3)
IGA (p=3)
Reference sol.

Mesh
2x2
4x4
8x8
2x2
4x4
8x8
2x2
4x4
8x8
p=3, 64x64

DOFs
27
75
243
48
108
300
75
147
363
13467

Pressure
0.067
1.031
1.617
1.609
1.771
1.793
1.724
1.859
1.904
1.923

% Error
-96.52
-46.39
-15.91
-16.33
-7.90
-6.76
-10.35
-3.33
-0.99
-

Traction
259.4
227.6
217.0
223.7
213.8
212.5
214.5
212.6
212.3
212.3

% Error
22.19
7.21
2.21
5.37
0.71
0.09
1.04
0.14
0.00
-

Table 5.3: Mesh convergence analysis for the annular ring at point A for t = 300s.
The two highlighted rows contain the results of a finite element analysis
(p = 1) and an isogeometric analysis (p = 3) of the problem with the same
number of degrees of freedom.
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Figure 5.13: Pressure evolution at point A simulated by 16 linear finite elements and
by 16 quadratic and cubic Bézier elements. By using a few elements
isogeometric analysis can capture the reference solution accurately

5.5 Discussions
An isogeometric formulation for a fluid-saturated porous medium has been derived. Although the approach could be further improved in the sense that in
the current formulation the orders of interpolation of the displacements and
the pressure have been taken equal, see Buffa et al. (2011), Evans and Hughes
(2012), the advantages over conventional finite element analysis become clear
from simple examples.
Due to the higher-order continuity of the spline basis functions in isogeometric
analysis, the pressure gradients become continuous, and therefore also the interstitial fluid flow, since the latter is proportional to the pressure gradient by
virtue of the use of Darcy’s relation. A local mass balance is then obtained,
which is unlikely in standard finite element results.
Results from isogeometric analysis also seem less sensitive to the minimum
critical time step that exists in consolidation problems since numerical results
suggest that for time steps well below the critical time step that has been derived for one-dimensional, linear finite elements (Vermeer and Verruijt, 1981),
the oscillations from isogeometric analyses are markedly smaller than those
from finite element analyses. Furthermore, the convergence rate for a typical
two-dimensional consolidation problem – a half-space subject to a line load
– was much better for the isogeometric analysis than for the finite element
analysis, and converged monotonically upon mesh refinement. This improved
performance adds to other advantages such as the easier mesh generation in
particular for inhomogeneous and layered media, and the better stress prediction, see, for example, the third example, which is of importance especially for
inelastic analyses.

Chapter six

Bézier interface element for
simulating fracture
1

Zero-thickness interface elements have been an important tool for modelling
discontinuities such as cracks, faults and shear bands since the early 1990s,
e.g., Rots (1991), Schellekens and de Borst (1993b). Their availability in many
commercial software packages and their easy use have made them popular for a
range of applications, including fracture in ductile and quasi-brittle materials,
delamination in composites, and shear band formation in sand and other granular materials. More recently, they have been extended to include fluid flow in
fully saturated porous materials by Segura and Carol (2008a,b).
Interface elements are easy to use, but their applicability is restricted to stationary discontinuities, or to situations where the path along which the discontinuity
will evolve is known a priori as explained by Rots (1991), as in lamellar materials by Allix and Ladevèze (1992), Schellekens and de Borst (1993a, 1994).
A first step towards the arbitrary propagation of discontinuities, in which the
path along which the discontinuity can evolve is not known in advance, was
made by Xu and Needleman (1994), who inserted interface elements between
all continuum elements. A more rigorous approach is to apply remeshing at each
load or time increment, as explained by Camacho and Ortiz (1996), Ingraffea
and Saouma (1985). The extension of remeshing schemes to poroelasticity was
made by Boone and Ingraffea (1990) for the simulation of hydraulically driven
fracture propagation using linear elastic fracture mechanics, and Secchi et al.
1

Reproduced from: F. Irzal, J.J.C. Remmers, C.V. Verhoosel, R. de Borst (2013). An
isogeometric analysis Bézier interface element for mechanical and poromechanical fracture
problems International journal for numerical methods in engineering (submitted)
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(2007) for modelling hydraulic cohesive crack growth.
Exploiting the partition of unity property of finite element shape functions, an
elegant method to allow for arbitrary crack propagation without remeshing was
introduced by Belytschko and Black (1999), Belytschko et al. (2001) for linear
elastic fracture mechanics, while the extension towards cohesive fracture was
developed by Wells and Sluys (2001a), Wells et al. (2002), Moës and Belytschko
(2002), Remmers et al. (2003). In a series of papers de Borst and co-workers
showed how this concept can be extended to crack and shear band propagation
in fluid-saturated media (de Borst et al. 2006, Réthoré et al. 2007a,b, 2008,
Irzal et al. 2013).
Exploiting the possibility to elegantly lower the order of spline functions, Verhoosel et al. (2011) introduced arbitrary discontinuities in isogeometric analysis. This work builds upon this development, and simplifies it in the sense
that the isogeometric equivalent of the interface elements is easy to implement
in standard finite element software, in particular since the present isogeometric interface element has been formulated using Bézier extraction paradigm as
discussed in Chapter 4. This makes it compatible with standard finite element data structures, see also Borden et al. (2011) for continua modelled using
NURBS, and Scott et al. (2011) for the extension to T-splines. As indicated in
the preceding, fracture in geotechnical engineering, petroleum engineering and
in biomechanical engineering usually involves a fluid-saturated porous medium.
For this reason, the Bézier interface element have been extended to situations
where fluid flow in the interface and in the surrounding poroelastic medium
become important.
This chapter is devoted to the applications of the proposed Bézier interface elements in Chapter 4 to simulate mechanical and poromechanical fracture problems. In order to provide a proper setting, a brief explanation of the relevant
physics in Section 6.1 is given. The weak form and the discretisation scheme are
presented in Section 6.2. It is shown that the Bézier interface element inherents
many properties of standard interface elements, but salient differences are also
pointed out. Numerical examples on mechanical and poromechanical problems
demonstrate the possibilities of the approach in Section 6.4.

6.1 Governing equations
In this section, a brief summary of the problem interest and the governing
equations are given. The section is divided in two parts; one related to the description of the mechanical problem, while the next part describes the poromechanical problem. In the first part, the discontinuity is introduced as an internal
boundary equipped with a traction-separation relation. In the second part, the
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behaviour of the bulk material is modelled using an elementary poroelasticity
theory, while the traction-separation relation over the interface is supplemented
by a local mass balance equation to take into account the fluid flow in the discontinuity.

6.1.1 Mechanical problem
Consider a body Ω which is crossed by a discontinuity Γd . The displacement of
the material point x ∈ Ω is described by the displacement vector field u. The
external boundary of the body is composed of a boundary Γu , on which essential
boundary conditions are provided, and a boundary Γt with natural boundary
conditions. The internal boundary Γd represents an adhesive interface between
two parts of the domain.
Under the assumption of small displacements and small displacement gradients,
the deformation of the solid matrix is described by the small strain tensor
according to Equation (5.3) The crack opening v is defined as the difference
between the displacement on either side of the internal boundary Γd . In the
absence of body forces, the strong form of the quasi-static equilibrium equations
for the solid material are given by:

∇·σ =0
x∈Ω



u = ū
x ∈ Γu
(6.1)
n · σ = t̄
x ∈ Γt



nΓd · σ = t(v) x ∈ Γd
with σ the Cauchy stress tensor and n is the vector normal to a boundary. The
prescribed displacement and traction at the boundary are given by ū and t̄,
respectively.
Similar to Chapter 5, the small increment of the stress tensor in the bulk material, dσ, is linearly related to the small increment of the strain tensor d
through:
dσ = D d

(6.2)

where D represents the fourth-order tangential stiffness tensor of the bulk material. In the examples, a linear elastic constitutive relation has been used.
Furthermore, the traction at the discontinuity Γd is expressed in the same fashion as in Chapter 3, namely
dtd = Td dvd

(6.3)

where td denotes the tractions defined in a local coordinate system which is
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aligned with the discontinuity and Td is the tangent stiffness of the tractionseparation relation. The tangent stiffness is calculated locally by cohesive traction differentiation with respect to the displacement jump in both directions
according to Equation (3.18), and later is used for computation after performing
standard orthogonal transformation according to Equation (3.19).

6.1.2 Poromechanical problem
Next, an isotropic fully saturated porous medium is considered, which consists
of a solid matrix and an interstitial fluid. The balance of momentum, Equation
(6.1), is now supplemented by the mass balance:

α∇ · u̇ + M −1 ṗf + ∇ · q = 0 x ∈ Ω



pf = p̄
x ∈ Γp
(6.4)
n · q = q̄
x ∈ Γq



nΓd · q = qd
x ∈ Γd
with σ the total stress tensor defined as:
σ = σeff − αpf I

(6.5)

and σeff is the effective stress of the solid skeleton, α is the Biot-Willis coefficient, pf is the pore fluid pressure and I is the second-order unit tensor. Herein,
M −1 is the constrained specific storage of the porous medium, i.e. the inverse
of the Biot coefficient M according to Equation (2.16). The flow of the pore
fluid is assumed to obey Darcy’s relation as described in Equation (5.6).
As in purely mechanical problems, the traction at the discontinuity td = td (vd )
is captured using a traction-separation, or cohesive-surface relation as in Equation (6.3). However, the traction from the solid at the interface is now coupled
to the pressure of the fluid. Assuming stress continuity from the cavity to the
bulk yields:
nΓd · σ = td − pf nΓd

(6.6)

When the mass balance, Equation (6.4), is interpreted as a global mass balance
equation for the entire body, and is cast into a weak format, a surface integral
at the internal discontinuity Γd arises with the integrand nΓd · q. This term
can be quantified by averaging the local mass balance, which is also given by
Equation (6.4), over the opening of the discontinuity:

Z h
1
(6.7)
α∇ · u̇ + ṗf + ∇ · q dn = 0.
M
−h
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In this equation, 2h is the normal opening of the discontinuity, see Figure 3.3.
Defining the local (s, n) coordinate system and taking into account that the
crack opening is small compared to its length, the integral can be approximated
to give:
nΓd · q = −2h

∂ u̇s
∂qs 2h
− p˙f − 2hαh
i − 2αḣ.
∂s
M
∂s

(6.8)

with qs the relative fluid velocity in the tangential direction:
qs = −

h2 ∂pf
12µ ∂s

(6.9)

and h ∂ u̇s i represents the average value of the tangential acceleration of the
∂s
solid phase at the discontinuity faces. Upon substitution of Equation (6.9) into
(6.8) it can be observed that the interfacial flux nΓd · q is proportional to the
second spatial derivative of the pore fluid pressure pf .

6.2 Weak form and discretisation
In this section a Bézier interface element is obtained by discretising the internal boundary term of the linear momentum equation using B-splines and the
aforementioned Bézier extraction technique in Chapter 4. In addition, a concise
derivation of a poromechanical Bézier interface element is given.

6.2.1 Discretisation of the linear momentum equation
The derivation of the interface element follows the same steps as the derivation
of a classical interface element as presented by Schellekens and de Borst (1993b).
The weak form of the balance equation is obtained by multiplication of the
linear momentum equation (6.1) with an admissible displacement field δu and
integrating over the product over the domain Ω:
Z
δu · ∇σ dΩ = 0
(6.10)
Ω

Applying Gauss theorem, using the symmetry of the Cauchy stress tensor, introducing the internal boundary Γd and the corresponding admissible interface
opening δv, and using the boundary conditions at the external boundary Γt
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gives: the product over
Z
Z
∇δu : σ dΩ +
Ω

Z
δv · t dΓ =

δu · t̄ dΓ

Γd

(6.11)

Γt

The first term of this equation is the weak form of the linear momentum of the
bulk material. The last term represents the external distributed load. In the
remainder of this section, confined attention is given to the derivation of the
Bézier elements of the second term of Equation (6.11), the cohesive interface.

6

bulk element
n

Γd

5

θ
s

3

4

y

2
1

x

bulk element

Figure 6.1: Schematic of a Bézier interface element, denoted by the blue lines. This
element is governed by two adjacent lines that are connected to the bulk
elements.

The interface is represented as a discontinuity in the mesh. In a discrete sense,
it consists of adjacent planes (or lines in a two-dimensional system) which are
connected to the bulk elements, see Figure 6.1. Each plane has its own displacement field: the displacement of the plane that is associated to the Ω+
part of the domain is denoted by u+ , and the continuous displacement field of
the plane associated to the Ω− part of the domain, is denoted by u− . Both
displacement fields can be approximated in terms of the same, element-specific
B-spline basis functions of a given element e, Nei (ξ), according to
e

u+ =

n
X
i=1

e

Nie (ξ)aei+ne ;

u− =

n
X

Nie (ξ)aei

(6.12)

i=1

where ξ is the parametric coordinate, ne is the number of control points i that
construct a single face of element e and aei are the discrete displacements in
these control points. In the case of a quadratic Bézier element, as depicted in
Figure 6.1, ne is equal to 3. Note that an interface element consists of two faces
and therefore the total number of control points equals 2ne .
The opening of the interface v is defined as the relative displacement of a point
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ξ on both faces of the element:
v(ξ) = u+ (ξ) − u− (ξ)

(6.13)

In the discrete version, this can be written as:
v(ξ) = H(ξ)a

(6.14)

The matrix H(ξ) that maps the discrete displacements of the control points
to the interface opening contains the element interpolation functions. In the
case of a two-dimensional element this matrix has dimensions [2 × 4ne ] and is
structured as follows:

H(ξ) =

−N1e
0
−N2e
0
... −Nnee
e
e
0
−N1
0
−N2 ...
0

0
−Nnee

N1e 0 ... Nnee
0 N1e ...
0


0
Nnee
(6.15)

For the sake of brevity, the dependence on ξ has been dropped in the matrix
description above. The opening of the interface element v is transformed to
the interface local frame of reference using Equation (3.19). In conventional
interface elements, the rotation matrix A is assumed to be constant over the
element and is constructed by evaluating the nodal positions of the element,
see Schellekens and de Borst (1993b). In the case of Bézier elements, it is
possible to construct a unique rotation matrix for each material point of the
element by using the continuous displacement fields.
To this end, the position of the mid-surface of the interface element is described,
denoted by the dashed line in Figure 6.1, in the deformed configuration
xd (ξ) = Xd (ξ) +


1 +
u (ξ) + u− (ξ)
2

(6.16)

The tangential vector sΓd , which is aligned with s-axis in the local coordinate
system, in this point is equal to the derivative of the spatial position with
respect to the isoparametric coordinate ξ:
∂xd
∂ξ
sΓd (ξ) =
|| ∂xd ||
∂ξ

(6.17)

The normal vector nΓd is perpendicular to this vector, nΓd · sΓd = 0 in the case
of a two-dimensional implementation. Finally, the rotation matrix is equal to:


A = nTΓd , sTΓd
(6.18)
Introducing the rotation matrix in the discretised interface internal force vector
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fΓint
yields:
d
fΓint
d

Z

AT HT td dΓ

=

(6.19)

Γd

Straightforward linearisation of this equation gives:
Z
KΓd =
AT HT Td HA dΓ

(6.20)

Γd

where the higher order terms that contain the derivatives of the rotation matrix
A with respect to the displacements have been omitted at the expense of a
slightly slower convergence. The matrix Td is the consistent tangent of the
cohesive constitutive law in the interface local frame of reference, as defined in
Equation (6.3).

6.3 The Bézier interface data structures
Similar to continuum domain, the Bézier mesh of the fractured domain also
consists of a set of control points, a connectivity table (IEN-array) and the
element extraction operators. The finite element data structure for the interface
element is shown in Figure 6.2. Similar to Chapter 5, this Bézier mesh is
generated from the B-spline surface on Figure 4.2. The control points remain
unaltered compared to the case of a bulk mesh, since the interface is fully
defined by the bulk control points. The control point numbers on either side of
the interface are collected in the connectivity table. Although it is possible that
only the control points on one side of the interface are used for the geometry
parametrisation, it is an essential feature of the interface element to couple the
field variables on either side of the interface.

6.3.1 Numerical integration
The spatial numerical integration is an important issue in conventional interface elements when applied in the context of cohesive surface models. They can
suffer from spurious traction oscillations, in particular in quasi-brittle fracture
where there is no compliant interface prior to reaching the tensile strength.
The magnitude of these oscillations increases with an increasing dummy stiffness, which is used prior to the opening of the discontinuity in order to ensure
continuity as discussed by Schellekens and de Borst (1993a). A solution that
is generally accepted is to abandon Gauss integration of the interface element
and to resort to Newton-Cotes integration or to lumped integration techniques.
This approach suppresses the oscillations in classical zero-thickness interface
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Figure 6.2: Mesh file for the interface elements of the double cantilever beam of Figure
4.2. The interface elements are supported by six control points, which
have been defined in Figure 5.1. The extraction operator matrices have
the dimensions [3 × 3]

.
elements (Schellekens and de Borst 1993b), but also in thin layer interface formulations such as in the cohesive band method by Remmers et al. (2013).
P

h

y
a

1111
0000
0000
1111
0000
1111

x
w

w

111
000
000
111
000
111

Figure 6.3: Geometry and boundary conditions of a notched beam in a three-point
bending test

An investigation has been done to check whether the Bézier interface elements
inherit this deficiency. For this purpose, a notched three-point bending beam
which has been previously used by Schellekens and de Borst (1993b), is employed. See Figure 6.3. The dimensions of the beam are w = 125 mm and
h = 100 mm, and is made of an elastic, isotropic material with Young’s modulus E = 20 000 MPa and a Poisson’s ratio ν = 0.2. The length of the notch is

94

6 Isogeometric analysis for mechanical and poromechanical fracture problems

a = 20 mm. The applied external load is equal to P = 1000 N.
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Figure 6.4: Interface traction tn as a function of the position at the interface for
different magnitudes of the dummy stiffness D for a Gauss integration
scheme.

The model consists of a patch of 64 × 16 cubic Bézier elements. The interface is
represented by Bézier interface elements. The notch, located at 0 < y < 20 mm,
is traction free. Here, the tractions td and the tangent stiffness matrix Td
vanish, irrespective of the magnitude of the strain field. At the interface, i.e.
when 20 < y < 100 mm, an elastic ’dummy’ stiffness constitutive relation is
used. The location of this region is determined by assigning a dummy stiffness
with a magnitude that is based on the spatial position of the corresponding
integration point. Hence, the interface stiffness is represented by the following
cohesive relation:
(
0
∀ y < 20
td = Td vd where Td = diag(D, D) and D =
(6.21)
D
∀ y ≥ 20
Calculations have been carried out for different magnitudes of the dummy stiffness D. The spatial integration along the interface is done using either Gauss
or Newton-Cotes integration. The traction profiles at the interface are shown
in Figures 6.4 and 6.5.
The results for the Bézier interface element confirm those obtained for a classical
interface element by Schellekens and de Borst (1993b) in the sense that traction
oscillations are present when a Gauss integration scheme is used, and increase
for larger values of the dummy stiffness D. As a result of the higher order
interelement continuity of spline functions the oscillations do not disappear
when a Newton-Cotes integration scheme is used, see Figure 6.5.
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Figure 6.5: Interface traction tn as a function of the position at the interface for different magnitudes of the dummy stiffness D for a Newton-Cotes integration
scheme.

6.3.2 Poromechanical interface
One of the advantages of using isogeometric interpolation fields is the existence
of higher order derivatives of the shape functions. This allows to capture the
Darcy flow in Equation (6.8) exactly, instead of enforcing the higher order
derivatives in a weak sense as discussed in Chapter 3.
The extension towards a poromechanical interface element is straightforward.
Similar to the linear momentum equation, the mass balance equation (6.4) is
multiplied by the admissible pressure field δp:
Z
Z
Z
1
δpα∇ · u̇ dΩ + δp ṗf dΩ + δp∇ · q dΩ = 0
(6.22)
M
Ω
Ω
Ω
Applying Gauss’ theorem and introducing Darcy’s relation (5.6), this equation
can be rewritten as:
Z
Z
Z
k
1
− δpα∇ · u̇ dΩ − δp ṗf dΩ + ∇δp · ∇pf dΩ
M
µ
Ω
Ω
Ω
Z
Z
+
δp nΓd · q dΓ =
δpn · q dΓ (6.23)
Γd

Γq

Herein, the focus is on the discretisation of the mass balance term for the interface, the fourth term in the left hand side of this equation. The discretisation
of the other terms using a Bézier extraction technique has been previously discussed in Chapter 5.
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The discrete pressure field in the discontinuity is equal to:
e

pf =

n
X

Nie bei

(6.24)

i=1

where bei are the nodal discrete pressures at the face of the interface element
associated with the Ω− part of the domain. The pressure is weakly discontinuous at the interface. Therefore, the pressure degrees of freedom associated
with the top surfaces are constrained to those on the bottom surface, such that
the pressure in a specific material point on the surface associated with Ω+ is
identical to that in the corresponding material point on the Ω− surface. As a
result, the pressure pf can be discretised using the pressures bi at the knots that
support the Ω− surface only:
pf = Nb

(6.25)

where N is
N = [N1e , N2e , ..., Nnee ]

(6.26)

Similar to the linear momentum equation, a Bubnov-Galerkin formulation is
adopted. Hence, inserting the variation of the discretised pressure into the
interface term of the weak forms as described in Equation (6.23) yields:
Z
int
q Γd =
NT nT
(6.27)
Γd q dΓ.
Γd

This interfacial flux vector qint
Γd can subsequently be elaborated in a similar
manner to that in Réthoré et al. (2008). Similar to Chapter 3, the weightedtime integration has been carried out and the non-linear system of equations is
solved using a Newton-Raphson procedure.

6.4 Numerical examples
To illustrate the wide range of problems that can be solved by the present
approach, some crack propagation problems in porous and non-porous media
are simulated. The first example shows the robustness and the accuracy of
the discretisation method for modeling crack propagation in a standard solid
medium. The second example illustrates its capability to analyse deformation
and flow in a cracked, fully saturated porous medium. The third example
focuses on crack propagation in a porous medium, taking into account the fluid
flow inside the crack.
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In the context of modelling crack propagation in a standard solid medium,
a mixed-moded cohesive relation by Xu and Needleman (1994) is used and
simplified by only taking into account the tensile opening mode. Here, the
normal traction is obtained by the following relation:


vn
Gc
exp −
tn = −
δn
δ

 n


vn 1 − q
(r − q)(vn − δn )
× −r +
− q−
(6.28)
δn r − 1
(r − 1)δn
where Gc denotes the fracture toughness of the interface, vn is the normal component of the displacement jump in the local coordinate system, vd and δn is
the corresponding characteristic length. In most situations, the parameters q
and r are set to 1 and 0 respectively. Furthermore, the shear traction ts is set to
zero. The consistent tangent matrix Td is obtained by taking the derivative of
Equation (6.28) with respect to the normal component vn of the displacement
jump vd . In this way, a perfect bonding prior to cracking and an exponential
decreasing of the traction thereafter can be achieved. Figure 6.6 shows the load
displacement curve for the normal traction as a function of the normal opening
of the cohesive segment. The maximum value of tn in pure mode-I fracture, tc ,
is gained as the normal opening vn is equal to δc .

tn /tc

1

Gc

0

0

δc

1
vn /δn,cr

Figure 6.6: The normalised traction in normal direction across the discontinuity as a
function of the normalised opening of the displacement jump with respect
to the fully developed crack opening δn,cr in normal direction. The fracture toughness Gc is basically the area under the decohesion curve and
represents the amount of energy dissipated to create a fully open unit
cracked surface.

For the case of modelling crack propagation in saturated porous medium, a
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bilinear cohesive relation is considered. Here, a dummy stiffness, which is basically the slope of the linear cohesion prior to cracking, is used to model a perfect
bonding prior to cracking, while a linear decohesion is applied thereafter. Figure 6.7 shows schematically the load-displacement curve for the normal traction
as a function of the normal opening.

tn /tc

1

Gc

0

0

1

δc

vn /δn,cr

Figure 6.7: The normalised traction in normal direction across the discontinuity as a
function of the normal opening of the displacement jump.
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Figure 6.8: Geometry of a double cantilever beam peel test

6.4.1 Double cantilever beam
Consider the double cantilever beam shown in Figure 6.8. The beam has a
length l = 10 mm and a thickness h = 0.5 mm. It is composed of an elastic
material with a Young’s modulus E = 100 MPa and a Poisson’s ratio ν = 0.3.
The beams are bonded by an adhesive with a strength tc = 1.0 MPa and a
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toughness Gc = 0.1 N/mm. The interface is modelled with a Xu-Needleman
cohesive relation Xu and Needleman (1994). The length of the initial delamination is a = 1 mm. Mesh convergence studies have been carried out for meshes
with 16 × 2, 32 × 4, 64 × 8 and 128 × 16 linear rectangular finite elements and
for quadratic and cubic Bézier elements.
0.2
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32 × 4
16 × 2

P [N]

0.16
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0.08
0.04
0

0

0.5

1
u [mm]

1.5

2

Figure 6.9: Load-displacement curve for the double cantilever beam. Cubic Bézier
interface elements have been used with different levels of mesh refinement.
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Figure 6.10: Mesh sensitivity analyses for the double cantilever beam. The load P
at a displacement u = 2 mm is compared for various levels of mesh refinement and for various degrees of interpolation of standard and Bézier
interface elements. The reference solution has been computed for a dense
finite element mesh with 33924 degrees of freedom.

The load displacement curve is given in Figure 6.9 for cubic Bézier elements,
which shows that the converged solution is achieved for relatively coarse meshes
of cubic Bézier elements. The mesh sensitivity analyses are shown in Figure 6.10, in which the load P at a displacement u = 2 mm is compared for
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td [MPa]

various mesh size and for various degrees of interpolation of the Bézier interface elements and for standard interface elements. The results are compared
with a reference solution generated by a dense finite element mesh with 33924
degrees of freedom. From Figure 6.10 it is observed that the results of the Bézier
interface elements converge faster to the reference solution and, moreover, result
in a smooth traction profile along the interface, see Figure 6.11.
1
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−0.2
−0.4
−0.6

FEA
IGA

1

2

3

4

5

6

7

8

9

10

x [mm]

Figure 6.11: A comparison of the traction profiles between standard linear interface
elements (4464 degrees of freedom) and cubic Bézier interface elements
(1876 degrees of freedom) for a displacement u = 2 mm.

6.4.2 Traction free crack
Next, a square block of a fluid-saturated porous material is subjected to
pure mode-I loading, Figure 6.12. The material has a Young’s modulus
E = 25.85 GPa, a Poisson’s ratio ν = 0.18, a porosity φ = 0.2, an intrinsic
permeability k = 2.78 × 10−13 mm2 and a fluid viscosity µ = 5 × 10−10 MPa s.
The bulk modulus of the solid material Ks = 13.46 GPa, while for the fluid
Kf = 2.3 GPa. The Biot coefficient has been assumed as α = 1. A velocity
u̇¯ = 5. × 10−3 mm/s has been applied at the top and the bottom sides of the
block, and a time step ∆t = 1 s has been used.
The problem has been discretised using rectangular Bézier elements and Bézier
interface elements with cubic B-spline basis functions. The mesh incorporates
interfaces elements at y = 125 mm. The centre 50 millimeters of the discontinuity are traction free, representing a fully open crack, while at the remaining
part a dummy stiffness D = 103 N/mm has been used to enforce no opening
at the discontinuity line. Mesh convergence studies have been carried out and
three levels of discretisation have been considered, namely 16 × 16, 32 × 32 and
64 × 64 cubic Bézier elements, resulting in 1254, 3990 and 14070 degrees of
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Figure 6.12: A square block of a fluid-saturated porous material with an initial crack.

freedom, respectively.
Figure 6.13(a) shows the pressure profile of the block at t = 50 s. At the crack
tip a high suction appears, which significantly affects the fluid flow. Indeed,
Figure 6.13(b) shows that the fluid flow is sucked into the crack, and primarily
at its tip. The relative fluid velocity in the direction tangential to the crack
has been plotted in Figure 6.14(a). The fluid flows from the tip to the centre
of the crack with a velocity that depends on the crack opening. The leakage
from the surrounding porous medium is shown in Figure 6.14(b). The smooth
flow profile is obtained by virtue of the smoothness of the spline functions.

6.4.3 Crack growth
The same setting as in Figure 6.12 has been used to analyse crack growth in
a porous medium. A 50 millimeter long traction-free slit is inserted along the
horizontal centre line of the specimen. A velocity u̇¯ = 5.0×10−3 mm/s has been
applied at the top and the bottom of the block until t = 30s. The displacement
at the top and the bottom is then kept constant until t = 500s. A time step
∆t = 1 s has been used throughout.
In the interface elements that are not used to model the initial traction-free
slit, a dummy stiffness D = 1 × 103 N/mm2 has been inserted prior to the onset
of cracking. In constrast to the cohesive constitutive model used in Chapter
3, the interface constitutive model in this chapter utilizes a dummy stiffness
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(a) Pressure profile

(b) Fluid relative velocity profile

Figure 6.13: t = 50 s: (a) pressure profile; and (b) relative fluid velocities for the area
enclosed by the black square box of (a).

to model a perfect bonding prior to cracking of the adhesive Bézier interface
elements. After crack initiation at a tensile strength tc = 2.7 MPa, a linear
decohesion is applied with a fracture energy Gc = 0.05 N/mm. Inside the crack
a permeability has been assumed that equals that of the surrounding bulk prior
to crack initation, while it increases progressively according to a cubic relation,
Equation (3.28), thereafter.
A mesh convergence analysis has been carried out using the same elements and
for the same levels of mesh refinement as in the previous subsection. The results
are shown in Figures 6.15 – 6.20, and in Table 6.1. Figures 6.15 and 6.16 show
the traction and the opening profiles for t = 30 s and t = 500 s, i.e., when the
imposed displacement is kept constant. During this period, the redistribution
of the fluid along the interface increases the stress at the crack tip. When
the stress at the tip reaches the tensile strength tc , the crack will propagate.
Table 6.1 quantifies the mesh sensitivity for the point (0, 125) mm and time
t = 30 s, where the reference solution has been obtained using a dense mesh of
cubic Bézier elements with 52662 degrees of freedom.
Figure 6.17 and 6.18 show the evolution of the the pressure and the relative
fluid velocity profiles tangential to the interface during the period that the imposed displacement is kept constant. It is noted that due to fluid redistribution
along the interface during this period the pressure at the interface decreases in
absolute value. Since the gradient of the pressure along the crack also decreases,
the same effect has been observed on the relative fluid velocity along the crack.
Contour plots of the pressure and the relative fluid velocity in the x-direction
are given in Figures 6.19 and 6.20, respectively.
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Figure 6.14: Fluid flow profiles in normal and tangential direction to the crack surface
for different levels of mesh refinement.
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Figure 6.15: Traction profiles for different levels of mesh refinement.

6.5 Discussions
An isogeometric interface element has been formulated. It exploits Bézier extraction, which makes it fully compatible with existing finite element software.

p=3
p=3
p=3
Ref.

mesh
16x16
32x32
64x64
p=3, 128x128

dofs
1254
3990
14070
52662

tn [MPa]
1.748
1.752
1.759
1.757

% error
0.0051
0.0028
0.0011
-

qs [µm/s]
9.49e-4
3.37e-4
1.92e-4
9.30e-5

% error
9.1967
2.6186
1.0673
-

Table 6.1: Mesh sensitivity analyses for crack growth in porous medium at point
(0, 125) mm and time t = 30 s.
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Figure 6.16: Crack opening profiles for different levels of mesh refinement.
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Figure 6.17: Pressure profiles for different levels of mesh refinement.

Indeed, the current isogemetric interface element can be obtained by simply
replacing the shape functions of conventional interface elements. Evidently, the
shape functions are in principle now different for each interface element.
The new interface element shares all the advantages of isogeometric analysis,
including the exact description of the geometry and the easy mesh generation.
At the same time, it inherits properties from conventional interface elements
such as the traction oscillations which occur when a very high (dummy) interface stiffness is used to suppress deformations in the interface prior to crack
initiation. An examination of a beam subject to three-point bending suggests,
however, that the higher smoothness of the spline functions used in isogeometric analysis prevents the decoupling that is achieved using Newton-Cotes or
nodal integration, which has proven a simple remedy for conventional interface
elements Schellekens and de Borst (1993b).
It has been shown previously in Chapter 5 that isogeometric finite element implementation of poroelasticity has additional advantages. The natural preser-
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Figure 6.18: Relative fluid velocity profiles along the crack for different levels of mesh
refinement.

vation of the local mass balance is the most prominent. For this reason, the
isogeometric interface element based on Bézier extraction has been extended
to fluid-saturated porous media, and examples have been included to show the
easy use and versatility of this element technology. Indeed, the discretisation
approach pursued has led to a ”simplified” crack growth modelling in porous
media in comparison with the one discussed in Chapter 3, where crack(s) can
propagate in arbitrary direction under a finite strain framework. However, this
step backward is needed in order to give a better insight to a correct, robust and
versatile model of fractured porous media in the future. Furthermore, by virtue
of the high order continuity of the B-spline shape functions, the tangential fluid
flow as well as the leakage fluid flux from the surrounding porous medium can
be correctly simulated. The proposed approach is capable of simulating the
fractured porous medium even with a coarse mesh.

(a)

(b)

Figure 6.19: Pressure contours at (a) t = 30 s and (b) t = 500s. The value of the
absolute pressure decreases globally during the period of the constant
imposed displacementdue to fluid redistribution along the interface.

(a)

(b)

Figure 6.20: Relative fluid velocity contours in the x-direction at (a) t = 30 s and
(b) t = 500s. It is observed that fluid flow at the vicinity of the crack
is attracted to the crack tip, pushing the crack to propagate to the end
side of the specimen.

Chapter seven

Conclusions

Discontinuities arise in most cases of deformable porous media. The multiphysics and multi-scale characteristics of the porous media are made this type
of materials can easily fail and develop discontinuties or cracks. The creation
and propagation of cracks in the system lead to a complex nonlinear coupled
problem with continuous topological changes in the domain. Many existing
computational models are available to simulate this complex system. However,
none of them explain the effect of geometrical nonlinearity to the propagating
cracks. Therefore, this thesis is intended to extend the existing computational
model of fractured porous media that includes finite strains deformation. In
addition, correct calculations must be performed, especially flow continuity at
the tip, to get better analyses of the flow in the fractured porous medium.
To this end, new discretisation technique is proposed as a replacement for the
existing finite element discretisation.
A biphasic model of saturated porous medium under large strains has been developed and numerical tests have been performed to verify the developed model.
Indeed, the small strain framework will fail to give correct flow and structural
analysis at high loading conditions or when dealing with less stiff materials
such as soft tissues and gels. Finite element discretisation of the same order
for displacement and pressure has been used to simulate consolidation problems. Here, the Ladyzenskaya-Babuška-Brezzi condition is violated, resulting
in a spurious checker-board in the pressure field. Furthermore, a local mass
balance between interelement boundaries will never be satisfied due to the C 0
continuity of the standard finite element.
The underlying large strain porous media model has been extended to taking
into account the cracks or discontinuities, either pre-existing or nucleating and
propagating. The location and the direction of the cracks is independent of the
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discretisation by virtue of the exploitation of the partition-of-unity property of
finite element shape functions. The fluid in the cracks has been assumed to be
viscous, and the permeability in the cracks has been assumed to be depending on the crack opening, but these restrictions can be relaxed without major
consequences.
From the modelling issues, higher order derivatives of the microflow model
has been solved by integration by parts, imposing zero flow assumption at the
boundaries. To get an accurate results, higher order continuity of the shape
functions are needed. To this end, B-spline basis functions of isogeometric
analysis becomes attractive for solving the problem . It provides not only higher
order continuity inside the elements, but also interlement boundaries that leads
to a more accurate flow analysis of porous medium. Therefore, isogeometric
analysis approach has been proposed.
An isogeometric formulation for a continuum fluid-saturated porous medium
has been derived. In this work, a finite element data structures based on Bézier
extraction of NURBS and T-splines is adapted to ease the integration of the
splines into an existing finite element framework. The Bézier extraction operator decomposes the splines based elements to C 0 -continuous Bézier elements
which bear a close resemblance to the Lagrange elements. The global smoothness of the splines basis functions is localized to the element level, making
isogeometric analysis compatible with existing finite element codes while still
utilizing the excellent properties of the spline basis functions as a basis for
geometric modelling and analysis. Furthermore, the performance of the proposed discretisation method have been compared to the standard finite element
analysis. Although the approach could be further improved in the sense that in
the current formulation the orders of interpolation of the displacements and the
pressure have been taken equal, the advantages over conventional finite element
analysis become clear from simple consolidation examples.
Due to the higher-order continuity of the spline basis functions in isogeometric
analysis, the pressure gradients become continuous, and therefore also the interstitial fluid flow, since the latter is proportional to the pressure gradient by
virtue of the use of Darcy’s relation. A local mass balance is then obtained,
which is unlikely in standard finite element results.
Results from isogeometric analysis also seem less sensitive to the minimum
critical time step that exists in consolidation problems since numerical results
suggest that for time steps well below the critical time step that has been
derived for one-dimensional, linear finite elements, the oscillations from isogeometric analyses are markedly smaller than those from finite element analyses.
Furthermore, the convergence rate for a typical two-dimensional consolidation
problem was much better for the isogeometric analysis than for the finite element analysis, and converged monotonically upon mesh refinement. This im-
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proved performance adds to other advantages such as the easier mesh generation in particular for inhomogeneous and layered media, and the better stress
prediction for more complex porous materials.
The extension of the isogeometric analysis to model fractured porous media is
done by introducing isogeometric interface element. Here, the crack is described
in a discrete manner by using Bézier interface elements which exploits the continuity reduction property of the B-splines. The nucleation and the opening of
micro-cracks are modelled by a cohesive traction-separation relation. Again, to
ease the integration into existing finite element technology, a finite element data
structure based on Bézier extraction is used. Indeed, the current isogemetric
interface element can be obtained by simply replacing the shape functions of
conventional interface elements. Evidently, the shape functions are in principle
now different for each interface element.

Recommendations
As recommendations, some computational issues are needed to be solved in the
finite strain modelling of fractured porous medium. In the numerical examples,
all tests has been performed for semi-dry and stiffed saturated porous medium.
Decreasing the stiffness or Young’s modulus or permeability induce numerical
instability and the results show mesh dependency. This might happen due to
the time for fluid to resolve after crack growth of one element increases. An
extension to introduce a Kelvin viscous damping of the solid matrix might help
to solve the problem. In addition, introducing a rate dependent crack opening
might be good to solve the stability issue of the crack opening.
Furthermore, despite all the advantages for the new isogeometric analysis based
interface elements technology, it also inherits properties from conventional interface elements such as the traction oscillations which occur when a very high
dummy stiffness is used to suppress deformations in the interface prior to cracking. The three-point bending test suggested, however, that the higher smoothness of the spline functions used in isogeometric analysis prevents the decoupling
that is achieved using Newton-Cotes or nodal integration, which has proven a
simple remedy for conventional interface elements.
The isogeometric interface element based on Bézier extraction has been extended to fluid-saturated fractured porous medium and examples have been
shown its versatility and easy to use of this element technology. Indeed, the discretisation approach pursued has led to a ”simplified” crack growth modelling
in porous media in comparison with the one discussed by using the partitionof-unity method as described in Chapter 3, where crack(s) can propagate in
arbitrary direction under a finite strain framework. However, this step backward is needed in order to give a better insight to a correct, robust and versatile
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model of fractured porous media in the future. The extension into the isogemetric analysis approach also ease the possibility to model correct tangential
fluid flow as well as leakage fluid flux from the surrounding porous medium to
the vicinity of the cracks.
As a recommendation, T-splines can be very attractive to model propagating
cracks in arbitrary directions due to their ability to generate localised discontinuities. T-splines are a generalization of B-splines and NURBS. The motivation
behind a T-spline can be understood by first considering the localization of a
single basis function in a B-spline or NURBS patch. The work of arbitrary crack
propagation for solids has been done by Verhoosel et al. (2011) and many advantages of the proposed approach have been investigated, including the robust
and stability of isogeometric analysis using T-splines.
A combined partition-of-unity approach with isogemetric analysis approach can
also be attractive to model arbitrary crack propagation in porous media . Here,
the standard Lagrange polynomial basis functions are replaced by the smooth
splines basis functions of isogeometric analysis. By doing so, advantages from
both sides are combined, i.e, complex geometries are represented exactly and
accurate solutions are obtained for discontinuous problems with only a few
degrees-of-freedom. However, in order to gain all the advantages of the combined method, some regularisation of the enrichment functions have to be imposed according to Luycker et al. (2011). Hence, it leads to a more complex
numerical algorithm.
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Pijaudier-Cabot, G. and Bažant, Z. P. (1987), ‘Nonlocal damage theory’, ASCE
Journal of Engineering Mechanics 113, 1512–1533.
Pizzocolo, F., Huyghe, J. M. and Ito, K. (2012), ‘Mode-i crack propagation in
hydrogels is step wise’, Engineering Fracture Mechanics .
Remmers, J. J. C. (2006), Discontinuities in materials and structures, a unifying
computational approach, in ‘PhD these’, Delft University of Technology.
Remmers, J. J. C., de Borst, R. and Needleman, A. (2003), ‘A cohesive segments
method for the simulation of crack growth’, Computational Mechanics 31, 69–
77.
Remmers, J. J. C., de Borst, R., Verhoosel, C. V. and Needleman, A. (2013),
‘The cohesive band model: a cohesive surface formulation with stress triaxiality’, International Journal of Fracture pp. 1–12.
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