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PROBABILISTIC BOUNDS FOR THE MATRIX CONDITION
NUMBER WITH EXTENDED LANCZOS BIDIAGONALIZATION

SARAH W. GAAF* AND MICHIEL E. HOCHSTENBACH"

Abstract. Reliable estimates for the condition number of a large, sparse, real matrix A are impor-
tant in many applications. To get an approximation for the condition number x(A), an approximation
for the smallest singular value is needed. Standard Krylov subspaces are usually unsuitable for finding
a good approximation to the smallest singular value. Therefore, we study extended Krylov subspaces
which turn out to be ideal for the simultaneous approximation of both the smallest and largest sin-
gular value of a matrix. First, we develop a new extended Lanczos bidiagonalization method. With
this method we obtain a lower bound for the condition number. Moreover, the method also yields
probabilistic upper bounds for x(A). The user can select the probability with which the upper bound
holds, as well as the ratio of the probabilistic upper bound and the lower bound.

Key words. Extended Lanczos bidiagonalization, extended Krylov method, matrix condition
number, lower bound, probabilistic upper bound.

AMS subject classifications. 65F15, 65F35, 65F50, 65F10.

1. Introduction. Let A € R™*" be a large, nonsingular matrix. Let A = XYY 7
be the singular value decomposition of A, where X and Y are m X n matrices with
orthonormal columns containing the left and right singular vectors of A, respectively.
Furthermore, ¥ is an n x n diagonal matrix with positive real entries containing the
singular values of A that are numbered in decreasing order: o1 > --- > o, > 0.

We are interested in the important problem of approximating the condition num-
ber of A,

R(4) = A 1A = =X,

On

where || - || stands for the 2-norm. The (Golub-Kahan—)Lanczos bidiagonalization

method [5] provides an approximation, a lower bound, for the maximum singular value

o1 of A. In addition, an upper bound for the minimum singular value is obtained,

but this is usually a rather poor bound. To approximate the condition number, good
approximations to o,, are needed.

This paper has three contributions. First, we develop a new extended Lanczos

bidiagonalization method. The method generates a basis for the extended Krylov

subspace:

JCRHLRHLATA v) = span{(ATA) Fv, ..., (ATA)tv,v, ATAv, ... (ATA)kv).

Extended Krylov subspace methods have been studied in the last 15 years by various
authors [3, 13, 14, 16, 20]. The second contribution of this paper is that we obtain
simultaneously a lower bound for o; and an upper bound for ¢, which leads to a
lower bound of good quality for x(A). Third, we obtain a probabilistic upper bound
for the condition number. Probabilistic techniques have become increasingly popular;
see, for instance, [2, 17, 21, 7, 11]. Whereas in [2, 17, 7] the power method is used, this

*Version September 1, 2015. Department of Mathematics and Computer Science, TU Eindhoven,
PO Box 513, 5600 MB, The Netherlands, s.w.gaaf@tue.nl, www.win.tue.nl/~hochsten. This work
is supported by a Vidi research grant from the Netherlands Organisation for Scientific Research
(NWO).



2 GAAF AND HOCHSTENBACH

paper is based on Krylov methods as are the techniques in [17, 21, 11]. An important
feature of the Lanczos bidiagonalization procedure is that the starting vector can be
(and often is) chosen randomly. Therefore, the probability that this vector has a
small component in the direction of the desired singular vector (relative to 1//n) is
small. Another characteristic of the procedure is that during the bidiagonalization
process polynomials implicitly arise. These two properties are exploited in [11] to
obtain probabilistic upper bounds for o;.

In this paper, we will expand the techniques from [11] to obtain both probabilistic
lower bounds for ¢, and probabilistic upper bounds for o1, leading to probabilistic
upper bounds for x(A). These upper bounds hold with user-chosen probability: the
user can select an € > 0 such that the bounds hold with probability 1 — 2¢, as well as
a ¢ > 1 such that the ratio of the probabilistic upper bound and the lower bound is
less than ¢. The method will adaptively perform a number of steps k£ to accomplish
this. Probabilistic condition estimators in [2] or [17] provide a ratio between the
probabilistic upper bound and the lower bound, given a fixed k and €. The method of
this paper does not come with an analogous relation; however, the method we propose
generally gives sharper bounds as is shown in Section 7.

We stress the fact that the method of the present paper requires an (exact)
LU decomposition. If this is unaffordable, there are alternative methods available
that need only a preconditioner such as an inexact LU decomposition. The Jacobi—
Davidson type SVD method [9, 10] is one of these methods. However, because of
the current state of both numerical methods and hardware, LU decompositions have
increasingly become an option, sometimes also for rather large matrices.

The theory discussed in this paper considers only real matrices. For general
complex matrices the theory from this paper to obtain probabilistic bounds needs to
be adapted in a nontrivial way, and will be subject to future study.

The rest of this paper is organized as follows. In Section 2 we introduce the
extended Lanczos bidiagonalization method, and the special structure of the matrices
obtained by this method are examined in Section 3. Section 4 focuses on the Laurent
polynomials arising in the procedure. In Section 5 we elaborate on the computation of
a probabilistic bound for the condition number. Section 6 discusses some comparisons
with several other (probabilistic) condition number estimators. We end with some
numerical experiments and conclusions in Sections 7 and 8.

2. Extended Lanczos bidiagonalization. The method we will develop starts
with a random vector vy with unit norm. We express v( as a linear combination of
the right singular vectors y; of A,

n
(21) vo=>_vyi
=1

Notice that both the y; and ~; are unknown. The extended Lanczos bidiagonalization
method repeatedly applies the matrices A, AT, A=7 and A~!. In every step a gener-
ated vector is orthogonalized with respect to the previously constructed vectors, and
subsequently normalized. This procedure can be visualized as a string of operations
working on vectors:

A AT AT AL A AT
Vo o V1 u_1 V_1 up
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Note that in this visualization the orthonormalization of the vectors is not shown.
In this scheme, applying the operation A=7 after AT (and A after A~!) may seem
contradictory, but since the vectors are orthogonalized in between this truly yields
new vectors. Another way to represent this procedure is the table below:

Step Action  Generated  Action  Generated Action Generated  Action  Generated

0 Avo ug ATU() A\t AiTvl u_j A71u71 vV_1
1 Av_q up ATU1 v A_TV2 u_o A_lu,Q V_9
k—1 AV,k+1 ug_1 ATuk,1 Vi 14_’1—‘V]C u_g A_lu,k V_k

During the procedure, the generated vectors v; are normalized after being or-
thogonalized with respect to all previously generated v;, i.e., for k > 1

vi L {vo,vi,Vv_1, ..., V1, V_ki1}s v L{vo,vi,v_1, ..., V_g11, Vi)
Similarly, all generated vectors u; have unit norm and
u;_1 L {ug,u_q,uy, ..., uf 92, u_gi1}, u_p L {ug,u_q,uy, ..., u_gy1,u5_1}.
Define the matrices Vi = [vo] and U; = [ug], and for k£ > 1
Vo, = [Vag—1,Vil, Uk = [Uzk—1,u_gl,
Vags1 = [Vag, voil, Usk+1 = [Uzk, ug].

The columns of these matrices are orthonormal and span the corresponding subspaces
Var, Vok+1, Usg, and Usgy1, respectively. We assume for the moment that no break-
downs occur, so all spaces are of full dimension; how to handle a breakdown is dis-
cussed in Section 7. After & > 1 steps the algorithm gives rise to the following matrix
equations:

AVop—1 = Usg—1Hop—1,

ATUgp—1 = Vor(Hop—12k)T = Vop—1(Hog—1)T + Br-1ve el ,,

(2.2)
ATV, = Uppe(Kap)7,
AWy = Vo1 Kopr12 = Vo Kok + 0 v_g el
AVoy, = Uspy1Hopt1,2k = UgHop, + Bk uy el
23) AT Uy, = Var(Hap)T,

=T T T T
AT Vopy1 = Unppa(Kopr12k42)” = Usk1 (Kogy1)” +0pup1€5, 4,

—1
A7 Uskr1 = Va1 Kopy1-

Here, and throughout this paper, H,,, is an m x p matrix. We will use only one
subscript if the matrix is square, i.e., H,, is an m X m matrix, and we will refer to the
matrices H,,, and K,,, as H and K if the size is not of interest. Furthermore, e; is
the 7th unit vector and the coefficients 3; and J; are entries of the matrices H and K,
which will be specified in Section 3. More details on the recurrence relation between
the vectors u and v will be given in (3.3) where we show that orthogonalization can
be done using three-term recurrences. In particular, the pseudocode for the algorithm
that will be introduced in Section 7 shows that only three vectors of storage are needed.
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Let 9§2k_1) > 2 Héi]:l) be the singular values of Hor_1, and let 9?@ Z 2
§2k71) S>> féik:ll) be the singular

values of Kop_1, and let ffk) > > féik) be the singular values of Ky;. These values
are approximations of the singular values of A and A~!, respectively. We will avoid
the use of superscripts if this is clear from the context. Further, let ¢; and d; indicate
the corresponding right singular vectors of H and K, respectively. We will now study
the behavior of these values ¢; and §; to obtain bounds for the extreme singular values
of A.
PROPOSITION 2.1.
(a) For 1< j <2k —1 the singular values of H converge monotonically to the largest

singular values of A: 9§2k—1) < (9](.%) < 0;(A).
(b) For1 < j <2k—1 the inverse singular values of K converge monotonically to the
smallest singular values of A:

on—jr1(A) = (Uj(A_l))_l < (5§2k))—1 < (5]('%—1))—1‘

Proof. The matrix Hop_1 can be seen as the matrix Ho, from which the 2kth
row and column have been deleted. The same holds for the matrices K91 and Kyy.
Now we apply [12, Cor. 3.1.3] and obtain the first inequalities of both (a) and (b).
The second inequalities hold because of [12, Lem. 3.3.1] O

In the next section we will see that H~! = K, which means that {91_1, e ,92_k1} =
{&1,...,&ux}. Proposition 2.1 shows in particular that the largest singular value of the
matrices H converges monotonically to o1, and the inverse of the largest singular value
of the matrices K converges monotonically to o,. After the kth step of the procedure,
we obtain the value Hg%), a lower bound for o1, and the value (5%2@)*1
bound for o,,.

COROLLARY 2.2. After the kth step of extended Lanczos bidiagonalization we
obtain a lower bound for the condition number of A:

Hgk) be the singular values of Ho. Similarly, let &

, an upper

01 o1

(2.4)  Fiow(A) = e o

= k(A4).

The experiments in Section 7 show for different matrices that the lower bound
achieved by extended Lanczos bidiagonalization may often be very good.

We can reformulate the expressions in (2.2) and (2.3) to see the similarities with
the extended Lanczos method (see, e.g., [13]) with starting vector vy and matrix ATA,
so that for £ > 1:

ATAVap 4 = ATUp 1 Hop—y
= Vag—1(Hop—1)T Hop—1 + Br—1 Vi el Hop_1,
(ATA) Wy = A7 Upp(Koi)™
= Vor Ko (Ko)T + o o vy el
22 AAT Uy, = AVa(Hor)"
= Usp Ho(Hor)" + ou B ug el
(AAT) o1 = AT Vo1 Kop 4

_ T T
= Usp—1(Kak—1)" Kog—1 + 01 u_py1 €5 Kop_1.
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This way of representing the procedure will be convenient in the next sections where
we will investigate the structure of the generated matrices and introduce Laurent
polynomials.

3. The special structure of the generated H and K matrices. In the
previous section we introduced the extended Lanczos bidiagonalization method. The
four leading submatrices arising in (2.2) and (2.3) are given by

Hopy = Ul | AVoy_1, Kop—1 = Vib A7 Wop_1,
Hy,, = U} AV, Ko, = Vo A7 Usy.

These matrices H and K turn out to be tridiagonal matrices with a special structure
as we will show in the next proposition. Note that we assume for all j € {—k,...  k}
that the entries «;, 3;, and J; are nonzero.

PROPOSITION 3.1.
(a) The matriz H is tridiagonal and of the form

a0 Bo
aq
fo1 a1 B
(3.1) a: |
Bo a Po
a3
where its entries satisfy
haj 2 = o = [[ATvl|7 = [|ATu ],
hajri2; = By = ujAvy,
hojr2j+1 = a—j = ujAv_j,
hajrigiee = B = [[ATw; — (ufAv;)v; — (uf Av_j)v_;|.

(b) The matriz K is tridiagonal and of the form

Ozo_l 50 1
oy
51 aj 5_1
(3.2) ay ! ,
52 a:% (5_2
a;l

where its diagonal entries are defined in (a) and its off-diagonal entries satisfy

kojargy = 0 = [[ATug = (v AT u v — (viAT u) vyl

_ 5. T oa-1y
kojr12j42 = 0-j = VL ATu (1)

Proof. We will focus first on the transposed matrix H2Tk Note that ATUy, =
Vo HL.. The (24 + 1)st column of AUy is ATu;, and thus the (2j + 1)st column



6 GAAF AND HOCHSTENBACH

of HZTk, can be described using the step of the algorithm in which the vector v;; is
constructed:

J
T
Bivizr =ATa; = Y yiv,

i=—j
where ~; = v;‘FATuj = u?Avi and f; is a factor such that v;;; has unit norm. For
allie {—j+1,...,5— 1} we have
Av; € span{(AAT) T Avg, ..., (AAT) 71 Avy)
= Span{ug, u_i,ug,..., 0541, uj,l},

and therefore v; = 0 for alli € {—j+1,...,j—1}. We obtain the three-term recurrence
relation

ATuj = (U?AVj) v+ (U?Avfj) v+ ijj+1,

which implies that the (2j + 1)st column of HQI;C has only three nonzero entries. This
gives us the three nonzero entries of the odd rows of H: hoji125, hojt1,2j+1, and
hojt1,2j+2-

For the description of the (2j)th column of HJ,, another step of the algorithm is
used, namely

7—1

-1 -T

oy uj=A""v;— g Vil
i=—j+1

where v; = uiTA_ij = vaA_lu,- and aj_l is a factor such that u_; has unit norm.
Forallie {—j+1,...,j — 1} we have

A7y € span{(ATA) v, ..., (ATA)Y "1yl
= Spa’n{V07 Vi,V_1,...,Vj_1, V—j+1}7

and therefore v; = 0 for alli € {—j+1,...,j — 1}. We obtain the recurrence relation

A_ij = ozj_lu_j, and therefore ATu_j = o;V;,
implying that the (2j)th column of Hg;C has only one nonzero entry. The entries of
the matrix K can be obtained by a similar reasoning. 0

This description of the matrices H and K leads to the following recurrence rela-
tions:

AV,k = Oa_pUug, k > 0, *
Avy, = Br—1ux—1 +aru_y + f_puy, k>1,
ATu_k = OV, k > 1,
(3 3) ATuk = B_kvp+a_pv_g + BrVitl, k>1, %
’ A Ty, = alzlu_k, k>1, %
A_TV,k = dpu_j + a:,lﬁuk + (5,ku,(k+1), k>1,
Ay, = a:,lgv_k, k>0,
A_lu_k = 5_(k_1)v_(k_1) + Ozlglvk +6pv_g, kK>1, *
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and ATug = agvy + fovi, A Tvy = oz(;luo + dpu_1. The relations indicated by a
* correspond to the matrix vector multiplications that are done explicitly during the
procedure, while the other lines are added to give a complete representation of the
relations in (2.2) and (2.3). These relations suggest that this method requires at most
six vectors of storage, and the algorithm presented in Section 7 even shows only three
vectors have to be stored. Furthermore, having found this explicit form of the two
matrices, it can be seen that the matrices H and K are inverses.

PRrROPOSITION 3.2. The leading submatriz of H of order j is the inverse of the
leading submatriz of K of the same order, i.e., for 1 < j <n,

H,K; = K;H; = I.

Proof. If we would carry out n steps of extended Lanczos bidiagonalization, we
would obtain orthogonal matrices V,, and U, satisfying

H,K, =UrAV,VI AU, = I,,,
K,H, =V'A'U, UL AV, = I,,.

Due to the special tridiagonal structure, it is easy to see that the statement of the
proposition holds. O

The previous proposition implies that the singular values of K are the inverses
of the singular values of H, and therefore we can adjust Corollary 2.2.

COROLLARY 3.3. After the kth step of extended Lanczos bidiagonalization we
obtain a lower bound for the condition number of A:

0 o
JL 21

(34)  Kiow(A) = k(A).

B bor, — on
The matrices in the reformulated expressions (2.5) also have a special structure, just
as the matrices formed in the extended Lanczos method in [13]. The four symmetric
matrices generated in this extended Lanczos process, for k > 1, are given by

Roj—1 = (Hoy1)THopor = Vi [ ATAVsy 4,
35) Jiz% = Hy.Hj, = ULAATUy,

Sok—1 = (Kop—1)TKop—1 = Uk (AAT) Uy,

S = KaKj, = Vo (ATA) "V

They are all four the product of two tridiagonal matrices with a special structure,
namely the matrices obtained from extended Lanczos bidiagonalization. The matrices
Ryp_1 and Ry are pentadiagonal and of the form

X X X X X
X X X X X X X
X X X ~ X X X X X
Ror_1 = Rown =
2k—1 X X X X X ’ 2k X X X
X X X X X X X
i XX i X ]

The matrices Sy and §2k+1 have similar structures. The product of the matrices R
and S is a rank-one modification of the identity. Again, if we would carry out n steps
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of extended Lanczos bidiagonalization, we would obtain orthogonal matrices V;, and
U,, with the following identities:

SpR, = VIATAW,VI(ATAV, = I, = R,S,,

SpR, = UL(AAT)'U,UT(AATYU, = I, = R,S,.
Due to the special pentadiagonal structure of the matrices, for 1 < j < n the product
is a rank-one modification of the identity, where we have to distinguish between the
even and odd cases:

SokRop, = o + Woreld, , Sop+1Rokr1 = Iokg1 + €241 Wiy 1
RopSor = Iny, + eqp Wi | Rotr1Sok+1 = Tokg1 + Wopt1€0 41,
SoRo = oy, + Worel,, Roji152k41 = Topy1 + €21 Wiy 15
RopSop = Lo, + €W, Sopr1Roky1 = Iopy1 + Wok+1€5) 41

Here, the various vectors woy, € R?* and woy,; € R?**1 are such that only the last
two entries are (possibly) nonvanishing.

The matrices S, S , R, and R are used in the next section to give an explicit
expression for the Laurent polynomials arising in extended Lanczos bidiagonalization.

4. Polynomials arising in extended Lanczos bidiagonalization. In every
step of the extended Lanczos bidiagonalization procedure four different vectors are
generated. Since these vectors lie in an extended Krylov subspace, they can be ex-
pressed using polynomials:

vii = pe(ATA)vo e KFFL(ATA, vo),
wy = asAANAv JHLE(AAT, Avy),

vop = pr(ATAvy e KMURH(ATA vg),

W = q(AAT)Avy € KCHIRL(AAT Avy).

The polynomials py and p_j are Laurent polynomials of the form

k k
42) p= > wY e = WM.

j=—k+1 Jj=—k

Similarly, ¢_ and g are Laurent polynomials and are defined as

k—1 k
@3) gty =S T g = > e

]:—k ]:—k

The recurrence relations in (3.3) give rise to recurrence relations connecting the poly-
nomials p and g¢:

pi(t) = a_pq(t), k>0,
Pr(t) = Br-1qk-1(t) + arqr(t) + Brar (), k>1,
tq_(t) = agpr(t), k>1,
tqi(t) = Boipr(t) + a_gp_r(t) + Brprr1(t), k>1,
() = agtak(t), k>1,
t o k(t) = Opa—k(t) + oZya(t) + 6—kq_ 1y (1), k>1,
ax (1) = api(b), k>0,

q—i(t) = O_(1)P—e—1)(t) + o "Di(t) + Op—i(t), k>1,
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and tqo(t) = aopo(t) + Bopa(t), t'po(t) = o ' qo(t) + dog-1(t).
Define the following two inner products:

(4.4)  (f,9) = vi fF(ATA) g(ATA)vo,
(4.5)  [f, 9] = v f(ATA) ATA g(ATA)v,.

LEMMA 4.1. Leti,j € {—k,...,k}. The polynomials p; and p; are orthonormal
with respect to the inner product (4.4), whilst the polynomials g; and q; are orthonormal
with respect to the inner product (4.5).

Proof. By construction of the v;’s and u;’s we have

e e 1 ifi=j
<%M—WMM@%MAM_WW_{0ﬁ#j
and
o] = vTa(ATA) ATA 0. (ATA)vg — ulu, — 4 L =10,
[%M—%MAMAAMAMW—Ww—{oﬁ#j
0

Recall that, for 1 < j < 2k, 0; is a singular value of H, §; is a singular value
of K, and c¢; and d; indicate the corresponding right singular vectors of H and K,
respectively.

PRroOPOSITION 4.2.
(a) The zeros of the polynomial py are exactly 603, ...,03, .
(b) The zeros of the polynomial p_y, are exactly 03, ..., 9§k.
(¢c) The zeros of the polynomial q_, are exactly 03,...,03, .
(d) The zeros of the polynomial qi, are exactly 0%,...,05,.

Proof. The proof is similar for all of the polynomials; we will only give details
for the first two. Starting with py, let j € {1,...,2k — 1}. Using (2.5) it can be easily
seen that the Galerkin condition holds for the pair (0?, Vak—1¢5):

ATAVQk_1C]’ - 6’]2 ng._lcj 1 V2k;—1‘
Further, since Vog_1cj € Voi_1 it follows that
(ATA - H?I)V%,lcj € span{(ATA)* 1y, . (ATA)Fve}.

For each j = 1,...,2k — 1 we have that (ATA — H?I)ng,lcj € Vo but is orthogonal
to Vor_1. This means that for all j = 1,...,2k — 1 the vector (ATA — 0]2-1)V%_1cj is

a nonzero multiple of vj, = pp(ATA)vy. Hence py(t) contains all factors ¢ — HJZ,

i.e., its
zeros are exactly 9%, . ,H%k_l.

Similarly for the polynomial p_, let i € {1,...,2k}. Again, using (2.5), it can
be easily seen that the Galerkin condition holds for the pair (£2, Vord;). For each i =
1,...,2k the vector ((ATA)~! —¢21)Vayd; is a nonzero multiple of v_j = p_x(ATA)vy,
since it is orthogonal to Vo, but an element of Vori 1. Thus p_j contains all factors
(tt— sz), and thus all of the factors (71 — 9]._2), since H1 = K.

Similar proofs can be given for (c) and (d). Note that the proofs in [11, p. 467]
and [19, pp. 266—267] follow the same line of reasoning. O
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We know from (4.2) that pi(t) = Z?_ k1 ,ug Vi , which, using the result of
Proposition 4.2, implies that p; is of the form

(4.6)  pr(t) = p® (8= 03) - (¢ 03,_1).

Similarly, p_g, qi, and g_; are of the form

poi(t) = pS =) (7 = 652),
47 qpt) = y(_kk).tk—l.(t—l—9f2)'-'(t_1*95k2—1)’
al(t) = T 07) (- 03).

It turns out that the coefficients u,(ck), u(:kk), VE;k), and Vlik) can be expressed as a

product of certain entries of the matrices H and K introduced in (3.1) and (3.2),
respectively.

LEMMA 4.3. The coefficients /‘Ll(c ), ,u( kk), n kk), and Vk of the polynomials py,
Dk, ¢—k, and qi can be expressed as the product of entries of the matrices H and K

defined in (3.1) and (3.2), respectively:

k—1
(k:k) = H aznﬂ H(S ' and /’L )_5k_ly(—_kk)’

(48) i=—k+1 1:710 zkl
v = COM [T e L6 Lo and w? = 500300,
i=—k 1=0 =1

Proof. From the equations in (2.2), the expressions in (4.1), and from the form
of the matrices H and K whose entries are described explicitly in (3.1) and (3.2),
respectively, the following recurrence relations for the polynomials can be derived:

q-r(t) = Oékt_lpk(t),

(4.9) pi(t) = (q k() — 0_pr1p—rt1(t) — o 'pi(1)),
a(t) = p—i(1),
per1(t) = (tQk(t) — Brpi(t) — a—kp—k(t)).

Manipulating these relations one obtains recurrence relations for the coefficients:

I/(,k ) = (—D)F a1 o Bk 1 0 11 ! k:i )’
(4.10) /‘(:kk) = (-DFa_ppa, B0 040 (_;:11)7
) . k-1
= (-DFaila kﬁklﬂsk Vl(f Y,
(k+1)  _ 1) -1 (k)
Py = (—1) ak a_ ﬁk K 'U’k :

From these relations, the expressions for the coefficients follow easily. O
The results of Proposition 4.2 and Lemma 4.3 lead to the following corollary.
COROLLARY 4.4. The polynomials pi and p_j, can be expressed as

pr(t) = p)E det(tTop— — Roj-1),
por(t) = uGP - tF - det(t Loy, — Sap),
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(k)

where pu,

and u(__kk) are defined in (4.8), and So is the leading submatrix of order 2k

of §2k+1 defined in (3.5). The polynomials q, and q_j can be expressed analogously.

We recall from Proposition 2.1 that for increasing k the largest singular value of
Hyi. 1 converges monotonically to o1, and the inverse of the largest singular value of
K5, converges monotonically to o,. This implies that the largest zero of polynomial
pr increases monotonically to of. Likewise, the smallest zero of polynomial p_j de-
creases monotonically to o2. These polynomials are used in the next section to obtain

probabilistic bounds for both the largest and smallest singular value of A.

5. Probabilistic bounds for the condition number. After step k, extended
Lanczos bidiagonalization implicitly provides Laurent polynomials p; and p_;. In the
previous section we have seen that the zeros of pp and p_; are closely related to the
singular values of the matrices H and K (Proposition 4.2). Moreover, the polynomials
Ipk| and |p_g| are strictly increasing to the right of their largest zero and also to the
left of their smallest zero, for ¢ — 0. These properties will lead to the derivation of a
probabilistic upper bound for x(A). Therefore, we first observe the two equalities

L=|lvil* = Illps(ATA)vo|* = Hzpk ATA)viyill? Z%pk ,
= 1

1= |[v_i|® = lp-r(ATA)vo|* = HZP H(ATA) vyl = Z%p k(o
=1

Here we used, in view of (2.1), that ATAy; = o?y; and the fact that the right singular
vectors y; are orthonormal. Since the obtained sums only consist of nonnegative terms,
we conclude that

1
5.1 (o) < — and D_k O'i < —.

Similarly,

1= |lul? = [lg(AAT)Avo|* = || qu (AAT pyioxi* = Z%U ar(o
= 1

1= lul? = [lg-x(AAT) Avo|* = IIZq R(AAT yioix||* = Z%U q-r(o
=1

Here we used that AATx; = 0'Z~2Xi and the fact that the left singular vectors x; are
orthonormal. Again, the sum we obtain only contains nonnegative terms and thus
1 > o1 |71/ lgr(0?)], which gives us the inequality

1 1
(5.2) o1 ]qk(af)! < —, On ’(J—k(ogﬂ < :
Il |V

If 41 would be known, the first estimates in (5.1) and (5.2) would provide an upper
bound for ||A||? = 0%, namely the largest zero of the functions

,711‘, folt) = tlan(t)] — ——.
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Similarly, if «,, would be known, the second estimates in (5.1) and (5.2) would both

provide a lower bound for ||A~!||2 = 02, namely the smallest zero of the functions
1 1

g2(t) = t|qr(t)| — —

[l

91(t) = [p—r(t)] — ol
n
However, both 1 and -, are unknown. Therefore, we will compute a value § that
will be a lower bound for |y1| and |v,| with a user-chosen probability. Suppose that
|y1| < 8. Then the largest zero of f(t) = |pr(t)| — 6! is smaller than the largest
zero of f{*(t) = |pk(t)] — |y|~" and thus may be less then o?. This means that §
may not give an upper bound for 1. We now compute the value § such that the
probability that |y;| < § (or |y,| < ) is small, namely e. Let S"~! be the unit sphere
in R™. We choose the starting vector vp randomly from a uniform distribution on
S"=1 (MATLAB code: vO=randn(n,1); v0=v0/norm(v0)) (see, e.g., [17, p. 1116]),
which (by an orthogonal transformation) implies that (y1,...,7,) is also random with

respect to the uniform distribution on S,
LEMMA 5.1. Assume that the starting vector vo has been chosen randomly with
respect to the uniform distribution over the unit sphere S*! and let § € [0,1]. Then

)1/052752(1 )"z dt,

where B denotes Euler’s Beta function: B(z,y) = fol t*=1(1 — t)¥=1dt, and P stands
for probability.

Proof. For the first equality, see [21, Lemma 3.1], and for the second, see [15,
Theorem 7.1]. O

The user selects the probability € = P(]y1| < §), i.e., the probability that the
computed bound may not be an upper bound for the singular value o1. Given this
user-chosen ¢ we have to determine the § for which

arcsin(d)
| < 8) =2B(2L, 1)t cos" 2(t) dt = B("%L,
2 72 2
0

N[ =

Bine("3", 5,%)
(53) g = 1 1 )
Bine("575 3, 1)
where the incomplete Beta function is defined as Biyc(x,y, 2 fo tr 1 )y Lat.

The § can be computed using MATLAB’s function betalncmv With thls d we can
compute two probabilistic bounds, i.e., the square root of the largest zero of the
function f{ and the square root of the smallest zero of the function g¢. Computing
these values can be done with Newton’s method or bisection. Note that one could
equally choose to use the functions fg and gg . We thus acquire a probabilistic upper
bound for o1 and a probabilistic lower bound for o,:

o1 < aprOb and op > allf)rvsb.
Both inequalities are true with probability at least 1 —e. Since the coefficients v; and
vn are chosen independently, the probability that both inequalities hold is at least
1 — 2e. This proves the following theorem.
THEOREM 5.2. Assume that the starting vector vo has been chosen randomly
with respect to the uniform distribution over S"~1. Let ¢ € (0,1) and let § be given by
(5.3). Then apm , the square oot of the largest zero of the polynomial

(5.4)  f2() = lpe(®)] = 5,
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prob

ow » the square root of

is an upper bound for o1 with probability at least 1 —e. Also, o
the smallest zero of the polynomial

(5:5)  g1(t) = lp—k(t)] - 5.

s a lower bound for o, with probability at least 1 — €.

Note that the implementation of the polynomial uses the recurrence relations
in (4.9). Therefore, we approximate directly the singular values o and o, avoiding
taking squares or square roots. Combining these two bounds leads to a probabilistic
upper bound for the condition number of A.

COROLLARY 5.3. The inequality

prob
o _ ol

(56) w(A)= 2 < Do =y (4)
n low

holds with probability at least 1 — 2¢.

The probabilistic upper bounds usually decrease monotonically as a function of
k. The lemma below gives some intuition for this behavior.

LEMMA 5.4. Let t; and ty be such that [pp(t1)| = %, |pe+1(t2)| = 3, and define
M = apa_pBpdg. If t1 > 9% + M_l(l + \/M@z), then to < tq.

Proof. We investigate when |pg11(t1)| > %, since this implies t3 < t;. Denote by
0% > 0> 9%k+1 the zeros of the polynomial pgy1(t), and by 77% > 0> 77%1671 the
zeros of pg(t). Then

praa(ty)| _ | pe i =) (=B )|
pelt) | [t 0 ) (=) |
The relations in (4.10) show that |%| = (apa_Br0r) "t =1 M. By the interlacing
properties of singular values (n;—1 > 02,41 for i = 1,... k) we obtain the inequality
(t1 — 67)(t1 — 63)

S pes1(tr)| > M 0

So we are interested in finding #; such that M (t; — 03)(t; — 63) > t1, which is
M3 — (M(6F + 63) + 1)t + M6763 > 0.
This holds for
t1 > o (M(07 +63) + 1+ \/(M(03 + 63) + 1)2 — 4M20763)
5(67 + 603) + 337 + 737 /(M (0F — 03) + 1)% + 4M03.
Therefore, & |pr11(t1)] > 1 (and hence t5 < t;) holds for t; > 67 + M~ (1 ++/M#6y). O

6. Other condition estimators. In this section we will first compare probabilis-
tic results for k2(A) obtained by Dixon [2] and Gudmundsson, Kenney, and Laub [6]
with those of our method. Subsequently, we will briefly mention some condition num-
ber estimators for k1(A) and kp(A).

As for the method introduced in this paper, for all methods to approximate either
k1(A), or kp(A), or kao(A) discussed in this section, an LU decomposition is needed
and O(1) vectors of storage are required (for our method see the recurrence relations
(3.3) and the algorithm presented in Section 7). Note that of the approaches discussed
in this section only the block method by Higham and Tisseur [8] is also suitable for
complex matrices.
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6.1. Probabilistic condition estimators based on the 2-norm.
THEOREM 6.1. (see Dixon [2, Thm. 1]).} Let B be a symmetric positive definite
(SPD) matriz with eigenvalues A\y > --- > A\, and ¢ > 1. If v is chosen randomly on
the unit sphere, then

(6.1) vIBv <\ <¢-vIBv

holds with probability at least 1 — 0.8 \/n/(.

Note that the left inequality always holds; the probabilistic part only concerns
the second inequality. Dixon [2, Thm. 2| subsequently applies this result to both
BF = (ATA)k and B~% = (ATA)~*, which gives the following theorem.

THEOREM 6.2. (see Dixon [2, Thm. 2]). Let A be a real nonsingular n x n matrix
and k be a positive integer. For v, w € R"™, define

on(v,w) = (vI(ATA) v - wl(ATA) Fw)l/2k,
If v and w are selected randomly and independently on S~ and ¢ > 1 then
ere(v,w) < K(A) < C-pp(v,w)

holds with probability at least 1 — 1.6 \/n/Ck.

Kuczynski and Wozniakowski [17] present several probabilistic bounds for quan-
tities that are better estimates of the largest eigenvalue of an SPD matrix than the
one considered by Dixon, with the same number of matrix-vector products. They ap-
propriately call the method that leads to the quantity (VTBkV)l/ k studied by Dixon
the modified power method. The more common power method considers, with the
same number k of matrix-vector products, the Rayleigh quotient of B¥~1v, that is,
the quantity (B*~!'v)T BB*lv = v B%~ly. This generally results in a better ap-
proximation than the quantity considered by Dixon. In [17], the following results are
given for the power method and the Lanczos method.

THEOREM 6.3. (see Kuczynski and Wozniakowski [17, Thm. 4.1(a)]). With the
same notation as in Theorem 6.1, let 0 < n < 1. Let 6PV be the largest Ritz value
obtained with k > 2 steps of the power method. Then the probability that

(6.2) A < (1—n)"torow

holds is at least 1 — 0.824 \/n (1 — n)kfé.

THEOREM 6.4. (see Kuczyniski and WoZniakowski [17, Thm. 4.2(a)]). With the
same notation as in Theorem 6.3, let 0V be the largest Ritz value obtained with k
steps of Lanczos. Then the probability that

(6.3) A < (1—n)"totan

holds is at least 1 — 1.648 \/n e~ V1 (2k=1),

The proof of Theorem 6.4 uses a Chebyshev polynomial, a well-known proof tech-
nique in the area of Krylov methods. Extended Lanczos bidiagonalization adaptively
constructs a polynomial that is optimal in some sense for the given matrix and starting
vector. Therefore, as we will see below, our probabilistic bounds are usually better
than that of Theorem 6.4.

!Note that [2, Thm. 1] contains a typo: k should be 1.
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We can now apply Theorems 6.3 and 6.4 to B = ATA and B = (ATA)~! as above.
The following results are new, but follow directly from [17].

COROLLARY 6.5. Let A be a real nonsingular n X n matrix and let k be a positive
integer, and let v and w be random independent vectors on S™ L.

(a) [Power method on ATA and (ATA)"'] Let 0hox = VAP e the

VT (ATA)2E =2y
approzimation to o? obtained with k steps of the power method applied to ATA with
pow _ wl(ATA)-(Ck—1Dw
min ~ WT(ATA)7(2k72)W

with k steps of the power method applied to (ATA)~™! with starting vector w. Then

starting vector v, and let 0 be the approzimation to o, % obtained

R(A) < (L—n)~" (052 - Ooin)'/?
holds with probability at least 1 — 1.648 \/n (1 — 77)]“_%.
(b) [Lanczos on ATA and (ATA)™1] Let 0521 be the largest Ritz value obtained

with k steps of Lanczos applied to ATA with starting vector v, and let HII;I?E be the
largest Ritz value obtained with k steps of Lanczos applied to (ATA)™1 with starting
vector w. Then

K(A) < (1—n)~ 1 (Okan . glanyl/2

max min

holds with probability at least 1 — 3.296 \/ﬁe_\/ﬁ(%_l).

EXAMPLE 6.6. We now give an indicative numerical example for the diagonal ma-
trix A = diag(linspace(l,1e12,n)) of size n = 105 and x(A) = 10'2. In Table 6.1,
the probabilistic upper bounds by Dixon (the modified power method, Theorem 6.2),
Kuczyniski and Wozniakowski (the power method and the Lanczos method, Corol-
lary 6.5), and the extended Lanczos bidiagonalization method are considered. We
give the ratio k"P/ RIOW(A), where k"P denotes the various probabilistic upper bounds,
where the requirement is that each holds with probability at least 98%. As expected,
the power method gives a smaller ratio than the modified power method (see also [17]
for more details). The ratio generated by a Chebyshev polynomial is even better, tak-
ing into account the subspace effect of a Krylov method. However, the ratio obtained
with the polynomial implicitly generated by the method of this paper is the best.

Table 6.1: Ratios x"P(A)/k!°V(A) for A = diag(linspace(1,1e12,n)) of size n = 10°,
where k"P denotes the probabilistic upper bound provided by Dixon [2], Kuczytiski and
Wozniakowski (Corollary 6.5), and the extended Lanczos bidiagonalization method (Ext LBD).
We take k = 10, 20, and 30 steps, and require that all upper bounds «"P hold with at least
98% (¢ = 0.01).

k | Dixon K&W (power) K&W (Lanczos) Ext LBD

10 7.60 2.92 1.49 1.16
20 2.76 1.68 1.08 1.04
30 1.97 1.41 1.04 1.02

6.2. Condition estimators based on other norms. Next, we mention the
successful block method by Higham and Tisseur [8] to estimate the 1-norm condition
number 1(A) = || A1 [|[A™!||1. Although x2(A) and x1(A) are “equivalent” norms in
R" in the sense that L k1(A4) < ka(A) < nrk1(A), these bounds are much too crude
to be useful for large matrices. Therefore, we may well view k2(A) and k1(A) as
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independent quantities in practice; which one is preferred may depend on the user
and application.

Gudmundsson, Kenney, and Laub [6] present an estimator for the condition
number based on the Frobenius norm. They select k vectors from S™ !, compute
an orthonormal basis Q for the span, and take \/n/k||AQ||r ||A71Q||F as an esti-
mate for kp(A). Again, although k9(A) and kp(A) are related in the sense that
ko(A) < kp(A) < nka(A), they can be seen as independent quantities in practice.

7. Numerical experiments. We present the pseudocode for the extended Lanc-
zos bidiagonalization method including the computation of a lower bound and a prob-
abilistic upper bound for the condition number. This pseudocode shows that this
method requires only three vectors of storage. Because of the modest number of steps
needed to achieve the given ratio, it turns out that in our examples reorthogonalization
with respect to more previous vectors is not needed.

Algorithm: Extended Lanczos bidiagonalization method with lower and probabilistic upper bounds.

Input: Nonsingular (n X n) matrix A, random starting vector w = vg, probability level €, ratio ¢,
maximum extended Krylov dimension 2k.

Output: A lower bound kiow(A) and a probabilistic upper bound kup(A) for the condition number
k(A) such that kup/Kiow < ¢. The probability that k(A) < kup(A) holds is at least 1 — 2e. In the

unlikely event of a breakdown, the algorithm aborts and may not return any estimate.

1:  Determine 6 from n and €, see (5.3).
2: forj=0,....,k—1
3: u=Aw
L as =
5: if a_; =0, abort, end
6: u=u/a_;
7 u=A"u
8: if 5> 0
9: B—j =vTu
10: u=u-pg_;v
11: end
12: u=u-—oa_;w
13 8=l
14: if 3; =0, abort, end
15: v=u/pB;
16: u=A"Ty
17: if ||ul| = 0, abort, end
18: aji1 = [lul|™!
19: Create Hy(j41) using the obtained coefficients o’s and ’s (see (3.1)).
20: Determine largest and smallest singular values 01 and 0y(;1), respectively, of Hy(;41).
21: Compute lower bound Kiow(A) = 601/02(j41) for k(A) (see (3.4)).
22: Determine o55°® for o1 with probability > 1 — ¢ using f{ (see (5.4)).
23: Determine oP*°” for o, with probability > 1 — ¢ using g} (see (5.5)).
24: Compute probabilistic upper bound kup(A) = o5 / oPrP for k(A) (see (5.6)).
25: if Kup/Kiow < (, quit, end
26: u=aqaj;41u
27: u=A""u
28: §_; =wlu
29: u=u-—6_;w-— aj;llv
30: a1 = ul
31: if ;41 = 0, abort, end
32: W =u / 5j+1

33: end
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EXPERIMENT 7.1. First, we test the method on some well-known diagonal test
matrices to get an impression of the performance of the method. In Figure 7.1, we plot
the convergence of the probabilistic upper bound kyp(A) and lower bound Koy (A) as
a function of k for the matrix A = diag(linspace(1,1e12,n)), for n = 10° (a) and
for an “exponential diagonal” matrix of the form A = diag(p.”(0:1e5-1)) where p is
such that x(A) = 10'2 (b). The plots suggest that the spectrum of the latter matrix
is harder.

Fig. 7.1: The relative errors fyp(A)/k(A)—1 (dash) and 1 — kjow(A)/k(A) (solid) as function
of k, for A = diag(linspace(1,1e12,n)), n = 10° (a), and a matrix of the form A =
diag(p.~(0:1e5-1)) with x(A) = 10'2 (b). Here, fiow(A) is a lower bound and kyp(A) is an
upper bound with probability at least 98%.

3 20
2.5
z 15
o
f 2 3
Z 10
15
1 5
107 107 107 1072
€ €

(a) (b)

Fig. 7.2: For A = diag(linspace(1,1e12,n)), n = 10°, after k& = 5 steps of the method:
(a) the ratio kup(A)/kKiow(A) where kyp(A) is an upper bound with probability at least 1 — 2¢,
as function of €; (b) the iteration k needed to ensure that kyp(A) < 1.1-Kiow(A), where kyp(A)
is an upper bound with probability at least 1 — 2¢, as a function of ¢.

Next, for Figure 7.2(a), we carry out k& = 5 steps of the method for A =
diag(linspace(1,1e12,n)), n = 10°, and investigate the behavior of the ratio
Kup(A)/Kiow(A), where kyp(A) is an upper bound with probability at least 1 — 2e,
as a function of . In Figure 7.2(b) we plot the iteration k£ that is needed to ensure
that ryp(A) < 1.1 Kiow(A), as a function of .

EXPERIMENT 7.2. Next, we test the method to estimate the condition number
for some large matrices. The matrices we choose are real and nonsymmetric. Most
of these matrices can be found in the Matrix Market [18] or the University of Florida
Sparse Matrix Collection [1, 4]. The starting vector v is randomly chosen from a
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uniform distribution on S"~! as explained in Section 5. For these experiments we
choose ¢ = 0.01 which corresponds to a reliability of at least 98% for the bounds for
the condition number to be true (see Section 5). Also we choose ( =2 and ¢ = 1.1
such that the ratio of the probabilistic upper bound and the lower bound is < {. To
accomplish this, the method adaptively chooses the a number of steps k. Note that &
steps correspond to k operations with ATA and k operations with (A7A)~1. We use
Matlab’s betaincinv to compute § and bisection to compute the largest and smallest
zero of f{ and g{, respectively (see (5.4) and (5.5)).

In Table 7.1 the results for ( = 2 are presented. The reason of the choice of
¢ =2 is a comparison of our method to the block method by Higham and Tisseur [8]
to estimate the 1-norm condition number k;(A), which is reported to give almost
always an estimate correct to within a factor 2. Although x; and ko are independent
quantities (see Section 6.2 for comments), the methods have both a storage of O(1)
vectors and for both methods (only) one LU-factorization is computed which is needed
for the inverse operations A~! and A~7. The comparison is made to indicate that the
running time of the two methods usually does not differ much (see Table 7.1). As is
shown in Table 7.1, especially for the larger matrices, a large part of the computational
time is spent on the computation of the LU-factorization. Therefore, for such matrices
extended Lanczos bidiagonalization may be seen as a relatively cheap add-on. For
¢ = 2, usually only a modest number of steps k are sufficient. Of course, choosing a
larger ¢ will decrease this number of steps even more. While decreasing ¢ will make the
method computationally more expensive, for many matrices this will be a relatively
small increase in view of the costs of the LU decomposition. In Table 7.2 the results
for ¢ = 1.1, giving very sharp bounds, show that even for this small ¢ the number of
steps k and the running time remain modest.

Table 7.1: The approximations of the condition number & of different matrices using extended
Lanczos bidiagonalization. The method gives a lower bound k). for x and also a probabilistic
upper bound k,p that holds with probability at least 98% (¢ = 0.01). The method continues
until the ratio £yp(A)/Kiow(A) is below the indicated level of ¢ = 2. The number of steps k
needed to obtain this ratio and the CPU-time in seconds are shown. Also the percentage of
the time taken by the LU-decomposition is displayed. Lastly we give CPU! of condest (A).
The symbol x is used when the value is too expensive to compute.

Matrix A Dim. K Klow Kup k. CPU LU | CPU!
utm5940 5940 | 4.35-10% | 3.98-10® 7.21-108 |4 0.17 55 0.12
dw8192 8192 | 3.81-10° | 3.81-10° 5.07-10° | 6 0.10 49 0.08
grcar10000 10000 | 3.63-10° | 3.59-10° 5.80-10° | 6  0.07 30 0.05
memplus 17758 | 1.29-10° | 1.29-10° 2.47-10° | 6  0.17 57 0.13
af23560 23560 | 1.99-10* | 1.93-10* 2.82-10* | 6 093 73 0.88
rajat16 96294 * 5.63-10'% 5.69-10% | 5 929 97 9.19
torsol 116158 * 1.41-10'° 1.42-10° | 3 268 94 | 285

dci 116835 * 2.39-10%  459-10% | 5 5.87 94 5.57
twotone 120750 * 1.75-10° 291-10° | 4 137 75 1.33
FEM-3D-thermal2| 147900 * 3.05-10° 5.15-10° | 7 13.1 80 12.7

xenon2 157464 * 429-10* 814-10* |7 194 83 | 19.6

crashbasis 160000 * 6.30-10> 1.21-10° |7 335 64 2.59
scircuit 170998 * 2.40-10°  4.69-10° | 7 211 58 1.39
transient 178866 * 1.02-10** 2.00-10" | 8 776 87 7.12
stomach 213360 * 462-101 9.02-10* | 6 137 80 | 13.7
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Table 7.2: The approximations of the condition number & of different matrices using extended
Lanczos bidiagonalization. The method gives a lower bound k. for k£ and also a probabilistic
upper bound k,p that holds with probability at least 98% (¢ = 0.01). The method continues
until the ratio £yp(A)/Kiow(A) is below the indicated level of ¢ = 1.1. The number of steps k
needed to obtain this ratio and the CPU-time in seconds are shown. Also the percentage of
the time taken by the LU-decomposition is displayed. The symbol * is used when the value is
too expensive to compute.

Matrix A Dim. K Klow Kup k CPU LU
utm5940 5940 | 4.35-10% | 4.35-10% 4.71-10% | 10 036 60
dw8192 8192 | 3.81-10° | 3.81-10°  4.06-10° 9 013 35
grcar10000 10000 | 3.63-10° | 3.62-10° 3.97-10° |13 0.13 20
memplus 17758 | 1.29-10% | 1.29-10° 1.41-10° | 15 0.28 31
af23560 23560 | 1.99-10* | 1.99-10* 2.12-10% 9 110 63
rajat16 96294 * 5.63-10% 569-10% | 5 939 97
torsol 116158 * 1.41-10° 1.42-10° | 3 26.9 94
dcl 116835 * 2.39.-10%  2.45.10% 8  6.01 92
twotone 120750 * 1.75-10° 1.91-10° 7 169 64
FEM-3D-thermal2| 147900 * 3.15-10° 3.43-10° | 12 15.1 70
xenon?2 157464 * 4.32-10*  4.67-10* | 14 225 71
crashbasis 160000 * 6.40 - 10? 7.01- 107 18 5.21 40
scircuit 170998 * 2.45.10° 2.67-10° | 16  3.29 37
transient 178866 * 1.03-10**  1.11-10M | 21 924 73
stomach 213360 * 4.82-10  5.24-10* | 14 173 64

EXPERIMENT 7.3. We compare the new method with the following alternative
method to derive a lower bound for k2(A). First, one applies k Lanczos iterations
with ATA to a starting vector v, providing an approximation to o1(A) from the stan-
dard Krylov subspace Kpi1(ATA,v) = KM (ATA, v). Subsequently, one applies k
Lanczos iterations with (A7A)~! to the same starting vector v, giving an approxima-
tion to o, (A) from the subspace Kj41((ATA)™1, v) = KFFLI(ATA, v). Together these
two values form a lower bound for x(A) as in (3.4). The lower bound of extended
Lanczos bidiagonalization is always at least as good as the lower bound obtained by
the alternative approach, as the former approach considers subspaces of the extended
space KFTLEHL(ATA, v). Furthermore, since in the extended Lanczos bidiagonaliza-
tion procedure we can control the ratio {, a natural stopping criterion arises for this
method, as well as a good measure of the quality of both upper and lower bound. For
the other approach these features are both missing.

As an example, the lower bound of k(A) for the matrix A = af23560 using ex-
tended Lanczos bidiagonalization (k = 6) is 1.93 - 10* in 0.93 seconds. Using twice
a Lanczos procedure (k = 6) gives the lower bound 1.87 - 10* in 0.99 seconds. For
the same number of steps, the matrix stomach gives 4.62 - 10! for extended Lanczos
bidiagonalization (13.7 seconds) and 4.54 - 10! for the alternative approach (14.5 sec-
onds). Besides a better lower bound, an important advantage of extended Lanczos
bidiagonalization is that, almost for free, a probabilistic upper bound is provided as
well. Note that in this example the CPU time for extended Lanczos bidiagonalization
includes the time for the computation of the probabilistic upper bounds.

EXPERIMENT 7.4. Another alternative to approximate the condition number of A
is to use the svds command in Matlab. We compared our method, with the parameters
¢ = 1.1 and € = 0.01, to the outcome of the command svds(A,1,’L’)/svds(A,1,0).
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The results in Table 7.3 show that our method significantly outperforms the svds
approach concerning the running time (in these examples our method is 8 to 13 times
faster), giving the same lower bound for x(A). Again, as stated in the previous exper-
iment, our method gives also a probabilistic upper bound for the condition number
almost for free.

Table 7.3: For three matrices the lower bound given by the extended Lanczos bidiagonaliza-
tion (Ext LBD), with the parameters ¢ = 1.1 and € = 0.01, and the corresponding CPU time
in seconds. Also the bound given by the procedure using svds and the corresponding CPU
time in seconds is shown.

Matrix Ext LBD CPU svds CPU
memplus | 1.294 - 10° 0.28 | 1.294-10° 2.30
af23560 | 1.988-10% 1.10 | 1.989-10* 15.1
rajati6 | 5.629-10'%  9.39 | 5.629-10'% 100.9

Finally some words on a breakdown. A breakdown takes place when the method
has found an invariant subspace. This is a rare event; in exact arithmetic the proba-
bility that this happens for a k < n is zero since we have selected a random vector. A
breakdown has not been encountered in our numerical experiments. However, it might
happen in rare cases that in the algorithm a_; (Step 5), 8; (Step 13), ||u|| (Step 15)
or 0j41 (Step 28) are zero or very small. In such a case, we can just stop the method,
and return the lower and probabilistic bounds obtained before the breakdown. If these
do not yet satisfy the requirements of the user, we can restart the method with a new
random vector. An extra run of the extended Lanczos bidiagonalization method will
not increase the overall costs by much. With this adaptation we trust that the method
can result in a robust implementation for the use in libraries.

8. Discussion and conclusions. We have proposed a new extended Lanczos
bidiagonalization method. This method leads to tridiagonal matrices with a spe-
cial structure. The method provides a lower bound for x(A) of good quality and a
probabilistic upper bound for x(A) that holds with a user-chosen probability 1 — 2e.
Although we have not encountered any breakdown in the experiments, the algorithm
may abort and not return any estimate. When choosing k adaptively, given a user-
selected € and desired ratio kyp(A)/kKiow(A) < ¢, the results show that generally this k
is fairly small, even for { = 1.1. Only 3 vectors of storage are required. This method
can be used whenever an LU-factorization is computable in a reasonable amount of
time. (When this is not an option, methods such as the one in [9, 10] can be used.)

Acknowledgments We would like to thank Lothar Reichel for fruitful conversations,
and the two referees for very useful comments, which led to considerable improvements
of the first version.

REFERENCES

[1] T. A. Davis AND Y. Hu, The University of Florida sparse matriz collection, ACM Trans. on
Math. Software, 38 (2011), article 1.

[2] J. D. DIXON, FEstimating extremal eigenvalues and condition numbers of matrices, STAM J.
Numer. Anal., 20 (1983), pp. 812-814.



PROBABILISTIC CONDITION NUMBER BOUNDS 21

[3] V. L. DRUSKIN AND L. A. KNIZHNERMAN, Extended Krylov subspaces: Approzimation of the
matriz square root and related functions, STAM J. Matrix Anal. Appl., 19 (1998), pp. 755—
771.

[4] The University of Florida Sparse Matriz Collection. A repository for test matrices,
www.cise.ufl.edu/research/sparse/matrices/.

[6] G. GoLuB AND W. KaHAN, Calculating the singular values and pseudo-inverse of a matriz, J.
Soc. Indust. Appl. Math. Ser. B Numer. Anal., 2 (1965), pp. 205-224.

[6] T. GupMUNDSSON, C. S. KENNEY, AND A. J. LAUB, Small-sample statistical estimates for
matriz norms, SIAM J. Matrix Anal. Appl., 16 (1995), pp. 776-792.

[7] N. HALKO, P. G. MARTINSSON, AND J. A. TROPP, Finding structures with randomness: Prob-
abilistic algorithms for constructing approximate matriz decompositions, SIAM Rev., 53
(2011), pp. 217-288.

[8] N. J. HicHAM AND F. TISSEUR, A block algorithm for matriz I-norm estimation, with an
application to 1-norm pseudospectra, SIAM J. Matrix Anal. Appl., 21 (2000), pp. 1185

1201.
[9] M. E. HOCHSTENBACH, A Jacobi—-Davidson type SVD method, SIAM J. Sci. Comput., 23 (2001),
pp. 606-628.
[10] ———, Harmonic and refined extraction methods for the singular value problem, with applications
in least squares problems, BIT, 44 (2004), pp. 721-754.
[11] ———, Probabilistic upper bounds for the matriz two-norm, J. Sci. Comput., 57 (2013), pp. 464—
476.

[12] R. A. HORN aND C. R. JOHNSON, Topics in Matriz Analysis, Cambridge University Press,
Cambridge, UK, 1991.

[13] C. JAGELS AND L. REICHEL, The extended Krylov subspace method and orthogonal Laurent
polynomials, Linear Algebra Appl., 431 (2009), pp. 441-458.

, Recursion relations for the extended Krylov subspace method, Linear Algebra Appl., 434
(2011), pp. 1716-1732.

[15] E. R. Jessup AND I. C. F. IPSEN, Improving the accuracy of inverse iteration, STAM J. Sci.
Statist. Comput., 13 (1992), pp. 550-572.

[16] L. KNIZHNERMAN AND V. SIMONCINI, A new investigation of the extended Krylov subspace
method for matriz function evaluations, Numer. Linear Algebra Appl., 17 (2010), pp. 615—
638.

[17] J. KuczyNskl AND H. WOZNIAKOWSKI, FEstimating the largest eigenvalue by the power and
Lanczos algorithms with a random start, STAM J. Matrix Anal. Appl., 13 (1992), pp. 1094—
1122.

[18] The Matriz Market. math.nist.gov/MatrixMarket, a repository for test matrices.

[19] B. N. PARLETT, The Symmetric Figenvalue Problem, Classics Appl. Math. 20 STAM, Philadel-
phia, PA, 1998.

[20] V. SIMONCINI, A new iterative method for solving large-scale Lyapunov matriz equations, SIAM
J. Sci. Comput., 29 (2007), pp. 1268-1288.

[21] J. L. M. VAN DORSSELAER, M. E. HOCHSTENBACH, AND H. A. VAN DER VORST, Computing
probabilistic bounds for extreme eigenvalues of symmetric matrices with the Lanczos method,
SIAM J. Matrix Anal. Appl., 22 (2000), pp. 837-852.

[14]



PREVIOUS PUBLICATIONS IN THIS SERIES:

Number | Author(s) | Title | Month
15-26 E.N.M. Cirillo Effects of communication | July ‘15
M. Colangeli efficiency and exit capacity
A. Muntean on fundamental diagrams

for pedestrian motion in an
obscure tunnel — a particle
system approach
15-27 S. Karpinksi Analysis of an interior July ‘15
I.S. Pop penalty discontinuous
Galerkin scheme for two
phase flow in porous media
with dynamic capillarity
effects
15-28 J.H.M. Evers Measure-valued mass July ‘15
S.C. Hille evolution problems with
A. Muntean flux boundary conditions
and solution-dependent
velocities
15-29 B.S. van Lith Embedded WENO: a design | July ‘15
J.H.M. ten Thije method to improve existing
Boonkkamp WENO schemes
W.L. IJzerman
15-30 S.W. Gaaf Probabilistic bounds for the | Sept. ‘15
M.E. Hochstenbach matrix condition number
with extended Lanczos
bidiagonalization




