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Transitions between low and high-confinement (L-H transitions) in magnetically confined plasmas
can appear as three qualitatively different types: sharp, smooth, and oscillatory. Bifurcation
analysis unravels these possible transition types and how they are situated in parameter space. In
this paper the bifurcation analysis is applied to a 1-dimensional model for the radial transport of
energy and density near the edge of magnetically confined plasmas. This phenomenological L-H
transition model describes the reduction of the turbulent transport by E  B-flow shear selfconsistently with the evolution of the radial electric field. Therewith, the exact parameter space,
including the threshold values of the control parameters, of the possible L-H transitions in the
model is determined. Furthermore, a generalised equal area rule is derived to describe the
evolution of the transport barrier in space and time self-consistently. Applying this newly
developed rule to the model analysed in this paper reveals a naturally occurring transition to
an extra wide transport barrier that may correspond to the improved confinement known as the
very-high-confinement mode. [http://dx.doi.org/10.1063/1.4817945]

I. INTRODUCTION

In 1982 the ASDEX team discovered the so called “High
confinement mode” or “H-mode,”1 in which the energy confinement of a magnetically confined fusion plasma becomes,
typically, twice as good (compared to the standard “Low confinement mode” or “L-mode”). Although this very beneficial,
L- to H-mode transition has been seen in most present day
tokamaks, all physical mechanisms which are relevant to
these transitions are still not fully identified.2
Many different models have been introduced3,4 to explain
the reduction of transport due to the L-H transition. Some
models, based on sets of 0-dimensional dynamical equations,
are well capable of qualitatively describing global temporal
evolution behaviour around L-H transitions. However, they
lack a description of the radial structure of the transport barrier. Since the improvements of diagnostic capabilities to
observe highly spatially2 and temporally5,6 resolved edge profiles, there is a growing need for L-H transition models capable
of predicting such spatial and temporal observations together
with their threshold parameters. These 1-dimensionally
extended models exist (e.g., Refs. 7–9). However, their analysis was restricted to simulations of different dynamical behaviors without the determination of their full parameter space
and their corresponding threshold boundaries. Bifurcation
analysis, however, will give the exact boundaries in parameter
space between different states and the different types of transitions between them, and is therefore very useful in analysing
L-H transition models.
The nonlinear dynamics observed during L-H transitions
can be identified as certain fundamental bifurcations. These
bifurcations nicely organise the parameter space in different
a)

w.weymiens@differ.nl

1070-664X/2013/20(8)/082306/8/$30.00

regimes for the different types of transitions, such as the
sharp L-H and H-L transitions exhibiting hysteresis, the
smooth transitions, and the oscillating transitions (called
dithering or I-phase). Reference 10 gives the bifurcation
theory for 1-dimensionally extended models that allow the
characterisation of these typical bifurcations in a basic model
for the L-H transition based on partial differential equations
(PDEs). In this paper an advanced phenomenological
1-dimensional transport model for the L-H transition is analysed on the basis of this extended bifurcation theory. The
bifurcations of the steady state profiles are characterised together with their corresponding control parameters and
threshold values, which illustrates the robustness of the
bifurcation structure of these kinds of models under substantial modifications.
The considered model is based on the transport of particles and heat along the minor radius of a magnetically confined fusion plasma. The L-mode radial transport is assumed
to be dominated by turbulence. The influence of flows on turbulence is widely viewed as a mechanism able to reduce radial transport. More specifically, it is expected that the
E  B-flow, especially a shear in the E  B-flow,11,12 is capable of tearing apart turbulent eddies. So, to model this
effect properly it is necessary to include the evolution of the
radial electric field and the corresponding flow profile. The
small scale behaviour of the tearing of turbulence, and the
possible back reaction of turbulence generating zonal flows
is not contained in this model. The effect of the large scale
radial electric field gradient (mean flow shear) on the turbulence, is modeled by effective transport coefficients that
directly depend on the radial electric field shear. This phenomenological description of transport reduction is used often in literature,13,14 and has proven to be a useful
simplification for H-mode modeling.

20, 082306-1
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In general, nonlinear reaction diffusion systems can exhibit transition behavior. The spatial and temporal propagation of such transitions are analysed self-consistently, which
leads to a generalised equal area rule. This newly developed
rule could apply to all sorts of transition phenomena, such as
flame front propagation or the propagation of signals in neurons. In this paper the generalised equal area rule is applied
to the spatial and temporal evolution of the transport barrier15,16 as is described by the considered model. This analysis leads to the natural arising of two different types of
barrier width scalings. Right after the L-H transition the barrier width is set by the viscosity of the plasma, corresponding
to a width in the order of a few gyro-radii. If the heating
power is raised sufficiently, the barrier can grow inward, the
growing width being determined by the generalised equal
area rule. This growth of a larger transport barrier may be a
natural description of the occurrence of a very-high-confinement mode (VH-mode) as observed in DIII-D17 and JET,18
and it could occur naturally in some reaction diffusion systems with a certain general structure, the so-called S-curve
models.7,13,19
This paper is organised as follows. First of all, the 1dimensional L-H transition model is described in Sec. II. In
Sec. III, the relevant bifurcations for the L-H transition are
identified and compared to the original model introduced by
Zohm.8 In Sec. V, a generalised equal area rule is introduced
to describe the growth of the pedestal. In Sec. V, this rule is
applied to the considered model, and linked to the observation of VH-mode like states.
II. TRANSPORT MODEL FOR THE L-H TRANSITION

The degree of confinement is determined by the 1dimensional transport in a tokamak along the minor radius of
the torus, i.e., from the hot core of the toroidal plasma
towards the colder edge. The radial transport of particles and
heat is determined by the particle- and heat- fluxes, respectively, in the form of a continuity equation. We consider a
layer near the edge of the plasma that is relatively thin compared to the plasma minor radius. We approximate this layer,
just for conciseness, with a slab geometry, such that these
equations become
@n
@C
¼
;
@t
@r


@
nT
@q
¼ ;
@t c  1
@r

(1a)
(1b)

ions. The heat flux, q, is a combination of some effective radial thermal conduction and heat advection due to the net
mass-flow described by the particle flux, with c the adiabatic
index. A change from low confinement to high confinement
can therefore be described by a change in the transport coefficients; particle diffusivity, D, and heat conductivity v. In
L-mode the transport is dominated by turbulence. A well
known effect in turbulent fluid dynamics is the reduction of
turbulence by the generation of sheared flows,2 these flows
can be externally driven or generated from the turbulence
itself via, e.g., Reynolds stress leading to zonal flows.20 An
analogous self organisation mechanism could be responsible
for the formation of the self-sustained transport barrier in
fusion plasmas.21 The turbulence quenching sheared flows in
a plasma are identified as the E  B-flows.22–24 These flow
shears are indeed observed as driven by Reynolds stress in
the form of zonal flows,3,25 and externally driven by probes
generating a radial electric field,26 and by various other
mechanisms. This quenching mechanism is frequently modelled13,14 as an effective diffusivity depending on the E  Bflow shear,
D ¼ Dmin þ

(2a)

@T
CT
þ
:
q ¼ vn
@r c  1

(2b)

The particle flux, C, is governed by some effective particle
diffusion due to the anomalous transport of electrons and

(3)

where the prime denotes the radial derivative, and the square
of the flow shear expresses the fact that both signs of the
flow shear can suppress turbulence.27 A similar expression is
used for the thermal conductivity only with constants; vmin
and vmax . Since the E  B-flow driven by a radial electric
field can be approximated by, VEB  Er =B, the transport
coefficients take the form of
D ¼ Dmin þ

Dmax  Dmin
;
1 þ aZ0 2

(4)

where Z is the normalised radial electric field,
Z¼

qp eEr
;
Ti

and

qp ¼

mvth
:
qBp

(5)

Furthermore, we do not expect the L-H transition to be initiated by some specific difference between the two transport
coefficients. Such that we can make the following simplification: v ¼ D=fðc  1Þ, with f a proportionality factor, leading
to the following transport equations:


@n
@
@n
¼
D
;
@t @r
@r
 

@
@
n @T
@n
ðnTÞ ¼
D
þT
:
@t
@r
f @r
@r

where we assume equal temperatures of the ions and electrons, and the absence of particle and heat sources inside the
layer. The particle and heat fluxes are given by
@n
C ¼ D ;
@r

Dmax  Dmin
;
1 þ a~ ðV 0 EB Þ2

(6a)
(6b)

To model the evolution of the transport self-consistently it is
necessary to include the evolution of the radial electric field
explicitly7,8,28
e

@Z
@2Z
T @n cT @T
¼ l 2 þ cn 2
þ
 GðZÞ;
n @r
@t
@r
n @r

(6c)
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where e ¼ B2p =ðB2  i Þ is the dielectric constant of the polarised plasma. The radial currents are caused by the anomalous
shear viscosity of the E  B-drift29 (first term on the righthand side (RHS) where l  q2p is the ratio of viscosity to collision frequency). The second and third terms are due to the
bipolar part of the anomalous cross field flux, i.e., the excess
flux of electrons relative to that of ions.29 Furthermore, additional radial current contributions may be generated due to a
variety of mechanisms13,30 that depend on the radial electric
field itself, e.g., ion orbit losses,31,32 bulk viscosity32,33 (due
to the inhomogeneity of the magnetic field), the anomalous
cross field flux,28,33 Reynolds stress, collisional processes
(e.g., ripple diffusion, gyro viscosity), charge exchange,34,35
external current drive, etc., resulting in a function of the radial electric field with many terms, G(Z). However, general
bifurcation theory implies that the dynamics corresponding
to the L-H transition occurs in the neighborhood of the cusp
bifurcation.10 This cusp-bifurcation transition behaviour can
only occur around an inflection point of this nonlinear function of the radial electric field. Therefore, to describe the
transition behaviour it is sufficient to Taylor expand this
function of many terms around its inflection point to be able
to describe its L-H transition behavior. The Taylor expansion
around an inflection point at Z ¼ Zs is
GðZÞ  a þ bðZ  Zs Þ þ ðZ  Zs Þ3 :

(7)

This closed set of coupled PDEs (Eqs. (6a)–(6c)) is evaluated
on a spatial domain that must be considerably larger than the
size of the transport barrier to exclude boundary effects, but
small enough that the core boundary stays away from the
particle and heat sources in the core of the plasma. The outer
edge of the plasma at the scrape-off layer (SOL) side is fixed
at r ¼ 0. The inner boundary of the considered spatial domain
is located at r ¼ 1, this is allowed because compared to
the size of the transport barrier the inner boundary is far
enough away. At this inner boundary all the particles and
heat enters the system (there are no additional sources within
the domain). These influxes can be used as control parameters of the system
Cðr ¼ 1Þ ¼ constant ¼ C1
qðr ¼ 1Þ ¼ constant ¼ q1

(8)

Z0 ðr ¼ 1Þ ¼ 0:
At the other boundary of the system, i.e., the outer edge
of the plasma, the temperature, density, and radial electric
field are forced to drop toward zero with a certain e-folding
length into the scrape-off layer,
Te0 1
¼
;
kT
Te

n0e 1
¼
;
kn
ne

Ze0 1
¼
;
kZ
Ze

(9)

with constant gradient lengths kT , kn , and kZ of the same
order of magnitude, and where from now on the subscript
“e” is used for SOL edge values.

III. BIFURCATION ANALYSIS

The closed set of three PDEs (Eqs. (6a)–(6c)) with the
six boundary conditions (Eqs. (8) and (9)) is the complete
L-H transition model considered in this paper. This model
greatly resembles the model introduced by Zohm8 to explain
the dithering behaviour during L-H transitions, now often
called the I-phase. The only difference between both models
is the description of the effective diffusivity. In this paper
the transport is reduced due to a shear in the E  B-flow (see
Eq. (4)), in Zohm’s model only the value of the radial electric field was taken into account (not its shear) in the following way:
DðZÞ ¼

Dmax þ Dmin Dmax  Dmin
þ
tanhðZÞ:
2
2

(10)

The bifurcation analysis of Zohm’s model was done in Ref.
10 and led to the following equation relating the steady state
radial electric field profile to the steady state density profile:
GðZÞDðZÞ ¼

T1 DðZe Þ2
ðcn n^2 þ cg n^f2 Þ;
C1 k2n

(11)

where n^ ¼ n0 =n0e is the steady state density normalised to its
edge value, n0e ¼ C1 kn =DðZe Þ. T1 ¼ ðc  1Þq1 =C1
is the core boundary value of the steady state temperature,
and cg ¼ ðfcT  cn Þ=ð1 þ fkT =kn Þ. The derivation of Eq.
(11) did not rely on the fact the diffusivity explicitly
depended on the value of the radial electric field and not its
shear, therefore it is still valid when we plug in the diffusivity depending on the shear of the radial electric field.
Nevertheless, the RHS of Eq. (11) only depends on the radius via the density profile, that is a monotonic increasing
function of the radius (starting from n0e at r ¼ 0 and increasing to infinity at r ¼ 1). Therefore, the profile of the product GðZÞDðZ 0 Þ will be a smooth monotonic function of the
radius too, growing from zero at the core boundary to a constant value at the edge given by
GðZe ÞDðZ0 e Þ ¼ ðcn þ cg Þ

ðc  1Þq1
DðZ0 e Þ2 :
C21 k2n

(12)

Making use of the Robin boundary condition for the radial
electric field, Z0 e ¼ Ze =kZ , allows both sides of Eq. (12) to
be parameterised by Ze, as is shown in Fig. 1(a). The slope,
h, of the tilted dashed line is determined by a specific combination of the constant parameters of the system
h¼

C21 k2n
1
:
q1 ðc  1Þ cn þ cg

(13)

This specific value will then determine at which point both
sides of Eq. (12) are equal, i.e., both lines intersect, and
therewith the value of the transport coefficients at the edge
of the plasma. Obviously, high values of h will correspond to
L-mode transport and lower values of h will correspond to
H-mode transport. The L-H transition can thus be obtained
by increasing, e.g., the heat flux coming from the core, q1 ,
which is consistent with experiments. Additionally, other
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FIG. 1. The steady state solution at the edge of the plasma, Ze, is determined
by the intersection of the solid curve (parameterised by increasing Ze along
the arrows) with the tilted dashed line, as is dictated by Eq. (12). (a) E  Bflow shear model of this paper, (b) Zohm’s model for comparison.10

parameters can be used in this model to generate L-H
transitions.
In Fig. 1(b) the possible edge states of the radial electric
field for Zohm’s model are reproduced from Ref. 10. The
structure of the solutions of both models is qualitatively the
same, and therefore the same arguments can be applied to
find the bifurcations of this new model. A set of two fold
bifurcations are recognised at the values of h bounding the
region with three intersections (i.e., co-existence of L-mode
and H-mode solutions). These two different fold bifurcations
make sure there is hysteresis between the L-H transition and
the H-L transition. The Hopf bifurcations change the stability
of these stationary solutions. Right before the L-mode or
H-mode solution disappears (at the fold bifurcation), it already becomes unstable (at the Hopf bifurcation, where the
slope of the curved solid line is vertical). Thus, eventually
the L-H transition will occur at the Hopf-bifurcation threshold for h. However, if the H-mode is not yet stable (i.e., it
did not have its Hopf-bifurcation yet) the system will not
have a stable steady state solution and will start to oscillate.
This stable limit cycle, shown in Fig. 2, consists of a fast
transition where the radial electric field changes on a timescale of OðeÞ. The system then tries to relax towards an
H-mode profile on a diffusive timescale. However, it thus

FIG. 2. For this value of h the intersection occurs in the regime without stable stationary states at the edge of the plasma. Without those the system will
oscillate according to a stable limit cycle, as is created by the Hopf
bifurcation.

Phys. Plasmas 20, 082306 (2013)

reaches the other Hopf bifurcation, where the radial electric
field suddenly jumps back towards L-mode values, and subsequently the profiles adapt to these values on a diffusive
timescale. Thus the whole period of the limit cycle consists
of two diffusive parts and two fast jumps. The bifurcation
boundaries in parameter space determine the exact thresholds between the different types of dynamics. In Fig. 3, the
parameter space of both the E  B-flow shear model and
Zohm’s model is plotted, with the same values of the parameters. By comparing both parameter spaces of Fig. 3, one can
immediately notice the different sizes of the limit cycle
regions. So, in Zohm’s model that describes only a flow (not
the shear) the oscillations during an oscillatory L-H transition will last a lot longer than in the flow-shear model, when
the heating power is ramped-up at the same rate. Beside this,
the onset of the oscillatory behaviour in Fig. 3(b) is at values
of the heating power at which the flow shear model would
have past the oscillatory behaviour and went into H-mode already. Additionally, one can see that the values for hLH are
generally higher (i.e., lower heating power threshold) for the
flow-shear model, consistent with the believe that sheared
flow is more efficient in reducing turbulence than a flow
without shear.

FIG. 3. The ðb; hÞ-parameter space for fixed a < 0 of (a) E  B-flow shear
model of this paper, and (b) Zohm’s model.10 The cusp-shaped short-dashed
lines indicate the fold bifurcations (hf 1 and hf 2 ). The Hopf bifurcations consist of two parts, the dashed lines (hLH and hHL ) lead to the sharp L-H and
H-L transitions. At hH1 and hH2 the Hopf bifurcations are in reversed order,
such that in the region surrounded by the solid curve only limit cycle solutions are possible.
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IV. THE TRANSPORT BARRIER: SPACE AND TIME
CONSISTENTLY

In this model the radial electric field is the main bifurcating variable of the model that is similar to a three-component
reaction diffusion system of the FitzHugh-Nagumo type. In
general, these reaction diffusion systems have multiple stationary states and sharp transitions between them. These transitions can occur in time and space. The temporal transitions
are regulated by a first order derivative, and the spatial transitions are regulated by a second order derivative,
e

@X
@2X
þ l 2 ¼ FðXÞ  cðr; tÞ;
@t
@r

(14)

where F(X) is a nonlinear function, such that the RHS can
have up to three roots (X , X0, and Xþ ) depending on the
value of the control parameter cðr; tÞ that can be any continuous function of space and time. This form is generally valid
for reaction diffusion systems of the FitzHugh-Nagumo type,
however, in the following derivation the transitions between
the roots are discussed in terms of the L-H transition to make
the understanding of the applicability easier. Temporal transitions between the roots correspond to the sudden jumps
from L-mode to H-mode and back, and the spatial transition
occur when the core of the plasma exhibits L-mode like
transport and the edge region exhibits H-mode like transport.
The limit of purely temporal transitions, and the limit of
purely spatial transitions are well-known. In the limit of l ! 0
there is only a first order derivative of time, leading to a
maximal hysteresis rule16 for the temporal transition at
threshold values of the control parameter c, at cLH and
cHL , see Figs. 4(a) and 4(b). The other well known limit is
e ! 0, this limit describes with a second derivative in space
how a high transport core can be connected to a low transport edge solution. In this time independent case the equation
can be integrated over space once to give
dX
¼
dr

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð
2 X
ðFðXÞ  cÞdX;
l X

(15)

which must vanish at Xþ , leading to the Maxwell’s equal
area (MEA) rule,13,16
ð Xþ
ðFðXÞ  cMEA ÞdX ¼ 0;
(16)
X

where cMEA is defined to be that value such that the integral
vanishes, as is shown in Fig. 4(c), note that X and Xþ
depend on the value of the control parameter too. For the
consideration of the entire system consistently we assumed
that the jumps in time and in space are rapid (e and l are
small), such that the transitions happen in an almost 1dimensional zone in ðr; tÞ-space, where the tangent to the
zone is given by dr=dt ¼ v. This helps to treat both derivatives on the same footing: d=dt ! v d=dr, leading to the
solution
ﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð
dX
2 X
¼
KðXÞ dX;
(17)
dr
l X
where the new function K(X) must satisfy
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
ð
2 X
KðXÞ dX ¼ FðXÞ  cGEA ;
KðXÞ  ev
l X

(18)

where cGEA is defined such that the following integral
vanishes,
ð Xþ
KðXÞdX ¼ 0:
(19)
X

This is the generalised equal area (GEA) rule for the combined spatiotemporal transition from X to Xþ , that is visualised in Fig. 4(d). Note that KðX Þ ¼ KðXþ Þ ¼ 0 but
KðX0 Þ 6¼ 0 differs from FðX0 Þ ¼ cGEA by the square root of
its integral. The GEA rule determines the position in space
and time of the transition between L-mode transport and Hmode transport corresponding to the temporal growth of the
barrier region. In Fig. 5 the area in space and time which will
exhibit H-mode behaviour, i.e., the edge transport barrier, is

FIG. 4. (a) Maximal Hysteresis (l ! 0):
L-H transition. (b) Maximal hysteresis
(l ! 0): H-L transition. (c) Maxwell’s
equal area rule (e ! 0). (d) Generalised
equal area rule (l  1, e  1), where
the relation between K(X) and F(X) is
given in Eq. (18).
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will become clear in this section. The MEA rule would dictate a transition from Z to Zþ for such a value of f ð^
n Þ that
the following integral vanishes:
ð Zþ

GðZÞ þ

Z

fMEA
dZ ¼ 0;
DðZÞ

(21)

where Z and Zþ are roots of the RHS of Eq. (20) with
f ð^
n Þ ¼ fMEA such that
GðZ ÞDðZ Þ ¼ GðZþ ÞDðZþ Þ ¼ fMEA :

(22)

However, the GEA rule dictates a slightly different value of
f ð^
n Þ, namely, such a value that the solution of
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð
2 Z
fGEA
;
(23)
KðZÞdZ ¼ GðZÞ þ
KðZÞ  ev
DðZÞ
l Z
for K(Z), has a vanishing integral
ð Zþ
KðZÞdZ ¼ 0;

(24)

Z

where Z and Zþ are roots of the RHS of Eq. (20) with
f ð^
n Þ ¼ fGEA . This leads to a slightly different transition
criterium,
GðZ ÞDðZ Þ ¼ GðZþ ÞDðZþ Þ ¼ fGEA :
FIG. 5. A contour plot of the control parameter cðr; tÞ in space and time, in
which the special contours c ¼ cLH and c ¼ cHL are indicated. The asymmetric thick contour corresponds to the generalised equal area rule, c
¼ cGEA (Eq. (18)), bounding the region in ðr; tÞ that exhibits H-mode transport. cGEA depends on the local slope v ¼ dr=dt and has special values:
cGEA ðv ¼ 1Þ ¼ cLH , cGEA ðv ¼ 0Þ ¼ cMEA , and cGEA ðv ¼ 1Þ ¼ cHL .

given as function of the control parameter cðr; tÞ. The black
line surrounding the H-mode region is given by c ¼ cGEA
which depends on the local slope v. This nondecreasing
function, cGEA ðvÞ, has special values cGEA ð1Þ ¼ cHL ,
cGEA ð0Þ ¼ cMEA , and cGEA ð1Þ ¼ cLH .
V. TWO DIFFERENT REGIMES IN TRANSPORT
BARRIER SIZES

In this section we apply the GEA rule to Zohm’s model,
because it is possible analytically, and it leads to specific diffusivity profiles as plotted in Figs. 6(b)–6(f), which may help
the understanding. With the use of Eq. (11), we can rewrite
the evolution equation of the radial electric field, Eq. (6c), in
almost the same form as Eq. (14)
e

@Z
@2Z
f ð^
nÞ
þ l 2 ¼ GðZÞ þ
;
@t
@r
DðZÞ

(20)

where f ð^
n Þ is a pure function of the normalised steady state
density, but more importantly is always independent of Z.
The RHS of this equation is just slightly different than the
RHS of Eq. (14), which makes it possible that this system
can have two different regimes of transport barrier sizes as

(25)

Thus, if Ze passes a certain threshold value the GEA rule
predicts that the transition moves inwards into the plasma
starting out from the edge. It may occur that when this
requirement is not yet fulfilled the intersection in Fig. 1 is already on the low diffusivity side, indicating that the edge
state of the plasma has H-mode transport. This would lead to
a profile of the radial electric field having an L-mode value
in the entire spatial domain all the way up to the edge, where
it jumps to an H-mode value only at this edge boundary.
However, for finite viscosity, l 6¼ 0, this region is not infinitely thin, but of the order of the viscosity. Only when h is
decreased even further until the edge value of the radial electric field is such that the GEA requirement is fulfilled, then
the transition starts to move inward towards a much wider
transport barrier, as is shown in Fig. 5. In Fig. 6 an example
is shown of such a transition, where the system has to go
through a regime of a thin transport barrier set by the viscosity before the transport barrier can grow inwards according
to the GEA rule. In panel (a) the decrease of the control parameter simulating an L-H transition is indicated with the
sequence h1 ! h2 ! h3 ! h4 . The corresponding steady
state profiles of the diffusivity squared are shown in the surrounding panels, where the intersections (indicated with the
black dots) determine the value of GD at the edge. In panels b and c the system is still in L-mode. When the threshold
h ¼ hLH is met the Hopf bifurcation will make the L-mode
solution unstable and the system will jump towards the only
stable stationary state that is left. This very fast transition (of
the order of e) occurs along the lines of constant G(Z) as is
indicated by the arrow in panel (d). This is because on this
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FIG. 6. (a) The edge steady state solutions of Zohm’s model for different
values of the control parameter, h. The
profiles corresponding to these edge
solutions are indicated in the surrounding graphs together with the jump trajectory during the L-H transition. The
profiles are drawn from r ¼ 1 (i.e.,
GD ¼ 0) with diffusivity Dcore to
the edge at r ¼ 0 (i.e., GD ¼ Ge De )
with diffusivity De. (b) h ¼ h1 , Lmode: The profile of the diffusivity
squared which is almost constant over
the entire spatial region. (c) h ¼ h2 , Lmode: Approaching the L-H transition
De will slightly drop. (d) h ¼ hLH ,
The L-H transition: At the threshold
value the Hopf bifurcation makes the
L-mode unstable and the system jumps
to the stable H-mode branch following
the indicated trajectory; G ¼ constant.
(e) h ¼ h3 , “thin-barrier H-mode:”
The edge state did not yet exceed the
GEA-threshold, Eq. (25). The barrier
width is set by the viscosity, i.e., of the
order of an ion gyro-radius. (f) h ¼ h4 ,
“thick-barrier H-mode:” profile with
an enlarged pedestal, whose width is
set by the GEA rule.

very fast timescales the edge temperature and density cannot
adapt, such that G(Z) is not allowed to change too. However,
the end point of the jump does not necessarily coincide with
the edge stationary state dictated by the slope h. Therefore,
the system will evolve on a transport timescale until the new
stationary state is reached. This new stationary state has an
H-mode value at the edge, although the GEA condition, Eq.
(25), is not yet fulfilled. The corresponding profile in this
thin-barrier H-mode regime is plotted in panel (e). Only
when h is decreased so far that the intersection has crossed
the GEA condition, then the transition moves into the plasma
to build a thick-barrier H-mode as is shown in panel (f).
So there are two different regimes of barrier thickness, the
thick barrier has a width increasing with the input power,
while the thin barrier has a constant width as function of
the heating power. In the limit of small l, we can assume
that Z increases linearly from Z towards Zþ , with dZ=dr
pﬃﬃﬃ
/ ðZþ  Z Þ= l. If we define the end of the barrier to be
the point where the diffusivity is closer to L-mode values
than to H-mode values (Z ¼ 0 in the case of Zohm’s model),
pﬃﬃﬃ

than it leads to a barrier width proportional to l ðZþZ
Z Þ.
VI. CONCLUSION AND DISCUSSION

Bifurcation analysis is a powerful tool to compare the
qualitative transition behaviour of proposed L-H transition
models. The model analysed in this paper is based on the
reduction of transport due to E  B-flow shear combined
with the transport equations for heat and particles, and the
evolution of the radial electric field. The bifurcations found
in this system of PDEs showed the organisation in parameter
space of the three types of L-H transitions that are observed

in magnetically confined fusion plasmas. Mostly observed in
experiments is the sharp transition exhibiting hysteresis
between the forward L-H transition and the backward H-L
transition. Furthermore, there is the smooth transition from
L-mode to H-mode and back. Additionally, a region in parameter space is identified with oscillatory transitions, like
the dithering or I-phase. Since the qualitative bifurcation
structure is the same as the one of Zohm’s original model,8 it
illustrates that this bifurcation structure is robust under substantial modifications. It would be interesting to further
investigate how the bifurcation structure will or will not
change with additional physics. The evolution of the turbulence itself and its interaction with zonal flows, like the 0-D
variant introduced in Ref. 36, would be a relevant extension.
Recently, a paper was published37 which proposes such a
combination of the 1-D transport equations with the evolution of the turbulence and zonal flows, and is probably suitable for investigation with our bifurcation analysis.
Furthermore, the full analysis of the spatial and temporal
evolution of the transport barrier self consistently revealed a
natural description of another type of transition. After the
L-H transition a thin-barrier H-mode is created having a
width of the order of the viscosity (approximately several
gyro-radii). Thereafter, if the heating power is increased further, another threshold may be met, namely, GEA condition,
Eq. (25). This GEA rule than describes the growth of an
extra wide pedestal, the thick-barrier H-mode. This enlarged
pedestal regime might be the mechanism responsible for the
VH-mode observed in DIII-D17 and JET.18 This mechanism
described in this paper is quite generally valid for bifurcating
transport models (related to so-called S-curve models); however, a tokamak plasma might already reach some other
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limits (e.g., density limit, edge localized modes (ELMs) and
disruptions) before the required heating power is reached.
Since these effects are not incorporated in this model, we do
not claim to have found a direct way to reach a VH-mode
state.
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