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Abstract
The greedy spanner is the highest quality geometric spanner (in e.g. edge count and weight, both in theory and practice) known to be computable in polynomial time. Unfortunately, all known algorithms for computing it take Ω(n2 )
time, limiting its applicability on large data sets.
We observe that for many point sets, the greedy spanner has many ‘short’ edges that can be determined locally
and usually quickly, and few or no ‘long’ edges that can
usually be determined quickly using local information and
the well-separated pair decomposition. We give experimental results showing large to massive performance increases over the state-of-the-art on nearly all tests and reallife data sets. On the theoretical side we prove a nearlinear expected time bound on uniform point sets and a
near-quadratic worst-case bound.
Our bound for point sets drawn uniformly and independently at random in a square follows from a local characterization of t-spanners we give on such point sets.
This characterization gives a O(n log2 n log2 log n) expected time bound on our greedy spanner algorithm, making it the first subquadratic time algorithm for this problem
on any interesting class of points.
1

Introduction

A Euclidean graph on a set of points in the Euclidean
plane is a weighted graph with geometric distances as edge
weights. If a shortest route in the graph is at most t times
longer than the direct geometric distance between its endpoints, we say these endpoints have a t-path: a Euclidean
graph is a t-spanner - a spanner with dilation t - if all pairs
of points have t-paths. For
 anyt > 1, we can efficiently
n
edges in the Euclidean
find a t-spanner with O t−1
plane [8]. These ‘approximations’ thus have very few
edges compared to the complete Euclidean graph, while
approximately maintaining distances. This makes them a
useful tool in many areas.
A considerable amount of research has been done on the
topic of spanners [8] since they were introduced in network design [9] and in geometry [6]. Spanners have been
used as components in various geometric and distributed
algorithms.
We focus on the greedy spanner, which is a very sparse
graph with degree and weight bounds. On uniform point
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sets and a dilation of 2, one of its closest well-known competitors, the Θ-graph, has about ten times as many edges,
twenty times higher total weight and six times higher maximum degree. Unfortunately, all known algorithms computing the greedy spanner use Ω(n2 ) time [1, 4], making
the spanner impractical to compute on large point sets.
Algorithms with similar asymptotic behavior and lower
asymptotic construction time exist (see [8]), but the greedy
spanner stands out because of its favorable dependency on
t, which results in its unique strong performance in practice.
We observed that on real-world examples, the greedy
spanner contains mostly short edges with at most a few
longer edges. Whether an edge is placed depends only
on the points and edges in an ellipse with its endpoints as
foci and with eccentricity t, which is a small area for short
potential edges, hopefully containing few points. We can
therefore find these short edges using a bucketing scheme,
giving a speedup on such point sets.
For the ‘long’ edges, we consider the ‘long’ wellseparated pairs from a WSPD [5]. We first compute information from the ‘short’ edges, attempting to find witnesses
that show that certain ‘long’ well-separated pairs will not
contain greedy spanner edges. We then perform a standard
algorithm [1] on the (hopefully only few) well-separated
pairs for which we cannot find such a witness.
We present experimental results showing that the above
algorithm works very well on many data sets.
We show that our algorithm has a near-quadratic worstcase time bound. In order to explain its behavior observed
in experiments on realistic point sets, we analyze its performance on point sets distributed uniformly and independently at random in a square (or ‘uniformly distributed
points’ for short).
In this paper, we look at the ‘global’ property tspannerness and the greedy spanner, a graph for which the
existence of an edge may depend on all other points. Previous analysis techniques do not directly apply on such
properties. However, one of our main contributions is to
show that with high probability, greedy spanners do admit
a local characterization on uniform point sets.
We consider n points distributed
√ uniformly and inde√
n
×
n square. We use a
pendently
at
random
in
a
√ √
n× n scale for our square so that if a part of this square
has area A, then O(A) points lie in it in expectation. We
only consider the case of the Euclidean plane – our results
may generalize to higher dimensions, but we did not explore this. In this introduction, when stating bounds, we
assume t is a constant.
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We prove that such point sets are, with high probability,
configured in such a way that for any edge set E, if there
are t-paths between points at most O(log n) away from
each other, then there are t-paths between all points. In
particular, we show that we can construct a ‘witness’ of
this configuration in O(n log2 n log log n) expected time
if it exists, thus allowing our algorithms to always give the
right answer.
This result easily implies that with high probability the
greedy spanner has no long edges (longer than O(log n))
and furthermore that the ‘proof’ phase of our algorithm
will find the witnesses for this if it exists. As the grid strategy works well on uniformly distributed point sets, we obtain a O(n log2 n log2 log n) expected time bound on our
algorithm. To the best of our knowledge, this algorithm
is the first subquadratic algorithm to compute the greedy
spanner on any interesting class of point sets.
The rest of the paper is organized as follows. In Section 2 we introduce bridgedness. In Section 3 we show
uniform point sets are locally-O(log n)-bridged with high
probability. In Section 4 we give a fast algorithm that uses
this result. Finally, in Section 5 we present experimental
results. For the full proofs we refer to [2].
2

Bridging Points

In this section we will introduce the concept of λbridgedness for point sets. We will later use this concept in
our characterization of t-spanners on uniformly distributed
point sets. We will prove two geometric lemmas that will
help us with the result of Section 3.
Let P be a finite set of points in R2 , let n = |P |, and let
t ∈ R be the intended dilation (t > 1). Let G = (P, E) be
a graph on P whose edges are weighted with the Euclidean
distance between its endpoints. For two points u, v ∈ P ,
we denote the Euclidean distance between u and v by |uv|,
and the network distance in G by δG (u, v) (or just δ(u, v)
if G is clear from the context). We say a pair of points
(u, v) has a t-path if δ(u, v) ≤ t · |uv|. If all pairs of
points have a t-path, the graph is called a t-spanner.
Let a, b, p, q ∈ P be pairwise different points. We say
that the pair (p, q) bridges the pair (a, b) if t·|ap|+|pq|+t·
|qb| ≤ t · |ab|. Bridging points guarantee a t-path for (a, b)
if (p, q) is an edge and the pairs (a, p) and (q, b) already
have t-paths (as well as |ap|, |qb|, |pq| < |ab|).
We say that (p, q) is mandatory if the ellipse with foci
p and q and eccentricity t including its border contains no
points in P other than p and q. Any t-path between p and
q must fully lie within this ellipse, so if (p, q) is mandatory
then (p, q) ∈ E for any t-spanner E on P .
Let λ ∈ R. We say that a point a ∈ P is λ-bridged if
for all b ∈ P with |ab| > λ, there exist some mandatory
pair of points (p, q), p, q ∈ P , bridging (a, b). We say
that the point set P is λ-bridged if all points in P are λbridged. We say a point a ∈ P is locally-λ-bridged if it is
λ-bridged using only mandatory bridging pairs of points
at most λ from a. A point set P is locally-λ-bridged if

all points in P are locally-λ-bridged. Lemma 1 shows the
usefulness of this concept.
Lemma 1 Let P be a set of points that is λ-bridged. For
any Euclidean graph G = (P, E) it holds that G is a tspanner if and only if all pairs of points (a, b), a, b ∈ P ,
with |ab| ≤ λ have a t-path in G.
Lemma 2 Suppose we are given points a, b ∈ P , rectangles R1 and R2 and t > 1, such that (as per Fig. 1): R1
and R2 lie in between a and b, have a side parallel to ab,
have their centers on line segment ab, both have width w
t+1
h and R1 lies closer
and height h, are separated by s ≥ t−1
to a than R2 .
Then, for any p, q ∈ P with p lying in R1 and q lying in
R2 , (p, q) bridges (a, b).
w
s
p
a
h
b
q
Figure 1: (p, q) bridges (a, b)
We now use Lemma 2 to prove a stronger statement that
we will use to prove the full version of Theorem 4. Let
a, p, q ∈ P be pairwise different points and let A ⊆ R2
with a, p, q 6∈ A. We say that the pair (p, q) bridges (a, A)
if for every point b ∈ P with b ∈ A we have that (p, q)
bridges (a, b).
Lemma 3 Assume we are given a ∈ P , a line ` through a,
an angle α ≤ π/4, a constant cmax , rectangles R1 and R2
and t > 1, such that (as per Fig. 2): R1 and R2 have width
w and height h, are separated by s, have a side parallel to
`, have their centers on `, R1 lies between a and R2 , R2
lies at most cmax√away from a, R1 lies at least h/2 away
t+1
from a and s ≥ 2 t−1
(2 sin(α)cmax + h) + h.
Define A as the area in the cone with apex a, angle 2α
and bisector ` that is at least ccone = cmax + h/2 away
from a. Then for any p, q ∈ P with p lying in R1 and q
lying in R2 , (p, q) bridges (a, A).
The proof of this Lemma involves defining R10 and R20
as shown in Fig. 2 and showing that Lemma 2 can be invoked. We now have the tool needed for the main result.
3

Uniform Point Sets

Theorem 4 There exists ct dependent only on t such that
for every c > 0, if P is a set of n points
and
√
√ uniformly
independently distributed at random in a n × n square
and n is large enough, then with probability at least 1 −
n−c , P is locally-(c · ct log n)-bridged.
To prove this we show that every point in P is locally(c · ct log n)-bridged simultaneously with high probability.
We will use Lemma 3 to achieve this.
The rectangles in Lemma 3 can be chosen to have a
roughly constant chance of containing a point, and if we
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coordinates, the union corresponds to a lower envelope.
Since the hyperbolas pairwise intersect at most twice, this
envelope has linear complexity and can be computed in
O(nh log nh ) time for nh hyperbolas [3,10]. This gives an
efficient test of t-paths from s to all other points as least as
accurate as local-λ-bridgedness.

h

`
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Figure 2: R1 and R2 are covered by R10 and R20 , which
satisfy the requirements of Lemma 2
can fulfill the other requirements, the resulting pair of
points bridges a relatively large part of R2 . In fact, we
need only dπ/αe cones (we will end up picking α =
O(1/ log n)) to cover the area we wish to cover. We
show the likely existence of a pair of mandatory points
that bridges a single cone and use a union bound to show
such pairs are likely to exist for all cones simultaneously.
4

The Algorithm

We first introduce three tools used in the results below.
Let c and ct be as in Theorem 4 throughout this section.
The first
is that we can divide the input into a
√
√
n
n
c·ct log n × c·ct log n grid in O(n log n) time, with every
cell containing in expectation O((c · ct log n)2 ) points.
The second tool is the ‘local’ Dijkstra algorithm. It determines for all points at most λ away from a source point
s whether it has a t-path to s and if so, their network distance. It differs from the standard Dijkstra algorithm in
that it only adds the points to the queue at most λt away
from the source s by considering the points lying in cells
at most λt away from s, and only considers the edges Es
that lead to such a point. Using the grid this can be done
in O((λ2 + |Es |) log λ) expected time.
The third tool is called path-hyperbola. It is an area
given by an origin point u ∈ P , a focus v ∈ P and an
edge set E, and is defined as P H(u, v, E) = {a ∈ R2 |
d(P,E) (u, v) + t · |va| ≤ t · |ua|}. Obviously, if (p, q)
bridges (a, b), then b ∈ P H(a, q, E) for every edge set E
with t-paths for pairs of points (u, v) with |uv| ≤ |ab|,
making path-hyperbola at least as powerful as bridging
points for guaranteeing t-paths.
If we perform a local Dijkstra on s, we either find pairs
of points without t-path, or we find a set of network distances that induce a set of path-hyperbola. If s is locallyλ-bridged, the union of path-hyperbola will be a superset of the area more than λ away from s. This union can
be computed in O(λ2 log λ) expected time: using polar

Greedy Spanner. Consider the following algorithm that
was introduced by Keil [7]:
Algorithm GreedySpannerOriginal(V, t)
1. E ← ∅
2. for every pair of distinct points (u, v) in ascending
order of |uv|
3.
do if δ(V,E) (u, v) > t · |uv|
4.
then add (u, v) to E
5. return E
The graph returned by this algorithm is called the greedy
spanner on V for t and it is obviously a t-spanner, but the
algorithm has a O(n3 log n) running time. We make the
following observation:
Lemma 5 If P is λ-bridged, then the greedy spanner on
P does not have edges longer than λ.
Our algorithm consists of two phases. First we combine Lemma 5 with Theorem 4 to quickly compute a graph
which (on uniform point sets) with high probability is the
greedy spanner. In the second phase we use path hyperbola
to verify if the resulting graph is indeed the greedy spanner. In this phase we may have to recompute some parts
if we could not find a witness using the path hyperbolas.
This ensures that we end up with the greedy spanner.
Phase I. We use the algorithm introduced in [1] (we will
not explain that algorithm here), except we use our local
Dijkstra instead of a normal Dijkstra and only consider
well-separated pairs {Ai , Bi } with min(Ai , Bi ) ≤ λ,
where min(Ai , Bi ) indicates the minimal distance between the bounding boxes of Ai and Bi .
Using the analysis in [1] and using that the greedy
spanner has degree O(1), we conclude that if m is
the number of considered well-separated pairs, the running time
Pmof our modified algorithm is O(n log n +
λ2 log λP i=1 min(|Ai |, |Bi |)). We
Pmtherefore need to
m
bound
min(|A
|,
|B
|)
≤
i
i
i=1 |Ai | + |Bi | =
i=1
P
|{{A
,
B
}
|
a
∈
A
∨
a
∈
B
}|.
i
i
i
i
a∈P
For any r ∈ R, a point p can only be in O(1) wellseparated pairs of length at most a constant factor higher or
lower than l [5, Lemma 4.6.1]. We can therefore partition
the well-separated pairs containing p into O(1)-sized sets
of similar length. As the minimal length per set differ by at
least a constant factor,
we conclude |{{A
 i , Bi } | a ∈ Ai ∨

maxi {`({Ai ,Bi })}
, here `(Ai , Bi ) is
a ∈ Bi }| = O log min
i {L({Ai ,Bi })}
the distance between the centers of the bounding boxes.
This last expression is O(log λ) in expectation on uniform
point sets, giving an expected running time of O(n log n +
nλ2 log2 λ).
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Phase II. The second phase gathers path-hyperbola as described earlier. We then consider the well-separated pairs
that did not get considered in the first stage and try to prove
for them that they will not produce a greedy spanner edge.
For the remaining pairs, we employ the algorithm of [1] to
find the remaining greedy spanner edges.
If for a point u ∈ Ai , the bounding of box Bi is covered by the union of path-hyperbola computed for u (testing this takes O(log n) time), then we say u is discounted
with respect to {Ai , Bi }. If all u ∈ Ai are discounted,
then {Ai , Bi } will not contain a greedy spanner edge and
we say {A
Pim, Bi } is discounted. This can be computed in
O(log n i=1 |Ai | + |Bi |)) = O(n log2 log n) expected
time by an earlier argument.
We then perform the algorithm from [1], with small differences. We ignore pairs that have been discounted in the
previous phase, and we do not perform a Dijkstra operation on points which have been discounted with respect to
that pair as well. By Theorem 4, all pairs are discounted
with high probability and hence this phase takes constant
time in expectation on uniform point sets.
Using the expected running time of O(n log n +
nλ2 log2 λ) and λ = c · ct log n gives the following theorem
Theorem 6 There is an algorithm that, given t and
√
√ a point
set P whose points are uniformly distributed in a n× n
square, computes in O((n+|E|)(ct log n)2 log2 (ct log n))
expected time its greedy spanner, where ct is a constant dependent only on t. The algorithm uses O(n2 log2 n) time
on arbitrary P .
5

Experimental results

We have tested the performance of our algorithm and
WSPD-Greedy from [1]. All other published algorithms
use quadratic space, and therefore running them on more
then 10.000 points quickly becomes infeasible so we decided not to include them in our experiments. For a detailed comparison between the major quadratic space algorithms and WSPD-Greedy we refer to [1]. We generated point sets according to several distributions. We have
recorded space usage and running time (wall clock time).
The results are averages over several runs where new point
sets were generated for each run. We discuss the performance on uniform point sets and on clustered point sets
as these represent the best and worst cases respectively for
our algorithm (with respect to our set of tests). To generate the clustered point set we used√the same method as [1],
that is, for n points,
it consists of n uniformly distributed
√
point sets of n uniformly distributed points.
Dependence on instance size. We have compared running time and space usage of WSPD-Greedy and our algorithm for different values of n. The space usage of
our algorithm in both test sets was a small constant factor lower than that of the WSPD-Greedy algorithm when
using t = 2 as the dilation decreases the space usage on

clustered point sets becomes more similar whereas on uniform point sets our algorithm becomes significantly more
efficient. The running time on the clustered point set using t = 2 is about a factor 6 faster. On uniform point
sets our algorithm appears to run in linear time making it
much faster than WSPD-Greedy. On such a point set with
300.000 points, our new algorithm needs 19 minutes to
compute greedy spanner for t = 2, whereas WSPD greedy
needs 17 hours on the same point set.
Aside from generated instances we also experimented
on some real point sets from the TSPLIB1 . The performance of our algorithm on these real datasets seems to be
close to the uniform point sets and hence our algorithm
also gives a massive improvement on these datasets.
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