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Chapter 1

Introduction
1.1 Motivation
Blood is, to good approximation, a suspension of deformable red blood cells in a
homogeneous fluid, the blood plasma. The high cell volume fraction, or hematocrit, of
typically 0.5 implies that the macroscopic properties of blood are strongly determined
by the cells. While a cell diameter amounts to about 8 µm, the scale of the flow can
range up to the range of centimeters in the case of whole organs or large blood vessels.
This makes the study of blood flow a multi-scale problem.
The difficulty is illustrated by Fig. 1.1: the largest computational studies performed
within the following work comprise many thousands of cells and were performed on
massively parallel supercomputers. Still, the volumes accessible are insufficient to
model blood flow in whole organs or even in the cross section of a large blood vessel.
To tackle these issues, several tools have to be combined. Current supercomputers
can indeed provide the capability to model suspensions with millions of cells but only
if suitable simplified descriptions for each cell are used. A difficulty consists in the
development of appropriate simplified models that still have to capture the important
effects in order to be predictive. Here, theoretical understanding can help, together
with observation from experiments and detailed simulations of smaller numbers
of cells. From a practical point of view, the goal is to develop constitutive models
for blood at continuous scales that are efficient enough to be conveniently applied
to flows on the scale of whole organs and at the same time are predictive not only
for blood flow itself but also for the mass transport, for example of drugs. Such
models could allow patient-specific support for clinicians when planning surgical
interventions or estimating the risk of thrombus formation.
The thesis at hand deals, to strongly differing extents, with most of the above tools.
Large-scale simulations are performed, coarse-grained and continuous models are
developed, but also basic and theoretically founded principles of hydrodynamics are
employed. After all, it can be expected that the following work provides a useful,
even though small, contribution to the knowledge about the flow of suspensions in
general and of blood in special.
1
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Introduction
Figure 1.1: Visualization of one of
the largest simulations performed
in the present work. A cubic volume of blood with an edge length
of 0.34 mm comprises ∼105 red
blood cells. Still, such volumes
are not nearly sufficient to model
blood flow in a whole organ or
even in the cross section of an
artery.

1.2 Outline of the thesis
A brief guide to the chapters of the thesis follows. In general, these are largely based
on the publications listed on p. 155f. Chapter 2 presents a minimal introduction to
hemodynamics. Also an overview over previous computational studies is given.
The following Chapter 3 makes the reader familiar with suspension dynamics
at low Reynolds numbers. Though some of the following chapters treat flows with
finite inertia, the assumption of Stokes flow is a viable approximation for large parts
of the work and provides great insight due to the accompanying simplifications. The
chapter closes, again, with an overview on computational methods.
The only computational method employed in this thesis is the lattice Boltzmann
(LB) method. It is therefore introduced in more detail in Chapter 4. Special room is
given to the momentum exchange method which is employed for the implementation
of suspended particles or cells. To the important issue of lubrication interactions,
however, Chapter 7 will be dedicated. The scalability of the LB code on massively
parallel supercomputers is demonstrated.
Chapter 5 presents a coarse-grained yet particulate description of blood based
on empiric model potentials that are fitted to reproduce the macroscopic viscosity of
blood. The model is examined in flows at different degrees of confinement. While
certain features known from experiments can be reproduced, a more critical analysis
reveals several inconsistencies that render the approach generally unsatisfying and
inappropriate for predictive studies of phenomena that involve single cells. Therefore,
the development of a physically more consistent but still coarse-grained blood model
is proposed. The new model involves an accurate account for lubrication interactions
and a more consistent description of tank-treading and possibly cell deformation.
Before the development of this improved model is started, the existing one is still
applied for a qualitative demonstration in Chapter 6: it is shown, how a continuous
blood model, developed with the aid of a coarse-grained particulate model, can lead
to qualitative predictions not only of the general flow behavior in a stenosed channel
but also of the cell-induced fluid velocity fluctuations.
Chapter 7 describes the development of an accurate model for sub-lattice lubrication corrections for the interactions of aspherical particles in LB/momentum exchange

1.2. Outline of the thesis

3

simulations as the first development step towards the improved blood model. On
the way, a comparison with lubrication models existing in the literature is made and
the importance of an accurate description of non-normal lubrication corrections is
demonstrated. Good agreement is found regarding the viscosity obtained in Stokesian
dynamics simulations of spheres.
In view of the fact that with the above achievements, an accurate simulation model
for hydrodynamically interacting spheroidal particles is available and considering
that, though spheroids being one of the simplest possible departures from a spherical
particle shape, the literature seems to cover at least dense suspensions of spheroids
only insufficiently, the following Chapter 8 departs from the proposed path for the
development of a more consistent blood model. Instead, the now existing rigid particle model is employed to study shear-induced self-diffusion of spheroidal particles as
a function of the volume fraction and of the aspect ratio. Also here good consistency
with Stokesian dynamics simulations is found in the special case of spheres and an
appropriate treatment of lubrication interactions is shown to be crucial to obtain
accurate results. Preliminary results are presented for the dependency on the particle
Reynolds number and for fluid tracer diffusion. The methods developed here to
compute diffusion coefficients could easily be applied to quantify shear-induced
diffusion for the proposed improved blood model as well.
Chapter 9 summarizes and concludes the thesis. The aforementioned improved
coarse-grained blood model is outlined in more detail: it is explained how tanktreading and deformation could be included into the rigid particle model and which
results could be expected from the proposed model. The chapter closes with suggestions for further research possible already with the present model for suspensions of
rigid spheroidal particles.
In the Appendix, information supplementary to Chapter 7 is given which is
required for the implementation of the model for lubrication corrections.

4
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Chapter 2

Introduction to hemodynamics
Here, the basics of hemodynamics are introduced as far as they are required for
the understanding of the following chapters. For a more thorough introduction the
reader is referred to the textbooks by Fung [53–55] and to reviews [59, 132]. Finally,
an overview of computational modeling in hemodynamics is presented.

2.1 The human circulatory system
The flow of blood in the circulatory system serves as a means of transport for oxygen, carbon oxide, nutrients, and various further molecular and cellular compounds
responsible for tasks such as immune defense or hemostasis. Pulsatile flow is established by the heart as a pump which drives de-oxygenated blood through the
pulmonary circulation system in the lungs to exchange carbon-dioxide and oxygen
with inhaled air and consecutively through the larger systemic circulation supporting
the remaining body. From there, the blood flows back to the heart. Though the actual
topology can vary strongly between different regions of the body, these two parts
of the circulatory system are divided similarly into arteries, which transport blood
coming from the heart, veins, which provide transport back to the heart, and the
microcirculation in between. The microcirculation itself is embedded in the tissue
it supports. It consists of capillaries, which allow for diffusive mass exchange with
the surroundings, and vessels of intermediate size, called arterioles and venules
that connect the capillaries to the arteries and veins, respectively. The diameter of
the blood vessels varies over several orders of magnitude, ranging from the order
of 1 cm in the largest arteries and veins over ∼100 µm in the largest arterioles and
venules to only few µm in the capillaries [132]. It has to be noted that, while the heart
mechanically causes the flow of blood, efficient flow would not be possible without
the vessels’ specific properties which include the elastic compliance of the arteries,
their well-balanced sequence of bifurcations into smaller vessels, and the presence of
valves in the larger veins gathering the blood distant from the heart.
In the largest vessels, important parameters to characterize the flow of blood are
the Reynolds number
ρuL
Re =
(2.1)
µ
5
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diameter: 7.82 µm
volume: 94 µm3
surface area: 135 µm2
(a)

(b)

Figure 2.1: (a) Scanning electron microscopy image of (from left to right) a red blood
cell, a blood platelet, and a white blood cell (taken from Wikipedia, recorded at NCIFrederick). (b) 2D cut of a red blood cell, showing its biconcave rest shape together
with average values for its dimensions under physiological conditions (figure inspired
by Evans and Fung [46]).
as the ratio of inertial forces of a steady flow and viscous forces and the Womersley
number
r
ωρ
α=L
(2.2)
µ

which is connected to the ratio of transient inertial forces of a pulsatile flow and
viscous forces [54]. Here, u stands for the velocity of the flow, L for a characteristic
length of the vessel geometry, ω for the pulsation frequency, and µ and ρ for the
dynamic viscosity and density of blood. Since µ, ρ, and ω do not vary much over the
circulatory system while u and L strongly decrease with increasing distance from the
heart, the same is observed for Re and α. This work addresses the flow of suspensions
under conditions similar to the ones found in the microcirculation. There, in fact, both
Re < 1 and α < 1 which means that inertial and time-dependent effects can usually
be neglected and the balance of driving pressure and viscous stresses is dominating
the flow.

2.2 Composition and rheology of human blood
Human blood is not a homogeneous substance but can be approximated as a suspension of deformable red blood cells (RBCs, also called erythrocytes) in a Newtonian
liquid, the blood plasma, which has a dynamic viscosity of µ0 = 1 cP = 10−3 Pa s,
close to that of water [148]. Under physiological conditions the volume concentration
of RBCs (or hematocrit) typically amounts to 0.4 to 0.5 in larger blood vessels. Other
constituents, such as white blood cells (leukocytes) and blood platelets (thrombocytes)
play important roles for the immune system and in blood clotting but are present
only in far lower volume concentrations [59] and, therefore, of minor importance for
blood rheology. Solved in the plasma are different types of proteins, one of the most
influential in blood rheology being fibrinogen [59].
The main biological task of RBCs is the transport of oxygen through the body.
Optimized for this task, the cells contain no nuclei but an incompressible volume of
a concentrated solution of hemoglobin to which oxygen can bind easily [148]. This

2.2. Composition and rheology of human blood

RBCs
hard spheres

1

10

3

10

2

101
(a)
100
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Φ

untreated blood
no plasma mol.
hardened

aggregation

10

2

µr

µr

10

7

deformation

(b)

100
10

-2

0

10.
γ [s-1]

10

2

104

Figure 2.2: (a) Blood viscosity at high shear rates (γ̇ > 250 s−1 ) (experimental data
from Shin et al. [152]) compared to the Krieger-Dougherty model for suspensions of
rigid spheres (parameters Φm = 0.65 and [η] = 2.5; cf. [158]) as a function of the
volume fraction or hematocrit Φ. (b) Viscosity experiments by Chien [27] at Φ = 0.45:
without plasma molecules, RBCs do not aggregate at low shear rates and viscosity is
reduced. The ability of cells to deform is responsible for the shear thinning at high
shear rates. Hardened cells therefore lead to higher viscosity (idea and experimental
data from Chien [27]).

solution can be approximated as a Newtonian fluid with a viscosity that is several
times higher than the one of the surrounding blood plasma [53]. It is contained within
a thin lipid bilayer membrane that is locally supported by a cytoskeleton [148]. The
membrane strongly resists any change in area but readily allows for shearing motion
and exhibits a relatively small resistance to bending [148]. It consequently can be seen
as a two-dimensional viscoelastic medium in which the lipid bilayer is responsible
for the viscous and the cytoskeleton for the elastic behavior [148]. In the absence of
external stresses, erythrocytes assume the shape of biconcave discs with a diameter
of approximately 8 µm [46] (see Fig. 2.1). Since this shape contains a volume that is
smaller than the maximum one which could be contained in a sphere of equal surface,
a large variety of deformed cell shapes is accessible under the constraint of conserved
volume and surface area. From experiments it is known that cells are able to pass
through pores with diameters of less than 3 µm unharmed.
Due to their high volume fraction, red cells strongly affect the rheology of blood
and its clotting behavior [53]. Compared to suspensions of rigid objects it is remarkable that blood retains its ability to flow even at hematocrit values considerably
beyond the maximum packing fraction of spheres [53], see Fig. 2.2(a). This ability
can be attributed to the shape and deformability of RBCs that was mentioned above.
Experimental measurement of the viscosity of blood at varying shear rates allows
deeper insight into the effect that the composition of blood and the properties of RBCs
have on its rheology. In his well-known work, Chien [27] observed a reduction in the
relative viscosity of human blood at a hematocrit of 0.45 by a factor of about 50 when
increasing the shear rate from 10−2 to 4 × 102 s−1 (see Fig. 2.2(b)). Chien repeated the
experiment with cells that are suspended in a solution that has the same viscosity as

8
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blood plasma but lacks the plasma proteins fibrinogen and globulin that are known
to be responsible for the aggregation of cells into so-called rouleaux [53]. The result is
an almost unchanged rheology at high shear rates but a clear decrease of viscosity
and shear-thinning below 5 s−1 . What can be followed is that the aggregation of red
cells is responsible for the increase of blood viscosity at low shear rates and that it
is the successive breakup of the aggregates with increasing shear rate that causes
the shear-thinning in this regime. When further hardening the cells, the resulting
viscosity is increased again but no shear-thinning is visible anymore which shows
that deformability reduces the viscosity and induces shear-thinning, especially at
high shear rates. More recent and detailed experimental studies suggest that it is
rather the ability of the membrane to perform a so-called tank-treading motion than
deformability itself which is responsible for viscosity reduction and shear thinning at
shear rates above ∼10 s−1 [152]. When tank-treading, the RBC membrane deforms to
an ellipsoidal shape with a steady inclination angle with respect to the flow direction
while it rotates around the inner cell volume similar to the tread of a moving tank [50].

2.3 Blood flow through vessels of the microcirculation
Tank-treading causes a steady inclination of the cell against the flow direction and,
close to a vessel wall, breaks the fore-aft symmetry of Stokes flow which causes a drift
of the cell away from the wall [161]. Along with geometric constraints, this results
in a cell-depleted boundary layer. For increasingly narrow vessels, an increasing
fraction of the lumen is depleted and acts as a lubrication layer for the more viscous
cell-rich bulk flow in the central part of the vessel. The consequence is a reduction
of the apparent blood viscosity with decreasing vessel size and is termed “FåhræusLindqvist effect” [53, 59]. Pries et al [138] present a compilation of experimental data
by various authors that for a hematocrit of 0.45 show a reduction of the apparent
viscosity by a factor of 2 between tube diameters of 1 mm and 10 µm. For smaller
diameters, comparable to the size of a RBC, the measured viscosity increases again. If
cells are concentrated in the center of a vessel where the flow rates are largest this also
means that the hematocrit in the volume entering or leaving the vessel is larger than
the spatially averaged hematocrit in the vessel. This is called “Fåhræus effect” and
was modeled empirically by Pries and coworkers [137, 138]. Together with a third
consequence of the presence of a cell-free layer, called “plasma skimming”, which
means that branching daughter vessels draw blood volume mainly from the celldepleted boundary layer, the Fåhræus effect causes the instantaneous tube hematocrit
observed in the microcirculation to be considerably decreased compared to the levels
that are found in larger vessels.

2.4 Computational studies and models
Especially during the last decade, computer simulations, next to experiments and
analytical modeling, became an increasingly popular tool to study the physics of
blood and of its constituents. A brief introduction to the existing literature will be
given in the following. More detailed reviews are available in References [103] and
[106].
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As mentioned above, blood flow outside of the microcirculation is dominated
by inertial and transient effects. Moreover, vessel diameters are large compared
to cell diameters. Continuum models are thus applicable. At large length scales,
blood is modeled as a Newtonian fluid to study, for instance, stenosis growth in the
carotid artery [19] or the flow in cerebral vessels and aneurysms [119]. However,
also non-Newtonian yet still continuous empirical blood models are available and
were compared among each other and with simulations of a Newtonian fluid [6, 20].
Homogeneous blood models can be easily incorporated into convection-diffusionreaction models in order to model physiological transport and reaction processes,
such as the ones involved in blood clotting [156]. Special methods were developed to
link computational models for processes at disparate time scales, such as blood flow
and thrombus formation [17]. Particulate effects become increasingly important with
decreasing vessel diameters in the microcirculation. Based on theoretical considerations and experimental studies, empirical models were formulated to describe the
apparent viscosity and red cell distribution in microcirculatory networks [136, 137].
In order to better understand the microscopic sources of the behavior described
only empirically by the aforementioned models, information on the scale of single
cells is desired which often is difficult to obtain experimentally. Here, computational
modeling can help to explore the underlying physics. The complexity of real physiological systems requires, however, simplified descriptions that focus only on the
processes relevant for the specific problem. In this spirit, Keller and Skalak already
succeeded in their theoretical work [86] in qualitatively describing the predominant
modes of an erythrocyte under shear, tumbling and tank-treading, by simplifying
the cell to an inextensible, ellipsoidal membrane. In more detailed computational
studies, red blood cells are often described as fluid vesicles [36] that allow for membrane deformation under conservation of the surface area and the inner volume. In a
series of studies around Misbah, the dynamics of vesicles was investigated, among
other conditions, in two-dimensional shear flow [85] and Poiseuille flow [84] and in
three-dimensional shear flow [16]. Around Gompper, three-dimensional simulations
were performed, for instance, of single [124] and few [115] vesicles in capillary flows.
If the computational costs per cell are to be reduced, for example to allow for more
complex geometries or larger number of cells, further simplifications are necessary.
Secomb and others propose a viscoelastic finite element model for red blood cell dynamics in microvessels [149] that is applied to microvessel bifurcations [10]. Dzwinel
et al. [43] describe each cell as a three-dimensional compound of spherical particles
connected through elastic springs. Also Ishikawa et al. [73] employ a bead-spring
model at a far lower resolution which, however, accounts for tank treading motion to
model low hematocrit flow in a stenosed artery of 160 µm width. Fenech et al. [49] use
elastic spherical particles with a short-range attraction potential to study the aggregation of red blood cells under shear. In the group of Munn, leukocytes and erythrocytes
were modeled as two-dimensional, undeformable particles with an elaborate cell-cell
and cell-wall adhesion model [162]. With this model, it was possible to access systems
large enough to study the apparent viscosity of blood in larger capillaries as function
of the hematocrit. Still in 2D, Bagchi [8] succeeded in simulating flows of up 2500
red blood cells, described as elastic capsules. Zhang et al. [172] followed the same
approach, supported with a model for cell aggregation, to study flows in microvessels.
Similar models were implemented somewhat later in three dimensions without cell
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aggregation by Dupin et al. [40, 41], by Doddi and Bagchi [39], and by Krüger [92].
Also Zhao et al. [174] employ elastic capsules as model RBCs for their investigation of
shear-induced lateral motion of red cells, platelets, spherical, and tracer particles.
Despite their simplifications, most of the above models are too complex to allow
for an efficient description of the large numbers of cells that are involved in threedimensional flows outside of small microvessels. Therefore, even simpler models
were developed that deliberately abstain from an explicit resolution of the nearfield hydrodynamic interactions of cells. Such a model was presented by Melchionna [116]. With highly coarse-grained models it was possible to model hundreds
of millions of cells in a realistic geometry [129]. With the availability of massively
parallel supercomputers, however, also simulations of hundreds of thousands of more
resolved and deformable particles became possible as was demonstrated by Clausen et
al. [32]. It has to be noted that even today and even with the aforementioned models,
accurate simulations of more than a few thousand cells are still computationally
expensive, especially if more than a single simulation run is required, for instance,
in parameter studies. Thus, also the complementary application of cell models
of different detail [47, 48, 127] seems to be a promising approach to make further
advances in the understanding of hemodynamics feasible.
The choice for or against a specific modeling technique must be determined by
the question that the model is supposed to answer. In the case of the present work,
the main goal is to provide a link between the effects at the level of single red blood
cells and the resulting macroscopic properties of blood, such as viscosity or effective
diffusivity. Naturally, non-particulate blood models cannot contribute much to a
solution of this problem. However, of the particulate models listed above only a few
might be suitable: the simulations are required to bridge between the scale of single
cells and sufficiently larger scales where macroscopic effects become visible. As will
be seen in Chapter 8, particularly when studying diffusion, not only relatively large
numbers of cells need to be taken into account but the trajectories of these cells need
to be recorded over long times as well in order to obtain reliable results. Models that
resolve each single cell with high resolution are not only computationally expensive
in itself but might also complicate the evaluation of, for instance, the orientation of a
model cell [92]. The approach followed here thus consists of a coarse-grained blood
model with a simplified description of the main effects relevant for the dynamics of red
blood cells: the model developed in Chapter 5 accounts for long-range hydrodynamic
interactions between model cells of a fixed spheroidal shape while all short-range and
RBC-specific interactions are deferred to empirical pair-potentials. Melchionna [116]
follows this approach more consequently at a lower resolution of hydrodynamics
that, however, covers the effect of tank-treading as an hydrodynamic effect and not
as part of the interaction potential. With the lubrication model in Chapter 7 and the
outlook in Chapter 9 the foundations will be laid for a coarse-grained blood model
that combines a truthful account for hydrodynamic short-range interactions including
tank-treading and the basic modes of cell deformation with an efficiency similar to
that of the original coarse-grained model in Chapter 5.

Chapter 3

Suspension flow at low
Reynolds numbers
This chapter serves for a brief definition of the theoretical foundations on which the
following chapters build with respect to low Reynolds number suspension dynamics.
Sections 3.1 and 3.2 closely follow the well-selected and very accessible introduction
to the topic by Guazzelli and Morris [62]. More comprehensive are, of course, the
textbooks by Kim and Karrila [87] and by Happel and Brenner [65].

3.1 From Navier–Stokes to Stokes
Throughout this work, suspension of objects in an incompressible and Newtonian
fluid are considered. Its velocity field u follows the incompressible Navier-Stokes
equations which consist of the scalar continuity equation

∇·u = 0

(3.1)

and the vectorial momentum equation
ρ0 [∂t u + (u · ∇)u] = µ0 ∇2 u − ∇ P + g ,

(3.2)

with a constant fluid density ρ0 and dynamic viscosity µ0 . The fluid pressure P and
possibly an external volume force density g may vary as functions of position and
time.
The Reynolds number
|(u · ∇)u|
Re =
,
(3.3)
ν |∇2 u|
with the kinematic viscosity ν = µ0 /ρ0 is, by definition, the ratio of inertial and
viscous accelerations. Similarly, the Stokes number
St =

|∂t u|
ν |∇2 u|
11

(3.4)
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is defined as the ratio of possible accelerations due to intrinsic time-dependencies
(such as caused by time-dependent boundary conditions at moving particles) and
viscous accelerations. With a length L characteristic for a problem, St can also be seen
as the ratio of the viscous time scale L2 /ν and the intrinsic time scale [62]. Thus, if both
Re  1 and St  1, inertial and time-dependent effects in the flow are dominated by
viscous forces and the momentum equation Eq. (3.2) can be approximated as
µ0 ∇2 u − ∇ P = −g .

(3.5)

Eq. (3.1) and Eq. (3.5) form the Stokes equations. Though Re and St are not exactly
0 in the following, they also never exceed 1 on the scale of the suspended particles
which means that viscous forces always play an important role. In fact, in most cases,
the values are considerably smaller than 1, so Eq. (3.5) is a viable and, due to its
linearity in u, very useful simplification that helps understanding and allows for
certain computational methodologies which are not applicable far from the Stokes
flow limit.
In order to solve Eq. (3.2), initial and boundary conditions need to be specified.
Since no transient effects are studied in this work, the choice of initial conditions is of
only minor importance. At every point x on a solid boundary (such as the surface of
suspended particles or of confining geometries) with a local velocity vb , a continuous
fluid follows the empiric no-slip boundary condition
u(x) = vb (x) .

(3.6)

It has to be emphasized that Eq. (3.6) holds only if the fluid can be considered
continuous, that is, if the Knudsen number
Kn =

λ
L

(3.7)

as the ratio of the molecular mean free path λ and the characteristic length of the
problem is small.

3.2 Suspended particles
Regarding their dynamics, the suspended objects treated in this work have to be
seen as rigid particles. Consequently, they have exactly three translational and three
rotational degrees of motion. The surface velocity
vb (x) = v + ω × (x − r)

(3.8)

at every point x is completely described by the translational and rotational velocities
v and ω, the latter being defined with respect to a particle’s center of mass r. Eq. (3.8)
via Eq. (3.6) imposes a velocity boundary condition on the fluid. Since the fluid is
Newtonian, the local fluid stress tensor is

T = − Pδ + 2µ0 S ,

(3.9)

where δ is the unit tensor and

S=


1
∇u + (∇u)t
2

(3.10)
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the rate of deformation tensor for an incompressible fluid [62]. The stress generates
a traction T · n̂ on the particle surface Σ with the outward-directed unit normal n̂
which sums up to the total hydrodynamic force

and torque
T=

Z

Σ

Z

T · n̂ dΣ

(3.11)

(x − r) × T · n̂ dΣ

(3.12)

F=

Σ

on the particle [62].
Each particle follows Newton’s and Euler’s equations of motion [5]

and

dv
1
= F
dt
m
dL
=T
dt

(3.13)
(3.14)

according to the experienced force F and torque T from Eq. (3.11) and Eq. (3.12). Here,
L = I · ω, with the particle’s inertia tensor I , represents the angular momentum.
The translational and rotational velocities, in turn, determine the motion of its center
of mass
dr
=v
(3.15)
dt
and of any unit vector ô rotating with the particle that might be chosen to define its
orientational state
dô
= ω × ô .
(3.16)
dt
One unit vector alone, as in Eq. (3.16) does not suffice in completely specifying
a particle’s orientation. A direct description using Euler angles, however, poses
numerical problems [5]. Allen and Tildesley outline an approach based on quaternions
to circumvent these difficulties which is followed in the numerical implementation of
this work [5, 74].

3.3 Suspension rheology
The most known rheological property is the low-frequency dynamic viscosity. In
experiments and also in simulations it can be obtained by imposing a known shear
rate γ̇ and measuring the resulting shear stress T . Ideally, both γ̇ and T are isotropic
(thus scalar) and macroscopically constant over space and time once the sample has
reached a quasi-equilibrated state. The resulting viscosity is then
µ=

T
.
γ̇

(3.17)

For a suspension, µ is often nondimensionalized with the dynamic viscosity µ0 of the
suspending medium resulting in the relative viscosity
µr =

µ
.
µ0

(3.18)
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For only hydrodynamically interacting, neutrally buoyant particles in Stokes flow, µr
is a function of the solid volume fraction Φ alone (cf. [158]). The only time scale of
the problem is the one defined by the shear rate with which T scales linearly thanks
to the linearity of Eq. (3.5), so that there is no dependency of µr on γ̇ [62].
The presence of particles in general increases the viscosity of the suspending
medium, thus µr > 1 and ∂Φ µr > 0. This can be understood from the fact that the
particles cause disturbances in the velocity field but the local rate of dissipation scales
quadratically with the local rate of strain [62]. An exception can be suspensions of
active particles [56] if the particles support the imposed straining motion. For the
case of dilute suspensions of spherical particles, thus omitting possible effects of
particle-particle interactions, Einstein analytically obtained [158]
µr = 1 + [µ ]Φ ,

with

[µ ] =

5
.
2

(3.19)

This relation was extended to second order in Φ by Batchelor and Green taking into
account two-particle effects [62]. It is intuitively understandable that µr for rigid
particles cannot remain finite for sufficiently high Φ since above a certain maximum
volume fraction Φm the particles will jam and the suspension will not be able to flow
anymore. Φm will typically be smaller than the maximum packing fraction. There are
empirical models such as the one by Eilers
µr =



1+

[µ ]Φ/2
1 − Φ/Φm

2

(3.20)

and the one by Krieger and Dougherty
µr =



Φ
1−
Φm

−[µ ]Φm

(3.21)

that reproduce the divergence of µr at Φm and the linear behavior of Eq. (3.19) at
low Φ [158]. Φm and sometimes, disregarding the exact result of Eq. (3.19), [µ ] are
considered to be fitting parameters. A plot of the Krieger-Dougherty model was
presented already in Fig. 2.2(a).

3.4 Relation to real suspensions such as blood
The picture of particle suspensions drawn above is strongly idealized. Real suspensions are typically subject to non-hydrodynamic forces. These can be electrostatic
repulsion or van-der-Waals attraction of suspended particles at short distances [87] or
gravitational forces leading to sedimentation if the mass density of the solid fraction
is larger than the one of the fluid. Non-hydrodynamic interactions enter Eq. (3.2)
via g and appear in Eq. (3.13) and Eq. (3.14) as additional, non-hydrodynamic forces
and torques. It was mentioned already that at small hydrodynamic length scales
(large Knudsen numbers) molecular effects of the suspending medium invalidate
the assumption of no-slip boundaries. The roughness always present in real surfaces further invalidates the assumption of well-defined and smooth particle surfaces.
Roughness stops the approach of particles prematurely while there is still a finite
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amount of fluid trapped between the surfaces which can be modeled as a shortrange repulsive force [35] in Eq. (3.13). Non-hydrodynamic forces, which typically
do not obey time-reversibility, can give rise to strongly irreversible behavior even
if the suspension is otherwise in the regime where the Stokes equations Eq. (3.5),
which are time-reversible, hold [62]. One possible consequence is the enhancement
of shear-induced diffusion [62]. This work mainly focuses on suspensions of purely
hydrodynamically interacting particles though it would be straightforward to implement, for instance, electrostatic forces. An exception is made in two places: in
Chapter 5 the hydrodynamic short-range interactions of red blood cells are deliberately ignored and instead, together with possible non-hydrodynamic short-range
interactions, are accounted for by an empiric and softly repulsive potential. In Section 8.4 the effect of non-hydrodynamic interactions on shear-induced diffusion is
briefly demonstrated. The aggregation of red blood cells observed at low shear rates
(see Section 2.2) will be neglected in the following which is legitimate if at the same
time shear rates are required to be of sufficiently high values γ̇ & 10 s−1 .
Real systems further experience thermal fluctuations. The effect of thermal fluctuations on the dynamics of a suspension at the scale of single particles can be quantified
by the Péclet number
γ̇R2
Pe =
(3.22)
Dth
comparing the advective transport of particles of size R caused by a shear rate γ̇ with
the thermal diffusion Dth of the particles [62]. The thermal coefficient of diffusion at a
temperature ϑ is known for spherical particles from the Stokes-Einstein equation
Dth =

kB ϑ
,
6πµ0 R

(3.23)

where kB = 1.381 × 10−23 J/K is the Boltzmann constant. If Pe  1, thermal fluctuations can be neglected. This is what is assumed in the following work. If one
approximates the red blood cell as a sphere with radius R = 3 µm (which results
in roughly the same volume as that of a typical RBC) and assumes ϑ = 300 K as
temperature and µ0 = 10−3 Pa s as the viscosity of blood plasma, one obtains for the
Péclet number of blood flow
Pe ≈ γ̇ 100 s .
(3.24)
One can follow that, indeed, for the shear rates considered here, Pe is large and
thermal fluctuations are not important for the motion of red blood cells as a whole.
Similarly, the Reynolds number at the scale of RBCs can be estimated as
Rep =

ρ0 γ̇R2
,
µ0

(3.25)

with ρ0 = 103 kg/m3 as the mass density of blood plasma, assuming a similar value as
that of water [53]. Rep is the particle Reynolds number in contrast to the macroscopic
Reynolds number Re of the flow, defined by Eq. (2.1). While Re reaches values of
the order of 103 in the aorta, even with the largest physiological wall shear rates,
which are of the order of 103 s−1 entered for γ̇ in Eq. (3.25) [144], Rep does not exceed
values of the order of 10−2 . Thus, inertial effects do not play a role in cellular-scale
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blood flow. In a suspension flow, also the Reynolds number defined in Eq. (3.3) is, in
fact, the particle Reynolds number. In the absence of explicit time dependencies, the
intrinsic time scale that the Stokes number Eq. (3.4) compares against the viscous time
scale, is the time over which the cells move. This time can be estimated as γ̇ −1 , the
inverse shear rate. The viscous time scale for blood plasma is R2 ρ0 /µ0 ≈ 10−5 s which
clearly is shorter than the inverse of any physiological shear rate. Consequently, since
also Rep  1, the Stokes approximation Eq. (3.5) is indeed applicable to blood flow
studied at the level of cells.

3.5 Computational methods
For the direct numerical simulation of suspension flow, many different approaches
are available. The trajectories of the suspended particles follow Newton’s and Euler’s
equations of motion and can be evolved in time applying numerical integration
schemes known from molecular dynamics simulations [5]. With Langevin dynamics
or Brownian dynamics in their simplest flavors, approaches exist for cases where
the effect of the suspending medium can be reduced to the viscous damping of the
particle motion and to providing thermal fluctuations [5, 21]. To account for the
hydrodynamic effect of the fluid, at least either of the fluid velocity u or the stress
field T is required, depending on the method. Conventional numerical methods,
such as finite element methods, can be employed for this sake, solving Eq. (3.1)
and Eq. (3.2). It can be advantageous, however, to choose methods that reflect the
underlying physics more closely.
Due to the instantaneity of Stokes flow only the boundary condition but not the
state of the fluid itself is required to solve a problem [62]. This allows for dedicated
simulation methods for Stokes flow that model the hydrodynamic effects on the
particles directly: In the boundary integral method, the disturbance of the velocity u
at an arbitrary position x in the fluid phase with respect to the undisturbed flow field
u∞ without particles is computed as [62]
u(x) − u∞ (x) =

Z

Σ

−G(x − y)
· T · n̂ dΣ .
8πµ0

(3.26)

In the integral over all positions y on the interface Σ of the suspended particles,
G(x − y) represents the Oseen-Burgers tensor as the Green’s function for Stokes flow
and T · n̂ the local traction vector. The integral representation is admissible thanks
to the linearity of the Stokes equations which makes the superposition of solutions
possible. For a numerical implementation, the surface of the particles is discretized
into Ne elements and the integral in Eq. (3.26) becomes a sum. In three dimensions,
the Green’s function can be seen then as a 3Ne × 3Ne matrix relating the tractions
and velocity disturbances at all Ne boundary elements to each other. If the surface
velocities are known, this matrix can be inverted to obtain the tractions. If needed,
the fluid velocity at arbitrary positions is accessible via Eq. (3.26) [62]. For more
information see the introduction by Pozrikidis [133].
In the method of Stokesian dynamics the forces and torques acting on the particles,
here cast into one generalized force vector F̃, are, thanks again to the linearity of the
Stokes equations, the result of a linear resistance relation with a generalized velocity

3.5. Computational methods

17

vector ṽ [62]. The coefficients form the grand resistance matrix R̃. The main idea
of Stokesian dynamics is to split R̃ into a near-field and a far-field part. While the
near-field part is calculated from pair-wise additive lubrication interactions, the farfield part is obtained after inversion of an approximated mobility matrix. A detailed
description can be found in the review by Brady and Bossis [21]. The majority of
applications of the method deal with spherical particles or compounds of spherical
particles [109]. An adaption for spheroidal particles was presented by Claeys and
Brady [30]. Later optimizations by Sierou and Brady [153] resulted in a scaling of
the computational cost as only Np ln Np , with the number of particles Np , which
enabled the simulation of 103 spherical particles for times long enough to calculate
shear-induced diffusion coefficients [155].
Between the above methods which make no effort in resolving the microscopic
structure of the suspending medium and the prohibitively costly molecular dynamics simulation of single fluid molecules there is a further class of methods termed
mesoscopic. These methods can model Stokes flow only in approximation at low
but finite Re. In fact, since the fluid itself is modeled explicitly, mesoscopic methods
allow to study inertial effects at finite Re. In the dissipative particle dynamics (DPD)
method [45, 70] fluid molecules are coarse-grained to fluid pseudo-particles that
interact via dissipative, random and possibly [45] conservative forces. Suspension
particles can be modeled [88]. The benefit compared to continuous methods lies in
the possibility to model effects of the molecular structure of the fluid directly as a
result from the (however pseudo-) particulate scale. Examples for such effects are
Brownian motion or high Knudsen number effects [142]. A closely related approach
with a simplified collision rule is multi particle collision dynamics (MPC) [60]. It was
applied, for instance, to the simulation of red blood cells in capillary vessels [115].
While DPD and MPC employ discrete fluid particles in continuous space, a further
mesoscopic method, the lattice Boltzmann method, is based on continuous particle
distribution functions in a discretized position and velocity space. This method is
used for the present work and introduced in the following Chapter 4 in more detail.
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Chapter 4

The lattice Boltzmann method
as a tool to simulate suspension
flow
Over the last two decades, the lattice Boltzmann method as a mesoscopic simulation
method developed into an increasingly popular tool to study phenomena from the
field of fluid mechanics. In the following chapters the lattice Boltzmann method is
applied to the low Reynolds number flow of suspensions. The present chapter gives
an introduction to the general features of the method as it will be employed in the
following as well as a brief review of related applications. It concludes commenting
on the scalability of the method to massively parallel supercomputing systems.

4.1 The lattice Boltzmann method
What follows is a brief introduction to the method. For more detailed information the
reader is referred to the books by Succi [160] and by Wolf-Gladrow [167]. Reviews by
various authors [3, 26, 142, 171] are available, focusing on different aspects of theory
and applications. The relation to kinetic theory as well as to the continuous equations
of fluid mechanics is elucidated in the book by Hänel [64].

4.1.1

The Boltzmann equation

An ensemble of pointlike particles of mass m is considered. The Boltzmann equation


F
∂t + v · ∇ + · ∇v f (r, v, t) =
m
Z

v1

Z

Θ

( f (r, v∗ , t) f (r, v∗1 , t) − f (r, v, t) f (r, v1 , t)) |v1 − v| σc dΘ dv1

(4.1)

The treatment of discretization effects in Section 4.3.2 comprises parts of the author’s publication
Ref. [77]. Section 4.4 on computational aspects is based on Ref. [63] to which the author contributed the
code optimizations for IBM Blue Gene/P.
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specifies the evolution of the single-particle velocity distribution function f (r, v, t)
which represents the probability to find a particle at continuous time t and position
r with a continuous velocity v. The left hand side describes the advection of the
distribution with time in position and velocity space according to the respective
velocity and a possible external force F, where ∇v denotes the gradient operation in
velocity space. The right hand side takes into account the losses and gains of particles
at phase-space position (r, v) due to collisions with independent particles at the same
position r. Assuming diluteness and the absence of correlation of particles entering a
collision, the two rates are expressed as integrals over all possible velocities v1 of the
second particle and all possible solid angles of the post-collision velocity v∗ with the
respective collisional cross section σc .
If the macroscopic scale L is large compared to the mean free path λ between
collisions, thus if Kn is small, a mesoscopically local equilibrium
f (r, v∗ , t) f (r, v∗1 , t) = f (r, v, t) f (r, v1 , t)

(4.2)

can be assumed: for every collision leading to a loss of particles in phase space there is,
on average, another collision leading to an identical gain of particles, so the net effect
of collisions in Eq. (4.1) is zero. From Eq. (4.2), together with the fact that collisions
conserve mass, momentum, and energy, the Maxwell-Boltzmann distribution function
"
#
2
n(r)
|v − u(r)|
f eq (r, v) =
(4.3)
3/2 exp −
2v2th (r)
2πv2 (r)
th

with the thermal molecular speed

vth (r) =

r

kB T (r)
m

(4.4)

can be derived as the distribution towards which f (r, v, t) tends in equilibrium.
Eq. (4.3) depends on r only via the local fluid number density n(r), velocity u(r), and
temperature T (r) and on v only via the magnitude of its difference to u(r).
For problems close to equilibrium, a simplified collision model was proposed by
Bhatnagar, Gross, and Krook [15]. With the so-called BGK collision operator, the right
hand side of Eq. (4.1) is considerably simplified and the Boltzmann equation reads


f (r, v, t) − f eq (r, v)
F
∂t + v · ∇ + · ∇v f (r, v, t) = −
.
(4.5)
m
τ
The BGK collision assumes an exponential relaxation of the distribution f (r, v, t)
towards the local Maxwellian equilibrium Eq. (4.3) over a collision time constant τ.
Mass, momentum, and energy, the invariances of molecular collisions, are conserved
also in the BGK model.

4.1.2

Single relaxation time lattice Boltzmann

While discretized computational schemes using multiple relaxation times are present
in the literature [102], the following work is performed applying a single-relaxation
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time approach (also termed lattice BGK, LBGK) which is simpler and somewhat more
efficient. Historically, the lattice Boltzmann method originates from lattice gas cellular
automata that can be seen as a discretized model for molecular dynamics. The lattice
Boltzmann equation can, however, be derived as the discretization of the continuous
Boltzmann equation Eq. (4.1) as well [26].
Time t is discretized in steps δt = 1, space in positions x on a regular lattice defined
by a finite set of q̃ interconnecting velocity vectors cr with r = 1, . . . , q̃ as a discrete
representation of continuous velocities v. Hence, the single-particle distribution
function f (r, v, t) turns into the 19-vector nr (x, t). The algorithm to propagate nr (x, t)
in time prescribes the repeated consecutive execution of the advection step
nr (x + cr , t + 1) = nr∗ (x, t)

(4.6)

nr∗ (x, t) = nr (x, t) − Ω ,

(4.7)

nr (x + cr , t + 1) = nr (x, t) − Ω .

(4.8)

and the collision step

the latter producing the post-collision distribution nr∗ (x, t). Eq. (4.7) and Eq. (4.6)
together can be written as the lattice Boltzmann equation

The BGK collision term
eq

Ω=

nr (x, t) − nr (ρ0 (x, t), u(x, t))
τ

(4.9)

employs the Maxwell-Boltzmann equilibrium distribution function expanded to
second order in the local fluid velocity u
#
"
2
|u|2
cr · u ( cr · u )
eq
− 2
(4.10)
nr (ρ0 , u) = ρ0αcr 1 + 2 +
cs
2c4s
2cs
for a given density ρ0 . The local density

∑ nr (x, t)

(4.11)

∑r nr (x, t)cr
ρ0 (x, t)

(4.12)

ρ0 (x, t) =
and velocity
u(x, t) =

r

are calculated as moments of the fluid distribution with respect to the set of discrete
velocities. The lattice weights αcr are constants for a given lattice and depend only on
the magnitude cr = |cr | of the corresponding discrete velocity vector. All following
˜ q̃ convention
work is performed on a D3Q19 lattice which, in the widely-used DdQ
denotes a three-dimensional lattice with a set of 19 velocities [141]. Here,

for cr = 0
 1/3
1/18 for cr = 1√
α cr =
,
(4.13)

1/36 for cr = 2
the cr are defined in Tab. 4.1 and visualized in Fig. 4.1.
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r
1
2
3
4
5
6

cx c y cz
1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1

r
7
8
9
10
11
12

cx c y cz
1 1 0
1 −1 0
1 0 1
1 0 −1
−1 1 0
−1 −1 0

r
13
14
15
16
17
18

cx c y cz
−1 0 1
−1 0 −1
0 1 1
0 1 −1
0 −1 1
0 −1 −1

r
19

cx c y cz
0 0 0

Table 4.1: The set of discrete velocities r = 1, . . . , 19 as defined for the present work.
c13

c15
c5

c17
c11

c9

c2

c3

c12
c19
c4

z
y

c7
c1

c14

c8
c16
c6

x
c18

c10

Figure 4.1: The set of discrete velocities of the D3Q19 model as defined for the present
work. (figure inspired by Ref. [67])
In a Chapman-Enskog multi-time scale expansion in the Knudsen number Kn it
can be shown that Eq. (4.8) with Eq. (4.9) and Eq. (4.10) reproduce the incompressible
Navier-Stokes equations Eq. (3.1) and Eq. (3.2) in the limit of small Kn, the prerequisite
for local equilibrium. The speed of sound, pressure, and kinematic viscosity can then
be identified as


1
1 2
cs = √ ,
P = c2s ρ0 ,
and
ν= τ−
c ,
(4.14)
2 s
3
respectively [141]. From the definition of Eq. (4.10) it is also clear that the Mach
number
Ma = |u|/cs
(4.15)

as a measure for the presence of compressibility effects is required to be small.
A local volume force term g(x, t) as in Eq. (3.2) can be implemented in different
ways [122, 171]. The forces applied in the following typically serve to mimic a
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pressure gradient in a periodic system and are very small as well as constant over
space and time. Thus only leading-order effects play a role and no attention was paid
to changes of the force implementation in the simulation code that occurred over time.
One variant consists of shifting the local velocity u(x, t) entering the equilibrium
distribution function in Eq. (4.9) by an offset [150]
∆u(x, t) =

τ g(x, t)
.
ρ0 (x, t)

(4.16)

This method is present in the more recent versions of the code that were employed to
perform the work presented in Chapters 7 and 8. However, no volume forcing was
applied in these simulations.

4.1.3

Boundary conditions

Over the years a variety of boundary conditions for lattice Boltzmann simulations
were developed. Here, a selection of the most common ones is introduced.
4.1.3.1

Periodic boundaries

If unbounded systems are to be modeled, the usual approach is to apply periodic
boundary conditions. Within the lattice Boltzmann method, this is achieved simply
by limiting the simulation volume in one or more Cartesian directions α = x, y, z to
a range xα = 1, . . . , Nα and folding outside positions x̃α back into the defined range
according to
xα = 1 + ( x̃α − 1) mod Nα .
(4.17)

Due to the locality of the lattice Boltzmann equation, this procedure is required only
in the advection step Eq. (4.6).
4.1.3.2

Lees-Edwards boundary conditions

Lees and Edwards [104] proposed an extension of periodic boundaries to model
unbounded shear flow in molecular dynamics simulation. The method was adapted
to lattice Boltzmann simulations by Wagner and Pagonabarraga [166]. In large-scale
simulations by Harting et al. [66] it was applied to the case of binary and ternary fluid
mixture. The idea is to implement periodic boundaries at least in the shear gradient
(here: x-) and the flow (here z-) direction. The lattice layers at position x = 1 and
x = Nx are assumed to move with respect to each other at a velocity Uz = ( Nx − 1)γ̇
defined by the desired shear rate γ̇. Fluid particles advected across the periodic
x-boundary therefore experience a time-dependent shift ∆z = ±Uz t in z-position
assuming that there was no shift at time t = 0 and a shift ±Uz in z-velocity. The sign
depends on whether the particles cross in positive or negative x-direction. Since the
positions x are discrete while ∆z usually is no integer number, an interpolation of
nr (x̃, t) between adjacent sites is required. The velocity shift ±Uz is performed as a
Galilean transformation which can be implemented leaving the non-equilibrium part
of nr (x̃, t) untouched and replacing the equilibrium component with the equilibrium
distribution appropriate for the shifted velocity
eq

eq

ñr (x̃, t) = nr (x̃, t) + nr (ρ0 (x̃, t), u(x̃, t) + ê z Uz ) − nr (ρ0 (x̃, t), u(x̃, t))

(4.18)
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where ê z is the unit vector in z-direction. The method has been implemented for
lattice Boltzmann simulations of suspensions of rigid [110] and deformable [112]
particles and will also be used in the following Chapters 5, 7, and 8. Lees-Edwards
boundary conditions for suspended particles will be introduced in Section 8.2.2.
A parallel implementation of Lees-Edwards boundary conditions is not trivial
since neighboring processes change during the simulation according to the shift ∆z.
In general, ∆z is no integer multiple of the length of a process domain. Therefore,
additionally, every process at the Lees-Edwards boundary has two direct neighbors
in x-direction across the boundary. On the other side, after communication has
taken place, the Galilean transformation can be applied very conveniently to fluid
and particles in the receive buffers whereas a serial implementation would demand
additional conditional statements and probably also buffer space for the transformed
fluid populations.
4.1.3.3

On-site boundary conditions

This type of boundary conditions was described by Zou and He [175] originally. It was
applied to the D3Q19 lattice by Hecht and Harting [67]. On-site boundary conditions
allow to prescribe the fluid velocity u, the density ρ0 (which according to Eq. (4.14) is
proportional to the pressure P), or the mass flow m = ρ0 u at a specific lattice site x.
At the boundary of a simulation volume, the fluid distributions nr for all cr directed
away from the boundary are unknown in Eq. (4.7). Expressions for the unknown
nr can be found based on the known distributions with the help of Eq. (4.11) and
Eq. (4.12), the desired u, ρ0 , or m, as well as the assumption that the non-equilibrium
part of the populations opposite to the unknown directions are bounced back at the
boundary [67].
For the present work, the negative and positive z-boundaries of the simulation
volume are considered as inflow and outflow regions to generate flow in the positive
z-direction. Boundary conditions for u, ρ0 , and m are implemented and tested. When
prescribing the density ρ0 , then u x = u y = 0 is assumed for the sake of simplicity. If u
is prescribed both at the inlet and at the outlet, the density in the system tends to drift
because the velocity boundary conditions do not set the density independently from u
and the known populations at each node. A drift can be avoided by fixing the density
in another way, for instance when creating new fluid in the momentum exchange
method, see Section 4.3. If, however, at the outlet, the density ρ0 is prescribed instead
of the velocity u, a constant density can be preserved with high accuracy. The same
is observed when interchanging velocity and density boundary conditions at inlet
and outlet. Similarly stable is the combination of density and mass flow boundary
conditions. On-site boundary conditions are applied in Chapter 6.
4.1.3.4

Immersed boundary method

The immersed boundary method was initially developed to model the fluid-structure
interaction of heart valves [128]. In connection with the lattice Boltzmann method it
is frequently employed to describe suspensions of deformable objects in a biological
context [40, 84, 92]. The method provides a general scheme to couple a (possibly
deformable) solid described by a constitutive model on a Lagrangian mesh to a
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Eulerian fluid solver, for example the lattice Boltzmann method. The Lagrangian
nodes of the solid are advected with the fluid velocity u. Since the nodes in general
reside at off-lattice positions r, u(r) is obtained using an interpolation stencil that
evaluates u at the surrounding discrete positions of the Eulerian grid. Based on the
resulting deformation of the solid, the constitutive model defines local reaction forces
that are spread back to the fluid sites according to the interpolation weights.
4.1.3.5

Bounce-back

The bounce-back boundary condition is a widely used tool for imposing a no-slip
boundary in the lattice-Boltzmann method. Though several flavors exist, only the midlink bounce back condition will be treated here. It requires lattice sites to be marked
as boundary nodes. In this way, arbitrarily shaped geometries can be discretized on
the lattice by turning the lattice nodes on the solid side of the theoretical solid-fluid
interface into fluid-less wall nodes. If x is such a node the updated distributions at
fluid sites x + cr are not determined by the advection rule Eq. (4.6) but according to
nr (x + cr , t + 1) = nr̄∗ (x + cr , t)

(4.19)

which means replacing the local distribution with the post-collision distribution of
the opposite direction r̄ which is defined by cr̄ ≡ −cr . More accurate but also more
complex bounce-back rules are available in the literature [101]. For flows at finite
Knudsen number where wall slip is present, a modified version implementing a
specular reflection exists [173]. The bounce-back boundary condition Eq. (4.19) can
be extended to the case of a moving boundary. This is the starting point for the
momentum exchange method to which Section 4.3 below is dedicated.

4.2 Overview: lattice Boltzmann simulation of complex
liquids
As a mesoscopic approach, the lattice Boltzmann method is well suited to describe
the different physical interactions between separate phases that are usually present in
complex liquids which led to many applications to fields of research such as biofluidic
mechanics, microfluidics, or rheology. In an empiric way, non-Newtonian fluidics can
be modeled by a constitutive equation describing their rheology. Such models can be
integrated into the lattice Boltzmann method, for example as a locally variable relaxation time τ that implements a shear-rate dependent viscosity [6]. To model systems
where different phases of the same fluid component or several miscible or immiscible
components coexist, several models exist, one of them being the pseudopotential
approach by Shan and Chen [150, 151]. An extended version of this method [25] was
used, for instance, to study the rheology of ternary systems of self-assembled liquid
crystal structure [146].
When it comes to suspensions of discrete particles, the simplest approach is
probably the one by Ahlrichs and Dünweg [2] proposing point particles that are
dissipatively coupled to the fluid according to the difference of the velocity of the
particle and the local fluid velocity. These particles can be connected by potentials
known from molecular dynamics simulations to obtain models for polymer chains in
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solution. A conceptually similar approach that takes into account also rotational motion is the mesoscopic model for suspensions of red blood cells by Melchionna [116].
The immersed boundary method offers much higher resolution and more degrees
of freedom per particle. It is applied frequently to model suspensions of deformable
cells [40, 84]. With respect of complexity and typical resolution, the highly versatile
momentum exchange method stands between the point particle approach and the
immersed boundary method. The momentum exchange method will be introduced
in the following section.

4.3 Momentum exchange method
The momentum exchange method to model suspensions of rigid particles in lattice
Boltzmann simulations was initially proposed by Ladd [98, 99]. While at this early
stage, the particles were merely fluid-filled shells, later implementations [4, 123],
including the one presented here, remove the fluid from the inner volume. The
difference in the behavior of both types of implementations seems, however, to be
small [101]. With this method, flows with suspended rigid particles of different shapes
have been modeled, including flows at finite Reynolds number [139] or as model for
blood cells [162]. It was further applied to deformable [112] and self-propelling [143]
particles. More recently, a consistent implementation for multi-component flows
modeled by the pseudo-potential approach was presented [80].

4.3.1

Moving bounce-back boundary condition

The key ingredient of the momentum exchange method consists of the extension of
the bounce-back boundary condition to the case where the boundary moves with a
velocity vb . For this sake Eq. (4.19) is complemented with a correction term
C=

2αcr
ρ 0 ( x + cr , t ) cr · v b
c2s

(4.20)

which is of first order in velocity. Assuming a rigid body, vb can be computed from
Eq. (3.8). Inserting Eq. (4.10) and Eq. (4.20), one can prove easily that the new update
rule
nr (x + cr , t + 1) = nr̄∗ (x + cr , t) + C
(4.21)
is up to second order consistent with the equilibrium distribution function Eq. (4.10)
for the general case u = vb 6= 0. Suspended particles are discretized on the lattice,
marking the lattice nodes located within the theoretical continuous particle surface as
particle boundary nodes. For distributions otherwise advected from such nodes x into
fluid nodes x + cr , Eq. (4.21) replaces Eq. (4.6). In the special case vb = 0, Eq. (4.21) is
identical to the standard mid-link bounce-back condition Eq. (4.19). Fig. 4.2 lines out
the idea of a discretized particle surface in two dimensions.
When used to implement freely moving particles, it is necessary to keep track of
the momentum
∆mfp = (2nr̄ + C ) cr̄ ,
(4.22)
which is transferred during each time step by each single bounce-back process. According to the choice of unit time steps it is equal to the resulting force on the particle.
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Figure 4.2: Two-dimensional visualization of part of a discretized
particle-fluid boundary. With the
(modified) mid-link bounce-back
boundary condition Eq. (4.21), the
fluid distributions otherwise advected into the particle volume
are bounced back at positions ( )
half-way in between fluid ( •) and
particle nodes ( ◦). (figure inspired by Ref. [123])
Eq. (4.22) can be seen as a discretized traction vector as it appears in Eq. (3.11) and
Eq. (3.12) and is therefore used to compute the hydrodynamic force and torque on the
particle.

4.3.2

Discretization effects

Due to discretization errors the representation of a particle on the lattice slightly
changes its shape and volume during motion. The particle mass is not adjusted
dynamically according to the actual volume occupied but kept constant instead. This
causes small fluctuations of the total mass in a simulation. Such fluctuations should
stay without effect, especially at low Re in the absence of inertial effects.
When new lattice sites are covered, the fluid at those is deleted. When a site
eq
formerly occupied by a particle is freed, new fluid is created according to nr (ρ̄, ub )
(Eq. (4.10)). An average fluid density ρ̄ is utilized. Depending on the simulation
setup, ρ̄ is either the initial density or the density locally averaged over the particle
surface. The velocity ub is estimated according to the translational and rotational
velocity of the particle and the no-slip assumption. In both cases the change in total
fluid momentum is balanced by an additional force on the respective particle. This
procedure and related aspects of accuracy have been critically discussed recently [170].
The steady-state hydrodynamic effect of particle shape fluctuations is estimated
comparing the translational and rotational drag coefficients ξt and ξr of a spherical
particle of input radius R for different offsets s of the center of mass r to the nearest
lattice node. The input radius determines the theoretical shape of the particle that
determines the discretization on the lattice. All drag coefficients are normalized
to their respective averages. The results in Fig. 4.3 show that discretization effects
depend on R but even for R = 2.5 typical deviations are not larger than 10%. Typically,
deviations in the rotational drag coefficient appear to be two times larger than the
corresponding translational values.
For spheres, an effective hydrodynamic radius R∗ can be defined as the radius for
which the well-known Stokes formula
ξt = 6πµ0 R∗

(4.23)

equals the translational friction coefficient measured from a simulation. According to
Ladd [99], the deviation between R∗ and R is remarkably small already for radii of
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Figure 4.3: Deviations of (a) the translational and (b) the rotational drag coefficients
ξt and ξr from their respective averages ξt and ξr at selected offsets s of the particle
center r to the nearest lattice node in the case of spherical particles with radius R.
(data published in Ref. [77])
just a few lattice distances if the relaxation time is set to τ = 1. This can be understood
to some extent from Fig. 4.2 which shows that the shape defined by the bounce-back
positions follows the theoretical particle surface with twice the resolution of the
lattice itself. The error still grows considerably with the departure of τ from 1 [99].
Conceptually, the bounce-back boundary condition assumes a physical boundary
position half-way between the fluid and the solid node involved. The effective
boundary position, however, is a function of τ which is the cause of the above errors.
As a consequence, τ = 1 is chosen for all simulations. In the following, no effort was
made to tune particle sizes R towards specific values with small deviation compared
to the respective R∗ or to use radii such as R∗ , different from the input radius R, when
analyzing simulation results. After all, the deviations reported by Ladd [99] are of
comparable size as the position dependent fluctuations shown in Fig. 4.3(a) which
would not be cured by such measures.
It should be noted that the choice τ = 1 leads to instantaneous relaxation towards
equilibrium in Eq. (4.8) with Eq. (4.9) which, in principle, allows for specific code
eq
optimizations, such as setting nr∗ (x, t) = nr (ρ0 (x, t), u(x, t)) directly in Eq. (4.7).

4.3.3

Particles near contact

If there is more than one discretized surface and at least one of them is mobile,
problems arise when surfaces approach closely. In the context of the permeability
analysis of porous media, Narváez et al. [122] report that the relative error of the
flow velocity in a channel with a quadratic cross section is smaller than 10 % at
most positions already at a channel diameter of only 4 lattice sites. It must be noted
that larger errors have to be expected for the permeability of irregular geometries
and that also the exact implementation of the channel walls and of the LB collision
operator as well as the choice of the relaxation time τ play an important role [122].
Still, the short-range interactions of suspended particles modeled by the momentum
exchange method seem to be described truthfully even at a gap width of only about
1 lattice unit [99]. At shorter distances, the divergence expected from lubrication
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(b)

Figure 4.4: Two-dimensional sketch of two particles discretized on the lattice (a) with
still sufficient inter-particle distance that the fluid in between is resolved on the grid
and (b) with a gap distance small enough to lead to direct lattice links between the
particles. (figures modified from Ref. [74])
theory [87] is not reproduced, instead the friction coefficients stay approximately
constant to the value achieved at a distance of 1 lattice spacing [99]. The observation
can be understood from Fig. 4.4: a gap width between both surfaces of about 1 lattice
spacing is the distance below which direct links between wall nodes of both particles
occur. Further approach is possible up to contact but does not lead to changes in the
fluid site configuration in the gap which could cause an increase in the interaction
forces.
Above and in the earliest work by Ladd [98, 99], no special treatment for direct
particle-particle links is defined. Several approaches to address the issue of particles
close to contact were published later [37, 100, 101, 123]. In the following Chapter 5,
one further, empirical, approach for soft particles is proposed. In Chapter 7, a method
is developed that is similar to the one by Nguyen and Ladd for spheres [123] but
capable to describe the interactions between aspherical particles. Also a comparison
with the link-wise approach by Ding and Aidun [37] is made.
An implicit integration scheme for the particle trajectories is one way to maintain
numerical stability in the presence of clusters of particles with strong lubrication
interactions [101, 123]. In the implementation employed here, the time step for the
particle update is decoupled from the LB time step instead which allows its reduction
to typically 1/10: while the forces due to the momentum exchanged with the LB fluid
via Eq. (4.22) remain constant over one LB step, the particle positions and velocities
are updated in accordance with the strongly varying explicit lubrication forces at a
finer temporal resolution.

4.4 Computational aspects
From a computational point of view, the lattice Boltzmann method is highly attractive
due to the simplicity of the algorithm which in the simplest case consist of Eq. (4.6)
and Eq. (4.7) alone. Moreover, Eq. (4.7) is completely local in the position x and also
Eq. (4.6) requires access only to direct neighbor positions x + cr . Consequently, the
method is predestined for parallel computing since the spatial domain of a problem
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Figure 4.5: Strong scaling of LB3D on JUGENE before and after the code optimizations
inspired by the JSC Blue Gene/P Extreme Scaling Workshop 2011. (a) relates to
a system with only one fluid component, (b) to one with two fluid species and
suspended particles. The absolute execution times for small core counts did not
change significantly. (data published in Ref. [63])
can be split into sub-domains and distributed among a group of processes. In principle, communication is required only once per time step for the fluid distributions
advected directly across sub-domain boundaries. Practical simulation codes perform,
of course, additional communication steps, for instance related to data accumulation
and output, but these should not dominate the computational cost of a useful simulation. The presence of particles of finite size as implemented by the momentum
exchange method extends the distance over which information needs to be sent from
one lattice spacing as required by the advection step to the order of one particle radius.
In most of the following work, however, particles do not extend beyond the size of
one computational domain and communication remains local between neighboring
process domains.
In addition to the serial performance of a simulation code when run as a single
process, its parallel scalability is crucial if systems have to be studied that—because
of their size—require distributed execution by more than one process at a time.
Scalability can be quantified by the parallel speedup
S=

T1
TNP

(4.24)

that compares the execution times T for the identical amount of computational work
performed by NP processes in parallel. This procedure is termed “strong scaling”
compared to “weak scaling” where the problem size is increased linearly with NP .
In strong scaling, S ∼ NP ideally, however, since parallel computing generates
communication overhead which is not present during serial execution, one usually
observes that S grows less strong than NP and levels off at large NP .
Simulations within this work are performed using different versions of the multi-
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purpose lattice Boltzmann implementation LB3D that are extended continuously
according to the immediate requirements. The largest part of the code is written in
Fortran 90. The parallel scalability when applied to systems of 10242 × 2048 lattice
sites and run on the IBM Blue Gene/P system JUGENE at Jülich Supercomputing Centre (JSC) is studied. The system size is chosen for benchmarking purposes. Systems
of such size are too unwieldy to obtain the long-time statistical quantities typically
of interest in the following chapters. There are two benchmark systems: one of a
single, homogeneous fluid component without suspended particles and one of an
emulsion of two fluid components stabilized by colloidal particles [80]. Fig. 4.5 displays the parallel speedup for both systems. Within this work, code optimizations
inspired by the participation at the JSC Blue Gene/P Extreme Scaling Workshop 2011
were performed that resulted in a nearly ideal scaling up to NP = 262 144 cores: by
ensuring that the domain decomposition in the simulation matches the hardware
topology of JUGENE, the MPI communication between logically neighboring processes is accelerated considerably. This results in the improved speedup for pure fluid
simulations at high core counts that is visible in Fig. 4.5(a). In the second benchmark,
small parts of the code involved in the sorting of the particles prior to the consideration of their interactions with the fluid were recognized as being effectively serial.
The effect is negligible for NP ∼ 103 but becomes significant at larger core counts
eventually. Fig. 4.5(b) proves that a full parallelization of the respective routine allows
for near-ideal speedup for the second benchmark, too. Further, a single simulation
employing the whole machine, consisting of 294 912 cores was run. This simulation
comprised 10242 × 1152 lattice sites containing two fluid components and 454 508
colloidal particles at a volume fraction of 0.2.
An issue related to parallel computations is the equal distribution of computational
load to all processes. For a rectangular and homogenous volume of fluid without
suspended particles this is trivially achieved when assigning equally sized domains
to each process. The problem gets more involved if inhomogeneous structures are
present. For flow in sparse and irregular geometries, such as networks of blood
vessels, specially optimized codes were developed in several groups [7, 12, 114, 121].
Clustering particles can lead to load imbalances but depending on the implementation,
it is not even clear a priori whether a locally increased particle concentration leads to
an increase of computational cost due to additional computations demanded by the
particles or to a decrease due to the reduced number of site updates if the interior
particle volume is free of fluid. In view of these complexities, no special effort was
made to optimize the load balance in the applied simulation code.
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Chapter 5

Coarse-grained particulate
blood model with empiric
model potentials
In Chapter 2, an introduction to the composition and rheology of blood was given.
In the present chapter, a simplified model for blood flow will be developed starting
from a lattice Boltzmann method for suspension flow as introduced in Chapter 4. The
applicability of the model to different flow geometries and scientific questions will be
evaluated and discussed critically.

5.1 Introduction
The composition and rheology of blood was portrayed in Section 2.2 already. Blood
constituents apart from red cells and the blood plasma are neglected in the following
due to their low volume fractions and small influence on rheology as compared to red
blood cells [59]. An understanding of the cellular origin of hemorheology is, however,
necessary in order to study and to cure pathologically deviating phenomena in the
body and to design microfluidic devices for improved blood analysis. In both cases,
blood often has to be studied within complex geometries that elude an analytical
description. However, also the computational treatment of blood is demanding.
On large scales like in arteries with diameters in the order of millimeters, blood
can be modeled as a continuous and even Newtonian fluid [20]. Even then, the
computational effort and the complexity of the model can be significant if realistic
geometries show features which stretch over different length scales. For modeling
flow in the microvascular network, there is need for a description that accounts for the
presence of discrete cells [132]. Models of deformable cells were presented amongst
others by Dupin et al. [41] and by the group of Gompper [115]. Until more recently [32],
however, these studies were limited to relatively few cells. Here, the cell membrane is
The Sections 5.1 to 5.6 are based on the author’s publications [75] and [77], Sections 5.7 and 5.8 on
contributions of the author to Ref. [76].
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simplified to a deformable mesh and coupled to a mesoscopic simulation method for
the plasma. However, mainly because of the high resolution that is necessary for the
elaborate description of the cells, these models are computationally too demanding
for the convenient study of long-time statistical properties in large 3D systems.
The motivation for the model proposed in the following is to bridge the scales
that are accessible with both classes of models by an intermediate approach: the
particulate nature of blood is kept, but only at a minimal description of each single
cell. This means a deliberate simplification that goes far beyond the particulate models
mentioned above in order to gain the potential for a computationally more efficient
and scalable implementation. Resorting to well-established methods from other areas
of physics the ingredients necessary to recover the rheological behavior of blood are
to be explored. Sub-cell effects are not meant to be accounted for in more than a
coarse-grained way. The focus of this work lies at the description and validation of
such a model while presenting possible applications in the range from approximately
10 µm upwards. The ultimate goal is to develop a quantitative method that allows to
study the flow in realistic geometries but also to link bulk properties, for example the
apparent viscosity, to phenomena at the level of single erythrocytes. In the case of
cell deformation and aggregation in plane shear flow, this link has been established
already in experiment and theory [27]. Numerical simulations in principle allow to
extend this knowledge to the case of arbitrary geometries and time-dependent flows.
Further microscopic properties of interest are the alignment of cells or local changes
of the cell concentration. The improved understanding of the dynamic behavior of
blood might be used for the optimization of macroscopic simulation methods. Only a
computationally efficient description allows the accumulation of firm statistical data
that is necessary for this task.
The main idea of the model is to distinguish between the long-range hydrodynamic coupling of cells and the short-range interactions that are related also to the
complex mechanics, electrostatics, and the chemistry of the membranes. Long-range
hydrodynamic interactions are considered by means of the lattice Boltzmann method
described in Chapter 4. In view of its versatility it does not surprise that the method is
frequently applied to various aspects of blood flow [20, 41, 92, 116, 118, 131, 162, 168].
In contrast to most other studies, in the following, the interest lies in a minimal
resolution of RBCs since reducing the resolution generally is the most effective way
to enhance the efficiency of a fluid dynamics solver. The dissipative coupling of
point-particles [2] as model cells would, however, involve a resolution which is so
low that hydrodynamics in the smallest vessels becomes inaccessible. Concerning
hydrodynamics, it is questionable whether the resolution of cell deformation has
a benefit compared to a rigid particle model if each RBC is resolved with only a
few lattice spacings. In consequence a method for suspensions of rigid particles is
selected, based on the momentum exchange method described in Section 4.3 above.
As was explained above, not volume-conserving fluctuations of the discretized cell
shape of the order of one lattice spacing have to be expected as an artefact of the
method already but do not show significant influence on the flow behavior. Ding
and Aidun [38] simulated rigid particles with the biconcave shape of unstressed
red blood cells using an LB method. It is known, however, that RBCs abandon this
equilibrium shape and instead resemble elongated ellipsoids when exposed to shear
flow [50]. Thus, taking into account the limited lattice resolution, discretized ellip-
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soidal model cells with rotational symmetry are implemented as an approximation
of the shapes actually assumed by real erythrocytes in many flow situations. Differently from [37, 38, 123], the present implementation does not enforce rigid particle
surfaces by means of diverging short-range lubrication models since this would be
in contradiction with the nature of deformable erythrocytes. Especially in bulk flow
at high volume concentrations but also in capillaries due to the influence of walls,
the flow is not dominated by long-range hydrodynamics but by short-range cell-cell
and cell-wall effects. Thus, a coarse-grained description using effective cell and wall
interactions is appropriate. As the mean free molecular path of water molecules,
the main constituent of blood plasma, obviously lies several orders of magnitude
below the size of a cell, the Knudsen number is small and the assumption of no-slip
boundaries seems applicable. Physiological surfaces, however, are not smooth but
are covered with a glycocalyx layer consisting of molecular chains attached to the cell
membrane. This layer was reported to be up to 1 µm thick on capillary walls [132].
In the coarse-grained model, the complex short-range behavior of RBCs has to be
accounted for on a phenomenological level by means of model potentials. The potentials serve to provide a softly repulsive core that follows the approximated ellipsoidal
RBC shape. For this purpose, the method of Berne and Pechukas [13] is applied in
order to anisotropically rescale a Hookean spring potential.
The development and validation of the model treated in the present chapter started
already in 2008 as part of the author’s diploma thesis project under the supervision of
Dr. Harting at the University of Stuttgart [74]. In the following Section 5.2 the details
of the implementation of the applied lattice Boltzmann/momentum exchange method
are specified where they differ from a standard implementation as introduced in
Chapter 4. In Section 5.3, phenomenological potentials for the anisotropic interaction
of two cells and of cells and walls are developed. Section 5.4 deals with the search for
a parametrization which fits to experimental literature data. This set of parameters is
then used in Section 5.5 to demonstrate the applicability of the new model to flows
at varying degrees of confinement. The performance of the model for large systems
is briefly discussed in Section 5.6 and exploited to study the rotational behavior of
cells in shear flow in Section 5.7. Section 5.9 discusses the limitations of the model.
In Section 5.10 the present chapter concludes while bringing the achievements made
into context with the content of the following chapters.

5.2 Hydrodynamic part of the model
In contrast to typical lattice Boltzmann implementations modeling flow of a single
fluid component, an equilibrium distribution function
"
#
2
cr · u ( cr · u )
| u | 2 ( cr · u ) 3 | u | 2 cr · u
eq
nr (ρ0 , u) = ρ0αcr 1 + 2 +
− 2 +
−
(5.1)
cs
2c4s
2cs
6c6s
2c4s
including third-order terms in u is used for most simulations in Chapter 5. This is
done solely for historical reasons and due to the availability of an optimized, loopunrolled implementation of Eq. (5.1). Single simulations rerun with the more common
second-order distribution function Eq. (4.10) produce results that are macroscopically
indistinguishable.
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Regarding the coupling to the blood plasma, red blood cells are modeled as rigid
bodies applying the momentum exchange method. Physiological RBCs, however,
are deformable and assume the shape of biconcave discs in the absence of external
stresses [46]. While coarse-graining is a design goal of the model, giving up the
anisotropy of RBCs is not. Obviously, anisotropic objects are able to display a much
richer behavior than radially symmetric particles. Thus, a simplified spheroidal
geometry is chosen that is defined by two distinct half-axes Rk and R⊥ parallel and
perpendicular to the unit vector ô which defines the axis of rotational symmetry of a
cell.
Closely approaching cells demand special care. As soon as there is a direct particle-particle interface without intermediate fluid nodes, the diverging lubrication
interactions cannot be covered by a lattice-based method anymore. Moreover, an
effective attraction becomes visible because of the missing fluid pressure in between
the particles. To overcome the problems, typical applications of the momentumexchange method to the study of dense suspensions additionally feature analytical
short-range lubrication corrections [37, 101, 123]. These are implemented as pairforces that depend on the relative velocity and diverge for vanishing gap-widths.
However, this procedure is inappropriate for a coarse-grained model for suspensions
of deformable cells. Since the theoretical particle shapes defined by Rk and R⊥
are fixed, tolerance even for the overlap of the discretized volumes is required in
order to account for the case where two cells strongly deform while approaching
each other. Due to the complexity of the emerging forces that next to lubrication
interactions include electrostatic repulsion and van der Waals forces but also the
mechanics and chemistry of the cell membranes and the rheology of the cell plasma,
they are modeled on a purely phenomenological level in the following Section 5.3.
Here, the lattice Boltzmann method is supported with additional rules which result
in forces for the case of two particles in direct contact that are neither divergent nor
excessively attractive. Wherever a direct particle-particle interface is encountered, a
pair of mutual forces
eq

F+
pp = 2nr (ρ̄, u = 0 ) cr

and

eq

+
F−
pp = 2nr̄ (ρ̄, u = 0 ) cr̄ = − Fpp

(5.2)

is applied at each link across the interface. The forces are directed towards each
particle, respectively. Comparison with Eq. (4.22) shows that this is exactly the
momentum transfer during one time step for a resting particle and at a link to an
adjacent site with resting fluid at equilibrium and initial density ρ̄. The fluid in the
following simulations is to good approximation incompressible and the velocities
are small. The forces arising from those regions of the particle surfaces that are in
contact with the fluid therefore are largely compensated and do not cause an artificial
attraction. In consequence, the collapse of particles in contact is prevented. Moreover,
for a given system, Eqs. (5.2) depend only on cr = −cr̄ . For symmetry reasons,
eq
eq
nr (ρ̄, 0) = nr̄ (ρ̄, 0) holds. Thus, the momentum balance is kept since the two forces
emerging from any particle-particle link compensate each other. However, since
Eqs. (5.2) do not depend on the relative velocity they cannot cover dissipative forces
between particles. This limitation needs to be kept in mind when deciding about
phenomenological cell-cell forces and their parametrization later in this chapter.
For the sake of simplicity a lattice node is not allowed to be occupied by more
than one cell. Occupation instead is determined by the order in which cells arrive at
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a node. From the point of view of the surrounding fluid this behavior is physically
consistent with two particles that compressibly deform upon contact.
The mid-link bounce-back boundary condition Eq. (4.19) is employed to model
immobile confining geometries such as vessel walls. In case of close contact of cells
with these surfaces a similar approach is followed as for the approach of two cells.
The only difference is that the forces on the system walls are ignored since the present,
simplified geometries are assumed to be fixed.

5.3 Model potentials for cell-cell and cell-wall interactions
In order to account for the complex behavior of real RBCs at small distances, phenomenological pair potentials are added. For simplicity, only repulsive forces are
implemented. This can be justified because in many physiological situations of interest, for example close to the walls of large parts of the arterial system, high shear
rates render aggregative effects negligible [27, 159]. The task of the potential therefore
lies in establishing an excluded volume for each cell. Due to the mild increase of the
potential, an overlap of these volumes will be unfavorable yet possible to some degree.
Thus, the deformation of cells upon contact is modeled in a phenomenological way.
A simplified potential also is beneficial to the efficiency of the model since it can be
evaluated with less numerical effort and is less likely to demand small time steps or
high order integrators. Starting point is the repulsive branch of a Hookean spring
potential

2
ri j < σ
ψ(ri j ) = ε 1 − ri j /σ
(5.3)
0
ri j ≥ σ

for the scalar displacement ri j of two particles i and j. This is probably the simplest
way to describe (elastic) deformability. The energy at zero displacement and the
distance at which the repulsive potential force sets in can be directly controlled by
means of the parameters ε and σ. With respect to the disc-like shape of RBCs, the
approach of Berne and Pechukas [13] is followed and the stiffness parameter

and the size parameter

ε(ôi , ô j ) = q

σ (ôi , ô j , r̂i j ) = s

ε̄
1 − χ2 ôi · ô j

(5.4)
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χ
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(r̂i j ·ôi +r̂i j ·ô j )
1+χôi ·ô j

2

+

(r̂i j ·ôi −r̂i j ·ô j )
1−χôi ·ô j

2



(5.5)

are chosen as functions of the orientations ôi and ô j of the cells and their normalized
center displacement r̂i j . An anisotropic potential is achieved with a zero-energy
surface that is approximately that of ellipsoidal discs. Their half-axes σk and σ⊥
parallel and perpendicular to the symmetry axis enter Eq. (5.4) and Eq. (5.5) via
σ̄ = 2σ⊥

and

χ=

σk2 − σ⊥2

σk2 + σ⊥2

,

(5.6)
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Figure 5.1: Dimensionless repulsive potential force as a function
of the dimensionless center distance for σ⊥ = 3σk and three sets
of relative orientations ôi k ô j ⊥
r̂i j , ôi k ô j k r̂i j , and ôi ⊥ ô j k r̂i j .
An approximately spheroidal excluded volume can be deducted
from the surface at which the repulsion sets in. (figure published
in Ref. [75])

Fσk /ε̄

1.5
1.0
0.5
0.0
0

1

2

3

4

5

6

rij /σk

whereas ε̄ determines the potential strength. The above approach for anisotropic
rescaling of radial symmetric potentials and its later improvement by Gay and Berne
[57] were intended for modeling liquid crystal systems. Particularly the method by
Gay and Berne is applied almost exclusively to a Lennard-Jones potential featuring a
short range repulsion and an attraction on moderate distances. This is referred to as
“Gay-Berne potential” in the literature. The model potential presented here lacks the
attractive tail but is equipped only with a softly repulsive core. In consequence, there
is no force acting on particles separated by more than the respective core diameter and
at physiological volume concentrations spontaneous ordering of the system cannot
be expected. Compared to typical liquid crystal applications, the role of the potential
lies rather in providing a soft repulsion within an anisotropic discoid volume than
in making specific cell alignments more favorable as compared to others. Fig. 5.1
displays in dimensionless form the magnitude of the resultant repulsive pair force
F as a function of ri j for σ⊥ = 3σk and three simple sets of relative orientations:
ôi k ô j ⊥ r̂i j , ôi k ô j k r̂i j , and ôi ⊥ ô j k r̂i j . Depending on the orientations, the
repulsive force sets in at different ri j . Aiming at the presentation of a model potential
which is simplified to the greatest possible extent, the Berne-Pechukas approach was
chosen which is slightly less complex than the more popular one by Gay and Berne.
In this approach, it is not possible to independently adjust the interaction strength for
different molecular orientations. That the potential is considerably stiffer in the case
where the flat sides of both cells are aligned towards each other is, however, consistent
with the fact that for this orientation, the same linear approach creates a significantly
larger overlap volume than in the other two cases. In the following Section 5.4, values
for ε̄, σk , and σ⊥ will be found that reproduce the rheological behavior of blood.
For modeling the cell-wall interaction a sphere with radius σw = 1/2 is assumed
at every lattice node on the surface of a vessel wall. Potential forces similar as for the
cell-cell interaction based on the repulsive spring potential Eq. (5.3) are implemented.
Berne and Pechukas show that using

σ (ôi , r̂ix ) = q

σ̄w
1 − χw (r̂ix · ôi )

2

(5.7)
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Figure 5.2: Outline of the 3D model by means of a 2D cut. Shown are two cells i
and j with their axes of rotational symmetry oi and o j . The volume defined by the
cell-cell interaction is approximately spheroidal with half axes σk and σ⊥ (red, —).
The spheroidal volume of the cell-plasma interaction with half axes Rk and R⊥ is
discretized on the underlying lattice. For clarity, this is shown for only one cell (blue,
- -). The cell-wall potential assumes spheres with radius σw on all surface wall nodes
(green, —). Depicted are also the center displacement vectors ri j and rix between both
cells and to an arbitrary surface wall node x. (figure published in Ref. [75])
instead of Eq. (5.5) as a size parameter with
σ̄w =

q
2
σ⊥2 + σw

and

χw =

σk2 − σ⊥2

2
σk2 + σw

(5.8)

allows to scale a potential with radial symmetry to fit for the description of the
interaction of a sphere and an ellipsoidal disc [13]. r̂ix is the normalized center
displacement of particle i and a wall node x. It is not necessary to scale the stiffness
parameter anisotropically, instead ε(ôi , ô j ) = ε̄w is set fixed and ε̄w is used to tune
the potential strength. The values of σk and σ⊥ are kept the same as for the cell-cell
interaction.
Fig. 5.2 shows a conclusive outline of the model. Two cells i and j surrounded by
blood plasma and a section of a vessel wall are displayed. For the sake of simplicity,
only a cut parallel to the axes of rotational symmetry of the cells is presented. Thus,
the RBCs are visualized as two-dimensional ellipses instead of three-dimensional
spheroids. Depicted are the cell shapes defined by the zero-energy surface of the
cell-cell potential Eq. (5.3) with Eq. (5.5) that can be approximated by spheroids
with the size parameters σk and σ⊥ as half axes. Also shown are the spheres with
radius σw defined accordingly by the cell-wall interaction Eq. (5.3) and Eq. (5.7) which
are assumed at all wall nodes that are linked to a fluid node by one of the lattice
directions cr . While these spheres are centered on the respective wall nodes, the cells
are free to assume continuous positions and orientations oi and o j . In consequence,
also the center displacement vectors ri j and rix between the cells and between cell i
and an arbitrary wall node x are continuous. Still, for the cell-plasma interaction an
spheroidal volume with half axes Rk and R⊥ is discretized on the underlying lattice.
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5.4 Tuning of the model parameters
As a convention for the remainder of this chapter, primed variables are used to
distinguish quantities given in physical units from the corresponding unprimed
variable measured in lattice units. The maximum extent of physiological RBCs at their
equilibrium shape amounts to about 8 µm and 2.6 µm perpendicular and parallel
to the axis of rotational symmetry [46]. An ellipsoid of revolution with the same
numbers as axes appears to have a volume of 87 µm3 which fits with the RBC volume
measured in [46]. Therefore the size parameters of the cell-cell potential are chosen to
be
σ⊥0 = 4 µm and σk0 = 4/3 µm
(5.9)

so that both the magnitude and the maximum extents of the volume defined by the
cell-cell interaction match typical values for physiological erythrocytes.
All quantities that are of interest in the following simulations can be converted
from simulation units to physical units by multiplication with products of integer
powers of the conversion factors δx, δt, and δm for space, time, and mass that thus
completely define a scale. The mean deviations of the Stokes drag coefficients of a
single spherical particle from the theoretical values in the laminar regime is found
to be in the order of 10−2 for a radius of 2.5 lattice units. This is in agreement with
equivalent tests performed by Ladd [99]. Based on this knowledge, particle sizes
are demanded that lead to a representation on the lattice at least as large as that of a
sphere with radius 2.5. When using the same aspect ratio R⊥ / Rk = σ⊥ /σk = 3 for the
cell-fluid as for the cell-cell interaction, this requirement results in minimum values
for R⊥ and Rk of 3.6 and 1.2 lattice units, respectively.
It can be expected that with cell-fluid volumes significantly smaller than the size
parameters of the potential, realistic coupling strengths which are needed for example
to model the clogging of capillaries cannot be achieved. Still, R⊥ and Rk should be
smaller than the respective size parameters of the cell-cell potential since limiting the
amount of overlapping cell-fluid interaction volume will improve the modeling of
hydrodynamics between cells. Ladd and Verberg [101] suggest assisting the particlefluid coupling method with lubrication corrections starting at gap widths below 2/3
lattice spacings.
Throughout this work, δx = 2/3 µm is chosen as a compromise that both keeps
the resolution and the computational cost low and allows one to combine—for example—a high ratio of Rk /σk = 7/8 with a minimum gap width of 2(σk − Rk ) = 0.5 at
which the cell-cell potential starts to set in.
As declared in the previous chapter, τ = 1 always. This, together with the
constraint
δx2
2τ − 1 δx2
m2
ν
=
= 1.09 × 10−6
= ν0
(5.10)
δt
6
δt
s
caused by the fact that the simulated kinematic fluid viscosity ν is supposed to match
the kinematic viscosity of blood plasma of ν 0 = 1.09 × 10−6 m2 /s when converted to
physical units, determines the time discretization as δt = 6.80 × 10−8 s. The value for
ν 0 is deduced from the numbers given in reference [53]. For convenience, the fluid
density in simulation units is arbitrarily chosen to be ρ̄ = 1. With δx and the physical
plasma density ρ̄0 = 1.03 × 103 kg/m3 [53], this choice results in a mass conversion
factor of δm = 3.05 × 10−16 kg.
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At first, the effects of the free model parameters is investigated by measuring the
ratio of the dynamic viscosity of the model µ and the constant plasma viscosity µ0 for
a homogeneous suspension of cells in Couette flow. All simulations reported here
are performed on a system with a size of Nx = 128 lattice units in x- and at least
Ny = Nz = 40 lattice units in y- and z-direction. This represents 85 × 272 µm3 of real
blood. Between the two yz-side planes a constant offset of the local fluid velocities in
z-direction is imposed using the Lees-Edwards shear boundary condition [104, 166]
(see Section 4.1.3.2). The other edges are linked purely periodically. For the cells,
a reflective boundary condition is implemented that negates the normal velocity
component of a cell as soon as its center distance to one of the sheared side planes
becomes less than σ⊥ . The motivation to apply different boundary conditions to the
fluid and to the solid phase of the suspension simply is that at the time the simulations were performed, consistent Lees-Edwards boundary conditions for suspended
particles [108, 110, 111] as introduced later in Section 8.2.2 still had to be developed
for the present simulation code by the author.
The viscosity
T
µ=
(5.11)
γ̇
is computed based on the shear rate γ̇ and the shear stress

T =

∆M
N y Nz

(5.12)

where ∆M is the z-momentum transfer during one (unit) time step across a plane
perpendicular to the x-direction. Here, the above boundary implementation has the
advantage that cell-free boundary layers x → x + 1 exist where
Nz

∆M =

Ny

∑∑

z=1 y=1



n13 ( x+1, y, z) − n14 ( x+1, y, z) − n9 ( x, y, z) + n10 ( x, y, z)



(5.13)

can be obtained rather conveniently. Tab. 4.1 and Fig. 4.1 show that the fluid distributions nr ( x, y, z) with r = 9, 10, 13, 14 are the only ones that contribute to the transport
of z-momentum in the x-direction. In the actual implementation, the ∆M entering
Eq. (5.12) is evaluated as the average of Eq. (5.13) for x = 0 and x = Nx where the
x-positions 0 and Nx + 1 refer to virtual sites in the Lees-Edwards buffers that provide
the distributions from the x-positions Nx and 1 after a Galilean transformation. To
prevent the boundaries from influencing further measurements, the shear rate γ̇
is determined only in the central half of the system where the flow resembles an
unbounded Couette flow. γ̇ is obtained from a linear fit of the velocity profile v z ( x).
For each shear rate, the simulation starts with resting and randomly oriented model
cells suspended in likewise resting fluid. Eq. (5.11) is calculated in intervals during
the simulation and the result is accumulated for temporal averaging as soon as a
steady state is achieved. Several samples prove that neither the change of the random
seed for the generation of the initial cell configuration nor the stepwise increase of the
system size perpendicular to the velocity gradient up to a volume of 853 µm3 leads to
any significant deviation of the results. However, it is found that the shear causes the
cell orientations ôi to preferably align in the xz-plane.
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Figure 5.3: Dependence of the dynamic viscosity µ on the fraction Rk /σk of the
linear dimensions of the cell-fluid and cell-cell interaction volumes for a shear rate of
γ̇ 0 = (2.21 ± 0.08) × 103 s−1 , a number density of η0 = (6.4 ± 0.3) × 1015 m−3 , a cell
stiffness parameter ε̄0 = 1.47 × 10−15 J, and cell-cell size parameters σ⊥0 = 4 µm and
σk0 = 4/3 µm. All consecutive simulations are performed with Rk /σk = 11/12 ≈ 0.92.
(data partially published in Ref. [75])
A proper choice of the ratio Rk /σk is not known a priori. Thus, simulations at a
constant shear rate of γ̇ = (2.21 ± 0.08) × 103 s−1 are performed for different Rk /σk .
The resulting particle Reynolds numbers Rep are of the order of 10−1 . A cell number
density of η0 = (6.4 ± 0.3) × 1015 m−3 corresponding to a physiological hematocrit
of 0.56 and a cell stiffness parameter of ε̄0 = 1.47 × 10−15 J is chosen arbitrarily. The
resulting viscosity µ as a function of the ratio Rk /σk is drawn in Fig. 5.3. A relatively
mild and almost linear increase is visible for Rk /σk < 1 which can be related to
the increase of friction in the system. Around 1, the increase becomes considerably
steeper as the minimum gaps of approaching cells vanish. At even larger ratios, the
slope decreases again due to large and unphysical amounts of overlap of the cell-fluid
coupling volumes that accordingly to Eqs. (5.2) reduce the effective friction between
cells. This effect makes the viscosity itself decreases dramatically for even larger
Rk /σk . Clearly, a choice of Rk /σk & 1.1 would lead to unphysical behavior. Based on
the previous considerations and affirmed by Fig. 5.3, Rk /σk = 11/12 ≈ 0.92 is chosen
as a value that is close to unity but still induces an only moderate amount of overlap
even at high shear rates of the order of 103 s−1 . This choice results in size parameters
of the cell-fluid interaction of
R0⊥ = 11/3 µm

and

R0k = 11/9 µm .

(5.14)

All dimensions in Fig. 5.2 above were already drawn to scale with respect to the
dimensional parameters in Eq. (5.9) and Eq. (5.14).
The parameter ε̄ is of special interest since it controls the cell stiffness which
describes the deformability of the erythrocytes in the model. From experiments it
is known that the shear thinning behavior of blood at high shear rates is related
to the deformability of the RBC membrane and that it can be disabled by artificial
hardening of the cells [27, 152]. The present model stays numerically stable only for a
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Figure 5.4: (a) shows the shear rate dependent viscosity µ at a cell volume concentration of Φ = 0.43. The different symbols represent different cell stiffness parameters
ε̄0 = 1.47 × 10−k with k = 16, 15, 14, 13, 12 from bottom to top. Rescaling the shear
rate γ̇ 0 with ε̄0 as displayed in (b) leads to a collapse of the region of steepest viscosity
decrease on a single curve which hints at a concurrence of viscous and potential forces.
All further simulations are performed with k = 15. (data published in Ref. [75])

limited range of ε̄. Simulations performed for various shear rates 1.7 × 101 s−1 < γ̇ <
2.3 × 104 s−1 corresponding to particle Reynolds numbers 10−3 . Rep . 1 and ε̄0
varying between 1.47 × 10−16 J and 1.47 × 10−12 J at a cell-fluid volume concentration
of 0.43 still show that for a given shear rate, larger ε̄ result in higher viscosities yet in
a less steep viscosity decrease. Fig. 5.4(a) displays this effect which is asymptotically
consistent with the experimental results of Chien [27]. It is interesting to note that by
plotting the viscosity over the fraction γ̇ /ε̄—as done in Fig. 5.4(b)—a collapse of the
region of strongest viscosity decrease in the curves for different ε̄ can be achieved.
This indicates that the shear thinning is determined by a balance of viscous and
potential forces that scale with γ̇ and ε̄, respectively. Comparison of Fig. 5.4(a) with
experimental data taken from the literature [27] shows best consistency in the case of
high shear rates γ̇ 0 ∼ 103 s−1 for ε̄0 = 1.47 × 10−15 J. This value is kept constant for
all further simulations in this chapter.
It has to be noted that the above definition of the model parameters links the
hematocrit to the cell-fluid volume fraction defined via Rk and R⊥ while the average
erythrocyte volume is linked to the cell-cell interaction volume determined by σk
and σ⊥ which is (12/11)3 ≈ 1.30 times larger. Hence, a given physical volume in
the simulation contains a number of model cells that is 30 % larger than the number
of erythrocytes in the same volume of real blood at the same hematocrit. A more
consistent re-calibration of the model parameters seems possible after increasing Rk
and R⊥ but is expected to have little effect on the results that follow.
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5.5 Model validation
5.5.1

Comparison with the bulk rheology of blood

With all parameters of the cell-fluid and cell-wall interaction defined, the effect of
varying cell concentrations on the viscosity can be studied. In the following, the
fraction of the total blood volume that is occupied by the discretized representations
of the model cells on the lattice is identified as the cell volume concentration or
hematocrit Φ. For given Rk and R⊥ , Φ is proportional to the number concentration.
Fig. 5.5 shows the dependence of the viscosity on Φ for a fixed shear rate of γ̇ 0 =
(2.2 ± 0.1) × 103 s−1 . The particle Reynolds number is of the order of Rep ∼ 10−1 .
For Φ < 0.35 a nearly linear increase of µ is found. For Φ > 0.35, the curve appears
still linear but the slope is slightly smaller. Compared to the literature, µ stays clearly
below the viscosities known for hard spheroids with a similar aspect ratio of 0.3 [14].
The lower viscosities of the model, especially at high volume fractions, are caused by
the reduced dissipation between touching and overlapping cells. This explanation
can be substantiated by considering two neighboring boxes of a periodic arrangement
each containing one cell in the center. Depending on the orientation and offset relative
to the LB grid, direct cell-cell links start to occur at volume concentrations between
0.3 and 0.5 for the given R⊥ and Rk . These numbers also match the region in Fig. 5.5
where the slope of µ (Φ) decreases. As can be seen from Fig. 5.5, the results for
concentrations up to about 0.5 fit reasonably well with the experimental studies of
Goldsmith (see [53]) and of Shin et al. [152]. At higher Φ, touching cell-fluid volumes
dominate the rheology of the model suspension. The exact shear rates applied by
Goldsmith and by Shin et al. are not known. It can only be inferred from the literature
that γ̇ 0 was larger than 100 s−1 and 250 s−1 , respectively. In this range, blood shows
shear thinning behavior [27, 152] and so does the model (see Fig. 5.4). It therefore is
not possible to determine whether—as Fig. 5.5 suggests—the model perfectly matches
with experiments for Φ < 0.4 and underestimates the viscosity between 0.4 and 0.5.
However, Fig. 5.4 demonstrates that a better consistency at physiologically important
concentrations around 0.4 should be easily attainable by tuning the value of ε̄. In the
limit of high volume fractions, however, the discrepancy between simulation and
experiment is larger and can hardly be explained by differing shear rates, even taking
into account the increased volume fraction [53]. As mentioned already in the context
of Fig. 5.3, the model is not applicable to volume fractions considerably higher than
0.5 which, however, are unlikely to appear in the microcirculation.

5.5.2

Single cells in strongly confined flows

While the previous simulations regard bulk properties, the focus is shifted now
towards problems where confinement and particulate effects play a crucial role. The
cell-wall interaction stiffness ε̄w can be determined similarly as ε̄ by comparison with
experimental data. As an example, sieving experiments are chosen. Chien et al. [28]
filtered human erythrocytes through polycarbonate sieves with mean pore diameters
of W 0 = 2.2 µm to 4.4 µm and mean pore lengths of 13 µm. They analyzed the
resulting flow resistance and damaging of cells in dependence on the pressure drop
∆P0 across the sieves which was varied between approximately 102 and 105 N/m2 . In
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the simulation, ∆P can be applied by means of on-site boundary conditions [67] (see
Section 4.1.3.3) at the beginning and the end of reservoir volumes added to both sides
of the pore. A single cell in front of a pore at a small value of ∆P0 = 4 × 102 N/m2
(0.3 cm Hg) is simulated and the pore diameter and ε̄w is varied. At this pressure drop,
no significant hemolysis, which—as a sub-cell effect—is not resolved in the coarsegrained model, is found in the experiments [28]. However, compared to the case of
W 0 = 4.4 µm, the flow resistance was increased by a factor of approximately 4 for
W 0 = 3.7 µm, by about 30 for W 0 = 3.0 µm, and by more than 100 for W 0 = 2.2 µm
at a hematocrit not higher than of the order of 10−2 . In the simulations, the nonpassing of model cells can be identified with a high increase of flow resistance in the
experiments. Apparently, for ε̄0w = 1.47 × 10−16 J, the cell passes a pore with only
W 0 = 3.0 µm while for ε̄0w = 1.47 × 10−14 J already a diameter of W 0 = 4.4 µm proves
an insurmountable obstacle. In view of reference [28] these two ε̄w are unrealistic
but the intermediate value ε̄0w = ε̄0 = 1.47 × 10−15 J is an appropriate choice for this
setup which allows the model cell to pass through pores with a diameter of 3.7 µm
and more.
In the following, the flow through a bifurcation of cylindrical capillaries with
a diameter of 9.3 µm is studied. One of the branches, however, features a stenosis
with diameter Ws . A cut through the geometry containing nine RBCs is displayed in
Fig. 5.6. It visualizes the cells as the approximated spheroidal volumes defined by
the zero-energy surface of the cell-cell interaction and the vessel walls as midplane
between fluid and wall nodes. The open ends of the system are linked periodically.
The flow is driven by means of a body force acting only on the fluid in the entrance
region. As initial condition, cells are placed randomly in the unconstricted parts
of the system. Both the tube diameters and Reynolds numbers Re . 4 × 10−3
match physiological situations [53]. As above, the cell-wall potential stiffness is
chosen to be ε̄0w = ε̄0 = 1.47 × 10−15 J. The relative flow rate through the constricted
branch Q̂con = Qcon /( Qcon + Qunc ) as computed from the absolute flow rates in the
constricted and unconstricted branch, Qcon and Qunc , is averaged over times 1.7 s to
3.0 s measured from system initialization. This is done for Ws0 = 5.3 µm, 8.0 µm, and
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Figure 5.6: Cut through a capillary bifurcation. Shown are the volumes defined by
the cell-cell interaction and the midplane between wall and fluid nodes. The plasma
is not visualized. The flow direction is from left to right. The vessel diameter is
Ws0 = 5.3 µm at a stenosis in the upper branch and 9.3 µm otherwise. Geometries
with length scales that are not large compared to a cell diameter require treatment
by a method that is able to resolve particulate effects like the shown clogging of the
constricted branch for a cell-wall potential strength of ε̄0w = 1.47 × 10−15 J. (figure
published in Ref. [75])
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Figure 5.7: Time-averaged relative flow rate through the constricted capillary in a bifurcation
as shown in Fig. 5.6 for different
stenosis diameters Ws . The cellwall interaction stiffness is ε̄0w =
1.47 × 10−15 J. While for Ws0 =
5.3 µm the constricted branch becomes clogged and only a small
amount of plasma passes the remaining aperture, no clogging occurs for larger Ws . (data published in Ref. [75])

9.3 µm. As expected, the results in Fig. 5.7 are monotonous with Ws . When studying
the volumetric flow rates of plasma and cells separately, it becomes clear that for
Ws0 = 5.3 µm the cells cannot pass the constriction at the present body force. Exactly
this situation is visualized in Fig. 5.6.
Even though a definite conclusion is not possible without analyzing the pressure
drop across the stenosis, this behavior seems to be unrealistic since in experiments
RBCs were able to squeeze through significantly smaller pores [59]. Hence, the
dynamics of the system for the present and two lower cell-wall interaction parameters
is studied. In Fig. 5.8 Q̂con (t) is plotted. For ε̄0w = 1.47 × 10−15 J, the curve decreases
in two steps due to the successive arrival of two erythrocytes and stays below 10 %
as only a small amount of plasma is able to pass the remaining aperture. In contrast,
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Figure 5.8: Time evolution of the relative flow rate through the constricted capillary
in the bifurcation shown in Fig. 5.6. For a cell-wall interaction stiffness of ε̄0w =
1.47 × 10−15 J, the relative flow rate drops to less than 10 % in two major steps related
to the successive arrival of two single erythrocytes at the constriction. With ε̄0w =
1.47 × 10−16 J, the reduction of the flow rate is only temporary, since the cells are
eventually able to pass. While leaving the constriction, the RBCs are accelerated
by the cell-wall potential forces which explains the peaks of the flow rate. (data
published in Ref. [75])
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Figure 5.9: The same geometry
of branching capillaries as shown
in Fig. 5.6. Now visualized are
the cell center trajectories at a
cell-wall interaction stiffness of
ε̄0w = 1.47 × 10−17 J where the
model cells are able to pass freely
through the constriction. (figure
published in Ref. [77])
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there is a continuous flow of plasma and cells for ε̄0w = 1.47 × 10−17 J. Fig. 5.9 shows
the corresponding trajectories of the cells’ centers of mass. For an intermediate
stiffness ε̄0w = 1.47 × 10−16 J the cells get stuck initially. However, the flow in the
narrowed branch is influenced by the time-dependent cell configuration in the other
branch. It happens eventually that the pressure in front of the stenosis rises to a level
which lets the RBC overcome the barrier imposed by the cell-wall potential. Each
restitution of a higher flow level is initiated by a peak which can be explained by
the cell-wall potential that accelerates the RBC into the flow direction while the cell
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Figure 5.10: Cut through a cylindrical vessel with a diameter of
63 µm. For this geometry a cellwall interaction strength of ε̄0w =
1.47 × 10−16 J is chosen. Shown
are the volumes defined by the
cell-cell interaction at 0.42 cellfluid volume concentration and
the midplane between wall and
fluid nodes. The flow is pointing into the drawing plane and
has a maximum velocity of 1.08 ×
10−2 m/s at the center. (figure
published in Ref. [75])

leaves the constriction. As another effect, ε̄w is found to affect the relative flow rates
of the two phases since larger values force the cells into the center of the capillaries
where higher velocities are measured.
Despite the coarse-graining of the model it qualitatively reproduces a number
of aspects of the behavior observed for blood flow in capillaries. The fact that cells
approaching a bifurcation show a strong preference to choose the faster branch is
described in [53] and can be confirmed as depicted by Fig. 5.9. The last consequence
of this effect is visible in Fig. 5.6 and Fig. 5.8 where during a considerable amount
of time no further RBCs enter the constricted branch after its closure. It can be seen
that the presented model is able to describe particulate effects which could hardly
be covered in terms of a continuous fluid. Obviously, reproducing the behavior of
single cells at bifurcations is crucial if the microcirculation and its heterogeneous flow
properties are to be modeled [132].

5.5.3

Collective behavior in flows through cylindrical channels

The vessel radii present in the human microvascular system approximately cover
a range from 2 µm to 50 µm. After the demonstration of the applicability of the
model to small capillaries, a study of the steady flow through a larger vessel with a
diameter of W 0 = 63 µm corresponding to an arteriole or venule [132] follows. In the
simulation, the vessel is closed periodically at a length of 43 µm. An intermediate
cell-wall interaction stiffness ε̄0w = 1.47 × 10−16 J and Φ = 0.42 is chosen. Fig. 5.10
shows a cut through the vessel for steady flow at Re ∼ 1. The flow is driven by a
body force which acts on both plasma and cells in the whole system and is equivalent
to a constant macroscopic pressure gradient. The system is evolved in time until
neither the initial fcc ordering of the cells nor significant directed changes in the
volumetric flow rate Q are visible. In Fig. 5.11, the radial velocity profile in the case
of a body force resulting in a pseudo-shear rate of v̄0 = 4Q/(πW 3 ) = 1.3 × 103 s−1
or a Reynolds number of Re ∼ 10 is shown. The graph deviates from the parabolic
Hagen-Poiseuille profile that could be observed for a Newtonian fluid. Instead a
parabolic core region and a narrow boundary region with high shear rates can be

Figure 5.11: Radial velocity profile in a cylindrical vessel with
0.42 average cell-fluid volume
concentration. Apparent slip due
to a cell depletion layer is visible. The profile can be well fitted
by a modified axial-train model
as described by Secomb [148].
The parabolic Hagen-Poiseuille
profile is plotted for comparison.
(data published in Ref. [75])
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identified. The fit in Fig. 5.11 shows that this profile can be easily explained by the
modified axial-train model as described by Secomb [148]. The fit parameters are
the viscosity ratio of core and boundary µc /µb and the width of the cell-depleted
boundary layer δ. The obtained viscosity ratio of µc /µb = 2.43 ± 0.01 is consistent
with the bulk properties in Fig. 5.5 if µb = µ and 0.4 < Φ < 0.5 is assumed in the core.
Also the result of δ 0 = (1.47 ± 0.04) µm seems compatible with the value of 1.8 µm
suggested by Secomb [148]. In additional studies of radial cell-fluid concentration
profiles the existence of a cell-depleted layer is proven. Its width can be tuned by the
cell-wall potential stiffness ε̄w . Also an increased cell concentration of up to around
Φ = 0.6 close to the central axis of the vessel is found. This must be a collective effect
since in consistency with a 2D study by Qi et al. [140], it is observed that single cells
in Poiseuille flow migrate to an intermediate lateral position between vessel wall and
center.
As it is well known, the formation of a cell depletion layer influences the flow
resistance of vessels which can be expressed in terms of their apparent viscosity [132].
By inserting the measured volume flow rate Q through a cylindrical vessel into the
theoretical expression for a Newtonian fluid
Q=

πW 4 dP
,
128µ dz

(5.15)

with dP/dz being the macroscopic pressure gradient and solving for µ the respective
apparent viscosity µapp can be determined. Except for Q, all known quantities in
Eq. (5.15) are constant and set as parameters of the simulation code. Only the flow rate
undergoes stochastic fluctuations and—at the beginning of each simulation—shows
a strong time dependence as the system relaxes from an arbitrary initial condition
to a macroscopically steady state. Thus, typical simulations last for up to ∼107 time
steps corresponding to ∼1 s of physical time. Q is averaged over typically ∼0.1 s
and its statistical error serves to estimate the accuracy of the resulting viscosity. The
main dependency of µapp is on the hematocrit Φ. However, µapp depends also on the
vessel diameter W. This is known as Fåhræus-Lindqvist effect [132]. Pries et al. [138]
combine a large set of experimental studies for v̄0 > 50 s−1 and provide an empirical
fit.
First, a series of simulations at W 0 = 63 µm and three fixed pseudo-shear rates
between v̄0 = (62 ± 1) s−1 and (563 ± 3) s−1 is performed for varying cell-fluid
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Figure 5.12: Dependence of the
apparent dynamic viscosity µapp
in a cylindrical vessel with diameter W 0 = 63 µm on the volume
concentration Φ. Three pseudoshear rates v̄0 = 4Q0 /(2πW 03 ) are
examined. The empirical result
by Pries et al. [138] for v̄0 > 50 s−1
with Φ being the tube hematocrit
is plotted for comparison. (data
published in Ref. [75])
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volume concentrations Φ. The corresponding Reynolds numbers are Re . 1. If Φ is
identified with the hematocrit as in Fig. 5.5, very good agreement with the relationship
by Pries et al. [138] is found. The comparison is plotted in Fig. 5.12.
Next, the dependence on the vessel diameter W is studied. The empirical expression by Pries et al. [138] for µapp is plotted as a function of Φ for four discrete values of
W as lines in Fig. 5.13. The symbols stand for simulation results at the same diameters
W and pseudo-shear rates of (62 ± 1) s−1 (Fig. 5.13(a)) and (180 ± 5) s−1 (Fig. 5.13(b)).
In consistency with the still significant shear-thinning that experiments [27] but also
the simulations above exhibit beyond γ̇ 0 = 50 s−1 , the results show a clear dependency on the pseudo-shear rate, which cannot be covered by the model by Pries et
al. [138] that was obtained from averaging over different v̄0 > 50 s−1 . Nevertheless,
a comparison confirms the agreement concerning the observation that the apparent
viscosity increases with W. This can be explained by the decreasing relative influence
of the cell depletion layer. While the effect seems captured realistically for low volume
concentrations Φ . 0.3, the dependence of µapp on W becomes less clear for higher Φ.
This discrepancy is explained by the fact that the thickness of the cell-depleted layer
at high Φ is determined by a balance of the short-range interactions of cells in the
core acting towards a decrease of the depletion layer thickness and the short-range
interactions of cells and the vessel wall acting towards its increase. Since the method
presented above models short-range interactions by means of potential forces and a
constant pressure force Eqs. (5.2), velocity-dependent lubrication and lift forces can
be covered only insufficiently in the case of high volume fractions. However, due
to the Fåhræus effect [132], Φ in smaller blood vessels is lower than the discharge
hematocrit of typically 0.4–0.5. Also the W-dependence found according to Pries et
al. [138] and displayed in Fig. 5.13 is not very strong for the diameters studied. Thus
the actual impact of the limitation of the coarse-grained model concerning Φ should
not be overestimated when simulating vessels of comparable diameters.
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Figure 5.13: Dependence of the apparent viscosity µapp in a cylindrical vessel with
diameter W 0 on the volume concentration Φ. The lines show empirical results by
Pries et al. [138] for pseudo-shear rates v̄0 > 50 s−1 with Φ as tube hematocrit while
the symbols represent simulations for (a) v̄0 = (62 ± 1) s−1 and (b) v̄0 = (180 ± 5) s−1 .
Due to shear-thinning, in general the viscosities in (b) are slightly lower than in (a).
(data published in Ref. [77])

5.6 Discussion of scalability
The presence of a cell-depleted layer is closely connected to the emergence of heterogeneous cell concentrations in different parts of the microvasculature since branching
daughter-vessels first of all drain blood from the boundary layer [53]. The hematocrit,
in turn, influences the flow resistance, the flow rate, and the resulting distribution
of erythrocytes at branching points [132]. The simulation approach presented here
reproduces these aspects at least qualitatively. When implemented together with
an indexed LB scheme as in [7, 12, 114], the method would be able to simulate flow
through digitized vessel networks covering the whole scale of the microcirculation
with high efficiency. Such simulations are still computationally demanding despite
the simplifications of the model. Thus, even systems that are small in physical units
require parallel supercomputers which makes the scalability of the code crucial.
In Section 4.4 the good parallel scalability of the lattice Boltzmann method in
general was elucidated and the parallel speedup of the code employed here was
demonstrated to be close to ideal up to hundreds of thousands of parallel processes
on an IBM Blue Gene/P system. These results hold also for the coarse-grained blood
model and with sufficiently large systems, millions of cells can be modeled. To the
knowledge of the author, comparable numbers of red cells were simulated only by
Clausen et al. [32] still modeling fully deformable particles and by Peters et al. [129]
applying the further coarse-grained approach by Melchionna [116]. Owing to the
coarse-graining, the present model is easier to parallelize efficiently and—compared
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to the particle diameters given by Clausen et al. [32]—allows for substantially higher
cell numbers than the deformable particle model. From Eq. (5.10) it can be derived
that the number of lattice site updates necessary for the simulation of a system with
a given physical size for a given physical time scales with the fifth power of 1/δx.
Therefore, the relatively low spatial resolution is highly beneficial for the simulation
of large systems.

5.7 Statistical analysis of cell rotations in Couette flow
Due to its applicability to huge numbers of cells and the fact that RBC orientations
are accessible directly in the model, the simulation method is particularly suited for
the statistical analysis of the rotational behavior of cells at high volume fractions. The
following simulations are completely in line with the aforementioned determination
of the model to facilitate the recording of firm statistical data inaccessible to more
resolved and therefore less efficient particulate descriptions of blood.
Couette flow is simulated as described in Section 5.4 above. However, with
a size of Nx = Nz = 512 and Ny = 64 lattice sites, the volume is considerably
larger and contains about 3 × 104 cells at a hematocrit of Φ = 0.45. Even at these
dimensions, the simplicity of the model allows for simulations lasting several 106
time steps corresponding to fractions of a second in real time. The velocity gradient
is aligned with the x- and the flow with the z-axis. To exclude boundary effects in
the x-direction, the analysis is restricted to those cells which stay at a lateral position
512/3 < x < 2 × 512/3 during the whole simulation.
It is known that an ellipsoidal particle in shear flow performs an unsteady yet
periodic rotational motion [81]. For the spheroid defined by the cell-fluid interaction
volume, the duration of one half-period, that is, the time to perform a rotation by an
angle of π, amounts to
π ( R2k + R2⊥ )
T∗ =
.
(5.16)
Rk R⊥ γ̇

This behavior is called “tumbling” and is reproduced by the coarse-grained blood
model when exposing a single cell to shear flow. Studied now is the distribution of
empirical tumbling times T in suspensions of large numbers of interacting model
cells.
The angle θ is measured between the positive x-axis and the cell orientation vector
ô. The time evolution of the continuous tumbling angle θ is plotted for an arbitrary
selection of cells in the inset of Fig. 5.14. The respective volume concentration is
Φ = 0.45 and the shear rate is γ̇ 0 = 3.1 × 103 s−1 . The cells keep a largely constant
alignment for varying periods of time and, occasionally, flip over by an angle of π
along the vorticity direction. Thus, the angular velocity is strongly time-dependent.
The probability distribution function of the time required for a rotation by π which
is measured as the time T between two flipping events is shown in the main part of
Fig. 5.14. For decreasing volume concentrations, the distribution becomes narrower
and its peak is shifted towards shorter times. However, with a width comparable
to its average value, even at Φ = 0.11 the distribution deviates substantially from a
delta peak. Therefore, even though typical tumbling periods in suspension do not
differ much from the value for a freely tumbling ellipsoid [81], the effect of cell-cell

5.8. Viscosity measurement in Kolmogorov flow

probability [a. u.]

0

Φ ≈ 0.450
≈ 0.225
≈ 0.110

10-1

-0.5
θ [π]

10

53

-1.5
-2.5
14 16 18 20 22 24 26
t’ [ms]

10-2

10-3

10-4

0 T*’(Φ)

10

20

30

40

50

T’ [ms]

Figure 5.14: Probability density functions of the measured time T 0 between two
consecutive events of flipping by an angle of π around the vorticity direction at
different values of Φ and γ̇ 0 = (3.0 ± 0.1) × 103 s−1 . As a reference, the vertical lines
indicate the time required for a rotation around π according to the analytical solution
for a single ellipsoidal particle at the respective shear rates [81]. The inset visualizes
the continuous tumbling angle θ of selected cells as a function of time t0 at Φ ≈ 0.45.
(data published in Ref. [76])
interactions on the observables is significant for all Φ studied. The data presented in
Fig. 5.14, showing probability density functions that are smooth over at least one order
of magnitude in probability even at the highest volume fraction could be obtained
only thanks to the simulation of many cells over long times which was enabled by
the coarse grained blood model presented above.

5.8 Viscosity measurement in Kolmogorov flow
In Section 5.5.1, the viscosity of the bulk of the suspension is measured in simulations
of supposedly unbounded Couette flow. Though this setting is easy to comprise
analytically, its efficient and precise implementation is not straightforward since the
suspended particles would have to be enabled to stretch across the sheared LeesEdwards boundary. Therefore, an alternative method compatible with completely
periodic boundaries is demonstrated in the following. It is based on so-called Kolmogorov flow, a sinusoidally modulated shear flow, and follows the work by Benzi et
al. [11]. To the full suspension a sinusoidal body force
g z ( x) = gK sin [kK ( x − 1/2)]

(5.17)

pointing into the z-direction is applied. gK is the amplitude and kK the wave number
in x-direction. At steady state, the spatial variation of the shear stress
∂ x T ( x) = g z ( x)

(5.18)
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Figure 5.15: Comparison of viscosity data retrieved from Kolmogorov flow at different wave numbers kK and amplitudes of forcing g0K after 68.0 ms of equilibration with
data measured in Couette flow. The volume fraction is Φ∗ = 0.43 with ∆Φ = 0.005
while the error bars were drawn according to the standard deviation after binning
and averaging of the original data. (data published in Ref. [76])
matches the external forcing. Integration of Eq. (5.18) together with Eq. (5.17) yields
an analytic expression for the shear stress

T ( x) = −

gK
cos [kK ( x − 1/2)] .
kK

(5.19)

The y- and z-averaged local shear rate can be evaluated numerically as
γ̇ ( x) = h∂ x u z ( x)i y,z .

(5.20)

After equilibration, a simulation of Nx × Ny × Nz lattice sites results in Nx numbers
for the viscosity
T ( x)
(5.21)
µ ( x) =
γ̇ ( x)
covering a range of shear rates that depends on gK and kK .
Compared to the earlier viscosity measurement in Couette flow, the above procedure [11] has the benefit of taking advantage of the whole simulation volume
since there are no possibly unphysical boundary regions. Additionally, each single measurement yields data for many different shear rates. On the other side, the
non-constant shear stress can cause inhomogeneities in the local cell volume fraction
Φ( x). Therefore, all viscosity data ( x, µ ( x)) for which Φ( x) 6∈ [Φ∗ − ∆Φ, Φ∗ + ∆Φ]
is disregarded with Φ∗ being the volume concentration of interest and 2∆Φ a small
interval of tolerance. Fig. 5.15 compares µ (|γ̇ |) resulting from such measurements at
varying gK and Nx with kK = 2π / Nx after 68.0 ms with Couette flow measurements
as described in Section 5.5.1 (Nx = 128). In the plot, Φ∗ = 0.43 and ∆Φ = 0.005.
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The data is further averaged within bins with a width of ∆[ln(γ̇ 0 s)] = 0.5 in order
to reduce statistical noise. The good agreement proves the feasibility of the method.
Still, most of the viscosity measurements in the remaining chapters are performed in
the more traditional Couette flow setup described in Section 5.5.1.

5.9 Limitations of the model
Careful examination of the previous sections reveals a couple of serious shortcomings
in the design of the coarse-grained blood model. These will be made more evident
and discussed critically in the following. Possible routes to cure some of the problems
will be shown in the following Section 5.10.

5.9.1

Viscosity

As could be seen from Fig. 5.3 and Fig. 5.5, the model produces unrealistically low
viscosities at high volume fractions. The reason is that the hydrodynamic soft-particle
contact model as described in 5.2 effectively leads to partial no-slip particle-particle
boundaries wherever two cells get close enough that—on the scale of the lattice—
direct contacts appear. At sufficiently high volume fractions, such contacts are omnipresent whereas in a realistic suspension the viscosity would increase because
diverging lubrication interactions start to dominate.
In view of realistic volume concentrations in the microvasculature the aforementioned discrepancy does not render the model invalid but it points to another
interesting issue: hydrodynamic interactions between particles are modeled only
insufficiently once the gap between the surfaces drops below ≈1 lattice spacing (cf.
Section 4.3.3). The model relies on this effect to reproduce the viscosity of blood
which is considerably reduced compared to suspensions of rigid particles at the same
volume fraction. Fig. 5.4(b) shows that it is the balance of the cell-cell interaction
potential against viscous forces that controls the viscosity, allowing for closer cell-cell
contacts with reduced hydrodynamic resolution for high shear rates which makes the
observed shear-thinning plausible. A consequence is, however, that the model bears
a strong dependence on the lattice resolution. While the new parameters defining
the cell-fluid interaction volume as well as the soft potential can be re-computed in a
straightforward way if a different scale is chosen based on an arbitrary new spatial
resolution δx, the resulting viscosities still differ strongly for different scales because
the model directly depends on the lattice distance which cannot be scaled. This effect
is shown in Fig. 5.16. At higher resolution, hydrodynamic interactions are resolved
truthfully down to smaller physical gap widths. This causes an increase of viscosity
with resolution. The effect is more pronounced for higher volume fractions where
cell-cell contacts are more frequent. In order to let the model reproduce the rheology
of blood at a different scale it is therefore necessary to repeat the steps shown in 5.4
for the desired new value of δx. Though this was not tried here, it has to be expected
that minimum and maximum values of δx exist beyond which it is not possible to
find a suitable set of parameters.
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Figure 5.16: Viscosity at γ̇ 0 ≈
2 × 103 s−1 as predicted by the
coarse-grained model if all parameters are scaled according to different values of the lattice resolution δx. While the model was
tuned at δx = 2/3 µm to match
experimental data, new sets of parameters would need to be found
empirically to obtain a match at
other resolutions.
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5.9.2

Tank-treading

It can be argued that the obvious lack of dissipation in cell-cell interactions is the
coarse-grained model’s way to account for the reduction of viscous stresses between
tank-treading and deforming cells. In that sense, the clearly nonlinear stress-strain
relation visible from Fig. 5.4 due to the soft potential that allows more dissipationreducing close cell contacts for higher shear stresses replaces the nonlinearity observed
for real RBCs due to the transition from tumbling to tank-treading [152] and due to
deformation [27, 152].
The problem is that this effective description of tank-treading does not act in
the absence of other particles since it shows no effect on the surrounding plasma
flow. Especially in microcirculatory vessels, the hematocrit is reduced and cells
experience hydrodynamic interactions with the vessel walls. Under such conditions,
tank-treading leads to a lift force with the effect that cells migrate away from walls.
While the shear-thinning due to tank-treading might be of minor importance if the
viscosity is already low due to a low cell volume fraction, a cellular description of
blood should be able account for the lateral distribution of cells in a vessel.
Surely, one could implement expressions found in the literature [161] that explicitly add the lift force as an additional ingredient of the model. The forces, however, are known only for simple geometries and studying the collective behavior
of cells in more complex geometries was, in fact, part of the motivation to develop
a coarse-grained model applicable to large-scale particulate simulations of blood
flow. Describing lift forces empirically might allow to optimize the consistency of
simulation results with experiments but at the same time deprives the model of the
chance of finding new results regarding wall effects in hemodynamics within complex
geometries.
Finally, the above study of the rotational behavior of red blood cells at high shear
rates has to be reviewed with a critical eye. The data shown in Fig. 5.14 was recorded
from simulations at a shear rate of about γ̇ 0 = 3.0 × 103 s−1 which is of the order of
the highest shear rates found in physiological flows [144]. At such shear rates, and
even at considerably lower ones, RBCs are in a tank-treading state with a constant
inclination angle and do not tumble. Since tank-treading is not accounted for in the
present model, the model is, in fact, inapplicable to studies involving cell orientations
except for shear rates .10 s−1 [152].

5.9. Limitations of the model

5.9.3
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Figure 5.17: Lateral volume concentration profiles at different instants t0 during the simulation
from which the tumbling time distribution for Φ = 0.45 displayed
in Fig. 5.14 is obtained. An unphysical migration of model cells
away from the center is observed.
The data is computed as average over the periodic y- and zdirections and smoothed over an
interval of 9 µm in x-direction.
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Lateral migration of cells

While realistic migration away from vessel walls due to a deformability-induced lift
force is missing in the model, an unphysical migration of particles in shear flow is
observed. In the simulation from which the tumbling time distribution in Fig. 5.14 for
Φ = 0.45 was obtained, particles migrated away from the center region towards the
boundaries. This process is visualized in Fig. 5.17 for different instants on an exponential time scale. After 0.54 s of physical time an absolute hematocrit difference of
more than 0.1 has built up and the process appears to rather slow down exponentially
than to stop. The maximum volume fraction is achieved at an intermediate region
rather than directly at the boundaries and the concentration at the boundaries seems
to increase slowly. This could be an indication that migration is directed from all
positions towards the boundaries but that the reflective boundaries implemented for
the cells impede migration there.
When setting up simulations with Lees-Edwards boundary conditions for the
plasma and reflective boundaries for the cells, the idea clearly is to obtain effectively
unbounded shear flow, at least in the central part of the simulation volume. In
unbounded shear flow, every lateral position or direction is equivalent which forbids
any net migration. At first, it thus seems that the reflective boundary condition for
the cells is responsible for breaking the lateral symmetry. Later simulations with an
implementation of Lees-Edwards boundaries for cells and fluid as in Section 8.2.2,
however, also developed a significantly non-constant lateral profile of the volume
fraction. Only replacing the soft model cells with rigid particles such as developed
in the following Chapter 7 seems to produce volume fraction profiles that appear
constant in the center of the system. While the actual origin of this clearly unphysical
migration remains unknown one can propose the hypothesis that the treatment of cellcell contacts in the coarse grained model under shear leads to an effective violation of
Galilean invariance. The violation seems small but noticeable and the model therefore
is not suited for simulations of supposedly homogeneous systems over long time
scales.
Since the inhomogeneity in the hematocrit builds up comparably slowly and
viscosity measurements can be done in comparably short simulations, measured
in units of the inverse shear rate, the problem reported here does not appear to
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compromise the viscosities presented in Sections 5.4 and 5.5. It questions, however,
the validity of the tumbling time distributions in Section 5.7 that were obtained from
long-time simulation runs. Fig. 5.14 itself shows that the tumbling time distribution
is sensitive to changes in the volume fraction. The central third of the simulation
volume, which is chosen for data evaluation, comprises exactly the region where
Fig. 5.17 shows the strongest inhomogeneity. It has to be assumed that the data in
Fig. 5.14 is biased by these inhomogeneities. Since the amount of tumbling events
decreases with increasing volume fraction, tumbling events recorded from a region
with inhomogeneous volume fraction will mainly result from that part with the
lowest concentration of cells. Therefore one can expect that especially for Φ = 0.45
the probabilities shown are too high and that the actual maximum probability would
be found at longer times.
In view of the above and of the two previous sections, it appears questionable how
meaningful the consistency with experimental data reported in Fig. 5.12 and Fig. 5.13
is. In wall-bounded Poiseuille flow there are physical reasons for migration away
from the wall due to lift forces of deformable cells, due to shear-induced diffusion
in an inhomogeneous shear field, and due to inertial lift forces present also for rigid
particles. It is known now that the model is subject to errors with respect to the lift
force due to cell deformation and tank-treading, with respect to unresolved shortrange hydrodynamics which might bias shear-induced diffusion (cf. the following
Chapter 8), and with respect to the artificial migration observed above. While the lack
of non-inertial lift force in the model results in a lack of migration away from the wall
and the artificial migration might result in a migration towards the wall, the effect of
unresolved hydrodynamic interactions by themselves is unclear. What is clear is that
a relatively good consistency with literature data is achieved for low volume fractions
but that consistency is less good for the higher ones. It is not unlikely that this result
is caused by the mutual cancellation of some of the aforementioned effects.

5.10

Conclusions

A new approach for the coarse-grained simulation of suspensions of soft particles
was developed. This approach is based on the well established momentum exchange
approach for rigid particle suspensions [4, 101] which covers the hydrodynamic
long-range interactions and phenomenological model potentials to account for the
behavior at small particle separations. A parametrization suitable for the quantitative reproduction of hemorheology at moderate to high shear rates [27, 53, 152] and
hematocrit values up to physiological values was presented. In principle, also an
application to lower shear rates γ̇ . 1 s−1 should be possible if the model is extended
to account for aggregative cell-cell interactions. The cell-wall interaction could be
linked to experimental data on a single-cell level [28]. It was demonstrated that the
model shows a complex particulate behavior in bifurcations of partly constricted
capillaries which is an essential feature also of the flow properties of the microcirculation in vivo [132]. Using the example of steady flow through larger vessels, the
existence of a cell-depleted layer was proven and radial velocity profiles that are
consistent with an accordant theoretical model [148] were obtained. Even quantitative
reproduction of the experimentally observed dependency of the apparent viscosity
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in this geometry on the hematocrit [138] was possible at low to intermediate volume
fractions. These results suggest that following the approach presented above one can
reproduce the rheological behavior of blood on a range of spatial scales that at the
time the model was first published was not accessible to other simulation methods
with comparable efficiency. Clearly, the motivation was not to replace models with
higher resolution [41, 115, 162, 168] but to bridge the gap to continuous descriptions
of blood.
Further careful examination revealed several limitations which all stem from
the empirical approach in which the rheological effect of cell deformation and tanktreading are modeled without accounting for the hydrodynamics involved. Tanktreading and the resulting lift force with respect to bounding geometries are not
accounted for and an unphysical migration in supposedly homogeneous shear flow
is observed. These issues render the model inapplicable to the study of at least
long-time statistical properties related to cell orientations. The reproduction of blood
rheology in unbounded geometries is achieved by fitting of the model parameters.
Since for the apparent viscosity in channel flow, also migration effects play a role,
the consistency with experimental results there appears to be somewhat accidental.
Recently, Melchionna [116] presented a particulate model for blood flow that carries
the idea of coarse-graining further than the model developed here. Still, its coarsegrained description of tank-treading couples to the hydrodynamics of the plasma.
The viscous effect of cells is, however, not modeled by discrete entities defined on
the lattice but results largely from a local enhancement of the plasma viscosity which
makes it unlikely that the model would allow for a more accurate study of cell
interactions than the present one.
In Chapter 7 an accurate lubrication model for spheroidal particles will be developed. This method will cure the problem of artificial particle migration as it leads
to a hydrodynamically consistent description of suspended particles. The result,
however, resembles suspensions of infinitely rigid particles and not blood. Since
tank-treading appears to be the main cause of non-Newtonian blood rheology at high
shear rates [152], this method could be extended to account for tank-treading in a
simplified but hydrodynamic way following the model by Keller and Skalak [86].
This idea will be outlined in Chapter 9. While probably not reproducing literature
data on hemorheology quantitatively, it can be expected that the method resulting
from these further developments would be able to provide new insights into the
physics of interacting tank-treading objects in flow. Whether adding a simplified but
consistent description of cell deformation would suffice to again obtain a quantitative
match with experimental viscosity data remains to be seen.
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Chapter 6

Towards continuous models for
diffusive transport in flowing
blood
6.1 Motivation
As mentioned in Chapter 2, continuous descriptions of blood may be applied to study
flows at scales large compared to a single cell. In many applications of practical
relevance, such as blood clotting, a continuous description of the transport of the
cellular blood constituents and of molecules dissolved in the blood plasma is required
as well. Sorensen et al. [156] formulate advection-diffusion equations
∂t c = ∇ · ( Deff ∇c) − u · ∇c

(6.1)

for the concentrations c of different plasma molecules in a flow field u and require
their effective diffusivities Deff as input.
The interactions of suspended particles, here red cells, in a shear flow cause a
diffusive motion termed hydrodynamic or shear-induced diffusion that scales as
D = R2 γ̇g(Φ) ,

(6.2)

with the cell radius R and the shear rate γ̇ where g is a dimensionless function of
the volume fraction Φ [44]. Eq. (6.2) is a simplified scaling relation for an idealized
system that neglects, for instance, confinement or possible non-hydrodynamic effects.
Depending on the shear rate, shear-induced diffusion can considerably enhance the
purely thermal diffusion described by the Stokes-Einstein relation
Dth =

kB ϑ
,
6πµ0 Rd

(6.3)

where kB = 1.381 × 10−23 J/K is the Boltzmann constant, ϑ the temperature, and Rd
estimates the dimension of the diffusing object, especially for large plasma molecules
This chapter is based on Ref. [79].
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or even cells for which Rd ∼ 1 µm. Following the numbers and models employed by
Sorensen et al. [156], an estimate can be made for the resulting hydrodynamic diffusion
of Thrombin, a plasma molecule involved in blood coagulation, that amounts to
D = 6.81 × 10−11 m2 s−1 at a shear rate of γ̇ = 50 s−1 as compared to a thermal
diffusion coefficient of only Dth = 4.16 × 10−11 m2 s−1 . Shear-augmented transport
should therefore be included in continuous blood models as a contribution to the
effective diffusivity
Deff = Dth + D (γ̇, Φ)

(6.4)

in Eq. (6.1) [83, 156, 176]. Unfortunately, the models for g(Φ) entering Eq. (6.4) via
Eq. (6.2) are typically based on empirical correlations obtained from experimental
observations made for sometimes even different types of particles or flows [44, 176].
It might be possible to obtain better defined and more accurate descriptions from
computational studies. In view of the limitations of the coarse-grained blood model
that were discussed in Section 5.9 these studies are forced to remain on a purely
qualitative level for the moment.

6.2 Model system: two-dimensional channel with constriction
The following study is performed for a two-dimensional channel between two flat
walls that are separated by 85 µm in the x-direction. Its length is 683 µm in the zdirection. In the y-direction, the system is periodic with a depth of 85 µm. While
in the first half of the channel the walls are flat, the lower wall in the second half
carries a sinusoidal stenosis that at its maximum height H 0 = 42 µm occludes half
of the channel. As in the previous chapter, primed variables are used to distinguish
quantities in physical units from the same quantities in lattice units. At a volume
fraction of Φ = 0.4, the system comprises ∼104 cells. The highest possible flow rate
is chosen such that the maximum velocity in the system just reaches a safe maximum
value of umax = 0.1 in lattice units in order to reduce the simulation time. This choice
results in a Reynolds number of Re = ρHumax /µ ≈ 9 defined using the viscosity of
the blood model at Φ = 0.4 for high shear rates as obtainable from Fig. 5.15. The
average shear rate, if estimated as the quotient of the above maximum velocity and
the half-width of the opening of the constriction, amounts to ≈5 × 104 s−1 in physical
units. Though such shear rates, as the flow velocity, with a maximum of u0max ≈ 1 m/s,
under physiological conditions are not known for vessels with a diameter of only
85 µm [144], the geometry is seen as a roughly simplified model for a pathological
stenosis and its partially curved geometry provides an interesting test case for the
following work.
Snapshots of the setup after equilibration at a cell volume fraction of Φ = 0.1,
0.2, and 0.4 are shown in Fig. 6.1. Especially at lower Φ, a cell-free region develops
after the constriction in which recirculation is found. It is not clear at the moment
whether recirculation in the case of larger Φ is suppressed because the larger effective
viscosity leads to a reduction of Re or whether the presence of a solid phase by itself
plays a role. An answer to the question will be found below.
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Figure 6.1: Snapshots of the model geometry after equilibration. The volume fraction
is (from top to bottom) Φ = 0.1, 0.2, and 0.4. (case Φ = 0.4 published in Ref. [79])

6.3 Technical aspects
6.3.1

Periodic inflow boundary conditions

The transition length that a suspension needs to flow through a channel until a
macroscopically stable state is achieved is known to be particularly large because
of the time required for the particles to re-distribute in response to the laterally
inhomogeneous flow [125]. Since an appropriately long simulation volume might
be computationally too expensive, one solution to this problem could be to close the
geometry in the flow direction with periodic boundary conditions and simulate for
times long enough that each cell and each volume of fluid passes the system several
times. Though this was not studied explicitly, it has to be feared, however, that
because of the same effect [125] the suspension would retain a memory of the stenosis
also in the unconstricted parts of the channel and the simulation would describe not
the flow through a stenosed channel but, in fact, the flow through an infinite series of
stenoses.
A solution are boundary conditions that produce configurations expected for a
long channel without stenosis both in front of the constriction and behind it. The
configuration expected for a long channel, however, is not known a priori. Thus,
boundary conditions are developed that allow to simulate a truly periodic channel
while the resulting configurations are copied into the volume that contains the stenosis.
The basic idea is that the periodic sub-system evolves independently from the nonperiodic part, thus producing the identical result as a purely periodic simulation
resembling an infinitely long channel. The cells leaving the constricted sub-volume
are discarded.
The full procedure is sketched in Fig. 6.2. The on-site boundary conditions [67]
described in Section 4.1.3.3 are employed to impose the density ρ0 and the mass flow
ρ0 u obtained for every site of the first lattice layer of the periodic sub-volume on the
first and the last layer of the non-periodic sub-volume, respectively. If, in the case of
the mass flow, the source position is occupied by a model cell, an estimate is made
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Figure 6.2: Schematic outline of the periodic inflow boundary conditions. The fluid
density ρ0 and mass flow ρ0 u of the first lattice layer of the periodic sub-volume
(red) are copied to the first and last layer of the non-periodic volume, respectively.
Translational and rotational cell velocities v and ω are imposed from original periodic
cells to non-periodic copies while located in the non-periodic entrance region. The
dashed lines indicate the end of this entrance region and the start of the outflow
region where cells are replaced with fluid. In actual simulations, the cells are much
smaller as compared to the geometry. (figure published in Ref. [79])

based on its rigid body motion and the average fluid density. In the case of ρ0 , this
cannot happen because due to the forced motion of the copied cells in the entrance
region, the cell configuration at the source and at the destination sites is identical. For
a smaller test geometry with a length of Nz = 64 lattice sites and a width of W = 30
sites, an initial fluid density ρ̄ = 1 and no model cells, the resulting longitudinal
profiles of fluid density and velocity after equilibration are shown in Fig. 6.3. The
sinusoidal stenosis is centered at z = 48.5 with a total length of 20 and a height of
H = 15 lattice sites. Both velocity and density are continuous at the interface of the
periodic and the non-periodic sub-volume at position z = 32.5. The stenosis causes a
pressure or density drop that—in combination with the fixed mass flow—leads to a
slightly increased velocity at the outlet. The variation of the density in the periodic
sub-volume, as visible in Fig. 6.3, is a consequence of the acceleration g z /ρ0 = 10−4
that in this preliminary test is applied only to the fluid sites in the range 5 ≤ z ≤ 28.
Copies of model cells in the periodic sub-volume are generated as soon as they
approach the periodic boundary. While the copied cells are entering the non-periodic
volume, their motion is still prescribed by the motion of the original cells. Once the
cells in the non-periodic sub-volume have reached a longitudinal position about one
cell diameter away from the entrance layer, the connection to the original cells is
dismissed and the copied cells interact with the fluid and the surrounding cells as
free particles. Before cells in the non-periodic sub-volume reach the last lattice layer,
the sites occupied by them are replaced with fluid sites initialized according to the
local rigid body motion of the cell and the average fluid density ρ̄.
In a parallel implementation of the above boundary conditions, additional communication in the longitudinal direction is required with respect to a conventional
three-dimensional domain decomposition scheme with periodically closed topology. The necessary communication steps are sketched exemplarily for the case of a
two-dimensional decomposition into 5 × 2 computational domains in Fig. 6.4. First,
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Figure 6.3: Longitudinal profile of the fluid density and velocity in a cell-free test
system for the periodic inflow boundary conditions with a reduced length of only
Nz = 64 lattice sites. Both quantities are averaged over the other two directions x and
z. The periodic sub-volume comprises z ∈ [1; 32], the non-periodic one containing
the stenosis z ∈ [33; 64]. All quantities are given in lattice units.

Figure 6.4: Communication in the longitudinal direction required by the periodic
inflow boundary conditions, exemplarily shown for a decomposition into 5 × 2
domains. Arrows indicate the direction along which information is sent. For (a) the
plasma, the on-site boundary conditions require data from the periodic sub-volume
which itself needs to be closed periodically. For (b) the cells, communication is
required for the periodic boundaries as well and to prescribe the cell motion in the
non-periodic entrance region. (figures published in Ref. [79])

communication back and forth is needed to establish the link to close the first subvolume of the system periodically. Second, the density and mass flow need to be
transferred to the processes holding the first and the last lattice layer of the remaining
non-periodic volume. Similarly, the cell velocities from the beginning of the periodic
sub-volume have to be sent to the beginning of the non-periodic sub-volume. The last
step might involve communication to more than one destination process if the end of
the entrance region (drawn as dashed line in Fig. 6.4(b)) lies in another domain than
the sub-volume interface. In order to allow for a seamless integration of the new functionality, large fractions of the existing communication routines in the part of the code
dealing with the particular phase that originates from one of the benchmark codes
presented by Plimpton [130] were rewritten while retaining its original structure.
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Forcing based on the resulting mass flow

The final simulations are driven by a volume force g z in z-direction acting on every
site within the periodic sub-volume. The force is constant for all sites and thus does
not depend on the local fluid densities. In case a site is occupied by a cell, the force is
incorporated by the cell locally.
Thanks to symmetry considerations, the incompressible Navier-Stokes equations
for a Newtonian fluid collapse to µ∂2x u z = − g z when applied to a two-dimensional
channel with a constant force density g z in z-direction. For a width W in x-direction
the boundary conditions are u z ( x = 0) = u z (W ) = 0 and the solution reads
u z ( x) = umax −

gz
µ



x−

W
2

2

,

(6.5)

with a maximum velocity
umax = max u z ( x) =
x

f W2
4µ

(6.6)

in the center of the channel. If a channel depth Ny in y-direction is assumed, then the
total mass flow or momentum in a slice of the system with thickness 1 in z-direction
is
Z W
ρ f W 3 Ny
2
Mz = ρNy
u z ( x)dx =
= ρW Ny umax
(6.7)
6µ
3
0

in case of a constant mass density ρ.
As mentioned above, the maximum velocity is desired to be umax ≈ 0.1 as a
compromise between numerical and practical considerations. It can be assumed that
when varying Φ for a given Mz , the highest maximum velocity is observed for Φ = 0
because due to shear-thinning, Φ > 0 causes blunting of the velocity profile. From
these considerations, with ρ = 1, W = 63, and Ny = 128 follows Mz∗ = 537.6 as the
total mass flow per unit slice in z-direction that for all Φ keeps max u z ≤ 0.1.
The relation between the driving volume force g z and Mz is not linear but monotonous. Since the exact relation is not known a priori, simulations are started with
a guess on g z . A simple automation mechanism is implemented that updates g z at
empirically determined time intervals according to
g∗z = g z

Mz∗
Mz

(6.8)

in order to steer the simulation towards Mz = Mz∗ . For the sake of simplicity, Mz is
evaluated only at position z = 1.

6.3.3

Model cells and non-constant fluid density

The present simulations are the first application of the coarse-grained blood model
to a situation where many cells are interacting freely and the fluid density varies
macroscopically across the system, the latter being due to the pressure drop induced
by the stenosis. Under these conditions, the interaction forces Eqs. (5.2) applied
on lattice links directly connecting two cells can lead to artificial short-range forces
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between cells. The reason is the proportionality of the forces to the fluid density ρ̄
that, up to now, was defined as the initial or system-wide averaged density. With this
definition, the pressure a cell experiences at the interface to another cell is always
constant while the surrounding fluid pressure can be higher or lower which leads to
cell-cell repulsion or attraction. Due to the softness of the empirical model potential,
even the complete overlap of several cells was observed in case of a locally elevated
fluid pressure.
In a modified implementation, ρ̄ is replaced by ρ̄i , a local average of the densities
of all fluid sites directly connected with the discretized representation of cell i on the
lattice. The density entering Eqs. (5.2) is replaced by (ρ̄i + ρ̄ j )/2 where j refers to the
second cell. Taking the average of the surrounding densities of both cells here not
only is an estimate for the actual fluid density at the contact link but also leads to
momentum conservation because it makes the resulting forces anti-symmetrical for
both particles involved.
Further, ρ̄i instead of ρ̄ is used as the new fluid density whenever a lattice site
occupied by particle i before is freed. The change seems necessary if systems with
density gradients are to be simulated but it is also very likely to be the reason that
the code shows a slight mass drift. In fact, assuming a constant value of ρ̄ = 1 makes
significant spatial variations of ρ0 (x) impossible in the presence of many particles. To
remove the mass drift, a periodic rescaling of all densities is implemented with the
aim to keep the average density in the periodic sub-volume at unity. It is found that
the required rescaling factor differs by less than 10−3 from 1 if rescaling is performed
at intervals of 1000 time steps, corresponding to ≈7 × 10−5 s of physical time.

Fig. 6.5 shows longitudinal profiles of the x- and y-averaged fluid density hρ0 i xy
and z-velocity hu z i xy . Fig. 6.5(a) compares hρ0 i xy as observed with mass rescaling and
without at different times. It suggests that fluctuations in the absolute density do not
influence the physics of the system strongly and therefore also a careful rescaling does
not. A density drop is visible directly at the non-periodic inlet. No explanation for it
is found yet but its existence seems acceptable since with a height of less than 1 % it is
small and constant over time. The density drop, together with the prescribed mass
flow at the non-periodic outlet, can explain the slight increase of hu z i xy in Fig. 6.5(b)
which otherwise appears completely as expected, showing an increase by a factor of
2 at the narrowest point of the constriction.
The issues related to the short-range cell-cell interactions as implemented in
the empirical blood model were elucidated in Section 5.9.1 above already. As a
preliminary and surely, at best, approximative solution to the problem of lacking
cell-cell dissipation, the velocities u entering Eqs. (5.2) via the equilibrium distribution
are chosen not as 0 but as the other particle’s local rigid body velocity. It can be shown
that the resulting forces on two particles are opposite but equal up to first order in
the velocities. As visualized in Fig. 6.6, at Φ ≈ 0.43, this modified contact rule leads
to an enhancement of the relative suspension viscosity µr by 0.5 to 1 for shear rates
50 s−1 < γ̇ < 2 × 103 s−1 . Accurate sub-lattice corrections for the hydrodynamic
interactions of rigid particles near contact will be developed in Chapter 7. The
modified version of the contact forces Eqs. (5.2) will be applied solely in the remainder
of this chapter where the details of cell interactions are not expected to be of much
influence.
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Figure 6.5: xy-averaged z-profiles of (a) the fluid density ρ0 and (b) the z-velocity
u z after different times t of equilibration at Φ = 0.4. In (a), the effect of rescaling
the fluid densities is demonstrated. Vertical lines indicate, from left to right, the
sub-volume interface, the begin, the maximum height, and the end of the constriction.
All quantities are given in lattice units.

Figure 6.6: Comparison of the relative suspension viscosity µr as a
function of the shear rate γ̇ at Φ =
0.43 ± 0.005 as obtained from
Kolmogorov flow measurements
as explained in Section 5.8 with
the original and the modified,
velocity-dependent cell contact
implementation with enhanced
dissipation.
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Figure 6.7: Comparison of (a) hu0z i at Φ = 0.4 and (b) hu=
z i at Φ = 0 with matched
viscosity. (c) and (d) show the absolute and relative differences. (data published in
Ref. [79])

6.4 Continuous model for velocity fluctuations
The following study compares a particulate simulation of blood flow at Φ = 0.4 with a
non-particulate simulation where the flow field is approximated by a continuous fluid
with a matched viscosity. In the continuous simulation, the fluid density is assumed to
be 1, the same as the cell and plasma density in the suspension. The LB relaxation time
τ = (6ν= + 1)/2 is set according to the kinematic viscosity ν= = µr ν = µr /6 where
the relative viscosity µr can be obtained depending on the shear rate from Fig. 6.6.
In physical units, the maximum shear rates present in the system are of the order of
105 s−1 . The data in Fig. 6.6 only ranges up to shear rates of about 2 × 103 s−1 where
a plateau seems to be reached at µr = 3.3 for Φ ≈ 0.4. Hence taking µr = 3.3 for an
estimate of the viscosity in the whole system seems justified. This, of course, does not
take into account Φ-induced deviations of the viscosity that must be expected at the
boundary layers on all channel walls. The resulting relaxation time is τ = 2.15.
Fig. 6.7 compares hu z ( z, x)i from a simulation with Φ = 0.4 and τ = 1 with
hu=
z ( z, x )i, the result from a simulation with Φ = 0 but τ = 2.15. The averaging
“h. . .i” is performed over equilibrated samples obtained at different times t and over
the periodic y-direction. With matched viscosity, the velocities are too low in the
otherwise cell-free boundary layers and consequently too high in the central region
of the channel since the flow rate is kept constant. Still, the macroscopic features
of the velocity field are reproduced relatively well in the continuous simulation. In
Fig. 6.7(c–d), the absolute and relative differences
=
hu−
z i = h u z i − h u z i and

hu−
z i
=
with hu+
z i = hu z i + hu z i
hu+
i
z

(6.9)

are plotted. The relative difference is less than 10 % in the bulk region but higher
than 50 % close to the walls and particularly in the recirculation zone which has two
reasons: the low velocities there, that make small absolute differences more visible,
and cell-depletion effects which are not present in the continuous simulation. Another
finding is that the suppression of backflow for high hematocrit values, as mentioned
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Figure 6.8: Lateral profile of the
fluid velocity fluctuations V 0 in
the unconstricted channel. Shown
is half of the channel cross section
with the center at the right. The
simulation data V 0 is compared
to the dimensional estimate V =0
defined in Eq. (6.14) based on the
shear rate in the simulation. (data
partially published in Ref. [79])

already when explaining the snapshots in Fig. 6.1, appears to be an effect of the
viscosity, not of the cells themselves since it is captured well by the non-particulate
simulation.
The presence of cells causes fluctuations of the local plasma velocity u in flowing
blood even under conditions where the flow of a homogeneous fluid would be
laminar. These fluctuations affect the trajectories of suspended cells and particularly
the ones of plasma molecules which due to their dimensions are assumed to follow
the streamlines of the flow directly. The remainder of this section aims at developing
a continuous description of these fluctuations. A measure to quantify fluctuations of
the vectorial quantity u is the variance
Var y,t u ≡ |u − hui y,t |2 y,t
D
E
= u2x + u2y + u2z
− hu x i2y,t − hu y i2y,t − hu z i2y,t
y,t
h
i
2
= ∑
uα2 y,t − huα i y,t = ∑ Var y,t uα .
α = x,y,z

(6.10)
(6.11)
(6.12)

α = x,y,z

Since with the square in Eq. (6.10), effectively, the scalar product of u − hui is taken,
Var u is a scalar quantity which can conveniently be computed from the variances of
the single velocity components. Because this definition is simple yet already isotropic
it is preferred to the alternative one, replacing the square with the tensor product
(u − hui)2 , which would result in the covariance matrix of u. In the following, because
of it having the unit of a velocity, the standard deviation
V = stdev u( x, z) = [Var u]

1/2

(6.13)

is used.
At first, only the periodic sub-volume bounded by straight channel walls is considered for simplicity. The lateral profile V ( x) in this part of the geometry is plotted
in Fig. 6.8 for Φ = 0.4. The fluctuations reach a maximum about one cell diameter
away from the wall but do not increase further for shorter distances. Directly at the
wall, no fluid is present and the fluctuations are zero. In the center of the channel,
the fluctuations approximate a constant value of about one third of their maximum.
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In between, a roughly linear increase towards the wall is observed. In a simple
argument for the prediction of V, the result by Jeffery treating ellipsoidal particles
in a shear flow is considered [81]. The fluctuations induced by a cell with half-axes
R⊥ and Rk tumbling in a flow with an undisturbed shear rate of γ̇ are then estimated
with the corresponding Jeffery tumbling period T ∗ from Eq. (5.16) [81] as the inverse
time-averaged angular velocity hθ̇ it to be
V = = R⊥ hθ̇ it = R⊥

γ̇Rk
2π
.
=
T∗
1 + R2k / R2⊥

(6.14)

In fact, for R⊥ = 3Rk , the expression Rk /(1 + R2k / R2⊥ ) in Eq. (6.14) is 9Rk /10 ≈ Rk .
Therefore, and since at Φ ≈ 0.4 the tumbling of model cells already appears to be
strongly inhibited by interactions with surrounding cells, Eq. (6.14) could easily be
replaced by a purely dimensional model γ̇Rk unless the dependence on the aspect
ratio present in Eq. (6.14) can be confirmed.
The only input quantity for this model is the local shear rate γ̇. Fig. 6.8 also
displays the model Eq. (6.14), the shear rate being obtained numerically from the data
of the continuus simulation as the derivative
γ̇ = ∂ x hu=
z i.

(6.15)

As expected for a Poiseuille-like flow the shear rate is a linear function of the lateral
position and reaches its maximum at the wall. The decrease directly at the wall
visible in Fig. 6.8 is caused by the absence of fluid at the wall itself and by artefacts
of the numerical derivation. Most interesting is that Eq. (6.14) reproduces the order
of magnitude of the plasma velocity fluctuations correctly with an over-prediction
of less than a factor 2 in the largest part of the plot. Also the linear dependence on
the lateral position is observed for V as well, at least in parts of the curve. The two
regions where deviations from the linear shape are visible have a width of about
one cell diameter and can be attributed to cell effects: since cells cannot pass the
vessel wall, the cell concentration immediately next to the wall is reduced and the
motion of cells close to the wall is hindered which both has to reduce cell-induced
velocity fluctuations. On the other hand, even the plasma at the channel center, where
the averaged shear rate vanishes, is disturbed by nearby cells that at their off-center
position experience non-zero shear. The fact that the extrapolation of the linear part
of V would not reach zero at the channel center must be explained by fluctuations of
the flow on larger scales, caused for instance by inhomogeneities of the cell volume
fraction over the length of the channel. If desired, a better agreement of Eq. (6.14)
with simulation data could be achieved by averaging of the input shear rates over
one cell diameter and by multiplication with both a constant fit-factor and a suitable
function of the wall-distance that describes the decay of V empirically.
At last, the applicability of the model V = to the full geometry with the stenosis
is demonstrated. This requires the scalar shear rate to be determined in an isotropic
way as
√
γ̇ = 2DII ,
(6.16)
similarly as in Ref. [20] based on the second invariant
2
DII = Tr Sαβ
− Tr2 Sαβ

(6.17)
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Figure 6.9: Comparison of (a) V 0 as obtained from a particulate simulation at Φ = 0.4
and (b) the reconstruction V =0 defined in Eq. (6.14) based on the isotropic shear rate
obtained from a non-particulate simulation (Φ = 0) with matched viscosity. (c) and
(d) show the absolute and relative differences V −0 = V =0 − V 0 and |V −0 /V +0 | with
V +0 = V =0 + V 0 . (data (a) published in Ref. [79])
of the numerically computed strain rate tensor Sαβ = (∂β huα= i + ∂α huβ= i)/2 assuming
incompressibility Tr Sαβ = 0 where both α and β stand for x and z. The estimate
for the plasma velocity fluctuations is compared to the actual value of V for the
whole geometry in Fig. 6.9. While, as already in Fig. 6.8, the agreement surely is not
perfect, many features of V are reproduced qualitatively and it has to be pointed
out that the correct order of magnitude is captured without fitting parameters. As
expected from Fig. 6.8, the absolute deviations are strongest at the wall and at the
center of the channel, especially at the constriction where γ̇ is highest. Still, the
relative errors are below 50 % in large parts of the geometry. A continuous model for
blood can run at reduced resolution and therefore allows to simulate flows in larger
geometries, stretching to arteries or veins [19, 119]. Eq. (6.14) would allow to equip
such models with a qualitative prediction of the red cell-induced plasma velocity
fluctuations. The combined model could be applied to study transport phenomena
in geometries inaccessible to the more expensive particulate blood models. In view
of these applications the possible optimization of Eq. (6.14) regarding sub-cellular
scales as mentioned earlier does not seem necessary since these scales would not be
resolved in a continuous simulation when performed at a practical spatial resolution.

6.5 Conclusions
As mentioned for the motivation of this chapter in Section 6.1, continuous modeling
of blood clotting requires the knowledge of effective diffusion coefficients. Above, it
was shown that plasma velocity fluctuations can be well understood from a simple
dimensional argument and therefore may be reasonably well reproduced from a nonparticulate simulation in a complex geometry. Again based on the assumption that the
relevant length scale must be the cell size, one could construct an estimative diffusion
coefficient D̃ = R⊥ V = (γ̇ ). While the scaling of this quantity by definition is ∼ R2⊥ γ̇ as
expected for shear-induced diffusion [44], the functional form g(Φ) of the dependence
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on the volume fraction (see Eq. (6.2)) remains unknown. Shear-induced diffusion
is known to depend strongly on the short-range interactions between the particles
involved [35]. In the coarse-grained blood model, the contact forces are defined solely
by an empirical fit aiming at the reproduction of a macroscopically averaged quantity,
the viscosity. Therefore it appears impossible to provide g(Φ), as the link between
γ̇ and D, by means of this model. Instead, the remainder of this thesis will attack
the problem in a more systematic way: in Chapter 7, a model for the simulation of
more simple rigid spheroidal particles with purely hydrodynamic interactions will be
developed and Chapter 8 will treat the shear-induced self-diffusion and fluid tracer
diffusion in suspensions of such particles. Chapter 9 will point out how this model
could be extended in a consistent way to obtain new knowledge about shear-induced
diffusion of suspensions of more complex, RBC-like particles.
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Chapter 7

Accurate lubrication corrections
for spherical and non-spherical
particles
7.1 Introduction
The dynamics of particles suspended in a fluid plays an important role for a large set
of problems ranging from sedimentation and fluidization processes in industrial-scale
chemical reactors to capillary blood flow in human microcirculation. Especially the
shear-induced mass transport in suspensions of non-spherical particles, such as blood
cells, has grown to a very active field of research recently [33, 61, 92, 109, 126, 174] and
was mentioned already in Chapter 6. All these examples have in common that the gap
between the surfaces of either two particles or between one particle and the geometry
confining the flow frequently becomes small as compared to the particle size. The
consequence are hydrodynamic short-range interactions mediated by the interstitial
fluid that increase in strength as the distance of the surfaces decreases and that can
play an important role in suspension rheology [169] but also in the dynamics of the
suspended particles themselves [117]. The smallness of the gap between the surfaces
allows for the assumption of Stokes flow. Thus, the forces and torques on the surfaces
appear as linear functions of their translation and rotation velocities which is most
conveniently formulated in terms of a resistance matrix. Furthermore, the smallness
of the gap allows a lubrication-theoretical treatment of the interactions. While the
lubrication limit is treated already by Goldman et al. [58] in the case of a sphere next
to a plane wall, the work by Cox [34] is the first to consider arbitrary yet smooth
and convex surfaces. Approximating the surfaces at their points of closest approach
as polynomials of second order, Cox [34] studies the divergence behavior of the
resistance matrix for vanishing gap widths h and presents explicit expressions for the
leading-order terms of most of the matrix elements. It is found that while the surfacenormal force induced by a relative translation of the surfaces along the same direction
diverges as h−1 , all other interactions show a weaker divergence proportional to ln h
This chapter is based on Ref. [78].
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or even remain finite. Claeys and Brady [29] complete the study by Cox [34], taking
into account the third- and fourth-order expansion coefficients of the local surface
geometry which are required to compute all diverging terms for all matrix elements.
The results are employed later for the Stokesian dynamics simulation of suspensions
of prolate spheroids by the same authors [30]. A computationally more efficient
model for oblate spheroids that neglects long-range hydrodynamic interactions and
for the computation of lubrication interactions locally approximates the interacting
surfaces as spheres is proposed by Bertevas et al. [14].
Stokesian dynamics simulations are restricted to the creeping flow regime. To
model suspension flow at finite Reynolds numbers, the lattice Boltzmann (LB) method [160], especially when used in connection with the momentum exchange method
originating from Ladd [98, 99], has emerged as an increasingly popular technique
during the last two decades that further allows for a comparably easy parallel implementation and for complex boundary conditions [3, 101]. Since the method describes
the fluid only at discrete nodes of a lattice with finite spatial resolution it cannot
account for lubrication interactions at arbitrarily small particle separations directly.
Already resolving them at separations of ∼10 % of the particle radius would require
lattice resolutions that are finer and computationally more expensive than the ones
necessary to obtain accurate drag coefficients and particle interactions at larger separations [96, 97, 99, 101]. Similar problems arise also in other simulation methods
with finite resolution, such as finite element methods [147], stochastic rotation dynamics [68], or dissipative particle dynamics [113]. In the case of spherical particles it
is common practice to address these issues by correcting the LB method for particles
near contact with the asymptotic expressions known from lubrication theory. While
many implementations correct only for normal lubrication forces resulting from a
central approach of the spheres [71, 91, 100], Nguyen and Ladd [123] account for the
leading divergence terms of the weaker non-normal interactions as well. To the best of
the author’s knowledge, a comparably accurate method for aspherical particles does
not exist up to now. In fact, present applications of the LB and momentum exchange
method to suspensions of aspherical particles often do not account for lubrication
interactions explicitly [140] or ignore the torque resulting from asymmetric encounters [63]. In Chapter 5 the description of short-range interactions between model cells
is deferred to an empirical model which is among the main causes of the limitations
of this approach that were mentioned in Section 5.9. On the other hand, Ding and
Aidun [37] introduce a method for lubrication correction that is based on the interconnecting lattice links between particles near contact and thus is directly applicable
to aspherical particles. The method is employed later in simulations of deformable
particles [112]. More recently, however, drawbacks of the link-based approach are
stated to be the demand for a relatively large minimum lattice resolution [3] and the
misestimation of non-normal lubrication interactions [31].
It therefore appears that the present literature shows some uncertainty regarding
the degree of accuracy actually required from lubrication corrections in LB simulations
as well as regarding how to implement a sufficiently accurate lubrication model for
aspherical particles. The goal of this chapter is to mitigate these uncertainties and to
provide a hydrodynamically consistent starting point for an improved coarse-grained
blood model. In Section 7.2 an outline of contact-based lubrication corrections for
spheres and of a link-based lubrication model is given. In Section 7.3 the imple-

7.2. Existing methods for lubrication corrections
Figure 7.1: (a) The discretized representation on the lattice leads to
unresolved short-range hydrodynamic interactions between particles near contact. In the link-wise
approach by Ding and Aidun [37],
correction forces are computed for
single links and for pairs of identical links connecting the particles as visualized in (b). For clarity, not all interconnecting links
are drawn. (figure published in
Ref. [78])
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mentation of accurate lubrication corrections for aspherical particles following the
analytical work by Cox [34] and by Claeys and Brady [29] is demonstrated for the case
of spheroids. Section 7.4 compares the different lubrication models with respect to the
accuracy of two-particle interactions and with respect to the viscosity of a suspension,
all with the focus on the effect of non-normal lubrication corrections. Conclusions
are drawn in Section 7.5. The method will be applied to study the shear-induced
diffusion of spherical and spheroidal particles in the following Chapter 8 where again
a comparison of different lubrication models and of the effect of non-normal lubrication corrections will be made. The appendix of this thesis provides a compilation of
the diverging terms in the resistance matrix that are given already by Cox [34] and
the remaining leading terms first presented by Claeys and Brady [29].

7.2 Existing methods for lubrication corrections
As mentioned already in Section 4.3.3, problems arise in the momentum exchange
method when particle surfaces approach closely. At surface distances shorter than
about 1 lattice spacing, the expected divergence of the resistances of the surfaces
with respect to translation or rotation is not reproduced, instead the values stay
approximately constant to the ones achieved at a distance of 1 [99]. The observation
can be understood as depicted in Fig. 7.1(a): a gap width between both surfaces of
about 1 lattice spacing is the distance below which direct links between both particles
emerge. Further approach does not lead to changes in the fluid site configuration in
the gap which could cause an increase in the interaction forces.

7.2.1

Contact-based method for spherical particles

Ladd addresses the issue [100, 101] by employing the dominating divergence term
∼h−1 of the normal force induced by the central approach of two spheres at a gap
distance h = ri j − 2R as a correction
fi j = −f ji = −



3πµ0 R2
1
1
r̂i j r̂i j · (vi − v j )
−
2
h ∆c

(7.1)
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to the hydrodynamic force on sphere i due to another sphere j for which h < ∆c . The
center displacement is ri j = ri − r j , the related unit vector r̂i j = ri j /ri j , vi and v j denote
the particles’ translational velocities, and µ0 = ρ0 ν refers to the dynamic viscosity of
the suspending medium. As a cut-off parameter, ∆c represents the separation below
which the LB method alone does not sufficiently cover hydrodynamic interactions
anymore. ∆c is a function of τ [123]. For τ = 1, a value ∆c = 2/3 is suggested [101,
123]. Corrections equivalent to Eq. (7.1) for spheres of possibly differing radii are
introduced also for the forces and torques resulting from rotation and non-normal
translation by Nguyen and Ladd [123]. These, however, diverge only as ln h and
require separate cut-off parameters [123].

7.2.2

Link-based lubrication corrections

Ding and Aidun [37] propose an alternative method for lubrication corrections that is
based on the interconnecting lattice links between particles and therefore does not
require analytical knowledge of the particles’ asymptotic resistance functions [3]. In
this method, a partial lubrication force


1
1
3q̄µ0
(7.2)
dfi j = −df ji = − 2 ∗ ĉr ĉr · (vbi − vb j ) ∗2 − 2
2cr λ
h
cr

with ĉr = cr /cr is applied locally to particle i for all links cr that end on a site belonging
to i and stem from either a site of particle j or a fluid site at the center of two links
2cr originating from j. Both possibilities are outlined in Fig. 7.1(b). The gap distance
h∗ is the distance between the intersections of both theoretical particle surfaces with
the lattice link or the pair of links and therefore is typically larger than the actual
minimum gap. The correction is applied only where h∗ < cr . The velocities vbi and
vb j at the intersection points are computed from the particles’ rigid body motion.
Different from Eq. (7.1), the model can produce non-central forces depending on
the link direction cr . The curvature λ ∗ is obtained as the mean of both surfaces and
q̄ = 0.6 is an empiric weighting factor [37]. Despite its generality, the model is applied
and validated initially only in the case of normal approach of spheres and cylinders
towards each other and towards a flat wall [37]. For centrally approaching spheres,
analytical consistency with the known asymptotic behavior is demonstrated [37].
Eq. (7.2) is applied to deformable particles later [112] but Clausen [31] notes an
erroneous divergence of tangential interactions as h−1 which he fixes, along with
further modifications, by the introduction of an average normal direction navg of
the surfaces. Both the difference of the boundary velocities and the link-wise gap
are projected along navg and the resulting force is applied in the same direction.
Thereby, however, locally tangential lubrication corrections are removed. Moreover,
the discretization of lubrication interactions onto interconnecting lattice links that
appear and vanish as particles move is found to cause instabilities [31] that apparently
prevent usage of the link-wise model in at least some of the subsequent work [33].

7.3 Contact-based lubrication corrections for spheroids
Though many of the following ideas could be applied to particles of other convex
shapes as well, spheroids with half axes Rk and R⊥ parallel and perpendicular to
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Figure 7.2: Radii of principal curvature S1 and S2 as a function of the parameter p
for (a) a prolate spheroid with half axes Rk = 3 and R⊥ = 1 and for (b) an oblate
spheroid with half axes Rk = 1 and R⊥ = 3.
their axis of rotational symmetry will be treated here. A convenient parametrization
of the surface is


R⊥ cos p cos q
ỹ( p, q) =  R⊥ cos p sin q  ,
(7.3)
Rk sin p

where the tilde indicates a representation in the body-fixed reference frame where
the origin is at the center of the particle and the ỹ3 -direction oriented along its axis of
rotational symmetry. For symmetry reasons, the directions of principal curvature are
the tangential directions
s̃1 ( p, q) = ∂ p ỹ( p, q)

and

s̃2 ( p, q) = ∂q ỹ( p, q) .

(7.4)

The respective radii of curvature
S1 ( p) =

s1 ( p)3
Rk R⊥

R⊥ s1 ( p)
,
Rk

(7.5)

R2⊥ sin2 p + R2k cos2 p

(7.6)

and

with
s1 ( p) = |s̃1 ( p)| =

q

S2 ( p) =

can be obtained from a second-order expansion of Eq. (7.3). Fig. 7.2 shows S1 ( p) and
S2 ( p) exemplarily for a prolate (Rk > R⊥ ) and for an oblate (Rk < R⊥ ) spheroid.
The fact that, in both cases, both radii tend towards the same value for p → ±π /2
resembles the symmetry of the particles.

7.3.1

Minimum gap between two spheroids

The strong dependence of lubrication interactions on the minimum separation between two particles i and j requires precise knowledge of the magnitude and direction
of the minimum gap vector h. For two spheres with radii Ri and R j , the result trivially is h = −(ri j − Ri − R j )r̂i j , where the minus sign ensures a direction away from
particle i. Already for spheroids the problem in general is considerably more intricate.
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One solution is to follow the iterative procedure presented by Lin and Han [107] for
the distance between two ellipsoids. As illustrated in Fig. 7.3, the method involves
the re-positioning of tangent spheres along the inner surface of each ellipsoid to minimize the distance of the sphere centers and thus the gap between the ellipsoids. A
sufficient requirement for convergence of the method is that each sphere is completely
contained in the respective ellipsoid [107]. This is achieved easily if the radius is
chosen as the minimum radius of curvature
 2
 Rk / R⊥ for Rk < R⊥
S̄ =
(7.7)
R
for Rk = R⊥ = R .
 2
R⊥ / Rk for Rk > R⊥

Initially, the spheres are placed tangent in the intersection points of the spheroid
surfaces with the line connecting the spheroid centers. In the iteration, the tangent
points yi and y j are repeatedly updated to become the intersections of the spheroid
surfaces with the line connecting the current centers zi and z j of the spheres. The
iteration stops once the angles θi and θ j between the outward pointing surface unit
normals n̂i in yi and n̂ j in y j and the vector zi j = zi − z j between the sphere centers
approximate zero. The converged surface positions of minimum distance are referred
to as yi∗ and y∗j in the following. Practically, the convergence criterion is implemented
as the requirement that both
cos θi = −n̂i · ẑi j > 1 −  ,

(7.8)

with ẑi j = zi j / zi j and Eq. (7.8) with indices i and j swapped hold. Due to the small
magnitude of ∂ cos θi /∂θi near θi = 0, a rather low value of  = 10−6 is chosen to
ensure accuracy. The resulting gap vector is h = −( zi j − 2 S̄)ẑi j .
For overlapping particles, Lin and Han [107] effectively state that h = 0 and
abstain from a further treatment. When implemented accordingly, their method as
described above is, however, stable also for configurations were particles overlap to
an amount small as compared to their radii of curvature. Then, h still points from
the bulk of particle i to j but the scalar gap zi j − 2 S̄ is negative. This is an important
feature that could be used to model elastic contact forces but also to enhance the
stability of dense simulations of infinitely stiff particles with a finite time step where
minimal amounts of overlap are surely undesired but sometimes inevitable.
Eq. (7.7) ensures that the tangent spheres assumed in the algorithm lie within
the respective spheroids which is noted to be sufficient for convergence but not
necessarily optimal with respect to the number of iterations required [107]. In many
cases typical for the spheroids simulated here, convergence can indeed be speeded up
dramatically by adjusting S̄ for each surface to the smaller of the two local principal
radii of curvature in Eq. (7.5). Thus, a two-fold strategy is being followed: first, up to
N1 iterations with S̄ = min{ S1 ( p), S2 ( p)} are performed. Since due to the potentially
enlarged S̄ and the allowance for overlap a meaningful result is not guaranteed,
two consistency checks are performed whenever Eq. (7.8) indicates convergence: it is
required that n̂ j · ri j > 0 and n̂i · ri j < 0 so the outward-directed surface normals point
towards the center of the other particle. In case of overlap, yi∗ has to be contained
within particle j and vice versa. If at least one of the conditions fails or convergence is
not achieved yet, the algorithm restarts with the more conservative S̄ from Eq. (7.7)
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Figure 7.3: Two-dimensional outline of the iterative approach described by Lin and
Han [107] to find the minimum gap between the surfaces of two ellipsoids. (figure
published in Ref. [78]; idea from Ref. [107])
for a maximum of N2 iterations. Here, N1 = 10 and N2 = 1000 is chosen as a set of
values that for particles with aspect ratio Λ = Rk / R⊥ = 1/3 results in an average
total number of iterations per gap computation of almost 40. This is a reduction of
about 30 % as compared to only one iteration with fixed radii defined by Eq. (7.7).
So far, no configuration without significant overlap is known where the combined
procedure with these parameters fails to converge.
With a cut-off gap such as ∆c in Eq. (7.1), it is necessary to determine h once during
every (particle-)time step for every pair of particles with a minimum separation that is
potentially smaller than ∆c . All pairs with a center distance ri j > 2 max{ Rk , R⊥ } + ∆c
can clearly be excluded. A computation is unnecessary also if ri j > max{ Rk , R⊥ } +
∆c ≡ Rc but at the same time particle i has no intersection with a plane normal to
ri j in a distance of Rc away from r j in the direction of i or vice versa. This can be
tested in a comparably inexpensive way and avoids unneeded computations of h,
especially in the case of highly aspherical particles. A further very effective approach
for optimization consists in starting the iteration to obtain h not from the particle
centers as explained above but using the converged tangent positions yi∗ and y∗j
of the previous computation instead. Since particle configurations do not change
much during one time step this often enables convergence within only one iteration
and results in a further reduction of the average total number of iterations per gap
computation from almost 40 to less than 1.01 for Λ = 1/3. The same result is found
in typical simulations of particles with other aspect ratios 1/4 ≤ Λ ≤ 4.

7.3.2

Diverging lubrication interactions

Cox [34] and later Claeys and Brady [29] expand the surfaces of two particles i and j
near contact around their closest points yi∗ and y∗j as
3
x21
x2
− 2 − ∑ Γk x31−k xk2 + O(r4 )
2S1
2S2 k=0

(7.9)

3
x012
x022
+
+
Γ 0 x03−k x02k + O(r04 )
∑
2S01
2S02 k=0 k 1

(7.10)

x3 = −
and
x03 =
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Figure 7.4: The coordinate axes as
defined by Cox [34] and by Claeys
and Brady [29] for the approximation of the two surfaces at the
minimum gap as bivariate cubic
polynomials. (figure published in
Ref. [78]; idea from Ref. [29])

x’3=x3-h

y*j
x1

y*i
φ

x’2

x’1
x2

in the tangential coordinates x1 and x2 that are measured along the directions of
principal curvature of the respective particle, given in Eq. (7.4). Here and in the
following, primed variables refer to the surface of particle j and unprimed ones to
the one of i. The Γ0−3 are the coefficients of the third-order terms in the expansion.
The error terms scale as the fourth power of the tangential distance
q
r = x21 + x22
(7.11)

from the gap position. In fact, Cox [34] in general considers only the quadratic terms
in Eq. (7.9) and Eq. (7.10) while Claeys and Brady [29] expand up to even fourthorder. Here, only second and third order are taken into account. The fourth-order
coefficients are needed only for a weakly diverging ln h contribution to surface-normal
lubrication forces [29] which at small gaps h must be dominated by the h−1 term (see
also appendix). As is shown in Fig. 7.4, φ denotes the angle between the principal
directions of curvature of both surfaces and both x3 -axes point in the direction of h
while the origins, yi∗ and y∗j , obviously differ.
In Ref. [34] and Ref. [29], the asymptotic behavior for small h of the force F̄ and
torque T̄ on each of the surfaces i and j is analyzed in dependence of the translational
and rotational velocities V̄ and Ω̄ of both i and j. The bar on vector quantities is used
to indicate a representation in the local surface coordinates { x1 , x2 , x3 } associated
with particle i. Since the diverging terms depend only on the relative velocities, the
relation can be expressed as






F̄i
F̄ j
V̄ j − V̄i
=−
= µ0 K ·
+ O(h0 ) ,
(7.12)
T̄i
T̄ j
Ω̄ j − Ω̄i
with a 6 × 6 resistance matrix K [29, 34]. K is symmetric and some of the elements are
zero as the corresponding forces and torques remain finite upon contact. Thus, there
are only 16 independent non-zero matrix elements Kγδ which are functions of the gap
h, the angle φ, and the expansion coefficients in Eq. (7.9) and Eq. (7.10). These Kγδ can
be obtained from the literature [29, 34] but are listed in the Appendix for the sake of
completeness. Since a part of the lubrication interactions is already accounted for by
the LB method, only a correction for small gaps is required. Analogously to Ladd’s
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Figure 7.5: The non-zero cubic expansion coefficients Γ0 and Γ2 as a function of the
parameter p for (a) a prolate spheroid with half axes Rk = 3 and R⊥ = 1 and for (b)
an oblate spheroid with half axes Rk = 1 and R⊥ = 3.
initial approach in Eq. (7.1) [100, 123], a corrective resistance matrix K̃ is constructed
from the differences

Kγδ (h) − Kγδ (∆γδ ) for h < ∆γδ
K̃γδ (h) =
(7.13)
0
for h ≥ ∆γδ
of the diverging resistance terms at the actual gap h and at a cut-off distance ∆γδ .
Following Nguyen and Ladd [123], only three independent cut-offs are used, ∆33 ≡
∆n for the coupling of normal translation and force, ∆44 = ∆45 = ∆54 = ∆55 ≡ ∆r
for the coupling of angular velocities and torques, and ∆t for all further resistances.
Suitable values have to be found empirically depending on τ [123].
For spheroids, the quadratic coefficients 1/(2S1 ( p)) and 1/(2S2 ( p)) are known
already from Eq. (7.5) where p is defined by Eq. (7.3) and the known surface position
y∗ . The symmetry of the particles causes Γ1 = Γ3 = 0. The remaining cubic coefficients
Γ0 ( p) =

( R2k − R2⊥ ) Rk R⊥ sin p cos p

(7.14)

Γ2 ( p) =

( R2k − R2⊥ ) Rk sin p cos p

(7.15)

2s61 ( p)

2R⊥ s41 ( p)

are the result of an expansion of Eq. (7.3) up to third order in x1 and x2 and are plotted
as a function of the parameter p for a prolate and for an oblate spheroid in Fig. 7.5. As
the radii of curvature, both cubic coefficients tend towards the same value, namely 0,
for p → ±π /2 for symmetry reasons.
The method can be applied to more complex particle shapes provided that the
minimum gap, the principal curvatures, and the cubic coefficients can be determined.
The extension to mixtures of particles of different shape or dimension can complicate
the implementation to some extent but is no further problem if an algorithm to find
the minimum separation exists, as the other parameters are properties of a single
particle. The most serious limitations are the requirement of smooth surfaces that
allow for a third-order expansion in every point and that the surfaces must be such
that for h = 0 they would touch in only one point [34]. This allows, for example, the
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application to one sufficiently smoothly capped cylinder interacting with a sphere
but√not to two such cylinders in parallel orientation side by side. The occurrence
of λ1 λ2 in the denominator of all matrix elements Eq. (A.1) to Eq. (A.16) leads to
divergence if at least one of the curvature eigenvalues defined in the Appendix is
zero and resembles the second limitation directly. Taking the finite particle length for
the maximum radius of curvature, as suggested by Butler and Shaqfeh [24], might
be a viable solution to this problem. Unfortunately, the curvature of the popular
spherocylinder is still discontinuous at the transition line between the cylinder and
the hemispherical caps which might cause numerical difficulties.
Knowing the directions along which x1 , x2 , and x3 are measured, the transformation of V̄i , Ω̄i , F̄i , and T̄i to and from Vi , Ωi , Fi , and Ti in the particle-independent
coordinate system in which the integration is carried out is straightforward to achieve.
For rigid bodies the relations with the center of mass velocities vi and ωi of a particle
then read

and

Vi = vi + ωi × (yi∗ − ri )

Ωi = ωi

(7.16)
(7.17)

and the resulting force and torque on the particle are

and

7.3.3

fi = Fi

(7.18)

ti = Ti + (yi∗ − ri ) × Fi .

(7.19)

Treatment of particle contact

In practice, the surface-normal lubrication interactions do not suffice to prevent
particle contact, especially in dense systems. The lubrication interactions therefore are
often reported to be clipped at a specific value to avoid numerical instabilities [31, 71,
89, 112] and a short-range repulsive force is added to act against unphysical clustering
or even overlap of particles [14, 31, 63, 71, 91, 112, 155]. To limit the forces and torques
resulting from the lubrication corrections to finite values, the gap entering Eq. (7.13) is
not allowed to be smaller than a short-range cut-off hc independently from the actual
gap h. For h < hc a Hookean repulsive force
Fr (h) = c



(hc − h) for 0 < h < hc
hc
for h ≤ 0

(7.20)

with a stiffness c is applied along the x3 -direction which itself is limited to the magnitude achieved at h = 0. Effectively, this implementation of a short-range repulsion is
identical to the one applied by Kromkamp et al. [91] who refer to Ball and Melrose [9].
Here, it is chosen solely because of its simplicity. Alternative phenomenological
approaches can be found in the literature [31, 71, 117, 154]. Repulsion forces founded
in elastic theory [52, 63] or even more elaborate contact descriptions [164] can be
employed if the objective is to capture non-hydrodynamic interactions of particles.

7.4. Validation and comparison to other models
The complete lubrication correction and contact model reads



V̄ j − V̄i


 
for h > hc
 µ0 K̃(h) ·
F̄i
 Ω̄ j − Ω̄i 
=
T̄i
V̄ j − V̄i


− Fr (h)Ê3 for h ≤ hc
 µ0 K̃(hc ) ·
Ω̄ j − Ω̄i


F̄ j
=−
,
T̄ j
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(7.21)

with Ê3 being the unit 6-vector connected with the x3 -direction of the force F̄i .
The above treatment introduces two additional parameters hc and c . When
modeling a physical suspension, it can be interpreted as modeling “residual Brownian
forces or particle roughness” [155] and the parameters can be used to control the
strength of non-hydrodynamic effects. When targeting the theoretical model system
of smooth particles in the absence of Brownian motion, care must be taken to ensure
that the influence of the non-hydrodynamic contact modeling is sufficiently small to
be neglected. Then the results of a simulation do not depend on the exact values of the
parameters hc and c . Since in this view, hc and c are purely numerical parameters
they should not be rescaled as physical quantities when a simulation is transformed
from one spatial resolution to another. Instead it appears reasonable to keep hc
constant when measured in lattice units so the lubrication corrections are applied
down to smaller relative gaps h/ R at higher resolution R. From Eq. (7.20) it is easily
seen that the maximum repulsive force is c hc . In order to prevent particle overlap it
should scale as the viscous forces, estimated as 6πµ0 R2 γ̇ for flows with a shear rate
γ̇ [14, 155]. Since in this work τ = 1 is assumed, a transformation from one resolution
to another does not change the viscosities and also R2 γ̇ must stay constant as it is
proportional to the particle Reynolds number Rep = 4R2 γ̇ /ν. Thus c should be kept
constant then as well.
Also the present implementation of a link-based lubrication model as in Eq. (7.2)
employs a, then link-wise, clipping of the lubrication force equivalent to the one in
Eq. (7.21) and a short-range repulsive force with a functional dependency on the gap
width identical to Eq. (7.20). Since in this case the gap is measured link-wise and the
force is not applied once per particle along the surface-normal direction but once per
link along the link direction, separate values for the now link-wise parameters ∗c
and h∗c are required in general. The link-wise correction forces further correspond to
stresses, therefore ∗c h∗c should scale as 6πµ0 γ̇ [31] to prevent overlap and ∗c requires
appropriate rescaling upon changing the resolution if h∗c is kept constant.

7.4 Validation and comparison to other models
7.4.1

Pair interactions of spheres

For spheres, the lubrication corrections developed here are equivalent to the ones
of Nguyen and Ladd [123] who, however, present detailed validation only for the
interaction of a single sphere and a planar wall. The accuracy of the present method
is studied for the more frequent interaction of two identical spheres. This setup is
particularly suited for validation since good analytical approximations exist [82]. For
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their link-wise model, Ding and Aidun [37] show only the normal force between
spheres plotted on a linear scale which makes it hard to appreciate the actual accuracy
of the method, while the analysis of Clausen [31] is performed for a resolution of
the particle radius with R = 10 lattice sites that for non-deformable particles seems
unnecessarily large. Therefore, also a comparison with the link-wise model at different
R follows.
In all tests one particle is placed with a random offset with respect to the lattice
near the center of a closed cubic box which imposes a no-slip condition on the fluid
velocity. In a preliminary study, the size of the box is chosen to be 15R as a viable
compromise between computational costs and the undesired enhancement of the
single-particle resistances by interaction with the wall which decays only slowly
with increasing box size. Another particle is placed at a random position with a
prescribed gap h between both surfaces. For simplicity, the direction from the first
to the second particle is referred to as w3 and two further directions w1 and w2 are
chosen randomly but mutually orthogonal to form a right-handed system. While
the first particle is held fixed, the second particle is forced to either translate with
a constant velocity v along w1 or w3 or to rotate with an angular velocity ω about
w1 . The magnitude of the velocities is chosen to result in a fixed Reynolds number
Re = vR/ν = ωR2 /ν = 6 × 10−8 with ν = 1/6 for all R. As was tested by increasing
Re by a factor of 10, no inertial effects are visible. The simulations are allowed to run
for several 103 LB steps until a steady state is reached. The motion of the particle
during this time is negligible and no changes in the discretization are observed in
general. Apart from effects of discretization and confinement which are not expected
to diverge for decreasing h, symmetry arguments dictate that a translation along
w1 and w3 results in a force in the respective opposite direction, a rotation about w1
results in a torque in the opposite direction, and additionally, translation and rotation
along w1 results in a torque about w2 and a force along −w2 , respectively. For each
R, the magnitude of these forces and torques is averaged over at least 15 random
configurations with the same value of h. Since the particle motion is prescribed, there
is no need for a short-range lubrication cut-off and repulsion, thus hc = c = 0 is
set. From comparison with the results by Jeffrey and Onishi [82] suitable long-range
cut-offs at τ = 1 for all R are found to be
2
1
1
∆n = , ∆t = , and ∆r = .
(7.22)
3
2
4
The relation to the cut-offs h N , hT , and h R suggested by Nguyen and Ladd [123] is not
surprising: ∆n = h N and ∆t = hT but ∆r 6= h R because the cut-offs in Ref. [123] relate
to the resistance functions of the spheres themselves while the cut-offs here relate to
the resistances of the surfaces at the gap. Thus, in the lubrication correction of the
torque experienced due to rotation about w1 , both ∆t and ∆r are involved while in
Ref. [123] it is only h R .
Fig. 7.6 displays the resistance functions related to the particle motions explained
above at resolutions R = 2, 4, and 8 resulting from the choice of lubrication cut-offs
given in Eq. (7.22). The striking similarity of Fig. 7.6(c) and (d) can be explained
by the Lorentz reciprocal theorem [87]. The data in Fig. 7.6(b) and (c), and the
data in (d) and (e) are taken from the same simulations. Generally, an offset with
respect to the solution by Jeffery and Onishi [82] is observed which in each figure
is roughly constant for a given R. These offsets can be attributed to two effects: the
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Figure 7.6: Non-dimensional resistances for one of two identical
spheres of radius R aligned along
direction w3 at a normalized gap
h/ R. Compared are simulations
with the contact-based lubrication
model at different resolutions of R
in lattice units (symbols) with the
series developed by Jeffrey and
Onishi [82] (lines). (a) shows the
force along w3 due to a translation with velocity v in the opposite direction, (b) the force in the
perpendicular direction − x1 due
to a translation along w1 , (c) the
torque about w2 due to the same
translation, (d) the force along
− x2 due to a rotation about w1
with angular velocity ω, and (e)
the resulting torque about − x1 .
Error bars quantify the standard
deviation obtained from at least
15 random configurations and are
drawn only where larger than the
symbol itself. (figures published
in Ref. [78])
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analytical solution considers two particles in an infinite volume of fluid while the
simulations are performed within a finite box. The interactions with the walls lead to
an enhancement of the single-particle resistances, best seen in Fig. 7.6(b) for large h/ R.
Second, the effective hydrodynamic radii of particles modeled by the momentum
exchange method are known to differ from the input radii R, especially at small R,
which explains the more or less severe underestimation of all resistances for R = 2.
The comparably large statistical errors in the data for the smallest radius must be
attributed to discretization effects. All these observations could be made for single
particles as well and it is not within the scope of lubrication corrections to alleviate the
shortcomings but only to produce a smooth increase of the resistances with decreasing
separation parallel to the theoretical solution. The lubrication model achieves this
objective to very good accuracy at R = 4 and 8 and, taking into account the larger
discretization errors, even at R = 2.
As expected from the work of Clausen [31], the link-wise model leads to an underprediction of the normal force f 3 as displayed in Fig. 7.7(a) while the divergence of
the tangential force f 1 in Fig. 7.7(b) is clearly over-predicted. The other non-normal
singular forces and torques t2 , f 2 , and t1 shown in Fig. 7.7(c–e) are over-estimated
in a qualitatively similar way at small separations. A special treatment of shortrange contacts is disabled in these simulations by setting h∗c = ∗c = 0. Since the
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Figure 7.7: Normalized resistances as in Fig. 7.6 obtained from simulations with
link-based lubrication corrections (plots (a–e)) and without lubrication corrections
(plots (f–j)). (figures (a, b, f, g) published in Ref. [78])

link-based model relies on discrete lattice links to compute lubrication corrections,
severe noise is caused by an amplification of discretization errors at small distances.
This effect is strongest for R = 2 but visible also by the error bars obtained for the
higher resolutions in Fig. 7.7(a–e). Finally, Fig. 7.7(f–i) shows the resistances to normal
and tangential translation without lubrication corrections. It is clear that, without
lubrication modeling, the singular behavior is captured only partially depending
on the lattice resolution. In the case of R = 2, an increase is hardly visible for gaps
h/ R < 1. In Clausen’s modified link-based model [31] the under-prediction of f 3
appears to be reduced while all non-normal resistances remain uncorrected. At best,
this model can perform as the theoretical solution for f 3 , which is, as can be seen
in Fig. 7.6(a), closely approximated by the contact-based method, and comparable
to Fig. 7.7(g–j) for all other terms. The importance of non-normal interactions in
dynamic simulations of many particles remains to be examined below.
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Pair interactions of spheroids

To validate the lubrication corrections in the case of spheroidal particles, an equivalent
procedure as for spheres is followed. The long-range cut-offs in Eq. (7.22) found
suitable for spheres are kept. Different from the case of spheres, the validation
is performed not focusing on the particles as a whole but on the surfaces around
the points of closest approach yi∗ and y∗j on both spheroids. Thus, the coordinate
system { x1 , x2 , x3 } is chosen as defined in Eq. (7.9) according to the local directions
of principal curvature and the local normal direction of the first particle. While the
second particle is held fixed, the first one is forced to translate and rotate in a way that
causes its surface to either translate along or rotate about one of the coordinate axes
and the resulting force and the torque with respect to yi∗ is recorded in the same frame.
Compared to spheres, the parameter space is considerably increased as a configuration
is defined not only by the surface separation but also by the particle aspect ratio and
the relative orientation. The purpose here lies mainly in demonstrating the physical
correctness and the degree of resolution independence achievable with the presented
model. For this purpose it is sufficient to exemplarily examine one fixed particle
configuration at varying distances for each diverging element of K. The 16 singular
Kγδ can be reduced to the only 10 physically different cases that are displayed in
Fig. 7.8: (a) tangential force K11 (equivalent to K22 ), (b) perpendicular tangential force
K21 , (c) normal force K31 (equivalent to K32 ), (d) tangential torque K41 (equivalent to
K52 ), and (e) perpendicular tangential torque K51 (equivalent to K42 ) due to tangential
translation; (f) normal force K33 , (g) tangential torque K43 (equivalent to K53 ), and (h)
normal torque K63 due to normal translation; and (i) tangential torque K44 (equivalent
to K55 ) and (j) perpendicular tangential torque K54 due to tangential rotation. Fig. 7.8(a)
to (e) are generated from the same set of simulations. The same is done for plots (f)
and (g) and for (i) and (j). For (h) K63 a configuration of two prolate spheroids with
aspect ratio Λ = 3 is chosen where the axes of both particles are both perpendicular
to the line between their centers but twisted against each other by an angle of 10◦ .
The remaining resistances are examined for a randomly generated configuration of
two oblates Λ = 1/3 that results in a clear divergence of all elements but K63 and
that is defined by the angles ∠(yi∗ − ri , ôi ) = 177.06◦ , ∠(y∗j − r j , ô j ) = 82.591◦ , and
∠(ôi , ô j ) = 40.277◦ with the respective axes of rotational symmetry ôi and ô j of the
particles. The configurations are visualized as insets of Fig. 7.8(c) and (h). The surface
separation h but also the resistances Kγδ are made dimensionless using the combined
mean curvature of both surfaces [29]


1
1
1
1 1
+
+ 0 + 0 .
(7.23)
λ̄ =
4 S1
S2
S1
S2
Again the magnitude of the velocity is chosen such that Re remains constant when
changing the resolution. In case of the lowest resolution min{ Rk , R⊥ } = 1 it is
v = 10−8 . The size of the cubic simulation volume in this case is 30 min{ Rk , R⊥ } =
10 max{ Rk , R⊥ } = 30 and is scaled according to the particle resolution. For the
data at resolutions 1, 2, and 4, each symbol stands for the average of at least 15
independent simulations at identical relative particle separation and orientation but a
random sub-grid offset and rotation with respect to the fluid lattice. The error bars
represent the standard deviations.
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Figure 7.8: The measured resistances Kγδ for the ten independent and physically different singular types of lubrication interactions as function of the surface separation h:
(a) tangential force, (b) perpendicular tangential force, (c) normal force, (d) tangential
torque, and (e) perpendicular tangential torque due to tangential translation; (f) normal force, (g) tangential torque, and (h) normal torque due to normal translation; and
(i) tangential torque and (j) perpendicular tangential torque due to tangential rotation.
All data is obtained from the same configuration of oblate spheroids with aspect ratio
Λ = 1/3 except for (h) where prolates with Λ = 3 are used. The two configurations
are visualized in the insets of figures (c) and (h) as seen from the respective local x3 -,
x1 -, and x2 -direction of the first of the two particles (drawn red, with center at lower
coordinate position). Symbols refer to different resolutions of the smaller half-axis,
lines to the respective correction term, shifted by an arbitrary constant. Resolutions
1 to 4 feature lubrication corrections, resolution 16 does not for comparison. The
combined mean curvature λ̄ serves for non-dimensionalization. (figures published in
Ref. [78])
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In the absence of theoretical results, simulations with lubrication corrections
at several resolutions are compared to simulations without corrections but with
a considerably increased lattice resolution min{ Rk , R⊥ } = 16 where lubrication
interactions can be expected to be captured by the LB method itself already to a large
extent. For these more expensive high-resolution simulations, each symbol in Fig. 7.8
corresponds to only 4 independent samples. Additionally, the divergence behavior
expected from Eq. (A.1) to Eq. (A.16) is plotted with an arbitrary offset. As a further
confirmation for the correct implementation of the method, Newton’s third law in
Eq. (7.21) is not exploited to save computations but the effects on both surfaces are
computed independently and checked for consistency. Indeed, the forces and torques
are found to be equal but opposite apart from small deviations attributed to the error
in the anti-parallelism of the normal directions of both surfaces according to Eq. (7.8).

In Fig. 7.8 the resistances obtained with lubrication corrections at the larger resolutions min{ Rk , R⊥ } = 2 and 4 appear largely parallel to each other and consistent with
data from the uncorrected simulations at resolution 16. Of course, also at this highest
resolution the lubrication interactions as resolved by the LB method alone eventually break down at the smallest separations and consequentially depend strongly
on the discretization of the gap. These effects are best visible in Fig. 7.8(h) and (c).
Still, at least for intermediate gaps, the resistances obtained at resolution 16 are well
compatible with the theoretical divergence terms Kγδ . Simulations at the lowest
resolution min{ Rk , R⊥ } = 1 tend to suffer more from discretization errors and in
general feature a less smooth transition from the non-singular long-range behavior to
the short-range regime that is dominated by the Kγδ . For the chosen particle configuration, the normal force induced by a tangential translation, displayed in Fig. 7.8(c),
seems to be particularly difficult to capture properly: for large gaps the resistance
seems identical at all resolutions but in the region where lubrication interactions
dominate an offset is visible not only at resolution 1 but also between resolutions
2 and 4, and compared to resolution 16 without corrections. This indicates that in
this particular case, different than assumed, the divergence of K31 is not resolved by
the LB method down to a separation of approximately one lattice unit. A possible
explanation lies in the fact that K31 (given in Eq. (A.3)) depends on the third order
coefficients Γ0 and Γ2 of both particles. On the second particle, y∗j lies near the edge
(see inset of Fig. 7.8(c)) where according to Eq. (7.5) the minimum radius of curvature
for an oblate of aspect ratio 1/3 is only Rk /3. Even at resolution 4, the radius is only
4/3 and the third-order features of the surface cannot be expected to be resolved well
at this resolution. It is not clear why equivalent difficulties do not exist for the normal
force induced by a tangential rotation depicted in Fig. 7.8(g) that also depends on
Γ0 and Γ2 in the same configuration of particles. The error bars, also of the data at
resolution 16 without corrections, suggest that K31 in this configuration is particularly
susceptible to discretization effects. Nevertheless, at resolution min{ Rk , R⊥ } = 2
the offset to higher resolution data at small gaps does not appear exceedingly large
as compared to the results for the other resistances. In the following simulations of
spheroidal particles a length of the smaller half-axis of 2 lattice units is regarded as
minimum spatial resolution.
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7.4.3

Suspension viscosity

The initialization of densely-packed configurations of many particles without overlap
is not trivial already for spherical particles. A growth method similar to the ones
described in the literature [32, 92] is applied: the particles are initially scaled down
to typically only 30 % of their linear size, so an overlap-free placement at random
positions is easily achieved. The half-axes are then slowly grown to their actual
size. During the growth, the particles are free to reorient and move but lubrication
and hydrodynamic interactions are replaced by simple damping terms for the velocities and only the Hookean short-range repulsion defined in Eq. (7.20) is acting.
Growing the particles to dimensions slightly beyond their final size and resetting
the size afterwards assures a certain minimum separation in the generated particle
configuration.
As a benchmark, the shear viscosity of suspensions is considered. For viscosity
computation, the method successfully employed already in Section 5.4 is used again:
Lees-Edwards boundary conditions [104, 166] (see Section 4.1.3.2) are applied to the
fluid but the particles are prevented from crossing the sheared boundaries at which
the shear stress T is computed. To exclude boundary effects, the shear rate γ̇ and
the actual particle volume fraction Φ are computed only from the particles in the
central half of the system. Depending on the volume fraction and particle aspect ratio,
the total simulations comprise between about 600 and 9000 particles which is more
than sufficient to obtain reliable results [154]. At the beginning of a simulation, each
system is allowed a time of the order of 20γ̇ −1 for equilibration. An equally long
consecutive interval of time is used for data accumulation. The statistical errors are
estimated from the fluctuations of γ̇ and T over time that are propagated into the
relative suspension viscosity µr = (T /γ̇ )/µ0 .
The viscosities thus obtained are plotted as a function of Φ in Fig. 7.9(a) in the
case of spheres. The resolution is R = 4 and the three different lubrication models are
compared: the contact-based model developed above, the link-based model briefly
sketched in Section 7.2.2, and the contact-based model with all non-normal corrections
disabled. Of these three cases, the full contact-based model clearly shows the best
consistency with the accelerated Stokesian dynamics simulations by Sierou and
Brady [154] and the simpler method by Bertevas et al. [14] that both similarly aim at the
simulation of purely hydrodynamically interacting particles at low Reynolds number
shear flow. While the link-wise model leads to an over-prediction of viscosities, the
omission of non-normal corrections results in erroneously low viscosities. In view of
Fig. 7.7(b–e) and Fig. 7.7(g–j) it seems plausible to attribute these errors directly to
the over- or under-prediction of non-normal lubrication interactions. The similarity
of the data for purely normal lubrication corrections as compared with the results
by Hyväluoma et al. [71] obtained at a somewhat higher resolution of R = 6 using
normal lubrication corrections of the type of Eq. (7.1) confirms the validity of the LB
implementation and of the procedure for viscosity measurement employed here. It
is interesting that for Φ . 0.2 all three lubrication models produce viscosities that
are hard to distinguish, even on the logarithmic scale of µr in the figure. Apparently,
lubrication interactions, at least the non-normal ones, contribute only weakly to the
viscosity at these volume fractions.
(∗)

(∗)

Obviously, the influence of the free short-range parameters hc and c on the
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0.01
0.1
0.001
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0.01
0.01
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0.01
0.01
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0.01
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0.04
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c
100
100
100
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Hyväluoma et al.
Sierou & Brady
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Figure 7.9: Relative suspension
viscosity µr in dependence on the
solid volume fraction Φ as obtained with the full contact-based
corrections, the same with nonnormal corrections disabled, and
the link-based approach for (a)
spheres with radius R = 4, (b)
oblates with Rk = 2, R⊥ = 6
(aspect ratio Λ = 1/3), and (c)
prolates with Rk = 6, R⊥ = 2
(Λ = 3). For spheres, data is compared with results from LB simulations with only normal corrections at R = 6 by Hyväluoma
et al. [71], accelerated Stokesian
dynamics simulations by Sierou
and Brady [154] and the method
by Bertevas et al. [14]. Also for
oblates, data for the least aspherical aspect ratio Λ = 0.3 studied
by Bertevas et al. [14] is shown.
Error bars for original data are
drawn only where larger than the
corresponding symbol. (figures
published in Ref. [78])
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model
full
full
full
full
full
normal only
link-based
full
normal only
link-based
full
normal only
link-based

(c)
100
0.1

R
4
4
4
4
4
4
4
2
2
2
8
8
8

0.2

Φ [10−2 ]
48.2 ± 0.9
48 ± 3
48.2 ± 0.8
48.2 ± 0.7
48 ± 1
48 ± 1
48.0 ± 0.4
48 ± 1
48 ± 3
46.4 ± 0.5
48.4 ± 0.7
48.3 ± 0.9
48.0 ± 0.6

0.3
Φ

Rep
0.14
0.15
0.13
0.14
0.14
0.16
0.10
0.15
0.17
0.16
0.13
0.14
0.08

0.4

0.5

µr
11.1 ± 0.3
8.9 ± 0.3
11.8 ± 0.3
10.9 ± 0.3
10.9 ± 0.4
8.1 ± 0.2
20 ± 1
8.8 ± 0.4
5.9 ± 0.2
9.9 ± 0.6
12.4 ± 0.2
9.6 ± 0.2
28 ± 1

Table 7.1: Relative shear viscosity µr of dense (Φ ≈ 0.5) suspensions of spherical
particles for different lubrication models, resolutions R, and short-range numerical
parameters hc and c (h∗c and ∗c in case of link-based lubrication corrections). The
effective volume fraction Φ and particle Reynolds number Rep = 4R2 γ̇ /ν vary
slightly due to the simulation setup.
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viscosity needs to be examined. In the present simulations, hc = 0.01 and c =
100 is chosen for the two contact-based cases and h∗c = 0.04 and ∗c = 100 for
the link-wise corrections. Measured on the scale of viscous forces or stresses, this
corresponds to maximum repulsions of hcc /(6πµ0 R2 γ̇ ) ≈ 30 and h∗c ∗c /(6πµ0 γ̇ ) ≈
2000, respectively. Tab. 7.1 compares the viscosities resulting from a variation of the
short-range parameters for Φ = 0.5 where the effect of lubrication interactions is
strongest. Apparently, varying c has no significant effect on the resulting viscosities.
Better resolving lubrication interactions by reducing hc to only 0.001 leads to an
increase of µr that is noticeable but still smaller than 10 %. Reducing the resolution
of lubrication corrections, however, by choosing hc = 0.1 causes a reduction of
the viscosity by 20 % to a value that is actually closer to data without non-normal
corrections than to data from the full model at hc = 0.01. Variations in the volume
fraction Φ or the particle Reynolds number Rep appear too small to be of significant
influence here, the latter being in fact the consequence of differing viscosities in the
bulk of the simulation. Tab. 7.1 also shows the viscosities computed for the different
lubrication models at the resolutions R = 2 and 8. When varying the resolution, hc
and h∗c are kept fixed and c and ∗c are chosen such that the respective dimensionless
maximum repulsion is the same as for R = 4. For R = 2, the viscosities are clearly
reduced with respect to R = 4, in the case of the link-based model to only 50 %.
Changing the resolution to R = 8 increases the viscosity by about 12 % for the full
contact-based model while at R = 2 a reduction by 21 % is seen. If the Stokesian
dynamics results are assumed to represent the correct viscosities, both increasing R
to 8 and decreasing hc to 0.001 slightly improves the accuracy of the present model.
From the only small improvement induced by already considerable changes of R
and hc it can be concluded, however, that the viscosities obtained with the present
parameters are already close to the value theoretically achieved for hc = 0 and infinite
resolution. While doubling the spatial resolution in an LB simulation at fixed τ
increases the computational effort by a factor of 25 = 32, also reducing the short-range
cut-off to hc = 0.001 moderately increases the computational cost by demanding each
LB time step to be subdivided in 20 instead of 10 sub-steps for the particle update
in order to keep the simulation stable. Compared to other three-dimensional LB
suspension models [71, 91] at even higher resolution, the present approach performs
well in reproducing the viscosity already in well-affordable simulations at R = 4 and
hc = 0.01 thanks to the inclusion of the non-normal lubrication corrections. Without
non-normal corrections the viscosity is closest to the Stokesian dynamics results for
the highest resolution R = 8 and the differences to data at R = 2 and R = 4 suggest
that the numbers would converge at even larger R. The same might be true for the
link-based model but here, between R = 4 and 8 an increase of still 40 % is visible
while µr appears to be over-predicted already.
There seems to be less freedom in the choice of the short range parameters h∗c
and ∗c associated with the link-based lubrication model than for the contact-based
model. Significant deviations from the combination h∗c = 0.04 and ∗c = 100 at R = 4
are often found to lead to numerical instabilities even when the time step for the
particle update is reduced. Still, the over-estimation of the viscosity by the linkwise model is too strong to be attributed solely to the treatment of particle contacts.
The stability problems might be caused by the relatively large discretization errors
of the method that are visible in Fig. 7.7(a–e). A related issue consists in contacts
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with large curvatures of the involved particle surfaces staying undetected due to an
insufficient resolution of the surfaces by lattice links. In consequence, unphysically
close approach or even overlap of particles is possible. If the discretization changes
because the involved particles are moving with respect to the lattice, the contact can
get resolved and large repulsive forces and changes in the particles’ resistances can
emerge suddenly. Though such events are rare and thus are not expected to affect the
observables in a large system they can cause a simulation to crash. At large particle
resolutions, as chosen by Clausen [31], this problem is less likely to occur.
Fig. 7.9(b) and (c) display the relative viscosity of suspensions of spheroids as a
function of the volume fraction for the different lubrication models. In (b) the aspect
ratio is Λ = 1/3 (oblates), in (c) it is 3 (prolates). In both cases the smaller half-axis
is chosen to be 2. As expected now, the link-wise model leads to an enlarged µr ,
disabling non-normal lubrication interactions in the contact-based model to a reduced
µr . For Φ & 0.3 the full contact-based model, which is believed to be most correct,
predicts a clear reduction of the viscosity of prolates as compared to spheres and
of oblates as compared to prolates. The result for oblates seems inconsistent with
the work of Bertevas et al. [14] who report for oblate spheroids of aspect ratio 0.3
at volume fractions up to Φ = 0.25 a higher viscosity than for spheres at the same
volume fraction. Unfortunately, Ref. [14] provides no data for spheroidal particles
at Φ > 0.25. One has to consider that in their work the non-singular long-range
hydrodynamic interactions of particles are neglected which especially at lower volume
fractions might cause particles to approach closer than they would otherwise do. This
would certainly increase the viscosity. If, due to the large regions of low curvature
and the increased surface area this mechanism is stronger for oblates than for spheres
it could explain the inconsistency. Another possible explanation is that in the model
of Bertevas et al. [14] the particle Reynolds number is strictly Rep = 0 while in the
present LB simulation it is small but finite with Rep ∼ 10−1 . It is hard to explain,
however, how inertia could cause a reduction of the viscosity of oblates, especially
since with respect to the viscosity of sphere suspensions the method by Bertevas et
al. [14] hardly differs from the present LB model at the respective volume fractions.
In Tab. 7.2 and Tab. 7.3 the effect of varying the short-range parameters and the
resolution on the viscosity is demonstrated at Φ = 0.5 for oblate and prolate spheroids.
The influence of the short-range parameters is smaller than for spheres and only
increasing hc from 0.01 to 0.1 in the case of prolates leads to a significant change in
the suspension viscosity, namely a reduction by about 10 %. As for spheres, doubling
the resolution leads to higher viscosities. The increase is larger for spheroids, in the
case of the link-wise model it amounts to roughly 100 % for oblates and prolates. The
viscosities obtained from the contact-based model, both with and without non-normal
corrections, increase by about 25 % and 35 % for oblates and prolates, respectively.
This result is in line with Fig. 7.6 and Fig. 7.8 above that also demonstrate that
due to their potentially smaller local curvature, a higher resolution is required for
spheroids than for spheres in order to achieve a comparable degree of convergence. It
is interesting to examine the influence that the choice of lubrication model has over
the full range of volume fractions Φ in Fig. 7.9 in the case of spheroids as compared
to spheres: while for spheres no significant influence is visible for Φ . 0.25, the
contact-based model without non-normal interactions leads to a reduced viscosity for
prolates already at Φ ≈ 0.2 and for oblates at the same volume fractions the results of
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(∗)

hc
0.01
0.1
0.001
0.01
0.01
0.01
0.04
0.01
0.01
0.04

(∗)

c
100
100
1000
80
1000
100
100
100
100
25

model
full
full
full
full
full
normal only
link-based
full
normal only
link-based

Rk
2
2
2
2
2
2
2
4
4
4

Φ [10−2 ]
48.3 ± 0.5
48.3 ± 0.5
48.4 ± 0.4
48.4 ± 0.4
48.4 ± 0.5
48.3 ± 0.4
48.4 ± 0.5
48.7 ± 0.6
48.7 ± 0.6
48.7 ± 0.5

Rep
µr
0.18 7.1 ± 0.2
0.18 7.0 ± 0.2
0.18 7.0 ± 0.2
0.18 7.1 ± 0.2
0.18 7.1 ± 0.3
0.20 4.9 ± 0.1
0.12 18.8 ± 0.9
0.16 8.7 ± 0.2
0.18 6.2 ± 0.2
0.07
38 ± 2

Table 7.2: Data corresponding to Tab. 7.1 for oblate spheroids with half axes Rk and
R⊥ = 3Rk . Rep is computed based on an average radius ( Rk R2⊥ )1/3 .
(∗)

hc
0.01
0.1
0.001
0.01
0.01
0.01
0.04
0.01
0.01
0.04

(∗)

c
100
100
100
50
1000
100
100
100
100
25

model
full
full
full
full
full
normal only
link-based
full
normal only
link-based

Rk
6
6
6
6
6
6
6
12
12
12

Φ [10−2 ]
48.5 ± 0.4
48.4 ± 0.4
48.5 ± 0.4
48.5 ± 0.4
48.5 ± 0.3
48.4 ± 0.4
47.9 ± 0.4
49.3 ± 0.5
49.2 ± 0.5
49.2 ± 0.6

Rep
0.08
0.09
0.08
0.08
0.08
0.10
0.07
0.07
0.09
0.04

µr
7.7 ± 0.1
6.9 ± 0.1
7.6 ± 0.1
7.6 ± 0.1
7.63 ± 0.09
4.56 ± 0.06
12.7 ± 0.4
9.7 ± 0.1
6.18 ± 0.09
24.9 ± 0.6

Table 7.3: Data corresponding to Tab. 7.1 and Tab. 7.2 for prolate spheroids with half
axes Rk and R⊥ = Rk /3.
all three models differ. At larger Φ the discrepancy between the models continues to
grow. The finding is consistent with the conclusion of Bertevas et al. [14] stating an
increased importance of tangential lubrication interactions in suspensions of oblate
spheroids compared to spherical particles.

7.5 Conclusions
The contact-based method for lubrication corrections developed above is applicable
also to spheroidal particles thanks to taking into account all leading singular terms of
the resistance matrix of the involved surfaces near contact [29, 34]. An extension to
more general but smooth particle shapes is straightforward as long as the contacts
between particles are such that they would touch in single points and an efficient
method for finding these contacts is known. An extension to shapes such as cylinders,
that might approach in line contacts, might be achievable following the arguments
of Butler and Shaqfeh [24]. Since the lubrication corrections depend on the local
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properties of the surfaces only, non-uniform particle dispersions with different sizes
and aspect ratios can be modeled in the present implementation already.
In the case of spheres, the method shows high accuracy in the resistances of two
particles near contact as compared to theoretical findings [82]. The results obtained
for the viscosity in low Reynolds number shear flow of suspensions with volume
fractions between Φ = 0.1 and 0.5 are highly consistent with Stokesian dynamics
simulations [154, 155]. For these results, a resolution of the sphere radius with
R = 4 lattice sites suffices. For spheroids, the respective results appear consistent
when comparing simulations at different resolutions but due to the possibly smaller
local radii of curvature, discretization errors play a larger role than for spheres and
resolving the smaller half-axis with only 1 lattice unit cannot be recommended. For
volume fractions Φ & 0.3, the model predicts a reduction of the suspension viscosity
of prolates with aspect ratio Λ = 3 as compared to spheres and a further reduction of
oblates with aspect ratio 1/3 as compared to prolates.
Neglecting the non-normal lubrication corrections, as it is done by many authors
simulating spherical particles [52, 71, 100], leads to an under-estimation of the viscosity. A link-wise method for lubrication correction, similar to the initial work by Ding
and Aidun [37], that over-predicts all non-normal lubrication interactions, effects an
over-estimation of the viscosity. The viscosity of spheres only slowly starts to depend
on the non-normal corrections around Φ = 0.3. For spheroids, however, an effect is
found already around Φ = 0.2. It can be concluded that while non-normal lubrication
corrections might indeed be of only minor importance for some simulations involving
spheres, their proper consideration is essential, even at comparably large resolutions,
once the viscosity of spheroidal particles is of interest.
While physiological red blood cells surely are not rigid spheroidal particles, they
are objects suspended in a viscous flow and their main interactions are of hydrodynamic nature. The method developed in this chapter provides a firm foundation for
the design of coarse-grained blood models that respect this fact, different from the
purely empirical model applied in Chapters 5 and 6. While the following Chapter 8
employs the present model for rigid particles for the study of shear-induced diffusion,
Chapter 9 will outline how effects typical for red blood cells, that are, tank-treading
and deformation, could be included in the model in a hydrodynamically consistent
way.
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Chapter 8

Shear-induced self-diffusion in
suspensions of spheres and
spheroids
8.1 Introduction
The topic of shear-induced diffusion was mentioned already in Chapter 6. There, in
the context of enhanced mass transport in phyisiological systems, it actually referred
to collective diffusion in the presence of concentration gradients, which is, however,
related to the self-diffusion of particles as the underlying mechanism [176]. Experimental work on the topic started with Eckstein et al. [44]. More recently, experimental
studies were performed by Breedveld et al. [22, 23] for spherical particles. The numerical method probably most used to investigate shear-induced diffusion of spherical
particles is Stokesian dynamics [18, 51, 155]. Further methods employed comprise
the force coupling method [1, 169] and the LB method [90]. Most studies agree on
an increase of diffusion with volume fraction Φ up to Φ ∼ 0.5 and on an anisotropy
of the diffusivity with a larger magnitude in the direction of the velocity gradient
than perpendicular to the plane of shear, but the exact magnitude of the diffusion
coefficients found can vary significantly [155]. Simulations provide insight in the
effect of Brownian motion [18], of properties of the particle surface [1, 35], or of inertial
effects [90, 169].
To understand shear-induced diffusion better, it is most instructive to first consider
the dilute case in which diffusion is dominated by the encounter of two or three
particles on nearby streamlines in shear flow. In case of Stokes flow (Re = 0) and in
the absence of non-hydrodynamic effects, the “collision” of two spherical particles
proceeds symmetrically in time and thus cannot cause any lateral displacement of the
particles [105]. It is the breaking of the fore-aft symmetry of particle encounters that
leads to shear-induced diffusion. The symmetry can be broken either by the presence
of a third particle [105], or by other effects including inertia [94], non-hydrodynamic
particle interactions [1, 35], or, as is noted already by Leighton and Acrivos [105], by
an aspherical shape of the particles. Without one of these further causes for symmetry
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Figure 8.1: Lateral particle positions before (printed in dim
gray) and after a collision for
two spheres (left) and two oblate
spheroids with aspect ratio Λ =
1/3 (right). While spheres always
return to their respective initial
lateral positions (black lines), in
general this is not the case for
spheroids. The changed new center position is drawn in red.

breaking, at least three particles have to interact in order to generate diffusive motion.
The probability that one particle encounters two others at the same time scales as Φ2 ,
as should the diffusion in such systems. With asymmetric two-particle encounters,
it suffices that a particle interacts with only one further particle at a time. The
expected scaling in the dilute case is D ∼ Φ. This expectation is confirmed by recent
numerical [109, 134] and experimental studies [145].
The above statements for the encounter of two spherical or aspherical particles
in shear flow can be confirmed by the present simulation code. Snapshots of the
corresponding particle configurations are drawn on top of each other in Fig. 8.1. The
lateral shift found in the case of spheroids and the absence of a shift for spheres
resembles the actual simulation results but no systematic investigation for different
initial conditions is performed.
The relevance of shear-induced diffusion in blood flow was a motivation already
for the work of Eckstein [44]. Up to now, several experimental studies involving
biological systems were performed [61, 69]. During the last years, also computational
models for deformable particles were developed in several groups, often in the context
of blood modeling. These models are increasingly often employed for the study of
shear-induced diffusion [33, 92, 126, 163, 174]. In this view, it appears surprising that,
apart from the study of two-particle encounters by Pozrikidis [134], to the best of the
author’s knowledge, no treatment of the simpler case of rigid spheroidal particles is
present in the literature.
Rigid spheroidal particles can not only be modeled more efficiently than more
complex deformable particles but omitting the additional complication induced by
deformability can also make it easier to study the effect of asphericity alone. Rigid
spheroids might also serve as a model for aspherical particles in non-physiological
flows [120]. The rigid spheroidal particles now accessible to simulation thanks to
the developments of the previous chapter surely do not have more in common with
physiological red blood cells than the coarse-grained model cells of Chapters 5 and
6. With the above motivation, it still seems highly justified to depart for a while
from the course of developing an improved coarse-grained blood model in order
to exploit the present model for the investigation of the shear-induced diffusion
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of purely hydrodynamically interacting spheroidal particles. The knowledge and
the methods developed in the following for the reliable determination of diffusion
coefficients are applicable also to more complex and RBC-like particles that can be
developed later.

8.2 Technical aspects
8.2.1

Calculation of diffusion coefficients from the mean square
displacement of Lagrangian particles

Diffusive motion is most conveniently captured by observation of the mean square
particle displacement. Routines are developed within the simulation code to record
one-dimensional trajectories xi (t) that are linked to arbitrary but distinguishable
objects i and to compute the corresponding mean-square displacement

h∆x2 (∆t)i = h( xi (t + ∆t) − xi (t))2 ii,t

(8.1)

during a time interval ∆t as an average over all applicable particles i and starting
times t already while a simulation is running. This approach avoids time-consuming
disk I/O and post-processing of the data. Instead, the computational effort is shared
among the parallel processes that also execute the simulation itself. All information
necessary for this task is contained within a user-defined type. Multiple instances
of this type can capture independently, for instance, the mean square displacement
in different directions, of different types of objects, or in different regions of the
simulation volume. It was checked carefully that the code produces identical results
when executed on different numbers of parallel tasks and when saving a simulation
state to disk and restoring it later.
As a physical validation, a one-dimensional random walk
x(t) =

t

∑ δx(k)

(8.2)

k=0

with uncorrelated steps of constant length |δx| and

hδx(t)i = 0 ,

hδx(k)δx(l )i = δkl

(8.3)

is used. It can be deduced analytically that the mean square displacement is

and that

h x2 (t)i = |δx|2 t

(8.4)

h x4 (t)i = 3|δx|4 t2 .

(8.5)

Consequently, the standard deviation of the square displacement is
q
q
√
stdev x2 (t) = Var x2 (t) = h x4 (t)i − h x2 (t)i2 = 2|δx|2 t .

(8.6)

In a test employing 323 objects moving according to a one-dimensional random walk
both Eq. (8.4) and Eq. (8.6) could be well reproduced. It has to be noted that the
standard deviation of the squared displacement is indeed larger than its mean.
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When computed for particles in a suspension that is non-Brownian, as the ones
considered in this chapter, h∆x2 (∆t)i typically shows two distinct regimes: over short
times ∆t, the particle velocities are self-correlated and a scaling h∆x2 i ∼ ∆t2 is found.
For large ∆t, the interactions between the particles lead to decorrelation and the
relation becomes diffusive with h∆x2 i ∼ ∆t. The diffusive behavior can be quantified
by a diffusion coefficient Dx that is defined from a linear fit

h∆x2= i = 2Dx ∆t + const

(8.7)

to the actual mean square displacement h x2 (∆t)i. The main observables in this
chapter are h∆x2 (∆t)i and Dx connected with diffusion in the x-direction where the
applied shear causes a velocity gradient and the analogously computed h∆y2 (∆t)i
and D y for diffusion in the y-direction, perpendicular to the plane of shear and in the
following referred to as vorticity direction.

8.2.2

Boundary conditions and system size

Lees-Edwards boundary conditions, introduced in Section 4.1.3.2 impose a well-defined shear rate in an otherwise periodic system with cubic dimensions to mimic an
infinite volume of fluid. Lees-Edwards boundaries for the fluid [166] were included
in the simulation code already before the begin of the present study. In preliminary
tests a setup identical to the one employed to obtain the viscosity in Sections 5.4
and 7.4.3 was used. In this setup, Lees-Edwards boundaries for the fluid generate a
shear flow but the particles are prevented from approaching the boundary planes
by means of reflective boundary conditions. It was noted soon, however, that the
resulting limitation of the motion of the particles noticeable hinders diffusion even
in comparably large systems containing ∼103 particles. This was the motivation
to implement Lees-Edwards boundaries also for the particles [108, 110, 111]. The
interpolated bounce-back and propagation at particles on the other side of a LeesEdwards plane performed by Lorenz et al. [110, 111] is avoided by redetermining
the occupation of lattice sites directly in the Lees-Edwards buffers after the Galilean
transformation. Further benefits of having consistent shear-boundaries for both,
particles and fluid, is that translational invariance in the shear-gradient direction is
achieved to the greatest possible extent and that therefore a well-defined shear rate
and particle volume fraction exist.
The mean square displacement in shear gradient and vorticity direction of spherical particles of radius R = 4 modeled using the lubrication corrections developed
in Chapter 7 is recorded. The results for suspensions of volume fractions Φ = 0.2
and 0.4 are plotted in Fig. 8.2. The size of the system is 32R in every direction. At
both volume fractions, the mean square displacement in velocity gradient direction
from the simulations without full Lees-Edwards boundaries stays below the data
from simulations with consistent boundary conditions and deviates from linear scaling ∼∆t. The effect is stronger at the higher volume fraction where also diffusion
is stronger and, on average, particles travel further as compared to the maximum
displacement possible in x-direction that is determined by the size of the system. That
data is available only for smaller ∆t in case of the reflective boundary conditions
points to a practical issue: since with this type of boundary conditions a particle-free
layer exists around the Lees-Edwards boundaries, an inhomogeneous velocity profile
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Figure 8.2: Mean square displacement in (a) velocity gradient and (b) vorticity direction in a suspension of spherical particles with radius R = 4 at two volume fractions
Φ = 0.2 and 0.4. Compared are reflective and Lees-Edwards boundaries for the
particles in the velocity gradient direction. In (c) and (d) the data from (a) and (b) is
plotted on a linear scale.
emerges and for the same velocity offset imposed by the Lees-Edwards conditions for
the fluid, different bulk shear rates γ̇ are found depending on the viscosity of the suspension. These shear rates are always smaller than the one that the full Lees-Edwards
boundary conditions would impose on a homogeneous system. The inverse shear
rate in the suspension, however, defines the relevant time scale and γ̇ is therefore
used to nondimensionalize ∆t in the plots.
It appears that the lack of Lees-Edwards boundary conditions for the particles
influences the shear induced diffusion in the vorticity direction only slightly, if at
all. Diffusive scaling ∼∆t visually seems to be reached in Fig. 8.2(b) and (d) for both
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volume fractions. At first, this seems easy to understand since the reflective particle
boundaries impose no limitation on motion in the y-direction. Still it would seem
equally plausible if the resulting inhomogeneity in the x-direction makes motion of
the particles in the y-direction more or less likely which could have an effect on h∆y2 i.
It should be noted that for finding the mean square displacement of particles, particle
trajectories are always recorded independently of their position and no attempt
was made above to exclude inhomogeneity effects near the reflective boundaries
by excluding certain particles or trajectories from the analysis. Full Lees-Edwards
boundary conditions for fluid and particles are employed for all simulations following
in this chapter.
As visible in the above figures, particularly at lower volume fractions Φ, simulation times ∼100γ̇ −1 are necessary to clearly reach the diffusive regime. Initially, all
systems simulated using full Lees-Edwards boundary conditions are equilibrated
with the shear for a time interval of roughly 130γ̇ −1 . Unless specified differently,
the mean square displacements are recorded during another 630γ̇ −1 . These times
correspond to ∼106 LB time steps. In such long simulations, small violations of
momentum conservation, caused for instance by the finite time step δtp employed
for the particle update, can lead to a drift of the center of mass motion of the whole
simulation. For the study of many other observables a small drift of the system might
be acceptable. This is different for shear induced diffusion which a constant directed
motion of all particles can mask easily.
Therefore, a drift correction is implemented in the mean square displacement
routines: whenever the current position of a particle is appended to its trajectory, the
translation of the center of mass of the system since the last time the position was
sampled is estimated according to the current center-of-mass motion and added to all
prior points of the trajectory. This leads to drift-free particle trajectories at all times.
The correction affects only the mean square displacement computation but has no
effect on the evolution of the simulation itself. To increase the numerical stability, an
additional mechanism is implemented that performs a Galilean transformation of the
whole simulation with the aim to reset the center of mass velocity to 0 at intervals.
For the particles, applying a velocity offset is easily achieved. How to apply a velocity
offset to LB sites is, in principle, described by Wagner and Pagonabarraga [166].
Since, however, the LB relaxation time is assumed to be τ = 1 everywhere in this
chapter, instantaneous relaxation to equilibrium is achieved everywhere and the
transformation can be replaced by re-computing the equilibrium distribution function
according to the shifted velocity for every site.
An example of the effect of the drift correction is shown in Fig. 8.3: a suspension
of spherical particles of radius R = 3.813 at a volume fraction of Φ = 0.55 is studied
using the link-wise lubrication model described in Section 7.2.2. In a simulation
without the above corrections, the velocity drift leads to quadratic scaling ∼h∆ti2 of
the mean square displacement up to ∆t ∼ 10γ̇ −1 . At larger ∆t, the exact shape of the
curve is not easy to understand, probably it is dominated by a transient effect of the
buildup of the center of mass motion of the system. With the drift correction, however,
diffusive behavior is clearly visible beyond ∆t & 10γ̇ −1 . All further simulations
employ both correction mechanisms.
In their accelerated Stokesian dynamics simulations of spheres, Sierou and Brady [155] employ a simulation setup that is similar to the one used here. Their work
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Figure 8.4: Shear-induced diffusion of spherical particles of radius R = 3.813 in
velocity gradient direction. Shown is the mean square displacement as a function
of dimensionless time ∆tγ̇ obtained at varying solid volume fractions Φ from cubic
systems of different sizes N / R. For instance, at Φ = 0.05, with increasing N, the
number of particles is 57, 452, and 3613.
suggests that around 1000 particles need to be simulated in order to obtain reliable
data on shear-induced self-diffusion. Independently of the volume fraction Φ, most
simulations in Ref. [155] comprise 1000 particles. In Stokesian dynamics simulations,
the modeling of pure, particle-free fluid volume does not contribute to the computational cost. This is different for the present LB simulations. For this reason it seems
practical to perform simulations of constant volume and adjust Φ by varying the
number of particles in the volume. For the sake of simplicity, only cubic volumes
with side lengths Nx = Ny = Nz = N are considered. In Fig. 8.4, the effect of the
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system size N and implicitly of the number of particles on the mean square displacement h∆x2 i in velocity gradient direction is studied at different volume fractions Φ.
For these simulations, the link-wise lubrication model is employed and the spatial
resolution amounts to R = 3.813 lattice sites. Similar results are found for h∆y2 i. At
Φ = 0.4, results for N = 67R and N = 34R are indistinguishable, for N = 17R the
mean square displacement is slightly reduced. At Φ = 0.2, the curve for N = 34R
is slightly lower than for N = 67R and for N = 17R a somewhat larger reduction is
visible. At Φ = 0.05, however, between the long-time values of h∆x2 i for N = 67R
and 34R and for 67R and 17R, there lies a factor of almost 3 and more than 10, respectively, with larger N leading to larger displacements. Moreover, also the shape of
the curves differs considerably at Φ = 0.05: for smaller systems, a diffusive regime is
reached only at larger ∆t, if at all.
In general, the results are consistent with the ones by Sierou and Brady [155]
though a distinct dependence also on Φ is visible which is not reported by them:
at Φ = 0.2, the data from the simulation with N = 17R that involves only ≈200
particles is relatively consistent with that for N = 67R, computed from 64 times more
particles. At Φ = 0.05, however, the data for 452 particles and N = 34R is lower
almost by a factor of 3 than that for 3613 particles and N = 67R. As a consequence
and a compromise between accuracy and computational effort, most of the following
simulations involve systems of size ≈32R. The lowest volume fraction considered is
Φ = 0.1 which leads to a minimum number of spherical particles of 782.

8.2.3

Statistical quality of the data

Since shear-induced diffusion emerges from the repeated interaction of many particles
it is subject to statistical fluctuations. The statistical quality of the mean-square
displacement data is examined for the case of spheres with radius R = 3.813 modeled
using the link-wise lubrication model. In Fig. 8.5, h∆x2 i and h∆y2 i are compared
as obtained when recording trajectories for differently long time intervals ∆tmax at
a volume fraction of Φ = 0.3. Usually, the particle positions are sampled over a
dimensionless time ∆tmax γ̇ = 630. Here, this is done for ∆tmax γ̇ = 1890 and 6299
additionally, or 3 and 10 times longer. The curves in Fig. 8.5 obtained during longer
times are more smooth but otherwise confirm the result for ∆tmax γ̇ = 630 where,
according to visual inspection, data up to times of at least 300γ̇ −1 seems reliable.
Another purely visual confirmation of the statistical relevance of the computed mean
square displacements is given in Fig. 8.6, now at Φ = 0.2: trajectories are not recorded
for the full ∆tmax γ̇ = 630 but instead the interval is split into 10 independent subintervals of length 63 and the resulting h∆x2 i and h∆y2 i are plotted on top of each
other. The curves appear indistinguishable up to times ≈30γ̇ −1 or, again, up to about
∆tmax /2. Also at larger ∆t the deviations are small.
An alternative method to study statistical fluctuations is to start simulations
from different but macroscopically equivalent starting configurations initialized from
different random seeds. For each Φ = 0.2 and 0.4, this is done with four different
starting configurations. The statistical errors of the resulting diffusion coefficients Dx
and D y are estimated to be ∆Dx = 0.0004 and 0.002 and ∆D y = 0.0003 and 0.0005
for the two volume fractions, or 4 %, 2 %, 5 %, and 1 % of the respective diffusion
coefficient itself.
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Spheres: validation and dependence on the lubrication model

Complementary to Section 7.4.3 where the different methods of lubrication corrections are compared with respect to their effect on the viscosity of suspensions, here
the same three methods are compared with respect to their effect on shear-induced
diffusion of spherical particles. Accurate data for supposedly purely hydrodynamically interacting spheres in Stokes flow is reported by Sierou and Brady [155]. With
Rep = 4R2 γ̇ /ν = 0.24, the particle Reynolds number in the simulations is small
enough to expect results similar to the ones from Stokesian dynamics simulations. In
their recent publication [169], Yeo and Maxey, using the lubrication-corrected force
coupling method, find values of Dx almost identical to those in Ref. [155] even at
(according to the above definition) Rep = 0.4.
Fig. 8.7(a) compares the mean-square particle displacement h∆x2 i in velocity
gradient direction for Φ = 0.2 as a function of the time interval ∆t as obtained from
the contact-based method developed in the previous chapter, the link-wise method
briefly sketched in Section 7.2.2, and the contact-based method with all non-normal
lubrication corrections disabled with the results by Sierou and Brady [155]. All
lubrication corrections capture the short-time behavior ∼∆t2 consistently and show
diffusion ∼∆t at long times. While, however, in the two contact-based simulations, the
magnitude of the diffusion is only moderately under- and over-predicted as compared
to the literature, the link-wise corrections lead to a considerable over-prediction by
roughly 100 %. This observation is made for the full range of volume fractions when
comparing the resulting diffusion coefficients Dx , as it is done in Fig. 8.8(a). In the case
where the non-normal interactions are disabled, Dx continues to grow as a function
of Φ at Φ > 0.4 where all other datasets show a plateau or at least a significantly
reduced slope. In Fig. 8.8, a relative statistical error of 5 % is assumed for all data as
an estimative upper error boundary in accordance with Section 8.2.3 above.
Regarding the mean square displacement due to shear induced diffusion in the
vorticity direction, shown for Φ = 0.2 in Fig. 8.7(b), all models agree with respect
to the behavior at small ∆t. Both contact-based methods over-predict the literature
data at large ∆t moderately, the full model more than the one with non-normal
corrections disabled. Again, the link-wise model, however, leads to a considerably
stronger over-prediction by roughly a factor of 2. The corresponding diffusion coefficients D y , plotted as a function of Φ in Fig. 8.8(b), overall lead to similar conclusions:
non-normal lubrication corrections lead to an increase in diffusion but the data still
appears consistent with Stokesian dynamics simulations. The link-wise corrections,
however, over-predict diffusion at all volume fractions by about a factor of 2. Thus in
general, the full contact-based corrections seem to be most consistent with literature
data. The remaining discrepancy might be caused by small deviations in the effective
hydrodynamic particle radii. In view of Section 8.2.2 above, another possible explanation is the fact that except for Φ = 0.1 the number of particles in the simulations by
Sierou and Brady [155] is lower than in the present LB simulations.
As for shear viscosity in 7.4.3, the effect of varying the short-range parameters
and the resolution is studied. In Tab. 8.1, diffusion coefficients for volume fractions
Φ = 0.2 and 0.4 are shown at varying hc and c for different lubrication models at
resolution R = 4. Additionally, data for resolutions R = 2 and 8 is shown where hc
and h∗c are kept fixed and c and ∗c are chosen such that the respective dimensionless
maximum repulsion is the same as for R = 4. The numbers do not seem very sensitive
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c
100
100
100
50
1000
100
100
100
100
400
100
100
25

model
full
full
full
full
full
normal only
link-based
full
normal only
link-based
full
normal only
link-based

R
4
4
4
4
4
4
4
2
2
2
8
8
8

Dx (Φ=0.2)
0.0111 ± 0.0004
0.012
0.010
0.011
0.011
0.0073
0.020
0.011
0.0070
0.021
0.011
0.0085
0.019

Dx (Φ=0.4)
0.066 ± 0.002
0.058
0.068
0.064
0.063
0.041
0.11
0.062
0.035
0.10
0.068
0.050
0.14

D y (Φ=0.2)
0.0057 ± 0.0003
0.0066
0.0051
0.0054
0.0051
0.0044
0.0083
0.0052
0.0045
0.011
0.0057
0.0048
0.0085

D y (Φ=0.4)
0.0347 ± 0.0005
0.039
0.036
0.034
0.036
0.027
0.080
0.040
0.029
0.090
0.035
0.030
0.075

Table 8.1: Shear-induced self-diffusion in velocity-gradient (Dx ) and vorticity direction (D y ) for spherical particles at volume fractions Φ = 0.2 and 0.4 using different
lubrication models, resolutions R, and short-range numerical parameters hc and c (h∗c
and ∗c in case of link-based lubrication corrections). The particle Reynolds number
is Rep = 4R2 γ̇ /ν = 0.24. Statistical error estimates are computed from simulations
with different random seeds for hc = 0.01, c = 100, and R = 4 exemplarily.

to even large changes in the short-range parameters of hc to 50 or 1000 and of c
to 0.1 or 0.001, the largest relative change being an increase of D y of about 16 % at
Φ = 0.2 for hc = 0.1. Interestingly, the same change effects an decrease of Dx at
Φ = 0.4. Values c < 50 do not suffice to prevent particles from overlapping in
the present simulations. It is surprising that, when increasing the resolution from
R = 2 over 4 to 8, Dx for Φ = 0.2 remains unchanged and also for D y and at Φ = 0.4
the effect is rather small with a maximum total relative change of −13 % in the
case of D y at Φ = 0.4. It appears that shear-induced self-diffusion at the volume
fractions considered is determined rather by short-range lubrication interactions than
by hydrodynamic interactions acting over larger length scales that could be resolved
by pure LB simulations at practical resolutions of the particle radii. The results for
purely normal and link-wise lubrication corrections remain qualitatively unchanged
when varying the resolution: without non-normal corrections, diffusion is reduced by
13 to 44 %, the link-wise model leads to an increase between 46 and 131 %, depending
on resolution, volume fraction, and direction.
To confirm that the enormous over-prediction of the diffusion coefficients by the
link-wise model is not just the consequence of an unfortunate choice of the short-range
parameters, an additional study is presented where these parameters are varied in the
full range of volume fractions 0.05 ≤ Φ ≤ 0.55. The resolution is R = 3.813 except
for one case where it is increased linearly by a factor of 1.5. The resulting diffusion
coefficients are compared with literature data by Sierou and Brady [155] in Fig. 8.9.
Varying h∗c and ∗c between 0.02 and 0.1 and between 10 and 1000, respectively, surely
has some effect but no combination of the parameters leads into a direction in which
further variation could result in better agreement with the literature data. Also here,
in some of the cases, the statistical errors are estimated as the standard deviation
of the diffusivities obtained from independent simulations but the errors are found
to be not larger than the size of the symbols. The main systematic error that has to
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Figure 8.9: Diffusion coefficients in (a) velocity gradient and (b) vorticity direction for
spheres as a function of the volume fraction Φ. Compared are the results for different
combinations of the short range-parameters {h∗c , ∗c } with accelerated Stokesian dynamics (ASD) simulations by Sierou and Brady [155]. Unless specified differently, the
radius is resolved with R = 3.813 lattice sites.
be expected results from considering a number of particles that is too small. This,
however, would mean that the actual diffusivities are even larger than shown in the
plots and it should affect the contact based lubrication models in the same way.
Not all combinations of parameters lead to stable simulations at all volume fractions. In particular, it appears impossible to reduce h∗c below 0.02, at least for a
computationally practical choice of the time step δtp of the particle update. These
issues can be attributed to the discretization problems apparent in the link-based
lubrication model that were elucidated in Section 7.4.3. At Φ = 0.2, R = 3.813, and
a shear rate of γ̇ = 6.3 × 10−4 in lattice units the largest stable step size is found to
be δtp = δt/7. For this system it is proven that reducing the particle time step to
δtp = δt/100 leads to indistinguishable mean square displacements. The majority of
simulations is run at δtp = δt/10.

8.3 Short-time behavior of the mean square displacement
Above, the long time behavior of the mean square particle displacements was studied
to obtain the diffusion coefficients Dx and D y . It is interesting, however, to briefly
investigate the behavior at shorter times. A similar analysis is done by Krüger [92]
for his model of deformable biconcave particles.
The full mean square displacement of spherical particles of radius R = 4 is
displayed in Fig. 8.10 for volume fractions between Φ = 0.1 and 0.55. Except for
Φ = 0.55, an increase of Φ leads to an increase of the mean square displacements
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Figure 8.10: Mean square displacement due to shear-induced diffusion in (a) velocity
gradient and (b) vorticity direction for spherical particles in dependence on the solid
volume fraction Φ.
though in the case of h∆x2 i a saturation seems reached above Φ ≈ 0.4 as it is visible
already in the resulting Dx in Fig. 8.8. At Φ = 0.55 the mean square displacement
in both directions is significantly decreased with respect to the respective values at
Φ = 0.5. This observation is made for all ∆t but in the diffusive regime the effect is
strongest, with a difference of more than one order of magnitude. Visualizations of
the corresponding particle configurations show the emergence of long-range ordering
of the particles into layers which makes the observed reduction of mobility plausible.
At times ∆t short enough that particle velocities vi (t + ∆t) can be assumed to be
the same as vi (t) it follows from the definition of the mean square displacement in
Eq. (8.1) that
h∆x2 (∆t)i = ∆t2 h((vi )x )2 ii,t ,
(8.8)

where the subscripts i and t indicate averaging over all applicable particles i and times
t. This means that the pre-factor to ∆t2 in the quadratic regime of h∆x2 i provides
convenient access to the mean squared particle velocities hv2x i in the suspension that
in the literature are employed frequently to quantify velocity fluctuations [1, 92, 169].
Since the velocity fluctuations are not directly connected to shear-induced diffusion,
hv2x i is of no further interest in this chapter and it suffices to note that their magnitude
as obtained from different double-logarithmic plots of h∆x2 i can be visually compared
by comparing the vertical positions of the respective curves.
The transitional regime between self-correlated and diffusive motion, found, depending on Φ, around times between about ∆ ∼ γ̇ −1 and ∼10γ̇ −1 carries information
about the interaction of the particles. The reduction of the slope that is visible for both
h∆x2 i and h∆y2 i around ∆t ∼ 10γ̇ −1 at the lower volume fractions indicates a strong
tendency of the particles to revert their motion over these times. Such a behavior is
expected for fore-aft-symmetric particle encounters. The observed time scale of about
γ̇ −1 to 10γ̇ −1 and the achieved dimensionless mean square displacement at this time
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Brady [155], and of the experiments by Breedveld et al. [23].
of about 10−1 , corresponding to a mean displacement of about 0.3R, matches intuitive
expectations for such events. That the resulting flattening of the curves disappears for
higher values of Φ can be explained by the fact that the picture of isolated two-particle
encounters blends into the continuous interaction of many neighboring particles at
the same time.

8.4 Experiments and non-hydrodynamic interactions
Breedveld et al. [23] study the shear-induced diffusion of spherical particles experimentally. Their results for Dx and D y are considerably larger than the results presented
above that are obtained either from the present LB simulations or from Stokesian
dynamics simulations [155]. The data is compared in Fig. 8.11. Sierou and Brady [155]
explain the discrepancy claiming that the experimental work does not comprise times
∆t long enough to reach the diffusive regime. Fig. 8.12, where simulation and experimental data for h∆x2 i at Φ = 0.2 is compared makes this conclusion highly plausible.
To the best of the author’s knowledge the literature does not provide experimental
mean square displacement data for longer times with which the simulation data could
be compared.
Further experimental literature [44], that provides diffusion coefficients directly,
sometimes reports even higher values than Breedveld et al. [23]. Often, when data
of different experimental and computational sources is compared [1, 155, 176], large
discrepancies and uncertainties become evident. Apart from general methodological
problems of the studies, such as insufficient long-time data as it is probably the case
for Ref. [23], the difficulties could be specific for spherical particles: in the dilute
case, purely hydrodynamically interacting spheres do not experience any net shift in
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Figure 8.12: Mean square displacement in velocity gradient direction for spheres at Φ = 0.2 as
obtained from the present model,
from accelerated Stokesian dynamics simulations by Sierou and
Brady [155], and from experiments by Breedveld et al. [23].
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collisions so there is no shear-induced diffusion [35, 109]. In experiments, however, it
might be hard to exclude non-hydrodynamic effects, such as Brownian motion, surface
roughness, or electrostatic repulsion sufficiently. In computer simulations, equivalent
issues can emerge from an insufficient description of short-range hydrodynamic
interactions as it is demonstrated above in Section 8.2.4 but also reported by Abbas
et al. [1]. For spheres, at least in the dilute case, all these effects would result in
an over-prediction of shear-induced diffusion. Simulations that include Brownian
motion, roughness or repulsive forces are published in the literature [1, 18, 35].
As a purely qualitative demonstration, Fig. 8.13 shows the effect that two modifications of the particle model with full lubrication corrections as developed in Chapter 7
have on the resulting mean square displacement of spherical particles in velocity
gradient direction. In the first case, the short-range lubrication cut-off is increased
by a factor of 10 to the new value hc = 0.1. Since the lubrication short-range cut-off
determines also the separation at which the short-range repulsion sets in, this modification effects an additional short-range repulsion that can be seen as a model for
electrostatic repulsion of the surfaces. As a second modification, a simple model for
contact friction, developed and implemented in collaboration with Francesco Picano
and Luca Brandt, is enabled. The model consists of an additional force
Ff (h) = µf Fr (h)

(8.9)

in Eq. (7.21) for the case h ≤ hc that—using the same notation as there—acts in the
direction of the tangential projection
2

∑

α =1

V̄ j − V̄i



α

Êα

of the relative translational motion of the particle surfaces. The magnitude of the
friction is controlled by the coefficient µf that is chosen as µf = 100 in the present
simulation. Both modifications of the original model lead to a more straight shape of
h∆x2 i in the transition region, which hints at less symmetric particle trajectories in
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Figure 8.13: Mean square displacement in velocity gradient direction for spheres at Φ = 0.2 as
obtained from the present model
with full lubrication corrections
and from the same model with
two modifications: first, an additional tangential force representing contact friction, developed in
collaboration with Francesco Picano and Luca Brandt, and second, an additional short-range repulsive force representing, for instance, electrostatic repulsion.
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pair-encounters as a consequence of non-hydrodynamic effects, and to an increase of
h∆x2 i in the diffusive regime that results in larger values of Dx . All following simulations are performed with the aim of modeling purely hydrodynamically interacting
particles. Therefore, the friction model is not used any further.

8.5 Shear-induced diffusion of spheroids as compared
to spheres
In the following, the aspect ratio of the particles is varied to Λ = 1/3 (half axes
R⊥ = 6 and Rk = 2), 1/2 (5 and 2.5), 2 (3 and 6) and 3 (2 and 6). The simulation
volume is chosen such that the minimum number of particles, at Φ = 0.1, amounts to
695, 801, 927, and 880, respectively. For all cases, the full contact-based lubrication
model is employed. The short-range parameters are hc = 0.01 and c = 100. An
exception is made for Λ = 1/3 at Φ ≥ 0.5 where this choice of parameters proves
ineffective for preventing significant particle overlap. In theses cases, c is increased
to 200.
The resulting mean square displacements in velocity gradient and vorticity direction are displayed for different Φ in Fig. 8.14. The data is nondimensionalized
using an effective volumetric particle radius Rv = ( R2⊥ Rk )1/3 defined as the radius of
a sphere with equal volume. In general, the data qualitatively appears very similar
to the corresponding results for spheres (see Fig. 8.10), showing a quadratic regime
at short times, a diffusive regime at long times, and a transition region in between,
that becomes smaller with increasing Φ. For h∆x2 i, however, the curves at the lowest
Φ attract immediate attention since, except for case Λ = 2, h∆x2 i in the transition
region does not grow monotonically with ∆t. Instead, a small decrease of h∆x2 i is
observed that is followed by at least one further undulation of the curves. Further investigation in larger systems is required to understand whether this effect is physical
or an artefact of the limited number of particles.
More peculiarities of the shear-induced diffusion of spheroidal particles become
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Figure 8.14: Mean square displacement due to shear-induced diffusion in (a,c,e,g)
velocity gradient and (b,d,f,h) vorticity direction for spheroids with aspect ratios (a,b)
Λ = 1/3 and (c,d) 1/2 (oblate) and (e,f) 2 and (g,h) 3 (prolate) in dependence on the
solid volume fraction Φ.
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evident when computing the diffusion coefficients Dx and D y and comparing them
with the ones of spheres. The results are visible in Fig. 8.15 and Fig. 8.16. The figures
contain additional data for particles with Λ = 1/4 (half axes R⊥ = 8 and Rk = 2;
minimum number of particles 1320) and 4 (2, 8; and 1565, respectively) for lower
volume fractions that is analyzed in the following section in more detail.
At the lowest volume fractions Φ . 0.15, it appears that Dx increases with
increasingly aspherical particle shape. This region is studied in the following section
in more detail. Different than for spheres, Dx for the spheroids does not break down at
Φ = 0.55. It is assumed that the additional orientational degree of freedom available
for spheroids allows them to evade layering at this volume fraction. One can expect
that a similar breakdown of diffusion would occur also for spheroids at a sufficiently
high volume fraction. At 0.2 < Φ < 0.55, Dx varies strongly for different aspect
ratios. While the data for Λ = 2 appears similar to a downward-shifted copy of Dx
for spheres, featuring a continuous increase followed by a plateau beyond Φ = 0.45,
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Dx for Λ = 1/2 grows rather smoothly over the full range of volume fractions. The
results obtained for Λ = 1/3 are most surprising and differ most strongly from Dx
at other aspect ratios: in the range 0.25 ≤ Φ ≤ 0.4, Dx stays constant which leads to
considerably reduced diffusivities as compared to other particle shapes. At higher Φ,
Dx increases sharply to reach a value similar to that for Λ = 3 at Φ = 0.55.
D y at Φ & 0.3 appears qualitatively similar for different Λ. The values increase
rather continuously with increasing Φ up to at least Φ = 0.55 where for spheres
a sharp decrease due to a long-range ordering in the system is observed. For the
intermediate volume fractions 0.3 ≤ Φ ≤ 0.5, however, D y is larger for spheres
than for spheroids. At volume fractions up to Φ ≈ 0.2, D y seems to increase with
increasing departure of the particle shape from that of a sphere, similar as observed
for Dx at Φ . 0.15.

8.5.1

Low volume fractions

Fig. 8.17 provides an enlarged view on Dx and D y for particles of different aspect
ratios Λ in the range of low volume fractions Φ ≤ 0.2. Even though Φ = 0.1, the
lowest volume fraction considered, cannot be regarded dilute, Fig. 8.17 gives the
impression that diffusion coefficients at low volume fractions follow the expected
scaling ∼Φ2 for spheres and ∼Φ for spheroids asymptotically in the limit of low
Φ and high asphericity. In this sense the findings agree with experimental and
simulation results regarding aspherical particles in the dilute case that are present in
the literature [109, 134, 145].
A completely unexpected observation is that at low volume fractions, the diffusion coefficients are almost identical for each aspect ratio Λ and its inverse 1/Λ.
For spheroids, this means that the diffusivities depend only on the ellipticity that,
according to Jeffery [81], is defined as

R⊥ − Rk



for Rk < R⊥

R⊥
e=
.
(8.10)
Rk − R⊥



for
R
>
R
⊥
k

Rk

Whether this finding is true also for general ellipsoids with an arbitrary third half
axis is an interesting question that cannot be answered with the current code which
at the moment is not applicable to such particles. A further connection to the work
by Jeffery regarding the behavior of single ellipsoidal particles in shear flow [81] is
unlikely: though the tumbling period given in Eq. (5.16) shows the same symmetry
regarding an exchange of Rk and R⊥ , it also increases with increasing ellipticity.
Highly aspherical particles stay aligned with the flow direction for most of the time.
It is at least not intuitive that the tumbling of such particles causes an increase of
shear-induced diffusion as it is observed in Fig. 8.17 for increasing asphericity of the
particles. The key to an understanding of the phenomenon should rather be looked
for in a detailed study of the generation of lateral displacements in two-particle
collisions, similar to the one performed by Pozrikidis [134]. Such a study should take
into account the pre-collisional particle orientation distribution with respect to the
flow that without doubt is influenced by the tumbling of the particles in shear flow.
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Figure 8.17: Diffusion coefficients at low volume fractions Φ ≤ 0.2 in (a) velocity
gradient and (b) vorticity direction for particles of different aspect ratio Λ = Rk / R⊥ .
The data is made dimensionless using an effective radius Rv = ( R2⊥ Rk )1/3 defined via
a sphere of equal volume.

8.5.2

Particle orientation

Snapshots for Λ = 1/3, 1/2, 1, 2, and 3 at selected volume fractions Φ = 0.1, 0.3, and
0.5 are presented in Fig. 8.18. Parallel ordering and alignment of (one of) the particles’
longer half axes with the flow direction and (one of) the shorter ones in the velocity
gradient direction is evident with increasing volume fraction Φ and asphericity. In
order to quantify these observations, the nematic order parameter λ known from
liquid crystal physics (see for example Ref. [165]) is employed. It is defined as the
largest eigenvalue of the nematic order tensor

Nαβ =

h3ôα ôβ − δαβ ii,t
2

(8.11)

which is obtained as the average over different time steps t and particles i. Possible
values for λ are comprised between 0 and 1, indicating complete disorder and order.
ôα represents the α-component of the unit vector ô along a particle’s axis of rotational
symmetry and δαβ the Kronecker delta. A similar study as the following is performed
in Ref. [76] for the blood model from Chapter 5. The resulting order parameter is
plotted as a function of the volume fraction Φ for all available aspect ratios Λ in
Fig. 8.19. Different than expected from Fig. 8.18 alone, the increase of λ with Φ is
monotonic only for oblates. For prolates, λ initially decreases slightly which is visible
most clearly for Λ = 2 with a minimum of λ ≈ 0.25 at Φ = 0.3. The maximum
order for all Λ and Φ is found for Λ = 1/3 at Φ = 0.55 with a nematic parameter of
λ ≈ 0.9. The global minimum is achieved with λ . 0.2 for Λ = 1/2 and Φ = 0.1.
Also the director d̂ as the normalized eigenvector corresponding to the largest
eigenvalue of Eq. (8.11) is computed. In the snapshots in Fig. 8.18, especially for
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Figure 8.18: Snapshots of particles at different aspect ratios Λ and volume fractions
Φ. The arrows indicate the applied shear flow.
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Figure 8.19: Nematic order parameter λ in sheared suspensions
of spheroidal particles of aspect
ratio Λ = Rk / R⊥ as a function of
the volume fraction Φ.
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Figure 8.20: Inclination of the longer half-axis against the flow direction in sheared
suspensions of spheroidal particles of aspect ratio Λ = Rk / R⊥ as a function of the
volume fraction Φ as sketched on the right for prolates (Λ = 3; top) and oblates
(Λ = 1/3; bottom).
Λ = 1/3 and Φ = 0.3, a slight inclination of the long axis of the particles against the
flow direction is visible. The inclination angle ϑ can be computed from the projection
of d̂ onto the shear plane. The result is displayed as a function of the volume fraction
for all available aspect ratios Λ in Fig. 8.20. The angle stays approximately constant
for each Λ at a value around 5◦ up to volume fractions Φ ≈ 0.35. At larger Φ, ϑ
increases sharply with Φ. The increase happens earlier for small values of Λ, with a
maximum of more than 20◦ for oblates at Φ = 0.55. The order in which ϑ for different
aspect ratios starts to increase as a function of Φ does not coincide with the order in
which such an increase is found for the nematic order parameter in Fig. 8.19.
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Figure 8.21: Shear-induced diffusion in velocity gradient direction
as in Fig. 8.15. Now the smaller
of the two half axes, Rmin =
min{ Rk , R⊥ } is used for nondimensionalization.
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8.5.3

Intermediate and large volume fractions

With the knowledge about the preferred orientation of the particles with the flow
at higher volume fractions it can be tried to explain the vast difference of velocity
gradient diffusivities at Φ > 0.2 for different particle shapes. Since the inclination
ϑ against the flow direction is typically small, the average extent of a particle in the
velocity gradient direction can be estimated by its smaller half axis

 Rk for Rk < R⊥
R
for Rk = R⊥ = R .
Rmin =
(8.12)

R⊥ for Rk > R⊥

As shear-induced diffusion can be explained by the evasive motion performed by
particles encountering each other in shear flow, it appears reasonable that the relative
length scale for shear-induced diffusion in velocity gradient direction is the projection
of the particle size on the velocity gradient direction which is approximated by Rmin .
Thus Rmin should be used to make Dx dimensionless when comparing different
aspect ratios. A version of the earlier Fig. 8.15 showing Dx as a function of Φ where
the vertical axis is rescaled accordingly is presented in Fig. 8.21. In this plot, the
diffusivities at volumes fractions 0.3 and larger appear relatively close, particularly
when compared to Fig. 8.15. The agreement is especially good for the case of spheres
and the less aspherical aspect ratios Λ = 1/2 and 2 which substantiates that the above
scaling argument surely is of estimative nature but clearly captures some of the effects
that determine the magnitude of Dx .
The estimate does not explain the plateau found for Λ = 1/3. Here, it helps to
consider the nematic order in the suspension once more. Careful comparison of the
order parameter λ (Fig. 8.19) and the diffusion coefficient Dx shows that λ increases
strongest with Φ for the same values of Φ for which the plateau is found. The same
coincidence is found for the plateau for Λ = 2 at Φ > 0.45 and for the flattening of
Dx (Φ) around Φ = 0.4 for Λ = 1/2 and 3. What this correlation suggests is that
in these cases, an increase of Φ does not lead to an increase of Dx but instead to an
increase of orientational order that apparently acts against shear-induced diffusion.

8.6. Dependence on the particle Reynolds number Rep
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8.6 Dependence on the particle Reynolds number Rep
In an unbounded shear flow of a suspension of spherical particles, the magnitude
of inertial effects is quantified by the particle Reynolds number Rep = 4R2 γ̇ /ν. In
case of spheroidal particles, R is replaced here by an effective radius Rv = ( R2⊥ Rk )1/3
based on the radius of a sphere with equal volume. An advantage of the LB method
over Stokesian dynamics is that finite-Reynolds number flows can be modeled. This
is not of much practical relevance for blood flows at the cellular scale since it can
be estimated that a shear rate of about 4 × 104 s−1 is required in order to achieve
Rep ≈ 1. Such shear rates exceed even the largest mean wall shear rates according to
Robertson et al. [144] by more than one order of magnitude. Still, the behavior at finite
Rep is of fundamental interest and might be of importance for industrial applications
with higher shear rates.
In a two-dimensional LB study, Kromkamp et al. [90] find an increase of shearinduced diffusion of cylindrical particles in velocity gradient direction with increasing
particle Reynolds number around Rep ∼ 0.1. That a similar effect exists also in threedimensional systems, at least in the dilute case, can be expected from the later work by
Kulkarni and Morris [94]: they employ LB simulations to study the pair-trajectories
of spherical particles in a shear flow and find a breaking of the fore-aft symmetry of
two-sphere encounters due to inertia. More recently, Yeo and Maxey [169], using the
force-coupling method, report an increase of shear-induced particle self diffusion in
velocity gradient and vorticity direction at volume fractions Φ = 0.2, 0.3, and 0.4 at a
Reynolds number around Rep = 4R2 γ̇ /ν = 4. It has to be noted that the definition of
Rep in Ref. [169] differs from the definition here by omitting the factor 4. It is highly
interesting to investigate whether with the present methodology, inertial effects on
the shear induced self-diffusion of particles can be observed, whether the results by
Yeo and Maxey [169] can be confirmed, and what the combined effect of asphericity
and inertia is.
In LB simulations at constant τ, as performed in the present work, the particle
Reynolds number can be varied by changing either the shear rate γ̇ or the particle size
R. Rather strict limitations exist regarding the maximum shear rate and the minimum
particle size: a certain minimum spatial resolution is required and all velocities in
the simulation are required to be well below the speed of sound. Reducing the shear
rate and increasing the resolution is, in principle, possible to an infinite degree but
increases the computational cost since it demands longer or larger simulations. In the
above simulations, the particle Reynolds number is Rep ≈ 0.2. Here, simulations at
Rep ≈ 0.242 are performed for spheres at the volume fractions Φ = 0.2 and 0.4 and
at resolutions R = 4 and R = 8. While at the lower resolution, additional simulations
are performed at a reduced shear rate leading to Rep ≈ 0.024, the higher resolution is
used to achieve Rep ≈ 1.2 at a maximum velocity of about 0.1 in lattice units. The
simulations with increased and reduced γ̇ are evaluated only for 126γ̇ −1 in order to
reduce the computational costs. This procedure allows to compare simulations at
Reynolds numbers that differ by a factor of 50 in a relatively convenient way.
The resulting mean square displacements are displayed in Fig. 8.22. For Φ = 0.4,
in the velocity gradient direction and for both volume fractions in the vorticity
direction, no clear effect of changing Rep is visible. Only for h∆x2 i at Φ = 0.2, a
reduction at short times ∆t is observed at Rep = 1.2 which is consistent with the
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Figure 8.22: Mean square displacement due to shear-induced diffusion of spherical
particles in (a) velocity gradient and (b) vorticity direction in dependence on the
particle Reynolds number Rep = 4R2 γ̇ /ν at volume fraction Φ. Two resolutions
R are considered in order to increase the range of achievable Re. At Φ = 0.2, the
number of particles amounts to 1565, at Φ = 0.4 to 3129.

findings of Yeo and Maxey [169]. For ∆t in the diffusive regime, again no clear effect is
visible. Instead, it appears that the whole data suffers slightly from a dependency on
the resolution R. Yeo and Maxey [169], however, present mean square displacements
for particle Reynolds numbers (according to the definition above) of 0.02, 2, and 4,
where all but the lowest one is higher than the ones tested here and also in their
publication, the effect on h∆x2 i seems to be larger than on h∆y2 i. Therefore, from
the data presented here, no contradiction with their results can be deduced. The fact
that no strong inertial effects are found in the present simulations provides belated
justification for the comparison with Stokesian dynamics results in Section 8.2.4 and
in Section 7.4.3 of the previous chapter.
Preliminary simulations of suspensions of spheroidal particles scanning a range
of Reynolds numbers between 0.055 and 0.44 at a constant resolution are in line with
the observations made above for spheres and the ones made by Yeo and Maxey [169]:
no effect is found for h∆y2 i at Φ = 0.2 and 0.4. Also for h∆x2 i no effect is found
at Φ = 0.4 but at a volume fraction of 0.2 it seems that increasing Rep leads to an
decrease of h∆x2 i at short times and to an increase in the diffusive regime, similarly
as reported for spheres in Ref. [169]. This result, which is visualized in Fig. 8.23 could
indicate that inertial effects play a larger role in suspensions of aspherical particles. In
the simulation, oblate particles with half axes R⊥ = 5.5 and Rk = 1.833 are employed
but similar results are found for prolates with half axes R⊥ = 2.644 and Rk = 7.932.
It must be noted, however, that these simulations were executed with only normal
lubrication interactions and that the stiffness parameter c of the short-range repulsion
was not rescaled according to the shear rate. Therefore, before final conclusions can
be drawn, the simulations should be repeated with full lubrication corrections and a
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8.7 Outlook: fluid tracer diffusion
Shearing a suspension does not only lead to an effective diffusion of the suspended
particles but the motion of the particles under shear also causes diffusive motion in the
fluid itself. This effect can be studied using tracer particles that follow the streamlines
of the fluid instantaneously. It is of interest for possible biomedical applications
as mentioned already in Chapter 6 since, obviously, molecular blood constituents
are described more truthfully by such tracers than by particles of finite size. Still,
it is expected that the diffusion coefficients are similar in both cases [176] which is
confirmed also in more recent studies [22, 72].
In this section, the additional methods required to quantify shear-induced fluid
tracer diffusion are developed and some results are presented. These have to be
considered preliminary as only a limited number of simulations is performed and the
current implementation of the boundary conditions for the tracer particles forbids the
quantification of their shear-induced diffusion in the velocity gradient direction.

8.7.1

Implementation of massless tracer particles

8.7.1.1

Fluid velocity interpolation

At each time step, tracer velocities are obtained directly from the fluid velocity
v(r) =

∑ wk u(xk )

(8.13)

k

at the continuous tracer position r using trilinear interpolation over the fluid velocities
u(xk ) at the 8 nearest lattice sites xk . This approach is identical to the interpolation
employed in the immersed boundary method of Dupin et al. [40]. The interpolation
weights wi are defined as the volumes of the rectangular cuboids spanned by the
diagonals xk − r with xk being the neighboring site opposite to xk with respect to r.

126

Shear-induced self-diffusion in suspensions of spheres and spheroids

If xi is a solid boundary site, it is assumed that u(xk ) = 0. This leads to a small
error because it results in a linear decay of v(r) when varying r from a site next to
a boundary towards a boundary site with v = 0 only exactly at the boundary site
while the physical position of zero velocity would be close to half-way in between
both sites for a relaxation time τ = 1. This error is neglected here. If xk is part of a
finite size particle, u(xk ) is assumed to be the rigid body velocity of the particle at
position xk . This leads to an error similar to the above. If, due to the finite time step,
a tracer particle should enter the spheroidal volume of a particle, it is repositioned
instantaneously to the closest possible position outside the particle volume that lies
on a line through the previous tracer position and the center of the particle. For
aspherical particles and tracer positions deep inside a particle volume, this procedure
could cause artificial tracer motion tangential to the particle surface.
8.7.1.2

Position update: choice of integrator

The simplest way to update a tracer position r is a single Euler step [135]
r(t + δt) = r(t) + δtv(t)

(8.14)

performed during each LB step of length δt. This procedure, however, shows unsatisfying results in simple test cases. More elaborate methods that are tested are two-step
Adams-Bashforth [42]
r(t + δt) = r(t) + δt [1.5v(t) − 0.5v(t − δt)] ,
three-step Adams-Bashforth [42, 135]


23
16
5
r(t + δt) = r(t) + δt
v(t) −
v(t − δt) +
v(t − 2δt) ,
12
12
12

(8.15)

(8.16)

and Eq. (8.16) with a 10 times smaller step size δtt = δt/10, thus running 10 update
steps for the tracers, including velocity interpolation at the updated positions, for
every LB step.
Fig. 8.24(a) shows part of the trajectory of a single tracer placed next to a stationary
but constantly rotating sphere. For a given speed of rotation, Eq. (8.14) leads to a
considerably stronger and obviously erroneous outward-directed motion of the tracer
than the three other methods. The results of all Adams-Bashforth methods, on the
other hand, are almost indistinguishable. That even reducing the integration time
step has so little effect can be addressed to the fact that the fluid velocities do not
change during an LB time step and already during an LB step, tracers do not travel
far compared to one lattice spacing.
For a different test case, a single particle moving with constant velocity between
two solid walls, a comparison of the different integration methods leads to qualitatively similar results. The method actually chosen is therefore Eq. (8.15) because
it can be implemented without additional memory overhead. Introducing smaller
tracer time steps is avoided because it would lead to a considerable performance loss
without gaining visibly enhanced accuracy.
Fig. 8.24(a) above suggested that there is an effect which causes an outward
motion of the tracer which is not caused by errors in the integrator. The fact that the
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Figure 8.24: Trajectory of a single tracer initially placed next to a constantly rotating
spherical particle. (a) compares different integrators, (b) two speeds of rotation.

tracer trajectory is not periodic even for distances from the sphere surface where no
sites belonging to the finite size particle are used for velocity interpolation allows
to exclude the aforementioned interpolation errors close to particle sites as possible
reasons for the deviations. The issue deserves further investigation. Plausible is a
connection to discretization errors in the momentum exchange method. Reducing
the rotational velocity of the sphere by a factor of 10 also reduces this effect roughly
by a factor of 10 as it is shown in Fig. 8.24(b). Since the velocity in this test case
actually is quite large, leading to fluid velocities at the surface of about ±0.03 over a
diameter of only about 8 sites which corresponds to a shear rate 10 times higher than
the ones typically applied above in this chapter, the related errors seem acceptable at
the moment.
A surely greater shortcoming of the current implementation of tracer particles
is that tracers passing a Lees-Edwards boundary are not treated correctly. To avoid
arbitrary results it is required to exclude tracer positions from being sampled for mean
square displacement computation once they approach the Lees-Edwards boundary.
In view of the findings of Section 8.2.2 above this makes it questionable whether it
is possible to calculate diffusion coefficients for fluid-tracers in the velocity gradient
direction correctly at the moment. In Fig. 8.25(a) and (b) the mean square displacement
in velocity gradient direction of particles and of fluid tracers at two particle volume
fractions Φ = 0.2 and 0.4 and at two resolutions of the particle radius R = 2 and
R = 4 is compared. The comparison of different resolutions allows to estimate
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Figure 8.25: Mean square displacement in a suspension of spherical particles of (a)
the particles themselves and (b) the fluid tracers in velocity gradient direction and of
(c) the particles themselves and (d) the fluid tracers in vorticity direction. Compared
are two spatial resolutions R = 2 and 4 of the sphere radius at volume fractions
Φ = 0.2 and 0.4.
the influence of the aforementioned errors made in the fluid velocity interpolation
near particles that should decay with increasing R. In Fig. 8.25(c) and (d) the same
comparison is made for shear induced diffusion in the vorticity direction. In each
case, the mean square displacement of particles and of fluid tracers is obtained from
the same simulation.
In case of the particle mean square displacements, the diffusive regime with a
scaling ∼∆t is reached for both directions and volume fractions and the dependence
on the resolution is rather small. For fluid tracer mean square displacements, the
dependence on R is larger but still surprisingly small taking into account that no sub-
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Figure 8.26: Mean square fluid tracer displacement due to shear-induced diffusion
in vorticity direction in a suspension of (a) spherical particles, (b) oblate spheroidal
particles with aspect ratio Λ = Rk / R⊥ = 1/3, and (c) prolates with aspect ratio Λ = 3
in dependence on the solid volume fraction Φ.
lattice correction equivalent to lubrication corrections for the particles is performed
for the fluid tracers and the lower resolution is only R = 2. The main problem for the
fluid tracer mean square displacement is, as expected, that, as shown in Fig. 8.25(b),
the diffusive regime is not reached in the velocity gradient direction. Therefore, only
tracer diffusion along the vorticity direction is studied in the following.

8.7.2

Results

The mean square displacement h∆y2 i of fluid tracers in the vorticity direction of a
suspension is plotted in Fig. 8.26 as a function of time ∆t for different particle volume
fractions Φ. Considered are suspensions of spherical particles, of oblate spheroidal
particles with aspect ratio Λ = 1/3, and of prolates with Λ = 3. The same particle
and system sizes are used as in the above study of particle self-diffusion. The data
is very similar to the corresponding mean square displacements of the particles in
Fig. 8.10(b), Fig. 8.14(b), and Fig. 8.14(h). Even the strong reduction at Φ = 0.55 with
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Figure 8.27: Shear-induced fluid
tracer diffusion in vorticity direction as function of the volume
fraction Φ for different aspect ratios Λ = Rk / R⊥ of the particles
in the suspension. The data is
made dimensionless using an effective radius Rv = ( R2⊥ Rk )1/3 defined via a sphere of equal volume. The approximation D y =
0.7Φ2 found by Ishikawa and
Yamaguchi [72] for spheres at
0.075 ≤ Φ ≤ 0.175 is plotted for
100 comparison.

Φ
respect to Φ = 0.5 in the case of spheres is observed for fluid tracers in a suspension
of spheres as well.
The fluid tracer diffusion coefficients Dt,y are computed and displayed in Fig. 8.27
as a function of Φ for the different particle shapes. Also these results appear similar to
the corresponding particle diffusivities D y in Fig. 8.16. For the spheroids at Λ = 1/3
and Λ = 3, similar values of D y are found and the slope of the data in the doublelogarithmic plot at low Φ is, again, smaller than for spheres. The only qualitative
difference to particle diffusivities is found for Λ = 3 at Φ = 0.55 where Dt,y is lower
than at Φ = 0.5 while for D y a reduction with increasing Φ is found only in the case
of spheres. The scaling of Dt,y with Φ for spheres at low Φ appears consistent with
the expected ∼Φ2 . However, the approximation Dt,y = 0.7Φ2 made by Ishikawa and
Yamaguchi [72] for their numerical results at volume fractions 0.075 ≤ Φ ≤ 0.175 and
shown in Fig. 8.27 is not recovered. Their fluid tracer diffusivities are larger than the
ones presented here by approximately a factor of 4. The discrepancy is not necessarily
related to the tracers themselves since Ishikawa and Yamaguchi also report particle
diffusivities that are higher than the ones found above.
Finally, the ratio Dt,y / D y of shear-induced fluid tracer to particle self-diffusion is
analyzed for different Λ as a function of Φ. The data is presented in Fig. 8.28. For
spheres, fluid tracer diffusion is stronger than particle diffusion by about 30 % at
volume fractions up to Φ ≈ 0.25 where the ratio decays continuously to a minimum
of the ratio below 0.9 at Φ = 0.45. In denser systems, the ratio increases again
sharply. A possible explanation for the large tracer diffusivity at lower Φ is that, as
elucidated by Ishikawa and Yamaguchi [72], two-particle encounters lead to diffusion
of fluid tracers but not of the particles themselves. Based on their experimental study,
Breedveld et al. [22] report a ratio of Dt,y / D y ≈ 0.7 at volume fractions 0.3 ≤ Φ ≤ 0.5
which cannot be confirmed by the simulation results found here. However, their data
is obtained from even shorter times than that in the consecutive work [23] and thus
cannot be expected to quantify the actual long-time diffusivities [155]. The increase of
Dt,y / D y in dense systems with Φ & 0.5 can be attributed to the strong hindrance of
particle motion there which affects the point-like tracer particles only indirectly.
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Figure 8.28: Ratio of the coefficients of shear induced fluid
tracer and particle self-diffusion
Dt,y and D y in vorticity direction
in suspensions of particles with
different aspect ratio Λ = Rk / R⊥
as a function of the solid volume
fraction Φ.
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Also for spheroids, Dt,y is larger than D y by a rather constant value for low volume
fractions. At Φ ≈ 0.4, the ratio of the two seems to decrease to a minium below 1 at
Φ = 0.55 but the behavior is much less clear than for spheres, especially for Λ = 3
where a sudden increase to almost Dt,y / D y = 1.4 is observed at Φ = 0.5 which does
not fit to the rest of the data points. Further simulations are required to investigate
whether the fluctuations of Dt,y / D y seen for spheroids are caused by insufficient
statistics or by the more rich behavior of spheroidal particles when increasing the
volume fraction due to the formation of orientational order. At the moment, an
increase of Dt,y / D y at the highest Φ = 0.55 as found for spheres cannot be deduced
for spheroids. This is not surprising as, different than for spheres, also D y shows no
reduction yet at Φ = 0.55 in the case of spheroids.

8.8 Conclusions
In the chapter at hand, the methods required for a reliable determination of mean
square displacements due to shear-induced diffusion and of the resulting diffusion
coefficients are developed. This includes information about appropriate simulation
times and system sizes.
As a supplement to Chapter 7, shear induced diffusion for spherical particles is
compared as obtained with the lubrication model developed there, with the same
model without non-normal lubrication corrections, and with a link-wise lubrication
model. A similar result as in Section 7.4.3 for the viscosity is found: neglecting the
non-normal lubrication corrections leads to an under-estimation of shear-induced
diffusion. The link-wise method for lubrication correction, over-predicting all nonnormal lubrication interactions, effects an over-estimation of shear-induced diffusion.
The error in the diffusion coefficient is seen for all volume fractions Φ. This is no
surprise since it is known and demonstrated in Section 8.4 above that shear-induced
diffusion can critically depend on the short-range interactions of particles [35] and
already small inconsistencies summed up over many particle-particle encounters can
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result in considerable errors in the long-time behavior of the mean-square displacement. Remarkably, the diffusion coefficients computed from the full contact-based
model at a resolution as low as R = 2 appear more consistent with diffusion coefficients from the same method at higher resolution and from Stokesian dynamics
simulations than the ones from the link-based method at R = 8. For accurately
capturing shear-induced diffusion, at least for that of spheres, a proper description of
non-normal lubrication interactions seems to be at least as crucial as for simulations
aiming at the determination of suspension viscosities.
In general, wherever a comparison with numerical literature data for spherical
particles is made, the results appear compatible and the discrepancy to literature data
from experiments can be explained. Regarding spheroidal particles, no publication is
found in the literature that would allow for a direct comparison. However, the linear
scaling behavior of the diffusion coefficients of aspherical particles with the volume
fraction for the dilute case reported from simulation [109, 134] and experiment [145]
appears to be approached asymptotically by the present data in the limit of small
volume fractions and high asphericities. In denser systems, an approach towards
the understanding of the complex dependency of the diffusivity in velocity gradient
direction on the particle aspect ratio and the volume fraction is made by considering
the orientational order of the particles. Such an approach is still missing for diffusion
in the vorticity direction. An interesting observation still lacking an explanation is the
symmetry found at low volume fractions for both diffusion coefficients with respect to
particles of inverse aspect ratios. Here, a systematic study of two-particle encounters
in shear flow could help.
Preliminary results concerning the influence of inertial effects on the shear-induced
diffusion of spheres and spheroids were presented in Section 8.6. The results appear
to be consistent with the literature regarding spherical particles but to draw firm
conclusions and really study the effect of inertia, additional simulations at higher
Reynolds numbers would need to be performed. For this sake it would be valuable to
validate the method presented in Chapter 7 at LB relaxation times τ < 1. This would
almost surely require a time-consuming re-calibration of the particle half-axes and of
the lubrication cut-off parameters now defined in Eq. (7.22) for τ = 1 [99, 123]. The
benefit would lie in the convenient access to higher particle Reynolds numbers.
Finally, massless tracer particles were implemented and their shear-induced diffusion in vorticity direction in suspensions of spherical and spheroidal particles
was quantified. Again, regarding spherical particles, at least qualitative consistency
with literature data [72] is found. If shear-induced fluid tracer diffusion in the direction of the velocity gradient is to be studied in the future, an implementation of
Lees-Edwards boundary conditions for the tracers seems inevitable.
As a side note, it should be mentioned that the mean square displacement in
velocity direction often develops differently as a function of Φ for large and for small
times ∆t. This is best visible in Fig. 8.14(c) and makes the possibility of a prediction of
shear-induced diffusion coefficients through velocity fluctuations, as briefly attempted
in Chapter 6 in the context of hemodynamics, unlikely. As it is mentioned at several
points above, shear-induced diffusion is determined rather by the properties of
particle trajectories during collisions than by the instantaneous velocities of the
particles. Thus, at least the velocity-autocorrelation function should be considered,
or, equivalently, as it is done here, the mean square displacement [155, 169, 174].

8.8. Conclusions

133

The methodology developed for this task in the present chapter is reliable and can
conveniently be applied to quantify diffusion coefficients of fluid tracers as well as of
particles of finite size. Therefore, an application to physiological systems, where the
shear-induced diffusion of plasma molecules as well as of the different cellular blood
constituents is of interest, is directly possible. In Chapter 9, the basic ingredients of an
improved coarse-grained model for red blood cells that could be employed in such
studies will be outlined.
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Chapter 9

Summary and perspectives
In the present thesis, a lattice Boltzmann (LB) method was applied to study collective
and particulate phenomena in flowing suspensions. Through all of the work, the
application of the method to blood flows, with red blood cells as the particulate
phase, was a recurrent theme. After a brief introduction to blood flow and low
Reynolds number suspension flow in Chapters 2 and 3, Chapter 4 gave an introduction to the method. Some general details regarding the specific implementation of
the LB/momentum exchange method applied here were given already there. Still,
additional technical aspects frequently entered also the following chapters if they
were of specific interest.
The main scientific work set out in Chapter 5 with the presentation of a coarsegrained yet particulate model for blood flow. As the main objectives of this model
are simplicity, parallel scalability, and the reproduction of hemorheology under
physiological conditions, it consists of rigid particles, the suspension rheology of
which is fitted to match with experimental data for blood by the lack of sub-lattice
lubrication corrections and softly repulsive interaction potentials. These are tuned
accordingly to provide the desired shear-thinning behavior. In spite of the simplicity
of this approach it takes into account the anisotropy of red blood cells by assuming
an oblate spheroidal shape of the model cells with aspect ratio 1/3. Because the
focus is on high shear rates, aggregative forces between cells are neglected. It was
shown in Chapter 5 that, using a suitable parametrization, the model approximates
the viscosity at high shear rates as a function of the volume fraction reasonably well.
While the same could be achieved with a continuous blood model with shear-rate
and hematocrit-dependent viscosity, the coarse-grained particulate model was also
shown to qualitatively reproduce unsteady flow behavior in micro-capillaries and
cell-depletion near vessel walls. A closer examination made clear, however, that the
latter must be addressed mainly to simple volume exclusion as the model provides
no means of capturing the tank-treading motion that represents the main source of
wall-lift force for real cells. Due to the missing account for tank-treading in the model,
it is also clearly not applicable to the study of cellular dynamics at shear rates &10 s−1
where healthy physiological cells assume a tank-treading state. These scientific issues
and further technical shortcomings related to discretization effects at close cell-cell
contacts motivate the proposal of a considerably more realistic and hydrodynamically
135
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consistent but still coarse-grained blood model based on the idea of infinitely rigid
spheroidal particles that allow for a tank-treading surface-motion according to the
model by Keller and Skalak [86] in the conclusions of Chapter 5. In spite of the
prescribed spheroidal shape, such a model should be able to reproduce both basic
single-cell and collective effects, such as a tumbling–tank-treading transition and the
resulting shear thinning of a suspension of many cells.
Chapter 6, however, still employed the existing coarse-grained model, after minor
adaptions, to a qualitative demonstration regarding a possible link between particulate and continuous blood models. Flow through a stenosed vessel with a diameter of
≈80 µm was considered and it was demonstrated that a homogeneous fluid with a
matched but constant viscosity could reproduce many features of the flow qualitatively. Moreover, based on simple scaling arguments, a similarly successful prediction
of the cell-induced velocity fluctuations was possible.
In Chapter 7, the first development stage aiming at the improved cell model
started: accurate sub-lattice corrections for the lubrication interactions of spheroidal
particles were developed. These are necessary since due to their singular nature,
lubrication interactions cannot be sufficiently reproduced by the pure LB/momentum
exchange method. Lubrication corrections published in the literature, however, are
applicable only to spheres or do not capture non-normal interactions accurately. Nonnormal corrections were shown later to be of essential influence on the viscosity of
spheroid suspensions and on the shear-induced diffusion of spheres. The Appendix
below contains information that is useful for the (re-)implementation of lubrication
corrections for spheroidal or possibly also more complex particle shapes.
Chapter 8 treated the effect of shear-induced self-diffusion that recently became
the topic of more and more scientific studies, often in the context of blood flow.
The methods and knowledge required for its reliable quantification were developed.
Thanks to the technical advances made in Chapter 7, good consistency with literature
data regarding the diffusion of spherical particles was obtained. For shear-induced
diffusion of spheroidal particles, the literature is scarce but the results found for
simulations at low volume fractions 0.1 ≤ Φ ≤ 0.2 are asymptotically compatible
with the expected linear scaling in Φ in the dilute limit. At higher volume fractions
up to Φ = 0.55, a complex and before unknown behavior of the diffusivities of oblate
and prolate spheroids with aspect ratios between 1/3 and 3 was found that partly
could be explained by the formation of orientational order with increasing Φ. First
results were presented also for the shear-induced diffusion in vorticity direction of
fluid tracers in suspensions of spheroids. The consequential next steps here would
consist of achieving a deeper understanding of the observed diffusion coefficients as a
function of volume fraction and aspect ratio and of extending the study of fluid-tracer
diffusion to diffusion in the velocity gradient direction.
What remains, is to outline the possible further path towards a more consistent
coarse-grained model for red blood cells (RBC) that began at the end of Chapter 5:
the first major step was made already in Chapter 7 with the implementation of
accurate lubrication corrections for spheroidal particles. Together with auxiliary
developments, such as a decoupling of the time steps of the particle and the fluid
update and a method for overlap-free initialization of dense particle configurations,
the lubrication model forms a sound foundation for further developments towards
particles that are again more RBC-like.
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Since tank-treading appears to be the main cause of non-Newtonian blood rheology [152], the consequential next step is to extend the above rigid particle model
with a description of tank-treading. The model by Keller and Skalak [86] provides
a good starting point: it describes tank-treading red blood cells as ellipsoids with
fixed aspect ratio and a prescribed fluid velocity in tangential direction at the surface.
The model suffices to observe either tumbling or tank-treading motion depending
on the ellipsoidal shape and the ratio of the viscosities assumed inside and outside
the particle. When implemented as extension to the existing rigid particle model, the
particles would be equipped with an additional angular degree of freedom for tanktreading motion. The dissipation in the internal fluid present in the Keller–Skalak
model would be accounted for by a damping term that can act as a fit parameter. Tanktreading rotation would be damped by this term and driven by the surface-integrated
tangential forces that can result either from lubrication interactions with other cells
or from cell-fluid interactions according to the momentum exchange method. The
tank-treading rotation would provide an additional contribution to the surface motion according to rigid body motion of the ellipsoidal shape and would enter both
the computation of lubrication interactions and the momentum exchange method.
Thus, the extended model would fit seamlessly into the existing code described in
Chapters 4 and 7. Tank-treading motion would couple directly to other cells and to
the fluid. Therefore, different from the empirical description by the model potential
in Chapter 5, its effect should be equally visible in dilute and dense systems.
The reproduction of a transition between tumbling and tank-treading depending
on the shear rate, of an intrinsic lift force in channel flow, and of shear-thinning has to
be expected from such a model. Exact quantitative predictions are highly unlikely
but also not necessary. Being well-defined from a hydrodynamic point of view, the
model would instead allow to make predictions of fundamental nature regarding, for
instance, the influence of (pure) tank-treading on the rheological properties of a suspension or on shear-induced diffusion. These phenomena are harder to tackle in more
conventional fully-deformable particle models not only because of the simultaneous
presence of deformation but also since the larger complexity of such models makes
large-scale computations difficult. First attempts to employ the model developed by
Krüger [92] within the present work suggested a cell diameter of 18 lattice sites as
a suitable resolution. This is 50 % larger than typical diameters in the rigid particle
model and, assuming a constant LB relaxation time τ = 1, results in almost eightfold
larger computational cost for the LB part of the computation alone. Moreover, the
larger cell diameter posed a serious limitation when running simulations on massively
parallel supercomputing architectures such as IBM Blue Gene/Q, as the doubtlessly
more complex communication scheme necessary for deformable particles did not
support arbitrarily large ratios of particle and domain sizes.
In a further step, the half-axes of the rigid spheroidal particles could be made
variable as additional degrees of freedom. Constraints should be introduced in order
to conserve the particle volume. One can think of several variants regarding whether
and how an equilibrium shape should be imposed by spring forces. At the present
state, it appears completely unclear how this extension would affect the behavior of
the particles. It can be expected, however, that elastic forces would counteract viscous
forces which could lead to a further transition between different regimes of motion
depending on the shear rate.
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Figure 9.1: Visualization of a preliminary simulation of a suspension of particles of equal volume
but non-uniform aspect ratio at a
volume fraction of Φ = 0.55. The
color of the particles represents
their shape from maximum oblate
(red) to maximum prolate (blue).

For particles featuring either one of these extensions or both of them, the developments made in Chapter 8 would allow for very fundamental research based on
reliable data of shear-induced self-diffusion that, as explained above, would be harder
or at least more expensive to perform when using more complex models. However,
Chapter 8 demonstrated that already for simple rigid spheroidal particles, literature
is relatively scarce and interesting new physics might be explored with the present
model already. In this sense, the analysis started in Chapter 8 could be carried on
easily, for instance, by a deepened study of the microstructure using pair-correlation
functions or of normal stress differences.
In Chapter 7 it was mentioned briefly that the lubrication model directly supports
the interactions of unequal particles. This extends the parameter space of all following
work vastly by allowing for systems with non-uniform particle sizes and aspect ratios.
In preliminary tests it was shown that already with a particle time step of δtp = δt/10
of one tenth of the LB time step δt, the method is surprisingly efficient and stable even
for non-uniform systems at high volume fractions. Fig. 9.1 displays a visualization
from a simulation of particles with non-uniform aspect ratios but constant particle
volume at a volume fraction of Φ = 0.55. Apart from the investigation of the general
properties of such suspensions, the possibility of describing different types of particles
in the same simulation brings the composition of blood, as outlined in Chapter 2 at the
beginning of this thesis, to mind again: while red blood cells are biconcave disks with
a diameter of ≈8 µm, white blood cells have more spherical shapes with diameters
between 7 and 22 µm [59, 144]. Different types of particles could be employed to
model different types of cells and their lateral migration in channel flow. Also
shear induced migration and segregation in physiological systems, along with shearinduced diffusion, became a very active field of research recently [93, 95, 174] and the
method developed here might allow for interesting contributions to this research.

Appendix A

Singular elements of the
resistance matrix for two
surfaces near contact
The diverging elements of the resistance matrix K that can be computed from the
local curvatures alone are directly taken from Cox [34] and listed below only for
completeness. The remaining elements that depend also on Γ0−3 and Γ00 −3 and on the
coefficients of a fourth-order expansion can, in principle, be obtained by comparing
the negative forces and torques on the fluid as presented by Claeys and Brady [29]
with Eq. (7.12). However, it has been noted [157] that the derivations of the remaining
diverging elements [29] suffer from a sign error that propagates into the equations
(2.19a) to (2.20) of Ref. [29]. In consequence, the signs of (2.19c–d) are flipped; (2.19a–
b) and (2.20) are affected in a more complex way. Following Staben et al. [157] it
is straightforward to recalculate (2.19a–d) in the general case from which Eq. (A.3),
Eq. (A.7), Eq. (A.11), and Eq. (A.12) below are obtained. The results are verified by the
fact that following the same procedure while imposing the original sign error [29, 157]
yields exactly the original terms [29]. Assuming particle j in Eq. (7.12) to be a flat wall
with velocity V j = 0 lets Eq. (A.11) produce a force or torque identical to equations
(2.12b) or (2.16a) in the work by Staben et al. [157]. Unfortunately, Eq. (A.7) results
in just the opposite of (2.15b) or (2.16b) of Ref. [157]. It is believed that this is caused
either by a typographical error or by an inconsistency in Ref. [157] with respect to
whether the equations describe the effect on the fluid by the particle or vice versa.
A recalculation of (2.20) [29] would be considerably more involved [29, 157] and is
therefore omitted which means that the ln h contribution in Eq. (A.10) is missing
which at small h, however, is dominated by the h−1 term anyway.
−π ln h
K11 = √
λ1 λ2 S21
K12 = K21 = √



3 cos2 χ(1 − λ1 S1 )2
3 sin2 χ(1 − λ2 S1 )2
+
+ S21
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2





3π ln h
(1 − λ1 S1 )(1 − λ1 S2 ) (1 − λ2 S1 )(1 − λ2 S2 )
−
sin χ cos χ
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2
λ1 λ2 S1 S2
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−3π ln h
K13 = K31 = √
×
2 λ1 λ2 (λ1 + λ2 )
"
√
2 λ1 (3κ0 λ1 + κ2 λ2 ) −

3
√



cos χ
3λ1 + 2λ2
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3
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1
+ 3Γ0
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#
2
2
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+ Γ2
+
λ1
λ2


3π ln h
1 − λ1 S1
1 − λ2 S1
K14 = K41 = √
sin χ cos χ
−
(A.4)
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+
(A.5)
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2
λ1 λ2 S1


3 cos2 χ(1 − λ2 S2 )2
−π ln h 3 sin2 χ(1 − λ1 S2 )2
+
+ S22
(A.6)
K22 = √
2
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2
λ1 λ2 S2
2S1 λ1

−3π ln h
K23 = K32 = √
×
2 λ1 λ2 (λ1 + λ2 )
"
√
−2 λ1 (3κ0 λ1 + κ2 λ2 ) +


√

+ 2 λ2 (κ1 λ1 + 3κ3 λ2 ) −

3
√

2S2 λ1
3
√

2S2 λ2

((7λ1 + 2λ2 )κ0 + (λ1 + 2λ2 )κ2 )

((2λ1 + λ2 )κ1 + (2λ1 + 7λ2 )κ3 )




sin2 χ
1
cos2 χ
1
+ 2Γ2 sin χ cos χ
+
−
λ1
λ2
λ2
λ1
#

2 
2
cos χ
sin χ
+ Γ1
+
λ1
λ2

+ 3Γ3



((7λ1 + 2λ2 )κ0 + (λ1 + 2λ2 )κ2 )







−3π ln h sin2 χ(1 − λ1 S2 ) cos2 χ(1 − λ2 S2 )
K24 = K42 = √
+
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2
λ1 λ2 S2


3π ln h
1 − λ1 S2
1 − λ2 S2
K25 = K52 = √
sin χ cos χ −
+
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2
λ1 λ2 S2
3π
K33 = √
h λ1 λ2 (λ1 + λ2 )

9π ln h
(2λ1 + λ2 )κ1 + (2λ1 + 7λ2 )κ3
√
K34 = K43 = √
×
cos χ
4 λ1 λ2 (λ1 + λ2 )
λ2 (2λ1 + 3λ2 )

(λ1 + 2λ2 )κ2 + (7λ1 + 2λ2 )κ0
√
−
sin χ
λ1 (3λ1 + 2λ2 )

−9π ln h
(λ1 + 2λ2 )κ2 + (7λ1 + 2λ2 )κ0
√
√
K35 = K53 =
×
cos χ
4 λ1 λ2 (λ1 + λ2 )
λ1 (3λ1 + 2λ2 )

(2λ1 + λ2 )κ1 + (2λ1 + 7λ2 )κ3
√
+
sin χ
λ2 (2λ1 + 3λ2 )

sin χ
3λ1 + 2λ2

cos χ
2λ1 + 3λ2

(A.7)
(A.8)
(A.9)
(A.10)

(A.11)

(A.12)

141



1
1
1
1
−3π ln h
K36 = K63 = √
sin χ cos χ
−
−
S1
S2
λ1
λ2
2 λ1 λ2 (λ1 + λ2 )


2
−3π ln h
sin χ
cos2 χ
K44 = √
+
(
3λ
+
2λ
)
λ
(
2λ
λ1 λ2
1
2
1
1 + 3λ 2 ) λ 2


−1
1
3π ln h
K45 = K54 = √
sin χ cos χ
+
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2
λ1 λ2


2
2
−3π ln h
cos χ
sin χ
K55 = √
+
(3λ1 + 2λ2 )λ1
(2λ1 + 3λ2 )λ2
λ1 λ2

(A.13)
(A.14)
(A.15)
(A.16)

Some of the symbols in Eq. (A.1) to Eq. (A.16) still require clarification. This information is accessible also in Ref. [29] and, partly, [34] but is summarized here to make the
above description self-contained. As visible in Fig. 7.4, φ is the angle between the
axes of principal curvature x1 and x01 and between x2 and x02 of both surfaces. In the
derivation of the singular terms, the height of the quadratically approximated gap
between the surfaces defined by Eq. (7.9) and Eq. (7.10) is brought to the simple form
h z = 1 + λ1 x̂21 + λ2 x̂22

(A.17)

in terms of rescaled coordinates x̂1 and x̂2 where the new principal curvatures λ1 and
λ2 are the eigenvalues of the matrix
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1
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 sin φ cos φ 1
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2
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The trigonometric functions of the angle χ that transforms between the directions of
principal curvature x1 and x2 and the main axes x̂1 and x̂2 can be obtained from the
components of the corresponding normalized eigenvectors l̂1 and l̂2 , which form the
transformation matrix, for instance


sin χ
l̂2 =
.
(A.18)
cos χ
The κ0−3 describe the cubic features of both surfaces in the coordinate frame defined
by x̂1 and x̂2 . Knowing φ, it is possible to express the cubic terms, characterized
by Γ00 −3 in Eq. (7.10), in the principal frame x1 and x2 of the other surface. The
transformation can be described by a set of four functions ml (α, a0 , a1 , a2 , a3 ) of a
transformation angle α and a set of cubic coefficients a0−3 defined as
m0 = a0 cos3 α − a1 sin α cos2 α + a2 sin2 α cos α − a3 sin3 α

(A.19)

+ a2 (sin3 α − 2 sin α cos2 α ) + a3 3 sin2 α cos α

(A.20)

+ a2 (cos3 α − 2 cos α sin2 α ) − a3 (3 cos2 α sin α )

(A.21)

2

2

3

m1 = a0 3 sin α cos α + a1 (cos α − 2 sin α cos α )
2

2

3

m2 = a0 3 cos α sin α + a1 (2 cos α sin α − sin α )

m3 = a0 sin3 α + a1 cos α sin2 α + a2 cos2 α sin α + a3 cos3 α

(A.22)
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and then reads

βl = ml (φ, Γ00 , Γ10 , Γ20 , Γ30 ) .

(A.23)

The same functional dependency is used to transform the added cubic coefficients
kl = Γl + βl into the frame of x̂1 and x̂2 . The rescaled coordinates demand rescaling
also of the cubic coefficients to obtain
κl =

ml (χ, k0 , k1 , k2 , k3 )
.
√ 3−l √ l
λ1
λ2

(A.24)
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Summary
Mesoscopic simulation of blood and general suspensions
in flow
In first approximation, blood may be treated as a dense suspension of deformable
red blood cells in blood plasma. The main task of the cells is the transport of
oxygen through the body, however, they strongly affect the bulk viscosity of
blood due to their high volume fraction of ≈ 50 % and their specific properties:
while at low shear rates, cells retain their biconcave and discoidal equilibrium
shape and tend to aggregate to larger clusters, a transition towards an elongated
ellipsoidal shape is observed at high shear rates. In this latter state, called
“tank-treading”, the cell membrane rotates around the inner volume, causing a
reduction of viscous stresses. The consequence is shear thinning. The size of a
human red blood cell is approximately 8 µm. Usually, cellular effects on the flow
are thus neglected on the scale of the largest arteries with diameters of ∼1 cm but
become increasingly important as the arteries branch into continuously smaller
vessels, finally arriving at the microcirculation with capillaries of only few µm
diameter.
In this work, the lattice Boltzmann method is applied. As a mesoscopic
simulation method, it is well suited for modeling hydrodynamics at small length
scales and under complex boundary conditions. The method further has a high
degree of locality which allows for the convenient utilization of hundreds to
thousands of computing cores on parallel supercomputers in parallel in order to
efficiently study large systems on long time scales. Most previous computational
work can be divided into studies of either flows at large scales where blood can
be treated as a homogeneous fluid or of comparably small numbers of cells that
are modeled having hundreds or more degrees of freedom accounting for their
complex deformation behavior. The idea of the present work is to develop a
coarse-grained yet still cellular blood model that reduces the amount of degrees
of freedom per cell to a minimum which makes simulations of much larger cell
counts possible. The goal is then to reproduce the rheology of blood at larger
scales and to make a link to the behavior of single model cells in suspension.
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Summary

The model developed here describes each cell as an undeformable spheroidal
disk interacting with the surrounding blood plasma. The interaction of cells with
other cells is modeled by an anisotropic and softly repelling model potential. Not
accounting for cell aggregation, the model is limited to high shear rates but with
empirically fitted potential parameters it is able to reproduce the dependency of
the bulk viscosity on shear-rate and volume fraction. Further examination shows
that also the apparent viscosity in channels of different diameters is reproduced
in good approximation, at least at lower volume fractions of 30 % and below.
Owing to the coarse-graining approach, quantitative results cannot be expected
for capillaries of the order of the size of single cells. Even there, however, the
model shows a rich, temporally and spatially unsteady flow behavior that shows
features known for microcirculatory flows.
Despite the achievements, this first model appears to suffer from certain
limitations which mainly result from the fact that the hydrodynamic single-cell
effect of tank-treading is modeled by a cell-cell interaction potential while the
actual cell-cell short range lubrication interactions are not resolved. Therefore, as
a first step towards an improvement of the method, a lubrication model for aspherical particles is developed. The resulting method represents an efficient and
accurate description for suspensions of rigid spheroids and is applied within the
present doctoral research to study the shear-induced diffusion of such particles
in low Reynolds number flow in the absence of non-hydrodynamic forces. The
results reported in the literature can be reproduced in the limit of low volume
fractions and in the special case of spheres. Oblate and prolate particles with
aspect ratios between 1/4 and 4 are studied. The data of shear-induced diffusion
of non-spherical particles at higher volume fractions can be understood at least
in part by analyzing their orientational order as induced by the shear. Also the
diffusion of fluid tracers in suspensions of rigid spheroids is studied.
The rigid particle model can serve as a natural starting point for an improved blood model including a hydrodynamically consistent description of
tank-treading and cell elongation. The model improved in such a way would
be completely in line with the original coarse-graining approach, describing the
effective dynamics of red blood cells with a minimum number of degrees of
freedom.
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