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Abstract

Within the framework of the Masters project at the Eindhoven University of Technology,
Faculty of Electrical Engineering, in association with Philips Medical Systems, a feasibility
study on digital controller design for the gradient amplifier in a MRI scanner is carried
out. Based on MR image quality, a criterium for the digital controller is derived. The
present analog gradient amplifier is analysed and modelled. On the basis of this model, the
performance of the the analog gradient amplifier is described. Based on the present gradient
amplifier controller, different digital controller structures are designed. All of these structures
do not meet the criterium, but neither does the present analog gradient amplifier. Much
attention is paid to AID and D IA converter placement and resolution, since these converters
are the bottlenecks for digital controller design due to high resolution requirements. Several
simulations are carried out for the digital controller design, resulting in confirming required
converter resolution. Digital controller design for the gradient amplifier is possible with
common AID and DI A converters up to sixteen bits, but reproducibility requirements for the
converter outputs could lead to less common AID and D IA converters.
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Chapter 1

Introduction
Present medical devices are based on advanced engineering disciplines like electrical engineering. There is a wide range of devices for medical analysis, patient monitoring and anaesthetisation. One of these devices is a magnetic resonance imager or MRI scanner, used for
prod ueing images of human transaxial, coronal or sagittal sections. Part of the MRI scanner
is a set of three perpendicular gradient coils generating gradient magnetic fields, used for
modulating RF response signals reradiated by the patient. These RF signals are sampled en
stored as RF data. From this RF data, images are formatted. The gradient coils are energized
by gradient amplifiers supplying a voltage corresponding to the desired current to generate
the gradient magnetic fields. The current through each gradient coil generating the gradient
magnetic field, has to be controlled accurately because it influences the modulation of the
reradiated RF signals and therefore the sampled data from which the image is formatted.
Poor current control results in poor quality images.
Magnetic resonance imaging is based on complex theories, therefore a brief introduction to
MRI, based on [Mor86], [Spr87] and [Web88] will be given. In the last section of this chapter
this thesis' subject, design of a digital gradient amplifier controller, will be explained nearer
based on the essential introduction to MRI.

1.1

Nuclear magnetic resonance

When certain materials are placed in a magnetic field, they take on a resonant character. This
means the materials can absorb and then reradiate electromagnetic radiation as illustrated in
figure 1.1. The radiation is typically in the form of radio signals with a specific frequency. The
characteristics of the RF signals emitted by the material are determined by certain physical
and chemical characteristics of the material. This general phenomenon is known as nuclear
magnetic resonance (NMR).
Materials that participate in the MR process must contain nuclei with specific magnetic
properties. In order to interact with a magnetic field, the nuclei themselves must be small
magnets and have a magnetic moment. Only certain nuclei with an odd number of neutrons
and protons are magnetic, like the hydrogen nucleus which is present in large quantities in
the human body.
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magnetic field
RF signal

RF excitation

Figure 1.1: Basic principles of NMR.
NMR occurs only when a magnetic nucleus is within an applied magnetic field. If the alignment of the nucleus' magnetic moment with the applied field is not perfect, the magnetic
moment, i.e. the nucleus, experiences a torque which causes the nucleus to rotate around the
axis of the applied field with a precise frequency. This rotation is called Larmor precession.
The angular frequency of the Larmor precession is called Larmor frequency. The relationship
between the applied field and the Larmor frequency is:

where WL is the Larmor frequency in MHz, "( the nucleus specific gyromagnetic constant and
B o the applied magnetic field strength measured in Tesla. Larmor precession is a resonance
phenomenon. If a system has a natural resonance, or frequency of oscillation, electromagnetic
energy can be most efficiently transferred to the system at this frequency.

1.2

Magnetic resonance imaging

The clinical imaging technique based on NMR, is magnetic resonance imaging (MRI). In MRI,
the radio signals reradiated by a slice of human tissue, do not only carry certain physical and
chemical characteristics of the tissue slice, but also information as to the spatial location
of the tissue voxels within the tissue slice. The reradiated RF signals form the two dimensional Fourier spectrum of the tissue slice image. The magnetic resonance image, which is
the inverse Fourier transformed of the sampled RF signals, is a matrix of pixels showing the
intensity of the RF signals originating from each tissue voxel within the tissue slice. This
intensity depends on the concentration of resonating or spinning nuclei within the tissue slice.
The concentration of spinning nuclei is called the spin density. Notice that the sampled RF
signals are not directly related to the tissue image to be constructed, but to the 2D-Fourier
transform of the tissue image.
There are different imaging techniques in MRI like gradient echo imaging, spin echo imaging and turbo spin echo imaging. Spin echo imaging will be discussed here. The formation
of a MR image, according to spin echo imaging, is not instantaneous, but occurs in cycles.
First the patient is placed into the MRI scanner. After this the first cycle starts with the
application of a RF pulse to the patient, to excite a selected slice of tissue within the patient.
Subsequently, gradients are created in the applied magnetic field B o, and RF signals, emitted
by the selected tissue slice, are detected and sampled. The sampled data during one cycle
represent a section of the 2D-Fourier coefficients of the Fourier transformed of the tissue slice
2
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image. The dimension of the Fourier matrix, and therefore the resolution of the image, is
determined by the number of cycles and the number of samples during one cycle. An image
consisting of 256x256 pixels, requires 256 cycles and 256 samples during each cycle.
The applied magnetic field B o is typically created by a superconducting electrical coil surrounding the patient's body. MRI requires a magnetic field which is uniform, or homogenous.
Individual tissue voxels are formed by creating a series of magnetic field gradients during each
imaging cycle. A gradient, in [Tim], is a gradual variation in magnetic field strength along an
axis passing through the magnetic field. Gradients are generated by providing current to the
set of gradient coils within the bore of the superconducting coil. The typical imaging system
contains a set of three gradient coils (XYZ), which are positioned to produce gradients in
three orthogonal directions.
All three gradient coils are used by image formation, or 2D-Fourier spectrum construction.
The patient is placed in the scanner along the z-direction, parallel to the direction of B o. In
case of a transaxial image, the evolution of the gradients and RF signals, within one cycle
is depicted in figure 1.2. Only the Y gradient changes during consecutive cycles, which is
indicated with dashed lines in figure 1.2. The Z gradient selects the transaxial tissue slice

Gradients
Slice Selection (2)

J

_m_ _

Phase Encoding (Y)

L

Frequency Encoding (X)

RF Sinc (Pulse)
RF Signal

f\
-------,J\j\;-

Figure 1.2: Evolution of gradients and RF signals within one cycle.
along the z-axis to be imaged. The Z gradient tunes each transaxial tissue slice to a different Larmor frequency. Since RF pulses in frequency domain contain frequencies within a
limited bandwidth, they can only excite tissue slices having Larmor frequency within that
bandwidth. Thus simultaneous application of the Z gradient and the RF pulse, a RF sinc
function in time domain, determines which transaxial tissue slice will be excited. First the Z
gradient is applied a fraction later the RF pulse is applied, as depicted in figure 1.2, to excite
the selected tissue slice.
3
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After excitation, individual tissue voxel are formed within the slice in the x- and y-direction,
by frequency and phase encoding using the X and Y gradients. The phase encoding gradient
Y, is turned on for a short period in each cycle to produce a phase difference between the
precessing nuclei in the y-direction of the tissue slice. During sampling the X gradient is
used for Larmor frequency encoding in the x-direction of the tissue slice. The frequency of
precession varies as a function of position in the x-direction. Through the cycles only the
Y gradient varies by taking on values within an interval in 256 steps if 256 cycles are to be
made. After 256 cycles the reradiated RF signals form the two dimensional Fourier transform
of the tissue slice image.

1.3

Gradients and the two dimensional Fourier domain

MRI grey scale images are based on the spin density distribution p(x, y) of the scanned tissue
slice. The higher the concentration of spinning or resonating nuclei in a voxel, the higher the
intensity of the reradiated RF signals from this voxel, the higher the grey scale of the image
pixel corresponding with the voxel in question. The grey scale of an image pixel in point
(x,y) is therefore proportional to p(x,y). Once p(x,y) is determined for the entire tissue slice
the grey scale image can be constructed from p(x, y).
The RF signal reradiated by a nucleus in (x, y) is of the form:
(1.1)

and is called a free induction decay. Tfid is the free induction decay time constant depending
on the applied magnetic field in a point (x, y) and some particular characteristics of the
nucleus in that point, while the Larmor frequency in (x,y) is WL(X,y). As it is known, WL of
nuclei in a voxel is determined by the X and Y gradients, therefore the Z gradient and the
magnetic field generated by the superconducting coil, are left out of consideration. Consider
a magnetic field B z in the z-direction, created by two gradients G x and G y . The magnetic
field in (x, y) within a plane normal to the z-direction is:

with the gradients:
G _ 8B z

G _ 8B z
x 8x

y -

8y

Suppose that the gradients cause a magnetic field in (x, y) equal to the magnetic field required
for magnetic resonance, than the Larmor frequency in (x, y) is: .

the free induction decay becomes:

4
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The reradiated RF signal in the time domain of the total slice is:
RF(t)

=

11

p(x,y)ei-r(xGx+YGy)te-t/Tfiddxdy

(1.2)

xy

Since the X and the Y gradient are not applied simultaneously (1.2) becomes:
RF(t., t y )

~

(/1

pix, y)e'>exG.t.+yG,t,) dx dY )

e- t / T!" ,

(1.3)

with t x and t y the time intervals during which the gradients X and Yare applied respectively.
t

Omitting e -Tf id , which is a constant factor in (1.3), from (1.3) gives:
RF(t x , t y ) =

11

p(x, y)ei-r(xGxtx+YGyt y) dx dy

(1.4)

xy

The gradients are such that:

Thus:
RF(t x , t y )

=

11

p(x, y)ei(wxtx+Wyty) dx dy.

xy

This has the form of a two dimensional Fourier transform and thus the inverse two dimensional
Fourier transform of RF(t x , t y ) yields p(x, y) and therefore the grey scale image which is
related to p(x, y). Comparing the two dimensional fourier transform:
(1.5)
with Fourier coefficients F(k x , k y ) in k-space or spectral domain, with (1.4) yields for the
relation between the Fourier domain and the gradients:
(1.6)
Since G x and G y are not always constant in time, (1. 7) and (1.8) are more accurate expression
for (1.6):
(1. 7)
and:
(1.8)
The basic principle of the k-space formulation is that, during the encoding process for imaging,
the combination of the two time integrals of the gradients trace a trajectory in k-space. The
RF signal sample, acquired at (k x , k y ), is the Fourier coefficient F(k x , k y ).
5
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1.4

Digitally controlling the k-space trajectory

Sampling of the RF signal takes place at fixed sample moments, assuming that the gradients track a prescribed form, like in figure 1.2. This results in a beforehand fixed trajectory
through k-space. There is no feed-back between the sampling moments and the gradients. Deviation of the gradients from the prescribed form results in allocating RF samples or Fourier
coefficients to wrong positions (k x , ky ) in k-space. This gives poor MRI picture quality after
inverse 2D-Fourier transformation. The performance of the system is thus based on the ability to track the prescribed gradients. The performance is thus measured by the deviations in
k-space. If the prescribed gradients are tracked properly the Fourier coefficient allocation in
k-space will be proper, resulting in good picture quality.
To prevent large deviations of the gradients from the prescribed form, an analog controller is
present in each gradient amplifier. This controller controls the current through the connected
gradient coil. The current through the gradient coil generates the gradient. A gradient G(t)
is related to the current i (t) through the gradient coil by:

S= G[T/m]
irA]
with S the gradient coil sensitivity. Using (1. 7), the k-space and the gradient coil current are
related by:

=

k(t)

I

t

(1.9)

,,/Si(r) dr

The prescribed current corresponding with the prescribed gradient form, is called iref( t) or
reference current. The current which actually generates the gradient is called i(t). If i(t)
is equal to iref(t), the prescribed gradient is tracked perfect and no deviations take place in
k-space resulting in perfect images. However i(t) can differ from the prescribed current iref(t)
due to for instance disturbances or gradient coil dynamics. Define e(t) as:

e(t) = i(t)ref - i(t)

t~O

(1.10)

and E(t) as:

E(t)

=

I

t

e(r) dr

t~O

(1.11)

,,/SE(t)

(1.12)

A deviation in k-space due to e(t) is:

8k(t)

=

I

t

,,/Se(r) dr

=

With (1.12) the performance measure in k-space is translated to a performance measure based
on e(t) and E(t). E(t) and 8k(t) are proportionally related. E(t) is thus a strong and simple
performance measure. A good picture quality is guaranteed if:
IE(t)1 ~ 10JLAs
6

(1.13)

1.4. DIGITALLY CONTROLLING THE K-SPACE TRAJECTORY

Present MRI scanners are becoming more and more digital. A digital gradient amplifier
controller fits in this policy. Based on above criterium (1.13), a digital gradient amplifier
controller is desired. The design of a digital gradient amplifier controller, based on the
present analog gradient amplifier controller will be treated in this thesis. In chapter two the
gradient chain, especially the gradient amplifier, will be analysed. In chapter three a model
of the gradient amplifier including gradient coil will be developed. Based on the model, in
chapter four, digital gradient amplifier controller structures will be considered. In chapter
five simulation will be carried out to observe if the designed digital controller meets criterium
(1.13). Finally conclusions and recommendations will be made in chapter six.
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Chapter 2

System analysis
The part of the MRI scanner, which generates the gradient magnetic fields, in the X-, Y-, and
z-directions is called the gradient chain. In this chapter the gradient chain will be analysed,
especially the parts which are involved in controlling i(t). These parts are the interface unit,
the gradient amplifier and the gradient coil. The interface unit generates ir€f (t) and provides
it to the gradient amplifier. The gradient amplifier receives ir€f( t) and provides a voltage
to the gradient coil, which should result in the desired i(t). Above mentioned parts will be
described in detail in the next sections.

2.1

Gradient chain

The i (t) for the different gradient coils for generating the required gradient magnetic fields,
are controlled and supplied by the gradient chain. An overview of the gradient chain [vG94]
is depicted in figure 2.1. The thin lines in figure 2.1 represent control lines, the thick lines
represent power transfer lines. Depending on the imaging technique, in this case it is spin echo
imaging, the host computer defines a high-level command sequence for generating gradient
magnetic fields in the three directions. These commands are send to the interface unit. The
acquisition and control unit of the interface, translates these commands into corresponding
ir€f(t). For each gradient amplifier the current reference signal ir€f(t) is computed by the
interface. Each gradient amplifier supplies the a voltage to the gradient coil, corresponding
to the desired i (t) to generate gradients in the connected gradient coil. Current feed back
from the gradient coils to the gradient amplifiers is present.
The power supply PS supplies the system with 350 VDC to a maximum power of 40 kW. The
large buffer capacitor C filters ripple, and supplies energy storage for the inductive energy
stored in the coils. As the three axis X,Y,Z are identical, just one axis will be described from
now on.
Since only the interface unit, the gradient amplifier and the gradient coil are of importance
for this research, just these parts will be analysed in detail in the next sections.
9
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,---+

GAX

Coil X

t

I

GA Y

Coil Y

t

I

,---+

B-

C
,-

~I

Intrfc

GA Z
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CoilZ

t

HC=Host Computer
Intrfc=Interface
PS=Power Supply
C=O.l F DC buffer capacitor
GA=Gradient Amplifier

Figure 2.1: The gradient chain.

2.2

Interface unit

The interface unit consists of four parts. These parts are depicted in figure 2.2. After receiving
a high-level command sequence from the host computer (HC), the acquisition and control unit
(A&C) translates this sequence into a 16 bit discrete signal ir(k) with sample time T ac = 32/18
and range [-10,10]. After digital to analog conversion (DAC) with a zero order hold circuit, i r
is smoothened by a low-pass interpolation filter (IP). The eddy current compensator (ECC)

Interface unit
HC

1---1+

A&C

ir(k)
f----------+

DAC

-

i r (t)

IP

------+

iref(t)

ECC

GA

Figure 2.2: Interface unit.
includes a feed-forward component in ir(t), to compensate for eddy currents in the load coil.
In the next subsection the eddy current compensator will be treated in detail. After the eddy
10

2.3. GRADIENT AMPLIFIER

current compensator, irej(t) is provided to the gradient amplifier in the range [-10,10].

2.2.1

Eddy current compensator

Eddy currents, occurring as a consequence of alternating magnetic fields in a conductor, cause
a non-uniform distribution of the current density in a considered cross-section of a conductive
body. These eddy currents occur in the gradient coil and are first order exponential decaying
transients [KT93]. The non-uniform distribution of the current density is called skin-effect.
These eddy currents disturb the gradient magnetic field in the gradient coil. To compensate
for this effect, and other gradient magnetic field disturbing effects in the gradient coil, an
eddy current compensator is added to the interface unit. The eddy current compensator is
depicted in figure 2.3, and consists of a slew rate limiter (SRL), coil sensitivity adjustment
(CSA), an offset correction (OC) and a feed-forward section (FF). The SRL limits the slew
rate of ir(t). The CSA is used if the coil sensitivity S deviates from a standard value. The
OC is used for compensating magnetic disturbances which cause an offset in the gradient coil.
The total eddy current compensator is tuned in the field.
The feed-forward section, which compensates just for the eddy currents, has the next transfer
function:

The feed-forward section compensates for multiple eddy currents. These multiple eddy currents are the result of the proximity effect [RDS94]. But in the high-end MRI scanners the
coils are insulated in such a way that just one eddy current occurs causing the skin-effect.
The amplitude of this single eddy current is at most 0.5% of the conductive current, with
time constant T e between 40m3::; T e ::; 640m3.

OC

I----------+{+}------------,

ir(t)
SRL

CSA

FF

Figure 2.3: Eddy current compensator.

2.3

Gradient amplifier

In the former section the generation of irej(t) was analysed. After irej(t) is generated, it
is provided to the gradient amplifier, which supplies i(t) to the connected gradient coil by
11
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providing a DC-voltage to the coil corresponding with i(t).
The gradient amplifier parameters are [Cop95]:
•
•
•
•
•
•

peak current output: ±625A
output voltage:
±350V
propagation delay:
50JLs
output noise 10Hz to 5kHz (rms): ~ 3mA
Danfysik sensor noise DC-10Hz (rms): ~ O.lppm
Danfysik sensor noise DC-10kHz (rms): ~ 2ppm

These parameters are valid if the gradient amplifier is in current mode with a load inductance
of 185JLH and a load resistance of 60mO. The propagation delay is a closed-loop parameter,
not valid for the open-loop. To understand the overall operation of the gradient amplifier,
the operation of each part must be known.
The gradient amplifier, figure 2.4, consists of four parallel connected power modules, a control unit and a Danfysik non-contact current sensor. The power modules and the control

_ _ rcurrent I
I

I

,--:
PM1

I

I

sensoI"J

I ~
I

1

I

Ucoil

-

I

1PM21

90° shift

_ _ _J

I

pM3

180° shift

IPM4

270° shift

I

Figure 2.4: The gradient amplifier.
unit will be analysed in detail in the next subsections. The current sensor will be left out of
consideration, since it has a bandwidth larger than 100kHz, therefore it is assumed ideal in
the operating range of the gradient amplifier bandwidth, which is below 10kHz. In the last
section the gradient coil, or the gradient amplifier load will be analysed.
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2.3.1

Gradient amplifier power modules

The gradient amplifier consists of four parallel connected power modules. These power modules are power switches. The reason for choosing this design is the possibility to distribute
the power over four power modules. If one of the power modules fails the other three will
still function. Each power module is a switched mode power supply providing a DC-voltage.
The parallel output of the four power modules constitute the gradient amplifier output, providing a voltage Ucoil(t) to the gradient coil. In order to model the gradient amplifier, its
input/output relation must be analysed. Since the gradient amplifier consists of four power
modules the input/output relation of the power modules must be analysed.
First the switching behaviour and the input/output relation of a single power module will
be analysed. Afterwards the input/output relation of the parallel connected power modules
will be analysed. To do so a Fourier series will be derived for each power module separately,
because the power modules are expected to provide a DC-voltage with a ripple disturbance,
inherent to switched mode power supplies. On the basis of the Fourier series, the multi-phase
principle will be clarified, which occurs due to parallel connection of the power modules.
Power module switching behaviour

Each power module consists of a full-bridge switching power stage, see figure 2.5. The in-

350

Figure 2.5: Full-bridge.
sulated gate bipolar transistors Tl and T2 constitute the positive half-bridge, T3 and T4 the
negative half-bridge. The half-bridges are driven by pulse width modulators (PWM) with
inputs u:(t) and u~(t). If T1 is conducting T2 is off, the output of the positive half-bridge is
Uphb(t) = 350V. If T1 turns off T2 turns on, Uphb(t) = OV. Varying the percentage on-time
or duty factor of T1 varies the average Uphb(t). The same principle applies for the negative
half-bridge with output Unhb(t). The output of both half-bridges is low-pass filtered by a LC
output filter with cut off frequency 12kHz. Each half-bridge has a second LC filter with cut
off frequency 24kHz, in order to get an attenuation of 40dB/dec above 24kHz. The filtered
versions of Uphb(t) and Unhb(t) are U+(t), U_(t) respectively.
The power module output before filtering is defined as Upm(t) = Uphb(t) - Unhb(t), and
determined by the duty factor of the PWM outputs, which in turn are determined by the
PWM inputs u:(t) and u~(t). Thus a power module has u:(t) and u~(t) as inputs and
Upm(t) = Uphb(t) - Unhb(t) as output before filtering. The signals u:(t) and u~(t) are supplied
13
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by the controller, see figure 2.4. For simplicity, figure 2.4 shows a single line from controller
to power modules. This line represent both u:(t) and u~(t). The signals u:(t) and u~(t) are
constrained by:
-10 ~ u:(t) ~ 10

1\

- 10 ~ u~(t) ~ 10

Power module input/output relation

To relate power module input and output, Fourier series for Uphb(t) and Unhb(t) with u:(t)
and u~(t) as parameters will be derived. The generation of Uphb(t) and Unhb(t) is depicted in
figure 2.6, assuming
(2.1 )

with C 1 and C 2 constants. If (2.1) does not hold the edges of Uphb(t) and Unhb(t) will be
time dependent resulting in time dependant fourier integral limits. The intersection of
(t)
and u~(t) with the triangular wave Uz(t), generated in the PWM, determines Uphb(t), Unhb(t)
respectively, see figure 2.6. The period of Uz(t) is T z = 4*10- 5 . The slope of Uz(t) is a = ±10 6 •

u:

The limits for the Fourier series integrals are derived using Uphb(t) and Unhb(t) in figure
2.6, resulting in:

Uphb ()
t = 350

(

~aTz + 2U:) + LJ
~ -350
a~

n=I

(

n~

2n7rt
. 2n7rt)
an cos - - bn SIn
~

~

(2.2)

with:
2n~u*

an=(I+cosn~)sin

bn

= (1 - cos n ~ ) cos

T +

a

z

2n~u*

aTz

+

and:

Unhb(t) = 350 (

~aTz -

aT
z

2u* )
~ 350
- + ~ n~

(2n~t
C

n cos ----r;-

with:
C

n = (1 +

dn = (1-

cosn~)

sin

cosn~)cos
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z

2n~t)
- dn sin ----r;-
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Figure 2.6: Generation of Uphb(t), Unhb(t) and Upm1 (t).
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If:

(2.4)
holds, then en = -an and dn = bn . The Fourier series Upm1(t)
module 1 before filtering than becomes:

_ 1400u~
Upm1 (t ) T
a

z

~ 700
+ LJ
n=l

(

n7r

= Uphb(t) - Unhb(t) of power

2mrt)
an cos----y-

(2.5)

z

From (2.2), (2.3) and (2.5) it follows that (2.4) results in cancelling of the odd harmonics in
Upm1(t) compared to the harmonics in Uphb(t) and Unhb(t). This is due to dn = bn . If (2.4)
does not hold but (2.1) does than Upm1(t) will be:

(2.6)

and the odd harmonics will be still present in Upm1(t).
The output of power module 2, Upm2 (t), is 90 0 phase shifted compared to Upm1(t) due to
the 90 0 phase shift of the triangular wave in the PWM of power module 2. Repeating the
same procedure for deriving a Fourier series, but now for Upm2 (t), results in Upm2 (t) before
filtering:

Upm2 (t) =

1400u~
a

T

z

~ 700
+ LJ
n=l

(

n7r

2n7rt)
en cos----y-

(2.7)

z

with:
n7r
2n7ru*
en = 2 cos - cos n7r sin
+
2
aTz
again assuming that (2.4) holds. If (2.4) does not but (2.1) does, Upm2 (t) before filtering
becomes:

Upm2 (t)

- 2u* )
~ 350
= 350 ( 2U*+aT
+~
n7r
z

(

(In - gn) cos

y2n7rt)

(2.8)

with:

2

2n7ru*
1
2n7ru*
+ - 2cosn7rsin-n7rcos
T +
aTz
2
a z

1
2

2n7ru*
1
2n7ru*
- - 2 cos n7r sin -n7r cos
aTz
2
aTz

1

in = 2cosn7rcos-n7rsin
gn

= 2 cos n7r cos -n7r sin

The consecutive power module outputs, numbered from 1 to 4, have a 90 0 phase shift compared to the previous one, starting with 00 phase shift for power module 1. The phase shift
in the power module outputs are due to 90 0 phase shift of the triangular waves in the PWMs
16
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of the different power modules. To prove that power module 1 and 3 on the one hand and
2 and 4 on the other hand generate the same output, figure 2.7 is constructed. The power
module output Upm(t) in figure 2.7 is generated based on the upper triangular wave Uz(t)
with period T z . Upm(t) can also be regarded as generated by the lower triangular wave Uzz(t)
with period 1/2Tz assuming that (2.4) holds, see figure 2.7. A 180 0 phase shift for Uz(t) is
equal to a 360 0 phase shift for UzAt). Thus a Upm(t) based on a 180 0 phase shift is equal to
a Upm(t) with no phase shift. This means that the power module outputs are invariant for a
180 0 phase shift, and there is no need to apply 180 0 phase shifts. This results in:

Now that the outputs of the four power modules are known, the parallel output of the four
power modules Ucoil(t), which is provided to the gradient coil, can be determined. Assume

U,(V)

t
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u*+
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u*- 1 - - - ' - - - - - - - ; - - - - - - ' ; . ; - - - - - ; ( - - - - ; - - - - - - - - - - ' . , , - - - IT,
I
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t
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~
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i

'I
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I

'!

I

I

iT,

0

~t(s)

I

U,,(V)

t

10
u*

T,
-10

~t(s)

Figure 2.7: Generation of Upm(t) based on Uz(t) and UzAt).

that:
u = u*+ = -u*-

The combination of each power module's Fourier series results in the Fourier series Ucoil (t)
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before filtering:

Ucoil(t) =

1400u ~ 700 (
2mrt)
r
+~(an + en) cos---;y--a z
n7T'
z

(2.9)

n=l

= 40 (2.9) becomes:

with aTz

oo

Ucoil(t) = 35u +

700 (

I: -n7T'

(1

n7T'
2n7T'u*
2n7T't)
+ cos n7T'(1 + 2 cos -))
sin
+ cos - - 2

n=l

40

40 . 10-6

(2.10)

assuming (2.4) holds. If (2.4) does not hold but (2.1) does, Ucoi1(t) becomes:

Ucoil(t)

=

350 (

2u: - 2u~ )
40

~ 350 (
n7T' (an - en

+~

+ in -

2n7T't.
2n7T't
gn) cos 40 . 10- 6 - (bn - dn) sm 40 . 10- 6

n=l

.

(2.11)
The parallel output of the four power modules Ucoil(t) before filtering, is eliminated from its
first three harmonics assuming that (2.4) holds and also assuming that the phase shifts are
exact. The frequency of the first harmonic in Ucoil(t) before filtering is four times as high
as the switching frequency of the half-bridges. This is called the multi-phase principle. The
advantages of this parallel connection is obtaining ripple in Ucoil(t) with 100kHz and multiples
of 100kHz harmonics, although the full-bridges generate 25kHz harmonics and multiples of
25kHz harmonics. This results in less ripple disturbance in Ucoil(t), reducing switching losses,
easier filtering and application of smaller filtering components.
Deviation of the power module output phase shifts from their exact values, cancels the multiphase principle. The ripple in Ucoil(t) will contain 50kHz harmonics and multiples of 50kHz
harmonics. That is if (2.4) holds. If also (2.4) does not hold the ripple in Ucoil(t) will contain
25kHz harmonics and multiples of 25kHz harmonics. This will result in larger ripple disturbances in Ucoil (t).
The above mentioned Fourier series are computed without consideration of the LC filter.
In the next chapter, where the power modules' model will be determined, the filters will be
taken into account.

2.3.2

Gradient amplifier controller

In figure 2.8 the analog gradient amplifier controller [Cop95] is depicted in combination with
just one power module. In practice the controller sends a control signal to all four power
modules in parallel as in figure 2.4. Figure 2.8 shows that the two half-bridges in the power
module are independently controlled. The half-bridges are represented each by a PWM.
Operation of the controller is most easily understood viewing figure 2.8 from the output connected to the coil, toward the input receiving the reference signal iref. Each power module
has a small amount of internal current feedback via a Hall sensor. The Hall sensor is applied
for protection of the half bridge and to improve current sharing between the power modules.
If the power module supplies exactly one fourth of the total coil current, the feedback via the
Hall sensor will be compensated by the average current signal ±ia . Current measurements
18
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Figure 2.8: Gradient amplifier controller

via the Hall sensor from all four power modules are averaged by busing together the current
through resistors providing ±ia .
The feed-back from the PWM output to the PI controller before the PWM, makes the PWM
output voltage follow the desired value improving linearity. Two additional feedback paths
provide voltage feedback from the power module outputs U+(t) and U_(t). Differentiating
and feeding back U+(t) and U_(t), gives rate feedback, damping the resonance of the output
filters. By adding the differentiated U+(t) and U_(t) signals to each other, different amounts
of differential and common mode feedback separately damp the output filters.
The Danfysik (DF) current sensor feeds back the current i. The mayor loop contains a
PI controller to provide zero steady state on step signals like the gradients in figure 1.2.

2.3.3

Gradient amplifier load

The gradient amplifier load consists of a gradient coil, a set of gradient cables and a cage
filter. The gradient coil is connected to the gradient amplifier by the set of gradient cables.
The parameters of the coil and the gradient cables are in table 2.1. The eddy currents can
be modelled by placing extra ~: systems parallel to L c as in figure 2.9.
The cage filter's purpose is filtering the noise around the Larmor frequencies 21 MHz and 63
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Table 2.1: Gradient coil and cable parameters.
gradient coil
L e=185/lH
R e=60mO

gradient cable
L ea =10/lH
R ea =10mO

MHz. The cage filter leaves the gradient coil current or voltage unaffected [vG94] because it
is not effective in the operating bandwidth of the gradient coil. The electrical model of the
cage filter is a 1f filter. Because the cage filter does not effect the coil current or coil voltage,
we leave it out of consideration.

Rca

Lea

o

Ueoil

O,----------'-------J

Figure 2.9: Gradient amplifier load.
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Chapter 3

Model and reference signal
description
Before designing a digital controller for the gradient amplifier, a white system model Get(s)
consisting of the gradient amplifier and the gradient coil in a feedback configuration, is needed.
As depicted in figure 2.8, the gradient amplifier consists of a controller and four power modules. These four power modules can be regarded as one unity generating Ucoil(t), as described
in chapter two. Separating the power modules from the controller and adding them as one
unity to the gradient coil gives the plant with transfer function P( s). This leaves the gradient
amplifier consisting of just a controller. The controller transfer function is C(s). The system
can be represented by a block diagram as depicted in figure 3.1, with:

C(s)P(s)

Get(s)

= 1 + C(s)P(s)

and system input ire!(t) and system output i(t). C(s) and P(s) must be known separately

ire! (t)

+

u(t)

e(t)
C(s)

i(t)
P(s)

-

Figure 3.1: Block diagram of system.
since C(s) must be implemented digitally.
C( s) and P( s) are not directly available because not all the values of the electrical elements constituting the plant and the controller are known. What is known are most valuable
and reliable performance criteria concerning input and output relations of Get(s). These
performance criteria give no explanation about the structure of C(s) and P(s). Based on
the qualitative structure information in chapter two, P( s) will be developed. Since P( s) is
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based on qualitative information and not on exact values of electrical elements constituting
the plant, P(s) must be validated based on the Get(s) performance criteria.
The validation will take place within the framework of the analytical description developed in
this chapter. This framework is based on the performance criteria concerning Get(s). But before the validation can take place also C(s) must be known. Based on a rough Bode diagram
of C(jw)P(jw) in [vG94], C(s) will be derived. To check in what extent the derived C(s) is
reliable, the performance of Get(s), Get(s) including C(s), will be considered and compared
to the performance criteria.
Before P( s) will be developed and validated some signal descriptions and signal definitions
will be treated.

3.1

Reference signal description

The typical reference signal irej(t) is trapezium-like, just as in figure 3.2(a), in contrast to
figure 1.2 where the gradients have edges with infinite slopes. Infinite slopes are practically

Split up version of typical reference signal.

Typical reference signal.
1.S,-----~-~~-~~-r'-~---,~~___,

I(I}
i(l)

~ 0.5

-1

g(l)

h(l)

-2
-3
-4 '------c'::-.5-L.--,'-:,-.5-L.--'2.':-.5-~-'3'::-.5-~-4~.5---"'.J5
0
0

-0.5'-----~.~~~--'-----'~-'-------'--'-------'----'::---'

o

0.5

1.5

2.5

TIme (5)

3.5

4.5

5

x 10- 3

Time (5)

x 10-3

(b)

(a)

Figure 3.2: Typical reference signal irej(t) (a). Split-up version of irej(t) (b).

not possible therefore these trapezium-like irej(t). The irej(t) can be both negative and
positive. The amplitude of irej(t) takes on values between -600A and 600A. The rise, fall and
flattop time are equal to each other and varies between 350/ls and lms.
Definition 1 Define RT(T, am, s) as a trapezium with amplitude am and rise, fall and flattop
time T starting at t = s.
Assume irej(t) = RT(lms, lA, 0), than irej(t) can be split up in four ramp signals with equal
positive or negative slopes, see figure 3.2(b). The sum of f(t), g(t), h(t) and j(t) yields the
22
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same reference signal iref(t). This means that a linear system, responding to a trapezium-like
iref (t), will exhibit the same kind of transients as if it was responding to the sum of f (t),
g(t), h(t) and j(t). Since f(t), g(t), h(t) and j(t) are ramps, the response of a linear system
to each separate ramp is equal except for a delay and the sign.
Remark 1 The response of a system to a trapezium-like iref(t) is equal to the response of

the same system to a sum of ramp signal which constitute the trapezium-like i ref (t).
This gives the possibility to compute a response to a trapezium-like iref(t) based on ramp
responses. This technique will be used later on.

3.1.1

Definition of settling time

One of the important system performance criteria is the settling time [vG94], defined in figure
3.3(b). The settling time is the time needed for the system output i(t) to reach its final value,
after that iref(t) has reached its final value. The typical response i(t) to a trapezium-like
iref(t) is depicted in figure 3.3(a), with T the rise time needed for iref(t) to rise from 0 to the

settling time
AM

i ref (t)

tl

--

T

--t (s)
(b)

(a)

Figure 3.3: Definition of settling time.
desired amplitude AM. The slope B of the rising edge is defined as B = AMIT, see figure
3.3(a). There is a fixed delay td between i(t) and iref(t) regardless of the value of B. This
fixed delay td is due the structure of C(s), which will be explained later on.
In this definition of the settling time the delay td is left out of consideration. This can
be done because the delay is fixed and taken into account in practice. This means that the
sampling moments of the RF signals are delayed by td seconds, so sampling takes place according to iref(t - td) instead of iref(t). A consequence of this is that e(t) in practice is
not:

e(t) = iref(t) - i(t)
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but:
(3.1)
with ec (t) the delay corrected error and:
(3.2)
the delay corrected time integral of ec (t). From know on E c (t) will be regarded instead of
E(t), because e(t) can always be corrected for the delay td resulting in smaller error signals.
Figure 3.3(a) shows that during the period, [tl, T]' of the rising edge of iref(t), the slopes of
iref(t) and i(t) are equal. This means that during this period:

e(t)

\

= iref(t) - i(t) = C

with C a constant. Define eh as:

eh = e(t) = C
Than td, Band eh are related according to:
(3.3)
This result will be used later on proving that td is fixed regardless of B.

3.2

Plant model P( s)

The gradient amplifier consists of four power modules and a controller in a feed back configuration, as described in chapter two. To simplify P( s) some assumptions will be made.
Assume that the coil current is equally shared between the four power modules. The feed
back in each power module via the Hall sensor, depicted in figure 2.8, has than no effect on
the dynamical behaviour of the power module and can be left out of the plant model. The
rate feed back in figure 2.8 is also left out of consideration. Since the rate feedback only
increases the damping of the output filter, omitting the rate feed back will be compensated
by assuming a higher damping ( for the output filters.
Each power module is now reduced to a PWM and two cascaded low pass output filters.
Since the four power module outputs are parallel connected, they can be considered as one
unity, generating the next signal (2.10):

~ 700 (
mr
. 2mru(t)
2mrt)
Ucoiz(t)=35u(t)+LJ- (1+cosmr(1+2cos-))sm
cos 40 0- 6
n=l

mr

2

40

·1

assuming (2.4). Ucoiz(t) consists of a DC-term and a ripple term. The first harmonic in the
ripple term is at 100kHz. The two output filters have break frequencies 12kHz and 24kHz,
therefore the ripple term can be neglected. Further analysis of this assumption will follow
later. Neglecting the ripple term, leads to:

UcoiZ(t)

= 35u(t)
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Taking u(t) as input to and Ucoil(t) as output from the PWM, the transfer function for the
PWM becomes:

PWM(s) = 35
which is just a gain, Since PWM(s) is just a gain, it will not be considered separately but
incorporated in the over-all loop gain.
Now that the PWM is modelled, the two cascaded output filters, LP1 and LP2 have to
be modelled based on voltage input and output. These output filters are LC filters. This
leads to the next general transfer function LP( s) of two cascaded LC filters:

Vin~s))

LP(s) = LP1(s)LP2(s) =

Vout S

with:

LP1(s) = ( -1- )
1 1
L C

LP2(s) =

2

S

(_1_)
L 2 C2

1

1

2
S

1

+ 2( y!LICI + LICI

~

+ 2( y! L 2C2 +

1
L2C2

With break frequencies and damping (:

LP( s) becomes:
1

2

LP(s) = (1.3.10 °)

s2

+ 4.5.104 + 5.7.109

1

s2

+ 9.0.10 4 + 2.3.1010

To complete the plant model the gradient coil has to be modelled. The gradient coil has
an inductance L c = 185ttH and a resistance R c = 60mn. Taking gradient coil voltage as
input and gradient coil current as output, leads to the next gradient coil transfer function:

R(s) =

l/L c
s + Rc/L c
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R(s)

=

5400
s + 324

Subsequently the plant model P(s) is:

P(s) = LP(s)R(s)
P( s) does not incorporate eddy currents. This choice is made because in practice the influence
of eddy currents is compensated by the eddy current compensator. The gradient cables are
also left out of P( s) because the inductance and the resistance of the gradient cable can be
added to the inductance and the resistance of the gradient coil assuming no eddy currents
occur, see figure 2.9. Another reason to leave the gradient cables out of consideration is that
the performance criteria in [Cop95] are based on a gradient amplifier load equal to the load
of just a gradient coil not considering the gradient cables.

3.3

The analytical framework for validation

According to the Bode diagram of C(jw)P(jw) in [vG94], and performance criteria in [Cop95],
the analytical framework for validation of P( s) will be developed. The performance criteria
in [Cop95] are based on time domain performance of Gcl(S). Therefore validation will be
carried out on the basis of Gcl(s). It would be better if P(s) could be validated separately
from C(s), but this is not possible, because the performance criteria in [Cop95] are based on
Gcl(s). One can ask why validation based on Gcl(s) when a C(jw)P(jw) Bode diagram is
present in [vG94]. Simply because this Bode diagram is not accurate. The Bode diagram is
mainly used to obtain information about the pole zero structure of C(s).
For validation the unity feedback configuration will be used, because the Danfysik current sensor is assumed ideal. This leads to the configuration as depicted in figure 3.4, with
G(s) = C(s)P(s), and:

G(s)

Gcl(s)

= 1 + G(s)

f(t)+~

i(t)

G(s)

Figure 3.4: Unity feedback configuration.

3.3.1

C(s) according to [vG94]

The Bode diagram of G(jw), according to [vG94], is depicted in figure 3.5. Two coordinates
in figure 3.5 are explicitly defined. These are:
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Frequency characteristic CPo
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Figure 3.5: Frequency characteristic of C(jw)P(jw).

314rad/sec (50Hz) with corresponding gain of 576 (>:::::55dB)
1884rad/sec (300Hz) with corresponding gain of 16 (>:::::24dB)
The frequency characteristic shows an integrator in C(s)P(s). This integrator is contributed
by C( s). Further the frequency characteristic shows a first break point (pole p) at 314 rad/sec,
contributed by P(s) (gradient coil), and a second break point (zero z) at 1884 rad/sec, again
contributed by C(s). According to above observations, G(s) must be of the form:

G(s) = K .
S

The only left unknown in 3.4 is the gain

J(.

rst ++
s

314 S

1
1

(3.4)

With:

IG(j314)1 = 576
J(

becomes:
J(

= 250430

After substituting this results in G(s), G(s) becomes:

G(s) = 250430 .

rst ++
s

314 S

S

1
1

with:
C ()
s =

250430( 18~4 s + 1)
s

------'-~"------
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and P(s):
P (s)

1

= ---,,---3t4s

+1

The controller C( s) is a PI controller. P( s) contains only a pole contributed by the gradient
coil. Notice that the output filters are not included in P( s) based on figure 3.5.
To check in what extend the derived C(s) is reliable, the performance of Gc/(s) based on
the Bode diagram in figure 3.5 will be considered. To check the correctness of G(jw) the
values IG(j314)\ and IG(j1884)1 will be computed. The results are:
IG(j314)1

= 573

IG(j1884)j

= 31

Comparing the results computed with G(jw) and the explicitly given coordinates in figure
3.5, small deviations are seen. These deviations are not striking since the given coordinates
are graphically derived and not analytically.
The closed-loop frequency characteristic Gc/(jw) is depicted in figure 3.6. Figure 3.6 shows a
first order G c/ (jw) with an approximate bandwidth of 6kHz. To investigate G c/ (s) further, the

Bode diagram Gel.

~-10
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.... ; .... :... :.:.:::.:.:.

10'
Frequency(Hz)

-100 .:

10'

10'

Frequency(Hz)

Figure 3.6: Frequency characteristic of G c/ (jw).
response of Gc/( s) to a iret(t) = RT(lms, 600A, 5 . 10-4 ) is depicted in figure 3.7. According
to the performance criteria in [Cop95] all transients in i(t) must be decayed in 1ms, after that
iret(t) has reached its steady state. Figure 3.7(a) shows that iret(t) has reached its steady
state at t = O.5ms. This means that i(t) must be equal to irej(t) at t = 1.5ms and e(t) must
be zero at t = 1.5ms. This is not the case because figure 3.7(b) shows a still decaying, not
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Error signal.

Reference and output signal (solid).
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Figure 3.7: Response
i(t)
(solid)
Gcl(s)
to
of
a iref(t) = RT(lms,600A, 1ms) (dashed) (a). Corresponding
error signal e(t) (b).

equal to zero, e(t) at 1.5ms. This means that there is a slow pole in Gcl(s) which does not
belong there. This pole originates from the fact that the zero z=-1884 contributed by the
controller C(s) does not cancel the pole p=-314 contributed by P(s) (gradient coil). From
above stated can be concluded that the zero contributed by the controller must cancel the
pole contributed by the gradient coil. Thus C(s) is not:

C ()
s

18~4 s + 1)
= -250430(
--="-----

C ()
s

= -250430(3i4s+1)
-----:.='---'-

s

but:

S

In this subsection the pole zero structure of C(s) is derived. C(s) is a PI controller. In
the next subsection K will prove not to be 250430, but another value derived from the performance criteria in [Cop95]. This could be expected since the Bode diagram is not accurate
as stated before.

3.3.2

C(s) according to Copley

Now that the structure of C(s) is known a further refinement of C(s) is possible. Unlike in the
former subsection, [Cop95] does not give a frequency characteristic which describes G(jw).
But in [Cop95] performance criteria like td and settling time, see figure 3.3, are defined for
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G cl (S ). Based on td in [Cop95], a final C (s) will be derived. Based on the final C (s) and a P( s ),
an analytical time domain response i(t) of Gcl(t) to a reference signal iref(t) = RT(T, AM, 0)
will be derived. The relation between the performance criteria in [Cop95] and the analytical
i(t) will become visible, resulting in a relation between C(s) and pes) on the one hand and
the performance criteria on the other hand. The performance criteria are presented in table
3.1. If the performance corresponding to a C(s) and pes) meets the performance criteria
presented in table 3.1, C(s) and pes) will be valid.

Final C(s)
The entries in table 3.1 are defined for zero td. According to [Cop95], the delay td is 50/Ls
and independent of the amplitude and rise time of a trapezium-like iref(t). In other words
td is independent of the slope B of a trapezium. This can be easily proven with the final
value theorem [vdV90] and (3.3). Consider iref(t) and i(t) in figure 3.3. The delay can be
considered to originate from a ramp response in steady state. With the final value theorem
eh can be computed, based on the number of integrators n in G(s), and the gain K of G(s).
Applying the final value theorem to e(s) with iref(s) = Bjs 2 a ramp with slope B, and n = 1,
leads to:

eh = lim s· iref(s) = lim sBj s2 = B
5-0 1 + K j sn
5-0 1 + K j s
K
Subsequently with (3.3):
(3.6)
and:
K

1

1

td

50/L

=- =-

= 20 000
'

(3.7)

From (3.6) it is obvious that td is independent of the ramp slope B. The delay td depends
only on the gain K. The gain K of G(s), is related to td by (3.7).
K proves thus to be 20,000 instead of 250,430 as derived in the former subsection. The
final C( s) is

20000(3~4s+1)

Cs=------"'-"-.:--()
s

Table 3.1: Performance criteria table.
relative current error
<1%
< 0.5%
< 0.1%
30

settling time
< 100/Ls
< 150/Ls
< 250 - 500/Ls
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3.3.3

Derivation of analytical i(t)

Now that C(s) is known an analytical i(t) can be derived from Gcl(S). P(s) will be assumed
a first order transfer. The output filters will be left out of P(s) because the gradient coil
contributes the most dominating pole to P( s). Adding the filters to P( s) makes deriving an
analytical i(t) very difficult. G(s) becomes:
G (s )

20000(3~4 S + 1)
1
= C ()
s P ()
s = - - - - - " - = - " - - - - -...,----S
3~4s + 1

20000
s

Gcl(S) becomes:
Gcl(S) = ~
s + PI
with PI = K = 20,000 the closed loop bandwidth. As it is know the response of Gcl(S) to
a trapezium-like iref(t), can be computed by computing the response of Gcl(S) to a ramp.
Therefore the response of Gcl(S) to a ramp with slope B will be computed and combined to
get a response of Gcl(S) to a trapezium-like iref(t) = RT(T,BT = AM,O). The response of
Gcl(S) to a ramp iref(t) with slope B is:

i(s)
i(s)

iref(s)Gcl(S)
B

=

s2

(3.8)

PI
S

(3.9)

+ PI

B a
a
---+--

i(s)

s2

(3.10)

s + PI

s

Transforming (3.10) to the time domain results in:

i(t) = Bt - a

+ ae-Plt

(3.11)

Now that the response to a rising edge (ramp) of a trapezium-like iref(t) is known, the
response which occurs during the flat top must be computed. The next equation:

i(t) = ~(t) - ~(t - T)

(3.12)

gives the response of Gcl(S) during the flat top with ~(t) equal to (3.11). Equation (3.12) is
based on remark 1. Substituting (3.11) in (3.12) gives:

i(t)

= Bt -

a

+ ae-Plt -

B(t - T)

+ a + ae-PI(t-T)

After neglecting ae-PIt, which term will be decayed at t

= T,

t 2: T

(3.13)

i(t) becomes:

i(t) = BT - ae-PI(t-T) t 2: T

(3.14)

Further combination of the ramp response (3.11) results in the response i(t) to a iref(t) =
RT(T, BT = AM,O):

i(t)

= Bt -

a

+ ae-Plt

o~ t ~ T

i(t) = BT(1 - ~e-PI(t-T))
BT
i(t) = 3BT - Bt + a - ae- PI (t-2T)
i(t) = ae- PI (t-3T)
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(3.15)

T

~

t

~

2T

(3.16)

2T

~

t

~

3T

(3.17)

t 2: 3T

(3.18)
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Define pc(t) as the function that relates the performance criteria to i(t). It is obvious that:
(3.19)
determines the settling time and the relative current error as presented in table 3.1. From
(3.3) it follows that:
(3.20)
This results in:
(3.21)
Thus the settling time depends on
current error depends on td/T.

3.3.4

PI

the closed loop bandwidth of Gcl(s). The relative

Relation between performance criteria and Gcl(s)

The relation between Gcl(s), and therefore C(s)P(s), and the performance criteria is known.
Still G cl( s) must be examined if it meets the performance criteria. This will be done by
substituting the entries in table 3.1 in the corresponding pc(t). Since the entries are defined
for td = 0, pc(t) must be delay corrected. This gives:
6

pc(t) = 50.10- e-20000(t+50/L)
10- 3
with td = 50 . 10- 6 ,
3.1 in pc(t) gives:

PI

= 20000 and

pc(100jLs)

T

= 1ms. Substituting the first two entries from table

= 50 . 1O-3e-20000(IOO/L+50/L) = 0.0025

::; 0.01

Above equations show that Gcl(s) meets the performance criteria based on a reference trapezium with rise time T = 1ms. Notice that Gcl(S) is verified only in one situation, namely for
T = 1ms. This is done because most simulations will be based on a iref(t) = RT(1ms, 600, 1ms)
and because it is impossible to verify Gcl(S) for all possible T.
Notice that Gcl(s) is based on a first order P(s) without output filters. Adding the output filters to P( s) may violate the performance criteria. To check this, simulations for G cl (s)
with and without output filters will be carried out and compared. The simulations with output filters will be carried out in the next subsection. The simulations without output filters,
thus for Gcl(S) = S~~~~~O, are depicted in figure 3.8. Figure 3.8(a) shows the response i(t) to
a iref(t) = RT(1ms, 600, 1ms) with i(t) almost an exact delayed copy of iref(t). Gcl(s) acts
as a delay. The corresponding maximum error e(t) is ±30A. If i(t) is corrected for the delay
td, the delay corrected error signal ec(t) and its time integral Ec(t) become as in figure 3.9.
The delay corrected error signal ec(t) shows peaks at the transition moments of iref(t).
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Error signal.

Reference signal and corresponding response (solid).
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Figure 3.8: Reference signal iref(t) and corresponding response i(t) (solid)
(a). Corresponding error signal e(t) (b).
Delay corrected error signal.

Time integral of delay corrected error signal.
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Figure 3.9: Delay compensated error signal ec(t) (a). Integral of delay compensated error signal Ec(t) (b).

33

4.5

5

x 10- 3

CHAPTER 3. MODEL AND REFERENCE SIGNAL DESCRIPTION

At the transition of iref(t) from zero to the rising edge, a negative ec(t) occurs. At the transition from rising edge to the top the same error occurs only with a positive sign. This can
be concluded from figure 3.9(b). After two peaks in ec(t), Ec(t) is zero. This result in zero
Ec(t) at the beginning of the iref(t) trapezium top. Thus if only at the top of the trapezium
RF samples are taken no errors are made in k-space since Ec(t) is zero at the top. Figure 3.9
shows a maximum ec(t) of ±l1A and a maximum Ec(t) of 8.10- 4 • The correction results in
a smaller range of the error signal.

3.4

Validation of Gcl(s)

In the former section C(8) is derived. Also Gcl(8) is derived based on C(8) and a first order
P( 8). This G cl (8) met the performance criteria. But G cl (8) did not include the output filters.
If after adding the output filters to P( 8), G cl (8) still meets the performance criteria, G cl (8)
and therefore C(8) and P(8) are valid.
To verify this, a simulink model of G cl (8), including the output filters, is constructed. Also a
ripple term is added which represents the ripple generated in the power modules. This model
is depicted in figure 3.10. The same simulations as in figure 3.8 and 3.9 will be carried out for

u(t)

5.7e9
s2+4.5e4s+5.7e9

2.3elO
s2+ge4s+2.3elO

LP1(s)

LP2(s)

Figure 3.10: Simulink model Gcl(8).
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Gcl(S) with output filters. If the simulations for Gcl(S) with output filters are upper bounded
by the simulations in figure 3.8 and 3.9, then Gcl(S) with output filters will be valid. The
results of the simulations of Gcl(S) with output filters are depicted in figure 3.11 and 3.12.

Real error and validation error (dashed).

Real response and validation response (dashed).
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Figure 3.11: Real response i(t) (solid) and validation response of Gcl(S) to
a trapezium reference signal (a). Real error signal e(t) (solid)
and validation error signal (b).

The dashed signals in figure 3.11 and 3.12 are taken from figure 3.8 and 3.9. The error signals
in figure 3.11 (b) e( t) are identical aside from the oscillations in the rising edges. These are
due to the resonance peaks of the output LC filters. The peak value of ec(t) in figure 3.12(a)
is approximately 6A. This is smaller than the 11A in figure 3.9(a). This is also a result of the
output filter resonance peaks. Due to these resonance peaks the bandwidth of Gcl(S) is higher,
which results in smaller ec(t) peak values. Subsequently the peak value of the time integral
Ec(t) is approximately 4 .1Q- 4 As instead of 8 .1Q- 4 As. Figure 3.12 shows that Gcl(S) does
not meet criterium (1.13). The maximum Ec(t) is a factor 40 larger than allowed according
to (1.13).
Based on these observations we can conclude that:

P(S)

= LP1(s)LP2(s)R(s)

derived in section 3.2, and:

3.7(3~4S + 1)

Cs=---'-"'''--''-----'-()

s

derived in section 3.3 constitute a Gcl(S) which meets the performance criteria defined in
[Cop95]. The gain in C( s) is 3.7 instead of 20,000 because R( s) contributes a gain of 5,400.
Gcl(S) is thus a representation of the gradient amplifier and gradient coil in a feedback configuration based on the performance criteria in [Cop95].
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Real cor. error and validation cor. error (dashed).
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Real Ec(t) and validation Ec(t) (dashed).
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Figure 3.12: Real delay compensated error signal ec(t) (solid) and validation delay compensated error signal (a). Real Ec(t) solid and
validation Ec(t) (b).

The open loop and the closed loop Bode plots of Gcl(S) are depicted in figure 3.13 and
3.14. The gain margin is 1.64 at 10.9kHz. The phase margin is 74.4 0 at 3.5kHz. The small
damping factor ( gives a resonance peak in the closed loop around 10kHz. This can result
in oscillations in the output i(t). The root locus plot of Gcl(S) is plotted in figure 3.15. The
12kHz output filter will give instabilities for increasing gain.
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Open loop Bode diagram Gel.
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Figure 3.13: Open loop Bode diagram of Gcl(jW).

Closed loop Bode diagram Gel.
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Figure 3.14: Closed loop Bode diagram of Gcl(jW).
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Root locus Gel.
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Figure 3.15: Root locus of Gcl(S),
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3.5

System properties

In this section some properties will be regarded concerning Gcl (s ). These properties will prove
to be important during this report.

3.5.1

Errors as a consequence of ripple d(t)

In section 3.2, the ripple term of (2.10) was neglected during determination of the transfer
function PWM(s). Define d(t) as the ripple tern with:

~ 700 (
d(t) = ~ n7T (1

n7T

2n7Tu*

2n7Tt)

+ cosn7T(l + 2 cos 2)) sin ----:w- cos 40.10- 6

(3.22)

To verify the effect of neglecting the ripple term d( t) the transfer function F(jw) from the
harmonics contained in d( t) to the error signal e( t) will be examined. F(jw) is defined as:

F(' )
JW

=

e(jw)
d(jw)

=

LP1(jw)LP2(jw)C(jw)
1 + 3.7C(jw)LP1(jw)LP2(jw)R(jw)

(3.23)

See figure 3.10 for the derivation of F(jw). The Bode plot of F(jw) is depicted in figure 3.16.
The ripple disturbance d(t) contains harmonics with frequencies of 100kHz or multiples of

Bode plot of transfer function from disturbance d \0 error e,
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10'
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Frequency(Hz)

a
~

'0

!-200
&.

-400 .

10'

10'

Frequency(Hz)

Figure 3.16: Disturbance transfer function from d(t) to e(t).

100kHz. Looking up the transfer for 100kHz harmonics in figure 3.16 gives IF(100kHz)1 =
-102dB. Define Th as the period corresponding to a 100kHz harmonic. The maximum
E(t), due to ripple disturbance d(t), appears if the duration of the trapezium-like iref(t) is
a multiple of Th plus Th/2. The time integral of the last half period of the first harmonic at
100kHz causes an E(t). In the worst case the amplitude of the first harmonic in d(t) is 222V.
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Since IF(100kH z)1 = -102dB = 8.10- 6 the upper bound for E(t) due to 100kHz ripple is:

mtx(E(t)) =

11

5
1'

8.10- 6 .222. sin

(~t)

dtl = 5.7.10- 9 As

(3.24)

The attenuation for the second harmonic at 200kHz is 132dB with maximum amplitude of
111 V. This results in a:

max(E(t)) = 4.4 . 10- 11 As
t

From these two results it is obvious that E(t), due to all harmonics in d(t) is far below lOflAs
and therefore negligible.
The margin between the actual max(E) and the allowed max(E):
10- 5 /5.7.10- 9

= 1754

can be used to increase the bandwidth of the LC filters, resulting in smaller filter elements.
In the present situation:

1F(100kHz)1 = -102dB = 8.10- 6
If the margin is used to broaden the bandwidth of the LC filters it is allowed that:

IF(100kH z)1

= 8 . 10- 6 . 1754

Substituting this value in (3.23) gives an amplification of 4.3dB instead of -61dB for:

ILPl(100kH z)LP2(100kHz)1
This means that each filter is allowed to attenuate:
(4.3 - 61)/2

~

32dB

less at 100kHz. As a result of this, the break frequencies ofLPI and LP2 can be (32dB /40dB) =
0.8 decade higher than the present values. Thus the margin on the allowed max(E) can be
used to increase the bandwidth of LPI and LP2 to respectively 75kHz and 150kHz, without
violating the allowed max(E) of 10- 5 As. Notice that this result is based on assuming just one
possible disturbance source, namely the ripple d( t). If there are multiple disturbance sources,
which contribute to E(t), the result of increasing the bandwidth for LPI and LP2 has to be
reviewed.
Another advantage of increasing the output filter bandwidth is a smaller influence on control
by the filters. A higher output filter bandwidth gives higher phase margins resulting in less
oscillatory transients.

3.5.2

Range of e(t) and ee(t)

It is necessary to know the ranges of e(t) and ee(t) during digital controller implementation.
Figure 3.11(b) shows that:
max(le(t)l)
t

= eh
40

t 2: 0
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The range of e(t) is thus determined by the error appearing during the rising or falling edge
of a trapezium-like iref(t). With:

the maximum le(t)1 depends thus on the maximum trapezium slope or ramp slope B = AM/T.
The maximum B depends on its turn on the minimum possible T and maximum possible
trapezium amplitude AM. The minimum possible T in combination with a desired AM, can
be related to the actuator output Ucoil(t) by the steady state coil relation:

di( t)
Ucoil(t) = Lc----;[t

.

+ Rcz(t)

(3.25)

Since the maximum actuator output is 350V, the minimum possible T for a desired AM with
a ramp i(t) = AMt/T gives:
350 2: 185 . 10- 6 AM

+ 60 . 10- 3 AM/T

resulting in:

T. (AM) >
ac

-

6

185 . 10- AM
350 - 60 .1O- 3 AM

(3.26)

and:
AM

<

350Tac

- 185 . 10- 6

(3.27)

+ 60 . 10- 3 T ac

Above equations relate the maximum possible trapezium slope B = AM/Tac with T ac based
on the maximum actuator output. The actuator bandwidth is not taken into account in (3.26)
and (3.27). The actuator bandwidth is related to B by pc(t):
pc(t)

= 50.10- 6 e-20000(t+50JL)
T

Substituting the first two entries of the table 3.1 in pc(t) gives:

o 01 _
.

0.005

-

50 . 10-

6

T

= 50.;0-

e-20000(lOOJL+50JL) ::::::}

50 . 10- ~ 0.2

e-20000(150JL+50JL) ::::::}

50 .;0-

6

6

T

6

~

0.27

resulting in:
50.10- 6
T

~

0.2 ::::::} T sc 2: 250/Ls

(3.28)

with T sc the minimum possible T based on the actuator bandwidth.
With (3.27) the maximum possible slope B becomes:

B

= AM <
T

- 185.10- 6
41

350
+ 60· 10- 3T

(3.29)
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Equation (3.29) shows a descending B for ascending T. Since T is lower bounded by T =
250j.ts gives the largest B and therefore the largest eh. According to (3.27) the maximum
AM = 438A for T = 250j.ts, resulting in:
6

438

eh = 50 . 10- - - = 88A
250j.t
Since eh occurs both positive and negative the range of e(t) is 176A. Since pc(t) is based on a
first order P(s), simulations based on P(s) with output filters will give more accurate ranges.
Simulations based on Get(s) with iref(t) = RT(250j.t, 438, 250j.t) gives figure 3.17 for e(t) and
ec(t). Figure 3.17 shows a maximum range of 40A for ec(t) and a range of 200A for e(t).
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Figure 3.17: Maximum possible e(t) (a). Corresponding maximum possible ec(t) (b).

Define range(x) as the range of the x. Thus

range(e(t)) = 200A
and:

range(ec(t)) = 40A
Notice that external disturbances are not taken into account computing these ranges. External
disturbances like temperature deviations may increase these ranges.

3.5.3

Ec(t) and required actuator output

A consequence of (3.26) is that Ec(t) can be related to the actuator output by:
(3.30)
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(3.31)
With (3.31) the required actuator output can be calculated for a desired maximum Ec(t).
Since criterium 1.13 is based on E(t), the required actuator output can be computed which
meets criterium (1.13). Also the closed loop bandwidth PI and the Ec(t) are related by (3.31).
Higher PI and longer T ac give a smaller Ec(t).
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Chapter 4

Digital controller design
There are many structures to realise a digital controller. A guideline for choosing a controller
structure can be the required resolution of AID and D I A converters. The intention is realising a digital gradient amplifier controller, based on the analog gradient amplifier controller,
in an inexpensive way. Considering the high accuracy based on (1.13), the most costly part
of the digital controller will be the AID and the D I A converters. Therefore required AID
and D I A converter resolution will be taken as a guideline for choosing a controller structure.
After the controller structure is chosen AID and DI A converter resolution will be determined on the basis of theories prescribing quantization step size E and the range of the signals
to be converted. Finally the digital controller sample time and an anti-aliasing filter will be
determined.

4.1

Digital controller structures

The general digital controller implementation structure is of the form depicted in figure 4.1.
The output signal i(t) is converted by an AID converter to the discrete signal i(k). In the

"ref(k) +
''-.
-

u(k)

e(k)

i(t)

u(t)

DIA

C(z)

P(s)

i(k)

AID

Figure 4.1: General digital controller structure.
computer e(k) = iref(k)-i(k) is computed and provided to the discrete controller or control
algorithm C(z), which is an discretization of C(s). The computer computes the discrete ac45
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tuator signal u(k). DIA conversion gives u(t), the continuous actuator signal which actuates
the process P(s).
Based on this structure range(i(t)) = 1200A. Suppose that, based on criterium (1.13),
an E( t) = 1.5JLAs is allowed only due to limited AID converter resolution or quantization
errors, besides other errors and disturbances. In the worst case the quantization error is E/2,
resulting in:

E=2

1.5JLAs
=lmA
3ms

The required number of AID converter bits

bad --

bad

based on

E

is:

fl og2 range(x(t))l
E

with range(x(t)) the range of the signal to be AID converted. An E = ImA with range(i(t)) =
1200A leads to a required AID converter of 21 bits. Such an AID converter is anything but
inexpensive.
Moving the AID converter from the feed back path to the error path gives the controller
structure in figure 4.2. Now e(t) instead of i(t) is converted by the AID converter. Since

iref (k)

iref(t) +
DIA

e(t)

u(k)

e(k)
C(z)

AID

-

u(t)
DIA

i(t)
P(s)

Figure 4.2: Digital controller structure.

range(e(t)) is smaller than range(i(t)) the required number of bits for the AID converter
fore the same required E is smaller. The smaller range( e( t)) gives a gain of:
1og2

range(i(t))
E

-

1
range(e(t))
og2
E

=

1
1200
b"
og2 200 ~ 2.6 zts

Depending on E the gain is two to three bits compared with the controller structure in fig 4.1.
In the E = ImA case the required number of bits for the AID converter in the error path
is 18, a gain of 3 bits. This choice requires an extra D I A converter in the reference path.
This extra D I A converter may cancel the bit gain because it is an extra cost and disturbance
source which contributes quantization errors.
The controller structure in figure 4.3 gives the possibility to gain more than three bits AID
resolution. Two blocks are added to the structure in figure 4.3 compared to figure 4.2. Added
are a block M(z), representing the discrete closed-loop model, and a block QC compensating
for quantization errors made by the DIA converter in the reference path. Notice that M(z)
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Figure 4.3: Extended digital controller structure.
and QC are in discrete domain, so possible to implement together with C(z) in a computer.
The input/output relation of QC is:
input = i(k)
i(k) mod fda = T}
if T} > O. 5fda output
else output = T}

= T} -

fda

with fda the quantization step size of the D/ A converter in the reference path. With this
arrangement, the quantization error due to D/ A conversion in the reference path, is not determined by the D/ A converter itself but by the number of bits in which the output of QC is
expressed. The quantization error made by the D/ A converter in the reference path is compensated by QC with the accuracy or resolution of ef(k). This means that the quantization
error due to D/ A conversion in the reference path is moved from the reference path to the
error path via the compensation block QC and ef(k). This gives the possibility to apply a
low resolution D/ A converter in the reference path if ef(k) is expressed in a large number of
bits. The shift of the D/ A quantization error to the error path, makes that the quantization
error made by the D/ A converter in the reference path can be considered in the same way as
the quantization error made by the A/D converter in the error path.

M(z) is a block added to limit the error signal to be A/D converted. If:
M(z)

=

C(z)P(z)

1 + C(z)P(z)

(4.1)

thus equal to the Z transformation of the dosed-loop transfer, and assuming the D/ A converter
in the reference path does not introduce quantization errors, this means QC is redundant,
and no external disturbance occur like process disturbances, than:
i(t)

= i(t)

and:
ea(t)

= i(t)

- i(t)
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resulting in:
(4.2)
Since ea(k)

= 0,

ea(k) is also zero, therefore (4.2) becomes:
e(k) = iref(k) - i(k)

If (4.1) holds the error signal e(k) is predicted by using M(z) and no AID quantisation is
needed. This is a gain of 21 bits! Unfortunately compensation via ea (t) for model errors in
M(z), quantization errors and measurement and process disturbances make the AID converter
indispensable. The range of ea (t) depends thus on above cited errors and is:

range(ea(t)) = max(li(t) - i(t)l) + max(lead(t)l)
t

t

with i(t) - i(t) the contribution to ea(t) due to normal dynamic behaviour of the system and
ead(t) the contribution to ea(t) due to above cited disturbances.
Using this design as digital controller structure, the performance will be analysed based on
converter resolution and sample frequency. The discrete time controller C(z) will be equal to
the controller C (8) in continuous time.

4.2

Analysis of quantization errors

Quantization errors occur in AID and D I A converters due to limited resolution. Converter
outputs can only take on values which are a multiple of the quantization step Eo Since criterium (1.13) is based on the time integral of e(t), the effect of quantization errors on e(t) and
E(t) will be analysed. The effect of quantization can be estimated by linear analysis [AW90].
The idea is to model the quantization errors as a disturbance. The errors may be modelled as
deterministic or stochastic signals. In a deterministic model, the error is modelled as a step
having amplitude E/2. In the stochastic model, the error is described as additive white noise
with a rectangular distribution. The quantization errors are assumed uncorrelated.
To analyse the effect of quantization errors with linear analysis, the AID and D I A converters
must be replaced by rounding quantizers Q and zero order hold blocks ZOH, see figure 4.4.
Also C(z) must be replaced by C(8). Since the quantization errors made by the D/A converter in the reference path can be regarded as moved to the error path via QC and ef(k),
ef(k), the model M(z) and the DI A converter are omitted. This is allowed if the quantizer
in the error path is regarded twice, one time for the quantization errors made by the AID
converter and one time for the quantization errors made by the D I A converter in the reference
path. The next step is to replace the quantizers by disturbance sources dq1(t) and dq2 (t), as
depicted in figure 4.5. In the following subsections the linear analysis of quantization errors
will be explained using figure 4.5.
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Figure 4.4: Equivalent digital controller implementation.

e( t)

+ +

+ +

f------+{ }------+l

Figure 4.5: Equivalent digital controller implementation with quantizers as
disturbance sources.

4.2.1

Linear analysis of quantization errors

Deterministic linear analysis of quantization errors

Assume that the quantization errors are deterministic and are modelled by disturbances dq1 (t)
and dq2 (t). Define the next transfer functions:

H ( ) = eq(s)
q S
dq ( s)
with Hq(s) the transfer from dq(t) to eq(t) and eq(t) the error signal e(t) due to quantisation
disturbance dq(t). The ZOH blocks in figure 4.5 with transfer function:
1 1 - e- sT•

Ts

s

are approximated using the second order Pade approximation:

e- sT• ~ 1 - sTs /2
1 + sTs /2

+ (sTs )2/12
+ (sTs )2/12

This approximation is used because it is easier to implement in matlab.
In the worst case dq(t) = E/2, a value precisely between two quantization levels. This effect can be regarded as eq(t) responding to a step dq(t) with amplitude E/2. Thus eq(t) is a
step response:

(4.3)
and:
(4.4)
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upper bounded by:
(4.5)
which gives the maximum possible leq(t)1 due to a dq(t) = E/2. This is a conservative approach
which may require a higher converter resolution than strictly needed. Translating (4.5) into:
(4.6)
gives a relation between
role in (4.6).

E

and criterium (1.13). Notice that the sample frequency plays no

Stochastic linear analysis of quantization errors

The stochastic analysis is based on the rms value of the accuracy required, this accuracy is
directly related to the noise present in the gradient amplifier. The stochastic method is based
on the power spectral density of dq(t) namely <Pdq (jw). The response eq(t) to a stochastic
signal dq(t) is related by:
(4.7)
with ll>eq(jw) the power spectral density function of eq(t). Since dq(t) is regarded as white
noise, its spectrum is white. Assuming the spectrum white till the half sample frequency, and
zero above the half sample frequency based on ideal anti-aliasing filters, (4.7) becomes:
(4.8)
with:

From (4.8) the next relation [MG90] can be derived:
(4.9)

With

(12

=

E[e q(t)2] the average power of eq(t), (4.9) becomes:
(4.10)

with (1 the rms value of eq(t). With (4.10) the required
value for eq(t) .
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can be computed for a given rms
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4.2.2

Quantization errors due to

AID and D IA

conversion

With the tools developed in the former subsection, the effect of the AID and D I A converters
in the controller structure will be analysed. Define the transfer functions from the disturbance
sources dq1 (t) and dq2 (t) to the error eql(t) and eq2(t) as:
H ( ) _ eq l(s)
ql s - dq1 (s)
H ( ) _ eq 2(s)
q2 s - dq2 (s)
with eql(t) and eq2(t) the error signal e(t) due to the disturbances dq1 (t) and dq2 (t). According
to a required accuracy the step size E will be computed for the the different converters. The
step size together with the signal ranges will result in the number of bits required for each
converter.
Quantization errors due to error path AID conversion

The disturbance source related to AID conversion in the error path is dq1 (t). The integrator
in C(s) makes dq1 (t) = -e ql(t) in steady state. Thus the disturbance due to AID conversion
is passed negatively to eq1(t), therefore (4.6) can be approximated by:

The last equation shows that the choice of E is time dependent. If in 3ms an error of 10JlAs
is allowed, an E = 6.7mA is required. The deterministic linear analysis does not give an
unambiguous E but gives a time dependent E.
The results of the stochastic linear analysis are presented in table 4.1 for different sample
times T s . These results are computed using matlab. The results in table 4.1 are based on
a required 1mA rms eq l(t). This rms value is chosen based on the rms value of the noise
present in the gradient amplifier and the Danfysik current sensor, which are 3mA en 1.2mA
rms respectively. An AID converter which is much more accurate in an rms sense than the
noise rms values is superfluous. The extra bits needed for the accuracy will be used to convert
noise which is undesired.
Table 4.1: Required
Ts
I H2

'a1

E

E

for 1mA rms eq l(t) for different T s •

40·10 -(j
60,227

80 ·10 -(j
52,091

120 . 10 -(j
50,391

160· 10 -(j
42,462

2.23mA

1.69mA

1.41mA

1.33mA

With M(z) a delay of 50Jls, the situation occurs where ea(t) = ec(t), ea(t) becomes the
delay corrected error as in figure 3.9(a). In other words, M(z) delays the reference signal
iref(k) such that there remains no delay between i(t) and i(t). The required E in table 4.1
51

CHAPTER 4. DIGITAL CONTROLLER DESIGN

Table 4.2: Required number of AID converter bits to achieve a ImA rms
eql (t), as a consequence of AID quantisation, for different T s with
M(z) a 50jLs delay.

bits for range(ea(t)) = 40A
and range( ea (t)) = range( ec ( t)) = 40A, gives the required number of bits for the AID converter presented in table 4.2.
The linear deterministic analysis gives no unambiguous bit resolution for the AID converter
in the error path. Based on the stochastic analysis a 15 bit AID converter is required for a
ImA rms eql(t) with M(z) a delay and range(ea(t)) = 40A. Notice that if M(z) is changed
such that range( ea (t)) becomes smaller, less bits will be required for the AID converter maintaining the same accuracy. Also if a different rms value for eql (t) is desired the number of
bits for the AID converter will be different.
Quantization errors due to D I A conversion in the actuator path

The noise source related to D I A conversion is dq2 (t). First the required number of bits for
the D I A converter based on the deterministic linear method will be calculated. Simulations
show:

(4.11)
this is due to a zero h q2 (t) after t=0.02. With this result (4.6) becomes:

resulting in:
€ ~

23.98mV

Since the range of the actuator is 700V, a 15 bit D I A converter in the actuator path is required. The linear stochastic analysis gives the results in table 4.3 for a desired ImA rms
eq 2(t).
Table 4.3: Required
Ts
I H'02
2
€

bits for range 700V

€

for ImA rms e q 2(t).

40.10- 6
1,934

80.10- 6
678

120.10- 6
493

12.45mV
16

14.87mV
16

14.24mV
16
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160.10- 6
391
13.84mV
16
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The deterministic linear analysis shows that, based on criterium (1.13), a 15 bit D/A converter is needed in the actuator path. The stochastic linear analysis shows that a 16 bit D/ A
converter, as presented in table 4.3, is required in the actuator path. Notice that the range
of the D/A converter in the actuator path is always 700V regardless of M(z).

Quantization errors due to reference path D / A conversion

As stated in the former section, not the D/ A converter in the reference path itself, but the
number of bits in which ef(k) is expressed, determines via QC the quantization error due
to D/A conversion in the reference path. In the present situation iref(t) is converted from
iref(k) by the Acquisition and Control unit, see chapter two, with iref(k) expressed in 16 bits
by a 18 bit D/ A converter. This 18 bit D/ A converter is used because it can reproduce its
output better compared to a 16 bit D/ A converter. D/ A converters with less bits have usually
worse reproducibility. This means that in the present situation quantization errors are made
in the reference path by a 16 (18) bit D/ A converter. The digital controller structure in figure
(4.3) gives the possibility to maintain this error with a D/ A converter with less bits, because
not the D/ A converter itself but the number of bits in which the output of QC and ef (k)
are expressed determines the quantization error due to the D/ A converter. The advantage of
the digital controller structure in figure 4.3 is that the present 18 bit D/ A converter can be
exchanged with a less expensive one maintaining the same accuracy. Notice again that D / A
converters with less bits have worse reproducibility in practice. Thus a compromise between
number of bits and reproducibility will lead to D/ A converter choice in practice.

4.3

Sample frequency

The controller output u( t) is provided to the pulse width modulators of the power modules, see
figure 2.4 and 2.5. The triangular wave period T z (subsection 2.2.1) plays an important role
in the determination of the sample time T s of the digital controller. As it is known, the output
of the power modules (actuator output) can change if and only if there is an intersection of
u(t) with the triangular wave Uz(t). From figure 4.6 it is obvious that updating u(t) has no
effect at moments that there is no intersection possible between u(t) and Uz(t). Therefore
T s is upper bounded by T z . The multi-phase principle is also subject to T s • The condition
for eliminating lower harmonics is a constant u(t) during T z or during multiples of T z . If
u(t) is not constant during T z or multiples, the multi-phase principle does not apply. The
lower harmonics will be present with all consequences. Since the multi-phase principle is of
significance and a much higher T s than T z has no effect regarding the possible intersections
of u(t) with Uz(t) a T s = T z = 40jlB or is = 25kHz is desired. Sample frequencies of 12.5kHz,
8.33kHz or 6.25kHz guarantee also the multi-phase principle. Based on this information a
25kHz sample frequency is obvious, but a 25kHz sample frequency can be too low compared
to reasonable sample frequencies according to [AW90]. Reasonable sample frequencies would
be ten to thirty times the closed loop bandwidth. In this case, sampling frequencies between
100kHz and 300kHz would be reasonable, since the closed loop bandwidth is about 10kHz, see
figure 3.14. But these sample frequencies are much too high to follow for the power modules
as stated above, and the multi-phase principle does not apply for is higher than 25kHz.
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Figure 4.6: Triangular wave period T z limiting T s .

4.4

Anti-aliasing filter

To prevent the AID converter (sampler) from aliasing an anti-aliasing filter must be implemented before the AID converter in the error path. An ideal anti-aliasing filter is a low pass
rectangular filter with a cut off frequency equal to the Nyquist frequency. In this case the
sample frequency is 25kHz, thus the Nyquist frequency is 12.5kHz.
Bessel filters have [AW90] linear phase curves. Filters with a linear phase do not distort
signals much. Therefore the Bessel filters are common in high performance systems. A second order Bessel filter is of the form:

B(s) _
- (slwf)2

1.61

+ 2.21slwf + 1.61

with W f the desired filter bandwidth. To prevent the Bessel filter from influencing the openloop cross over frequency, wf is usually taken more than ten times larger than the open-loop
cross over frequency. The open-loop cross over frequency is around 3.5kHz, see figure 3.13.
This would mean that the Bessel filter bandwidth should be larger than 35kHz. This is much
to high compared to the sample frequency 25kHz. This would mean that the Bessel filter
would not prevent aliasing. This method gives no result.
Assume that iref(k)

= iref(t)

and that:

M(z) = Z [

C(s)P(s) ]
1 + C(s)P(s)

the Z transformation of the closed-loop transfer. Inspecting the controller structure in figure
4.3 shows that,
(4.12)

54

4.5. INTERPOLATION FILTERS

based on the assumption that M(z) is the Z transformation of the closed-loop transfer. A
Bode plot of (4.12) shows this transfer function gives attenuations larger than 500dB for all
frequencies. This means that there will be no aliasing due to iref(t). The only sources for
aliasing will be (external) disturbances. Based on this knowledge, the Nyquist frequency of
12.5kHz is no more a strict limit. A Bessel filter with bandwidth lower than 12kHz leads to
more oscillatory behaviour of i(t) due to decreasing phase margin in the open-loop. A Bessel
filter with bandwidth much larger than 12kHz will not attenuate (external) disturbances
enough resulting in aliasing. Simulations show that a 15kHz Bessel filter gives less oscillatory
behaviour of the output i(t) compared to the 12kHz Bessel filter. The small difference in
attenuation between the 12kHz Bessel filter and the 15kHz bessel filter, a factor 1.5 for
frequencies above 15kHz, and the less oscillatory behaviour of i(t) due to the 15kHz filter
compared with the 12 kHz filter, makes the 15 kHz second order Bessel filter a good comprise
for the anti-aliasing filter:

B(8) _
1.61
- 1.13.10- 10 8 2 + 2.35 . 10- 5 8

+ 1.61

If one of the output filters would be exchanged with the anti-aliasing filter, the decrease of the
phase margin in the open loop would be less, resulting in less oscillatory behaviour compared
to the situation with two output filters and an anti-aliasing filter.

4.5

Interpolation filters

To smoothen the D/ A converter outputs, they need to be filtered, by an interpolation filter.
An ideal interpolation filter is equal to an anti-aliasing, a low pass rectangular filter with
cut off frequency equal to the Nyquist frequency of 12.5kHz. Observing figure 3.14, shows
a resonance peak at 10.8kHz of magnitude 1.58 in the closed loop. Taking a second order
Bessel filter with attenuation 1/1.58 at 10.8kHz gives the interpolation filter 1( 8):
1 (8

-

) - 2.44 . 10- 10

1.61

+ 3.45 . 10-5 + 1.61

with bandwidth 10.2kHz. The interpolation filter damps the resonance and is close to the
Nyquist frequency. The 1(8) introduces a delay t[ of 15.6fL8 according to [AW90]. But simulations show that t[ = 21.55, therefore ef(k) has to be delayed with t[.
This 1 (8) is for the D / A converter in the reference path. The D / A converter in the actuator path does not require an interpolation filter since its output is directly provided to the
power module PWM.
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Chapter 5

Simulations
In the former chapters the performance of the present analog gradient amplifier is dealt with
and a digital controller structure is developed. In this chapter the performance of the digital
controller will be analysed.

5.1

Simulink model description and performance

Figure 5.1 shows the simulink model for the controller structure in figure 4.3. Define Gd(S)
as:
i( s)
Gd(S) =. ()
zref

S

the transfer function of the digital simulink model in figure 5.1. G d( s) is defined in continuous time because the error in continuous time is desired. The D j A converters and the AjD
converter are presented by a quantizer and a saturation block in the model. The saturation
presents the range of the converters since the range of the converters can not be entered in
the quantizer block. Only E can be entered in the quantizer blocks. To explain the model it is
best to start at the input where a repeating sequence block is depicted. This block generates a
continuous iref(t) = RT(lms,600A, 1ms). By leading iref(t) trough a zero order hold block,
iref (t) becomes discrete in amplitude. The sample time of the zero order hold is T s = 40j.ls.
Quantization of iref(t) makes iref(t) digital within a range of ±600A, by the saturation block.
The saturation block output iref(k) is provided to the model M(z), also with sample time
T s . Quantizerl and the saturation1 block after M(z) represent the DjA converter in the
reference path with output i(t). Block sum5 and quantizer4 represent QC. The output of
sum6 is ef(k). I(s) is the interpolation filter with a delay block above it to compensate for tI.
B(s) is the anti-aliasing Bessel filter, quantizer3 and saturation2 represent the AjD converter
in the error path. C( z) is the discrete version of C( s) with sample time 40j.ls. Quantizer5 and
saturation3 represent the D j A converter in the actuator path. The ripple has a 1ms delay
because the rising edge of iref(t) is chosen such that it starts at t = 1ms. The zero order
hold and I( s) introduce extra delays such that td becomes 101j.ls instead of 50j.ls
The controller C(z) is based on a Tustin transformation of C(s) with sample time 40j.ls,
and is:
C(z) = 3.724z - 3.676
z-l
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Transport ripple d
De1ay1
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Figure 5.1: Simulink model for the digital controller structure.

5.1.1

Performance digital Simulink model Gd(s)

Figure 5.2 shows the performance of Gd(S) without quantizers. M(z) is 50/1s. The quantization errors are left out of consideration to compare the ideal case later to the case with
quantizers. Also the error in the analog case (dashed) is depicted in figure 5.2(b). The error
in the digital case is larger than in the analog case. This is due to the longer delay. The delay
corrected error and its integral are depicted in figure 5.3. The delay corrected error has peaks
of ±1.5A, this is much smaller than in the analog case with peaks of 5A, therefore IEc(t)1 is
at most 60/1As compared to 400/1As in the analog case.
Figure 5.4 shows the same situations except for M(z). M(z) is the closed loop model. The
delay corrected error in figure 5.4(b) is much larger than in the case where M(z) is just a
delay. This is due to the fact that Gd(S) is not equal to Gcl(S), The applied modifications
to the system results in unequal Gd(s) and Gcl(S), Therefore M(z) is assumed a delay from
now on.
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Error continous and digital (solid) case.

Reference and output signal (solid)
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Figure 5.2: Reference and output signal (solid) Gd(S) (a). Corresponding
error signal e( t) and error signal in analog case (dashed) of G cl (s )
(b).

5.2

Influence of D / A resolution in reference path

To examine if not the D j A converter in the reference path, but QC and the resolution of
ef(k) determine the quantization error of the DjA converter, some simulations will be carried
out. All quantizers will be assumed ideal except for the D j A converter in the reference path.
Simulations for 10 and 13 bit D j A converter are depicted in figure 5.5 and 5.6
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Figure 5.3: Delay corrected error ec(t) of Gd(S) (a). Corresponding Time
integral Ec(t) (b).
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Figure 5.4: Error signal of Gd(S) with M(z) closed loop model (a). Corresponding delay corrected error (b).
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Figure 5.5: Delay corrected error for 10 bits DI A converter (a). Corresponding Time integral Ec(t) (b).

Error integral 13 bits DIA.

Error 13 bits D/A.

1.5

0.5
~

01------111
-0.5

-2

-,
-4

-1.5

-60L---:O:':.S'--~'--1:'::.S---=----::2'=-.S--':----=3'=-.S
-~---=4.'=-S~s

-20:---0:':.5'--~---:':'::.S-~---=2.'=-S
--:----~3.-=-5-~-4c'-:.S'---:'S
Time (S)

x 10-3

Time (5)

(a)

(b)

Figure 5.6: Delay corrected error for 13 bits D I A converter (a). Corresponding Time integral Ec(t) (b).
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These figures show different responses for different D I A bit resolutions. This means that the
assumption that not the D I A bit resolution but ef (k) resolution determines the quantization
errors does not apply. This assumption would apply if no transition from discrete time to
continuous time domain took place. The interpolation filter, the bessel filter and the AID
converter distort the D I A converter output so that it is not any more as assumed. Therefore
the correction via QC is not adequate any more.

5.3

Required converter resolution

In this section simulations for all converter bit resolution equal to each other will be carried
out. Bit resolutions 12, 14 and 16 will be examined. For the 12 bit case, figure 5. 7(b) shows
an increasing error integral after t ~ 4.6ms, although the reference signal is zero for a.6ms.
This is mainly due to the limited resolution of the D I A converter in the actuator path. In
this situations the error is unequal to zero but not enough to cause the D I A converter to give
an output unequal to zero. This results in open loop behaviour of the gradient coil causing
a slow decaying error signal. In the 14 bit case, figure 5.8 shows no more an increasing error

Error integral all converters 12 bits.

Error all converters 12 bits.
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Figure 5.7: Delay corrected error with all converters 12 bits (a).
sponding Time integral Ec(t) (b).

Corre-

integral after t ~ 4.6ms. At t = 5ms the error integral is not equal to zero as in the analog
case but equal to 8ILAs. This is due to fact that the error in interval t = [2.5.10- 3 ,3.10- 3 ] is
unequal to zero, causing an increasing error integral in that interval. But 8ILAs is acceptable
since it is smaller than the allowed lOILAs if no other disturbances occur. Figure 5.9 shows
the situations where all converters are 16 bits. In this figure no increasing integrals around
t = 5ms appear. Also the error integral is a.2ILAs at t = 5ms.
Above simulations show that 14 bit converters are acceptable. In the next section it will
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x 10-'
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Figure 5.8: Delay corrected error with all converters 14 bits (a).
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appear that from a robustness point of view, 14 bit is one bit to short.
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Error integral all converters 16 bits.

Error all converters 16 bits.
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5.4

Robustness based on number of converter bits

Up to now the reference signal was always iref(t) = RT(lms,600A, 1ms). To examine if the
converters performance is robust to a change of reference signal amplitude, two simulations
for iref(t) = RT(lms, 599A, 1ms) will be carried out. One for all converters 14 bits and one
for all converters 15 bits. The results of the simulations are depicted in figure 5.10 and 5.11.
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Figure 5.10: Delay corrected error with all converters 14 bits, with 599A
reference signal amplitude(a). Corresponding Time integral
Ec(t) (b).

Figure 5.10(b) shows the same phenomenon as in figure 5.8. Except in this case the error
integral at t = 5ms is not acceptable. It is 20{LAs. In figure 5.11, the simulation results with
all converters 15 bits are depicted. The figure shows an error integral of 2{LAs at t = 5ms,
which is acceptable. In the former sections 14 bit converter resolution seemed to be adequate.
But these simulations show that 14 bits is not robust to reference signal amplitude changes,
therefore the converter resolutions must be 15 bits.

5.5

Most significant converter

In the former section it was stated that all converters had to be 15 bits. But not all converters
are of the same significance. Two simulations are carried out with the AID converter in the
reference path 15 bits, and the other converters 14 bits for a 599A and 600A reference signal
amplitude. The first simulation, the 599A case, gave an error integral of 2{LAs at t = 5ms.
The second simulation gave an error integral of 8{LAs at t = 5ms. Thus a lower number of
bits for the AID converter and D IA converter in the actuator path is acceptable, in contrast
to a lower number of bits for the D I A converter as appeared in the former section. This is not
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Error integral all converters 15 bits A;599.
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Figure 5.11: Delay corrected error with all converters 15 bits, with 599A
reference signal amplitude (a). Corresponding Time integral
Ec(t) (b).

surprising since the D IA converter in the reference path and the AID converter have a direct
influence on the error signal, as stated in the former chapter. Since the range of the AID
converter is much smaller than the range of the D I A converter in the reference path, resulting
in smaller E for same number of bits, the influence of the DI A converter in the reference path
is more noticeable.
From above stated, it results that a 15 bit D I A converter in the reference path, a 14 bit
AID converter and a 14 bit DI A converter in the actuator path are required.

5.6

Error integral at trapezium top

Figure 5.12 shows the error integral for a iref(t) = RT(lms,600A,lms) in the analog case
(dashed) and in the digital case for a 15 bits DI A converter in the reference path, a 14 bits
AID and 14 bits D IA converter in the actuator path. In the analog case the error integral is
faster within a error band of !10/l,Asl compared to the digital case. The error integral in the
analog case also stays at zero, in contrast to the digital case where the error integral increases.
For a longer trapezium top the error integral will become larger than lOJLAs.
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Detail of error integral.
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Figure 5.12: Detail of error integral digital and analog (dashed) case.
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Conclusions and recommendations
6.1

Conclusions

Controlling the gradient coil current is a very delicate and sensitive problem if a maximum
error of 11OJ.lAsl at all time instants is allowed. The present analog gradient amplifier does
not meet this criterium during an entire gradient but only at the top. Since sampling of RF
signals usually occurs at the top, not meeting the criterium at the edges of the gradient is
therefore not decisive. However, if sampling at the gradient edges is required resulting in good
image quality, the 110J.lAsl is much to strict since errors of 400J.lAs occur during the edges.
The delay correction is also a very sensitive problem. If the delay correction is not exact, a
constant error between reference signal and output will be present during the edges, resulting
in increasing error integrals during the edges.
The defined criterium is not met by the digital controller design. Also the designed digital controller performs not as well as the present analog controller. Especially during the top
of a gradient. In the analog case the error integral at the top becomes zero, in contrast to
the digital case where the error integral increases or decreases due to limited AID and D IA
converter resolution. A second complicating factor is the fact that errors due to limited converter resolution are time dependent. The longer a gradient top, the larger the error integral
becomes. But during the edges of a gradient, the error integral is a factor ten smaller than
in the analog case.
Initially, the required AID converter resolution was considered as a bottleneck. But placing the AID converter in the error path instead of the feedback path, the required range of
the AID converter was decreased, in exchange for an extra D IA converter in the reference
path. Applying a structure QC to compensate for quantization error due to the D I A converter in the reference path, so that a low resolution D I A converter could be applied, did not
work, resulting in a required extra fifteen bits D I A converter in the reference path. But by
applying this extra D IA converter a common AID converter of fourteen bits can be applied
instead one of twenty one bits. Also a fourteen bit D I A converter is required in the actuator
path. The most significant converter is the D I A converter in the reference path. Quantization
errors due to the D I A converter in the reference path, directly effect the error signal, just
like the AID converter. Because the D IA converter in the reference path has a larger range,
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it effects the error more noticeable than the AID converter for the same number of bits. Reproducibility requirements for the converters may require higher resolution converters, since
higher resolution converters have better reproducibility. If higher converter resolutions are
required due to reproducibility, the converters become less common.
Compared to the analog controller, an extra AID converter and an extra D IA converter
in the actuator path are required, resulting in less performance. Why applying a digital controller ? A digital controller is more flexible and replaces a lot of electronics, leading to a
higher integration level. It is also less sensitive to EMC. The question if a digital controller
must be applied, is a compromise between image quality and the above cited advantages.

6.2

Recommendations

The performance of the MRI system is measured on the basis of the errors made in k-space.
What is more obvious than controlling the k-space directly by controlling the integral of the
error instead of the error. Digital controller structures with double integrators are appropriate for this purpose. The attenuation of the output filters is high compared to the needed
attenuation. Leaving one of the output filters out of the gradient amplifier will give more
room for controller design.
Another concept is not controlling but measuring in k-space. In this concept the position
in k-space is measured. If a desired position is reached a signal to the RF sampler is send.
According to this signal a RF sample is taken at the right k-space position.
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