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ABSTRACT

CONSTRAINED, REDUCED ORDER, STATE
ESTlMAnON FOR CHEMICAL PROCESS
CONTROL
by Maarten Nauta
Chairperson of the Supervisory Committee: Professor Prof.dr.ir. A.C.P.M. Backx

Department of Control Systems

To monitor or control states of a chemical process that are not directly measurable a state
estimation algorithm can be used. State estimation algorithms use process measurements
and an internal model of the process to give estimates of these states. A widely used
estimation algorithm is the Kalman filter which can be extended for estimation of nonlinear processes. To be able to incorporate knowledge about process constraints in the
estimation algorithm an optimisation based moving horizon estimation (MHE) algorithm
can be used.
In this project the use of these algorithms is investigated for state estimation for two testcase chemical processes: an expandable polystyrene (EPS) polymerisation process and a
slurry-loop polyethylene polymerisation process. In addition methods which simplify the
tuning of these estimators are described and a way to reduce computational demands by
using reduced-order models is explored.
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1
1.1

INTRODUCTION

Introduction

To improve efficiency and flexibility the chemical process industry makes increasing use
of advanced control techniques for process control. An important concept in these
advanced control techniques is the use of a model-based control algorithms. This type of
algorithms employs a model of the process to predict and optimise process operation. The
advantage of model based control algorithms is that they aIlow a structured control design
method of which the control goals can be related to economic objectives.
Advanced control algorithms require accurate feedback from the process that is to be
controlled. Accurate feedback from the process can improve control performance as this
allows to control algorithm to respond more accurately to the process dynamics. This
requires the ability to determine and track the current state of the process. To accomplish
this knowledge about the process in the form of a process model can be combined with
measurements from the process to yield an estimate of the current state. This estimate can
be used to control a non directly measurable part of the process state.
In addition the use of state estimation allows the alignment of a rigorous model with the
actual process. This is accomplished by using the estimated process state as the state for
the rigorous model. The alignment between process and rigorous model makes the online
derivation of accurate linear control models possible. This, in tum, improves the
performance of a model-based control algorithm.
The determination of a state estimate from a set of measurements is known as state
estimation. In this thesis we will investigate the application of state estimation algorithms
for use in control of chemical processes. In order to arrive at the motivation and problem
statement of this thesis we will now present a short overview of advanced process
operation and the role of state estimation therein. Also a brief overv iew of the two
chemical processes which are used as test-cases for state estimator design will be given.

1.2

Advanced process operation

Chemical process operation is motivated by a number of considerations. These include
economic motives, safety requirements and environmental regulations. These motivations
and constraints impact all levels of operation: from production and requirements planning
towards scheduling and online dynamic process control. Advanced process operation is a
way of optimising the manner in which the process is operated in accordance with these
motivations and subject to these constraints.
An advanced process operation scheme consists of a hierarchy of planning and control
levels. At the top level long term, plant-wide, strategic planning is implemented. The
decisions at this level are translated at a lower level into more specific, smaIler scale goals
which are adjusted more frequently in a more decentralized manner. At the bottom end of
this hierarchy is the dynamic control scheme which implements the real-time control of a
process within the plant. The dynamic control scheme itself consists of a number of levels.
The advanced control algorithm sets the targets for the lower level distributed control
system (DCS) which translates these into set points for the low level PID controllers.
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At the highest level the plant-wide production strategy is determined. This strategy is
dependant on corporate objectives. Typical considerations to be made are what type of
products to produce in what quantities to profit from the current market environment.
At the scheduling level the production goals are placed into time frames and the
requirements to meet the production schedule are determined. Ultimately production
schedules for the various production lines in the plant are obtained.
The production schedule is used by the high-level dynamic control algorithm to implement
the short and medium term production goals by specifying references for the process to
which the DCS will direct the process.
1.3

Advanced control

A typical advanced control set-up is comprised of a central high-level control algorithm
and a DCS. The schematic control loop for this set-up is shown in Figure 1.

Reference
trajectories
High level
Controller

References

Process
Inputs

DCS

~

Process
OUlputs
Process

Figure 1 Advanced control setup

The references for the advanced control algorithm are obtained from the production
schedule and include information about which types or qualities of product are to be
produced or which nominal operating trajectories are needed to arrive at these qualities or
product types. References passed to the DCS are targets for specific process variables. The
sampling time of the high-level controller is generally slower than that of the DCS.
The high-level controller can be a model-based, predictive control (MPC) system. Model
predictive control is a control strategy which uses a process model to predict and optimise
a trajectory. This trajectory is implemented by providing the DCS with references.
Feedback from the process allows the high level controller to respond to disturbances by
re-evaluating and re-optimising the trajectory.
1.4

State estimation

The role of the state estimation algorithm within the process control set-up is to provide the
high-level control algorithm with an estimate of the current state of the process. This
estimate can be used to apply feedback control directly to a state. This is useful as it allow
a performance measure which is related to this state to be controlled directly. In the case of
2
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a chemical process this means that product specifications, being process states, can be
controlled. Direct control of product specifications provides a way to translate production
goals into a control strategy.
In case of a model predictive control algorithm it can also be used to align the internal
model with the process. This alignment is important, as the performance of the MPC
controller is dependant on the ability of the internal model to predict future process states.
This ability is determined by both the accuracy of model and the accuracy of the estimate
of the process state. The relation between the state estimator and the high level controller is
shown in Figure 2.
Reference
trajectories

State estimate
for mon~oring

State estimate

High level
Controller

State Estimation

References

Process
Outputs

Process
Inputs
Process

DCS

Figure 2 Relation between state estimation and advanced control

A state estimation algorithm uses observations to determine the estimate. In the case of a
physical process these observations take the form of measurements of the process, which
are obtained from sensors. As the ability to measure states by means of placement of
sensors is limited both by physical and economic considerations only a specific number of
observations can be made. Typically the number of process states is larger than the number
of measurements. In addition, the measurements are often corrupted by noise which limits
their accuracy.
Noise

Inpuls

Measurments

DUpuIS
Process

+

Figure 3 Process with additive measurement noise

To take advantage of the knowledge about process dynamics a state estimation algorithm
can make use of a model of the process. The model can be used to make each estimate
consistent with the model dynamics. This leads to increased accuracy of the estimates and
can be used to counteract the effects of measurement noise.
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1.5

Literature on state estimation

There is a vast amount of literature available on state estimation, both on the mathematical
foundations as on practical applications. Work on state estimation is based on Bayesian
probability theory and was pioneered by Wiener in 1947 and R.E. Kalman in 1960. Wiener
used correlation information as a basis for the derivation of the optimal Wiener filter.
Kalman applied similar principles to state-space models to arrive at the well-known
Kalman filter [10]. While early applications were mainly in the field of aerial navigation
and tracking, filtering and state estimation have use in a wide variety of applications in the
fields of communications, control, signal processing, econometrics and geophysics.
The Kalman filter is the most widely used estimation algorithm and numerous extensions
and adaptations have been developed. The Extended Kalman Filter [4] uses linearisations
of a non-linear model to extend Kalman filtering towards non-linear estimation.
More recently, around 1990, optimisation based finite horizon filters have been developed
[5]. These filters allow the inclusion of constraints in the estimation problem. Over the last
few years the focus has been on robustness, dynamic resolution filters and hybrid systems.

1.6

Test cases

Two chemical processes will be used as test-cases for state estimator design and the
evaluation of different estimation algorithms: a polystyrene batch reactor and a slurry-loop
High Density Polyethylene (HOPE) reactor. These two processes both stem from the
polymer industry. A detailed description of both processes is contained in chapter 2.
The polystyrene batch process is used to produce expandable polystyrene, which is a
common thermoplastic used e.g. for packaging, consumer goods and for construction. In
the test-case process an initiator is used to start a free-radical reaction whereby styrene
monomer reacts to form polystyrene. During this process a blOW-Up agent, pentane, is
suspended in the polystyrene to create expandable polystyrene (EPS). The reaction occurs
in a single polymerisation reactor, which is cooled to transport the heat-flow from the
exothermic process.
The slurry-loop polymerisation process is an emulsion polymerisation process which
produces High Density Polyethylene (HOPE). This reaction takes place in a loop reactor,
whereby the reactants are in the solution and the solid polymer product is tapped of. The
slurry-loop process allows the production of HOPE at low pressure and low temperature by
using a catalyst to facilitate the polymerisation reaction.

1.7

Problem statement

In this thesis the use of state estimation for advanced chemical process operation will be
studied. This will be done by examining the performance of state estimation algorithms in
the two chemical process test-cases. Using these two test-cases a number of current issues
related to implementation of state estimation algorithms will be investigated. These issues
are outline below.
Many states in a chemical process are constrained by physical limits. This knowledge can
be exploited by using a state estimation algorithm, which can generate estimates which are
consistent with these limits. Not only can this improve the accuracy of estimates but it can
also prohibit estimates, which produce unpredictable results when used with models of
4
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which the operating range is limited to these physical constraints. To use this knowledge,
however, additional complexity must be introduced into the estimation algorithm.
A problem associated with online implementation of algorithms in general is the
computational complexity. Due to the sampling time a limited time window is available in
which the algorithm has to produce its results. For state estimation algorithms a method
which can be used is to simplify the internal model of the estimation algorithm. Using a
model with smaller complexity will reduce the amount of computations required at each
sampling instant. The cost of this reduced complexity is the reduced accuracy of the model
and thereby the estimate. Through online model reduction we will try to reduce that part of
the model which has the least amount of influence on the accuracy of the estimation
algorithm at the current operating point.
Finally, an important task when implementing a state estimation algorithm which uses
process disturbance characteristics is tuning the algorithm. Tuning is complicated as the
real process disturbance characteristics are often not well known. This leads to timeconsuming iterative design procedures whereby tuning parameters are repeatedly manually
adapted to improve filter performance. We intend to simplify this tuning process by using
process data to assist in finding the disturbance characteristics
The main goals of this project can be summarized as follows:

•

To implement state estimation algorithms and use them for estimation on the two
test case processes

•

To make a comparison ofthe performance of different state estimation algorithms
for chemical process control.

•

To investigate the use of reduced-order estimation techniques.

•

To find intuitive tuning methods for the estimation algorithms.

•

To investigate the merits of constrained state estimation for chemical process
control

Although there are a number of other factors which influence the performance of state estimation algorithms in practical applications, such as for example robustness of the
internal model or the presence of unknown deterministic disturbances, these will not be
investigated in this project.

1.8

Approach and Report Outline

In Chapter 2 an overview of the two chemical processes that will be used as test cases will
be given. The chemical reactions involved in these processes as well as how these
processes are implemented and operated in industry will be presented. The state estimation
problem for these processes will be formulated.
In Chapter 3 linear estimation theory will be treated, as many concepts from linear
estimation theory are applied to the non-linear estimation problems that are studied in this
thesis. The general formulation of an estimation problem is used as a starting point from
which the recursive formulation of state estimation algorithms for linear systems is
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derived. In addition, the moving horizon estimation problem will be formulated and an
optimisation based algorithm will be shown that solves this problem.
Chapter 4 extends the linear algorithms from the previous chapter towards use for nonlinear estimation problems. The difficulties associated with the non-linear problem are
discussed.
The problem of tuning the state estimation algorithm is presented in Chapter 5. In order to
find an optimal tuning the process noise characteristics have to be identified.
In Chapter 6 the concept of reduced-order filtering is explored. The relation between
reduced order models and the Kalman filter equations are presented and criteria for model
reduction are given.
The design and evaluation of state estimators for the test cases is treated in Chapter 7. This
chapter presents the main results of this project in the form of computer simulations. The
estimation algorithms are applied to non-linear models of the test cases for a number of
simulated trajectories. These simulations also show the consequences of using reduced
order models in the estimator and of using constrained estimation algorithms. Finally the
application of a tuning method for the Kalman filter is shown.
In Chapter 8 conclusions will be drawn regarding the performance and suitability of the
proposed estimation algorithms in relation to the studied test cases. Finally,
recommendations will be made to improve performance and ease-of-use of state estimation
algorithms for chemical process control.

6

7

2

TEST CASE DESCRIPTIONS AND ESTIMATION PROBLEM
FORMULATIONS

2.1

Introduction

As test cases for non-linear state estimation models of two polymerisation plants will be
used: a batch polystyrene (PS) reactor and a slurry-loop High Density Poly Ethylene
(HOPE) reactor.
Polymerisation processes are used in the chemical industry to produce polymers. These
polymers, molecules which consist of long chains of carbon atoms, can be used in a wide
range of applications. The different types of polymers have a wide variety of material
properties. By selecting the reactants and the reaction circumstances polymers with desired
properties can be obtained.
Polymers are constructed in a number of ways. Typically a quantity of a small carbon
based molecule, the monomer, is chained together by means of chemical reactions. These
reactions can started by exposing the monomer to free radicals which can initiate a chain
reaction. Alternatively, a catalyst molecule can be used which can provide active sites at
which the reaction can occur.
In industrial applications, these reactions are carried out in polymerisation reactors. Both
continuous and batch operation can be employed depending on the application. Monomer,
initiator and additional components are inserted in the reactor. Polymer products are often
be extracted as a separate phase. Properties of the produced polymer are dependant on
different amounts of reactants in the reactor during the reaction and the circumstances
under which the reaction was performed. To produce polymer with desired properties these
parameters, which evolve during the reaction, can be actively controlled.
To control these properties during the process we have to have insight in how these
parameters evolve during the reaction. This leads to the estimation problem formulation for
the test cases, whereby we specify which measurements are used and which parameters are
to be estimated.

2.2

Overview

In this Chapter the two test-case processes will be treated. First we will look at the
chemical reactions involved in the polymerisation process. Subsequently the industrial
implementation will be examined, and its operation will be examined from a control
perspective. Using computer simulation of a rigorous model of the process we will study
some open-loop responses and nominal operating trajectories. Finally, the estimation
problem will be formulated for each of the processes.

2.3

Polymerisation reactions

Polystyrene polymerisation
The polymerisation process which produces the polystyrene is a free radical vinyl
polymerisation reaction. The initiator decomposes thermally to form free-radical initiator
molecules. The free radicals are able to break the double bonding of the ethylene from the
7
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styrene monomer molecules. This starts a chain reaction which leads to the forming of the
polystyrene chain.

Figure 4 Styrene polymerisation

Table 1 Styrene polymerisation reactions
Styn'IH.' Polymerisatioll Reactiolls

Initiator decompostion

Iz ~ 21.

Initiation

I. + CsH s ~ I CsH s•

Propagation

I(CsHs)n. + CsHs ~ I(CsHs)n+l·

Chain Transfer
to monomer
Termination
by combination

I(CsHs)n· + I(CsHs)m· ~ I(CsHs)n+m1

by disproportionation

I(CsHs)n· + I(CsHs)m· ~ I(CsHs).H+ I(CsHs)m_ICsH7

Before, during or after this reaction a blow-up agent can be added. This agent is suspended
in the polymer, resulting in a foam structure. In this case the blOW-Up agent, pentane, is
added during the reaction. This is referred to as "in situ" suspension.

HDPE polymerisation
In the slurry-loop reactor HDPE polymerisation takes place in the liquid phase using a
solvent such a iso-butane. The polymerisation reaction is facilitated by the use of a
chromium or titanium based catalyst which provides an active site where the reaction can
occur.
Table 2 Polyethylene polymerisation reaction
II DPE

P()I~ lIIerisatioll

Reactions

Propagation
Chain Transfer
to monomer

Cr-CHTCHT(CHz)n+ CzH.t~ Cr-CH z-CH 3+ (CHz)=CH-(CHz)n

to transfer agent (Hz)

Cr(CHz)n+Hz ~ Cr-H +(CHz).-H

Branching

8
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2.4

with comonomer (CJ-Id

Cr-(CHz)n+ C 6H 1Z ~ Cr-(CHz)nCJ-Ilz

Termination

Cr(CHz)n + Cr(CHz)m ~ (CHz)ntm

Product specifications

As polymers have different material properties depending on their molecular structure it is
important to influence the polymerisation reaction in such a way that product with desired
molecular structures are obtained. Polymers are characterised based on a number of quality
parameters which can be influenced by reaction conditions. Two important parameters
often used in industrial applications are:

•

Melt Index
The melt index is a measure of the viscosity of the polymer. It is to a large extent
dependant on the average molecular weight distribution (MWD) of the polymer
molecules. Molecules with a large weight will have a high melting point and a high
viscosity. Usually the natural logarithm of the melt index (LNMI) is used as this
allows to cover a larger dynamical range.
The melt index can be influenced by varying the catalyst to monomer ratio or, more
effectively, by adding a termination agent such as H2.

•

Density
The density is related to a number of mechanical properties of the polymer such as
stiffness and elasticity. It is dependant on the number and size of the side-branches
on the polymer. A large amount of chain branching leads to a less dense molecule
structure which means a lower density. It is measured in kg/m 3•
The density can be influenced by using a co-monomer to promote chain transfer
reactions. For the slurry-loop process this co-monomer is hexene.

2.5

Grades and recipes

A polymer product with the right combination of quality parameters is referred to as a
polymer of a specific grade. To produce polymer of a grade the right reaction
circumstances are required. These include the proportional concentrations of the reactants
and thermodynamic conditions such as temperature and pressure. So these conditions as
well as their evolution in time are related to the grade. For a batch process the grade ofthe
produced polymer is partly dependant on the composition of the initial mixture which is
entered into the reactor. This is known as the recipe.

2.6

Industrial Polymerisation Process

Expandable Polystyrene Process
The test-case EPS process is a batch type polymerisation process. This means the reaction
is carried out as a separate batch: the reactants are entered in the reactor, the reaction
occurs, the product leaves the reactor and the batch is completed. This has the benefit of
flexible production and high conversion efficiency.
9
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The reactants are prepared by pre-mixing after which the mixture is transferred to the
polymerisation tank reactor. The reactor is closed and heated to the temperature at which
the reaction is initiated. As the reaction is exothermic, the tank has to be actively cooled.
To accomplish this cooling water is used to cool the reactor jacket. Temperature during the
reaction is controlled and a temperature profile is enforced in order to obtain product of the
desired quality. At a specific time after the reaction has started an amount of pentane is
added to the reaction mixture. After the reaction is complete the polymer melt is
transferred to a vacuum devolatiser tank where the remaining monomer and low molecular
weight polymer is removed from the melt. The polymer product is extruded, cooled,
stranded and pelletised. A schematic of an EPS process is shown in Figure 5.

REACTOR

Cooling

JACKET

Figure 5 EPS batch reactor diagram

Slurry-loop HDPE process

The slurry loop HDPE process is a continuous process with a long reactor residence time.
Monomer, catalyst and an inert solvent are entered into a loop reactor. As the
polymerisation process takes place below the melting point of the polymer, formed
polymers are present in particle form suspended in the solvent. While the reaction takes
place, a number of impellers are responsible for circulation of the mixture through the
reactor at about 5-12 mls to prevent fouling. The slurry mixture of the HOPE product in the
solvent settles at the bottom ofthe reactor and is continuously drawn off.

10

11

Ethylene
C><l

...--

Impellers

Settling
legs

Catalyst +
solvent

Polyethylene sluny

Figure 6 Slurry-loop polyethylene reactor

2.7

State and I/O description

The state and inputs, and outputs of the EPS and Slurry-loop processes are listed in
Appendix A. A brief description of the important inputs, outputs and states and how they
relate to process operation is given below:

Expandable Polystyrene Process
The only inputs to the process are the reference temperatures for the PID temperature
controller and the pentane inflow. A specified trajectory for the reference temperature is
used influence properties of the produced polystyrene. We will assume the inputs for a
batch operation are specified by their nominal trajectories.
The state of the reactor is specified by a number of process states. This state is comprised
of the various concentrations of the components in the mixture, the thermodynamic state of
the mixture and the state of the chemical reactions in the mixture. Components include the
styrene monomer, polystyrene, initiators and pentane. The thermodynamic state is
specified by the total mass of all components and the temperature and pressure. The
reactions are specified by their first, second and third moments. When a batch reaction is
operated the initial hold-ups of the components in the mixture are specified by the recipe of
the components that are entered into the reactor.
The outputs that can be measured are the temperature of the reactor jacket as well as the
pressure in the reactor. In addition, the state of the temperature PID controller can be
measured.

Slurry loop Process
The inputs to the slurry loop process are the inflows of the various reactants, the inflow of
the catalyst and the temperature set-point. The reactants include the monomer as well as
11
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the chain-transfer (hexene) and termination agent (H2 ) used to influence the polymer
properties.
The state of the reactor is specified by the composition of the mixture in the reactor and by
its thermodynamic state. As the reactor is a large loop the composition and temperature can
vary at different point in the loop. However, the model that is used as a test-case models
the reactor as a single tank where composition and temperature are uniform throughout the
reactor. The polymerisation reaction is modelled by its first, second and third order
moments.
Measurements for this process include the reactor in- and outflows are well as the
temperature and pressure. In addition, for some simulations, we assume the polymer
quality parameters (density and melt index) can be directly measured online. In reality
these would only be available through lab test which produce results with a significant time
lag.

2.8

Open-loop responses

Expandable Polystyrene Process
The EPS process is operated using a reference temperature trajectory. After a specific time
pentane is added to the reactor. The normalized reference trajectories for the inputs are
shown in Figure 7.

Temperature input reference trajectory

Pentane flow reference trajectory
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Figure 7 EPS process inputs for the reference trajectory
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Using these inputs we obtain the reference trajectories for the measured outputs. These are
shown in Figure 8
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Figure 8 Measured outputs for the reference trajectory

From the input and measured output figures it can be seen that the temperature trajectory is
designed in such a way that the temperature is allowed to increase gradually up until
halfway the batch operation. Subsequently the temperature is kept constant for the rest of
the operation. The effective pentane flow is equal to the reference flow from the input.
A more detailed view of the reaction mechanics in the reactor during the process operation
can be obtained by looking at the process states. The hold-ups for the monomer, polymer
and the initiators show how the reaction affects the components in the mixture. After a
short initiation period, during which the temperature is raised quickly (see Temperature
reference inputs, Figure 7) the reaction converts monomer into polymer while consuming
the initiators.
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Figure 9 EPS process states for reference operation

From Figure 10 it can be seen that reactor temperature and pressure rise quickly during the
first half to batch process after which they become constant as the process comes to a point
where the reaction reaches its temperature reference and the PID temperature controller
starts cooling the reactor. The pressure rises sharply as the pentane is added to the reactor.
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Slurry loop Process
For the Slurry-loop process we have chosen a single grade change as our reference
trajectory. This grade change is characterized by a simultaneous change in the product
density from 955 to 945 and a change in the product melt index from -2.5 to -1.5 (see
Figure 11). The optimal trajectory for this grade change was calculated using optimisation
software designed for this purpose (see Appendix 6). Figure 12 shows the input changes
required for this trajectory. Note that the C6 (co-monomer) inflow is increased to obtain a
lower density and the H2 inflow is increased to obtain a higher melt index
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2.9

State estimation problem description

The state estimation problem is specified by the measurements that can be used by the
estimation algorithm, the states that have to be estimated, the measurement noise
characteristics and the process disturbance characteristics.
The measurements noise characteristics indicate what kind of noise to expect on the
measurements. This noise originates from inaccuracies of the measurement sensors. It is
often assumed to be additive to the outputs of the process.
Process disturbances are unknown disturbances of the process states. These occur for a
number of reasons. Firstly, the model of the process is often a simplified version of the real
process and does not include all the dynamics of the real process. The unmodelled
dynamics of the process appear as unknown disturbances of the model states. Secondly
process parameters may vary in time leading to inaccuracy of the model at a specific time
instant.
For the estimation problem we can choose a number of stochastic or deterministic
disturbances. Beside which states to estimate and which measurements to use we will
indicate in this paragraph briefly which types of disturbances we will use to test the
estimation algorithms. The exact choice of these disturbances is dealt with in Chapter 7.
The measurements that are available and the states that have to be estimated for the testcase processes are listed in Appendix 1. The measurement noise is assumed to be
Gaussian, zero-mean. The measurements variance for each measurement is also indicated
in Appendix 1.
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Speaking globally it can be said that states external to the reactor such as the jacket
temperature, the heat flows and the reactant inflows and product outflows are used to
estimate states which are related to the mixture composition and reaction kinetics in the
reactor.
For the EPS process we can specify a number of disturbances on the initial state, at the
start of the batch process, as well as disturbances which are active during the process. At
the start of the process the mixture is entered into the reactor. For each run of the batch
process the composition of this mixture in terms of the different components, as well as the
thermodynamic state might be slightly different. This means the best guess of the initial
estimate is the nominal state of the mixture at the start of the reaction. This state is
determined by the reference concentrations and temperature. The initial uncertainty relative
to these references can be modelled by an unknown initial disturbance. As the slurry-loop
process is continuous the initial disturbances are less important.
During the process we can encounter disturbances caused by modelling inaccuracies and
time-varying process parameters. The dynamics of the process are based on the modelled
polymerisation reactions. Inaccuracies in parameters associated with these reactions can be
modelled as disturbances. These disturbances are modelled as Gaussian noise additive to
the process states.
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3
3.1

LINEAR STATE ESTIMATION

Introduction

The goal of an estimation algorithm is to find values of a stochastic process given a set of
observations from this process. This allows the user of the algorithm to gain knowledge of
the state of the process and/or parameters which specify this process. This knowledge can
be used in a number of ways such as control, tracking, model identification and model
validation.
As this chapter will be restricted to linear estimation, we will consider only linear
processes and linear estimation algorithms. Linear estimation class problems have the
advantage that when certain assumptions regarding the noise statistics are fulfilled, optimal
solutions can be derived. The Kalman filter is such a solution which has as an additional
advantage that the calculations involved are very practical and can easily be understood.
The moving horizon filter is closely related to the Kalman filter. An advantage of this filter
is the optimisation based solution method which allows the inclusion of constraints.
Constrained estimation is a useful building block when combined with process models and
control methods which include the use of constraints.
3.2

Overview

After a description of the general deterministic linear estimation problem we will look at
the least-mean squares estimator which solves this deterministic problem in relation to a
quadratic criterion. For a certain class of stochastic estimation problems this estimator also
solves the stochastic problem in relation to the minimum variance criterion. A method of
recursively updating the solution as the number of measurements increases will be
presented.
The principles, including recursive updating, which apply for the general estimation
problem can be used for state estimation of linear systems. For stochastic linear systems
these principles are the basis for the Kalman filter algorithm. Kalman filtering theory as
well as some issues related to practical implementations of the Kalman filter will be
treated.
When the general estimation problem is recursively applied for a finite time horizon to a
linear system we obtain what is known as a Moving Horizon Estimation (MHE) problem.
We will show how this problem can be solved by minimisation ofa quadratic criterion.
This problem can be extended with constraints on the estimates to allow for constrained
state estimation. The constrained problem can be solved using quadratic programming.
Finaly the differences between the Kalman filter and the MHE will be illustrated using
simulations of a simple CSTR model.
Theory presented in this chapter can be found in a number of reference books on linear
estimation theory. Well known works on linear estimation theory include [3], [4], [12] and
[15]. Where necessary, more detailed references will be provided.
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3.3
3.3.1

Linear least-mean-squares estimation
Preliminaries

Estimation theory is based on Bayesian probability theory. As a starting point for this
chapter we will therefore briefly present the concepts of stochastic variables and
probability distributions. The notation used in this chapter is listed in Table 3.

Table 3 Linear estimation notation
s~ mhol

Definition

x

stochastic vector

p(x)

probability distribution for a stochastic vector
matrix, matrix transpose

a

Scalar

A

an estimate of a stochastic vector

X
_

A

x=x-x

the estimation error for the estimate of x

A stochastic vector is a uncertain vector with an associated probability distribution. Let
p(x) denote the probability distribution for the stochastic vector x. In this case let p(Ylx)
denote the conditional probability for event y relative to the outcome of event x.
Let E(x) denote the expectation or mean of the stochastic vector x, defined as

f

T

Jl = E(x) = x p(x)dx

and let the variance of the stochastic vector be defined as
a

= E(x -

E(X))2

In the case of a Gaussian distribution these two parameters completely specify the
distribution.
In this chapter we will focus on the discrete estimation problem. This means the estimator
only has access data from the process at discrete time instances. This is often the case in
practical applications which are run on computers with sampled data, although discrete
samples might be time-stamped for continuous estimation problems. The value of a
stochastic vector at the discrete time instant t and subsequent instances t+ 1... t+k will be
denoted by x[t], x[t + 1], ..., x[t + k]. When it is more practical the more compact subscripted
time index will also be used:
3.3.2

X" X1+1' X'+N .

Genera.llinear estimation problem

Given a linear system of the fonn:

y = Hx+v

20

(3.1)
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where y is a vector ofmeasurements, x is the vector to be estimated and v is an unknown additive
disturbance.

The goal of the estimation algorithms is to estimate the states x from the outputs y.
Depending on the rank of the system matrix H there are only approximate, a single exact
solution or more exact solutions. The estimator which renders an estimate of the vector x
based on measurements y can be formulated as:
(3.2)
where

i:

is an estimate ofthe vector X,

Y is a vector containing system measurements and

the function PE is the estimation algorithm.

The problem as defined above is known as the general deterministic estimation problem. In
case of linear estimation PE is a linear operation on the measurement.

3.3.3

Least-mean-squares error criterion

An important question to be asked when designing or evaluating an estimation algorithm is
how the quality of the estimates is defined. The user can select a criterion with which to
judge this quality. The choice of this criterion can be dependent on how the estimates are to
be used. In this chapter we will mainly use the least-mean-squares estimation criterion,
which grades the estimate quality based on the mean of the squared (L z - norm) estimation
error:
J

z

=Ilxllz =Ily - Hill = (y - Hif (y - Hi)

(3.3)

where Xis the estimation error, H is the estimate- to-output relation and J is the norm which determines the
quality ofthe estimate.

This criterion, by its quadratic nature, tends to weigh single large errors more than multiple
small ones when compared to the linear norm. It also has the attractive property of being
continuous and at the same time penalizing negative errors as much as positive ones. A
linear norm for example requires the use of the absolute value to grade negative errors
resulting in a discontinuity at zero error.
For the general deterministic estimation problem with full rank system matrix H with more
rows than columns (i.e. more measurements than states to be estimated) minimization of
the least-mean-squares norm leads to a unique solution which is given by:

(3.4)

21
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When H is rank deficient there will be more solutions which all belong to the null space of
the system matrix H, i.e.:

(3.5)

Instead of the basic least-squares norm of (3.3) we can also use a weighted least-squares
norm to grade our solution. In this case we choose to minimize the following criterion.

J

=lIy - Hxll: ~(y -

Hx / W (y - Hx)

(3.6)

where W is a positive-definite symmetric weighing matrix

The solution for the weighted mean-square estimator is given by

(3.7)

Note that, both for the non-weighted and weighted case, the optimal solution can be
obtained by a linear operation on the measurement vector y.
3.4

Estimation of stochastic systems

In case a stochastic noise vector is added to the outputs we obtain a stochastic estimation
problem. In this case the vector v is a stochastic vector which describes a noise process
which is additive to the system outputs. x denotes the state vector which is now also
stochastic.

y=Hx+v

(3.8)

We assume the additive noise samples to be white and uncorrelated.

The goal of a stochastic estimation algorithm is to minimize the least-mean squares norm
of the expectation of the estimation error (Minimum Variance criterion).

(3.9)
where the estimation error is defined as i

22

= i-x
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Minimization of this criterion is achieved by choosing the estimate equal to the conditional
expectancy of the vector x given the measurements (3.10):

x=E(xly)

(3.10)

This statement is valid for all types of distributions.

For arbitrary distributions ofx and y full knowledge of the joint distribution ofx and y is
needed to calculate this estimate. If, however, we restrict the estimation algorithm to be
linear only knowledge of the first and second order moments of the joint distribution are
necessary to calculate the best linear estimate in relation to the least-mean variance
criterion (3.3). For a proof of this see [15, Chapter 3].
If, however, the estimate output relation (H) is linear and the joint distribution is assumed
to be jointly Gaussian it can be shown that the linear estimate (3.4) is also the optimal
estimate in relation to the minimum variance criterion [15, Chapter 3]. Therefore the
deterministic solution found in the previous paragraph can be employed to fulfil the leastmean variance criterion under the assumption that the system is linear and the noise is
Gaussian, zero mean. When the probability distribution of the stochastic noise v is known
the weighted least mean squares formula (3.7) can be employed. With this formula it can
be shown that:
•

the estimator is unbiased

•

the variance is minimal

when the weighing matrix is chosen as the inverse of the noise variance:

(3.11 )

Proof:

Unbiased estimation:

Ex = E«HTWHr ' HTWy)
with

Ey =Hx:

(3.12)

Ex - Ex := E«HTWHr l HTWHx) - Ex = 0
Minimal Variance:

E(x - x)(x -

x/ = (HTWHr

where R.- ~ Cov(v)

l

HTWR.-WH(HTWHrl

(3.13)
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Choosing W == R;I the minimal variance is obtained:

This estimation algorithm is often referred to as the MVUE (Minimal Variance Unbiased
Estimator).

3.5

Recursive estimation

The geometric interpretation of the linear estimation problem is useful both to gain insight
into the problem and to obtain a recursive form of the algorithm. In order to derive the
geometric formulation of the estimation problem we will make use of the inner product
definition for linear vector spaces:

Let V be a vector space and let the vectors a and b be elements of V. The weighted inner
product ofa and b, denoted by <a, b> w is now defined as b*Wa.
Let R(H) denote the rowspace of the matrix H. The least-squares solution is characterized
by the fact that the estimation error obtained by employing equation (3.4) is orthogonal to
the row space of R:

< R(H),i- x >== 0

(3.14)

The inner product as defined above between the optimal estimate and estimation error is
zero. This is illustrated in Figure 13.

x-xe

x

xe

R(H)

Figure 13 Geometric interpretation of LMSE estimation

The optimal estimate is a weighted projection of the measurement vector y onto the row
space of H. The weighted least-squares solution matrix can be seen as the projector matrix
for this projection.
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To derive the recursive form of the algorithm we will start from the general problem
formulation and assume the problem is extended by one measurement

(3.15)

Using (3.7) we obtain

(3.16)

Defining:

Pn-I
Pn

~

~(HT H)-I

(H T H + hn Thn )-1

= (p-I
+ hn T h)-I
n-I
n

(3.17)

Using the matrix inversion lemma the second equation can be rewritten as:

(3.18)
Inserting this equation in (3.16) the measurement update for the problem can be obtained:

T

(
h ~ )
x~ n =x~ n-I + I +Pn_1hn
h P h T Yn - nXn-I

(3.19)

n n-l n

Equations (3.18) and (3.19) are now the Recursive Least Squares (RLS) update recursions
and can be used to update a state estimate from an increasing amount of measurements.

3.6

Estimation for linear systems

Ifwe want to obtain estimates from a system which has time dependant behaviour the
vector to be estimated, x, is known as the system state vector. This state vector contains the
states at one or more time instances of the system. The system is specified by the time
dependent behaviour of the system state:

25
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x[t + 1] = f(x[O] ...x[t]' u [0] ... u [t])
y [t] = g( x [ 0] ... x [t], u [ 0] ... u [t])
where X
and

[t]

is the system state at time instant t, U

(3.20)

[t]is the system input, y [t]is the system output. f

g are linear functions.

In this chapter we will only consider systems which have the first-order Markov property,
which means that the current system state and the current system output are only dependant
on the previous system states and the previous and present input:

t + 1] = f (X [ t],u [t])
y[t] = g(x[t]'u[t])

X[

(3.21)

When an estimate is required of a system that evolves in time three different cases can be
distinguished: estimation, smoothing and prediction. The term estimation for time based
systems is used when the current system state is to be obtained from past and present
system inputs and outputs:

i[t] = PE(Y[O] ...y[t],u[O] ... u[t])

(3.22)

The term smoothing is used when in addition to past and present systems outputs, future
outputs are used to estimate a state:

i[t] = PE (y [0] ...y [t] ... y [t + i], u [0] ...u [t] ... u [t + i])

(3.23)

In the case of prediction future systems states are estimated from past and present outputs:

i[t + i] = PE (y [0] ...y [t], u [0] ...u [t])

(3.24)

In case the current inputs and measurements are used for the estimation the estimation is
known as a-posteriori estimation, whereas when only past inputs and measurements are
used the estimation is called a-priori estimation.
When the system is linear it can be represented by its state-space formulation:

[t + 1] = Ax [t]+ Bu [t]+ w [t ]
y [t] = ex [t]+ Du [t] + v [t ]
X

26

(3.25)
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where (A,S,C,D) are the matrices which specifY the system behaviour

When no measurements of this system are available the optimal estimator is simply
obtained by using the state update equation of the system to yield the estimates:

x[t+l]=

Ax[t]+ Bu[t]

(3.26)

If measurements are available we can use them to improve the estimate. This improvement
can be made relative to the least-squares criterion. To do this the general least-squares
estimation problem can be extended towards estimation for linear systems. To simplify
notation we can stack the time indexed state vectors, noise vectors, output vectors and
input vectors for a specific time interval [t=k-H ... t=k]:

W _
k H

Vk _H +1

U _
k H

Yk-H+I

X k- H +1

W k _H +1

V k- H + 2

U k_H +1

Yk-H+2

X k- H + 2

,

W=

Wk _ 1

,

V=

Vk

,

U=

,

y=

Uk_I

Yk

X=

Xk

When there are no state disturbances (w=O) the general estimation problem can be
extended in a straightforward manner to state estimation for linear systems. In this case the
least-squares objective for the linear system (3.25) can be evaluated as follows:

Ily - Hxll~v = IIH(x- x) + viI:

(3.27)

where H is defined by the equations ofthe linear model

The minimum variance solution is given by (3.7) where the weighing is chosen are the
inverse of the measurement noise covariance (see (3.13)). In case there is an initial
estimate available for the initial state Xo and the covariance of this estimate is known for
an estimation problem we can include this knowledge in our objective. This leads to the
more general objective function:

(3.28)
where

Xo is the estimate ofthe initial state without using any measurements and Po

is the covariance ofthis

initial estimate
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The solution to this criterion for the stochastic case (W

= 1(1 ). The solution can be found

by substracting the cost of the initial state estimate:

Ay

= y-Hx o

and rewriting the criterion in the form of the standard least-mean squares criterion:

0
[

~y

]_[Po-1/2]~x 2
H

[~ :]

(3.29)

Applying the weighted mean-square estimator solution equation (3.7) to this problem and
adding the initial state cost solution yields:

(3.30)

This solution is valid for the linear system in the case where w=O and the state transition
matrix A=I. For more general linear systems the problem becomes more complicated.

3.7

Recursive Estimation for linear systems

When looking at the geometric interpretation of the estimation problem we have already
seen that in the linear case the new information resulting from an additional observation
can be projected onto the previous estimate to arrive at an updated estimate. This principle
can be used to produce estimation algorithms that use information from the previous
estimate to simplify the calculation of the next estimate. For systems that evolve in time
this process can be repeated at each time instant to obtain an updated state estimate at this
time from the new observation.

3.8
3.8.1

Kalman filter
Kalman Filter Equations

The Kalman filter equations [11] are closely related to the RLS equations. The difference is
that the Kalman equation include a means of updating the state and covariance in time
using the model. Where applicable we will shown how an equation from the Kalman filter
can be derived from the RLS equations.
To simplify matters we will at first only consider the time invariant system. Without loss of
generality the discrete linear time invariant (LTI) system is defined by its state-space
formulation:

x[t + 1] = Ax[t] + Bu[t] + w[t]
y[t] = Cx[t] + v[t]

28

(3.31)
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We will assume the noise processes v and w to be white, zero-mean Gaussian and
uncorrelated, with covariance matrices Q,R:
E(v) = Il(v) = 0,

E(ro) = Il(w) = 0,
E(vw) = 0
E(v[t],v[t+i]) = 0

for i '" 0

E(w[t],w[t+i]) = 0

for i '" 0

(3.32)

R = (E(v 2 ) - E(V))2

Q =(E(w 2 ) - E(W))2
where Q and R positive definite matrices.

Restricting ourselves to the class of linear observers we obtain for the estimate update
equation:

x[t + 1] = Ax[t] + Bu [t] + K(y[t] -y[t])

(3.33)

where K is a linear gain

The Kalman gain is given as:

K

T

P[t It -l]C
[t] = CP[t It -l]C T + R[t]

(3.34)

This gain is a stochastic counterpart of the gain used in RLS equation (3.19). This can be
seen by substituting the single new measurement and its corresponding row hn by the
measurement vector and using the following equation for the update of the inverse of P :

(3.35)

This equation is the same as equation (3.17) from the RLS with difference that the
measurements are scaled by their covariance square roots.
The covariance of the updated estimate can be obtained by the following equation:
P[t It] = (I - K[t]C)P[t It-I]

(3.36)

29
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This equation can obtained by applying the matrix inversion lemma to equation (3.35) and
is similar to the RLS update for P (Equation (3.18)).

The estimation error (i = x - x) update equation is given by

i[1 + 1] = A(I- KC)(i[/]) +W[/]+ KV[/]

(3.37)

Using this formula we can obtain the error covariance update equation. Let the state noise
covariance be defined as:

P[/] ~E(i[/]i[/r)

(3.38)

Using formula (3.37) and the gain from formula (3.34) and the noise characteristics defined
in (3.32) we arrive at (3.39). This equation is known as the Discrete Algebraic Riccatti
Equation (DARE).

T
P[I II] = (A - K [I] C)P[I -111 -lJ(A - K[/] C)T + Q[/] + K [I] R[/] K [I]

(3.39)

Because the state noise is Gaussian, the a priori state covariance can be obtained by using
the linear model state update equation:

T
P[I I1-1] = AP[I -11 1-l]A + Q

(3.40)

The Kalman filter algorithm equations are listed in Table 4.

Table 4 Kalman filter equations
Kalman Filter Algorithm Overview
State Time Update

i [I + 1) = Ax [I] + Bu [I ]

Covariance Time Update

P[/I/-l]=AP[/- l l/-l]A +Q

Kalman gain calculation

K 1=
P[1I1- l]CT
[] CP[tI/-l]C T +R[t]

State Correction

X[I] = x[I] + K(y[/] -y[/D

Covariance Correction

P[I II]

30

T

= (1- KC)P [I I1-1]

31
The propagation of the variance in the filter does not include a feedback loop. This means
that for the filter to be optimal it is essential that the parameters that influence this
propagation, being the noise covariances, are accurate.

3.8.2

Convergence properties of the Kalman filter

From the error covariance update equation (3.37) it can be seen that the estimate of the
Kalman filter will converge to the system state as long as the matrix (A-KC) is stable.
When the system (A,C) is observable a filter gain can be found which ensures convergence
of the filter, even for unstable systems.
In case part of the system is unobservable the gain cannot be used to enforce converge of
this part of the system. The filter will still converge to the real estimate however if this part
of the system is stable. This is becomes both the filter and the system will converge to the
same steady state. The different situations are shown in Figure 14-Figure 16.
x

x

lime

Figure 14 Unstable system,
observable state: convergence
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x

lime

lime

Figure 15 Unstable system,
unobservable state: no
convergence

Figure 16 Stable system,
unobservable state:
convergence

Practical Kalman filtering

When implementing the Kalman filter algorithm (or other estimation algorithms) for a
chosen estimation problem a number of practical problems can be encountered.
Inconsistencies between the model used in the Kalman filter and the real process, both in
the state equations and the properties of the noise characteristics can degrade filter
perfonnance dramatically. As the model used in the filter is generally a simplification of
the real process and the noise statistics are generally not known these problems must be
dealt with.
In addition to these fundamental problems we can also encounter numerical issues when
using a computer implementation. Also, implementation on a computer requires attention
to the algorithmic complexity, especially when combined with a real-time process to be
estimated. We will only give a short overview of considerations related to these matters.
References will be provided where necessary which can be used to obtain more in-depth
infonnation.
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3.9.1

Scheduling

The Kalman filter equations can be executed in different order depending on the
application. When implementing the Kalman filter online in conjunction with a control
algorithm we sometimes require for the control algorithm the estimate x[t] to be available
at time instant t. This means that at time instant t there is no time to apply the state
correction equation using the measurement y[t] to obtain the a-posteriori estimate. For this
reason the a priori estimate x[tlt-I] is used at t. Between t and t+ 1 the covariance update
equation (3.40), the Kalman gain equation (3.34) and the state correction equation (3.33)
are sequentially executed to obtain the a-posteriori estimate x[tlt]. Finally the state time
update (3.33) is done to obtain the a priori estimate x[t+ lit] which will now be available at
time instant t+ 1. (see diagram Figure 17)

X[tlt]

y [t]

State Correction

X[t+1It+1]

y [t+1]

State
Time
Update

State Correction

State
Time
Update

"..

"I't

t+1

X[t+1It ]

!

Figure 17 Scheduling of the Kalman filter equations for online estimation

Alternatively, state estimation can be executed in preceding the control algorithm. This
means the estimation algorithm has time to produce an estimate for x[t] using y[t] during
the interval from t to t+ I. The a-posteriori estimate x[tlt] can now be used by the control
algorithm during the rest of the interval between t and t+ 1 to compute the next control
move. The sequence of the equations now starts with the state time update (3.33) and ends
with the state correction equation
3.9.2

Numerical stability

When implementing the Kalman filter using finite precision computation we can encounter
a number of problems, particularly in conjunction with an ill-conditioned process model. A
measure of ill-conditioning of a matrix is defined as the ratio of the largest singular value
of this matrix to the smallest singular value. In case this ratio is large a small numerical
error in the direction associated with the largest eigenvalue can have a large impact. To
avoid these problems a number of alternative forms of the Kalman filter equation can be
used.
The square root form of the Kalman filter [12, Chapter 12] propagates the matrix square
root of the covariance instead of the covariance itself(3.4I). The square root matrix has
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better numerical properties. The increased numerical stability comes at the cost of
additional decompositions needed for the propagations.

(3.41 )
where

p I/2

is formed by using a hermitian oflower triangular decomposition

The Joseph form of the Kalman filter essentially uses an alternative equation for the
covariance correction:

P[t It] = (1- K[t]C)P[t It -1](1- K[t]C)T + K[t]RK[tf

(3.42)

This equation also has better numerical properties compared to the standard Kalman
covariance measurement update equation.
3.9.3

Estimation of a part of the state

The estimation algorithms as discussed above can be adapted to render estimates of only a
part of the entire state vector x. This might be desirable for a number of reasons. Firstly,
one might only be interested in a part of the state vector. This might be the case for some
monitoring or control purposes. Secondly, estimation of only a part of the state vector will
result in reduced complexity of the algorithm leading to an increase in computation speed.
This performance increase might outweigh the benefits which estimation of the entire state
vector gives. Finally, part of the state vector might not be observable, which also implies
that it does not influence the states that are observable. Partial state estimation is discussed
in [3].
3.9.4

Multi-rate estimation

Up until this point we have assumed that all measurements arrive at the same time instants.
This is generally not the case, as different sensors each have different sampling times. In
addition measurements might also be conducted at irregular sampling intervals. Multi-rate
estimation can be treated by resampling the linear model and using the resampled model.
The sampling period for a measurement can affect the observability of the states associated
with that measurement. Lower sampling times will decrease observability.
3.9.5

Estimation with missing data

In practical situations the estimator can be confronted by the unavailability of
measurements at specific time instants. This might be due to irregular, unplanned
measurements or sensor failure. Missing measurement data may lead to states becoming
less observable or even unobservable. When the missing data arrives at a later period it has
an associated delay. For the estimation algorithm this means that it has to retrace its step
and re-evaluated the estimates from the original time the measurement was scheduled to
the current time. In the linear case projections can be used to improve upon the original
estimates for the time interval using the delayed measurement.
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3.10 Moving horizon estimation
The principle of moving horizon estimation is to use a limited set of previous
measurements to estimate the current state at each time instant. This set of measurements
spans a finite time window backwards from the current time instant towards the estimation
horizon. Over this horizon a number of estimates are calculated of which the most recent is
the current estimate. This principle is illustrated by Figure 18 to Figure 21
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Figure 18 Original trajectory

Figure 19 Time update for I=t+1
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Figure 21 Updated trajectory, solution to the MOE problem

The MHE algorithm proceeds as follows: The model equations are used to predict an
estimate for t+ I based on the most recent estimate in the trajectory (Figure 19). The
estimated trajectory is compared with the measurements (Figure 20) and the algorithm reevaluates the entire trajectory based on these measurements (Figure 21). The state at t+ I
from the updated trajectory is finally used for the next estimate.
The objective function for the estimation problem can be captured in a function that is very
similar to that of the general stochastic estimation problem for linear systems (3.8). To see
this the cost criterion for this problem (3.3) is written in terms of the estimated
measurement noise:

(3.43)

As in (3.28) this criterion is regularized by including an weighed derivation from an initial
estimate. In the case of the MHE this initial estimate is the estimated trajectory in the case
of zero noise on the states:
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(3.44)
This term can be written in terms of the state noise and the deviation from the horizon state
estimate:

k-I

""
J o = L...

Wi

7

I

Q-I Wi + W kT- H p'k-Hlk-H W k _H

(3.45)

i=k-H

Combining the terms we obtain the cost criterion for MHE estimation:

(3.46)

defined for the linear system:

= Axi + BUi + Wi

XH

(3.47)

Y; =CXi+V;

For simplicity of notation the time indexed variables for the horizon can be stacked into
single vectors:
W _
k H

Vk _H + 1

U _
k H

W k _H +1

Vk- H +2

U k _H + 1

,

W=

,

V=

W _
k 1

Yk-H+2

,

U=

Vk

Yk-H+I

(3.48)

Y=

Uk_I

Yk

The estimates can be written in terms of the initial estimate and the disturbances. We can
define the following matrices for the horizon:
CA

<1>=

CA

2

y=

C

0

0

0

CA

C

0

0

'¥=

0
CA

H

CA H - 1

CA H - 2

CB

0

0

0

CAB

CB

0

0
0

CAH-1B

C

CA

H 2
- B

CB

The state estimate can be written as:
Vi

= Yi

-

<l>xk _H

-

'¥u - Yw

(3.49)
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Rewriting the objective function (3.46) in tenns of the variables to be estimated results in
the following criterion:

.

mm6xk_Hlk_H w

.

[/:!,xk - HI k- H]T He [/:!,xk - Hlk - H] + 2 [/:!,xk - Hlk - H]T f
w

w

w

+C

(3.50)

with the Hessian matrix and the gradient matrix defined as:

(3.51)

As the Hessian is symmetric and positive-definite the minimum of the criterion can be
found as:

(3.52)

The estimate at time k can be found by inserting the difference in the initial state and the
disturbance sequence in the model equations. The model state transition and disturbance
propagation equations for the horizon are defined as:
A

n=

A

2

A H- 1

f=

0

0

A

0
A

AH- 2

0

0
0

0

0

A

0

The current time estimate in tenns of the initial state and the disturbance sequence is:

(3.53)

3.11 Constrained moving horizon estimation
In case state or measurement disturbances, states or outputs are known to stay within
certain limits this knowledge can be used to improve the estimates. This can be done by
incorporating these constraints when solving the objective function (3.50). These
constraints prevent analytical minimisation of the objective function. Instead, we will have
to resort to iterative algorithms which minimise the objective function while enforcing the
solution to comply with the constraints. As the Hessian is positive definite quadratic
programming algorithms can be used.
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A quadratic program with linear constraints can be formulated as:

minx

T

0.5 * xHx + ft

(3.54)

subject to Ax :::; b
In case the constraints consist of upper and lower limits on each state, disturbance or
output separately and the deviation for the horizon initial state we obtain the following
linear constraints for the quadratic program:

I

0

LU:max

0

I

wmax

0

r

x max

<1>

'¥

-I

0

0 -I

[~H]~

Ymax

LU:min

(3.55)

wmin

-0

-r

x min

-<1>

-'¥

Ymin

By employing the constraints as defined above we can include many typical constraints
that are associated with physical systems. As an example, estimates of concentrations,
pressures and reactions constants associated which chemical processes can be restricted to
be non-negative.
The most straightforward method to enforce these constraints on the estimates is by
clipping the estimates with their maximums and minimums. But by incorporating the
constraints in the optimisation of the objective better estimates are produced. To see this,
consider the example of a simple chemical process with a non-negative reaction constant
over the estimation horizon. The knowledge that this reaction constant has been nonnegative results in different estimates for the reactants and the products. The estimates for
these states correspond more closely with reality than the estimates obtained in the case
where the reaction constant has been considered unconstrained for the estimation problem
and is later clipped to non-negative values. The knowledge that the specific state has been
constrained at previous time instants can result in better estimates at the current time
instants for all states which are linked to the constrained state.
A problem may be that the set of constraints can become infeasible. This means that no
solution that complies with the constraints can be found. In this case some constraints have
to be relaxed or removed from the problem to obtain a feasible solution. For MHE, the
problem can usually be made feasible by removing constraints on the disturbances.
A linear matrix inequality solver has been used to find initial feasible solutions to the
constraints.
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3.12 Propagation ofthe horizon state covariance
The finite horizon estimation problem uses an estimate with associated covariance for the
initial state at the horizon. To find a recursive formulation for the moving horizon
algorithm we have to consider how this estimate can be obtained.
In case the horizon size with respect to the number of samples is greater or equal to the
estimation problem size the initial estimate for the problem along with its covariance can
be used:
!t-Hlk-H

= Po

(3.56)

In case the problem size is greater than the horizon size, which is the general case, we can
use an estimate obtained from the solution to the estimation problem at that time instant.
The estimate obtained from the moving horizon estimation algorithm at time instant k-H is
passed on as an initial estimate for the algorithm at time instant k. However, the covariance
associated with this estimate is also required. The moving horizon estimation algorithm
does not render an updated covariance estimate. But we will see in the next paragraph that
in case the problem is unconstrained, the state update produced by the MHE filter is equal
to that of the Kalman filter. Therefore most obvious solution is to use the Kalman
covariance recursions which are applied at the horizon:

Pk-H+llk-H

=AP*_Hlk_H AT + Q

!t-H+llk-H+l

(3.57)

= (1- KC)!t_H+llk_H

This solution does lead to more calculations at the Kalman recursions, including the
calculation of the gain that have to be performed at each sampling instant. Alternatively,
the infinite time covariance can be used:

(3.58)

3.13 Relation to the Kalman filter
When the MHE problem is unconstrained the estimates produced by the MHE filter are
equivalent to those of the Kalman filter in case the horizon covariance recursions of (3.57)
are used. To see this we will study the case where the horizon is equal to 1. In this case the
MHE criterion becomes:

(3.59)

38

39

using v, = y, - Hi, and the model relation i, - i, ,0 = [ A

I][ ~-' ]

th is can be rewritten

as:
T

minx. {(Yk -Cxkl K'(h -Cxk)+(x-xk,ol[ APk-llk_,A +Q]cx-xk,ol}

(3.60)

In the unconstrained case this criterion is equal to the regularized stochastic minimal
variance criterion (3.28) and its solution is given by (3.30) when H ---+ C and ~-'Ik-' ---+ Po:

This expression can be recognized as the Kalman state correction using the Kalman gain
which is computed from the apriori covariance.
There are more option for updating the horizon state covariance. For a more detailed
review of the implications of various choices for the horizon covariance and the horizon
size see [2].

3.14 Example
To show the benefits of constrained estimation the Kalman filter has been compared to the
MHE for a constrained system. This system is a linear model of a simple CSTR (for a
description of this system see Appendix 6). The goal of the estimation algorithm is to
estimate both the reaction constant as well as the reactant concentration in the reactor. The
reaction constant is known to be positive and this knowledge is used as a constraint for the
MHE filter. The simulation results are shown in Figure 22 and the simulation parameters
are shown in Table 5.
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Figure 22 Comparison of the linear Kalman filter and linear MHE filter for the
CSTR model

Table 5 Simulation parameters for example 3.1
Simulation Parameters
S stem
Measurement noise covariance
State noise covariance

Filter

Constraints

Linear Kalman Filter
Linear Kalman Filter
Linear MHE Filter

Unconstrained
Clipped: Reaction const~O
Constrained : Reaction const

4. 1093e-005
4.063Ie-005
3.7088e-005

~O

From the example we can conclude that the MHE is indeed able to incorporate the state
constraint on the reaction constant in a consistent manner which results in a better estimate
of the reactant concentration. In case the estimate does not violate the constraints the
estimates of the KF and the MHE are equal.
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4
4.1

NON-LINEAR STATE ESTIMATION

Introduction

In the previous chapter we have given an overview of linear estimation theory. It stands to
reason that if the process to be estimated is non-linear, straightforward application of a
linear estimation method is not possible. This means methods have to be found which are
able to deal with non-linearities. Unfortunately, non-linear estimation is intrinsically more
complicated than linear estimation. The exact derivation of stability and performance
bounds is generally not possible.
Under certain circumstances a number of principles and algorithms from linear estimation
can be extended to non-linear estimation. The strategy often used for non-linear estimation
is to use linearisations based on low order Taylor approximations at discrete time intervals
to reduce to problem to a linear time-variant (LTV) form. The LTV model can
subsequently be used to design a LTV estimator. While linearisations theoretically also
compromise optimality for the non-linear problem, performance for practical applications
is often satisfactory. This is due to the fact that most physical processes include only
gradual non-linearities which can be approximated reasonably well with subsequent
linearisations.

4.2

Overview

We will start off by formulating the general non-linear estimation problem and examine the
differences from the linear case. The non-linear extension of the Kalman filter will be
examined and we will study its performance and convergence properties. Subsequently we
will look at observability for nonlinear systems as this is important for evaluating filter
performance.
As for the Kalman filter, a non-linear extension to the moving horizon estimation
algorithm can be made. The horizon estimator extension will be compared with the
Kalman filter extension.

4.3

Non-linear estimation

A non-linear, discrete-time model can be defined as:

x[t + I] = f(x[t], u[t])
y[t] = g(x[t], u[t])

(4.1)

where f and g are non-linear functions.

The estimator can be defined as a function PE which can be non-linear:

i[t] =PE (y [0] ...y [t], u [ 0] ... u [t ])

(4.2)

As the problem is non-linear, the optimal estimator will be a non-linear estimator which
applies a nonlinear function to the measurements. But the estimation algorithms that will
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be presented in this chapter will use a linear function to update the state from the
measurements.
4.4

Extended Kalman Filtering

The Extended Kalman Filter (EKF) makes use of a LTV model which is obtained by
linearising the non-linear model at each time step. In addition, the filter uses the integration
of the non-linear model to replace the linear time update equation. In essence, however the
EKF is a linear estimator as the state correction is based on a linear gain. The covariance
update equations are those of the Kalman filter.
As with the Kalman filter the equations can be applied in a different order depending on
the application. We will for now retain the order which is used for the online application of
the filter (see Chapter 3 : scheduling).
At time instance t, initially the non-linear process model is linearised using the first order
Taylor approximation to obtain gradients around the a priori estimate x[tlt-l]:

x~/(x[tlt-l],u[t])+ 8/1
ax

(x-x[tlt-l])+
x=x['I,-IJ,u=u[,]

all

au x=x[llt-I].u=u[,]

(u-u[t])

(4.3)

These gradients can be used to construct a state-space model:

x= A,x+B,u
y=C,x

(4.4)

Using the bilinear transformation this model is discretised using a chosen sampling time,
which is equal to the sampling time of the filter (for multi-rate estimation different
sampling times at different time instants can be used):

x[t + 1] = A,x[t] + B,u[t]
y[t]

=C,x[t]

(4.5)

The covariance time update is made using the model Iinearised at the previous time
instance:
p[tlt-1]=A,_, P [t- l lt-l]A,/ +Q

(4.6)

Both the Kalman gain as well as the covariance correction are calculated using the state to
output mapping from the modellinearised at t:

K[t] =
42

P[t It -1]C;T
C,P[t It -l]C, + R

(4.7)
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P[t I t]

= (1- K[t]C( )P[t It-I]

(4.8)

The linear state correction using the Kalman gain is applied and finally the a-posteriori
estimate x[t+ lit] is obtained by numerical integration of the non-linear model starting from
x[tlt].

Table 6 Extended Kalman Filter (EKF) equations

Extended Kalman Filter Algorithm Overview
)(A B C)

Linearisation

g,j

Covariance Time Update

p[tlt]=4_,p[tlt-1)4_/ +Q

State Correction

K[t]=

linx"u,

t'

t'

1

P[tlt-1]*C,T
C,P[t It -l]C/ + R

x[tlt]=x[tlt-1]+K(y[t]-y[t])

Covariance Correction

P[t It]

= (1- K[t]C( )P[t It -1]

State Time Update

i[t+1]=j(x[t],u[t])

While the practical performance for models with smooth non-linearities of the EKF is often
satisfactory this algorithm is not optimal and stochastic performance or robustness
boundaries can not be derived for the general case. The sub-optimal performance is due to
the inaccuracy of the linearisation point for the model, the disregard of higher order terms
in the modellinearisations and to the treatment of the Gaussian noise distribution as being
propagated through as linear function. Due to the non-linear state update relation the
distribution of the covariance will become non-Gaussian even for Gaussian state and
measurement noise. Numerous extensions of the EKF have been devised to improve its
non-linear performance. However, these extensions come at greatly increased computation
costs. Two often cited methods are discussed here:
•

A straightforward method to improve performance in the presence of strong nonlinearities is to use iterations of the model linearisation, state correction and
Kalman gain calculation whereby the corrected estimate, instead of the a priori
estimate, is used as the linearisation point for the next iteration (iterated EKF). For
gradual non-linearities the performance gains of using this method are often
negligible.

•

The Unscented Kalman Filter (UKF) technique [13] employs non-linear
propagation of a number of sampling points from the covariance distribution
through the non-linear model. The propagated sampling points are then refitted to a
Gaussian distribution to obtain the a priori covariance at the next time instant. This
improves the accuracy of the covariance propagation also removes the bias
associated with covariance propagation with a non-linear model. However, due to
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the propagation of a large number of sample points through the non-linear model,
the computation costs are greatly increased. Further improvements in this direction
lead towards particle filtering techniques which use sampling points to propagate
arbitrary distributions in time.
The iterated EKF has been implemented but signifant performance benefits were not found
for the test-case processes.

4.5

ObservabiJity for nonlinear systems

The observabil ity of a system is a measure which describes how well the behaviour of a
system can be observed from the outputs of a system. This is an important concept for state
estimation as it gives an upper bound on the performance of an estimation algorithm which
uses the outputs to estimate the system states. In case a number of states corresponding to a
part of the system behaviour have little or no influence on the system outputs the
estimation algorithm will not be able to give an accurate estimate of these states. In the
case of linear systems the observability is well defined. In case the system is non-linear a
straightforward definition is not avaliable. In this case Iinearisation of the non-linear
system can be used to obtain a linear model and subsequently perform observability
analysis on the linear model. This leads to an observability definition which is valid in the
operating range where the linearized model is an accurate description of the non-linear
model.
4.5.1

Linear observability

When the measurements are obtained from a system that is modelled as a linear state-space
model the matrix H is the state to output matrix:

C
Hn

=

CA

(4.9)

where n is a positive, real-valued number which is dependant on the time interval ofthe output trajectory.

The state to output trajectory relation is given by this matrix, to which we will refer as the
observability matrix form this point onwards. For a specific state vector the corresponding
output vector can be found by multiplication with this matrix:
y[t]
y[t + I]

=Hnx[t]

y[t + n]
When the size of the output trajectory time interval (the number n) is chosen equal to the
rank of the matrix A the rank-deficiency of the observability matrix can be used as a test to
determine ifthere are one or more directions of the system which are unobservable. In this
case a single output trajectory can be related to one or more linear combinations of states.
This means state cannot be uniquely determined from this output trajectory. The rank of
the observability matrix can be used as a first indication about the observability of system
states for a chosen set of outputs.
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When we need to determine how well a state is observable from the outputs the
observability gramian can be used. The gramian indicates how much energy is transferred
from each state to each output. It is defined as the output energy over a time interval O...N
resulting from an initial state exitation:

k=N

IIYI12 =

L yJ Yk = xi: H~H

(4.10)

NXO

k=O

The product of the observability matrices is known as the observability gramian:

A recursive formula can be found to extend the output time interval:

(4.11 )

The gramian for the infite-time horizon can be found from the solution to the following
Lyapunov equation:

(4.12)

The singular value decomposition can subsequently be applied to the gramian to relate the
observability to the orthogonal directions of the statevector. This is explained in Appendix
3. The state to output energy relation as provided by the gramian is illustrated by Figure
23.
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Figure 23 State to output relation

In the case of stochastic systems information from the ouputs is degraded by noise. This
means to observability is dependant on the noise statistics of the outputs. To take this into
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account a scaled version of the observability matrix can be used which weighs
contributions from the different outputs based on their accuracy. This principle is explained
in more detail in Appendix 3.

4.5.2

Observability for nonlinear systems

The observabiJity concept for linear system will serve as a basis for treating observability
for non-linear systems. As the dynamics change depending on the state and the input for a
non-linear model the observability also changes. The observability concept as used for
linear systems is invalid for nonlinear systems as the energy transfer from a state to the
output is dependant on the direction of the perturbation on the state and can also be
influenced by other states. The changes in observabiJity pose problems for estimation
algorithms as their performance will depend on the operating point.
However, if only small perturbations are considered linearized models can be used to
evaluated the observability at a specific operating point. For a specific trajectory we can
combine these linearised models (for linearisation of nonlinear models see paragraph 4.4)
into an linear time variant (LTV) model for the trajectory:
x[t + 1] = A,x[t] + B,u[t]
y[t] = C/x[t]

(4.13)

for 05: t 5: k
For the linear system at t the observability concepts as defined in the previous paragraph
can now be used. The linear observabiJity matrix and gramian can be constructed. For the
LTV model we can now obtain a series of observabiJity matrices which are each
approximations of the observability at specific time instances:

This series of observabiJity matrices can be used to evaluate the observability of a state or a
direction along the trajectory. This results in an observability trajectory which corresponds
to the state trajectory of the nonlinear model. Figure 24 shows the observabiJity plot which
is derived from the state trajectory. When the observability at a time instant in the second
plot is low, this means that the observability matrix which is constructed using the model
linearized at that time instant does not transfer any energy to the outputs. These type of plot
will be used in later chapter to study observability.
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Figure 24 Observability corresponding to a state trajectory

For a nonlinear system it is possible for dynamics to become unobservable and
subsequently become observable again along the trajectory. This has its implications for
estimation performance and results in this performance becoming operating point
dependant.
As in the linear case it is possible to plot an observability trajectory per state or for an
orthogonal direction of the state vector. These directions can be obtained by determining
the singular value decomposition (see Appendix 3) of all observability gramians along the
trajectory. Using this decompostion we can gain insight in the observability of the system
by plotting the magnitudes of the singular values for the system trajectory. As with states,
different directions can become unobservable along the trajectory. Figure 25 shows the
magnitudes and directions ofthe modes as vectors which change along the trajectory.
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Figure 2S Observability of singular values and their associated directions

In comparison with plotting the singular value observability, plotting the trajectory for a
single state will give more direct insight as to the physical significance of the observability,
as a state is often related to a physical quantity. The problem with this method is that
specific directions involving specific perturbations on this state in combination with
specific perturbations on certain other states will be unobservable. By only examining the
single state perturbation this unobservability will not be detected. On the other hand, if the
single state analysis shows the state is not observable it is known for certain that this state
is not observable irrespective of the observability in directions combined with other states.
In later chapters in this thesis we will make frequent use ofthese observability plots.
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4.6

Non linear moving horizon estimation

An analogous strategy for non-linear estimation as used in the EKF can be employed to
extend the moving horizon estimation algorithm to non-linear estimation. Linearised
models are used to obtain a linear time variant estimation problem. The solution to the
optimisation problem is subsequently propagated in time using non-linear model
integration.
Using first-order Taylor approximations of the non-linear model (4.3) for the sampling
instances in the horizon we can obtain a linear time variant (LTV) model for the sampling
points in the horizon interval:
x[t + 1] = A,x[t] + B,u[t]
y[t] = C,x[t]

(4.14)

fork-H::;t ::;k
This LTV model can now be used in the problem formulation for the linear MHE problem
(for the MHE problem formulation see (3.46)):

CkAk_I···Ak_H

Ck - H + 1

o

o o
o o

1= Ck-H+2Ak-H+1

Ck-H+,Bk_H
\}J=

Ck-H+2Ak_H+IBk_H

o
o

o
o

o
o
o

The linear MHE problem can now be solved in the normal way. The solution consists of a
deviation from the original horizon state and a set of state disturbance vectors. As with the
EKF numerical integration of the nonlinear model can be used to calculate the updated
trajectory. This is done by calculating the response of the non-linear model for a single
sampling interval, adding the state disturbance vector to the solution and repeating this
procedure for the entire horizon.
For the initial horizon state:

= f(x[k- H I k -H]+Ax[k-H Ik],u[k- HD
y[k-H I k] = g(x[k-H I k-H]+Ax[k- H I k],u[k- HD
x[k -H + 11 k]
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(4.15)
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where f and g are the nonlinear modeljUnctions

For subsequent states:

x[k - H + t + 11 k] = f (x[k - H + t Ik - H + 1] + w[ k - H + t I k], u[k - H + t])
y[k- H I k] = g(x[k-H I k-H]+LU[k-H I k],u[k- H])

(4.16)

The update trajectory obtained by this method can be used to linearise a new LTV model
(see Figure 26)
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Figure 26 Linearisation along the update trajectory

Instead of nonlinear integration the LTV model can be used to calculate the updated
estimates from the solution of the MHE optimisation problem. This results in a
significantly faster calculation time at the cost of a loss of accuracy of the solution. This
accuracy loss is dependant on the nonlinearity of the model.

Using
I
....

-

o
I

~-

o o
o o
o
I

the updated estimate found using the LTV model is
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~k

x[k -HI k]
-

...

- H I k] + x[k -

w[k-H+1]

-~

x[k I k]

HI k -

H]

(4.17)

w[k -1]

As with the EKF iterative linearisation and state updating procedures can be used to
improve accuracy. This can be done by using the updated estimates as operating points
around which a new LTV model for the updated trajectory is obtained. The new LTV
model is used to formulate the next MHE problem of which the solution results in more
accurate estimates. This improvement in accuracy comes at the cost of repeated solutions
of the QP problem and integrations of the nonlinear model.

Comparison between the non-linear MHE and the EKF
Unlike the linear case where the KF en the linear MHE produce the same estimates in the
absence of constraints the nonlinear MHE should result in better estimates than the EKF.
This is due to the fact that the MHE has access to models linearised at smoothed estimates.
The EKF only uses the model linearized at the previous time instant.

4.7

Examples

Example 4.1
To show the benefits of nonl inear estimation as prov ided by the EKF this filter can be
compared to the linear KF for estimation of a nonlinear plant. The nonlinear model of
Appendix 6 has been used. Figure 27 and Table 7 show that the EKF can improve the
accuracy of the estimates significantly when compared to the linear KF with a single linear
model. Of course this improvement margin is dependant on the trajectory, the nonlinearity
of the model and the linearisation point of the linear model used in the linear KF.
From Figure 27 we can also see that how the nonlinear observability impacts filter tracking
performance: around sample time 50 even the EKF is not able to estimate the reaction
constant accuratly as the reactant concentration is low at this point resulting in a lower
observability for the reaction constant. This subject will be treated in more detail when
discussing reduced-order filters in Chapter 6.
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Figure 27 Comparison between linear KF and EKF for a nonlinear system

Table 7 Simulation parameters for Example 4.1

Filter

Constraints

Extended Kalman Filter
Linear Kalman Filter

Unconstrained
Clipped:
Reaction

Reactant Cone.
3.0294e-005
5.1678e-004

Reaction Const.
0.0019
0.0042

0.0156

0.0070

constan~O

Open loop estimation

Clipped:
Reaction
constant~O

Example 4.2
This example compares the Kalman Filter with the MHE filter for the nonlinear case.
Figure 28 and Table 8 show that the same improvements as in the linear case can be
obtained by using information provided by the constraints.
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Figure 28 Comparison of EKF en nonlinear MHE

Table 8 Simulation parameters for Example 4.2
Simulation Parameters

S stem
Measurement noise covariance
State noise covariance

Filter
Kalman Filter
Kalman Filter
MHEFiIter

Constraints
Unconstrained
Clipped: Reaction const~O
Constrained: Reaction

Performance
3.8842e-004
3.8468e-004
3.7705e-004

const~O

Example 3

When the reactant composition of the inflow is set to zero for a brief period and the
reactant concentration decreases towards zero the filters are not able to estimate the
reaction constant as the reaction has come to a halt due to a lack of reactant (see Figure
29). The performance specifications shown that also in this case the MHE filter is able to
take advantage of the constraints on the reactant concentration and the reaction constant
(see Table 9)
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Legend
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Figure 29 Comparisation of EKF and nonlinear MHE for small reactant
concentration

Table 9 Simulation parameters for Example 4.3

Kalman Filter
Kalman Filter
MHE Filter

1.8511 e-004
1.8512e-004
1.630ge-004
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5
5.1

KALMAN FILTER TUNING

Introduction

Both the regular Kalman filter as well as the moving horizon filter require tuning
parameters to achieve optimal performance. These tuning parameters reflect the knowledge
about the statistics of the noise which affects the process to be estimated. As the noise is
assumed to be Gaussian it is characterized by its first and second order moments. The goaJ
of tuning process is therefore to determine the values of these moments for each of the
noise sources. In case the actual process noise is Gaussian this guarantees optimal filter
performance. When the actual noise is non-Gaussian finding these moments will often lead
to satisfactory performance.

5.2

Overview

In this chapter we will look briefly at the interpretation of the different tuning parameters
and how they reflect on the behaviour of the filter. The main part of this chapter, however,
is devoted to the determination of the optimal tuning parameters for a practical problem.
We will show how correlation and covariance information obtained from process data
could be used to determine or adapt these parameters. Also we show how the residual
sequence of a Kalman filte can be used for this purpose. Note that only a conceptual
overview is given of the methods that might be used. For a more detailed analysis
reference are included.

5.3

Kalman filter tuning parameters

The noise covariance matrices (Q and R) together with the initial covariance matrix Po
determine the tracking behaviour of the Kalman filter. While optimality in terms of the L2
norm is guaranteed in theory for Q and R choices which correspond to the true noise
statistics, in practice noise is often not Gaussian or has unknown distribution. In addition
other factors such as model inaccuracies influence the stochastic dynamics. Therefore, in
practice, the Q and R matrices are often used as tuning parameters which are selected by
user to obtain desired tracking properties. In order to gain insight in this tuning process and
the consequences for Kalman filter performance we will analyse how various choices for
these covariance's influence the tracking properties of the filter.
The measurement covariance matrix R describes the amount of confidence the estimation
algorithm should have in the measurements. To determine this matrix we should therefore
have insight in how the measurements are corrupted by noise. In practice each
measurement is obtained by a separate sensor which has a specified accuracy. The
specified accuracy could be used to infer the noise level of the sensor. As the sensors are
often physically different devices the correlation between noise statistics of different
sensors is often assumed to be zero.
Specifying an amount of measurement noise by means of the R matrix will ensure that the
filter will not overcompensate the states trying to react to erroneous measurements.
The state covariance matrix Q does not have such a straightforward physical interpretation.
Theoretically it signifies the noise which is directly added to the model states each
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sampling instance. In practice however the state noise is often used to represent
unmodelled dynamics and unknown time variant behaviour of the process. Insertion of
state noise into the algorithm will ensure that the Kalman gain will not converge to zero for
a given amount of measurement noise. This lets the filter react to measurements, thereby
enhancing its robustness.
The initial covariance matrix Po specifies how much inaccuracy is expected in the initial
state estimate. When this initial covariance is assumed to be high the filter will initially
respond to the measurements quickly. The limit is obtained when no prior information
regarding the initial state is assumed, leading to a direct response to the initial
measurements:
Xo

=a

Fa = diag( 00)
T
P[ll 0] = AP[O]A + Q = 00
K[I] = C- I
x[ll 0] = a +C-I(y -y)

for AA T > 0

(5.1)

In practice the initial covariance can be based on expected inaccuracy of the initial state x.
This inaccuracy can be inferred from known state constraints or engineering knowledge of
typical initial variations.

5.4

Determining the covariances from experimental data

Using experimental data from the process we can try to determine the noise covariances
that affect the process. Finding these covariances allows us to tune the estimation
algorithm in an optimal fashion. Besides the covariances we are also interested in
determining if the noise sources are unbiased. Ifwe find the noise sources to be biased the
estimation algorithm can be directed to compensate for the bias.
The parameters we wish to determine are:

Table 10 Filter tuning parameters to be determined

Parameters

Definition

Fa,xo

Initial state covariance, initial state bias

Q,q

State noise covariance,
state noise bias

R,r

Measurement covariance,
measurement noise bias

The process data which is avaliable consists of one or more sequences of known inputs and
process measurements. These may be sequences from one experiment adjacent or
overlapping in time or from multiple unrelated experiments.
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5.5

Open loop estimation of covariances using output correlation

It is possible to estimate state and measurement noise covariances based on the correlation
of output noise samples. Assume the system to be linear and the noise to be uncorrelated,
zero mean and Gaussian (see Chapter 3 on assumptions regarding noise statistics). The
noise measured at the process output can be obtained from the process data by subtracting
the known model response from this data:

(5.2)
where Yd is the deterministic output response ofthe system, calculatedfrom the initial state X o and the
known system inputs

u[O.l].

The correlation between these output noise samples is defined as:
(5.3)

Using the state to output relation of the stochastic model the estimates of the state and
measurement covariances can be related to the output noise covariance as:

(5.4)

Now, as
x[t] = Ax[t -1]+ w

(5.5)

the correlation between a state sample and previous samples can be related to the output
noise correlation between these samples as:

(5.6)
Using (5.4) and (5.6) the output noise correlation can be related to state covariances at
different time instants:

fo

CP[t]C T +R

f,

CAP[t]C T

fn

=

CAn P[t]C T

If the state covariance has converged to its steady state value (P[t]
simplifies to:
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(5.7)

= Pro) this formula
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10
11
1n

=

C

I

CA

0
0

CAn

[p·n

(5.8)

0

Averaging in time or based on repeated experiments can be used to get a reliable estimate
of the output noise correlation:

1 =_I_"M V v T
n
M -I ~i=1 ]+n J

(5.9)

Because of the model noise assumptions and the use of the linear model the state
covariance satisfies the Iyapunov equation (see also Chapter 3):

P[t + I] = AP[t]A

T

+Q

P[O] = Po

(5.10)

This equation can be used directly to find Q based on the state covariance found in
equation (5.8):

Q = (I 5.6

A)Poo (I -

Af

(5.11)

Adaptive Kalman Filtering

The term adaptive Kalman filtering is used to denote a number of schemes in which a
feedback loop from the estimation error is used to adapt either the model used in the
Kalman filter or the tuning parameters of the filter. As adaptation of the internal model
would result in online model identification instead of state estimation we will refrain from
using this type of feedback. The feedback loop from the estimation error towards the
tuning parameters has a number of benefits that would assist in tuning of the Kalman filter
or improve robustness when confronted with time varying noise statistics. As with most
adaptive schemes the performance benefits of the adaptation loop should be weighed
against the added complexity. Adaptation also requires running the filter starting in a suboptimal tuned manner, which can compromise both performance and stability. In our case
we will only use an adaptive scheme as a means of tuning the Kalman filter offline. In this
setting both the added complexity and the sub-optimal running period are less important.
While there are number of ways to implement a feedback algorithm we will focus on two
types of methods: correlation methods and covariance matching. Correlation methods
make use of the cross-correlation of the prediction error sequence to determine if the filter
is tuned optimally and adapt this tuning when necessary. Covariance matching methods
compare the achieved with the theoretical state covariance and use this information to
adapt the filter parameters.
The prediction error or innovation sequence is defined as:
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(5.12)

v[t]=v[t]-C[t]x[tlt-1]

For an optimally tuned filter this sequence has zero autocorrelation as each next a-priori
error is orthogonal to the previous error. If, however the filter is sub optimally tuned each
new error will partly be due to the effects of a previous error which was not entirely
corrected or overcompensated.
A way of using to the innovation sequence to improve filter tuning is covariance matching.
With this method the theoretical and measured covariance are compared and used to
improve the estimate. The innovation sequence covariance is obtained by smoothing the
sample covariance over a finite time horizon in order to obtain a statistically meaningful
expectation.
-L
- M-1-1
E[ VV *] J J

M
)=1

VV

J J

*

(5.13)

The theoretical covariance of the innovation sequence is given by addition of the current
state covariance and the measurement covariance

E[Y.Y*]=C(AP[t-l]A T +Q)C T +R

(5.14)

Rewriting this equation the relation for Q can be found.
(5.15)
An assumption that is associated with employing this equation is that the filter state
covariance does not change over the averaging horizon M. This is the case if the filter has
reached its steady state covariance:

P[t] = Pro

(5.16)

Employing equation (5.15) to adapt Q has a number of problems. Firstly, the dimension of
the output vector is typically smaller than that of the state vector. This means not all
elements of Q can be uniquely identified from the output covariance. A solution to this
problem might be to restrict Q to be a diagonal matrix, thereby reducing the number of
elements.
Secondly equation (5.15) is only valid in case of a optimally tuned filter. This means that
to adapt the optimal Q by this method we require the optimal Q itself which defies its
purpose. Convergence to the optimal Q by using this method directly or by employing this
method to adapt Q in small steps cannot be proven.
Correlation methods using the correlation between time samples of the innovation
sequence to find the optimal noise statistics. While the use of correlations should allow
more accurate covariance estimation than by the covariance method as time dependence is
taken into account, it is more complicated and computationally intensive. The method
outlined below is taken from [18]. This method is very similar to the correlation method
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for open-loop estimation described in 5.5. Let the measured innovation sequence
correlation be defined as:
(5.17)
and the state error as:
(5.18)
As with the covariance method the comparison between the theoretical correlations and the
real innovation sequence is used to adapt the filter. For an optimally tuned filter these
correlations are zero. We will now assume the filter is suboptimally tuned and calculate the
theoretical correlation sequence of this filter. The error time update formula for the
suboptimally tuned filter is:

e/

= A(l- KC)e'_k -

(5.19)

AKv'_1 + BU,_ 1

where Vi denotes the measurement noise

The theoretical correlation sequence can be found by iteratively employing the time update
formula for the estimation error:

e;

k

k

J=I

J=I

= A(l- KC)k e;_k - L A(l- KC)k-1 AKv;_J +L A(l- KC)k-1 w'-J

(5.20)

Calculating the correlation sequence of this error sequence:
(5.21)
where P is defined as the covariance of the error sequence. From (5.19) we find:
(5.22)
The correlation between the state error and the measurement noise is obtained from (5.20):
(5.23)
Using the definition for the innovation sequence defined in (5.12) the theoretical
correlation sequence for the innovations can be found:

E[v,v;_/] = C[A(l- KC)t- 1 * A[PC T
E[v,v/] = CPC T + R

for k

=0

-

K(CPC T + R)]

fork> 0

(5.24)

Equating the measured innovation error to (5.24) and solving for the covariance we obtain:
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CA
CA(/-KC)A

(5.25)

Solving Q from PC T requires the solution of a set of linear equantions and this solution is
dependant on the restrictions defined for Q. This is explained in more detail in [18].

5.7

Further work

The methods outlined above have not been fully tested and a performance evaluation has
not been done. While the correlation method has been tested for small, stable systems in
[18] this evaluation has to be performed for chemical process models.
Due to time constraints a number of other methods have not been investigated. It would be
possible to extend the method of paragraph 5.6 to include estimation of a time dependant
state covariance instead of only the steady state covariance. This would allow for example
a more accurate estimation of initial disturbances and allow to differentiate between initial
disturbances and normal state disturbances. Time varying disturbances could also be
tracked using this approach.
The abovementioned methods could be extended towards noise estimation for nonlinear
systems by using an LTV model (see paragraph 4.4) to approximate the nonlinear system.
It is also possible to extend the Kalman filter to include the noise statistics in the state
vector to be estimated.
Subspace system identification algorithms such as N4SID [22] render the covariance data
as a byproduct of the identification. In this ways process data can be used for the both the
identification step and to obtain state and measurement covariances for the KF. However
according to [17] covariance estimates obtained from subspace identification techniques
are often biased.
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6
6.1

REDUCED-ORDER STATE ESTIMATION

Introduction

Typical models of chemical processes are very complex and include a large number of
states, inputs and outputs. When such a complex model is used by an estimation algorithm
this means that the estimation algorithm requires a large amount of calculations. This can
lead to timing problems when implementing this algorithm online as part of an advanced
control setup.
But in many cases not all states ofthe model require corrections by the estimation
algorithm. At a given operating point it might not be possible to co.rrect some states due to
lack of meaningful measurements for these states. Alternatively, we might be aware that
disturbances affecting these states are very small or non-existent. This means that
corrections for these states would not significantly improve the estimate. Therefore it
would be possible to reduce the complexity of the estimation algorithm by retaining only
the dynamics of the model for which corrections are required and/or possible. This would
result in reduced complexity of the estimation algorithm at minimal performance loss.
In the case of non-linear estimation this reduction could be performed based on the model
Iinearised at the current operating point. This may result in significant reductions if only a
subset of the dynamics of a non-linear model would be relevant at that operating point.

6.2

Overview

First the concept of a reduced order model will be introduced, after which we will
investigate how the use of a reduced order model affects the Kalman filter equations and
their associated computational complexity. Finally we will try to determine how to select
the dynamics to retain in the reduced model and how this selection affects the accuracy of
the estimates.

6.3

Reduced-order models

For a state-space model the order is defined as the rank of its state transition matrix:

N

= rank(A)

(6.1)

In case the state transition matrix is full-rank the order of the system is equal to the
dimensionality of the state vector. By using a state transformation we can obtain a state
vector of smaller dimensionality:

(6.2)

The reduced model can be derived from the original model by applying the transformation
to the model equations. A model of small dimensionality is now obtained.
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X R [t

+ I] = ARx R[t] + BRu [t]

(6.3)

y[t] =CRX R[t]+Du[t]

The reduced model will not contain all the dynamics of the original model. Its responses
will therefore be different from the original model. The goal of most model reduction
methods is to reduce the order as much as possible while keeping the difference in model
responses minimal.
In this chapter we will use reduction methods which are based Hankel norm reduction. In
Appendix 4 an overview is given of model reduction using this Hankel norm.

6.4

Use of reduced order models in the Kalman filter

A reduced model can be introduced into the estimation problem in a number of ways.
These will be examined and their consequences will be assessed. In the case of the Kalman
filter the filter response is characterized by the Kalman filter equations which are repeated
from Chapter 3 (see Table II).

Table 11 Kalman filter equations and their associated complexity
Kalman Filter Algorithm Overview

Approach 1
(equation
order)

Approach 2
(equation
order)

Complexity
(multiplications)

State Time
Update

i [t + I] = Ai [t] + Bu [t ]

REDUCED

FULL

nZ+n·u

Covariance
Time Update

P [t + 11 t]

REDUCED

REDUCED

2n J

Kalman gain
calculation

K[t] =

REDUCED

REDUCED

n2·Y+l·n+yJ

State
Correction

i[t] = i[t] + K(y[t] - Cx[tD

REDUCED

FULL

n·y+n·y

Covariance
Correction

P [t It]

REDUCED

REDUCED

n2·y+n J

= AP [t It] A * +Q
T

P[t It -1]C
CP[t I t -l]C! + R[t]

= (I -

K C)P [tit - I]

The most straightforward way is to apply the state reduction to all equations of Table 11,
Approach I. This is equivalent to designing a Kalman filter directly for the reduced model.
This requires the following transformations:

QR =TRQT;'

PR =TRPT;'
AR = TRATR- 1
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1
C R =CTR

The calculated reduced Kalman gain is directly applied to the reduced model.
A major disadvantage to this approach is that the reduction also affects the open-loop
prediction. As the open-loop response of the filter often has a larger magnitude than the
response resulting from the corrections inaccuracy of the open-loop prediction is
2
undesired. In addition calculation time of the state time update equation is only order n +
n*u. Therefore we opt to retain the full state for this equation and for the state correction
equation (Table 11, Approach 2). The calculated reduced Kalman gain is now transformed
to a full order gain and applied to the model:

Due to their complexity (n3) the covariance equations are prime candidates for reduction.
This means the reduced covariance is propagated in the filter. In this case it would also
make sense to use the reduced model in the equation used to find the Kalman gain, as in
this case the reduced covariance can be inserted directly into the equation. A disadvantage
of using the reduced covariance is that the covariance calculations are open-loop allowing
errors resulting from the covariance reduction to propagate in time.
A final option is to use the reduced model only in the Kalman gain equation. However, this
option would not result in a reduction in complexity for the total algorithm as the
complexity associated with the reduction routine and the transformations would be larger
than the benefits gained by calculating a reduced order gain.

6.S

Reduction criteria

6.5.1

Open-loop reduction

In the case of model reduction for the estimation algorithm we want to remove the
dynamics that are either:
•

unobservable or almost unobservable at the current operating point with the current
measurement set

•

have no or almost no uncertainty (state noise) associated with them

or

The unobservable dynamics cannot be estimated. Therefore the removal of these dynamics
from the internal model of the estimation algorithm should have no consequences for
estimator performance.
The dynamics that have no uncertainty associated with them require only open-loop
estimation. For these dynamics the estimation algorithm does not gain any extra knowledge
from the measurements.
Both the criteria listed above can be directly translated for linear systems. The
observability criterion can be formulated in terms of linear observability (see Chapter 4.6).
The linear observability matrix is used and will be denoted by the following shorthand
from this point on:
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C

O(C,A)=

CA

As we are dealing with stochastic systems the noise scaled observability matrix (for a
description of the noise scaled observability matrix see Apppendix 3) is used:

0:

(6.4)

To determine the amount of system noise on the states the controllability matrix can be
used. This matrix relates the inputs to the states and is given in below along with the
shorthand that will be used from this point onwards:
B
C(A,B)~

AB

As with the observability matrix a adapted form of the controllability matrix will be used to
describe the noise input for stochastic systems. This adaptation is done by assuming al
states are affected by noise and therefore the system input matrix is replaced by the identity
matrix (see also Appendix 3):

I

C( A,I) ~

AI

In the nonlinear case the Iinearised model at the current operating point is used to construct
this matrix (see Chapter 5 : Nonlinear state estimation).
The degree by which the state is affected by noise can be determined by using the
controllability matrix. The square root of the state noise covariance or the current a-priori
or a-posteriori covariance of the states can be used:

•
•
•
•

C:

(A,IQII2)

C:

(A, IP[t I t _1]1/2)

C:

(A,IP[t It]1I2)

C:

(A,IP",1I2)

The benefits of each option can be assesed by looking how the reduced model is used in
the Kalman equations. The time update equation includes the propagation of the aposteriori covariance through the model. For this equation a reduction based on this
covariance will be the most accurate. The Kalman gain, on the other hand, is calculated
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using the a-priori covariance. This calculation might benefit from a reduction tailored to
this covariance.
A problem with using the state covariances as a basis for the reduction is that this requires
accurate covariances. But as the covariance propagation is affected by the reduction the
covariances used for the subsequent reduction are allready inaccurate. This leads to
incorrect reductions. Therefore the option we will employ is to use the input covariance as
a basis for the reduction.
A further alternative would be to use the steady-state covariance as a basis for the
reduction. Again, this requires an accurate steady-state covariance estimate. This means the
full order model has to be used to calculate this covariance.
The observability and the controllability matrices can now be combined to yield the
criterion for the model reduction procedure. In this case the simple product of these
matrices is used. This product, which is known as the Hankel matrix, gives the
'importance' of the state in the stochastic model.

1t =O*C

(6.5)

The Hankel singular values of the product of the observability and controllability gramian
are used as a basis for model truncation (see also Appendix 3):

(6.6)
Truncation can be performed by selecting the largest singular values and discarding the
other values. The reduction matrix is found by selecting the directions corresponding to
these values. Truncation can be done using a fixed tolerance, or in case real-time
performance is more important, by specifying a fixed number of states.
6.6

Performance of reduced order filters

The performance of reduced order filter can be evaluated by tracking the true covariance.
When the interaction between the reduced order and the residual model is neglected the
covariance for a reduced order filter can be expressed in the linear case as:

Proal [t + 11 t + 1] = PR + ~

(6.7)

where

and
(6.9)
where M

=A -

AR and t1Q = Q-QR
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After a reduction the magnitude of the expected increase in the real covariance can be
evaluated by this equation.

6.7

Reduced-order filters for nonlinear estimation

In the reduction method proposed above the covariance update and correction equations
are calculated using the reduced model. A reduction criterion for a state is its observability.
If a state is not observable, this state is excluded from the reduced model and this means
that its covariance is no longer tracked by the filter. In a nonlinear model the observability
can vary along the trajectory. It is possible for a state to make transitions from observable
to unobservable and vice versa. To illustrate the repercussions for the reduced order
observer an example using a simple LTV model will be presented.
Let a LTV model be defined by:

where p(t) is a time-variying parameter

A stochastic system based on the LTV model is has the following associated measurement
and state noise covariance matrices:

The variation of the parameter p is shown in Figure 30. This variation means that one
direction of the system ([ 1 1]) first becomes less observable and then returns to its normal
observability. From Figure 32 it can be seen that the response of the reduced order filter is
different from the full order filter even after the filter has returned to the full order model
(see Figure 31). The reason for this is that information from the covariance matrix has been
lost by reducing the model. This can be seen from the plot of the diagonal of the
covariance matrix (see Figure 33), which contains the estimated variance of the states; the
covariance of both states goes to a low value after the model has been reduced, while the
real covariance propagated through the full order model still increases as the states become
less observable. When the direction [I I] becomes observable again the full order filter is
able to converge more rapidly to the true state as it has accurate information regarding the
observability while the reduced order filter first has to 're-converge' towards the true
covariance. Both filters eventually show the same response again as the covariance
converge towards the steady state value.
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The example shows that while the transition from observable to unobservable is smooth for
the reduced order filter the transition from unobservable to observable is a problem as
accurate filter covariance is not available for the reduced order filter

6.8

Examples

As with previous examples the CSTR model (see Appendix 6) has been used to illustrate
the application of reduced order estimation. Initially, the nonlinear observability for the
reference trajectory has been determined (see Chapter 4 for the concept of nonlinear
observability). The observability of the singular values has been plotted in Figure 34 for
the reference trajectory shown in Figure 36. By comparing these figures it can be seen that
the observability of the third singular value, which is associated with the reaction constant
is strongly dependent on both the holdup in the reactor as well as the reactant
concentration. This is easily understood as this constant can only be accurately estimated
when sizeable amounts of reactant are converted. Figure 35, which shows the observability
per state, confirms this.
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Figure 35 Observability of the states for example 6.1
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Figure 36 Output trajectory for example 6.1

We can now asses the performance of the full order and reduced order filters. The results
for the estimation of the reaction constant are plotted in Figure 37. It is clear the both filters
are not able to estimate the reaction constant between sample times 15 and 40 due to a low
reactant concentration. For Figure 38 we can see that the reduced order filter has a model
of order 2 during this interval, with the unobservable mode being excluded from the model.
In the interval between sample times 40 and 70 the reaction constant can be estimated
accurately as the reactant concentration is high. Here both estimators are equal, using a
model of order 3. From sample 70 on the holdup in the reactor is very low. The reaction
constant can still be estimated although its observability is low. Here the reduced order
filter uses a model of order 2 as the observability drops below the specified tolerance. This
results in practically open loop estimation. The estimate from the full order still converges
slowly towards the actual reaction constant. From sample 70 onwards we can see the effect
of the inaccurate covariance for the reduced order filter when that state becomes
observable again. While the filter order estimate is all ready converging towards the plant
state the reduced order filter is not converging as its estimated covariance is still to low.
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7
7.1

APPLICATION OF STATE ESTIMATOR DESIGN TO THE TEST CASES
Introduction

After formulating the state estimation problem for the two test cases (Chapter 2) and
surveying algorithms and techniques for linear (Chapter 3) and non-linear (Chapter 4) state
estimation we are now ready to apply state estimation to the test cases. The EKF and the
Moving Horizon Estimator will be used to estimate the non-measurable states inside the
reactor. These estimates could be used to monitor or control these states online.

7.2

Overview

We will start by performing observability analysis. The linear observability of a state can
be used as a reference for the attainable performance of a filter in a limited operating range
and also to asses how measurements contribute to estimation of specific parts of the model.
Secondly we will compare the nonlinear estimation algorithms with linear algorithm and
show that nonlinear estimation is a requirement for the test-cases. Next observers which
use reduced order models are also tested and we examine how much models can be
reduced without performance drawbacks.
For all simulations the rigorous, non-linear model will be used to simulate the plant. This
model will be disturbed by addition of Gaussian noise to selected states as well as by
parameter variations. The observers will use a reference non-linear model. The plant will
be simulated in an open loop setting for a number of selected operating trajectories.
We will try to asses the benefit of constrained estimation by looking at filter performance
for the EPS reactor.

7.3

Observability analysis

For a detailed overview of observability definitions see Appendix 3. For an explanation of
observability as it relates to nonlinear systems see Chapter 4.
The linear observability analysis will be performed on linear models which are obtained by
Iinearisation in each operating point. This is done to determine which states increase and
decrease in observability during a trajectory of the non-linear model. This information is
necessary to evaluate filter performance. We have linearised a number of models at
different operating points. Scaling of the models has been used to balance the importance
of outputs and states of based on the state variation for the reference trajectory and the
variance on the outputs. For a detailed overview of the model scaling see Appendix 2.
Attention should be paid to the fact that determining the observability for each state
separately as done by this method can be deceiving. It might be possible, as discussed in
Chapter 4 for more individual states to be observable but directions involving
combinations of changes on these states to be unobservable. Therefore this method is the
correct one for concluding a state itself is weakly observable but may not indicate that a
direction involving this state is weakly observable. The method is used here, however,
because it gives more insight in how the observability relates to physical states.
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Expandable Polystyrene (EPS) batch reactor
The linearisation operating points for the EPS reactor are obtained from the reference
trajectory (for the reference trajectory see Chapter 2).
The linear models each contain a number of integrating states for which the output energy
is unlimited for the infinite time gramian. To perform observability analysis for this model
a finite time window will be used. A number of subsets from the total measurements set
have been used to asses the influence of each measurement on the observability. The
simulation parameters are shown Table 12 and the results in Figure 39.
Looking at the magnitudes of the 10glO of the observability per state (for an explanation of
this concept see Chapter 4) it can be seen that only the holdups except the product holdup
are relatively well observable.
The analysis also shows that measurements can complement eachother in different parts of
the trajectory. This is the case for the initiator 2 holdup estimate for the which the
temperature and heat flow measurements are complemented by the pressure measurements
at sample 200 for Set 4. It also becomes apparent that the dead moments (which specify the
product quality parameters) cannot be estimated from the temperature and pressure
measurements (Sets 1-4) and that polymer quality parameter measurements (Set 5) are
required to track disturbances the only affect these properties. However, for a realistic
disturbance model we do not expect disturbances unrelated to the life reaction moments to
affect the dead moments.
The polymer zero life moment is initially well observable from the properties of the
formed polymer (Set 5) but as the amount of product grows it becomes less observable as
formed polymer properties are levelled out through blending by properties of allready
formed product. On the other hand, it becomes more observable from the heat flow and
pressure measurements (Sets 1-4) as the reaction starts. This is due to the fact that this
moment is related to the reaction rate which can be inferred from these measurements. But
the magnitude of the observability for this state shows it is very weakly observable ( +/- 10'
4 ).

Table 12 Simulation parameters for the EPS observability analysis
Observability Analysis for the EPS reactor (nominal batch trajectory)
Measurement Sets

Set 1

Jacket Temperature

•
•

Pill Temperature
Controller error

Set 2

Heat Flow

•

Pressure

Set 3

Set 4

•
•

•
•

•

•
•

SetS

Average molecular
weight

•

Molecular weight
variance

•

Finite time window
size
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Figure 39 Observability of EPS reactor states for 4 measurement sets

For further analysis we will use the measurement set which contains all measurements
except the polymer quality measurments as these are typically not available. This is Set 1.
For this set the observability matrix rank is plotted in Figure 40. It shows the number of
states which can be estimated increases from 6 to 8 as the reaction starts. Figure 41 shows
the observability of the largest singular values for the trajectory (for an explanation ofthis
concept see Chapter 4). It also shows how the dynamics become more observable as the
reaction starts. The discrete jump in the observability close to the start of the trajectory is
caused by the fact that the process is modelled in such as way that temperature
measurements are only active above as certain threshold
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Slurry loop reactor
As the slurry loop process is continous the dynamics of the nonlinear model change less
during normal operation. This is reflected in the nonlinear observability. For the
observability analysis we will initially compare 3 measurements sets (see Table 13). The
first set includes the reactor temperature and pressure measurements while the second set
includes the product quality measurements from the blender. The final set includes both.

Table 13 Measurements sets for the slurry loop observability analysis
Observability Analysis for the Slurry-loop HDPE reactor (nominal grade change trajectory)
Measurement Sets

Set 1

Reactor Temperature
Reactor Pressure

•
•

Reactor flows

•

74

Set 2

Set 3

•

•
•
•

75

•

PID controller errors
Blender density

•
•
•

•
•

Blender LNMI
Finite time window
size

51 samples

The observability analysis (see Figure 42) shows that for the holdups the blender
measurements don't contribute much in estimator performance except for the H2 holdup
where both temperature and pressure and blender measurements contribute. C2, C6 and H2
holdup can be estimated reasonbly well, while the magnitudes of the observability of the
catalyst and the solvent holdup are much smaller (a factor ten compared to the H2
measurements).
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Figure 42 Observability analysis results for the slurry-loop model

While not adding much in terms of estimation of holdups, blender quality measurements
do allow estimation of a part of the model. This can be verified by looking at the
observability matrix rank (see Figure 43). Here the combination of quality measurements
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with temperature and pressure measurements allows the estimation of 5 extra states
compared to either only quality measurements or temperature and pressure measurements.
Figure 44 shows that the of the singular values remain relatively constant during the
trajectory change. This is partly due to the fact that the grade change that was used to study
the observability spans only a limited part of the operating range.
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7.4

7.4.1

Comparison between the linear KF and the EKF for a nonlinear plant

Expandable Polystyrene (EPS) batch reactor

The (extended) Kalman filter has been tested for the EPS reactor. Initially scaled Gaussian
disturbances the holdup states and on the measurements of the plant were used. The noise
statistics of these disturbances were also inserted into the filter tuning parameters (matrices
Q and R). In this way the filter is optimally tuned for the disturbances. A linear Kalman
filter using the model obtained by linearisation at the operating point halfway (sample 200)
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the trajectory and a EKF were compared. The plant and the estimation algorithms were
simulated for the reference trajectory of the batch process.
The response for the linear and the nonlinear filter for a number of selected outputs is
shown in Figure 45 and simulation parameters are summarized in Table 14.
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reactor estimation

Table 14 Simulation parameter for the comparison between the linear KF and the EKF for the EPS
reactor

noise
Extended Kalman Filter
Linear Kalman Filter

0.01
0.01

From this simulation it can be concluded that the linear Kalman Filter is clearly unable to
estimate the states of the non-linear batch process. Also, depending on the noise input the
nonlinear intergration routine would crash when estimated from the linear filter were
realigned with the nonlinear model equations. Therefore we will omit the response of
linear filters from further simulations for this plant.
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Slurry-loop reactor

For filtering experiments on the slurry-loop model only a selected number of plant states
were perturbed by state noise (see Appendix 1). All filters are tuned in accordance with the
true noise statistics. Figure 46 showns the time response of the plant and the filters for
monomer holdup as well as the MSE of estimation errors for this holdup. The figure shows
the linear filter overcompensates the output errors leading to weak performance for this
state. The EKF is able to estimate the plant response well with a more than 50%
performance increase compared with open-loop estimation.
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Figure 46 Estimation ofthe C2 holdup for linear KF and EKF

Looking at the performance for holdups of all components in the reactor (Figure 47) we
can see that the EKF can outperform the open-loop estimation by significant margins for
all holdups except the catalyst and polymer.
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For monitoring and control purposes the estimates of the polymer quality parameters are
important. From Figure 48 and Table 15 we can conclude that only small gains can be
made compared to open-loop estimation for these states. Clearly the improved holdup
estimates do not lead to significantly better quality parameters estimates. The performance
of the EKF with quality parameter measurements (see final enty Table 15) to improve
estimation yields a much greater benefit.
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Figure 48 Comparison of linear KF and extended KF for polymer quality parameters estimation

Table 15 Simulation results for polymer quality parameter estimation

Extended Kalman Filter
Linear Kalman Filter
o en-Ioo estimation
EKF using density and melt-index
measurements

7.5

4,9236e-005
5,049ge-005
5,6437e-005
6,2757e-006

Estimation of initial disturbances

Expandable Polystyrene (EPS) batch reactor
For a batch reaction, an important goal of the estimation algorithm is to be able to estimate
the initial state of the process. The difference between the reference initial state of the
estimation algorithm and the real initial state of the process must be compensated as soon
as possible. To test this for the EPS reactor the initial composition of the reactor mixture
for the plant has been chosen different from their reference values. This difference was a
magnitude 20 larger than the normal state noise. Table 16 contains the simulation
parameters and Figure 49 shows the simulation results for a selected number of states.
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Figure 49 Simulation for EPS reactor with initial mixture composition
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Table 16 Simulation parameters for EPS reactor with initial disturbances
S stem
Initial measurement disturbance

Measurement noise covariance
State noise covariance

Extended Kalman Filter
Extended Kalman Filter
o en 100 estimate

EPS reactor nonlinear
Monomer holdup 0.2
Pentane holdup -0.2
Initiator 1 holdup -0.2
Initiator 2 holdu -0.2
0.1
0.01

0.01
0.01

noise
0.2
0.01

Measuremen
t noise
0.1
0.1

N/A

N/A

N/A

This simulation shows the inclusion of the correct initial disturbance improves filter
performance considerably for estimation of all components in the mixture. In particular, it
results in an improved estimate of the weakly observable initiator holdups. Here the filter
without the correct initial disturbance does not converge to the correct values and this has
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consequences for other states during the rest of the trajectory. The MSE perfonnance is
shown in Figure 50.
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Figure 50 MSE performance comparison between filter with and without
initial covariance

The evolution of the state covariance of the estimator can be evaluated by looking how the
diagonal elements of the covariance matrix evolve along the trajectory (see Figure 51). The
elements represent the variance that the estimation algorithm expects for each state. In
particular for the initiator states it can be seen that the use of an accurate initial covariance
has consequences for the trajectory of these covariances.
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7.6

Constrained horizon estimation

After looking at the results of the unconstrained Kalman filter a comparison with a
constrained horizon estimator can now be made. Two different types of constraints can be
added to the filter: state constraints and disturbance constraints. The state constraints that
will be used are directly obtained from the physical process constraints.
Constrained estimation has only been tested with the EPS process as the slurry-loop
process does not run into state constraints during the grade change.

7.6.1

EPS reactor

For the EPS process the state constraints have been obtained from the model specification.
During the reference trajectory the process states that run into constraints (i.e. state that
would violate the constraints) are the pentane holdup and the initiator I holdup. These
holdups are constrained to be positive. During the first part of the trajectory (sample time
0-150) the pentane holdup is zero. The estimation algorithm may predict a negative holdup
based on measurments for this state, which would result in a constraint violation. After the
reaction consuming the initiator 1 has completed (after sample time 200) the holdup of this
initiator is zero. The estimation algorithm could in this case also predict a negative holdup.
An 'clipped' EKF filter and a constrained horizon filter have been compared. The results
for the two constrained states are shown in Figure 52 and Figure 53. The result for the
monomer estimate are shown in Figure 54 and the constraint violations are shown in
Figure 55.
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As described in Chapter 3 the constrained MHE filter is able to incorporate the information
from the constraints into the estimation of other process states. In this case the estimation
of the monomer state changes based on the constraints of the initiator and pentane holdup
states. The monomer estimation trajectory shows that in the first part of the trajectory the
holdup estimate from the MHE filter is smaller than that from the EKF as the EKF is able
to use negative pentane estimates to compensate for higher monomer holdup estimates
while keeping both holdups in line with the reactor pressure measurements. The MHE will
predict a lower monomer holdup as it has to satisfy both the pressure measurements and
the pentane holdup constraint.
A similar situation occurs with the initiator 1 holdup. The EKF will predict non-existant
quantities of initiator 1 to have reacted with the monomer, forming polystyrene. The MHE
filter is able to use the holdup constraint to estimate a higher quantity of monomer still left
in the reactor.
Note that the unconstrained filter estimates are closer to the real plant state in this
simulation. But this is a coincidence caused both by the stochastic nature of the
84
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measurements in conbination with the limited observability of the holdups. On average,
constrained estimates will be closer to the real plant states.
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Table 17 Simulation parameters for the constrained estimation comparisons
EPS reactor, nonlinear

S stem
Measurement noise covariance
State noise covariance

0.01

Filter Paramclers

Tuning

85

86
Constraints

State noise

Clipped
Constrained

0.01
0.01

Measurement noise

The 'clipped' EKF is also able to incorporate constraints on specific states in the
estimation of related states albeid less consistently. How this works can be seen by looking
at the monomer holdup estimate. Around sample time 75 there is a considerable drop in
both the EKF and MHE estimate. This caused by the pentane holdup estimate reaching its
constraint. Even for the clipped EKF this will be translated to the monomer estimate: as the
estimate of the pentane holdup is clipped, this causes a lower estimated pressure output the
next sample instant. This lower estimated output will be compared to the higher process
output and will be compensated for using the Kalman gain. This compensation will also
affect the monomer estimate, which results in a higher estimate.
Another option of using constrained estimation is to introduce a-symetric disturbance
distributions into the problem. This can be done by imposing an upper or lower constraint
on the disturbance vectors. This might be usefull if it is known that only positive or
negative disturbances exist. For the holdups, for example, a disturbance might be
constrained to be negative to account for leakages. A nonnegative disturbance such as
reactor fouling (increases over time) might also be realised using this method.
To illustrate the use of disturbance constraints using the EPS process the monomer
disturbance has been has been constrained to be negative for the MHE filter. This
constraint has also been imposed on the plant. Figure 56 shows the estimation responses
for respectively the monomer holdup and the pentane holdup. The disturbance constraint
results in a lower monomer estimate for the constrained filter.
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7.7

Reduced order filtering

The internal model of the filter can be reduced online or offline for a reference trajectory to
obtain a lower-order model. This results in a reduced complexity of the Kalman filter and
MHE equations. For the simulations we have chosen to use online model reduction at each
sample instant. In reality, the added complexity of model reduction at each sample instant
would outweigh the benefits gained through reduced complexity, but these simulations are
,intended to show the maximum accuracy that can be obtained by using reduced order
models. If one is interested in minimising the complexity of the estimation algorithm for
online execution the reduction could be applied only at larger intervals or offline for a
reference trajectory.

7.7.1

EPS reactor

To study the performance of reduced order filters we will first compare the full order and
the reduced order Kalman filter for the EPS reactor. For the reduction we have used a
tolerance of 1*10- 8. Table 18 gives the other simulation parameters and Figure 57 shows
the results.
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Table 18 Simulation parameters for the comparison of the full and reduced order models for the EPS
batch reactor

Filter
Extended Kalman Filter
Reduced order filter

The simulations show that the reduced order filter is able to perform almost as well as the
full order filter. Looking at the filter MSE (Figure 58) it can be seen that the MSE for the
reduced order filter is only slightly higher for the estimation of the monomer and pentane
holdups and the 0 reaction moment.
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The reduced model order is determined by the tolerances. Figure 59 and Figure 60 show
the model orders for the trajectory for two different tolerances.
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Another way of detemining how the use of a reduced order model affect the filter is by
looking at the how the diagonal elements of the filter covariance matrix (P) evolve along
the trajectory. Because the tracking of the covariance is done by means of the Kalman
covariance time update and covariance correction formulas, the use of a reduced order
model in these formulas affects the tracking of the covariance (see Figure 61). This figure
shows that the reduced order model does not track the polystyrene holdup covariance as
this state is practically unobservable. Another difference can be seen when examing the
reaction moment covariance for which there is a peak around sample time 250 for the
reduced order filter.
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Slurry-loop reactor
As the dynamics of the slurry-loop model do not change much during normal operation the
model reduction will include the same dynamics for the entire trajectory. For the slurryloop reactor a significant reduction in model size is possible without much performance
loss. For two different reduction tolerances simulations have been performed and the
estimation performance has been compared to the full order filter. Mean square errror
comparisons shown that reductions result in minimal performance loss (see Figure 62).
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Figure 62 Mean square errors for comparison between full and reduced
order filters for the slurry-loop reactor

In Table 19 a number of model orders for corresponding tolerances are shown.
The significant reductions for this model are a consequence of the limited observability of
the model and of the fact that we have assumed that only a subset of the states is affected
by noise.
Table 19 Reduced order model size for different tolerances for the slurry-loop model
Tolerance

Reduced Order Model Size

0
1*10,10

51 (full order model

1*10.

92

8

20
18-19

1*10'6

17

1*10-4

11
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8.1

CONCLUSIONS AND RECOMMENDATIONS

Conclusions

We evaluated the perfonnance of both the Extended Kalman Filter and the Moving
Horizon Estimator for state estimation of two industrial chemical processes, one batch
process and one continuous process. Computer simulations of non-linear models of both
these processes were used to test the estimation algorithms. Simulation was perfonned for
reference trajectories of the processes and a number of disturbances, both stochastic and
detenninistic. The effects of using reduced order models in the estimation algorithm were
assessed for both the EKF and the MHE. Concepts for tuning the estimation algorithms in
practical situations were examined.

CSTR model examples
Using a simple CSTR model correct implementation of the algorithms was verified. The
nonlinear CSTR model simulations indicated the benefits ofnonlinear estimation
algorithms. The advantages of constrained estimation were shown for estimation of a nonnegative reaction constant. Finally the principle of reduced order estimation was illustrated
using this model.

Observability analysis
For the test-cases an observability analysis was perfonned prior to the design of the
estimators.
For the EPS reactor observability analysis showed that reaction moments were weakly
observable using the measurement set. However, we do not expect to have disturbances
which only affect these states so this might not be a problem. Monomer and pentane
holdups were well observable, while initiator holdups were less observable due to their
small effect on the reactor pressure. For some states either pressure or temperature
measurements contributions to observability were predominant in different parts of the
trajectory. Over the reference trajectory they complement eachother. It was also found that
as the EPS process is a batch process, observability changes significantly during the
trajectory as reactions start and finish and reactants are consumed.
Observability analysis for the slurry-loop reactor showed that observability practically
remained constant for the grade change. Both temperature and pressure as well as polymer
quality measurements contribute to the observability for holdups. But the contribution of
quality measurements to the observability of the holdups was only significant for the H2
holdup. However, other states of the model were made observable by using the quality
measurements. Depending on the disturbance model, which detennines if these states are
perturbed independantly, this might make these measurements useful!.

Implementation
Unfortunately implementation of the algorithms for both test-cases proved more
problematical. Both theoretical and practical problems were encountered.
Numerical stability was a practical problem, even after correct scaling of the model. 11Iconditioning of the model equations lead to unexpected filter estimates, in particular for the
MHE estimation algorithm. For MHE, both the interior-point quadratic programming
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algorithm as well as the LMI solver algorithm were inaccurate for ill-conditioned inputs.
Therefore an active-set based QP solver had to be used and dynamics with very low
inaccuracies had to be treated in a separate manner.
A major theoretical problem is the updating of the states of the non-linear model. Addition
of a random noise vector to the state vector of the non-linear model and subsequently
performing non-linear integration of the model often resulted in a crash of the simulation
software. This is a result of a failed realigment procedure of the estimate with the nonlinear
model equations. Even with estimates which conform to state limits the realigment
procedure can fail.
A problem encountered when designing an estimation algorithm for the test case processes
was that the states related to the reaction kinetics were weakly observable using a realistic
measurement set. Because only small disturbances could be applied to the states due to the
numerical intergration convergence problem as described above estimation improvements
were small using the realistic measurement set. The measurement accuracy had to be
increased in some simulations to show that the estimation algorithms performed as
expected.

Simulations ofthe estimation algorithms for the test-cases led to a number ofconclusions:
Product quality parameters, although weakly observable themselves, benefit from
estimation of holdups and energies in the reactor. If the disturbance model does not lead to
direct disturbances on the product quality paramers which don't affect other states this
means that estimation of these parameters by using improved estimates for observable
states to improve open-loop estimation of these parameters might be feasible. This is
generally the case as common disturbance models often include disturbances on reaction
constants which also affect holdups.
Simulations using reduced order filters showed that both in the case of the EPS reactor and
the slurry-loop reactor significant reductions were possible with minimal performance loss.
However, this is partly due to limited observability of the model and the fact that a large
amount of redundancy was build into the models in the for of artificial states for debugging
and monitoring purposes. As indicated in Chapter 6, there are a number of potential
problems when using reduced order filters. These include loss of information from the
filter covariance matrix which might be a problem when unobservable states become
observable and the use of incorrect covariances for practically unobservable states.
Carefull use of reduction tolerances is therefore required.
Because of a lack of realistic disturbance models holdup constraints have been used to
show the benefits of constrained estimation. The EPS model was used to illustrate the
application of constrained estimation. It was shown that the MHE filter was able to
produce more consistent estimates of the monomer concentration by incorporating the
pentane and initiator holdup constraints. The use of disturbance constraints was also
illustrated by imposing a strictly negative disturbance on the monomer holdup. As
expected the incorporation of this constraint in the estimation algorithm led to better
estimates.
A final conclusion is that knowledge of the physical process that is to be observed is an
important help when designing and evaluating estimation algorithms. While observability
analysis solely based on the model is a good tool for assesing the performance this
knowledge makes it easier to interpret results. During the simulations states with associated
logic routines (hybrid states) were encountered as well as states which only had
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significance as part of future planned expansions of the model. These led to unexpected
behaviour of the observer, and finding the causes of this behaviour proved difficult.
Knowledge of the physical process is also required to design a realistic disturbance model.
In this project we commenced by perturbing all state which change during a trajectory but
this proved to be an unrealistic approach. Finally only states associated with holdups and
energies were perturbed directly. To implement more realistic disturbances, insight into the
physical model might be used to construct a disturbance model involving the reaction
constants and their possible their pressure and temperature dependance. Also time
dependant effects such as fouling could be included in the disturbance model.
8.2

Recommendations

Robustness ofthe nonlinear simulator
In order to nonlinear estimation in an advanced control setup stability of the algorithm in
combination with the nonlinear model is required. Even for the relatively simple models
used in the test-case this has proven to be a major problem due to the realignment problem
with the simulator. A number of avenues can be explored to find a solution to this problem.
For a specific model an option is to try to find the state vector update directions which lead
to problem with the simulator. Knowledge and insight of the model can then be used to
find the part of the model which causes the problem. A different modelling method could
then be used as a solution.
A more general alternative would be to find a specific disturbance model for the non-linear
model. This disturbance model can be used to restrict state noise to physically feasible
vectors. The nonlinear model might be more robust when confronted only with these
physical1y feasible directions. A drawback to this approach is the effort which has to be
devoted to disturbance modelling.
Finally models might be constructed to include approximation functions which allow them
to be more robust in for specific operating trajectories. This approach is allready used to
improve the stability of the nonlinear simulator in general but might also be used to
improve stability in regards to realignment with estimates.
Translation to a practical application
The software designed in this project has be tailored to experimentation. In order to
construct state estimation algorithms for practical applications this software has to be
adapted/rebuild. Real time application of estimation algorithms would require
improvements in computation speed and ease of use. The first can be obtained by
exploiting sparsity structures and choosing the optimal algorithm for each subtask. The
second can be obtained by designing a Graphical User Interface and introducing
consistency checks for different configuration options.
The translation to a practical application would also require testing with actual process
data. In this process only ideal models and noise with specific charactistics have been
assumed. Practical applications would violate both assumptions. Especially for batch
reactions the assumptions of constant noise levels for the trajectory are not realistic.
Constrained estimation
In our assessment constrained estimation for chemical processes can be useful in two
different ways. Firstly online parameters estimation, such as for reaction rates, can be
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improved by using constraints. Secondly certainties such as conservation laws can be
introduced into the model in an natural way through equality and inequality constraints
between model states. This allows to retain the structure of the model, avoiding reductions
which lead to a loss of physical significance of the states. The use of constraints to improve
estimation when the process is operating in its physical limits, as shown in the EPS
simulation, seems somewhat less usefull. The reasons for this are that typical continuous
chemical processes are usually not operated close to these limits and batch processes would
be served as well by using operating point dependent noise statistics.

Model Reduction
Model reduction seems usefull in case large reductions can be obtained without to much
performance loss and the transitions between states being unobservable and being
observable are gradual. The first argument is valid when only a small part of the model is
observable or/and only a small part of the model is perturbed by noise. The gradual
transtions in observability allows the filter covariance of the reduced order filter to adapt
itself in the transitions period without to much performance loss. It might also be possible
to reduce this problem by initialisation the covariance matrix for a dynamic with the
steady-state covariance upon becoming observable. The feasibility of the model reduction
approach is also dependent on the possibility of performing this reduction offline for a
reference trajectory.

8.3

Further work

Integration in control setup
The main step for continuing the work on state estimation for chemical process control is
the integration of the state estimation algorihtm in the control loop. The performance of the
complete control loop can now be assesed as well as the influence of the state estimation
algorithm. In this project we have used the MSE error of the estimate relative to the true
state as a performance measure. In the closed-loop control situation this performance
measure for the state estimator is contained in the tracking and disturbance rejection ability
of the control algorithm which uses state estimation.

Closed loop reduction methods
The model reduction performed in this project is based on the open-loop stochastic
reduction of the model. It might be possible to find a reduction criterion based on the
closed-loop performance of the filter or on the closed-loop performance of the control
algorithm. This seems possible as the impact of the open-loop reduction used presently on
both criteria can be calculated. The use of a closed-loop reduction criterion is more in line
with the true goal of the reduction.

Evaluation ofstate estimation with realistic disturbance models
As all ready states in the conclusion and recommendations the use of a realistic disturbance
model is major benefit for a state estimation algorithm. To asses estimation algorithm in
practical situations such a model has to be constructed. This would also allow for a better
assesment of constrained estimation in realistic chemical processes.

Filter tuning
Filter tuning methods using process data described in this project are still in concept from
and have for the majority not been evaluated. Further work in developing these methods
and practical evaluation of these methods is required.
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APPENDIX 1. TEST-CASE PROCESS STATES AND OUTPUTS
Expandable Polystyrene (EPS) batch process
Manipulated Variables (MV)
Quantity
PID Temperature Controller Setpoint
Pentane Flow

Units
°C
Kg/s

Measurements
Quantity
Reactor jacket temperature
Reactor pressure
Effective pentane flow
Reactor heat flow
PID Temperature Controller error
integral

Units
°C
Bar

Measurement Variance
1
1* 10-'1

Kg/s
lis

0

°C

I
1
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Slurry-loop LDPE process
Manipulated Variables (MV)
Quantity
C2 flow
Catalyst flow
C6/C2 ratio
H2/C2 ratio
Temperature
Setpoint

Units
Kg/s
Ratio
Ratio
°C

Measurements
Quantity
C2 flow
Catalyst flow
C6 flow
H2 flow
Solvent flow
Coolwater flow
Product outflow
Temperature
Pressure
Blender density
Blender melt index

106

Units
Kg/s
gls

Kg/s
Kgls

Kg/s
Kg/s
Kg/s
°C
bar
g/m3
dimentionless

Variance
0
0
0
0
0
0
0
0.01
0.1
I
0.1
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APPENDIX 2 MODEL SCALING
By model scaling we refer to the scaling of the inputs, states and outputs of a model.
Models of physical processes often include parameters of different orders of magnitude,
which depend on the units that are used to measure these parameters. Inclusion of these
orders of magnitude in the model means that the model has a large variation in magnitudes
of input, output and state update gains. By scaling the inputs, states and outputs we can
reduce this variation. This can lead to better understanding of the model dynamics and
improved numerical properties of calculations performed with the model. In this report
scaling is also important as it allows to perform model reduction in a meaningful way by
applying the reduction to the scaled model (see Appendix 4 Model Reduction).

A2.1 Scaling for state space models
For a state space models, scaling can be accomplished by applying the following diagonal
transformations:

xs =Tx
x

to the original state-space model:

x[t + 1] = Ax[t] + Bu[t]
y[t] = Cx[t] + Du[t]

to obtain the scaled model which is defined by:

xJt + 1] = A,xJt] + BsuJt]
y[t] =CsxJt] + Dsu,,[t]
using the following definitions:

A ~Tx Ar'
x'
oS'

Bs ~TBT-'
C ~TCT-'
D ~Ty Dr l
xu's
y
x'
.SO

U

A2.2 Choice of scaling matrices for model scaling
In practice the are a number of methods to choose the diagonal transformation matrices. A
straightforward method is to use the maximum range of the input, state or output matrix as
a scaling parameter, e.g.:
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u
,

=

I
u
max(u)

This leads to a scaled model where (in the SISO case) a unitary input will lead to a unitary
output. This scaling method is well suited to improve numerical conditioning and to gain
insight into the model.
However, in this thesis the scaling process is also used as a prerequisite to model reduction.
The model reduction techniques that are employed base the importance of a state or a
group of states on the gains from input to output or from state to output (see Appendix 3).
In view of this, the goal of the scaling process in this case is to scale the states and outputs
in such a way that in the scaled model state and output gains ofthe same 'importance'
relative to each other have the same orders of magnitude. In order to accomplish this we
have to determine how' important' a specific state, input or output deviation is. Although
the method of measuring a state, input or output deviation relative to its maximum range to
determine this importance might be meaningful in some cases, we will use a different
method to scale the state estimation models prior to the reduction.
Instead of the maximum range of a state or output we will use the variation of state for a
typical reference trajectory to scale this state:

x
S

= (x

I
max

-

x min )

x

The reference trajectory can be chosen as for example a typical grade transition or a part of
the reference trajectory of a batch process. The reason for using this range is that it is a
more meaningful representation of the variation that can be expected for a state during
normal operation that its full range. It also has the additional benefit that the choice ofthe
state covariance matrix used in the estimation algorithms which is also based on the
reference trajectory is straightforward for the scaled model.
For the outputs the scaling will be based on the standard deviation associated with the
measurement variance of the each output:

I
Ys = a(y) Y

This scaling choice is intended to balance the importance of the outputs in relation to state
estimation by assigning higher magnitudes to more accurate measurements. These
measurements provide relatively more information about the state of the process and
therefore the scaled model has higher gains for these outputs. This allows the model
reduction algorithm to retain the states that are most visible by incorporating the
measurement variance information through selection of the highest gain of the scaled
model. As for the state scaling, this method of output scaling also allows the
straightforward choice of the covariance matrix.
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APPENDIX 3 OBSERVABILITY DEFINITIONS

A3.1 Observability of the singular values
To determine the observability of the system for the different dynamic modes the singular
value decomposition of the gramian (see Chapter 4 for the definition of the observability
gramian) can be used. The symmetric gram ian matrix can be decomposed into orthogonal
directions with their associated energy transfer as follows:

where L is a diagonal matrix ofsingular values and U is a unitary matrix.

The directions (rows of U) associated with the largest singular values are those that are
well observable. Directions associated with zero singular values are unobservable using the
current output set.
A problem with using the gram ian to determine observability is that the gram ian is only
defined for stable systems; if the system is unstable equation (4.12) has no solution. This is
logical as the energy transfer for these systems becomes unbounded with infinite time. A
possibility would be to only consider the finite time case. In this case the singular values of
the finite-time gramian can be used:

where HNis the finite time observability gramian.

The singular value decomposition of this matrix is:

As we are not interested in which how the state becomes observable; on which output at
which time instant, we can consider only L and UT • The magnitudes of the singular values
determine how well the direction is observable in finite time. Directions with associated
zero singular values are not observable. The finite time window size can be chosen by
truncating or extending H. A problem with the finite time approach is that the observability
of a direction in finite time is dependant on the time constant associated with the direction.
For directions with small time constants all energy on the outputs will be contained in the
finite time window while for directions with large time constants part of the energy will
fall outside of the window. Depending on the size of the window the relative observability
of certain directions will change.

A3.2 Scaling for the observability and controllability gramian

It is important to use a scaled version of the model (see Appendix 2 Model Scaling) in
order to determine the observability of states relative to each other in a meaningful way.
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By scaling the model outputs with their measurement variance in effect the output
covariance weighted Gramian is obtained when using the scaled model:

This is a more natural representation of the observability of a system as it takes the
accuracy of the observations into account.
In case the system is affected by state noise we can to determine which states are affected
by this noise. The approach to this is to use the controllability matrix to determine the
dynamic effect of the state noise:

w=

B
AB

where B can be chosen to be the identity matrix to represent noise affecting all states.
Using this matrix a scaled version of the gramian can also be constructed which renders the
noise variance on the states as a function of the additive noise at each time instant. The
infinite time equation for the controllability gramian is similar to that of the observability
gramian and is given by:

The version scaled by the noise variance is given by:

The scaled observability and controllability gramians allow analysis of the energy relation
of a stochastic system from input noise to states and from states to measurements. In the
case of a model which is scaled by the measurement noise covariance and by the input
noise covariance (see Appendix 2) the Q and R matices become the identity matrices.
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APPENDIX 4 MODEL REDUCTION
In an ideal setting the greatest accuracy of a model of a system can be obtained by
including all of the system dynamics in the model. However, in most cases we wish to
include only the dynamics of the system in the model which are relevant for our purpose. If
a complex model of a system is given and our interest only lies with a number of relevant
dynamics of this system, we can attempt to reduce the complex model and obtain a less
complex model which only includes these relevant dynamics. This can be accomplished by
using a model reduction technique.

A4.1 Model reduction for linear models
Given a linear state-space model a model reduction algorithm should render a model with a
smaller number of states which approximates the behaviour of the original model. The
reduction should be such that the behaviour which is of interest for the application of the
model is retained as much as possible while non-relevant behaviour contained in the model
is discarded.
To achieve this, a linear transformation can be applied to the state vector of the original
model which renders a new state vector that has a fewer number of states:

(8.1 )

Substitution of this transformation in the state-space equations leads to the state-space
formulation for the reduced order model

x[t + 1] = TAr'x[t] + TBu [t]
y[t] =Cr'x[t]+Du[t]
with

TAr'

~AR

TB~BR

(8.2)

cr' ~CR
D~DR

x[t+ 1] = ARx[t]+ BRu[t]
y[t]=cRx[t]+DRu[t]
Geometrically model reduction can be seen as a projection of the model state space onto a
subspace of smaller dimensionality. The behaviour of the reduced model is now defined in
the subspace.

A4.2 Balanced model reduction based on the Hankel norm
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As a first step in the Hankel norm reduction algorithm a balanced description of the system
is needed. This description is obtained by using a similarity transform. This is a transform
which leaves the input-output characteristics of the system invariant. The goal of this
transformation is to transform the system states in such as way that the gains from input to
state and from state to output are equal in the L2 norm. This is accomplished by calculating
both the observability and the controllability gramian (see Appendix 3) and using these
gramians to calculate a state transformation so that the norm of both gramians is equal.
To determine the accuracy of a reduced model a method of measuring this accuracy has to
be employed. The norm used in this case is the Hoo-norm (i.e. the maximal value) of the
difference between the full order system and reduced order system discrete time response:

where z is the discrete Laplace operator and T(z)=C(lz-AI1B+D is the discrete time system response

From [23] this is related to the norm of the product of the observability and controllability
gramians of the system. Using the singular value decomposition on this product the
contributions of the different orthogonal directions to the Hankel norm can be found.
Model reduction is based on the removal of those directions which contribute the least to
this norm, thus leaving the system response in terms of the Hao norm nearly intact. See [23]
for a more detailed explanation.
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APPENDIX 5 EXAMPLES
A CSTR nonlinear model has been used to illustrate principles outlined in this thesis. The
model includes one reactant which is turned into the product at a concentration dependant
rate.
This model can be described by the following set of equations:

x[t + 1] = x[t] -1 0../x[t] + u[t]
r[t + 1] = r[t] _ k[t]r[t]15 + f,..Jt]u[t]
x[t]

r[t] * 1OJ*]
x[t]

k[t + 1] = k[t] + d k
yJt] = 10x[t]
Yr[t]

=r[t]

where: x[t] tells the total holdup in the reactor, r[t] is the amount ofreactant k[t] is the reaction rate and
j'r,n[t] the reaction concentration ofthe inflow

u

..•

t(r, u)

k
r

•

-+ p

p
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APPENDIX 6 SOFfWARE

This appendix gives a brief overview of the software used to perfonn the state estimation
simulations in this thesis.

Matlab 6.1
Matlab is general purpose mathamatics software. It has a library of mathematical functions
and algorithms and allows easy manipulation of vectors and matrices. This software was
used to implement the state estimation algorithms. Communication with the model
software was done using the OPC protocol.

MOSEK Optimisation toolbox
This toolbox includes various optimisation algorithms which can be accessed using a
Matlab interface. It was used for the calculation of constrained quadratic programs (QP's).

IPCOS Pathfinder
The pathfinder software package from IPCOS Technology allows the detennination of
optimal grade change trajectories for nonlinear process models using economic cost
functions. This software was used to calculate a grade change trajectory for the slurry-loop
test-case process.

gPROMS
gPROMS modelling software can used to implement and simulate chemical process
models. Its modelling language allows modular creation of models using parameter and
differential equation descriptions. Simulation of the model is done using an advanced
numerical integration algorithm.

INCA Dataserver
The INCA Dataserver is a software tool that serves as a gateway for process data. The
dataserver was used to connect Matlab with the modelling software gPROMS to perfonn
the state estimation simulations.
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