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Abstract
nozse
Noise properties ofboth nonmagnetic and ferromagnetic tunneljunctions were investigated.
It was found that the frequency independent, 'white', noise in both nonmagnetic and
ferromagnetic junctions can be explained by a simple independent electron model of shot
noise. The 1/f noise level follows the empirical Hooge relation. In ferromagnetic junctions, as
function of the magnetic field the white noise level changed proportionally to the resistance.
The 1/:fl noise was found to be higher when the magnetization in the electrades was
anti-parallel with a slightly higher slope y. Near steps in the magneto resistance curve noise
levels were found to be higher with distorted noise spectra, most likely due to discrete
switching of magnetic domains in the electrodes.

tunnelZing
A one band free electron model of tunnelling was implemented by computer simulation. The
numerical results were compared with the Simmons and Brinkman formulas descrihing the
current-voltage relation ofmetal-insulator-metal (M-I-M) tunneljunctions. The main souree
of deviations was found to be their use of the WKB approximation for transmis si on, which
describes tunnelling through a smooth harrier. Magneto re si stance (MR) effects in junctions
with ferromagnetic (FM) electrades (FM-I-FM) were described by exchange splitting ofthe
conduction band. A comparison was made between the numerical free electron model,
Slonczewski's approximate free electron result, and Julliere's formula. Slonczewski's formula
worked well for harriers with a low harrier height and a large thickness. Julliere's formula
could not describe the free electron results using polarisations derived from the density of
states at the Fermi level. Using polarizations calculated with the free electron model the
trends were well described. In simulated FM-I-M-FM junctions an oscillating behaviour of
the current and MR ratio was observed as a function of the metallayer thickness with the
possibility ofnegative MR ratios. An attempt was made to describe experimental results on
these structures which also showed negative MR ratios.
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Introduetion
This report is divided into two sections related to tunnel junctions. A basic tunnel junction
consists oftwo conducting layers, the electrodes, separated by a thin insulating layer, the
harrier (fig. 1). Following quanturn mechanics, electrous have a finite chance to tunnel
through the harrier, enabling conduction. Ifthe electredes are made of a ferromagnetic (FM)
matenals then the resistance dependeuts on the relative orientation ofthe magnetization in the
electrodes. This phenomena, known as Tunnel-Magneto-Resistance (TMR), can have
applications in sensor technology.
Devices like this have been known and fabricated since the early sixties but recently
received a renewed interest. Due to improvements in deposition techniques it is now possible
to reproducibly grow magnetic tunnel junctions with a highly magnetic-field dependent
resistance.
A schematic MR measurement is shown in figure 2. As mentioned before, the resistance of a
tunnel junction depends on the relative orientation of the magnetizations in the electrodes,
denoted by arrows in the figure. For high negative fields the magnetization will point in the
same direction and the resistance will generally be the lowest. Increasing the field at a certain
point the magnetization in the electrode with the lowest coercive field will change its
direction and the magnetizations become anti-parallel (AP) which results in a higher
resistance. Still increasing the field, the magnetization in the other electrode will also change
and the situation is again parallel (P). The maximum relative change in resistance, the MR
ratio is defined as
The high MR ratios in tunnel junctions open the way for application in magnetic storage
devices and sensors.
(1)

In the first section of this report the noise characteristics of tunnel junctions are investigated.
In the second section a one band free electron model is compared with existing relations
descrihing the I-V and MR characteristics of tunnel junctions. Also numerical and
experimental results on FM-I-M-FM tunnel junctions are examined.
~R

~
~

~

~
~

H

Figure 1 Basic magnetic tunnel junction

Figure 2 Schematic MR curve
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Technology assessment
With theever growing demand for large information storage, new techniques need to be
found to store more information in less space. In the early days ofthe computer, information
was stored by punching holes in paper strips. A big impravement came with magnetic tapes; a
higher information density and the possibility to rewrite data. The next step was the
development ofthe Winchester drives (hard disks) which allowed faster, non-sequentia!
access ofthe data. Today there is a wide variety ofmagnetic storage devices: tapestreamers,
hard disks, floppy-, jazz- and zip-drives and so on. The optical storage of information on
compact discs is a recent, fast growing technique but due to its rewriteability and its speed
magnetic hard disks are still the main souree of permanent mass storage in every personal
computer.
To increase the information density in magnetic storage devices the reading heads need to
become ever smaller. Initially small pickup coils were used to read and write the information
from tapes and disks.
More recently reading heads basedon the Allisotropie Magneto Resistance (AMR) effect are
used. An AMR element is a single layer of a magnetic material in which a difference in the
angle between the magnetization and the current causes a change in resistance. At room
temperature MR ratios of about 1% are possible with AMR sensors. Since the magnetic
material can be deposited, small structures can be grown using masking or etching
techniques. This way small reading heads with several closely spaeed sensors can be
fabricated.
In 1998 IBM introduced a hard diskbasedon the Giant Magneto Resistance (GMR) effect.
A minimal GMR sensor consists of two magnetic layers separated by a conductor. The
resistance depends on the angle between the magnetization in the two magnetic layers.
The latest field sensitive device, the magnetic tunnel junction, consists of two magnetic
layers separated by an insulator. Like GMR, the resistance depends on the angle between the
magnetization in the magnetic layers but this time the effect is called Tunnel Magneto
Resistance (TMR). At room temperature MR ratiosof up to 30% have been reported. Besides
application in reading heads tunnel junctions are planned to be used in non-volatile memory
chips (magnetic RAM or MRAM) storing the digital information magnetically.
The sensitivity of a sensor is ultimately set by its noise characteristics. In this report the
noise characteristics oftunneljunctions are investigated.
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Noise
Introduetion
The current through or the voltage drop over an electric component exhibits random
fluctuations: noise. These fluctuations have their origin in the component itself and are caused
by the microscopie behaviour of the charge carriers. Since noise originates in the components
it is impossible to completely avoid noise, it is only possible to reduce the noise by the choice
of components and the design of the circuit.
Several types of noise can be distinguished:
•
•
•
•

thermal noise, caused by the thermal movement of the electrans
shot noise, caused by the discrete nature of electrans
random telegraph noise, caused by trapping of electrans
1/f noise, cause mostly unknown

In the next sections some noise theory will be presented and the noise types will be described
in more detail7 •

Noise theory
The power spectrum
The most common way to characterize noise is by its power spectrum. The power spectrum
S/w) is the noise power in a small frequency interval dw as function offrequency, an
example of a (voltage) power spectrum is given in figure 8. It is obtained by a Fourier
transfarm of the noise signal and using
(2)

speetral noise intensity [x2 Hz- 1]
Fourier transfarm ofthe noise signal x(t), t = O.. T [x Hz- 1]
duration of the measurement [s]
The bar denotes an ensemble averagea. Ifthe noise intensity is independent offrequency the
noise is called 'white'. When measuring voltage noise the units of Sv(w) will be V2 Hz- 1•
Plancherel's theorem gives the re lation between the varianee of the noise signal and the total
noise power (the area under the power spectrum)

a See section "averaging"
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(3)

i.e. the total noise power is equal to the varianee in the noise signal.
Calculating a power spectrum

Frequently noise is caused by a great
number of independent, discrete events.
Every individual event creates a
characteristic pul se. The sum of these
pulses, starting at randomly distributed
times, is the noise signal:
x(t) = Lak j{t-tk)

signal

(4)

k

x(t)
ak
f( t)
tk

noise signal
Figure 3 Noise signalas a sum ofpulses
amplitude of k 1h pulse
pulse shape in time
starting time of the k1h pulse. Since the events are independent the tk are Poisson
distributed.

Taking the Fourier transferm of (4) and using (2) and the properties ofthe Poisson
distribution the power spectrum becomes

(5)

v

number of events per second [s- 1]

a2
F(jw)

quadratic average of noise amplitudes
Fourier transferm ofpulse shape, f(t) [x Hz- 1]

The last term is just a DC contribution. Using this formula the power spectrumforshot noise
can easily be derived. When electrens have a certain probability to pass a harrier the total
current is the sum of a great number of (almost) delta pulses.
K

/(t) = -q

L ö(t-tk>

(7)

k=l

Cernparing with (5) a= q, va= I and F(w) = 1. Neglecting the DC component the (current)
power spectrum for shot noise becomes
(8)
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Shot noise is thus a white noise depending linearly on the current.
Another way to calculate the power spectrum uses one of the Wiener-Khintchine relations
which defin es the re lation between the autocorrelation of the noise signal and its power
spectrum:
S)w) =4

Jr/Jx(r')cos(wt)dr

(9)

0

<I> x( t)

autocorrelation function of fx(t)

The autocorrelation of f x(t) is defined as:
T/2

rPCx) =lim_!_ Jf(t)l,(t+t)dt
X

t-oo

T

X

(10)

X

-T/2

When the autocorrelation function of a process is known the power spectrum can be
calculated by (9). This relation is an important tooi in the modeHing ofnoise. For example,
the autocorrelation of the shot noise signal (7) is given by:

(11)

The second term evaluates toa constant. Using (9) and neglecting the DC component from
the second term the shot noise power spectrum calculated with this method is again
(12)

Averaging
Sirree noise is a stochastic process one
has to average to find the constant
properties in the signal. In the
equations above the ensemble average
was used, denoted by a bar. This is the
mean value of a whole set of
measurements on identical samples at
the same time. In practice it is much
easier to take a time average, the mean

measurement 1

1

1

•••

I
I

I
1

measurement 2,

I

measurement 3 :

ensemble
average
Figure 4 Time and ensemble averaging

time
average
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value of a signal in a period of time. When the process is ergodic, as often assumed, the timeand ensemble averages lead to the same result. The ensemble averages then can be replaced
by time averages.
Figure 5 shows an example of a
non-ergodie process. The
maximum energy of the partiele is
too low to explore all available
states. Time averaging on this
sample would give the result x 1•
Ensemble averaging on the other
hand would give an answer
between x 1 and x 2 since in different
samples the partiele can be near
either x 1 or x 2 .

Erna x

x
I

X1

X2

Figure 5 Non ergodie process

Current and voltage noise

A basic noise measurement can be done in two ways:
• A constant current is driven through the sample. The
variatien in voltage over the sample is measured (fig. 6).
• A constant voltage is applied to the sample. Variatiens in
current are measured (fig. 7).
When the I-V characteristic of the sample is known the voltage
and current power spectra can be derived from each other.
Since the amplitudes are very smalllinear theory can be used
leading to:

_ -rd/1
2

Siw) =SfW)

dV

(13)

Figure 6 Current noise measurement

-(!)---,
i-

\

rs~Vle]

r_

_j

\cvY

Figure 7 Voltage noise measurement
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Noise types
In figure 8 a measured voltage
noise spectrum is shown. It
contains several noise
contributions, white noise, 1/f
noise and a Lorentzian, whose
properties are described in the
next sections. At high frequencies
the effect of capacitances in the
system is visible creating a low
pass filter suppressing high
frequency signals.

10"11 . - - - - - - - - - - - - - - - - - - - - - - ,

lorentzian

white noise

10·16

1o-17

.__..__._...__._....-'-"-__.._~........_~-'-'..............a__~........................----"-_._._........._w

1

10

100

1000

10000

100000

f[Hz]

Figure 8 Different types of noise in a spectrum

Thermal noise I Johnson noise
Thermal noise is caused by the thermal motion of charge carriers. lts noise power is
independent of frequency and is thus called white. At OK it disappears.
Sv(W) =4kTR
S(w)=4kT
I
R

(14)

T temperature [K]
k Boltzmann constant [J/K]
R resistance [Q]

Shot noise
Shot noise is caused by the discrete nature ofthe charge carriers. It is most visible when
electrons have to cross a harrier, e.g., in a vacuum tube, diode or a tunnel junction. The total
current is the sum of a great number of current pulses caused by individual electrons crossing
a harrier. This results in a white power spectrum, see the denvation (4) and further.
S/W) =2ql

q electron charge [C]
I current [A]

(15)
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Random telegraph noise (RTN)
Random telegraph noise is caused by the trapping and releasing of electrons by impurities.
At tinite temperatures impurity states near the Fermi level can he either tilled or untilled.
Electrons in this energy range can become trapped by the impurities, only to he released when
their energy is increased by thermal fluctuations. RTN is also called generationrecombination (g-r) noise ortrapping noise. lts power spectrum is given by

S 1(W) = SV(w)

=--a-

(16)

a amplitude [s]
characteristic time [s]

1:

This is a Lorentzian, in the double logarithmic graphs it has a constant power speetral density
for low frequencies and decreases with a slope of 2 for high frequencies.
In small tunnel junctions the trapped electrons greatly influence the current by Coulomb
repulsion. In an area with a diameter of about the harrier thickness 5 the current is greatly
reduced. In a constant current experiment the voltage over the junctions shows steps, see
tigure 10. This signal resembles a telegraph signalleading to the name random telegraph

l.Ox!O ->

5.0xl0 _,

~

~

0.0

"

~--.:

-5.0xl0·'

-l.Ox!O ·>

20

40

60

t [ms]

Figure 9 Random telegraph signal withother noise superimposed

noise. The signal can he characterized by the mean up and down times 'tup and 'tctown· The
characteristic time 1: from equation (16) is related tothese up and down times:
1

1

1

1:

1: up

1:down

-=-+--

(17)
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1/fnoise
This type of low frequency noise is present in many different phenomena, not only in
electrical components but, for example, also in the fluctuations ofthe water level in the Nile 1 •
For electrical components the voltage dependenee can generally bedescribed by
S v<UJ)

IX

(18)

Hooge constant, differs for different materials [1]
N number of charge carriers [ 1]
IX

This is an empirical relationship found by Hooge 2 . The noise is inversely proportional to the
frequency and the number of charge carriers. The origin of 1/f noise is in most cases unknown
although several modelsexist (see for example ref. 3 and 4 for two recently proposed
models). In the power spectrum 1/fnoise is seen at low frequencies, decreasing with
frequency as 1/f! with y close to 1. At higher frequencies 1/f noise is no longer observable
due to white noise contributions.

Noise in tunnel junctions
The noise in a tunnel junction is a sum of different noise contribution. Since the electrans
have to cross a harrier shot noise will be present. 1/f and random telegraph noise may also
appear in the noise.

Shot noise
The junction will at least show shot noise since electrous have to cross a harrier, the
insulating layer in the junction. In the tunnelling theory chapter it is shown that the net current
through a junction is made up of two currents, one flowing from the left to the right (IL~R) and
one vica versa (IR~L). The net current to the right is given by:
(19)

Electrans crossing the harrier cause shot noise with a spectrum given by (15), assuming noninteracting electrons. This is true for both the left-and right flowing currents. Since these
currents are uncorrelated their noise power may be added. The total shot noise power then is
given by
(20)

i.e. the generated noise is proportional to the sum ofthe two currents whereas the net current
is given by the difference between the two.
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Substituting the F ermi distribution in formulas (48) and (49) for the two current densities
giVes

Jr~t =c JJJ G(E)

(21)

The ratio ofthe left-and right flowing current now is

1L-R _eX ( _ Vbtas)
- p eIR-L

(22)

kT

Using this relationship the shot noise power can be written as a function ofthe net current:

S 2 I cotanh( -eVbias)
1

=

(23)

e

2kT

For low voltages the current depends linearly on the voltage, V= I·R. Substituting for I gives
e
h( -e - S-_4kT
- - ----coan
R
2kT
2kT
Vbias

1

t

Vbias

l

(Vbias

smal!)

(24)

For V--+ 0 this reduces to the normal thermal noise ( 14), 4kTIR. F or high voltages the cotanh
in (23) becomes 1 and the normal shot noise relation is found:
(25)

1/fnoise
In tunnel junctions 1/f noise is also expected to be present since it is found in almost every
electric device. Normally it depends quadratically on the applied voltage. In tunnel junctions
there is strong evidence that the 1/fnoise is caused by a great number oftraps with different
characteristic times and amplitudes. Experiments with small junctions show that at low
temperatures the noise is caused by a small number of traps resulting in a power spectrum
consisting of several Lorentzians. Increasing the temperature the number of Lorentzians
increased eventually resulting in a 1/f like spectrum5 • The problem with the models descrihing
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1/f noise as the combined effect of a great number of traps is the extremely wide range of
trapping times needed to obtain 1/f noise in a sufficiently wide frequency range.
Experiments with AMR and GMR elements, solid state devices with a magnetic
field-dependent resistance, have shown that the 1/fnoise there depends on the applied field. It
can be expected that the 1/f noise in magnetic tunnel junctions also depends on the applied
magnetic field.
In the experiments with GMR elementsexchange biased structures were used; by interaction
with an extra magnetic hard layer the magnetization in one electrode remains fixed for high
magnetic fields. This makes it possible to change the direction of magnetization of just one
electrode. The 1/fbehaviour of these exchange biased structures could qualitatively be
explained by a modelbasedon thermal excitation ofthe direction ofthe magnetic moment6 .
The noise measurements in this report were done onjunctions without exchange biasing soit
was not possible to test the model with tunnel junctions. Recently good quality high MR
exchange biasedjunctions have become available soit is worth to (very) shortly discuss the
model and its predictions for tunnel junctions.

a. H

cpo

~Hr

E

cpo
Figure 10

Figure 11

Magnetization directions of the
elextrodes in a magnetic field H

The magnetization direction
fluctuates thermally around its
minimum energy angle

In figure 10 the magnetization directions of the two electrades of a tunnel junction are
shown. The bottorn electrode is assumed to be pinned or to have a high coercivity so its
magnetization direction will not change for the fields used. Modelling the top electrode as a
single domain magnetic strip its magnetization angle will be in an equilibrium value <l:>o for a
certain applied magnetic field.
By thermal excitation the magnetization direction can fluctuate around its equilibrium angle
with a varianee given by
-1

2

a<P =kT

l l
Ö2E

ö<j:>2

<Po

(26)

i.e. the varianee is inversely proportional to the curvature at the equilibrium angle. A
graphical representation is given in figure 11.
Since the resistance of a GMR element or a tunnel junction depends on the angle between
the magnetization in two layers the resistance of the element will change. Assuming one
magnetization direction fixed the varianee in the resistance is given by
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2

2

OR=

2

ÖR

Oq, [ Ö<j>

<l>o )

(27)

This equation can be compared with (13) but now 'angle variance' is transformed to
'resistance variance'. As indicated by (3) the varianee in a signalis related to the area under its
power spectrum. In ferromagnetic systems with a broad range of relaxation times it is
plausible that thermal excitations willlead to a 1/f spectrum. In that case the calculated
varianee in resistance is a measure of the strength of the 1/f noise.
Fora tunneljunction the resistance as a function of the angle between the magnetization
directions iJrfJ can approximately bedescribed bi 8:
R(iJr/J) =[a + b cos(iJrfJ)]- 1

(28)

with a and b appropriate constants. Writing this as a function of the <I> defined in figure 10
and approximating by first order in sin( <I>), R( <I>) becomes
R( 'Y
Á-1) =R avg + iJR sin( r/J)

(29)

The magnetic energy density E( <I>) of the top electrode can be written as a sum of the
Zeeman, anisotropy and demagnetization energy. Normalizing on the saturation fields the
normalized energy density e( <I>) can be written as (for details see ref. 6)
(30)

with h1 and h1 respectively the transversal and longitudinal magnetic field normalized by their
respective saturation fields. When only a transverse field is applied the equilibrium angle <l>o
for which e(r/J) has its minimum (deldr/J zero) is given by
r/J0 = asin(ht), lhtl::::; 1
rflo =±90o, lhtl> 1

(31)

Using (27) the resistance noise can now be calculated as a function ofthe transverse
magnetic field, see figure 12. The upper left figure shows the resistance as a function of the
transverse magnetic field. For sufficiently high negative fields the magnetization ofthe top
electrode becomes parallel to the pinned bottorn electrode resulting in a low resistance, a high
positive fields lead to an anti-parallel situation with a high resistance. Still higher magnetic
fields will of course also flip the pinned bottorn electrode resulting in a parallel
magnetization. The squared derivative ofthe resistance with respect to <J>, (dR/d<j>) 2, is
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shown in the bottorn left figure. The top right figure shows the varianee in the magnetization
angle, multiplied by (dR/d<j> )2 this gives the varianee in resistance as shown in the bottorn
right figure.

I
I
I

I

:

:

)~)\

-----

i

I

I

-3

Figure 12

-2

-1

-2

-1

2

Thermally induced changes in the direction of the magnetization cause
resistance changes

Since the used R-<1> relation is identical to the one used fora GMR element in ref. 6 the
resulting resistance noise is identical to that of the GMR element.
As mentioned before, the noise measurements in this report were done on junctions without
exchange biasing. The magnetic field was applied parallel to the easy axis and the
magnetization of the electredes or the magnetization of the domains in the electredes was
flipped rather than tumed. For applied fields near the coercive field of an electrode an
increase in noise can be expected since then little extra energy is needed to change the
magnetization of a domain.

Random telegraph noise
Random telegraph noise is another type of noise which is sometimes observed in tunnel
junction. It can only be distinguished when a few traps are active which do considerably
change the current. Practically this means that the current should be very localised so only a
few traps are monitored. In microscopie junctions, ~ 1x 1 ~-tm 2 , R TN is frequently observed
with resistance changes of 50% or more. The junctions used in our experiments are much
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bigger, 200x200 ~m2 , so RTN is not expected.

Extracting parameters from the noise spectra

As described above a noise spectrum is the sum of different types of noise. Since each type
of noise has a different frequency behaviour they can be individually identified in the
spectrum. A non-linear fitting procedure is used to extract the different noise parameters. The
spectra are fitted with a 1/f and a white noise contribution and optionally a number of
Lorentzians. The actual fitting is carried out on the logarithm of the noise power vs. the
logarithm of the frequency to enhance the desired details. Before fitting sharp peaks, for
example caused by the 50Hz ofthe electrical net, are removed.
An existing program to fit the noise spectra was adapted and rewritten in Borland C for
Windows to allow for a more interactive fitting procedure.
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Experimental setup

metal boxes

tunetion generator

digltal signa! analyser
CC CCCO
CJCJ OCJCJCJ
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Figure 13 Experimental setup

Figure 13 shows the experimental setup used for the noise measurements. The sample is
placed inside two grounded !l-metal boxes to exclude electric and magnetic disturbance from
the outside. A parallel or transversal magnetic field can be applied to the sample by two sets
of coils centred around the sample.
In the used setup voltage noise is measured; a constant current is applied to the sample and
the AC voltage is measured. The voltage is actually measured twice and is independently
amplified, this way a distinction can be made between noise from the sample and extra noise
from the amplifiers and leads. The noise from the sample will give the same signal from both
amplifiers, the extra noise added by the amplifiers and leads is incoherent and can be filtered
out by cross correlation ofthe two signals7 . The amplifiers and current souree are fed by
batteries.
The amplified signals are analysed by a HP3562A Dynamic Signal Analyser (DSA). To
prevent aliasinga low pass filter is used. The DSA calculates the cross spectrum (the power
spectrum of the cross correlated signals) which is averaged several times and then send to the
computer.
The magnetic field is set by a HP3325B function generator controlling a voltage driven
current souree connected to the coils. The function generator signal is first filtered by a low
pass filter to suppress noise. The actual current through the coils is determined by measuring
the voltage over a resistor in series with the coils.
The DSA, function generator and multimeter are computer controlled.

Tunnel junctions: Noise

20

The sample itself is attached to a
sample holder which can be placed
I
inside the magnets. In tigure 14 this
I
sample holder is shown with a glass
_j
slide with 6 junctions on top.
V
The junction noise is measured in a
4 probe configuration. Two current
leads are attached to the top of the
bottorn electrode (black) and the
right side of a top electrode (grey).
The voltage sensing leads are
top
si de
connected to the left si de of the top
electrode and the bottorn ofthe
Figure 14 Sample holder with sample and leads
bottorn electrode. The connections
with the junction are made with conductive (silver) paint.
Since there is no current flowing through the part of the electrodes connected to the voltage
leads only the junction region is probed, see tigure 15. The current-independent thermal noise
from the electrodes does however contribute to the measured noise.

I

L

current cantacts

I

Rjunction

voltage measurement

Figure 15 Schematic ofthe four probe measurement

In the next two sections some improvements of the setup are discussed: a low noise current
souree was build to facilitate measurements on high impedance samples and the passive low
pass filter after the function generator was replaced by an active one to increase the maximum
reachable magnetic field.
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The current souree
I
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JFETA

JFETB
'~-'

Figure 16 Former current souree

R1

Figure 17 New current souree

Figures 16 and 17 above show the old and the new current souree used in the experiments.
In the old setup a battery was placed in series with the sample and aresistor with a high
resistance as compared to the sample. Small changes in the sample resistance then have little
influence on the current. The noise voltage over the sample is mainly caused by the noise
from the sample, see appendix A. For samples with a high resistance this resistor has to be
very high which leads to practical problems. To overcome this problem a current souree with
JFETs was build.
In figure 17 the schematic of the new current souree is shown. The current is regulated by
JFET B. When the current increases the gate-souree voltage becomes more negative due to
the resistor R 1 and the resistance of the souree-drain path increases. This will decreases the
current until an equilibrium value is reached, this value can be set by R 1• With a single JFET
the current would slightly depend on the drain-souree voltage, to reduce this effect a second
JFET is used. The actual current is approximately given by

(32)

The value ofR is set by two 8-step rotary switches. The actual current can be measured as the
voltage over a 100 Q resistor R 2.• When no load is connected the voltage over the terminals
would rise to ~12 V. To prevent damage to samples when connecting to the current souree the
terminalscan be shorted by a switch S.
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Low pass filter
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100 nF

out
130nF

•

•

Figure 18 Fifth order Butterworth filter with a 0.5 Hz cutofffrequency. Resistors 1 MQ.

The magnetic field is set by a HP function generator which controls a voltage driven current
souree connected to the coils. The driving voltage from the function generator contains a
considerable amount of noise which is picked up by the sample via the coils. To eliminate
this effect a low pass filter with a cut off frequency well below 1 Hz is used to filter the signal
from the function generator.
Originally a passive RC network was used for this purpose. This network is not current free
soa voltage loss occurs which limits the maximurn attainable magnetic field. An active fifth
order Butterworth filter was build to eliminate this problem, see figure 18. The noise of the
function generator is the worst for a high sweep range and near low output voltages. In the
figure below the effect of the filter is clearly seen to reduce the low frequency noise. The
peaks at 50, 150, 250Hz etc. are caused by the electrical net, the peak at 15Hz by the
function generator.
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Figure 19

Noise spectra near zero field with and without filter. The grey curve
(with filter) is identical to the one obtained without field.
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Junction noise measurements
Samples
A typical sample as used in the noise
measurements is shown in tigure 20. The
junctions are grown in an MBE (Molecular
Beam Epitaxy) on a rectangular glass
substrate. First the long bottorn electrode is
deposited, the specific pattem is created by a
shadow mask. On top of this electrode a thin
layer of aluminum is grown. This aluminum
layer is oxidized in an oxygen plasma to form
the harrier. Finally the top electrades are
deposited creating six junctions sharing the
same bottorn electrode. When depositing
Figure 20 Typical sample with six junctions
magnetic materials a magnetic field is
applied during the deposition. To proteet the junctions from further oxidation they are
covered with a thin layer of aluminum oxide.

Noise vs. current/voltage
Por several junctions, both magnetic and non-magnetic, noise spectra were measured at
different currents. In tigure 21 below two power spectra for a typ ical junction are shown,
taken at different currents. Without current only white noise is present. This noise is not only
caused by the junction but also by the thermal noise from the electrodes. When a current is
applied the 1/f noise appears at the lower frequencies and the white noise level increases due
to an increase in shot noise.
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Figure 21 Noise spectra at different currents
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Figure 22 shows the measured white (current) noise level versus the applied current. The
current noise was obtained using (13) and the I-V characteristic ofthe junction. The solid
black line shows the simpleshot noise relation (15) with the thermal noise from the
electrades added. For high currents the actual noise approaches this relation: the electrous
travel in only one direction. For lower currents the actual noise is higher since then also
electrous tunnelling in the opposite direction contribute to the shot noise.
Using the shot noise relation for tunnel
140 . - - - - - - - - - - - - - - - - - ,
junctions (23) (grey curve) the white noise
0
120
can bedescribed completely. Only the I-V
0
characteristic is left as a parameter to be
100
determined experimentally. The mismatch for
0
negative currents is probably caused by a
~: 80
0
0
deviation in the numerically computed dlldV. ~
0
00

Using white noise measurements it is
possible to determine the individual tunnel
currents. In figure 23 the left- and right
flowing currents are plotted vs. bias voltage.
For negative voltages there is again a
deviation, as mentioned before probably
caused by the transformation of voltage noise
to current noise.

The 1/f noise is characterized by its noise
level at 1 Hz. This value is plotted versus
voltage in figure 24 and is fitted with a
simple parabola, the form predicted by the
empirica! Hooge relation (18).
The stray points indicated by an ellipse are
probably caused by the appearance of a
Lorentzian in the spectrum caused by random
telegraph noise. They were not included in
the fit.
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Individual currents vs. applied voltage
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Random telegraph noise
During the experiments it was observed that the amplitude ofthe noise signal sometimes
suddenly increased, leading to 'out of range' messages from the DSA. At first it was believed
that this was the signal that the junction had broken down. However, the I-V characteristics
were mostly unchanged and the excessive noise would often disappear after a while. Even
stranger, measuring an IV characteristic often 'cured' the junction for some time. Increasing
the input range of the DSA power spectra could again be calculated. They showed that the
white noise level was at its original value but that the low frequency 1/f like noise had
increased. Sometimes a Lorentzian would show up but most of the time the slope of the 1/:fi'
noise just increased.
Looking at the signal in the time domain it appeared most of the time normal except for
discrete steps which were in some periods much more frequent than in others. After a while,
in the range of several minutes to hours, the signal would change; the steps disappeared,
became much larger or sometimes complicated three levellike noise appeared. Figure 25
shows some 80 ms time traces taken with the DSA. Graphs (a) and (b) clearly show random
telegraph noise with discrete steps of 0.05 to 0.1% of the mean DC voltage. Other noise is
superimposed on these steps. The bottorn row shows a time trace (c) and an enlarged section
of it (d) taken shortly after the time trace at the top right. The noise has increased a factor of
four and seems to switch between a low state and a high state which has many 'peaks' toward
the lower state. The lower state itselfhas a random telegraph signal superimposed with the
same amplitude of 0.1% as it had before. In other cases an increase in noise amplitude with
more than a factor of ten was observed.
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Examples ofobserved RTN. (A) RTN at 20 mV, (B) RTN at 12.5
mV, (C) RTN at 12.5 mV but 10 minutes later, (D) close up of(C)

Since the R TN behaviour changes in time it was impossible to get statistics on up- and down
times. The time dependent nature also affected the power spectra: a measurement from 1 to
100kHz takesabout 1.5 minutes and several averages are needed to reduce the noise in the
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power spectrum. A change in noise signal during this time leads to a mixed spectrum which
changes with every new average, this was actually observed in several instances.
Figures 26 and 27 show the results of an attempt to find the relation between the voltage
over the junction and the intensity ofthe Lorentzian defined by a in (16).
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Figure 27 intensity Lorentzian vs. voltage

In figure 26 the 1/f intensity at 1 Hz is plotled vs. voltage. The points lie roughly on a
parabola but with a considerable spread. This spread is probably caused by the presence of the
Lorentzian in the 1/fpart ofthe spectrum which hinders the precise determination ofthe 1/f
intensity. The intensity ofthe Lorentzian, as shown in figure 27, doesnothave a clear relation
with the voltage over the junction although it seems to increase for higher voltages. For some
pointsits intensity is zero, this does not necessarily mean that the Lorentzian is notpresent
but that it is not visible above the 1/fnoise. The characteristic time 1: ofthe Lorentzian
showed a considerable spreadwithno clear conneetion to the voltage.

Discussion
RTN is usually only found injunctions with a very small area. In these smalljunctions, a
trapped electron can cause a major resistance change due to its Coulombic repulsion.
Furthermore, in a small junction there are only a limited number of traps with possibly only
one trap dominating the conduction at a certain voltage and temperature. In a large junction
the effect of a trapped electron is very small and the number of available traps is high so the
effect of a single trapping event is usually not seen.
When, however, the current is highly localized by for example roughness effects the major
part ofthe current flows through a small area effectively creating a smalljunction. RTN in
large areajuneticus has been reported earlier with changes up to 100%8 but also with
variations in the range observed here9• 24 • The RTN observed by Teuschler9 could he changed
by light and by scanning with a laser they found that its cause was in an area with a diameter
less than 10 J.lm oftheir 0.25 mm 2 junction, supporting the idea oflocalized current. Nowak24
and Jiang 8 found that the properties of the R TN changed in time with time scales of secouds
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to hours 24 , just like the RTN we observed. Jiang could actually study the RTN but at low
temperatures, T < 100 K, at which the RTN was stable.
The resistance change in our junctions is about 0.1 %. With the assumption that the current is
uniformly distributed this would mean that an area of 40 11m2 ofthe 40,000 11m2 junction is
affected by a single trap which is highly unlikely. In a first approximation, a trapped electron
can affect the current in a volume of d3 with d the harrier thickness. With a thickness of about
15 A this would mean that 0.1% ofthe current flows through 6·10-9 % of the junction area.
Assuming the current proportional to the transmission at the Fermi level,
I- area· exp( -2 KE d)
F

(33)

and a harrier height above the Fermi level of2.0 eVa change of 14.5 Ain harrier thickness on
an average thickness of 15 Ais needed to get fluctuations of 0.1 %, a near short. The main
current will thus be highly localized.
It is also possible that a localized trapping
state inside the harrier causes the localized
current. Instead of tunnelling directly from
one side of the harrier to the other the
electron tunnels via a localized state in the
harrier. This route may be preferabie to direct
x
tunnelling and thus lead to a locally increased v1
current density.
Figure 28 Tunneling via trap
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Noise vs. magnetic field

Tunnel junctions with magnetic electrades show a resistance which depends on the applied
magnetic field. Generally, when the magnetization ofthe top- and bottorn electrode have the
samedirection the resistance is less then for anti-parallel magnetization. Figure 29 shows a
typical Magneto Resistance (MR) measurement. A constant current is applied to the junction
and the resulting voltage is measured as a function of the magnetic field H, applied parallel
to the easy axis (which is the same for both electrodes).
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Figure 29 MR fora magnetic tunneljunction [Co- AlzÜ 3 (14 Á)- Ni 80Fe 20 ]

For high positive fields the top and bottorn electrode have the same magnetization direction.
When the field becomes negative the magnetization ofthe magnetically softer Ni 80Fe20electrode starts to change until the anti-parallel situation is reached. For even more negative
fields the hard Co layer also flips and the magnetization ofboth layers is again parallel. For
some combinations of electrode matenals the anti-parallel situation is not completely reached,
the MR curve of these junctions do notshow steps with flat tops but have a peak-like shape.
Since an electric property as the resistance is magnetic field dependent it is obvious to
assume that the electric noise in tunnel junctions is also field dependent
First of all, because the resistance changes the white noise level will change. Due to the
'noise on the noise' this effect is only measurable injunctions with a high MR ratio and a high
junction resistance compared to the electrodes. The resistance noise of the electrades also
contribute to the white noise and this creates an offset on the white noise level.
Secondly, an increase in noise can be expected near the edges in the MR curve. With an
applied field near these steps little extra energy is needed to change the magnetization
direction of domains.
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Results
The figures below show the results of a series of measurements on a high MR (17%)
Co-Al20 3-Ni 80Fe20 junction. Noise spectra were taken at different magnetic fields and fitted
with a 1/f and a white noise contribution. Measurements were done for both increasing and
decreasing magnetic fields resulting in hysterie loops. Increasing field measurements are
indicated by a closed circle, decreasing field measurements by an open circle.
The magnetic field was applied parallel to the easy axis.
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Figure 30

1/f noise level at 1 Hz and MR vs. applied magnetic field. Closed circles indicate
measurements taken at increasing fields, open circles indicate decreasing fields.

Figure 30 shows the 1/:fi' noise level at 1 Hz and the MR against H. The high peaks in the 1/f
noise level near steps in the MR curve obscured smaller details so the vertical scale is
logarithmic.
The power spectra in the regions near steps in the MR curve are often distorted and
frequently show a discontinuity at 10 Hz, resulting in bad fits. The numbers obtained near
these steps give an indication ofthe noise level but do not mean there was true 1/fnoise
present. Due to the way the digital signal analyser performs a measurement, a single event
might only affect the first decade (1-1 0 Hz), since this decade takes the longest time to
measure. One or more magnetic domains changing their orientation during a measurement
can cause a discrete voltage step leading to strange spectra.
As can beseen in figure 30 the 1/fnoise is higher in the anti-parallel situation. For this
particular junction an increase with a factor of 2 to 5 was observed. According to the
empirica! Hooge relation (18) the 1/fnoise level is proportional to the voltage squared. In the
anti-parallel situation the resistance ofthe junction is higherand thus the voltage in a constant
current experiment. Using the Hooge relation with the higher anti-parallel voltage only an
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increase of 30% can be explained. Similar measurements on a low (2.5 %) MR junction
showed a much smaller 1/f increase in the anti-parallel situation which could be explained by
the Hooge relation.
2.50 .-------------------------~---------,48
0

2.25

46

2.00
1.75

44

?--

<

~

1.50
42

1.25
1.00
-20

-15

-10

-5

0

H[Oe]
Figure 31

1/f slope and MR vs. applied magnetic field. Data set is reduced for clarity

The 1/fY slope y is plotted in tigure 31. It has the same characteristics as the 1/f intensity:
peaks near steps in the MR curve and a higher value in the anti-parallel contiguration.
The white noise level, as shown
in tigure 32, behaves exactly as
would be expected. It closely
follows the MR curve and has the
samehysterie behaviour. It also
reproduces the correct MR ratio.
and resistance of this junction no
change in white noise could be
detected.
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Creep
When a junction is subjected to a sufficiently high constant current or voltage its resistance
will change in time 10•11 with an ever decreasing rate: creep. This resistance change is
attributed to changes in the harrier; under the influence of the electric field charged atoms in
the harrier rearrange altering the shape ofthe harrier.
Figure 33 shows a typical creep
measurement; a constant current is
applied and the voltage or resistance
is measured as a function of time. In
this case, for a positive current the
resistance increased and for a
negative current it decreased in time
In Verhagens 10 model this is
described by a junction with an
asymmetry [eV] greater than the
applied voltage [V].
The time dependenee of the
resistance can be described by a
stretched exponential,
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Figure 33

Resistance vs. time for a positive and a negative current.
Continuous lines are fits.

R(t) = Roo + LlR exp[ -(t/ t)fl]

(34)

an empirica! formula which is used to describe a variety of creep effects. A problem with
camparing parameters from this formula is its dependenee on the zero of time for f3 * 1. A
shift in time changes the fitted parameters as shown in figure 33, formulas A and B were
fitted in time spans A and B as indicated at the top with the zero of time at the beginning of
the interval. The parameters differ significantly although it must be noted that the R-t curve in
time span B is quite straight so difficult to fit.
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Thermally activated hopping of an ion in the harrier. The vertical arrows indicate the harrier
height, the grey line the availahle thermal energy.
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As mentioned before, the most likely cause for the time dependent resistance is the hopping
of ions under the influence of an electric field. Consider the schematic potential of a positive
ion sitting in the harrier next toa vacancy, figure 35.
The (positive) ion is separated from the free position by a potential harrier with a height
indicated by the vertical arrow. Withits thermal energy there is a certain chance the ion will
jump over the harrier to the other position. When a voltage is applied the potential is tilted
and the harrier height decreases, increasing the chance the ion will change its position. The
harrier height for the jump back is increased so after applying a voltage there will be a net
flow of i ons to the right. A change in position of an ion will in its turn change the
conductivity of the tunnel junction by deforming the tunnel harrier, see ref. 10 for a
conneetion between the mean charge distribution and the resistance. This way the creep effect
is described as the superposition of two (or more) level fluctuators.
The observable macroscopie effect is a time-depended resistance which changes as a
stretched exponential. A stretched exponential withap of 1 describes a process with a single
relaxation time t but if Pis small it describes a relaxation spectrum with a wide range of
timescales. This would mean that there is a wide distri bution ofbarrier heights for the
hopping ions.
As mentioned in the theory section two level oscillators and a wide range of relaxation times
are just the ingredients needed to generate 1/f noise. The link between 1/f noise and creep has
already been suggested for magnetic systems 12•13 • In the magnetic case the magnetization of a
magnetic material shows noise with an 1/f spectrum. When the material is subjected to an
abrupt step in the applied magnetic field the magnetization does not immediately reach its
equilibrium value but creeps towards this value. These two phenomena can be linked with a
description very similar to the one given above. In this case the magnetization is a sum of two
level magnetization fluctuators with a wide spread of energy levels and harrier heights. With
some assumptions on the distribution of harrier heights a 1/f noise spectrum is reproduced in
thermal equilibrium while the responsetoa step can bedescribed by a logarithmic relaxation.
To check if arelation could be found between creep and noise several experiments were
conducted. First of all, since the creep effect alters the resistance it will also alter the white
noise level, equation (14). In the junction studied the junction resistance noise was
comparable to the electrode resistance noise and this obscured the small (~2 %) change in
resistance due to creep.
Secondly, creep might also contribute to the 1/fnoise. Macroscopically creep effects are
only observable at high bias voltages (V bias > 0.3 V). In figure 35 the result of a 1/f noise
measurement at higher bias voltages (maximum voltage limited by the current source) is
plotted. There is no evidence of an extra increase in 1/f noise for higher voltages compared to
the Hooge relation (18). Due to the high current the white noise was completely obscured by
the 1/fnoise in the measured frequency range (1 Hz- 100kHz).
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Figure 35 1/f noise level at 1 Hz vs. voltage
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Figure 36

1/f noise level at 1 Hz vs. time,
I= -276 11A

As can beseen in tigure 33 the rate of change ofthe resistance is the highest directly after
applying the current and then quickly decreases. To see ifthere was a correlation, the 1/f
noise level was measured as a function of time, tigure 36. The random appearance ofRTN
affected this measurement, the peak after two hours is due to RTN. The spectra there did not
show a clear Lorentzian but a raised 1/f noise level and slope. Ignoring the peak the 1/f noise
level does not show a clear time dependence.

Conclusions/recommendations
• White noise in tunnel junctions can be qutatively described by a non interacting electron
model
• The dependenee ofthe 1/fnoise level as a function ofvoltage follows Hooge's relation
• As a function of magnetic field, noise increases near the steps in the MR curve, probably
caused by flipping of domains.
• In the anti-parallel situation the 1/fnoise level is found to be higher than in the parallel
situation, the slope is also increased. In the high MR junction this increase with a factor of
2 to 5 could not be explained with Hooge's relation and the higher voltage in the antiparallel situation
• The white noise level follows, as expected, the MR curve.
• Many junctions, both magnetic and non magnetic, show random telegraph noise with
amplitudes of about 0.1% ofthe DC voltage level. The characteristics ofthis RTN change
in time. RTN noise with this amplitude suggests a highly localized current.
• Creep effects were observed in the junctions studied. There was no extra 1/f noise found at
higher voltages where creep becomes (macroscopically) visible. Also, no relation could be
found between the rate of change of the resistance and noise.
No systematic survey wasdoneon the noise properties oftunneljunctions with different
harriers and electrode materials. For examp1e a/N, descrihing the 1/flevel in Hooge's relation
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varied 2 orders of magnitude between different junctions. Both the high (17%) and low
(2.5%) junction extensively studied had an o:/N of about 1·10- 12 • This tigure compares
favorably well with the 1·10- 12 to 2·10- 11 found by Nowak 24 on high (25-33%) MRjunctions,
following Nowak in assuming a linear sealing with the junction area.
Using the exchange biasedjunctions which are available now the 1/fnoise dependenee can
be checked against the thermal excitation model.
When a junction is brought in the anti-parallel situation it will remain there when the
extemal field is removed. It may be interesting to see if the 1/f noise level changes by doing
that, since this way every disturbing influence from an extemal magnetic field is removed.
More measurements neededon creep and its relation with noise. Vitale 14 suggests arelation
between the relaxation rate and the 1/f noise level of the magnetization, such a re lation might
also be present in tunnel junctions.
Technologically it is important to know what happens with creep at elevated temperatures,
since the effect is possibly stronger and could affect the application of tunnel junctions.
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Tunnelling
In this part of the report the free electron tunnelling model is described. In the first section
methods to calculate transmission probabilities and tunnel currents in nonmagnetic tunnel
junctions are presented. Next, the changes needed to describe magnetic tunnelling are shown.
After a short paragraph on roughness, the results of numerical calculations in the free electron
model are presented.

N onmagnetic tunnelling
Introduetion
In this section the method used to calculate tunnel currents in
nonmagnetic tunnel junctions is described. In figure 37 a
schematic figure of the different layers in a simple tunnel
junction is shown. It consists of two metallayers, the
electrodes, separated by a very thin insulator. Following
classica! mechanics an electron can not pass this barrier but
quanturn mechanics prediets there is a small chance that an
electron tunnels through the insulating layer to the other side.

x

~
y

Figure 37 Simple junction

Travelling in the x-direction the electron
experiences a step in the potential when it passes
the barrier region. In free-electron-like metals at
zero Kelvin the electron states from the bottorn of
x
the conduction band, V cond' to the F ermi level, EF
are filled. These states are shown grey in figure 38.
me tal
me tal
insuiator
The conduction band of the insuiator lies higher
Figure 38 Schematic potential
than the Fermi levelso classically no electronscan
cross the barrier. In the situation as shown in the figure a bias voltage is applied. This bias
voltage lowers the potential and the Fermi level in the right electrode and causes the originally
square barrier to become trapezoidal since the voltage drop appears over the insulator. By
definition a positive bias voltage means that the right electrode is positive and the current will
flow from the right to the left. The electrons, however, travel from the left to the right since
they carry a negative charge ..
Solving the Schrodinger equation for this one dimensional potential, the probability that an
electron with a certain energy tunnels through the barrier can be calculated. Using this
transmission probability, the density of statesof a free electron gas, and the Fermi-Dirac
function, the current can be calculated.

L

In the first section of this chapter it is shown that under certain assumptions the
3-dimensional problem tunnelling problem from figure 37 can be reduced to the one
dimensional problem in figure 38. Then the transmission probability fora one dimensional
potential and a equation for the current is derived. To place these equations in a physical
context parameters for an Al-Al2 0 3-Al junction are derived from the known band structure of
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AL Also complications like band bending and the image potential are described.
The last two sections deal with two other methods to calculate the tunnel probability and
current: the WKB method and the transfer-Hamiltonian method.

The three dimensional problem
In three dimensions the time-independent Schrödinger equation reads:

_!!:___ 'J2 rjl(~) + [V(~)-E] rjl(~) = 0

(35)

2m

Assuming that the potentialis only a function ofthe x-position this equation can be separated.
Writing rjlas
rf!(r) =X(x) Y(y) Z(z)

(36)

and introducing the separation constants Ek,x and Ek,y equation (35) becomes

!J.2 d2X

- - - - +V(x)X=(E-Ek,y-Ek)X=ExX
2m dx 2

!J.2 d2Y

---=E y
2m dy 2
k,y

(37)

!J.2 d2z

---=EZ
2m dz2
k,z

In the y- and z- direction the solutions are plane waves, exp(±I kç Ç), with waveveetors kç
given by

y

=~

2m

E

kz

=~

2m

E k,z

k

Ji2

k,y

(38)
li 2

Ek,y and Ek,z can be identified as the kinetic energy of the partiele in the corresponding
direction. These quantities are constants of motion and so is E, the total energy. Only a one
dimensional problem in the x-direction remains.
This reduction of dimensions is only valid under certain assumptions:
• The harrier is assumed infinite in the y- and z- direction.
• The waveveetors in the y- and z-direction, ky and kz are conserved; this means specular
reflection and no scattering in the harrier.
• The total energy E is conserved; only elastic tunnelling is allowed.
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One dimensional tunnelling problem
The three dimensional problem is now reduced to one dimension:

(39)

using f instead of X to avoid confusion with the coordinate x.
To solve this equation V(x) has to be known. Figure 39 shows a schematic potential as used
in the calculations.

region

0

function 1
function 2

fo,L fo.R -

2
fi,L
f1,R

I
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fo-l.R

f,R -

-V(,)-~
x coordinate

I

I

I

I

Xo

X1

X2

Xn-2

I

Xfr"l

Figure 39 Schematic potenrial as used in the calculations

The potential is divided in several regions (0-n) in which the Schrodinger equation (39) can be
solved. In this example the potenti al in every region is a linear function of x, more
complicated functions can be used as long as the solution to the Schrodinger equation is
known or can be approximated. The first and the last region, the electrodes, are semi-infinite
and have a constant potential.
Equation (39) is a second order differential equation so its solution is a linear combination of
two independent functions, e.g., in the first region the solution is a linear combination oftwo
plane waves:

(40)

The complete solution is determined by the boundary conditions: namely, the total wave
function and its derivative have to be continuous. For the boundary at x= x 0 this gives the
following relation between the amplitudes in regions 0 and 1:
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(41)

In the expression for the derivative, the effective mass ofthe partiele appears, thus the effect
of differences in the effective mass is included. Equations (41) can easily be written in matrix
form:

~.L

loR

fo.L

ia:]= _!_!/l,L

_!_!/O,L _!_!/O,R
mo

mo

la:

mi

xo

~.R

_!_!.Il,R
mi

xo

la:

(42)

la']

= Mo (xo) . MJ(xo) BI
1

with Mn the matrix containing the wave functions and their derivatives in region n. As shown
in (42) the amplitudes in region 0 can be written as a function ofthe amplitudes in region 1.
Continuing this way the incoming amplitudescan be expressed in the outgoing amplitudes:

Matrix S is the scattering matrix. From this matrix the transmission probability T can be
derived. The transmission probability is defined as the ratio ofthe probability current flowing
to the right hand side in the last region to that flowing to the right hand side in the first region.
In these two regions the solution of the Schrodinger equation is a plane wave, see equation
(40). Operating on the right running wave with the probability current operator,

= _!_!!___ ( rjJ d rjl* - rjl* d rfll

J
prob

2m

dx

dx

(44)

gtves
=lik

J
prob

Zm

IAI2

(45)

with A the amplitude ofthe wave. Taking the quotientof Jprob inthelastand first region gives
T,
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(46)

The last step can he checked by assuming a plane wave incident from the left. In this case Bn
is zero and it follows that Suis equal to A/An- lAl is the probability of finding a partiele in
the first region, li k/m 1 'impulse divided by mass' is the velocity of the particle. The
transmission is thus the ratio of the probability of finding a partiele in the last and first region
corrected fortheir velocity.
With the method described it is possible to compute the transmission of a potential
composed of 'building blocks' ofwhich the solution ofthe Schrodinger equation is known.
These solutions can he exact or approximated using the WKB method.

Calculating the current density
Using the transmission probability and the density of states for free electrans the tunnel
current can he calculated. The current carried by one electron in the positive x-direction is
given by

J

x,

one electron

2El

=-e1 [ -2kx
}i

TE

(47)

( )

with (1/h) (2E/2~) the velocity ofthe electron, e its charge and T(Ex) the transmission
probability depending only on Ex. The total current from left to right is just the summatien of
equation (4 7) over all electrans in the left electrode moving towards the right. In the free
electron model the density ofstates in k-space is l/21t in the x-, y- and z-direction15 , and the
accupation of states is described by the Fermi-Dirac function f(E). This leads to

(48)

The term [1 - fr(E)] is added to take into account the accupation of electronstatesin the right
electrode. The factor of 2 appears due to the spin degeneracy. A similar equation can he
written down for the current flowing from the right to the left:

J

r

~-

-2e
3]i
(21t)

Jooffdk d2k
0

x

yz

f.(E) T(Ex) [1 -J;l(E)] 2E
r

akx

(49)
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The net current is just the difference between these two. There will flow no current unless a
voltage is applied. This voltage shifts the Fermi level on one side leading to the relation
(50)

Subtracting the right- and left flowing current gives

J =J1 -J
r

r1

= - 2 e (oofdk d 2k [(f(E)- f{E + e Vb. )] T(E ) aE
(

2 1t) 3'hjO

x

yz

las

X

akX

(51)

Using the dispersion relation fora free electron,

(52)

lkl=

and the spherical syrnmetry
(53)

equation (51) can be written as function of energy.

(54)

Since the transmission probability only depends on Ex the integration over Eyz can already be
carried out:

T(E)
(55)
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N(EJ is called the supply function. It is a kind
ofweighing function which gives the
contribution of electrans at a certain energy to
the current. The tunnel current can now be
calculated by multiplying the transmission by
the supply function and integrating the result
over energy. In tigure 40 supply functions are
drawn for two different bias voltages and
temperatures. PorT= 0 K the supply function
is zero above EFenni· Increasing the temperature
smooths the abrupt edges and causes a small
tail to extent above the Fermi level.

V

=2V

bias

/

increased
terrperature

V

=1V

bias

0

4

2

E [eV]

E

Ferrri

8

x

Figure 40 Supply function vs. E., EFenni = 6 eV

Obtaining parameters

ALUMINUM
2.0eV

1.2eV
vcond

Al

Figure 42 Band structure of Aluminum 16, EF = 8.4 eV (dotted
horizontalline)

Al

Figure 41 Schematic potential of Al-Al 20 3-Aljunction

To calculate the tunnel current through a stack oflayers the parameters, i.e., the Fermienergy, bottorn ofthe conduction band and effective mass have to be known in every region.
These quantities can be obtained from the band structure of the materials. In tigure 41 the
band structure of a1uminum is shown 16 • Aluminum is a free-electron like metal and the
parabalies-band is very prominent. Electrans in this band will be responsible for most ofthe
conduction properties.
In aluminum the difference between the Fermi-leveland the
bottorn ofthe conduction band is 11.2 eV and the effective
mass is about 1 me. From experiments the height of an Al20 3
harrier is known to be about 2-3 eV above the Fermi level. In

Vc11rict
l!h~rmi
nï*

-2.8 eV
8.4 eV
1 me
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our calculations the Al- Al 20 3- Al junction can be modelled as in figure 41. Other metals are
generally more complicated duetoother bands crossing the Fermi level.
Band structures as shown in figure 41 are calculated for the bulk ofthe materiaL It is
questionable to use these values near interfaces
since for example effects as surface states and band
bending can occur47 .
When to metals are brought in close contact band
bending occurs. In a simple model the Fermi levels
of the two metals equalize in the bulk. Due to the
metall
metal2
metal2
difference in work functions <j>, the energy needed
to remove an electron from the material, the bands Figure 43
Band bending: when moving two
metals close together the Fermi levels
will bend. The band with the lowest work function
equalize in the bulk and the work
will bend upwards, the other downwards. It is clear
functions at the interface
that near the surface the bulk values should be used
with care.

Shape of the harrier
In the Al- Al20 3 - Al example the harrier was taken to be rectangular. However, the real shape
will be different due to several effects.
First of all the harrier will be trapezoidal when a voltage is applied. The electrodes are good
conductors so the voltage will drop over the harrier resulting in a trapezoidal shape.
Secondly, the harrier will also becomes trapezoidal when the insuiator is sandwiched between
two different metals. The height ofthe harrier above the Fermi level at one side is given by 17

c/J= W-1]

with cjJ the harrier height, W the work function of
the metal (the amount of energy needed to move
an electron at the Fermi level to the vacuum level)
and 17 the electron affinity of the insulator. When
the left and right electrode are composed of
different materials their work functions will
generally be different and the junction becomes
trapezoidal.

(56)

metal 1
Figure 44

insuiator

metal 2

Trapezoidal barrier due to differences in
work function
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Due to many body interactions the
electrous will experience an image force 17 •
Classically this can be modelled as in figure
45. Take an electron located at position x in
the harrier. lts fi.rst order images will be
located at -S-x and at S-x, with an opposite
charge. These images will have images
associated with them and so on. The net
force acting on the electron is the sum of the
forces of all the image charges,

-2S+x

q

i

V

-----~-~----~

-S/2
l
Figure 45 Image force

F=~
t[ 1
4TCE n~t [(2n-1)S-2xf

1
[(2n-I)S+2x] 2

I

0

S/2

l

(57)

with S the harrier thickness. Approximating the summation and integrating to obtain the
potential yields the simple result 17
e2

1

V(x) ~ Vb- _4_TC_E_S - - -

1

-(~t

(58)

Due to the image potential the sharp edges ofthe harrier will become rounded. For thin
harriers the effects will be the greatest.

WKB approximation

The WKB method 18 is a technique to obtain approximate solutions to the time-independent
Schrödinger equation (39):

- h2 d21/J(x) +[V(x)-E] lf!(x) =0
2m dx2
or

(59)

IfV(x) is constant the solutions take the form:

(60)

44

Tunnel junctions: Tunnelling

When the potential is not constant but varies slowly in comparison to the wavelength the
solution should stilllook like (60) but with a slowly varying amplitude and phase.
In generalljJ(x) is a complex function that can be written as
1/J(x) =A(x)e ;<J>(x)

(61)

with A and <I> real functions representing the amplitude and phase. Substituting (61) in the
Schrödinger equation (59) leads to two real equations for the realand imaginary parts ofljJ:

(62)

d(A2difJ)
__,__ _
dx_,_ =

O

dx

The second equation is easily solved:
A=__E_

rif

Vd.

(63)

The first equation of (62) can not be solved in generaL Assuming that the amplitude is slowly
varying in time the second derivative of A can be set to zero. The resulting equation gives
dif;=±p
dx

h

cfJ=± ~~p(x)dx

(64)

With equations (61), (63) and (64) the approximate wavefunction becomes:

C
±!..fp(x)dx
1/J(x) = - - e h
VP(X)

(65)

It can be shown that equation (65) still holds when p(x) becomes imaginary: the tunnelling

regime. Applying (65) to a square harrier with height Vb the approximate solutions become:
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(66)

The factor {fik is only energy-dependent and can be absorbed in the generally energy
dependent constants C 1 and C2 . For this simple harrier the WKB-approximation then gives the
exact solution. In general the WKB wave functions are good approximations of the real wave
function when the potential varies slowly compared to the wavelength ofthe electron. Near
classica! turning points, i.e., when E =V, the WKB method fails. To conneet the WKB wave
functions on both sides of these points conneetion equations can be used.
Figure 4 7 shows a potential and an energy level
intersecting the potential. Near the crossing point the
WKB method fails. The two regions, classica! and
nonclassical, can be connected. Linearizing the potential
in the neighbourhood of the tuming point the exact
solution in this region can be written down:
Figure 46 Connecting WKB functions

1

V(x)= V (0) x,

a=[~: V (0) ]~
1

(67)

1/J(x) =cAiryAi(ax) +dAiryBi(ax)

The WKB solution for this linearized potential in region I, far enough away from the turning
point, is given by
(68)

and in region II by

(69)

These solutions are very similar to the asymptotic forms of (67) for ax << 0 (68) and for
ax >> 0 (69) (see appendix B). Using this similarity the coefficients a and b can be expressed
in e and f:
a = e -; 1114 (ie +f/2)
b =e ;1114 ( -ie

+f/2)

(70)
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A similar expression can be derived for the
transition from the tunnelling region to the
classically allowed region. Fora potential
harrier as shown in tigure 47 the
transmission can be deduced using these
conneetion equations 19

-I

V---metal

Insuiator

metal

Figure 47 Smooth potential

(71)

Equation (71) is generally used to obtain the transmission in the WKB approximation, even
when there are discrete potential steps where the wave functions should be matched at the
boundaries. For example, when equation (71) is applied toa rectangular harrier one finds
T =exp( -2Kd)
K=J2m(Vb -E)Ih

(72)

with Vb the harrier height. Using the WKB wavefunctions and matching them at the
boundaries one finds the exact transmissiona

T=

16k 112k2

exp( -2 Kd)

(K[kl +k2])2+(K2-klk2)2

(73)

k 112 =J2m(E-Vleftlright)lli, K=J2m(Vb -E)Ih

with Vb the harrier height and V1eftlright the constant potenti al to the left/right of the harrier.
Equation (72) has the sameexponent as equation (73) but it misses the factor which describes
the dependenee of the transmission on the potential in the free-electron regions. When
vleft = vright they differ at most a factor of four.

The transfer Hamiltonian metbod
The transfer-Hamiltonian (t-Hamiltonian) method is a perturbation like method to describe
low-rate electron transport through a potential harrier. It was first developed by

a This is acutally the transmission in the limit exp(Kd) >> 1, a condition normally fulfilled
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Oppenheime~ 0 to describe field ionization ofhydrogen and extended by Bardeen21 to describe

tunnelling phenomena in solid state structures. It is presented here since it is very often used in
literature. Also the dependenee of the current on the density of states in the electrodes follows
very naturally using Fermi's Golden Rule. The t-Hamiltonian method can also be used to
describe non-elastic tunnelling processes.
In the t-Hamiltonian method the potential barrier divides the system in two parts which are
weakly coupled by a transfer Hamiltonian. This transfer Hamiltonian can be treated as a
perturbation, using time dependent perturbation theory the tunnel probability can be
calculated.

The separate systems
Figure 48, C shows the potential ofthe tunnelling problem to be solved. It consists oftwo
electrodes, Land R, separated by a barrier B, in this case the barrier is rectangular. First we
consider the barrier infinitely wide. The
problem is then split in two decoupled systems,
A and B. The eigenstates ofthe electronsin
these two systems then are the eigenstates (/Jr
and (/JR of the two Hamiltonians
0 _____
electrode L

H

Ji2

L

harrier

-

= --VZ
+ V (r)
2m
L
/)2

-

(74)

H =--VZ+V(r)
R

__J

2m

R

- - - _o

Hi c/Ji =Ei c/Ji
harrier

+

electrode R

The potentials Vr and VR are chosen such that
the sum of the two equals the potential of the
complete system and that Vr·VR= 0. The latter
condition minimizes the error of the
L_---~~perturbation method22 • When the two electrodes
electrode L
harrier electrode R
are brought closer together the two systems will
become coupled. The Hamiltonian is now given
Figure 48 The transfer Hamiltonian systems
by

I

H

li2

-

-

= --VZ
+ V (r) + V (r)
2m
L
R

(75)

and the system starts to evolve according to the time dependent Schrodinger equation

a1fr = ( --VZ
112
- )
ih+V (r)
+V (r)
1/f

at

2m

L

R

When the coupling is weak the overlap ofthe wavefunctions is small, this allows the

(76)
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construction of a perturbation.

Calculating the tunnelling rate
In the following section an initia! wavefunction of the uncoupled right electrode, c/JR, is
expressed as an expansion in terms of c/JL,n' the uncoupled wave functions of the left electrode.
Substituting this expansion in the time dependent Schrodinger equation for the coupled
system an expression for the change of the expansion coefficients is derived. The rate of
change of a coefficient is related to the transition rate of a partiele from the right-electrodestate c/JR to the lefi-electrode-state c/JL,n corresponding to that coefficient. The given denvation
is due to Chen22 , a spin dependent version is described by Reittu23 •
Writing the wavefunction lj!(t) as an expansion in termsof c/JL,n

lj!(t) =

L a,.(t) c/JL,n e

-iE t/h

•

(77)

n

a wavefunction initially c/JR at t = 0 can be described by the expansion coefficients
a (t)
n

=( cPL,n' cPR) e -i(E R -E L,n )t/h + c n(t)

(78)

The first term in equation (78) gives the correct values for the an to reproduce c/JR at t = 0 and
cn(t) describes the evolution in time. clO) is zero, the systems is in state c/JR at t = 0.
Substituting these alt) in equation (77) gives
7/n t)
r\

= cPR e -iE Rtih + L

C

n

(t)

cP
~n

e

-iE

L,n

t/h

(79)

n

The development in time of lj!(t) and thus of the c(t) is obtained by substituting (79) in
equation (76). Taking the scalar product with cPLm afterwards gives the exact equation for
cm(t),
ili.é m(t) = ( c/JL,m' VL c/JR) +

L cn(t)( c/JL,m' VR<PL,n)e

-iEL,nt/h

(80)

n

In first order perturbation en= 0 and using Fermi's golden rule the tunnel rate from a state c/JR
to a state c/JL,m is given by

TR~L =

2; IMI2

Ö(EL,m -ER)'

M = ( c/JL m'VL c/JR)

(81)
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with M the tunnelling matrix element. V L acts as an operator causing the transitions from the
right to the left electrode. The tunnel rate at a certain energy is obtained by summing over all
leftand right states with that energy.
The tunnelling matrix element can he written in an alternative form. Noting that
~c/JL,m = (EL,m,- T)c/JL,m•

(82)

The integral is taken over the volume ofthe left electrode since VL varrishes elsewhere. Using
the sametrick for c/JR, noting that VR is zero in the integration volume and that EL,m =ER
(elastic tunnelling)

(83)

Using Green's theorem equation (83) can he written as a surface integral,

M =

_!!:_Je
cP*L ,m \l cPR- c/JR\1 cP*L ,m ) ·ds
2m

(84)

u

with a a separation surface located somewhere in the harrier region.
The current flowing from the right to the left can he calculated by integrating equation (81)
over all the left- and right states, taking into account the occupation probabilities:

(85)

A similar equation can he written down for the current flowing from the left to the right. The
total current is just the difference between these two:
(86)

t-H method applied to a 1-d harrier
In this section the transmission ofthe square harrier (figure 48) will he derived using the t-H
method. Following (74) the eigenstates ofthe decoupled systems (in the harrier) are given by:
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2k e
=
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-ikrd

e -K(x +d)

L

L

kL +iK

'

(87)
2

k =
m

h (E-V ),

2m

m

Using (83) and (81) the tunnel rate from state kL toa kR can he expressedas

(88)

The tunnel rate for an electron at the left si de of the harrier with energy E is given hy
(89)

i.e., its tunnel rate is proportional to the numher of free states on the right. This tunnel rate can
also he written as
(90)

ie. the tunnelrateis the transmission prohahility T(E) times an attempt frequency vLR. Using
the free-electron model
p{E)=--m
__
1
2rr.n 2k(E)
1

(91)

and relations (89) and (90) the transmission probability using the t-H method hecomes

(92)

This result is identical to the exact solution (73) in the limit exp(2 KW)>> 1. For energies
near the top of the harrier the method fails.
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Magnetic tunnel junctions
Introduetion

In the previous section several methods were described to calculate the current through
junctions with nonmagnetic electrodes. In the case of magnetic tunnelling the current has to be
split in two separate spin currents. This section describes the changes needed to describe
magnetic tunnelling and presents several models for the magneto resistance.
Magnetic band structure

In a magnetic material the bands for spin up and down electrons, taking the direction of the
magnetic field as quantization axis, are different. In a first approximation they are shifted by
an energy called the exchange energy. Figure 49 shows the schematic density of states for a
magnetic material and the corresponding schematic potential for a magnetic tunnel junction
with arrows indicating spin up- and down states.

__l!JE
'\J___t _
i

Esplit

1DOS
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Figure 49 DOSfora ferromagnetic (FM) materialand potential fora FM-1-FMjunction

Since the Fermi level for both spin directionsis identical the number of spin up electrans is
greater than the number of spin down electrons. The material thus has a net spin and is
magnetic. Instead of one conduction band there are now two channels of conduction, one by
the spin up and one by the spin down electrons. In the potential profile above the conduction
band ofthe two electrades is split in two.
In an i deal magnetic tunnel junction the orientation of the spin of the tunnelling electron is
conserved. When the two magnetic materials have their magnetization parallel a spin up
electron in the left electrode tunnelling to the other side will still be a spin up electron in the
right electrode. On the other hand, when the electrades have their magnetization anti-parallel a
spin up electron in the left electrode will become a spin down electron when tunnelling to the
right electrode. Of course the same reasoning applies for an originally spin down electron. In
reality the orientation of the spin may change, for example by interaction with magnetic
impurities in the harrier. This change of orientation is called spin flip.
In the figures below the potential for the two spin channels in the parallel and anti-parallel
situation are shown. In the parallel situation the total current consists of electrans tunnelling
from spin up tospin up and spin downtospin down bands, in the anti-parallel situation the
spin state changes.

Tunnel junctions: Tunnelling

up to up

52

down to down

up to down

·-t_=j- n l=t---

--

-t

parallel

down to up

-v---vil

--

-·-·-··-.

---

t-

anti parallel

Figure 50 Spin currents in parallel and anti-parallel situation

Theseparate spin currents can be calculated with the non-magnetic theory described in the
previous chapter. The total current in the parallel and anti-parallel situation is mostly not
identical. The relative difference between these two is called the MR (magneto resistance)
ratio:

MR =

J -J
P

ap

Jp

(93)

Junctions with MR ratios up to 30% at room temperature have been fabricated 24 •

The Julliere model
To explain the TMR measurements Julliere proposed a simple model 25 based on earlier work
ofTedrow and Meservef 6 and Giaever and Megerle27 on superconducting tunneljunctions.
Giaever et al. derived an expression for the conductance of a non-magnetic tunnel junction to
explain their experiments. Under the assumption of a small bias voltage and a tunnelling
matrix element independent of energy (see equation (86)) they found the current is
proportional to the product of the density of state at the F ermi level in both electrodes. They
also derived a similar equation for the superconducting metal-insulator-metal junction.
Tedrow et al. modified this result for the case of a superconducting metal-insulatorferromagnet junction.
Julliereon his turn used their result to construct an expression for the MR ratio in a
ferromagnet-insulator-ferromagnetjunction. He assumes that the current in a spin channel is
proportional to the product of the density of states at the F ermi level in the two electrodes. F or
paralleland anti-parallel magnetization respectively this leads to
(94)

(95)

with PA and PB the DOS at the Fermi level forthespin up (i) and spin down ( l) electrons.
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Defining the polarization P

P =
i

1

l

1

l'

Pi -pi

i =A or B

(96)

Pi +pi

the MR ratio becomes

(97)

Since for normal junctions Pi lies between 0 and 1 the MR ratio is always positive.
In his artiele Julliere actually never uses the density of states, he speaks ofthe fraction of
tunnelling electrous with their magnetic moment parallel to the magnetization. In Giaever's
analysis this fraction a can be written in termsof densities of state at the Fermi level,
a.=
I

(98)

With this expression Julliere's result (97) can be written in terms of densities of state (96).
Julliere defined the polarization just as
(99)

leaving in the middle the relation between the a's and the density of state. Instead, he used
measured polarizations by Tedrow et al. to estimate a maximum reachable MR ratio.

The Slonczewski model
Slonczewski derived a formula for the magneto resistance using the free electron model and
the exact solution for the square barrier 8• In his denvation he approximated the solution to
integral (40), keeping only the leading terms in 1/d. In the resulting expression,
e 2 K(EF)

G=---T(E)
41th d
F

(100)

the conduction is proportional to the transmission at the Fermi level. Equation 29 is only valid
for low bias voltages and for low and wide harriers. Using (29) and (73) the MR ratio can be
derived:
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(101)

with k 1 and k 2 the wave veetors in the electrodes and K the attenuation coefficient in the
harrier. They are all evaluated at the Fermi energy. In this model the MR ratio can become
negative.

Obtaining parameters
Fe BCC Spin-up a=5.41 a.u.

Fe BCC Spin-down a=5.41 a.u.
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In figures 51 and 52 the band structure for iron is shown 16 • 1t is split in two parts, one for the
spin up and one for the spin down electrons. The picture is much more complicated than that
ofthe free-electron-like aluminum shown before, with many bands crossing the Fermi level
(dotted horizontal line). Stearns29 concluded in her analysis that the main tunnel current is
probably carried by the free-electron-like, d-like band shown darkened in the figures. This
band has an effective mass of about that of a free electron. Forthefree-electron model this
leads to the following parameters:
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Roughness
In the previous sections it was assumed that the tunnel harrier had a constant thickness. In
reality the different layers will be deposited and this introduces a certain variatien in
thickness; the layers are not flat but have a certain roughness.
A simple way to introduce roughness in the tunnel calculations is to assume a thickness
distri bution in the layers. The total current then is the weighed sum of the currents at different
thicknesses. This approach is not entirely correct since with roughness the potential is not
constant in the parallel direction and the simple model which assumes conservation of k 11 is
not valid. When however the length se ale of the roughness is sufficiently large the model can
be applied.
A whole set ofweighing functions can be
used to introduce roughness. In this work a
distribution is used descrihing the occupancy
of a layer assuming bins are randomly tilled
with atoms. Atoms come down from a
souree and fall down on a flat sample cocled
Figure 53 A rough surface
down to liquid nitrogen temperature. When
they hit another atom they will stick. With Pn the :fraction ofthe n-th layer filled, the
probability of an atom hitting a :free spot on the n-th layer is:

••
•••
••••

Pn, free = Pn -I - Pn

•
••
•••
•••
••
•
••••••• •••

(102)

The rate of change of Pn is proportional to this probability:

Pn. -- ( Pn -I - Pn )F

(103)

With F the flux in the number of monolayers per second. Solving the differential equation
giVes
n

p = 1- ~

-n - !

d

-

e -d

(104)

L...J
' =! ( n -1)1.

n

with d the average number oflayers deposited. The fraction ofthe area with exactly n layers,
the weighing function, is given
by:
W(

dn

-d
'

n) =pn +I -pn = - e
n.1

-d

(105)
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Simulations
Introduetion
In this section the results of numerical calculations in the free electron model are presented.
The fi.rst two paragraphs give a short description of the program and the tests done to check its
correctness. Then the numerical results fora M-I-M junction are compared with the Simmons
and Brinkman equations descrihing its current-voltage relation Next, the expressionsof
Sloncewski and Julliere for the MR ratio in a FM-1-FMjunction are compared with the
numerical free electron model. Finally, results on a FM-I-M-FM structure are presented.

Program
The method described in the theory section to calculate tunnel currents was implemented on
a computer in the programming language C++. In its current version the harrier region
consists of a set of rectangular and trapezoidal harriers, more complex shapes can easily be
added if the exact or WKB solution of the Schrodinger equation for that shape is known.
The transmission of the harrier is calculated by matrix multiplication, the current density by
numerical integration (Simpson's rule) ofthe weighed transmission over the energy.
During the development of the program several complications occurred. In the calculation of
the matrices for the trapezoidal harrier exponentially increasing and exponentially decreasing
Airy functions were multiplied, both with high arguments. Although the product is normal
valued the calculation of the separate functions led to numerical overflows and reduced
accuracy. This problem was solved using appropriate approximations for the products.
When calculating the MR ratio the anti-parallel current is subtracted from the parallel
current. Since these two currents are of the same order small numerical errors are magnified,
this led to erratic curves for low MR ratios. Subtracting the paralleland anti-parallel
transmissions before integrating solved the problem.
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Tests
The program was first tried on a simple
rectangular harrier. The numerical and exact
result for the transmission as function of
energy are in perfect agreement, see figure
54. This is true both in the tunnelling and
the oscillating 'free' regime. The results of
calculations with a trapezoidal harrier were,
for several energies, compared with results
from Maple30 and Mathematica31 and found
to be identical. An almost horizontal
trapezoidal harrier gave, as expected, the
same results as a rectangular harrier.
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Figure 54

Using a more complex harrier consisting of
three conducting and two isolating regions the
'stacking' capability ofthe program was
tested, see figure 55. As a function of energy
..!....
the transmission of this harrier should have
5
peaks near the allowed energies of the finite
ïll
depth well in its centre32 • F or these energies
-~
resonant tunnelling occurs. The position of
Ithe peaks in the numerically calculated
transmission is in perfect agreement with the
exactly calculated energy levels in the finite
depth well.

Transmission of a reetangolar harrier,
calculated and exact results coincide. The inset
shows a comparison of the exact and the WKB
re sult.
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Figure 55 Resonant tunneling

IV characteristics of a nonmagnetic tunnel junction
comparison with Simmans and Brinkman
Figure 56 shows the calculated IV characteristic fora rectangular harrier. The height ofthe
harrier above the Fermi level is taken to be 2.0 eV, a value found by actually fitting IV
measurements36 of tunnel junctions with Simmons35 or Brinkman33 but also in the range of
values found by photo excitation experiments 34 . The simulated harrier is 15 A wide.

10
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As expected the curve is symmetrie since the
junction is symmetrie. For higher bias voltages
the resistance drops and the current increases
more than linear. This is caused by a lowering
of the mean harrier height: the voltage drops
over the insulating harrier and causes the
potential profile to become trapezoidal. In a
small region near zero the resistance for a
1OOx 100 micrometer region is about 3. 7 kOhm,
in the range ofusual values (~ 0.5-50 kOhm).
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Figure 56 IV curve for square harrier

Simmons
Simmons35 derived an analytica! equation for this type of harrier by exactly integrating the
WKB transmission and simplifying the result with several approximation,

J =J0 ( Vb exp( -AF.)- (Vb + e V bias) exp( -AJvb + e Vbia) ),
J 0 =qe/21thd

2

,

A =41td~/h, Vb = Vb -eVbias /2

(106)

with Vb the harrier height above the Fermi level, d the harrier thickness and Vbias the applied
bias voltage. This equation is frequently used to obtain estimates of the harrier thickness and
height from measured IV characteristics.
During his calculations Simmens made several approximations (for details see ref. 36). When
a voltage is applied over a rectangular harrier it becomes trapezoidal. Simmens approximated
this trapezoidal harrier by a square harrier with an average height, ' in equation (1 06). This
approximation is quit good, the error introduced in the calculated current is about 1% at 0.5 V
for the harrier in figure 56.
To calculate the transmission he used the WKB approximation. This allowed him among
other things todrop the terms involving the Fermi level ofthe electrodes, in his equation the
current only depends on the thickness ofthe harrier and its height above the Fermi level. A
comparison between the WKB transmission (72) and the exact transmission (73) shows that
the WKB equation misses the energy dependent factor before the exponential which describes
the dependenee ofthe transmission on the electrodes. For identical electredes this preexponential factor lies between 0 and 4. The IV curve in figure 56 calculated with Simmens
differs a factor 2.5 to 3 from the exact solution.

0.75
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When the Simmons equation is used to derive
2.0eV
1.5eV
2.5eV
the thickness and height of the harrier from a
25
25Ang.
calculated curve the difference in these
parameters is much less due to the exponential
20
20Ang.
dependence, about 1% in the height and 5% in
the width for the exact curve in tigure 56. The
result of fitting other simulated IV curves with
~ 15
15Ang.
-o""
the Simmons equation is shown in tigure 57 fora
Fermi energy of 11.2 eV. The points indicate the
10
10Ang.
fitted values, the values actually used in the
simulation are shown at the end of the drawn
1.4
1.6
2.2
2.6
2.4
1.8
2.0
2.8
lines. It can be seen that at least one of the fitted
V [Ang.]
fitled
parameters is too low to compensate for the
Figure 57
Calculated curves fitted with Simmons,
missing pre-exponential factor.
Ep=l1.2eV
For lower Fermi energies the correspondence is
less good.

~

Concluding, the main souree ofthe difference in the Sinunon's equation is the use ofthe
WKB approximation for the transmission. F or an abrupt harrier the WKB wave functions
should be connected at the interface, just like with the exact functions. Using the WKB
approximation for the transmission the effect of the electrades is neglected and, for identical
electrodes, an error of at most a factor four is introduced. Sirree the TMR effect is explained
by the different bands in the magnetic electrades the Simmons equation can not be used to
explain magneto resistance.
It is of course doubtful that a real harrier will be perfectly rectangular. Sirreetheuse ofthe
WKB transmission equation is only valid for smooth harriers the Simmons equation can be
seen as descrihing a smooth harrier with an average harrier height.

Brinkman
Brinkman36 derived an approximate equation for the IV characteristic of an asymmetrie
junction. The potential of an asymmetrie harrier at zero bias voltage is not rectangular but
trapezoidal, the potential difference between the left and right side is called the asymmetry.
Brinkman used, like Simmons, the WKB equation for the transmission. His equation is a
second order Taylor expansion in the bias voltage ofthe solution ofthe current integral (55)
using the WKB transmission of a trapezoidal harrier.

~i~ =I-(;;~~ )ev+( 1 ~ 8 A:Jev'

(107)

A 0 =4(2m) 112 d/3.h.

with G the conductance, G(O) the conductance at zero bias voltage, Ä<j> the asymmetry and <P
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the mean harrier height.
30r-------------------,

Since Brinkman also uses the WKB
transmission the current calculated with his
equation is generally lower than the one
calculated with the exact transmission. This can
also beseen in figure 58 where at least one of
the fitted parameters is too low. With
Brinkrnan's equation the voltage range used is
very important since it is an expansion in bias
voltage. It was indeed found that the deviations
grow with increasing voltage range.
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Brinkrnan's equation was also tested for
asymmetrical harriers, the results for a 15 A
wide and 2 eV high harrier are shown in figure
59. The asymmetry is underestimated but the
correspondence is very good. Creating
asymmetry by shifting the conduction band of
one electrode ± 1 eV did not greatly influence
the result. In these examples a Fermi level of
11.2 eV was chosen, for lower Fermi levels
both the Brinkman and the Simmons equation
show much greater deviations.
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Calcu1ated asymmetrie curves fitted with
Brinkman, EF = 11.2 eV, d = 15 Á

Magnetic junctions: Tunnel Magneto Resistance
As described in the theory section the TMR effect is caused by the different band structures
for spin up- and down electron. Figure 60 shows the two spin channels for parallel and antiparallel alignment of a FM-I-FM junction.
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Figure 60 Spin currents in parallel and anti-parallel situation

To calculate the total current the two separate spin currents have to be summed. The relative
difference in total current between the parallel and the anti-parallel situation is the TMR ratio.
In the figure below theseparate spin currents are shown as function of bias voltage. Jup, up and
Jdown, down are the spin currents in the parallel situation from spin up to spin up and spin down to
spin down state respectively. Jup, down and Jdown, up are the spin currents in the anti-parallel
situation.
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Figure 62 MR ratio vs. bias voltage

For low bias voltages the anti-parallel currents lie close together in between the parallel
currents, with increasing voltage their difference increases. The MR ratio calculated from
these spin currents is shown in figure 62. With increasing voltage the MR ratio decreases, in
correspondence with experimental results. For high bias voltages the MR ratio in this model
becomes negative, experimentally negative MR ratios are only encountered in magnetic tunnel
junctions with an extra metallic layer added.

Comparison between different MR models
In this paragraph the different MR equations described in the theory section, Julliere's model,
Slonczewski's modeland the numerically calculated free electron results are compared.
Slonczewski and the numerical free electron results should be identical insome range since

M
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the first is an approximation of the free electron result.
In Slonczewski's model the dependenee ofthe conductanceon the transmission probability is
of key importance as can be seen in (29). In the model of Julhere the tunnelling matrix
element is assumed to he constant and this way the characteristics of the harrier are ignored in
the MR ratio. Assuming a free electron model Julliere's MR ratio (96, 97) can be written as 29 :

2Plz

MR=---

1-P1P2
P.=
I

(109)

kl-kll

[ki +ki
I

I

f

j

It looks similar to Slonczewski's expression (101),

(110)

but it misses the term containing K, descrihing the dependenee ofthe MR ratio on the harrier.
A numerical comparison of Julliere, Slonczewski and the free-electron model for a square
harrier is shown in the figures helow.
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Figure 64 MR ratio vs. harrier thickness
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Figure 63 MR ratio vs. harrier height

It can he seen that for increasing harrier thickness the free-electron model prediets a
decreasing MR ratio. For thick harriers the Slonczewski result, which is independent of

9

10
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thickness, is approached. As a function of harrier height the MR ratio shows a minimum. A
thick harrier of 10 nm is used, in this way it can be seen that the Slonczewski equation works
well for low harriers but that the error increases for higher harriers. Julliere's ratio is
independent of the harrier parameters and does not approach the free electron re sult in any
limit in harrier height or thickness.
As mentioned by Veerdonk37 Julhere does not use any density of states in his paper although
the artiele ofGiaever et al. 27 at the root ofhis expression does. Instead, he uses the actually
measured effective spin polarization. This effective spin polarization of a ferromagnet is
measured in a FM-I-superconducting metal junction using the superconducting gap and the
energy splitting of the quasi particles in a magnetic field to probe the spin currents. This way
the harrier characteristics are included in the polarization. Applying the free electron model to
a FM-I-Mjunction the polarization ofthe FM can be determined and using (97) the MR ratio
ofthe FM-I-FMjunction.
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Julliere's model using calculated
polarizations for three different metals,
Vbarrier = 2.0 eV
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Figure 66

Julliere's model using calculated
polarizations for three different
metals, 1.5 nm harrier

Figures 65 and 66 show a comparison between this MR ratio and the free electron MR ratio
Since inthefree electron model the polarization ofthe current in a FM-I-M junction also
depends on the Fermi level ofthe metal there are several 'Julliere' curves drawn for different
metal Fermi levels. Independent ofthe Fermi level the general trends are well described, the
exact number are however different for most harrier heights

Magnetic junctions with an extra metallic layer
In the previous paragraphs simple M-I-Mand FM-I-FM junctions were looked at. In this
paragraph the effect of adding an extra metallic, rough layer is investigated. Experiments with
these kind of structures were recently carried out by Moodera et al. 38 In the figure below the
schematic potenti al of a FM-I-M-FM junction is drawn.

4
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Figure 67

Potential of a FM-I-M-FM junction. Dotted !ines indicate the spin bands
in the FM. A bias voltage V bias is applied.

Electrans in the metallayer will partially reflect at the 1-M and M-FM interfaces. This causes
interference of electron waves in the well, this way the metallic layer forms a potential well
with resonant states.
As a function of the thickness of the metallic layer the transmission shows an oscillating
behaviour with a wavelength ofhalfthe Broglie wavelength39 , hip. Since the current is
dominated by electrans at the Fermi level the current will also show oscillations with the same
period as can beseen in figure 68.
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These current oscillations are not identical for the parallel and anti-parallel situation resulting
in an oscillating MR ratio, figure 68. A remarkable result is the predicted negative MR ratios,
in some cases the current can be higher in the anti-parallel situation.
Due totheshort electron wavelength at the Fermi level of3.7 A (Allayer) compared to
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typical monolayer thicknesses of ~2 A the oscillating behaviour will be hard to verify
experimentally. Also surface roughness effects and tunnelling contributions from other bands
may decrease the oscillating effect.
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MR vs. V for different average layer
thicknesses, 1 A layers. Roughness
according to eq. (105).

By adding an extra metallic layer the junction has become asymmetrie. This asymmetry can
be seen in the MR ratio vs. bias voltage, tigure 70. Without a metallic layer the symmetrie
curve from tigure 62 is reproduced, for the other layer thicknesses shown the curves are
asymmetrie. The layer thickness was changed in steps of 1 A, since the oscillations in the MR
ratio have a very short wavelength the MR ratio changes in an erratic way. Introducing
roughness as described in the theory section the rapid oscillations averages out. The grey
curve in tigure 68 shows the effect of roughness at zero bias, the rapid oscillation is replaced
by a much slower oscillation which is dampened due to the averaging. As a function ofbias
voltage the MR ratio remains asymmetrie but it now slowly changes as function of the average
layer thickness, tigure 71. The curves are S-shaped with a maximum at the negative side and a
minimum at the positive side, in some regions the MR ratio increases with bias voltage.
This result can be compared with the experimental results obtained by Moodera38 on
Co-Au-Al20 3-NiFe junctions. He found that inserting a thin layer of gold greatly reduced the
MR ratio but that a small MR effect remained. F or certain layer thicknesses the MR ratio
became negative. The measured MR ratio as a function ofbias voltage for severallayer
thicknesses is shown in tigure 72. The curves are also S-shaped but unfortunately they show a
minimum at the negative side and a maximum at the positive side. Por higher layer
thicknesses the MR effect eventually disappeared. This is probably due to spin scattering
events which are not incorporated in the numerical model. Introducing a spin scattering length
inthefree electron model Vedyayev40 found an exponential-like decreasing MR ratio as a
function of the metallayer thickness.
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Figure 72 Negative and oscillating MR as observed by Moodera et al.

Conclusions
• The Sirrunons and Brinkman equations used to extract harrier parameters from I-V curves
are derived using the WKB 'smooth harrier' transmission and are a good approximation in
that regime. Comparing them with numerically calculated 'sharp harrier' currents gives
better results for high Fermi levels relative to the harrier height.
• According to the free electron model the MR ratio decreases for increasing harrier
thickness and increases with increasing harrier height.
• For low harrier heights and thick harriers the numerically calculated MR ratio approaches
Sloncewski's result.
• Julliere's model interpreted in densities of state at the Fermi level doesnotapproach the
free electron result in any limit in harrier height or thickness.
• Deriving the polarizations from free electron calculations on FM-I-M junctions Juliere's
model describes the general trends well.
• The free electron model prediets a rapidly oscillating MR ratio as a function ofthe metal
layer thickness in FM-1-M-FMjunctions, with the possibility ofnegative MR ratios.
• Negative MR ratios are experimentally found in Co-Au-Al 20 3-NiFe junctions. The voltage
dependenee of the MR ratio looks similar to the one calculated but unfortunately the
position ofthe minimum and maximum is reversed. No parameters could be found which
reproduced the experimental result.
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Appendices
Appendix A Calculating noise in simple electric networks
When different noise sourees are uncorrelated the total noise signal from a system can be
easily calculated with the following rul es:
I An element generating voltage noise can bedescribed by a noise-free element in series
with a altemating voltage source. This voltage souree generates an AC voltage of

JSJJ)I1f [V]
n An element generating current noise can bedescribed by a noise-free element in parallel
with a altemating current source. This current souree generates an AC current of

iii For every separate current- or voltage souree the contribution to the noise voltage at the
terminals is calculated. During this calculation other voltage sourees can be seen as shorts,
other current sourees have an infinite resistance.
iv The total noise power at the terminals in a frequency range /1f, Svuit ·/1f, is the sum of all
separate noise voltages squared. This is similar to adding the intensities of uncorrelated
light sources, in that case the squared amplitudes of the electric field are added.

Consider the diagram at the right. A voltage souree is connected
in series with aresistor Rv and a sample S. When Rv is high in
comparison with Rs(I, B, ... ) the current is completely
determined by Rv. The voltage souree in combination with Rv
can beseen as a constant current source. Using the method
described above the voltage noise measured over the sample can
be calculated.

1

Vsource

~~

~
Ij

', __ -_9

The contribution ofRv to the noise voltage at the terminals is, using I and ii and (14):

V .1 R =
UI,

V

Rs

,----,-14kTR ty

R +R V
S

V

The contribution from the sample is given by:

~

(111)
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v -R R+Rv Js
uit,s

S

V

(112)

~

V

The noise power at the terminals then is (iv):

(113)

With Rv >> R 8 this reduces to
(6)

SVuit =S V

i.e., the measured noise originates from the sample.

Appendix B Airy functions
The Airy functions are the solution of the differential equation:

(114)

In the limit z << 0 they can be written as
AiryAi(z);:::

1
2 {ië(-z)114

AiryBi(z);:::

1
{ië(-z)114

sin[~c -z) 312 + TI/4]
3

cos[~c -zi

z«O
12

(115)

+ TI/4]

3

and for z >>0 as
1

e

AiryAi(z);:::

-'!:.z3/2
3

2{iëz 114
Z»Û

1
AiryBi(z);:::

e

2{iëz 114

!:._z3/2
3

(116)
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The latter solution looks already very similar to the WKB wave function for a linear potential
(see theory sectionon WKB):
rh
'f'wKB-

-~(ru:)3/2

D

{li(ax)I/4

e

3

(117)
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