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Summary
The design of a reliable sheet handling mechanism is a central issue in the development
of todays cut sheet printer paper paths. The most important objective of the printer’s
sheet handling system is to accurately deliver sheets from the paper input module to the
image transfer station in order to realize a high printing quality. This report describes the
possibilities of closed-loop sheet feedback control to realize the desired printing quality.
By considering a basic printer paper path, the essence of the control problem, which lies
in the consecutive switching of the driving pinch, becomes clear. The switching nature
of the system is easily captured in the piecewise linear modeling formalism. The control
structure is split up into a high level sheet control loop and low level motor control loops.
The low level motor control loops are designed using wel known single-input single-output
techniques. The main focus in this report will be on the design of the high level sheet
control loop. On the basis of Lyapunov stability theory, two control design approaches
for the high level sheet control loop are presented, in which properties like robustness
and performance in an H∞ sense will be discussed. In the first approach the low level
motor control loops are assumed to be ideal and therefore not taken into account in the
control design of the high level sheet controllers. The second approach, on the other hand,
does take into account these dynamics and therefore yields a sheet feedback control design
based on the overall dynamics. Both control design approaches are translated into solving
feasibility problems based on linear matrix inequalities. As a result, the stability of the
closed-loop system can be proven and model-based high level sheet feedback controllers
have been designed.
The control designs have been validated using both simulation and experiments. For the
practical validation, optical mouse sensors have been used to make the sheet position
available for feedback. The controllers resulting from both control design approaches yield
stable closed-loop systems with a good tracking performance.

Samenvatting
Het ontwerp van een betrouwbaar mechanisme voor het papiertransport in een papierpad
van een printer is een belangrijke kwestie. Het belangrijkste doel van het transportsysteem
binnen de printer is het nauwkeurig transporteren van vellen papier vanaf de invoerbak
naar het printstation om zodanig een hoge printkwaliteit te kunnen realiseren. Dit verslag
beschrijft de mogelijkheden van gesloten lus paper terugkoppeling om de gewenste printkwaliteit te kunnen realiseren.
Door een eenvoudig papierpad te beschouwen wordt de essentie van het regelprobleem
duidelijk, welke ligt in het opeenvolgend schakelen van de aandrijvende kneep. Het schakelende gedrag van het systeem kan eenvoudig opschreven worden door gebruik te maken
van het stuksgewijs lineair modeleringsformalisme. De regelstructuur is opgesplitst in een
hoog niveau papier regelkring en laag niveau motor regelkringen. De laag niveau motor
regelingen zijn ontworpen door gebruik te maken van bekende single-input single-output
technieken. In het verslag ligt de nadruk op het ontwerpen van de hoog niveau papier
regelkring. Op basis van Lyapunov stabiliteitstheorie worden er twee regelaarontwerpen
gepresenteerd in dit verslag, waarbij eigenschappen als robuustheid en H∞ performance
worden besproken. In het eerste regelaarontwerp wordt er aangenomen dat de laag niveau
motor regelkringen ideaal zijn en er wordt daarom geen rekening gehouden met deze dynamica in het ontwerp van de hoog niveau paper regelkring. Anderzijds wordt in het tweede
regelaarontwerp deze dynamica wel meegenomen bij het ontwerp van de hoog niveau papier
regelkring welke leidt tot regelaars gebaseerd op de totale dynamica. Beide regelaarontwerpen zijn vertaald in een haalbaarheidsprobleem van het oplossen van lineaire matrix
ongelijkheden. Dientengevolge kan de stabiliteit van het gesloten lus systeem bewezen worden en worden er model gebaseerde regelaars ontworpen.
De regelaarontwerpen zijn gevalideerd door gebruik te maken van zowel simulaties als experimenten. Voor de praktische validatie zijn er optische muis sensoren gebruikt waarmee
de papier position verkregen wordt welke kan worden gebruikt voor de terugkoppeling. De
regelaars van beide regelaarontwerpen hebben geleid tot een stabiel gesloten lus regelsysteem met goed volggedrag.
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Piecewise Linear Sheet Control
in a Printer Paper Path

Chapter 1
Introduction
The first design of a mechanical device for printing multiple copies of a text on sheets of
paper emerged in the 1450s when the printing press is invented by Johannes Gutenberg [1].
With this invention books could be printed much faster and more people were given the
opportunity to read and learn from them. In today’s digital era the need for printed
documents is still present. Most people working in offices send digitally received documents
to printers to obtain a hard copy of the document. When many orders for large printjobs
are given, the need for suitable document printing systems arises. In these situations high
volume cut sheet printers come into play.

1.1

Background

The design of such a high volume printer is taken as a case-study in the first project of the
Embedded Systems Institute (ESI) at Eindhoven, called the Boderc project [2]. Boderc is
an acronym standing for Beyond the Ordinary: Design of Embedded Real-time Control.
The project focuses on distributed embedded real-time controllers of complex systems. The
objective is to realize an integral approach for a systematic architectural design, modeling,
analysis, and validation methodology of such heterogeneous systems where multiple disciplines are involved. This multidisciplinary integration is a breakthrough that is needed to
be able to manufacture complex embedded real-time systems for a reasonable price in a
reasonable time to market [2].

1.2

Problem statement and objective

Several problems must be tackled in the design of the cut sheet printer, each involving
multiple disciplines. In this report the design of a sheet handling mechanism in a printer
paper path is considered. In the process of this design, mechanical, electrical and software
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1.3. OUTLINE

engineering are the main disciplines involved. Here the focus will be on the mechanical
engineering part and more specifically on the control design regarding the longitudinal
sheet flow in the paper path. So far, the transportation of sheets in a printer paper path
relies mainly on open-loop sheet control in combination with closed-loop motor control
since no continuous sheet position measurement is available. The sheet reference profiles
are only adjusted at these locations were optical sheet sensors detect the presence of a
sheet. Therefore, the objective of the work described in this report is the following:
Investigate and develop the possibilities of sheet feedback control in a printer
paper path and validate the proposed controller designs on an experimental
setup.
To realize this objective, the dynamics of the printer paper path are investigated and
formulated in the piecewise linear (PWL) modeling formalism [3]. Secondly, two control
design approaches, based on state feedback and output feedback, have been investigated
and compared with each other. In order to experimentally validate the control designs, an
experimental setup has been built [4] and is equipped with mouse sensors to measure the
sheet position.

1.3

Outline

The remainder of this report is organized as follows: in the next two chapters the two
control design approaches will be presented. In chapter 4 these control design approaches
are compared with each other and the advantages and disadvantages of these approaches
will be discussed. The final chapter contains the conclusions and recommendations. The
practical implementation of the position measurement system is described in Appendix A.

Bibliography
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on Automatic Control, 26(2):346–358, April 1981.
[4] G. Witvoet. The design of an experimental paper path setup. Technical report, Technische Universiteit Eindhoven, 2005.

Chapter 2
Control Design Approach 1
In the paper presented in this chapter a control design approach for robust sheet control
in a printer paper path is presented. The overall design question is formulated in terms
of an hierarchical control set-up with a low level motor control part and a high level sheet
control part. The sheet controller synthesis is based on a basic paper path model, in which
the motor control loops are assumed to be ideal. The sheet dynamics, that are subject to
disturbances and parameter uncertainties, are captured in the piecewise linear modeling
formalism. Based on the model of the sheet error dynamics, the control design yields robust
sheet feedback controllers and a closed-loop system capable of rejecting disturbances up
to a prescribed level. The effectiveness of the control design approach is demonstrated in
practice on an experimental paper path setup.
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Abstract
This paper presents a control design approach for robust sheet control in a printer paper path. The overall
design question is formulated in terms of an hierarchical control set-up with a low level motor control part and
a high level sheet control part. The sheet controller synthesis is based on a basic paper path model, in which the
motor control loops are assumed to be ideal. The sheet dynamics, that are subject to disturbances and parameter
uncertainties, are captured in the piecewise linear modeling formalism. The control design yields robust sheet
feedback controllers and a closed-loop system capable of rejecting disturbances up to a prescribed level. The
effectiveness of the control design approach is demonstrated in practice on an experimental paper path setup.
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I. I NTRODUCTION
The design of a reliable sheet handling mechanism is a central issue in the development of today’s cut sheet
printer paper paths. An example of such a paper path is shown in Fig. 1. Sheets enter the paper path at the
Paper Input Module (PIM) and are transported to the Image Transfer Station (ITS) where the image is printed
onto the sheet at high pressure and high temperature. The required high sheet temperature is realized using two
preheater units that are located before the ITS. After the print has been made, sheets can either re-enter the
first part of the paper path via the so-called duplex loop and go directly to the ITS for the second time for back
side printing or they can go to the finisher (FIN), where they are collected. The transportation of sheets is done
via pinches. A pinch is a set of rollers consisting of two parts: one part that is actuated by a motor and one
part that is used to apply sufficient normal force, i.e. the force needed to prevent the sheet from slipping in the
pinch. As can be seen from Fig. 1, pinches can be driven either individually or grouped together in sections.

Fig. 1.

Schematic representation of a printer paper path.

The main objective of the printer’s sheet handling mechanism is to accurately deliver sheets to the ITS.
Each sheet must synchronize with its corresponding image with respect to both the ITS entry time and the
constant printing velocity to achieve a high printing quality. One way to realize the desired printing quality is
using a high precision mechanical design. In such design, manufacturing tolerances of the various components
are small and the paper path frame is designed to be stiff to prevent undesired flexibilities. With such high
precision mechanics, a predictable sheet flow can be realized. Consequently, sheets can be transported mainly by
open-loop sheet control. In practice, only at a few fixed locations in the paper path optical I/O sheet sensors, as
depicted in Fig. 1, are mounted that can detect the presence of a sheet. Based on this sheet detection, the sheet
reference motion profile can be slightly adjusted such that the sheet will meet its corresponding image in the
ITS right on time. Drawbacks of this approach are the limited robustness against disturbances and uncertainties
in the mechanics and the relatively high cost of goods.
A second approach in realizing the desired printing quality exploits the power of closed-loop sheet control [1]–
[3]. In this approach, the tolerances on the mechanical parts of the paper path are allowed to be larger and
less effort is put in constructing a very stiff frame, since robustness against disturbances and uncertainties in
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the mechanical design is obtained by feedback control. To realize a sheet position feedback control system,
the sheet position has to be known. This can, for example, be realized by adding position sensors, possibly in
combination with model-based observer techniques.
The design of closed-loop sheet control systems is mostly based on dynamic paper path models. In [1], [2]
the paper path model is split up into two parts: the section dynamics and the sheet dynamics. The section
dynamics map the motor currents to section velocities, so these dynamics consist essentially of integrators. The
sheet dynamics, on the other hand, consist of switching integrators, as the sheet moves along the paper path.
The work reported in [1], [2] uses a finite state machine to describe the discrete switching of a sheet between
different sections: when entering a new section, the sheet velocity is dictated by the velocity of that section.
The mapping from sheet velocities to sheet positions is described by regular integrators. The combination of
the finite state machine with the integrators results in a hybrid dynamic model. On the basis of this model,
[1], [2] adopt a distributed, hybrid hierarchical control strategy, which controls the spacings between the sheets.
Although the feedback controllers presented inherently show robustness against perturbations and disturbances,
this was not taken into account in the control design, which makes it hard to prove that the controller works
under all conditions.
The first contribution presented in this paper is a model-based feedback control design procedure that takes
into account system uncertainties and disturbances. The preliminary results of this study were presented in [4].
As in [1], [2], we recognize the state-dependent switching behavior of the sheet dynamics. However, we capture
these dynamics in the piecewise linear (PWL) modeling formalism [5]. The benefit of choosing this formalism is
the availability of techniques for both controller synthesis and analysis. Based on the results presented in [6], [7]
we guarantee both stability and performance of the closed-loop system. In [6], [7], the stability analysis method
of [8] is extended to be able to deal with uncertain PWL systems. Furthermore, they consider a regulation control
problem and present a controller synthesis method for the stabilization with H∞ performance of the closed-loop
system. In case of designing a sheet feedback control system, however, we are dealing with a tracking problem.
To synthesize controllers for our tracking problem, we formulate the system in terms of its error dynamics. By
working in the tracking error domain, both stabilization of the error dynamics as well as disturbance attenuation
are directly linked to tracking performance. In this paper, a system is said to have a good tracking performance
when the transients in each regime have decayed before the sheet enters the next pinch, when the steady state
error is within 0.5 mm, and when it is capable of rejecting disturbances up to a prescribed level. For achieving
good tracking performance in practical situations, a motion feedforward controller can be beneficial. However,
the focus in this paper will be on feedback control design for robustness, and therefore we will concentrate on
feedback design only. A second contribution of this paper is the practical demonstration of the control design
theory. Experiments will confirm the robustness and disturbance attenuation of the closed-loop sheet control
system.
The remainder of this paper is organized as follows: in Section II the system under consideration will be
discussed in more detail and the problem statement will be given, together with the control goal. In Section III
we will discuss the controller design method for the uncertain paper path system that is subject to disturbances,
together with the stability analysis and the controller design results. In Section IV we will present the simulation
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results for validation of the proposed control design approach. The experimental validation will be presented
in Section V, whereas conclusions and recommendations will come in Section VI.

II. S HEET F EEDBACK C ONTROL P ROBLEM
In this paper the focus will be on sheet feedback control design in a basic paper path. By considering
this basic version, the essence of the control problem, i.e. the switching nature of the system, caused by the
consecutive changing of the driving pinch, becomes clear and arises naturally in the control design. Hence, a
structured design approach can be more easily carried out. The basic paper path is depicted in Fig. 2. Since we
consider the motion of sheets only when they are in the paper path, the paper input module and finisher are not
taken into account. Furthermore, the duplex loop is removed, so sheets cannot re-enter the path. The considered
paper path consists of three pinches (P1, P2, and P3) only, each of which is driven by a separate motor (M1,
M2, and M3, respectively). The locations of the three pinches in the paper path are represented by xP 1 , xP 2 ,
and xP 3 , respectively. These locations are chosen such that the distance between two pinches is equal to a
fixed sheet length Ls , so the sheet can only be in one pinch at the time. No slip is assumed between the sheet
and the pinches and the coupling between the pinches and motors is assumed to be infinitely stiff. The mass
of the sheet is assumed to be zero, and the sheet position, defined as xs , is assumed to be measured. Given
these assumptions, nonlinear stick-slip modeling between pinch and sheet can be avoided and no attention has
to be paid to observer design for sheet position estimation.

Fig. 2.

Schematic representation of the basic printer paper path.

Just like [1], [2], we also split up the sheet handling control problem into two levels. The low level
encompasses motor modeling and motor control design, whereas on the high level the focus is on modeling and
control of the sheet flow. The motor control is used to tackle disturbances and uncertainties at the motor level,
e.g. cogging and friction in the bearings. By introducing feedback at the high sheet level, robustness is obtained
for disturbances and uncertainties at the sheet level. One can think of, for example, varying sheet characteristics
related to geometry or roughness, tolerances on pinch radii and transmission ratios, or slip between the sheet
and pinches. Breaking up the control problem into two parts therefore seems natural for the system at hand
and replaces the complex overall design question by two simpler control questions. In this way, an hierarchical
control structure is obtained in which the inner loops (the low level motor control loops) are designed to have
a higher bandwidth than the outer loop (the high level sheet control loop) [9]. As a result the inner loop will
closely track the reference profiles generated by the outer loop.
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Regarding the sheet motion task, possible choices are absolute reference tracking control and inter-sheet
spacing control (ISSC) [1], [2]. In this paper we choose the first one to be able to prescribe the desired sheet
position at all times and not to be dependent on other sheet positions, as would be the case when applying
ISSC. The reference that has to be tracked consists of a second order motion profile for each sheet reference
trajectory xs,r . The control goal we adopt for the basic paper path case study is, given low level closed-loop
motor dynamics and an uncertain high level sheet model subject to disturbances, the design of stable and robust
high level feedback controllers (HLCs) that track the desired reference trajectory.
The inner loops of the hierarchical control structure, i.e. the low level motor control loops, can be designed
on the basis of well-known single-input single-output motion control techniques [10]. The closed-loop linear
motor dynamics in the Laplace domain can be represented by
ΩM i (s) = Ti (s)ΩM i,r (s), i ∈ I,

(1)

where ΩM i,r (s) and ΩM i (s) represent the Laplace transforms of the motor reference velocity and the actual
motor velocity, respectively, and with Ti (s) the complementary sensitivity function of controlled motor i.
Furthermore, I = {1, 2, 3} represents the index set of sheet regions. In the sheet feedback control design
approach we assume perfect tracking behavior of the controlled motors, i.e., Ti (s) = 1, ∀i ∈ I. In practice,
however, the bandwidth of the low level control loops can be relaxed, while still taking into account the
requirement that it should be significantly higher than the bandwidth of the high level control loop [9].
In the outer loop of the hierarchical control structure, modeling and control of the sheet dynamics are
considered. Due to the assumption of ideal behavior in the low level motor control loops, the inputs ui of the
high level sheet dynamics will be directly calculated by the HLCs. This is shown in Fig. 3, which represents
the block diagram of the control system at hand. Since at each time instant the sheet is only driven by one
pinch, only one of the inputs of the high level sheet dynamics influences the sheet position. Since the other
inputs determine the initial condition of the sheet when entering the accompanying pinch, these inputs are also
calculated based on the sheet tracking error. As the sheet moves through the paper path, this input will change
when the sheet arrives at the next pinch. This switching behavior can be easily captured in the PWL modeling
formalism. The sheet velocity is derived from the motor velocities via straightforward holonomic kinematic
constraint relations that describe the relation between motor velocity and pinch velocity, and pinch velocity and
sheet velocity, respectively. The sheet position is obtained by integrating the sheet velocity. The nominal high
level sheet model, i.e. the sheet model without parameter uncertainties and disturbances, now becomes:
(2)
ẋs = Bi u for xs ∈ Xi , i ∈ I,
h
i
h
i
with the input matrices Bi defined as B1 = n1 rP 1 0 0 , B2 = 0 n2 rP 2 0 , and B3 =
h
i
0 0 n3 rP 3 , respectively. In these definitions, ni represents the transmission ratio between motor i and
pinch i and rP i represents the radius of the driven roller of pinch i. Furthermore, u is the column with inputs
h
iT
of the high level sheet dynamics: u = ωM 1 ωM 2 ωM 3
. The partitioning of the state space into the
three regions is represented by {Xi }i∈I ⊆ R. Here, X1 = {xs |xs ∈ [xP 1 , xP 2 )}, X2 = {xs |xs ∈ [xP 2 , xP 3 )},
and X3 = {xs |xs ∈ [xP 3 , xP 3 + Ls )}.
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In case parameter uncertainties and external disturbances are present, the high level PWL sheet model can
be extended to
ẋs = (Bi + ∆Bi ) u + Wi v

for xs ∈ Xi , i ∈ I,

(3)

with ∆Bi the constant uncertainty term of the i-th subsystem. In this model, this term can represent, for
example, an uncertainty in the transmission ratio between motor i and pinch i or an uncertainty in the radius
of the driven roller of pinch i. Furthermore, v is the column with inputs of the system acting as disturbances
h
i
on the sheet velocity. These disturbances are scaled by the matrices Wi , defined as W1 = w1 0 0 ,
h
i
h
i
W2 = 0 w2 0 , and W3 = 0 0 w3 , respectively.

Fig. 3.

Block diagram of the total control system.

III. S HEET F EEDBACK C ONTROL D ESIGN
This section shows the design of the sheet feedback controllers, together with the results obtained with this
design procedure.

A. Robust Sheet Controller Design
In this section, we present an H∞ controller synthesis method for the PWL sheet model (3), in order to
be robust against variations in system parameters and to suppress disturbances up to a prescribed level. The
synthesis will be based on the work in [6], [7]. Since we are dealing with a tracking problem, we will first
formulate our system in terms of its tracking error dynamics.
For the derivation of the error dynamics of the high level PWL sheet model (3), we use the error-space
approach of [10] and extend it to the PWL case. Since the sheet reference profile is assumed to be of second
order, i.e. constant acceleration and deceleration, the third time derivative (the jerk) of the sheet reference
position is taken zero during the constant acceleration and deceleration parts:
...
x s,r = 0.

(4)

The sheet tracking error is defined as the difference between the sheet reference position and the actual sheet
position:
es = xs,r − xs .

(5)
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Substitution of (4) in the third time derivative of (5) yields
...
...
e s = − x s.

(6)

The second time derivative of (3) can now be substituted into the right hand side of (6), yielding
...
es

= − (Bi + ∆Bi ) ü − Wi v̈ for xs,r − es ∈ Xi , i ∈ I.

(7)

Next, the control input u and the disturbance v are replaced by the control input and disturbance in error-space,
which are defined as
µ = ü

(8)

ν = v̈,

(9)

and

respectively. When we define the state vector of the error dynamics as
h
iT
q = es ės ës
,
we can write the error dynamics in standard state-variable form:

h
xs,r − 1
q̇ = F q + (Gi + ∆Gi ) µ + Vi ν for

(10)

0

0

i 
q ∈ Xi , i ∈ I

(11)

z = Hq.


0

1

0







In this notation, the system matrix is defined as F =  0 0 1 , whereas the input matrix and the uncertainty


0 0 0
h
iT
h
iT
term of the input matrix are defined as Gi = 03×1 03×1 −BiT
and ∆Gi = 03×1 03×1 − (∆Bi )T
,
respectively. Furthermore, the disturbance gain matrix and the output matrix in error space are defined as
h
h
iT
i
and H = 1 0 0 , respectively. Regarding the uncertainty term ∆Gi ,
Vi = 03×1 03×1 −WiT
we assume that its upper bound is known a priori [6], [7]:
T

T
[∆Gi ] [∆Gi ] ≤ EGi EGi
, i ∈ I,

(12)

where EGi is any constant matrix with the same dimensions as ∆Gi .
Given this notation in error space, the controller synthesis can be carried out. For this purpose, the approach
presented in [6], [7] is slightly adjusted. In [6], [7] piecewise quadratic Lyapunov functions [8] are used for
the synthesis of stabilizing controllers. In the approach of calculating these functions, matrix inequalities are
used that define each region of the state space as well as matrix equalities that characterize the boundary
between the regions. In constructing these (in)equalities, the system’s state vector and the state dependent
switching inequalities are used. In our tracking control problem, the definition of the error dynamics in (11)
shows that the boundaries of the regimes are not exclusively dependent on the states of the error dynamics.
More specifically, switching of the error dynamics from the one regime to the other does not depend on e, ė,
or ë, but on the sheet position xs . In the derivation of (11), we used the definition of the sheet tracking error to
make a link between the switching boundaries and e, but it can be seen that the switches also depend on xs,r
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and, hence, on the time t. Consequently, to construct the matrix (in)equalities for the calculation of piecewise
quadratic Lyapunov functions, the state vector q would have to be augmented with t. However, proving stability
of the error dynamics implies proving the convergence of the states in the augmented state vector to zero. Since
t needs to be a monotonously increasing variable starting from t = 0 for the calculation of the desired sheet
reference profile, the state cannot be forced to convergence to zero. As a result, using piecewise quadratic
Lyapunov functions is not trivial for our tracking control case and, hence, we will use a common quadratic
Lyapunov function in our analysis and synthesis.
The goal of the control design procedure is to find a feedback control law that stabilizes the uncertain PWL
system (11). Furthermore, the controller should result in a guaranteed performance in the H∞ sense. This means
that, given a prescribed level of disturbance attenuation γ > 0, the induced L2 -norm of the operator from ν to
the controlled output z should be smaller than γ under zero initial conditions for all nonzero ν ∈ L2 [6], [7],
[11]:
kzk2 < γkνk2 .

(13)

In this case, the closed-loop system is said to be globally stable with disturbance attenuation γ. Satisfying
these goals for the control design automatically implies that a good tracking performance will be obtained. The
control law we propose is based on state feedback:
µ = −Kq
Substitution of (14) into (11) yields the closed-loop error dynamics:

h
i 
q̇ = ACi q + Vi ν for
xs,r − 1 0 0 q ∈ Xi , i ∈ I,

(14)

(15)

z = Hq,
with ACi = F − (Gi + ∆Gi ) K.
Given this closed-loop system, we can now present the following lemma, which is based on Lemma 2 in [7]:
Lemma 3.1: Given a constant γ > 0, the PWL system (15) is globally stable with disturbance attenuation γ
if the following matrix inequalities are satisfied:
0 < P = PT

(16)

0 > P ATCi + ACi P + γ −2 Vi ViT + P H T HP, i ∈ I

(17)

For the proof of Lemma 3.1 the reader is referred to Appendix A. Note that (3.1) contains the unknown
uncertainty terms ∆Gi , as a result of which these matrix inequalities cannot be solved directly. However, based
on this lemma we can present the following result for the controller design, which is also based on Theorem
2 in [7]:
Theorem 3.2: Given a constant γ > 0, the PWL system (15) is globally stable with disturbance attenuation
γ if the following matrix inequalities are satisfied:
0 < P = PT

(18)

9



Ωi



0 >  HP

Q

P HT

QT

−I

0

0

−I




 , i ∈ I,


(19)

with
Ωi

= P F T + F P − QT GTi − Gi Q + γ −2 Vi ViT +
T
+EGi EGi
.

(20)

Moreover, the controller gain for each subsystem is given by:
K = QP −1 .

(21)

The proof of this theorem is given in Appendix B. As can be seen from Theorem 3.2, the conditions (18)
and (19) are Linear Matrix Inequalities (LMIs) in the variables P , Q, , and γ −2 . This is in contrast with [7],
where products of  and γ −2 exist. This results from the fact that we assume no uncertainty in the scaling
matrix Vi of the disturbances. Calculating the free variables amounts to solving a feasibility problem for which
efficient software is commercially available [12]. When a feasible solution has been found, the controller gain
K in (14) can be calculated using (21).

B. Overall Stability Analysis
In the control design procedure for the regulation of the high level PWL error dynamics, stability was proven
under the assumption of perfect low level motor behavior. However, we want to apply the calculated controller
also in practical cases where we have to deal with non-ideal low level behavior, and still guarantee that the
overall switched system is stable. To do this, we again derive the closed-loop error dynamics, only this time
we include models of the low level motor dynamics. Given these models, together with the motor feedback
controllers, the low level closed-loop systems can be represented as follows:
ẋT,i

= AT,i xT,i + BT,i uT,i

yT,i

= CT,i xT,i + DT,i uT,i

for i ∈ I,

(22)

with uT,i the reference velocity for motor i, calculated by the sheet feedback controller of the i-th subsystem,
and yT,i the i-th input of the high level sheet dynamics, i.e. the actual velocity of motor i. The series connection
of the nominal high level sheet model (2) and the low level closed-loop systems (22) yields the overall plant
to be controlled by the high level sheet feedback controllers. To derive this plant, we introduce an augmented
h
iT
state vector xa = es xTT,1 xTT,2 xTT,3
. With this state vector, the augmented plant dynamics become
ẋa

=

Aa,i xa + Ba,i ua + ẋs,r

ya

=

Ca xa ,

for xs,r −

h

1

0T

0T

0T

iT
(23)

h

1

0T

0T

0T

i

xa ∈ Xi , i ∈ I,
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0
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, where 0 represents a zero matrix of appropriate dimensions.







h
iT
T
T
T
The input matrices Ba,i are defined as Ba,i = (−Bi DT,i )T Bn,1
, with
Bn,2
Bn,3
h
i
h
i
h
i
Bn,1 = BT,1 0 0 , Bn,2 = 0 BT,2 0 , and Bn,3 = 0 0 BT,3 and the output matrix is
h
i
defined as Ca = 1 0T 0T 0T . The input vector ua contains the inputs of the low level closed-loop
systems, i.e. the motor reference velocities. Based on these augmented plant dynamics, the closed-loop error
dynamics can be derived analogously to the error dynamics derived in Section III-A, yielding
q̇

=

ACL,i q




0
1
0






0
0
Ca










= 
q
(24)
K(1, 1)
K(1, 2)
K(1, 3)
















 Ba,i  K(2, 1)  Ba,i  K(2, 2)  Aa,i + Ba,i  K(2, 3)  Ca 








K(3, 1)
K(3, 2)
K(3, 3)

h
i 
for
xs,r − 1 0 0 q ∈ Xi , i ∈ I
iT
h
. A sufficient condition for proving the stability of the PWL error dynamics (24)
with q = es ės ẍTa

is constructing a common quadratic Lyapunov function V q = q T P q such that the LMIs
0 <

P,

0 >

ATCL,i P + P ACL,i ,

(25)

are feasible.
C. Control Design Results
To show the robustness against uncertain system parameters, the transmission ratios between the motors
and pinches will be varied. The nominal transmission ratios are chosen to be n1 = 0.49, n2 = 0.47, and
n3 = 0.5. Furthermore, we choose another ratio of 0.53 to show robustness. This results in maximum variations
of ∆n1 = 0.04, ∆n2 = 0.06, and ∆n3 = 0.03, respectively. These variations will now take the role of
uncertain deviations from the nominal ratios. Given these deviations, the uncertainty terms ∆Bi in (3) become
h
i
h
i
h
i
∆B1 = ∆n1 rP 1 0 0 , ∆B2 = 0 ∆n2 rP 2 0 , and ∆B3 = 0 0 ∆n3 rP 3 , respectively,
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with rP i = 14 · 10−3 m. From ∆Bi , also the uncertainty terms on the input matrices of the open-loop error
dynamics (11) can be calculated, which in turn are used to calculate the upper bounds on these terms according
T
T
to (12), yielding EGi EGi
(k, l) = (∆ni )2 rP2 i for k = l = 3 and EGi EGi
(k, l) = 0 for k = l 6= 3 and k 6= l,

with k and l the row and column index, respectively.
Despite the fact that γ −2 is a free variable in the LMI (19), we choose not to treat it as such. Minimization
of γ might lead to small values of this parameter, which implies large controller gains K. The resulting
closed-loop system with ideal low level dynamics will be stable, but implementing the resulting controller in
practical cases with non-ideal low level dynamics might lead to unstable closed-loop systems. Therefore, the
value of γ will be determined via an iterative process as is schematically depicted in Fig. 4. If the obtained
bandwidth resulting from the initial choice of γ is either too low or too high, the value of γ will be decreased
or increased, respectively. After solving the LMIs (18)-(19) and calculating new controller gains the bandwidth
can again be calculated. If necessary, more iterations can be carried out until the desired bandwidth is obtained,
before implementing the resulting controller. In case of non-ideal low level dynamics, first the stability analysis
described in Section III-B must be carried out, before implementing the designed controllers.

Fig. 4.

Schematic representation of the iterative process for choosing γ.

After iterations, the final value of γ was found to be γ = 0.048. Solving the LMIs (18)-(19) yielded a
symmetric, positive definite matrix P :


−2.5 · 101

4.9



P =  −2.5 · 101

5.6 · 101

1.6 · 102
−5.3 · 102

5.6 · 101





−5.3 · 102  ,

2.4 · 103

(26)

a positive constant :
 = 6.6 · 108 ,

(27)
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and the controller gain K:


5

−1.6 · 10


K =  −1.7 · 105

−1.6 · 105

4

−5.1 · 10

−8.0 · 10

3





−8.4 · 103  .

−7.8 · 103

4

−5.3 · 10

−4.9 · 104

(28)

From this we conclude that the closed-loop error dynamics (15) are globally stable.
The control law to be implemented can be obtained by double integration of (14), according to (8). As in the
derivation of (13), we again assume zero initial conditions, yielding the following expression for each element
of u:
ui (t)

= −K(i, 1)
−K(i, 2)

Rt Rξ
t0

t0

Rt

e(τ )dτ dξ−

(29)

e(ξ)dξ − K(i, 3)e(t), i ∈ I,

t0

with t0 the time the sheet enters the first pinch.
Besides the stability analysis of the switching closed-loop error dynamics (15), also the stability and performance of the individual regimes of these PWL dynamics can be analyzed. This can be done, for example, by
making a Bode plot of the loopgain Li (s) of the subsystem active in each regime. This loopgain is calculated
as follows:
Li (s)

= Pi (s)Ci (s)
=

(30)

2
ni rP i K(i,1)+K(i,2)s+K(i,3)s
,i
s
s2

∈ I,

where Pi (s) represents the transfer function of the input of subsystem i, ωM i , to the output xs , calculated
from the nominal high level sheet model (2). Furthermore, Ci (s) represents the transfer function of the sheet
controller for subsystem i, which is calculated from the Laplace transformation of (29). As an example, the
Bode plot of the loopgain of the first subsystem is depicted in Fig. 5. It can be seen that the bandwidth, defined
i

i
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IV. S IMULATION R ESULTS
For the validation of the control design approach, simulations of the basic printer paper path have been carried
out. The results of the first simulation show the robustness of the controlled system against uncertainties in the
system parameters, whereas the second simulation shows the disturbance attenuation that has been achieved.

A. Robustness Results
To analyze the robustness of the system against parameter uncertainties, the transmission ratios used in the
simulation are n1 = 0.49, n2 = 0.53, and n3 = 0.49. Hence, the ratios of the second and third subsystem
deviate from the nominal values in the experimental setup. For the sheet motion task, a constant velocity of 0.27
ms−1 has been chosen that has to be tracked by the sheet throughout the entire paper path. The corresponding
sheet reference motion xs,r is therefore a ramp function. During this simulation, no disturbances were added
to the system, and since no feedforward control input has been used, all three pinches are standing still until
a sheet enters the first pinch at t = 0.25 s. Due to the difference between the initial reference velocity and the
actual initial velocity, the sheet error starts increasing when the sheet enters the first pinch, as can be seen in
Figure 6. However, this error is decreased by the sheet controller in the first regime. It can be seen that some
overshoot is present. Furthermore, the tracking error increases again when the sheet enters pinches two and
three. This is due to the deviation of the transmission ratios with respect to the nominal values, based on which
the control design was carried out. Also these transients are controlled towards zero. When the trailing edge
of the sheet leaves P 3, a small error of approximately 2 · 10−4 m is left. From Figure 6, we can conclude that
i

i
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B. Disturbance Attenuation Results
To investigate the disturbance attenuation properties of the controlled system, one can easily perturb the
sheet velocity in simulation according to (3). However, during real experiments the sheet velocity cannot be
perturbed directly. Therefore, the block diagram in Fig. 3 is slightly adjusted to obtain a good comparison with
the experiments that will be performed. For the first subsystem, the changes in the diagram are shown in Fig. 7.
It can be seen that the disturbance v(1), scaled by

W1 (1)
B1,a ,

is added to the motor reference velocity. In this

scaling factor, B1,a contains the actual transmission ratio that will also be implemented during the experiments.
The block diagram in Fig. 3 has been adjusted analogously for subsystems two and three.

Fig. 7.

Block diagram of the first subsystem for the disturbance attenuation simulation and experiment.

In the simulation presented here, the sheet reference motion, the controller and the physical paper path
parameters are chosen identical to the ones used in Section IV-A. However, sinusoidal disturbances are applied
to the system from the time t1 when the leading edge of the sheet is 1 · 10−2 m in P 1:

 a · sin (2πf (t − t )) for t ≥ t
0
1
1
vi (t) =
, i ∈ I,
 0
for t < t1

(31)

with the amplitude of a = 0.01 ms−1 and the frequency of f0 = 5 Hz. The elements wi of the scaling matrices
Wi in (3) are chosen equal to 1. The results of this simulation are depicted in Fig. 8. It can be seen that
the overall shape of the tracking error resembles the one depicted in Fig. 6, except for the additional periodic
vibration caused by the sinusoidal disturbances.
Since in this case the tracking error is built up from two parts, i.e. one part that originates from the sheet
reference input and the second part that comes from the disturbance applied to the system, the disturbance
attenuation capabilities cannot be directly derived from the error shown in Fig. 8. To examine the influence of
the disturbances only, the tracking error shown in Fig. 6 is subtracted from the one in Fig. 8, yielding the result
in Fig. 9. The initial error and its first and second time derivative, caused by the disturbances, are all equal
to zero, which implies that the requirement on zero initial conditions in the derivation of (13) is satisfied. To
validate whether the inequality (13) holds, first kνk2 is calculated. According to (9), the following holds for
each element of ν:
2

νi (t) = −a (2πf0 ) sin (2πf0 (t − t1 )) , i ∈ I.

(32)

i

i
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From this equation, kνk2 can be calculated according to
sZ
te

kνk2 =

ν(t)T ν(t)dt

(33)

t1

with t1 = 0.30 s and te = 2.56 s the time the sheet leaves the third pinch. Given these values, kνk2 becomes
kνk2 = 575. Since the output in error space z is the sheet tracking error, kzk2 can be calculated according to
qR
i
i
te
T e (t)dt
kzk
=
e
(t)
2
s
s
t1
i
i
(34)
= 5.7 · 10−3 .
Based on (33) and (34), it can be easily seen that (13) is satisfied.
V. E XPERIMENTAL R ESULTS
For the practical validation of the control design approach, experiments have been carried out on an experimental paper path setup. This setup is described in this section, together with the non-ideal low level dynamics
present in the setup and the results of robustness and disturbance attenuation experiments.

A. Experimental Setup
To experimentally validate the proposed control design approach, we use the paper path setup depicted in
Figure 10. As can be seen in the figure, the setup consists of a PIM and a paper path with five pinches. In
the experiments described in Section V-C, only the second, third, and fourth pinch have been used. For the
sake of notation, in the remainder of this paper we will refer to these pinches as pinch 1, pinch 2 and pinch
3, respectively. Each pinch is connected to a motor via a gear belt. The nominal transmission ratios between
the motors and pinches are n1 = 0.49, n2 = 0.47, and n3 = 0.5, respectively. The motors are 10 W DC
motors, driven by power amplifiers with built-in current controllers. The angular positions of the motor shafts

i

i

“Fig˙sheet˙error˙difference˙simulation˙temp” — 2006/5/31 — 16:03 — page 1 — #1

i

i

16
−4

2.5

x 10

Tracking error - disturbance part [m]

2

← in pinch 1 →← in pinch 2 →← in pinch 3 →

1.5
1
0.5
0
−0.5
−1
−1.5
−2
−2.5
0

Fig. 9.

0.5

1

1.5
Time [s]

2

2.5

Disturbance part of the sheet tracking error obtained in simulation.

are measured using optical incremental encoders with a resolution of 2000 increments per revolution. Both the
amplifiers and the encoders are connected to a PC-based control system. This system consists of a Pentium 4
host computer running RTAI/Fusion Linux and Matlab/Simulink and three TUeDACS USB I/O devices [13].
Each TUeDACS device is equipped with 2 × 16−b ADC, 2 × 16−b DAC, 2 quadrature encoder input counters,
and 8 digital I/O channels. The sheets are guided through the paper path via thin steel wires and their position
is measured using optical mouse sensors, which are directly connected to the host computer via USB.
i
The setup
is designed to be adjustable, such that controller designs for a wide range of case-studies cani
i
i be
be experimentally
validated. For example, the location of pinches can be changed, such that the sheet can

driven by more than one sheet. Furthermore, pinches can be grouped together into sections driven by a single
motor. In this case the industrial paper path as the one shown in Fig. 1 could be mimicked.

Fig. 10.

Photo of the experimental paper path setup.
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B. Low Level Motor Control
In this subsection, the low level control of motor 1 and its influence on the high level sheet dynamics is
discussed. Although not shown, similar results have been obtained for the motors 2 and 3.
In the design procedure of the sheet feedback controllers we assumed perfect tracking behavior of the
controlled motors, i.e. we assumed an infinite bandwidth of the motor control loops. Furthermore, we assumed
an infinitely stiff coupling between the pinches and the motors. In a practical system, however, these assumptions
do not hold. Moreover, a digital implementation will cause a delay in the loop which will limit the attainable
bandwidth. Another limitation results from the rubber belt that connects the motor with driven roller of the
pinch. Since this belt has a finite stiffness, flexibilities will be present in the system that can limit the attainable
bandwidth.
To identify the low level motor dynamics, frequency response function (FRF) measurements have been carried
out under closed-loop conditions, using a sampling frequency of fs = 1 kHz. Broadband noise is added to the
controller output and besides this noise signal, both the total motor input signal as well as the motor tracking
error are measured. From these measurements, the transfer function from the noise signal to the total motor
input signal, i.e. the sensitivity function, and the transfer function from the noise signal to the motor tracking
error, i.e. the process sensitivity function, are determined. By dividing both transfer functions, the remaining
motor dynamics can be extracted. The results of this identification procedure are reliable in the frequency
range above the bandwidth of the closed-loop system, since in that range the coherence of the measurement
is good. Fig. 11 shows the FRF of the first motor. The flexibility due to limited stiffness of the transmission
belt results in a antiresonance and resonance peak in the frequency range of 200-500 Hz. The small resonance
peak at 120 Hz results from the decoupling of the non-driven roller of the pinch. The phase lag due to the time
delay in the control system can be observed from the two different phase plots depicted in Fig. 11. Given the
motor dynamics, a PID feedback controller has been designed using loopshaping techniques [10]. The controller
parameters are tuned such that a bandwidth of 50 Hz has been realized, as shown in Fig. 13. This is five times
higher than the bandwidth of the loopgain of the first high level subsystem (30), as required in an hierarchical
control structure [9].
To investigate the influence of the limited stiffness of the driving belt, a second FRF has been measured. The
difference between this FRF measurement and the first one is that in this case the angular pinch position has been
measured instead of the angular motor position. The derivation of the dynamics has been done analogously to
the first experiment. When the resulting FRF is divided by the FRF of motor 1, shown in Fig. 11, the dynamics
of the transmission between motor 1 and pinch 1 can be derived. From the FRF of these dynamics, shown in
Fig. 12, it can be seen that the assumption on the stiffness of the connection between motor and pinch only
holds for frequencies up to approximately 100 Hz. In this frequency range, the measured transmission ratio
coincides with the nominal transmission ratio of 0.49 (≈ −6.3 [dB]). For higher frequencies the flexibility in
the system becomes dominant.
Given the results shown in the Figs. 5 and 12, together with the controlled motor-pinch dynamics, we can
derive the FRF of the actual loopgain of the first high level subsystem. This is done by multiplication of the

i

i
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Experimentally obtained FRF of the transmission between motor 1 and pinch 1 (thick) and the nominal transmission ratio

indicated in the amplitude plot (thin).

transfer function of the loopgain in case of ideal motor behavior with the complementary sensitivity function
of motor 1 and with the transfer function of the transmission between motor 1 and pinch 1. The result is
divided by n1 in order not to take into account the transmission ratio twice. According to (1), the input and
output of the motor control loop are the motor reference velocity and the actual motor velocity, respectively.
i

i

Since the motorsi are controlled by position feedback, the input has to be integrated and the
output has to be
i
differentiated for the stability analysis of the first subsystem. However, this does not change the net result and,
hence, the resulting FRF is also shown in Fig. 13. It can be seen that also the bandwidth of the actual loopgain
is approximately 10 Hz, so the desired difference with the bandwidth of the controlled motor has been realized.
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FRF of the loopgain of the first motor control loop (black) and the FRF of the loopgain of the first subsystem, including low

level motor control (gray).

To prove the stability of the overall system, i.e. the non-ideal low level motor control loops and the high
level sheet control loop, we model the low level systems as a single mass controlled by a PID controller. Since
the delay is the bandwidth limiting factor, we also take it into account in the models. On the other hand we
neglect the flexibilities due to the limited stiffness of the transmission belts, since this property manifests itself
considerably above the bandwidth. The resulting model of the first low level subsystem is depicted in Fig. 14,
i

i

together with the FRF. Given this model, the nominal high level sheet model, and the high level sheet feedback
i

i

controllers, the stability analysis presented in Section III-B has been carried out. Since a feasible solution of
the LMIs (25) has been found, the overall closed-loop system has been proven to be stable.

C. Experimental Validation Results
For the experimental validation of the controller design, two experiments have been carried out. The results
of the first experiment show the robustness of the controlled system against uncertainties in the transmission
ratios, whereas the second experiment shows the disturbance attenuation that has been realized in practice.
1) Experimental Robustness Results: In the experiment to demonstrate the robustness of the system against
parameter uncertainties, the same controller and sheet reference motion task have been used as in the simulation.
Also in this case, no disturbances and no feedforward control input have been added to the system. Since also the
physical parameters match the ones used in the simulation, the resemblance between simulation and experiment
can be investigated. The experimentally obtained sheet tracking error, depicted in Figure 15, shows that the
closed loop system is stable and robust for parameter uncertainties within the specified bounds. It can be
observed that the experimentally obtained error shows much resemblance with the error obtained in simulation.
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FRF (solid) and model (dashed) of the complementary sensitivity of the first low level subsystem.

In Fig. 15, also the difference between the two error signals is depicted. This difference is mainly due to
i

i
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assumption on ideal low level motor dynamics in the controller synthesis approach.
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Fig. 15. Experimentally obtained sheet tracking error (black) and the difference in the responses obtained from simulation and experiment
(gray).

2) Experimental Disturbance Attenuation Results: The experiments to show the disturbance attenuation
properties of the sheet feedback controller have been carried out analogously to the simulations. After applying
the disturbances (32), the sheet tracking error depicted in Fig. 16 is obtained. It can be seen that also in this
case the closed-loop system is stable and that the overall shape of the tracking error resembles the one depicted
in Fig. 15, except
for the additional periodic vibration caused by the sinusoidal disturbances.i Also the match
i
i

i
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and the simulation results
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which also the difference between the experiment and the simulation is shown.
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Experimentally obtained sheet tracking error under the influence of a sinusoidal disturbance (black) and the difference in the

responses obtained from simulation and experiment (gray).

To examine the influence of the disturbances only, the tracking error shown in Fig. 15 is subtracted from
the one in Fig. 16, yielding the result in Fig. 17. To verify whether (13) has been satisfied in the experimental
case, the procedure described in Section IV-B has been followed, resulting in kνk2 = 575 and kzk2 = 0.01.
Consequently, also in the conducted experiments, (13) is easily satisfied.
i

i
i

VI. C ONCLUSIONS AND R ECOMMENDATIONS

i

In this paper, a control design approach for robust sheet control in a printer paper path has been presented.
The stability of the tracking error dynamics has been proven, and model-based robust piecewise linear sheet
controllers have been designed. The use of cheap optical mouse sensors as sheet position sensors has enabled
the practical validation of the control design. Experiments show that a stable closed-loop system has been
obtained that is robust against system parameter changes within a prespecified bound and that is capable of
rejecting disturbances up to a prescribed level. This gives an opportunity in industrial applications to use less
expensive mechanics with larger tolerances, and still to achieve a good printing quality. Future research will
focus on control design for cases in which pinches are coupled into sections, driven by one motor, and cases
in which more than one pinch can influence the sheet motion.
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A PPENDIX
A. Proof of Lemma 3.1
Due to the quadratic terms on the right hand side of (17), i.e. γ −2 Vi ViT and P H T HP , the following
inequality must hold:
0 > P ATCi + ACi P, i ∈ I,

(35)

and therefore, according to [14], the closed-loop system is globally stable.
To prove the disturbance attenuation property we consider the following Lyapunov function candidate:

V q = q T P −1 q.

(36)

When we integrate the time derivative of this Lyapunov function candidate from zero to time T > 0, we obtain,
for i ∈ I:
RT
0

dV (q )
dt dτ

=
=

RT
0
RT
0


q̇ T P −1 q + q T P −1 q̇ dτ


q T ATCi P −1 + P −1 ACi q + ν T ViT P −1 q + q T P −1 Vi ν dτ.

(37)

Pre- and postmultiplication of (17) with P −1 , and rewriting the result yields:
− γ −2 P −1 Vi ViT P −1 − H T H > ATCi P −1 + P −1 ACi , i ∈ I

(38)

Substitution of this inequality into (37) yields the following inequality:
RT
0

dV (q )
dt dτ

<
=
≤

RT
0
RT
0
RT
0



q T −γ −2 P −1 Vi ViT P −1 − H T H q + ν T ViT P −1 q + q T P −1 Vi ν dτ


−z T z + γ 2 ν T ν − γ 2 ν T − γ −2 q T P −1 Vi ν − γ −2 ViT P −1 q dτ

−z T z + γ 2 ν T ν dτ.

Elaborating on the left-hand side of (39), using the initial condition q (0) = 0, results in
Z T


V q (T ) +
z T z − γ 2 ν T ν dτ < 0, ∀T > 0.

(39)

(40)

0


Since V q (T ) ≥ 0, it can easily be seen that (13) follows from (40) [14].

B. Proof of Theorem 3.2
From Lemma 3.1 we know that the system (15) is globally stable with disturbance attenuation γ if the
matrix inequalities (16) and (17) are satisfied. In the sequel we will show that the LMI (19) implies the matrix
inequality (17).
Using the definitions of the matrices of the closed-loop system (15), we can express the right-hand side
of (17) as follows:
RH : = P ATCi + ACi P + γ −2 Vi ViT + P H T HP
= P F T + F P − P K T GTi − Gi KP − P K T ∆GTi − ∆Gi KP + γ −2 Vi ViT + P H T HP.

(41)

If we define Q = KP , we obtain the following expression:
RH = P F T + F P − QT GTi − Gi Q − QT ∆GTi − ∆Gi Q + γ −2 Vi ViT + P H T HP.

(42)

24

The next step is the substitution of the uncertainty term ∆Gi using its known upper bound (12). Hereto, we
use the following inequality:
0 ≤

Q + ∆GTi

T

Q + ∆GTi



= QT Q + QT ∆GTi + ∆Gi Q + 2 ∆Gi ∆GTi ,

(43)

with  > 0. Rearranging (43) and substitution of (12) yields the following inequality for the uncertainty terms:
−QT ∆GTi − ∆Gi Q ≤

1 T
Q Q

+ ∆Gi ∆GTi

≤

1 T
Q Q

T
+ EGi EGi

(44)

Substitution of this inequality into (42) yields the following inequality for the right hand side of (17):
1
T
RH ≤ P F T + F P − QT GTi − Gi Q + QT Q + EGi EGi
+ γ −2 Vi ViT + P H T HP.


(45)

If the matrix inequalities
1
T
+ γ −2 Vi ViT + P H T HP
0 > P F T + F P − QT GTi − Gi Q + QT Q + EGi EGi


(46)

hold, then this implies (17). Next, we apply Schur’s complement formula [14] to transform the quadratic matrix
inequality (46) into (19):


Ωi



0 >  HP

Q

P HT

QT

−I

0

0

−I




,


(47)

with Ωi defined in (20). Thus, we have shown that the LMI (19) implies the matrix inequality (17). Therefore, it
can be concluded from Lemma 3.1 and its proof in Appendix A that the closed-loop system (15) is globally stable
with disturbance attenuation γ and that the controller gain given are by (21). Hence, the proof is completed.

Chapter 3
Control Design Approach 2
The paper presented in this chapter presents a control design approach for sheet control in
a printer paper path. Splitting up the control problem in two levels, i.e. low level motor
control loops and a high level sheet control loop, results a hierarchical control structure.
The high level sheet dynamics are formulated in the piecewise linear modeling formalism.
Given this model together with models of the controlled low level motor dynamics, a
high level feedback controller is designed with guaranteed H∞ performance. The designed
controller is implemented on an experimental setup in order to show the effectiveness of
the control designed procedure in practice.
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Abstract— This paper presents a control design approach for
sheet control in a printer paper path. Splitting up the control
problem in two levels, i.e. low level motor control loops and a
high level sheet control loop, a hierarchical control structure
is obtained. The high level sheet dynamics are formulated
in the piecewise linear modeling formalism. Given this model
together with models of the controlled low level motor dynamics,
a high level feedback controller is designed with guaranteed
H∞ performance. The designed controller is implemented on
a practical paper path setup in order to show the effectiveness
of the control design.

I. I NTRODUCTION
To meet today’s requirements for cut sheet printers, such
as fast and accurate printing on media with a large variety
of characteristics, manufacturers are designing reliable sheet
handling mechanism for printer paper paths.
An example of an industrial printer paper path is shown in
Fig. 1. The sheets are fed from a high-capacity feeder, here
referred to as paper input module (PIM). They are transported
to the image transfer section (ITS) where the sheet meets its
corresponding image. For the purpose of creating backside
prints, the paper path is equipped with a duplex loop. After
being printed, the sheets are transported to the finisher (FIN)
where they are collected. The transportation is carried out via
so called pinches, which consist of a driven roller and a nondriven roller. The non-driven roller applies sufficient normal
force in order to prevent the sheets from slipping in the pinch.
The pinches can be driven by motors individually or they can
be grouped together into sections.
In order to achieve a good printing quality the sheet handling
mechanism must deliver the sheets in time and maintain
the right velocity at the ITS. In today’s cut sheet printers
the transportation of the sheets mainly relies on open loop
sheet control in combination with closed-loop motor control.
Together with a high precision mechanical design with small
manufacturing tolerances a predictable sheet flow results. At
discrete points in the paper path the presence of a sheet
can be detected by sheet sensors. With these measurements
1 This work has been carried out as part of the Boderc project under the
responsibility of the Embedded Systems Institute. This project is partially
supported by the Netherlands Ministry of Economic Affairs under the Senter
TS program.

Fig. 1.

Example of an industrial printer paper path

the motor velocities can be adjusted in order to correct for
possible errors. However, when manufacturing tolerances are
larger than allowed or when large disturbances act on the
system, there might be too few opportunities for adjusting the
sheet flow to prevent, for example, a paper jam. Alternatively,
if a sheet position measurement is available throughout the
paper path, closed-loop sheet feedback control can be realized.
Known results on sheet feedback control can be found in [2],
[5], and [6], where the control design is done intuitively and
does not take into account the controlled motor dynamics
that will limit the attainable sheet control bandwidth. Neither
does it take into account the presence of disturbances. In this
paper we present a structured model-based sheet feedback
control design approach, which does take into account the
motor dynamics and the presence of disturbances. Based on
the results presented in [1] and [7] we guarantee both stability
and performance in H∞ sense of the closed-loop system. As
in [1], the control problem is split up into low level motor
control loops and a high level sheet control loop. First, the
low level motor control loops are designed. Secondly, the high
level sheet control loop is designed while taking into account
the closed-loop motor dynamics, such that the control loops
are closed sequentially.
The remainder of this paper is organized as follows: in
Section 2 the system at hand will be described together with
a derivation of the complete high level dynamics. Also the
control goal will be given. In Section 3 the control design will
be presented, whereas in Section 4 the experimental setup,
which is used for validation experiments, will be described.
The results of the modeling, control design and experimental
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validation are presented in Section 5. At the end, conclusions
are drawn and recommendations are given.
II. C ONTROL PROBLEM
Although the paper path depicted in Fig. 1 has many
challenging aspects, like for example the coupled pinches
and the duplex loop, we consider a more basic printer paper
path. By considering the basic printer paper path shown
in Fig. 2 we obtain insight in the essence of the control
problem, which lies in the consecutive switching of the
driving pinch. The paper path under consideration consists
of three pinches located at xp1 , xp2 and xp3 which are all
driven by separate motors. The distance between the three
pinches is equal to the sheet length Ls , so sheets cannot be
in more than one pinch at the same time. The transmission
ratios between motor and pinch are denoted by ni and the
radii of the driven pinches are denoted by Ri , i ∈ I, with
I = {1, 2, 3} the index set. The angular motor positions
φmi (t) are measured. No slip is assumed between the sheet
and the pinches and the gear belt between the motor and
pinches is assumed to be infinitely stiff. The mass of the sheet
is assumed to be zero and the sheet position xs (t) is measured.
Like in [2], [5], the control layout is split up into low
level motor control loops and a high level sheet control loop
yielding a cascaded control architecture, see Fig 3. The task
of the low level motor control loops is to track a prescribed
angular reference velocity ωmi,r (t) and to account for disturbances present on the motor level, e.g. friction. The low
level motor control loops contain the low level motor dynamics
and the low level motor controllers, which form the closedloop motor control loops (LLTs) that map the prescribed

angular reference velocities ωmi,r (t) to the actual angular
motor velocities ωmi (t). The high level sheet dynamics map
the actual angular motor velocities to the sheet position xs (t).
Since at each time instant the sheet is only driven by one
pinch, the input of the high level sheet dynamics will change
when the sheet arrives at the next pinch. The other pinches
are however still driven by the high level sheet controller.
The complete high level dynamics is the series connection
of the low level motor control loops and the high level sheet
dynamics. To describe the switching nature of the system, the
complete high level dynamics are formulated in the piecewise
linear (PWL) formalism [9]:
ẋG (t) = AGi xG (t) + BGi u(t)
, xs (t) ∈ Xi , i ∈ I,
xs (t) = CG xG (t)

where AGi , BGi and CG are the system matrices, input
matrices and output matrices, respectively. The state vector
is defined as xG (t), whereas the input vector is defined
T
as u(t) = [ωm1,r (t) ωm2,r (t) ωm3,r (t)] . The partitioning
of the state space into the three regions is represented by
{Xi }i∈I ⊆ R. Here, X1 = {xs (t)|xs (t) ∈ [xp1 , xp2 )},
X2 = {xs (t)|xs (t) ∈ [xp2 , xp3 )} and X3 = {xs (t)|xs (t) ∈
[xp3 , xp3 + L)}. Given these complete high level dynamics,
the control goal we adopt is the design of structured high level
sheet controllers (HLCs) with H∞ performance that calculate
angular reference velocities for the low level motor control
loops in order to track a prescribed sheet reference profile
xs,r (t).
III. C ONTROL DESIGN
In this section we present the H∞ controller design for the
complete high level dynamics (1). In Fig. 4, the augmented
plant, which consists of the complete high level dynamics
augmented with weighting filters, is schemetically depicted.
The exogenous input w(t) of the augmented plant contains the
sheet reference position xs,r (t). The outputs to be minimized
are the weighted sheet position error z1 (t) and the weighted
high level sheet control output z 2 (t). The measured output
is the sheet position error es (t) and the high level sheet
Augmented Plant

High Level Closed Loop System
High Level
Sheet Control

w(t)

+

es (t)

ẋG (t) = AGi xG (t) + BGi u(t)
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−
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ξ˙1 (t) = AK1 ξ 1 (t) + BK1 e(t)
u1 (t) = CK1 ξ 1 (t) + DK1 e(t)
ξ˙2 (t) = AK2 ξ 2 (t) + BK2 e(t)
u2 (t) = CK2 ξ 2 (t) + DK2 e(t)
ξ˙3 (t) = AK3 ξ 3 (t) + BK3 e(t)
u3 (t) = CK3 ξ 3 (t) + DK3 e(t)

Augmented plant for the three pinch paper path.

es (t)

z(t)

3

controller output is represented by u(t). This output consists
of the calculated reference velocities for the low level motor
control loops. The filter We (s) is used to penalize the sheet
tracking error, whereas the filter Wu (s) is used to penalize the
control outputs. The designed weighting filters are chosen the
same for each region so that in all sheet regions we enforce
the same performance. Given the weighting filters together
with the complete high level system to be controlled (1), the
augmented plant becomes [7]
ẋ(t) = Ai x(t) + Bwi w(t) + Bi u(t)
z(t) = Czi x(t) + Dzwi w(t) + Dzi u(t), i ∈ I.
es (t) = Ci x(t) + Dwi w(t)

(3)

The high level sheet controllers that we propose for achieving
this goal are given by
ξ̇ i (t) = AKi ξ(t) + BKi es (t)
, i ∈ I.
ui (t) = CKi ξ(t) + DKi es (t)

(4)

where ξ i (t) is the controller state. Substitution of (4) into (2)
yields the closed-loop dynamics
ẋcl (t) = Ai xcl (t) + Bi w(t)
, i ∈ I,
z(t) = Ci xcl (t) + Di w(t)
with

Ai
Ci

Bi
Di

(5)


=



Ai + Bi DKi Ci

BKi Ci
Czi + Dzi DKi Ci

(6)
Bi CKi
AKi
Dzi CKi


Bwi + Bi DKi Dwi
.
BKi Dwi
Dzwi + Dzi DKi Dwi

If the closed-loop system (5) admits a common quadratic
Lyapunov function
V (xcl (t)) = xTcl (t)Pxcl (t) > 0,

(7)

such that
ATi P + PAi < 0, i ∈ I,

(8)

then the controllers are internally stabilizing [7]. The closedloop system is stable and has an H∞ norm smaller than γ if
and only if there exists a symmetric P with
ATi P + PAi

BiT P
Ci


PBi
−γI
Di

The experimental printer paper path setup

(2)

Our goal is to compute dynamic high level output-feedback
controllers that stabilize the complete high level dynamics (1).
Furthermore, the controllers should guarantee performance in
the H∞ sense. This means that, given a prescribed level of
disturbance attenuation 1 > γ > 0, the induced L2 -norm of the
operator w(t) to the controlled outputs z(t) should be smaller
than γ under zero initial conditions:
kz(t)k2 < γkw(t)k2 .

Fig. 5.

P > 0,
(9)

CiT
DiT  < 0, i ∈ I. (10)
−γI

(9), (10) are matrix inequalities in the variables P, AKi , BKi ,
CKi , DKi and γ, i ∈ I [7]. By partitioning P and P −1 as




Y
N
X M
−1
P=
, P =
,
(11)
NT ∗
MT ∗

where X and Y are n × n symmetric matrices, and by using
the linearizing change of variables given in [7]
bi = N AKi M T + N BKi Ci X + Y Bi CKi M T +
A
+Y (Ai + Bi DKi Ci )X
bi = N BKi + Y Bi DKi
B
,i ∈ I
bi = CKi M T + DKi Ci X
C
b i = DKi
D
the matrix inequalities (9) and (10) can be rewritten into linear
bi ,
matrix inequalities (LMIs) (12) with free variables X, Y , A
b
b
b
Bi , Ci , Di and γ, i ∈ I.
If these LMIs are found to
be feasible, nonsingular matrices M and N , satisfying the
relation M N T = I − XY , can be calculated using a singular
value decomposition. Afterwards, the controller matrices can
be calculated as
DKi
CKi
BKi
AKi

=
=
=
=

bi
D
bi − DKi Ci X)M −T
(C
bi − Y Bi DKi )
, i ∈ I.
N −1 (B
b − N BKi Ci X − Y Bi CKi M T −
N −1 (A
−Y (Ai + Bi DKi Ci )X)M −T
IV. E XPERIMENTAL SETUP

To validate the proposed control design, the experimental
printer paper path setup depicted in Fig. 5 is used. It consists
of a paper input module and a paper path with five pinches.
In the experiments the second, third and fourth pinch are
the pinches where the actual control action takes place. In
the remainder of this paper we will refer to these pinches
as pinch 1, pinch 2 and pinch 3 respectively. Each pinch is
connected to a motor via a gear belt. The transmission ratios
18
18
are n1 = 37
, n2 = 16
30 and n3 = 37 . The radii Ri of the
−3
pinches are 14·10 m. The angular position of the motors are
measured via optical incremental encoders with a resolution
of 2000 increments per revolution. The motors are 10 W DC
motor driven by current amplifiers. Both the amplifiers and the
encoders are connected to a PC-based control system. This
system consists of three TUeDACS USB I/O devices [10],
a Pentium 4 host computer running RTAI/Fusion Linux and
Matlab/Simulink. The sheets are guided through the paper path
using thin steel wires and their position is measured using
optical mouse sensors with a resolution of approximately 10
µm, which are directly connected to the host computer via
USB.
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X
I

I
Y

bT + (Ai + Bi D
b i Ci )
A
i
T
b
bi Ci )T
Ai Y + Y Ai + Bi Ci + (B
bi Dwi )T
(Y Bwi + B
b i Ci
Czi + Dzi D



 < 0, i ∈ I


(12)

The low level motor dynamics are modeled as double
integrators
=

KAi KM i
, i ∈ I,
Ji s2

(13)

where KAi are the amplification factors of the current amplifiers in AV−1 , KM i are the motor constants in NmA−1 and
Ji are the inertias of the low level systems in kgm2 . Φmi (s)
and V (s) are the Laplace transforms of the motor position
φmi (t) and the motor input V (t), respectively. The amplification factors of the used current amplifiers are identified as
KA1 = 0.54 AV−1 , KA2 = 0.51 AV−1 and KA3 = 0.53
AV−1 . From specifications we know that the motor constant
is 4.38 · 10−3 NmA−1 for each motor. The inertias of the
low level systems are determined from frequency response
functions (FRFs) and are J1 = 8.7·10−6 kgm2 , J2 = 7.9·10−6
kgm2 and J3 = 8.4 · 10−6 kgm2 . From these FRFs we know
that the delay time, present due to digital implementation of
the control scheme is 1.5 · 10−3 seconds in every low level
control loop. This delay is modeled by a second order Padé
approximation [8] as
(1 − θ4 s)2
(1 + θ4 s)2

,

Hz. The resulting crossover frequencies are 50 Hz. Since the
low level controllers use the motor positions for feedback the
output of the high level sheet controllers is integrated to obtain
angular motor reference positions.
Combining the low level motor dynamics and the low level
controllers yields the closed-loop motor dynamics (LLTs)
Ωmi (s)
Ωmi,r (s)

A. Complete High Level Dynamics

≈



>0

In this section the results regarding the modeling of the
complete high level dynamics (1) will be given first. Next,
the design of the weighting filters We (s) and Wu (s) and the
resulting high level sheet controllers are presented, followed
by the outcome of the expriments.

e−θs

∗
∗
∗
−γI



V. R ESULTS

Φmi (s)
V (s)

∗
∗
−γI
b i Dwi
Dzwi + Dzi D

= Ti (s), i ∈ I

T

ẏ(t) = Bi [ωm1 (t) ωm3 (t) ωm2 (t)] , y(t) ∈ Yi , i ∈ I (16)


with the input matrices Bi defined asB1 = n1 R1 0 0 ,
B2 = 0 n2 R2 0 and B3 = 0 0 n3 R3 . Given
the model of the sheet dynamics together with the models
of the low level motor dynamics, the complete high level
dynamics are known and the control design can be carried
out.

(14)

with θ the delay time. Due to the high stiffness in the gear
belt between the motor and pinch, flexibilities in the drive line
manifest themselves at high frequencies, i.e. at approximately
400 Hz. Hence, these flexibilities are not bandwidth limiting
and are therefore not taken into account in the modeling of the
low level motor dynamics. Including this phenomenon would
result in a higher order of the complete high level dynamics
and hence in a higher order of the controller, since the order
of the controller is the same as the order of the augmented
plant.
Using standard loop shaping techniques [3], low level controllers have been designed for each motor. They consist of
a lead filter in combination with an integral action. The lead
filters are designed with the zero at 1/4 · 50 Hz and the pole at
4·50 Hz. The cut-off frequency of the integral action is 1/5·50

(15)

with Ωmi,r (s) the Laplace transform of the angular motor
reference velocities ωmi,r (t). The result of the modeling
can be seen in Fig. 6, where the FRF and the model of
the complementary sensitivity function of the first low level
system are given. Until approximately 10 Hz the low level
motor controller perfectly tracks the prescribed reference velocities. For higher frequencies this ideal behavior is lost. The
flexibilities at 400 Hz due to the limited belt stiffness can be
observed in this figure. Although not shown, similar results
are obtained for the second and third low level system.
As in [1] the high level sheet dynamics are given by the
following PWL model

Low Level Complementary Sensitivity
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Here, fBW is the desired bandwidth and fI is the desired cutoff frequency of the integral action. The values of fBW and
fI are chosen to be 15 Hz and 3 Hz, respectively. S0 is the
desired asymptotic amplitude of the sensitivity when f → 0
and S∞ is the desired asymptotic amplitude of the sensitivity
−150
when f → ∞. These values are chosen as S0 = 10 20 and
6
S∞ = 10 20 . For low frequencies the weighting filter has a
slope of zero in order to prevent inserting a pole in zero in the
augmented plant which cannot be stabilized by the controller.
For mid range frequencies up to fI , a minus two slope is
present. This corresponds to a desired minus one slope of
the high level sheet controller caused by the integral action
multiplied by a minus one slope of the complete high level
dynamics.
The weighting filter Wu (s) is used to shape the control
sensitivity function C(s). In this case it is used to enforce the
high level sheet controllers to have a high frequent roll-off.
This is done by designing the weighting filter as
Wu (s) =

0

(18)

Here fLP is the desired roll-off frequency, C0 is the desired
asymptotic amplitude of the control sensitivity when f → 0
and C∞ is the desired asymptotic amplitude of the control
sensitivity when f → ∞. The values are chosen as fLP = 200
−40
100
Hz, C0 = 10 20 and C∞ = 10 20 . Since the S ≈ 1 for
frequencies far above the bandwidth, we can approximate
the control sensitivity C here by the controller. So for high
frequencies we are weighing the controller and therefore the
desired roll-off can be shaped.
Given the complete high level dynamics (1) and the weighting
filters (17) and (18) the linear matrix inequalities (12) are
solved using standard convex optimization tools, such as the
LMI Control Toolbox [4]. We tried to minimize the value
of γ during the optimization. However, since no constraint
is applied in order to create a stable controllers, most of these
high level sheet controllers were found unstable. By setting
γ = 1 and solving a feasibility problem, stable high level
sheet controllers were calculated. The results of the control
design are given in the Figs. 7 to 10. In Fig. 7, the designed
sensitivity for the first subsystem is shown together with the
inverse of the weighting filter We (s). It can be seen that
We (s) > S(s) Fig. 8 shows the designed control sensitivity
for the first subsystem together with inverse of the weighting
filter Wu (s). Also in this case Wu (s) > C(s). Since we are
dealing with a mixed sensitivity problem, condition (3) can be
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Fig. 7. Inverse weighting of the filter We (s) (solid) together with designed
sensitivity (dashed).
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Before calculating the high level controllers the weighting
filters We (s) and Wu (s) have to be designed. The weighting
filter We (s) is used to shape the sensitivity function S(s).
With We (s) we can enforce both a desired bandwidth and an
integral action in the high level sheet controllers. This is done
by designing the weighting filter as
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Fig. 8. Inverse weighting of the filter Wu (s) (solid) together with designed
control sensitivity (dashed).

rewritten as [8]
We (s)S(s)
Wu (s)C(s)

<γ

(19)

∞

and is visualized for the first subsystem in Fig 9, by plotting
the maximum singular values of the left hand side of (19)
together with the value of γ. Since the maximum singular
value is smaller than γ for all frequencies, condition (3) is
satisfied. In Fig. 10 the obtained controller is depicted for the
first subsystem. It can be seen that the desired integral action
and roll-off are present. The obtained crossover frequency of
10 Hz can be seen Fig. 11. Although not shown here, similar
results are obtained for the second and third subsystem.
C. Experiments
To experimentally validate the control design in practice,
experiments are carried out. For the sheets motion task, a
constant velocity of 0.35 ms−1 is chosen that has to be
tracked throughout the paper path. The corresponding sheet
reference motion is therefore a ramp function. Since no feed
forward controllers are implemented, the pinches are standing
still when the sheet arrives at the first pinch. Due to the
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Designed high level sheet controller.

difference between the initial reference velocity and actual
velocity the error starts to increase when the sheet enters the
first pinch. However, the initial error is quickly decreased by
the controller. From Fig. 12 we observer that the closed-loop
system is indeed stable. Furthermore, it can be seen that there
is a close match between the experimentally obtained tracking
error and the results obtained from simulation, which justifies
the assumption of an infinitely stiff coupling between motor
and pinch.
VI. C ONCLUSIONS AND R ECOMMENDATIONS
In this paper, a structured model-based control design
approach for sheet control in a printer paper path has been
presented, which guarantees performance in the H∞ sense.
By taking into account the low level dynamics we have
captured the bandwidth limiting factor in the design of the
high level sheet controller. With the use of optical mouse
sensors the sheet position is made available in experiments
enabling an experimental validation of the control design.
Future research will focuss on the extension of the augmented
plant by including weighting filters for disturbances in order to
create a robust controller with H∞ performance. Furthermore
control design for the situations where the pinches are coupled

into sections and control design for paper paths with a duplex
loop are subject of future research.
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[5] M. Kruciński. Feedback Control of Photocopying Machinery. PhD
thesis, University of California Berkely, CA, USA, 2001.
[6] S. Rai. A hybrid hierarchical control architecture for paper transport
systems. Proc. 1998 IEEE CDC, 4:4294–4295, March 1998.
[7] C. Scherer, P. Gahinet, and M. Chilali. Multiobjective output-feedback
control via LMI optimization. IEEE Transaction on Automatic Control,
42(7):896–911, July 1997.
[8] S. Skogestad and I. Postlethwaite. Multivariable Feedback Control
Analysis and Design. John Wiley & Sons Ltd, The Atrium, Southern
Gate, Chichester, West Sussex PO19 8SQ, England, 2nd edition, 2005.
[9] E.D. Sontag. Nonlinear regulation: The piecewise linear approach. IEEE
Transaction on Automatic Control, 26(2):346–358, April 1981.
[10] R. van de Molengraft, M. Steinbuch, and B. de Kraker. Integrating
experimentation into control courses. IEEE Control Systems Magazine,
25(1):40–44, February 2005.

Chapter 4
Comparison of the control design
approaches
In the previous chapters two control design approaches have been presented. In this chapter
these approaches are compared with each other and for each design procedure the advantages and disadvantages are given. In the remainder of this chapter the control design of
Chapter 2 is referred to as design approach 1 and the control design of Chapter 3 is referred
to as design approach 2.

4.1

Design approach 1

Since most of the advantages and disadvantages can be related to the assumptions that
were made regarding the modeling and control design, the main assumptions given in
Chapter 2 are stated once more
• No slip is assumed between the sheet and the pinches.
• The sheet is assumed to be massless.
• The sheet position is assumed to be measured.
• The coupling between the pinches and motors is assumed to be infinitely stiff.
• The low level control loops are assumed to be ideal, i.e. perfect low level tracking
behavior can be realized.

4.1.1

Advantages

Simple model The previously mentioned assumptions result in a simple piecewise linear
model to describe the high level system dynamics, i.e. a switching integrator. The
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only parameters that have to be determined for this model are the transmission ratios
ni and the pinch radii Ri .

Disturbance attenuation One of the properties of the designed controller is that it
guarantees performance in an H∞ sense, i.e. kz(t)k2 < γkν(t)k2 , with ν(t) the
disturbances in error-space and z(t) the output in the error space, which in this case
is the sheet tracking error. Disturbances v(t) in the process space, which act on the
sheet velocity ẋs (t), influence the sheet tracking error. With the H∞ performance
property this influence is kept within a certain bound determined by γ.
Robustness The second property of the designed controller is that it is robust against
parameter uncertainties. If the uncertain parameters are kept within a prespecified
bound, the stability of the closed-loop system is guaranteed. In the experimental case
study the uncertain parameters are the transmission ratios. The robustness property
can also be validated by considering uncertain pinch radii.
Decentralized Control Design Since the low level motor control loops are assumed to
be ideal in the design of the high level controllers, the control problem is decentralized,
i.e. the high level and low level controllers can be designed independently of each
other. However, when it comes to the practical implementation of the high level
controllers, the low level dynamics should be taken into account in the design of the
high level sheet controllers.
Low Order Controller The resulting high level controllers are of low order, which in
general is more easy to implement than high order controllers. For real-time implementation the low order of the high level controllers contributes to a low amount of
computation time, so a processor with a small capacity, which in general is cheaper,
could be sufficient.
Small Computational Effort Since a low order model, together with the fixed low order control structure is sufficient for this control design, the computational effort
regarding the solving of the linear matrix inequalities is small. Hence, the cycle time
of the design can be kept small.

4.1.2

Disadvantages

Stability Check Afterwards The main disadvantage of this control design is that stability has to checked afterwards, when the high level controller is to be implemented
in a practical environment where several assumptions do not hold. One of these
assumptions is the one on ideal low level motor control loops. Therefore a stability
check, that takes into account the non-ideal low level dynamics, has to be performed.
If for this case stability cannot be proven, the control design might have to be reconsidered.
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Figure 4.1: Flowchart for designing controllers for design approach 1.

Iterations on γ for Stability and Bandwidth Requirement Closely related to the
previous mentioned disadvantage is that an iterative process has to be carried out in
order to find a stabilizing controller that can be implemented. The iterative process
is depicted in Fig. 4.1. Initially a value of γ is chosen. With this value of γ the LMIs
are solved and the controller is calculated. If the bandwidth of high level control loop
is too low, the value of γ is decreased. If the bandwidth of the high level control loop
is too high, which might cause instability in the practical implementation, the value
of γ is increased. Preferably the value of γ is to be minimized in order to suppress
the disturbances as much as possible. However, since the bandwidth limiting factor,
caused by the finite bandwidths of the low level motor control loops, is not taken
into account in the modeling of the high level sheet dynamics, the minimization of
γ might lead to γ → 0. In essence this would mean that the controller gains would
go to infinity. A small sheet tracking error would therefore result in infinitely large
motor reference velocities, which cannot be tracked in practice.
Fixed Controller Structure The structure of the high level controller is fixed, namely a
proportional controller with two integral actions. This is introduced in the derivation
of the error dynamics together with a control law based on state feedback. A different
control structure can be preferable. For example, it is preferable to implement a low
pass filtering in order to avoid high motor reference velocities at high frequencies.
Conservatism The control design is conservative in two ways. First of all, the controller
design is conservative because there is no frequency dependent weighting on the
error. In general there is a frequency dependent weighting, since one can allow larger
errors for high frequencies, since most disturbances only contain low frequent energy.
Secondly, it is conservative because it uses a common quadratic Lyapunov function in
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order to prove stability for the piecewise linear system. To prove quadratic stability,
we could introduce a relaxation by applying piecewise quadratic Lyapunov functions
in order to find a solution. However, since the stability can be proven here, which
presumably is caused by the fact that the dynamics of each subsystem are much
alike, there is no need to introduce piecewise quadratic Luapunov functions.

4.2

Design approach 2

The assumptions regarding the modeling and control design given in Chapter 2 are stated:
• No slip is assumed between the sheet and the pinches.
• The sheet is assumed to be massless.
• The sheet position is assumed to be measured.
• The coupling between the pinches and motors is assumed to be infinitely stiff.
As in Section 4.1 most of the advantages and disadvantages are closely related to these
assumptions.

4.2.1

Advantages

Bandwidth Limiting Factor In Control Design The major advantage of this control
design is that the bandwidth limitation due to the non-ideal low level closed-loop
dynamics is taken into account in the control design of the high level sheet controllers.
In this case the bandwidth limiting factor of the high level sheet control loop is
determined by the finite bandwidth of the low level closed-loop systems. In turn, the
bandwidth limiting factor of the low level closed-loop systems is determined by the
delay. The finite stiffness of the gear belts is not the bandwidth limitation for the low
level motor control loops. The finite stiffness of the gear belts could also have been
included in the model of the low level motor dynamics to obtained a more accurate
model. However, the result would be that a model of higher order would have been
obtained and hence the order of the controller would have been higher.
Guaranteed Stability As a result of the previous mentioned advantage, stability can be
proven in case of non-ideal low level dynamics. This makes the iterations on γ of the
previous design approach redundant.
Performance Shaping Due to the fact that this design approach uses a frequency dependent weighting of the sheet tracking error and the high level sheet controller output,
transfer functions can be shaped. This is in contrast with the previous control design
approach where static weighting is used. Hence, this approach is less conservative.
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Disturbance Attenuation The designed controller stabilizes the closed-loop system and
it guarantees performance in an H∞ sense, i.e. kz(t)k2 < γkw(t)k2 , where w(t) is the
sheet reference position and z(t) consists of the weighted sheet tracking error and the
weighted high level sheet controller output.

4.2.2

Disadvantages

More Complicated Model To include the bandwidth limitation, caused by the nonideal low level motor control loops, more effort is needed for modeling the dynamics
of the system, especially modeling of the low level motor control loops. In the previous
control design the parameters that had to be determined were the transmission ratios
and the pinch radii. However, in this case the low level dynamics have to characterized
too, i.e. a parametric model of the low level dynamics is needed.
High Order Controller As a result of the more complex model needed for this control
design, the order of the model increases. Due to this increasing model order, the order
of the high level controller that is designed increases too. In general controllers of
high order are more difficult to implement than low order controllers. Furthermore,
the calculations that must be carried out by embedded controllers are more time
consuming.
No Robustness Robustness against parameter uncertainties is not taken into account
in this control design approach. By extending the augmented plant with filters for
weighting disturbances acting on the output this property can by taken into account.
Non-decentralized Control Design The control design of the high level sheet controllers strongly depends on the designed low level motor controllers, since these
introduce the bandwidth limitation of the high level controllers.
Design Weighting Filters The design of the weighting filters is not straightforward.
The requirements have to be translated into the design of the weighting filters that
penalize closed-loop transfer functions. Performance is achieved by weighting the
sensitivity. To track sheet reference trajectories, high performance is required for
low frequencies, since setpoints in general mainly contain low frequent energy. Furthermore, the roll-off of the high level sheet controller is achieved by weighting the
control sensitivity. The roll-off of the high level sheet controller prevents high motor
reference velocities for high frequencies, which cannot be tracked by the low level
motor control loops.
Unstable Controllers Since the control design is formulated as a convex optimization
problem, the value of γ can be optimized. However, since the control design only
guarantees closed-loop stability, it is not guaranteed that the controller itself is stable.
No constraint is formulated that demands the eigenvalues of the controller to be in the
open half left plane. In practice unstable controllers are hard to implement, especially
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during startup, and are therefore not preferable. Most of the time, optimization of γ
resulted in unstable controllers. Alternatively, it can be chosen to manually iterate
to the optimal controller. This iteration process is given in Fig. 4.2. In the latter
case, the value of γ is set to 1, the weighting filters are designed, the LMIs are
solved and the controller is calculated. If the LMIs were found to be unfeasible, then
the weighting filters are adjusted by demanding less performance or by demanding a
higher roll off frequency. In case the LMIs were found to be feasible, but the controller
is found to be unstable, the weighting filters are adjusted as well. However, there is
still no guarantee that a stable controller is designed in the next iteration.
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Edit
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Calculate
controller
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controller?
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Figure 4.2: Flowchart for designing controllers for design approach 2.

Chapter 5
Conclusions and Recommendations
5.1

Conclusions

In this report the goal was to exploit the possibilities of sheet feedback control in a printer
paper path. Furthermore, the goal was to validate the proposed sheet feedback controllers
on an experimental printer paper path setup. Regarding these objectives the main conclusion is the following:
Two structured model-based control designs procedures have been developed
and validated on an experimental printer paper path setup. The controllers
stabilize the closed-loop system and guarantee performance in an H∞ sense by
using sheet position feedback.
In this work two structured model-based control design approaches for sheet control in
a printer paper path have been presented. The switching nature of the system, caused by
the consecutive changing of the driving pinch, resulting in a switched system, is modeled
using the piecewise linear modeling formalism. A cascaded control architecture is created
that contains low level motor control loops and a high level sheet control loop. The low
level motor control loops are designed using well known single-input single-output loop
shaping techniques. In case of the control designs of the high level sheet control loop, the
problem at hand is translated into feasibility problems of solving linear matrix inequalities.
The stability of the closed-loop system has been proven in both control design approaches
and model-based sheet feedback controllers have been designed. The resulting controllers
are first validated using simulations. For the practical validation of the control design approaches the sheet position information is obtained by using cheap optical mouse sensors.
Also in experiments it has been shown that stable closed-loop systems have been obtained
which are capable of suppressing disturbances up to a prescribed level. For the first control
design approach, the robust control design approach, it is also shown that the closed-loop
system is robust against parameters uncertainties within a prespecified bound.
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As discussed in Chapter 4, each of the control design approaches have their own advantages and disadvantages. For industrial applications the robust control design approach
is preferable in a sense that it results in simple controllers of low order which are easily
understood and can easily be implemented. Furthermore, this leads to the opportunity in
industrial applications to use less expensive mechanics with larger tolerances, and still to
achieve the desired printing quality. However, the stability of the overall system, including
the non-ideal low level dynamics, has to be verified afterwards. Furthermore, for both control design approaches it should be noted that the introduction of sheet feedback control
leads to the fact that more sensors are needed in order to measure the sheet position. This
might result in an increase of the cost-price of the printer. At the same time, these sensors
generate more interrupts in the control software which increases the processor load.

5.2

Recommendations

For the near future the control designs discussed in this report can be extended such
that both control designs approaches contain frequency dependent weighting functions and
guarantee robustness against parameter uncertainties. In this way a better comparison can
be made. A further extension of the design approaches can be the implementation of feed
forward controllers both in the low level motor control loops as well as in the high level
sheet control loop. With respect to implementation of the control design approaches in
an industrial printer paper path, future research should focus on control design for cases
in which pinches are coupled into sections, driven by one motor, and on cases were more
than one pinch can influence the sheet motion at the same time. Together with a control
design that includes a duplex loop for backside printing, this will eventually lead to a full
control design for high volume cut sheet printer paper paths.

Appendix A
Sheet position measurement
For both control design approaches presented in this work, a crucial assumption is that the
sheet position is known. This Appendix will explain how the sheet position is measured
by using four optical mouse sensors.

A.1

Hardware

In the experimental setup the sheet position measurement is realized by using four optical mouse sensors. The used mice, of which one is depicted in Fig. A.1, are Logitech
G5 Laser mice [1]. These mice are equipped with Avago Technologies supplied Agilent
ADNS-6010 optical laser mouse sensors [2]. From specifications it is known that the high
performance architecture of these optical mouse sensors is capable of sensing high-speed
mouse motion with a resolution of 2000 counts per inch, velocities up to approximately
1.1 ms−1 and accelerations up to 20 g. Theoretically, for our experiments this would mean
that the position resolution is approximately 1.25 · 10−5 m and that sheets can accelerate
up to 196 ms−2 . Furthermore, if we presume that sheets of A4 format are printed, this
means that we can measure a throughput up to 325 pages per minute if the inter sheet
spacing (ISS) is kept zero. However, these numbers are dependent on several environmental properties, like for example the distance between the optical mouse sensor and the sheet.

Figure A.1: Logitech G5 optical mouse
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A.2. DRIVER

Driver

To use these optical mouse sensors for the sheet position measurement, first of all the data
of the mice must be made available. This is done by editing the mouse driver which is
present on the host computer [3]. In simple words, the driver reads out each mouse sensor
with a sample time of 2·10−3 s and returns the counts of every mouse sensor in the direction
of the two principal axes.

A.3

Implementation in Matlab/Simulink

Secondly, the data of each mouse must be collected in Matlab/Simulink. In practice
this is realized by implementing a c-coded s-function, called pos_sensrtsf3.c, in Matlab/Simulink. In this s-function the mouse driver, which acts as a file, is opened at the
beginning of each experiment. From this driver the time stamp of the event, the identification number of the mouse, the displacement in the first direction and the displacement
in the second direction are read out every 2 · 10−3 s. The counts of each mouse sensor in
both directions are added to the previous counter values of each mouse sensor to obtain
the total distance. When the experiment is stopped, the driver is closed.
In the experimental setup the mice are orientated in such a way that the longitudinal
sheet flow strongly coincides with one of the principal axes of the mice. Therefore only
these axes of the mice are used to calculate the displacement. Using the measurements of
both principal axes of the mice and calculating the displacement via Pythagorean theorem
would lead to a more accurate displacement. However, obtaining this accurate position
asks more computation time due to the fact that the Pythagorean theorem must be applied. Furthermore, to benefit from the Pythagorean theorem, floating point numbers, like
doubles or floats, should be introduced which can be avoided by using only one principal
axis. The reason for avoiding working with floating point numbers is again to prevent an
increase of calculation time.

A.4

Calibration

The mice are placed above the paper path to prevent the optical mouse sensors from being
covered with dust. The construction forces the sheets to flow directly underneath the base
plates of the optical mouse sensors. In this way, the height between the sheets and the base
plates of the optical mouse sensors is approximately 1 mm. The resolution of the optical
mouse sensors depends on this height. Therefore the optical mouse sensors are calibrated.
This is done as follows. Ten sheets are inserted in the paper path. The format of these
sheets is A4 with a width of 0.21 m. When the sheets have left the paper path, each
optical mouse sensor ’traveled’ a distance of 2.1 m. Dividing this distance by the number
of counts of each mouse results in the resolution of each mouse. This resolution is then
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stored to use for further experiments. The results of this calibration experiment are given
in the Table A.1.

Table A.1: The resolutions of the mice.
j Resolution of mouse j [m/count]
1
1.07·10−5
1.12·10−5
2
3
1.11·10−5
4
1.10·10−5

A.5

Sheet position measurement

So far we have only managed to read out each mouse sensor individually. However, after
calibration the four independent mouse measurements have to be combined and implemented in a Matlab/Simulink c-coded s-functions, called test.c, in order to get a sheet
position. Moreover, the sheet positions of multiple sheets will be determined. The essence
of the algorithm to determine the sheet positions will be explained by using the following
pseudo code, which can be used to determine the sheet position of one sheet in case the
motion of the sheet is only downstream, so no upstream motion is described yet.
xM 1 (t = 0) = 0;
xM 2 (t = 0) = 0;
xM 3 (t = 0) = 0;
xM 4 (t = 0) = 0;
d12 = 0;
d23 = 0;
d34 = 0;
if ( (xM 1 (t) > 0) and (xM 2 (t) ≤ 5 · 10−3 ) ) {
xs (t) = xM 1 (t);
} else if ( (xM 2 (t) > 5 · 10−3 ) and (xM 3 (t) ≤ 5 · 10−3 ) ) {
if ( d12 = 0 ) {
d12 = xM 1 (t) − xM 2 (t);
}
xs (t) = d12 + xM 2 (t);
} else if ( (xM 3 (t) > 5 · 10−3 ) and (xM 4 (t) ≤ 5 · 10−3 ) ) {
if ( d23 = 0 ) {
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d23 = xM 2 (t) − xM 3 (t);
}
xs (t) = d12 + d23 + xM 3 (t);
} else if ( (xM 4 (t) > 5 · 10−3 ) ) {
if ( d34 = 0 ) {
d34 = xM 3 (t) − xM 4 (t);
}
xs (t) = d12 + d23 + d34 + xM 4 (t);
}
Initially, all mouse measurements are set to zero, i.e. xM j (t = 0) = 0, j ∈ {1, 2, 3, 4}
and the distances between the mouses are set to zero, i.e. dj,j+1 = 0, j ∈ {1, 2, 3}. When
the leading edge of the sheet has passed the first mouse sensor, i.e. xM 1 (t) > 0, but has
not passed the second mouse sensor, i.e. xM 2 (t) ≤ 5 · 10−3 , then the sheet position is equal
to the measured position of the first mouse sensor, i.e. xs (t) = xM 1 (t). This can be seen
in the situation 1 of Fig. A.2. To determine whether or not the leading edge of the sheet
has passed the second mouse sensor an overlap of 5 · 10−3 m of the measurements of the
first and second mouse sensor has been introduced. Hence, when the leading edge of the
sheet has just passed the second mouse sensor, the sheet position is still taken from the
first mouse sensor, i.e. xs (t) = xM 1 (t), which can be seen in situation 2 of Fig. A.2. The
introduction of the overlap means that the physical distance between the first and second
mouse sensor has to be at least 5 · 10−3 m smaller than the sheet length L.
When the leading edge of the sheet has passed the second mouse sensor more than 5 · 10−3
m, i.e. xM 2 (t) > 5 · 10−3 , but has not passed the third mouse sensor, i.e. xM 3 (t) ≤ 5 · 10−3 ,
the distance between the first and second mouse sensor is determined once by subtracting
the measurement of the second mouse sensor of the measurement from the first mouse
sensor, d12 = xM 1 (t) − xM 2 (t). At this point the sheet position is defined as the distance
between the first and second mouse sensor plus the measurement of the second mouse
sensor, xs (t) = d12 + xM 2 (t). This can be seen in situation 3 of Fig. A.2. To determine
whether or not the leading edge of the sheet has passed the third mouse sensor an overlap of
5 · 10−3 m of the measurements of the second and third mouse sensor has been introduced.
Hence, when the leading edge of the sheet is just past the third mouse sensor, the sheet
position is still taken from the second mouse sensor, xs (t) = d12 + xM 2 (t), which can be
seen in situation 4 of Fig. A.2. This again implies that the physical distance between the
second and third mouse sensor has to be at least 5 · 10−3 m smaller than the sheet length
L. The same reasoning holds for the situations 5 to 7 in Fig. A.2. At the end the sheet
position is defined as xs (t) = d12 + d23 + d34 + xM 4 (t) until the trailing edge of the sheet
leaves the fourth mouse sensor, which can be seen in situation 8 .
Now that we know how to measure the position of one single sheet, the next step is to
determine the sheet positions of multiple sheets, regardless of the motion of the sheets.
Therefore, the essence described in the pseudo code above is kept, but it is expanded in
order to achieve this goal. To achieve sheet positions of multiple sheets extra variables, so
called shift variables, are introduced that are used to reset the measured positions of the
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mouse sensors. When the leading edge of the first sheet is in second mouse sensor and the
trailing edge of this sheet is out of the first mouse sensor, the measured distance of the
first mouse sensor is determined and stored in the shift variable d0 . This shift variable is
used to ’reset’ the first mouse sensor by simply subtracting the shift variable d0 from the
measured position of the first mouse sensor. In our case the moment of determining the
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Figure A.2: Sheet position measurement.
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first shift variable is when the second mouse sensor has measured a distance of 1 · 10−2 m,
since the sheet is then certainly out of the first mouse sensor. Of course the first mouse
sensor cannot be ’reset’ if the next sheet is in the first mouse sensor. This limits the ISS
to be approximately ISS = d12 + 0.1 − L. To obtain position measurements for sheet going
downstream as well as sheets going upstream the distances between the mouse sensors is
determined in both directions. This necessary because the resolution in the two directions
of the principle axis might differ. This also calls for a calibration of the resolutions of the
mouse sensors in both directions of the principle axis. This can be carried out in the same
way as described in Section A.4.
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