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Summary
Constitutive equations are of great importance in describing the ï h e o b g i d Sehavicur of
polymer fluids. A typical feature of this kind of equations are the so called materiai
parameters, which describe non-linearities of the system. These parameters are often
determined on the basis of macroscopic properties, which the polymer displays in shear
flow. The question that arises now is to what extend these constitutive equations can
describe the rheological behaviour in a realistic flow. In this study, the ‘performance’of
three constitutive equations is analysed in a complex flow around a constrained cylinder.
Material elements can be subjected to both elongation and shear, or a combination of the
two.
The three equations to be analysed are the exponential form of the Phan-Thien and Tanner
(PTT) equation, the Giesekus equation, and the Carreau-Yasuda equation. The first two
equations are non-linear viscoelastic equations, whereas the Carreau-Yasuda equation is a
generalised Newtonian equation. Two parameter sets are determined of the PTT equation,
which both describe the viscosity q and the first normal stress differences NI very well in
steady shear flow. All equations are implemented in the finite element package SEPRAN,
which uses a semi explicit/implicit Discontinuous Galerkin Method (DG-E) [25].The
numerical results of the non-linear viscoelastic models are experimentally validated with
respect to the predicted velocity field and stress distribution, whereas the Carreau-Yasuda
equation is only used to investigate the influence of elongational forces on the velocity
field. The material used in the experiments is a branched, low density polyethylene, DSM
Stamylan 2008XC43.
When the stress distribution, determined with the method of Flow Induced Birefringence,
is compared with numerical results significant differences can be discerned. Generally,
these deviations increase with increasing cylinder eccentricity, and increasing Deborah
number. It can further be noticed that differences between the two PTT equations are
considerably larger in eiongationai fiow than in shear flow. Gf al! thee eqdatims, the
Giesekus equation shows the worst results in elongational flow. The velocity field is
visualised using Particle Tracking Velocimetry. From the comparison with these data, it
can be concluded that both the non-linear viscoelastic models and the generalised
Newtonian model describe the rheological behaviour either too less shear thinning or too
much elongational thickening. However, the most remarkable fact is that the CarreauYasuda model predicts the velocity distribution in the viscoelastic complex flow better
than the non-linear viscoelastic models. Especially at locations where predictions should
be worse, this model shows better results.
Finally, it is concluded that all constitutive equations predict the rheological behaviour of
the polymer melt in a complex flow qualitatively well, but they still do not suffice.
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Samenvatting
Constitutive vergelijkingen zijn van groot belang bij het beschfijven va:: het reologisch
gedrag van polymere vloeistoffen. Karakteristiek voor deze soort van vergelijkingen zijn
de zgn. materiaal parameters, die niet-lineariteiten van het systeem beschrijven. Deze
parameters worden vaak aan de hand van macroscopische eigenschappen, die het
polymeer in eenvoudige afschuifstroming vertoont, bepaald. De vraag die nu gesteld kan
worden is in hoeverre deze constitutive vergelijkingen ook het stromingsgedrag in een
realistische stroming goed beschrijven. In deze studie wordt de ‘voorspellende kracht’ van
drie constitutive vergelijkingen in een complexe stroming rondom een ingeklemde cylinder
bestudeerd. Materiële deeltjes in deze stroming kunnen onderworpen worden aan zowel
rek als afschuiving, of een combinatie van beiden.
De drie vergelijkingen die geanalyseerd worden zijn de exponentiële Phan-Thien en Tanner
(PTT) vergelijking, de Giesekus vergelijking en de Carreau-Yasuda vergelijking. De eerste
twee vergelijkingen zijn niet-lineaire viscoelastische vergelijkingen, terwijl de CarreauYasuda vergelijking een gegeneraliseerde Newtonse vergelijking is. Van de PTT
vergelijking worden twee parametersets bepaald, die in stationaire afschuifstroming beiden
een viscositeit q en het eerste normaalspanningsvershil NI goed beschrijven. Alle
vergelijkingen worden geïmplementeerd in het eindige elementen pakket S E P W , dat
gebruik maakt van een semi expliciete/impliciete Discontinue Galerkin Methode (DG-E)
[25].De numerieke resultaten van de niet-lineair viscoelas~ischemodellen woden
experimenteel gevalideerd m.b.t. het voorspelde snelheidsveld en spanningsverdeling,
terwijl de Carreau-Yasuda vergelijking alleen wordt gebruikt om de invloed van
rekkrachten op het snelheidsveld te onderzoeken. Het in de experimenten gebruikte
materiaal is een vertakt lage dichtheids polyetheen, DSM Stamylan 2008XC43.
Wanneer het door de methode van Flow Induce Birefringence bepaalde spanningsveld
wordt vergeleken met numerieke berekeningen, zijn significante afwijkingen bij alle drie de
modellen zichfbaar. Deze afwijkingen nemen over bet algemeen toe met eer, tomemende
eccentriciteit van de cylinder en met toenemend Deborah getal. Verder valt het op dat de
verschillen tussen de twee PTT vergelijkingen in rekstroming aanzienlijk groter zijn dan in
afschuiving. Van alle vergelijkingen heeft de Giesekus vergelijking de slechtste
voorspelling in rekstroming. Het snelheidsveld wordt zichtbaar gemaakt m.b.v. Particle
Tracking Velocimetry.Uit vergelijking met deze data kan geconcludeerd worden dat
zowel de niet-lineair viscoelastische modellen als het gegeneraliseerd Newtonse model het
reologische gedrag te weinig shear thinning dan wel te zeer elongational thickening
beschrijven. Het meest opmerkelijke is echter dat het Carreau-Yasuda model de
snelheidsverdeling in de viscoelastische complexe stroming beter beschrijft dan de nietlineair viscoelastische modellen. Juist op plaatsen waar een slechtere beschrijving verwacht
wordt t.g.v. een groot eerste nonnaalspanningsvershil, vertoont dit model betere
resultaten.
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Als eind conclusie kan dan ook gesteld worden dat alle constitutive vergelijkingen het
reologische gedrag van de polymere smelt in een complexe stroming kwalitatief goed
beschrijven, maar dat ze nog lang niet voldoen.
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1 Introduction
Accurate prediction of the viscoelastic behaviour of polymeric fluids in complex Bows is
of great practical relevance to further develop and optimise polymer processing techniques
such as injection moulding, film blowing, and mixing. In the last few decades, tremendous
progress has been made in developing reliable numerical techniques for viscoelastic flow
simulations. This does not seem to be a major obstacle anymore in performing stationary,
isothermal flow calculations in a reasonable range of flow rates. However, the constitutive
equations used in the simulations to describe the material behaviour are not thoroughly
evaluated. As the accuracy of the prediction is greatly influenced by the chosen
constitutive equation, more effort should be put in deriving appropriate constitutive
equations.
A constitutive equation always includes parameters which are unique for describing the
material behaviour of a particular polymeric fluid. These material parameters are
determined from macroscopically measured material behaviour. Generally, these
characterisations are only performed in viscometric simple shear flow; elongational fiow
measurements are difficult or even impossible to perform. The question that arises is: to
what extend can these constitutive equations predict the viscoelastic material behaviour of
polymeric fluids in a more realistic flow. In other words, what is the perj5omance of these
equations in a complex flow where the fluid is subjected to a combined shear and
elongational flow field. One approach of evaluating these model predictions, is comparing
numerical simulations with experiments performed in complex flow. The outcome of this
confrontation can serve to either adjust the parameter settings within a constitutive
equation or to adapt the model.
In this paper the viscoelastic flow of a polymer melt past a constrained cylinder is
investigated, both numerically and experimentally. This stagnation flow contains several
flow types (fig.í.1): the polymeric fluid near the cmtre line is s:bjected tc? compressive
flow in the approach of the cylinder, followed by a strong shearing flow when passing the
cylinder, and finally, to elongational flow just downstream of the cylinder. In both
numerical simulations and experiments a centric and an eccentric placement of the cylinder
in the flow channel is considered. In this way, different viscoelastic properties of the fluid,
such as strain hardening and shear thinning, are emphasised.
The material used in the experiments is a low density, branched polyethylene (DSM
Stamylan LD 2OOSXC43), further referred to as LDPE. In two different experimental setups, velocity and stress measurements are performed by using Particle Tracking
Velocimetry (PTV) to determine velocities, and Flow Induced Birefringence (FIB) to
visualise stresses.
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In the numerical simulations two constitutive equations are used for describing viscoelastic
material behaviour: the Phan-Thien Tanner equation and the Giesekus equation. Both
equations are known to describe the viscoelastic behaviour of polymer melts in shear flow
very well, and in elongational flow quite well. Besides the Maxwell parameters, these
equations contain few extra material parameters that have io be deterniced.

Fig. l.la Schematic representation of the
constrained cylinder set-up. The large aspectratio, W/H = 7.4, of the slit ensures a nominal
two dimensional flow.

Fig. l.lb Front view of constrained cylinder setup. When flowing from left to right over the
centre-line particles will encounter: compression
,shear and elongational flow.

Both constitutive equations are implemented in the finite element package SEPRAN
applying a semi explicit/implicit Discontinuous Galerkin Method (DG-E) [25] for solving
the viscoelastic flow calculations. A third constitutive equation, i.e. the Carreau Yasuda
equation, is used to investigate the influence of elongational forces on the velocity field.
The difference between the Carreau Yasuda and the other two equations with respect to
stress predictions, is a measure for the level of viscoelastic elongational stresses occurring.
Finally, the numerical results are confronted with stress and velocity measurements. In this
way, the above mentioned non-linear viscoelastic constitutive equations are evaluated with
respect to their ability to predict the rheological behaviour of a polymer fluid in a complex
flow.
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2 Isothermal Flow of Viscoelastic Fluids
Three constitutive equations are analysed, and calCulatiofis are co;r;pared with
measurements. These equations are the non-linear viscoelastic Phan-Thien and 'Tanner
equation, the Giesekus equation, and the generalised Newtonian Carreau-Yasuda
equation. Both the Phan-Thien Tanner and the Giesekus equation predict shear thinning
behaviour, first normal stress difference in shear flow, and strain distributions in a realistic
way. Furthermore, both equations only need a small number of non-linear material
parameters to be determined from experiments. The Carreau-Yasuda equation is used to
investigate the influence of elongational stresses on the velocity field.

In this study, the isothermal flow of an incompressible fluid is investigated. The basic
equations that describe this flow are the equations for conservation of momentum and
conservation of mass (body forces neglected):

(E --I -

p -+ü-vu

-v.o=o
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where p is the density,C denotes the velocity field and O is the Cauchy stress tensor. The
Cauchy stress tensor is defined by

o= -pz +z

(2.3)

where p is a pressure term and z the extra stress tensor. The extra stresses have to be
defined by a constitutive equation.

2.1 The Carreau-YasudaEquation
The Carreau-Yasuda equation is a generalised Newtonian constitutive equation, and is
defined by

z =2qD
q

= q cy(

1+ (ec).

(2.4a)

)"""

(2.4b)

where qcJis the zero-rate viscosity, 8., is a time constant, rn is the 'power-law' exponent,
and a is a dimensionless parameter that describes the transition region between zero-shearrate region and the power-law region. IID is the second invariant of the deformation
Isothermal Flow of Viscoelastic Fluids
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velocity tensor D, and is defined by IID =2D:D. This equation incorporates the idea of a
shear-rate-dependent viscosity, and has sufficient flexibility to fit a wide variety of
experimental r\ (y) curves [7]. It can not, however, describe normal stress effects in simple
shear, or time-dependent elastic effects. The actual values for the parameters for the used
pdymer mek z e k k e from
~ Baaijens and listed in table 2.1.

Parameter

a

Value
2.45 . lo3 [Pa]
1.64. 10.' [SI
3.66. 10.'

I

Table 2.1 parameter values for the Carreau-Yasuda
equation, taken from Baa.ijens [5].

2.2 The Bhan-Thien and Tanner Equation
Phan-Thien and Tanner derived a constitutive equation for polymer melts and
concentrated solutions based on non-affine network deformation. When using a multimode
Maxwell description, this constitutive equation for the extra stresses in isothermal flow
reads
'c

(2.5a)

=&
1

(2.5b)
The dimensionless function Y(zi ) has been proposed to have either of two forms

The main attraction of the PTT model is that there are only two extra parameters to be
found from experiments i.e. the parameters E and 5.The parameter 5 is related to nonaffine motion of the molecules. The affine limit is reached when $ = O.
In shear flow the model predictions are insensitive to the value of E chosen [23]. This
parameter mainly determines the rheological behaviour in elongational flows. As a
consequence, both forms of the constitutive equation predict equally well the rheological
behaviour of polymer melts in shear flow. However, differences in model predictions can

4
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be observed at high elongational rates. For example, in uniaxial elongational flow the
linear form of the PTT equation predicts a constant steady state viscosity for high
elongational rates. This in contrast with the exponential PTT equation, which predicts
strain thinning in this region. Since several experiments concerning LDPE melt exposed to
uniaxiai elongational flow show strain rate thinning behaviour at high e!ongationa! rztes
[26], the exponential form of the PTT equation seems physically more realistic. ’This form
of the constitutive equation, further referred to as PTT, will therefor be used in the
numerical simulations.

2.3 The Giesekus Equation
The Giesekus constitutive equation has it’s origin in the elastic dumbbell theory, and is
based on anisotropic drag. When using a multimode model, the Giesekus constitutive
equation is defined as [2O]:
‘I: = E T i

(2.7a)

I

(2.7b)
The Giesekus equation consists of the Upper Convected maxwell model and an extra term
that is quadratic in the stress tensor. This term causes stress-induced acceleration of the
relaxation process; it produces strain softening and shear thinning [20]. The shear thinning
behaviour of most polymer melts and solutions in shear flow can very well be described by
adjusting the parameter a. This parameter is empirically determined and has boundaries
O I a I1. With increasing a from zero to unity the anisotropic drag and shear thinning
increases.
According to Larson [LO], the Giesekus equation fits steady and transierit shear data fcï
commercial melts better than most other constitutive equations. It also does well in
predicting steady state viscosity, first and second normal stress difference, and growth and
relaxation of viscosity and first normal stress difference.
Model predictions in elongational flow are however less accurate. In start up flow of any
kind of extensional flow, the Giesekus equation predicts a monotonic increase of the
extensional viscosity to an asymptotic value of 2q0/afor large E* . This, again, is not very
realistic when describing the rheological behaviour of LDPE melt in elongational flow.
In conclusion, it is expected that the PTT constitutive equation is the most accurate in
predicting the extra stress distribution in the investigated complex flow.

Isothermal Flow of Viscoelastic Fluids
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3 Flow Induced Birefringence
For the measurement of stresses, the optical technique of Streaming or I"VInduced
Birefringence (FIB) is used. It is a non-invasive technique that can only be used for
transparent materials which obey the Stress-Optical Law. Flow Induced Birefringence in
polymer melts is based on the melt becoming optically anisotropic due to a velocity
gradient. If light travels through this flowing polymer melt, a fringe pattern will arise as a
result of the optical anisotropy. From this fringe pattern, stresses can be determined with
the help of the so called Stress-Optical Law.

3.1 The Principle of Flow Induced Birefringence
In most polymer melts the individual molecules are optically anisotropic due to their
elongated shape and asymmetric electron distribution. If such a melt is not subjected to
any force field, the molecules are randomly oriented and there is no net optical anisotropy
of the melt. However, if they are given a preferential orientation, this results in a net
anisotropy of the melt. Orientation of the molecules as a result of hydrodynamic forces
gives rise to anisotropy of the index of refraction and is called Flow Induced
Birefringence.
Consider a light wave of normal incidence at a birefringent medium. The propagating light
will experience two different refractive indices ne and no along the two principal directions
of the medium. The light wave is resolved into two waves with perpendicular electrical
fields, called the ordinary and extraordinary. The velocity of propagation is related to the
refractive index according to
C

v. = ' ni

; i=e,o

(3.1)

where v is the velocity of propagation in the medium, n is the refractive index of the
medium, and c is the speed of light in vacuum. Because of this, the two waves travel with
different velocities of propagation. On exit of the medium this results in a phase difference,
retardance, between the waves (fig. 3.1). When the birefringence is homogeneous along
the wave propagation direction, the relative phase difference SP is

6,

27cd

=-

A (ne- n o )

(3.2)

where h is the wavelenght of the incident light, d the distance the light travels through the
birefringent medium, and (ne- no)is the flow induced birefringence An. For a more
detailed explanation of birefringence, ordinary and extraordinary rays, etc. see [141.
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3.2 Stress-OpticalLaw
The stress-optical law is based on the assumption that both birefringence and elastic
stresses arise from the same mechanism, i.e. deformation and orientation of molecules.
According to this law, the optical and stress ellipsoids are coaxial and the principal
refractive index difference is proportional to the principal stress difference. This yields the
following linear relationship between the deviatoric parts of the refractive index tensor nd
m ~extra
!
stress tensor z ~ :

where the constant C is called the stress-optical coëfficient.

Fig. 3.1 The figure shows the development of retardation between the extraordinairy
and ordinairy wave in linearly polarised light when traveling through an optically
anisotropic medium. The figure to the right shows a detailed view of the phase lag in
the medium.

This linear relationship also applies for the individual components of the tensors, and for
differences between
components:
An = CAT

(3.4)

From this Stress-Optical Law two other equations can be derived to determine the shear
stress 212and the first normal stress difference NI in a two dimensional flow:

8
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x

with the orientation of the principal stresses with respect to a laboratory frame. For a
detailed discussion and derivation see Baaijens [5].
The stress-optical coëfficient is very important since it relates the measured birefringence
to the cccuring stress levels. The coëffkient is material and temperature dependent, but it
ur,d nY"XJ
n ' ~ ~ ~ P r
is independent of mojecuiar weights, molecujz- --,-:
WC1i;llL
-h+ u
A1~3 PlIvdcI"n,
~ A Ltin
I
concentration [22]. It is relevant to perfonn all FIB experiments at the same temperature.
In table 3.1, the stress-optical coëfficients of various polymer melts are given.
LLL--

PE

Mw
x105
0.409
0.42

LDND
LDBD
HDND
HDBD
HDBD

1
4.2

T
["Cl
170
150
190

C
x 1 [pa]
1.3
1.58
1.72

150
150
150
150
190

2.1
2.0
2.35
2.4
1.8

PS
Styron 666
Styron 678

3.7

170
190
190

-4.4
-4.1
-4.8

Poly-isopropylene

5 .O

210

0.94

Poly-isobutylene

6.0

25

1.5

- -4.9

Table 3.1 Stress-optical coefficients for various polymer melts at
different temperatures. Values obtained from [27],[1I].

The values for the stress-optical coefficient in this table are merely an indication.
Deviations of 10-20 % or more from literature values are common [21].

3.3 Validity of the Stress-OpticalLaw
Measuring stresses within a flowing fluid with the use of flow induced birefringence is,
although extremely tempting, not exact and without assumptions. In order to properly
analyse the results of this optical method, one should be aware of its limitations [27].
Measuring stresses with this technique is based on the fact that the hydrodynamic forces in
a fluid will result in a certain orientation of the fluid molecules. This relationship between
hydrodynamic forces and molecular orientation is, in a way, represented by the stress-

Flow Induced Birefringence
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optical law. When the hydrodynamic forces are at some point sufficiently high, saturation
of the molecular orientation arises: all molecules are completely oriented in the direction
of the highest strain or shear. With further increase of the hydrodynamic forces, the
mechanical stresses in the fluid will increase where the optical effect due to the net
orientation of the fluid molecules will almost remain the same. This will cause serious
deviations from the linear stress-optical law.
Much research has been done to determine this limit of validity of the stress-optical law in
many different flow types. The fdowing subsectim gives a swvey of the validity of the
stress-optical law in various flow types as encountered in our experiments.

3.3.1. Steady Shear Flow
Extensive research concerning the validity of the stress-optical law in steady shear flow
has been performed by several authors. The results of Wales E271 for instance prove the
validity of this law for shear stresses as high as lo4 Pa in steady shear flow. Mackay and
Boger [21] conclude from their literature survey that the stress-optical law is valid for
shear stresses of the order lo4 -lo5 Pa in both steady and transient shear conditions. In
general one can conclude that the level of shear stresses excisting in steady shear flow will
never endanger the validity of the stress-optical law [ 151.

3.3.2. Steady Elongational Flow

In Mackay and Boger [21], a survey is given of various studies concerned with the validity
of the stress-optical law in elongational flow. In most of these studies the stress-optical
law appeared to be invalid beyond a certain stress level. The few studies which reported
the stress-optical law to be valid, were either very dubious or the results are only valid for
a particular class of polymer melts: the elongational thinning polymer melts. However,
considering all these studies, Mackay concludes that the stress-optical law appears to be
invalid at a principle stress difference of order 5x10’ Pa for polymer melts. The studies of
de Bie [ój and van GUT ei al. [I31 showed reziscmbk agrsement between optical and
mechanical stresses for a contraction flow with high elongational stresses, for stresses of
order lo4Pa - lo5Pa respectively. Although these studies support the conclusion as stated
by Mackay and Boger [21], the technique of birefringence must be used with great care in
flows containing a significant elongational component since its validity is in question.

3.4 Optical Measuring System
Before explaining how the stresses are determined from experiments, a short introduction
in Mueller Calculus is given which is used to describe the polarisation state of light.
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3.4.1 Mathematical Description of the Polarisation State of Light
Mueller Calculus is used for describing the polarisation state of light when travelling
through optical elements. It can be used for both polarised and unpolarised light. This
algebraic method describes the polarisation of light waves by means of a so called Stokes
vector S = [ So Si S2 S3 IT. The individual elements of the Stokes vector each represent
some sort of light intensity:
30 : tûta: neasUïzd intensity,

SI : difference between the intensity in the O" - direction and the intensity in 90" direction with respect to a laboratory frame,
S2 : difference between the intensity transmitted by a polariser oriented at 45" and
oriented at 135" with respect to a laboratory frame,
S3 : difference between the intensity transmitted by a right-circular polariser and a
left-circular polariser.

Note that all the components of the Stokes vector are directly measurable quantities. The
first component represents the total intensity of the light when exiting a cascade of optical
elements. The other components can only be obtained by subjecting the exiting light to
specific optical devices.
Changes of the polarisation state of a light wave, when passing through an optical
element, can be described by subjecting the Stokes vectors to Mueller matrices. Every
optical element has its own matrix M (Appendix A). The polarisation state Si on exit of an
optical element can be calculated by

s, = M e s o

(3.7)

where SOrepresents the polarisation state on entrance of the medium. If the principal
coördinaie system axes of an optical element, e.g. the transmission-extinction frame of a
polarisor, is rotated over an angle with respect to the laboratory frame, this rotation is
described by the elementary algebraic base transformation

x

M , = R-, - MO .R,

(3.8)

Because of its simplicity, Mueller calculus is a powerful tool for analysing the polarisation
state of light.

3.4.2 Fieldwise Birefringence Measurements

To calculate the stress levels, the phase retardation Sp has to be measured. In order to
determine the contribution of NI and 7 1 2 to the stresses separately, also the extinction

x

angle has to be known. This is the angle between the optical axes of the material and the
laboratory frame (fig. 3.3). Both and SP can be determined by the method of Fieldwise
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Birefringence Measurements. Measuring birefringence fieldwise requires a two-step
procedure because and Sp can not be measured simultaneaously. In the first step, a linear
or plane polariscope is used for measuring the extinction angle

x

L

x.

F Pe

n

r!....
..-,__....

x 7

SP

......

3 -*u

Pe+dz

D

Detector

--.

*-__

~.
.. .... . .........

......... . .....

Fig. 3.2. Schematic representation of the linear polariscope for visualising isoclinics. The
individual elements are: L: white light source, F: monochromatic filter, Pe: polarisation state
generator, x,S,: the birefringent medium, Pe+rr/2
: polarisation state analyser, D: detector,
i.e. a microscope + camera.

The matrix equation describing this optical system is given by:

Since the orientation of the local optical axis within the birefringent medium is unknown,
the Mueller matrix M,,s is pre- and post-multiplied with a rotation matrix R,.
The relative intensity T of the emitted light after the second polariser (= analyser), is
described by the equation
(3.10)
where 0 is the angle of the transmission axis of the polariser with the positive x-axis of the
fixed laboratory frame, and the (local) orientation of ftie opticai axis of the birefringent
sample relative to the fixed laboratory frame.

x

As can be seen from equation (3.10), extinction of light (a relative intensity of zero) will
occur when

8, z k . 2 ~
with k = 0,1, 2, 3, ....

(3.11)

x =e
Two kinds of extinction fringes can now be distinguished:
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Isocromatics: fringes that mark the position where the retardation Sp = k k.27~.When
monochromatic light is used, these fringes will be black. If white light is used, different
fringes will have different colours because of the wavelength dependancy of the
retardation. Only the zeroth order fringe is black; extinction of all wavelengths at the same
posi ti on.

x

Isoclinics: fringes that mark the postion where = 0, the orientation angle of the first
plarii-iser. These fringes are allways black and move if both polariser and analyser are
rotated while remaining in their oïthûgûnd oïizritatiori. These differences m&e
identification of isochromatic and isoclinic lines easy.
.-.
e2

I

II

m

Fig. 3.3. Explanation of various angles with respect to the laboratory frame (Zl ,Z 2 ) .

I: polariser oriented at an angle 6 with respect to the positive ël-axis. 11: birefringent
sample with axes Zl and ñ2which are oriented at an angle

x with the

laboratory frame.

111: polariser oriented at an angle 6 + d2.Figure taken from Fuller [101.

The isoclinic lines, as visualised by the linear polariscope of fig. 3.2, can only be made
visible in combination with isochromatics. Isochromatics, however, can be visualised
solely. If the orientation of the various optical elements with respect to a laboratory frame
is as indicated in fig. 3.4, the Stokes vector of the exiting light can be found with the
following equation.

From equation (3.12) it can be derived that the relative intensity T equals:
1
T=-sin
2

2%

-

2

(3.13)

Extinction of light is now independent of both the orientation of the optical axes in the
birefringent sample and the orientation of the optical elements 0, which makes this setup very useful for determining the retardation.

x
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Fig. 3.4. Schematic representation of the circular polarisco; 'or visualising isochromatics.
The individual elements are: L: white light source, F: monochromatic filter, Po: polarisation
state generator, Q45: quarter wave plate, x,S,: the birefringent medium, Q135: second
quarter wave plate, Pg0 : polarisation state analyser, D: detector, i.e. a microscope +camera.

From equation (3.13) it is clear that extinction occurs when

6,

=k

*2'~

(3.14)

with
2nd

6, =-An.
h

(3.15)

Equations (3.5) and (3.6) can be rewritten to an expression for the effective stress.

4-=-

6Ph

27cdC

(3.16)

By substituting equation (3.2) into (3.16), each extinction band in the isochromatic fringe
pattern represents a stress level equal to
(3.17)
This provides us with a simple way to convert the observed fringe patterns into stress
levels and compare them with calculated stress distributions.
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4 Particle Tracking Velocimetry
An important achievement of modern experimental fluid mechanics is the invention and

development of various techniques for visualising or measuring fluid velocity fields. Laser
Doppler Anemometry (LDA) has already become a standard means to measure fluid
velocities at a single point with high accuracy as a function of time. Other techniques
including Nuclear-Magnetic-Resonance Imaging, Planar Laser-Induced Fluorescence, and
Particle Image Velocimetry (PIV) are methods for measuring and visualising whole
instantaneous velocity fields [i]. One type of Particle Image Velocimetry is called Particle
Trucking Velocimetry (PTV). Particle Tracking Velocimetry involves seeding the fluid
flow with tracer particles, which are assumed to accurately follow the fluid motion, and
measuring their movement over a known period of time. In this way, one can indirectly
measure the fluid velocity field. There is no limitation to steady simple fluid flows for the
use of PTV, it can also be used for characterising complex or unsteady flows. This makes
PTV one of the simplest and most powerful particle-imaging techniques for quantitative
flow visualisation. In the following, the principle of PTV, the experimental procedure, and
image processing is briefly discussed. A detailed analysis of the errors associated with the
extraction of quantitative velocity information from the experimental output is given in
Appendix B.

4.1 The Method of Particle Tracking Velocimetry
The basic assumption of PTV is the following: when a fluid is seeded with small particles
that have a density close to the fluid density, these particles will display a motion which
accurately represents the fluid motion. By visualising these particles and measuring their
displacement over a well known period of time, one indirectly measures the fluid velocity
field In which the particles are present. Tie method of 3TV ïe:ums to the fmdammta!
definition of velocity and estimates the local fluid velocity from

u(2,t )= A?(At2,t )

(4.1)

where A.? is the displacement of the particle, located at position 2 at time t, and different
particle observations are separated by a short time-interval At. PTV, also known as low
image-density PIV, is characterised by its low concentration of particles. A pattern of
moving images becomes visible if particles are used which are able to reflect the light of a
(pulse coded) light source. Often a laser is used as light source because a laser beam can
easily be manipulated. For example, a light sheet can be formed by passing the laser beam
through a cylindrical lens, which spreads the beam out in one direction. When a thin ‘slice’
of the flow is illuminated by this light sheet, the particles is this part of the fluid will scatter
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the light in all directions. The motion of the particle images is recorded on a photographic
medium.
The primary function of a pulse coded light source, is to provide particle images at two
precisely determined times, separated by At, from which the particle displacement A.? c a
be measured. The duration of the light pulse is also of great importance since it determines
the maximum and minimum velocities that can be measured. Instead of using a pulse
coded light source, one can also use a normal light source in-combination with a 'pulse
coded' recording device. A video camera will record the moving particle images with a
constant frame rate l/Tf. All successive frames are thus separated by a time-interval of Tf
seconds. When comparing, tracking, the images of a particle over N successive videoframes, one can measure the particle displacement over a well known time-interval of
(N-l)*Tf seconds.

4.2 Seeding
Commonly used seedindfluid combinations are solids in gases and liquids, gaseous
bubbles in liquids, or liquid droplets in gases or immiscible liquids [i]. In order to chose
the appropriate combination, several things have to be considered. Besides essential things
as the particles being non-reactive with the fluid and the particles having the ability to
reflect light, one should also consider matters that influence the accuracy of the dataacquisition process and the velocity determination during the particle tracking procedure.
PTV is based on the assumption that the particle motion accurately represents the motion
of the fluid. To accurately follow every accelleration of the fluid, the particles have to be
small and have a density close to that of the fluid. On the other hand, since the whole
technique depends on the ability to record the images of the seeded particles, particles
should be as large as possible to reflect as much light as possible. So an optimum in
particle dimensions has to be reached depending on the kind of flow to be examined.
The amount of seeding used is of importance for the spatial resolution of the data-acquisition and for the accuracy of the estimated velocity field. To enhance the spatial resolution
of PTV, as many particles as possible should be distributed homogeneously over the
visualised part of the fluid. However, since image overlap drastically increases the error
made in determining image locations [12], the amount of particles should also be small
enough to prevent image overlap. Moreover, the inter-particle distance should be as big as
several times the particle displacement over two successive frames to ensure particle
matching over several frames.
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4.3 Recording media and Illumination
The most commonly used recording media are photographic film and video. Standard
video arrays offer a spatial resolution of 512 x 512 pixels. On the other hand, a standard
35-mm f h frame of 300 iines per miilimetre contains 10,500 x 7,5OC pixels. This
additional resolution leads to approximately 10 times better spatial resolution, and 10
times better accuracy relative to a standard video camera [2]. As a result, film tends to be
used for high-resolution and wide dynamic velocity range measurements, whereas video
recording is suitable for lower resolution, or for higher accuracy measurements over
smaller fields of view [i]. However, a major advantage of video over film is the fact that
video cameras provide immediate access to the recorded image data by means of frame
grabbers, which facilitates rapid control of experimental conditions.
By using video recordings of single exposures in each frame, the velocity field is sampled
at a periodic sequence of times with frame interval Tf.This sampling method is called a
Multiframe/Single-pulse method. Fig. 4.1. illustrates several pulse codes to sample the
velocity field. The advantages of sampling the velocity field with the Multiframe/Singlepulse method are: a) the images of each exposure are isolated, eliminating confusion that
results from superimposing fields on single frames; b) the particles can be tracked for long
times; and c) the direction of motion is fully determined [l]. The principal disadvantage of
this method is that the time-interval At is constrained by the video frame-rate 1/q. The
maximum velocity that can be measured is thus totally dependent on the video frame-rate.
The depth of the focus-plane of a camera, i.e. the depth-of-field, places a strong constraint
on an imaging system. If one seeks to visualise small particles in a two dimensional flow
with high accuracy, the depth-of-field inherently has to be small. Particles that are
illuminated outside of this focal ‘volume’ are blurred by an amount exceeding 20% of the
in-focus diameter [i]. So it is appropriate to use a thin light sheet with dimensions smaller
than the depth-of-field to illuminate only the particles that are in focus. Typically this
region is of the order 1 mm.
The ability to record the images of the markers is a function of the seatiering pûwer ûf the
particles within the fluid, the amount of light in the illuminating sheet, camera lens, and
detector (film or video detector array) sensitivity at the wavelength of the illuminating
laser light [191.

4.4 Image Processing
Between image recording and the actual particle tracking, several image processing steps
can be distinguished. These steps involve image enhancement, image segmentation and
image recognition. First, the recorded image is made suitable for processing by enhancing
the intensity values of the image. The intensity values in an digitised image usually do not
vary over the entire range. The contrast of the image can easily be improved by

Particle Trucking Velocimetïy

17

Single Frome/Single Pulse

lolm

-;dtl
Single Frome/Double Pulse

h

Pulse

1
.
4

ACL.

u

u

ft t

Image shifted

[Fl

n
[
1
.
.
1
p
1
'1

)Aultl-Frame/Double

Pulse

fluorescent tail

1
7

Single Frome/Multiple Pulse

Multi-Frarnc/Singie

I--

J

At=Tf

'

t

ppp
Tf

1

1u

I

l

Fig. 4.1 Illustration of several pulse codes wherein the illuminating
intensity of the light source Io is shown as a function of time, and
the image patterns resulting from a single particle are shown in the frames [i].

perfo-mjng a linear scaling transformation. In this way, the intensity values are normalised
so that they are distributed over the entire range.
During image segmentation, the actual particle images have to be distinguished from the
background. Since no other differentiation has to be made, the image matrix can be
reduced from a set of multiple-bit values to a bit-map, in which each element assumes only
the pixel values O (background) or 1 (particle image) [19]. When the intensity value of a
pixel exceeds a certain threshold it can be mapped as a 1. However, non-uniform
background illumination makes the application of global thresholding techniques
inaccurate [ 191. This situation can be resolved by applying edge detection techniques. The
edges of particle images give relatively sharp discontinuities in intensity level, which hardly
ever occur in the intensity level of the background.
The particle recognition phase serves to locate the particle images in the binary image
matrix, and acts as a bridge between edge detection and tracking. The image matrix is
18
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scanned column-wise for clusters of pixels with value 1. Size and contour of such a cluster
help in the frame-to-frame tracking of particles. Finally, the centroid of the cluster is
determined and is used as ‘particle centroid’.
The last stage of the image processing is the actual particle iraekiïìg. Wkh the help of
criteria, including estimated maximum velocity, particle contour, and particle size,
particles are located in different frames. The displacement of the particle centroid will be
measured as the magnitude of the velocity vector and will be assigned to a point halfway
the line that connects the centroids.

Particle Tracking Velocimetry
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5 Rheological Characterisation and Parameter Setting
The rheological characterisation OIthe polymer melt has been performed in simple shezr.
The material used is a low density, branched polyethylene (DSM Stamylan LD 2008
XC43), further referred to as LDPE. The characterisation experiments are performed in a
nitrogen environment, using a parallel-plate geometry, diameter 25 mm, on a Rheometrics
Dynamic Spectrometer RDS-II. Unfortunately, this apparatus does not allow for a
complete rheological characterisation because it can not measure the first normal stress
difference NI. However, by using data for this material from literature [26], the necessary
parameters for describing the rheological behaviour of this polymeric material can be
obtained.

5.1 Linear Viscoelastic Measurements in Simple Shear
The linear viscoelastic measurements are performed in accordance with the experiments of
Tas [26] . Table 5.1 represents a list of conditions for oscillatory shear experiments.
During small amplitude (linear) oscillatory shear experiments, the dynamic modulus Gd
and the loss angle 6 of the LDPE melt are measured at various temperatures. With the
help of Time-Temperature Shifting, master curves for both quantities can be assembled at
a certain reference temperature. These master curves have the advantage to render the
relevant quantities over a wider range of angular frequencies than the individually
measured curves do. When comparing the experimental data with those obtained from
literature, fig. 5.1, a good agreement between both data sets can be seen.

1

Measured at Temperatures

I

190
110,130,150,170,190

Imposed Strain y [%o]
Frequency Range [Hz]

I
I

10
0.05-500

I Reference Temprature [“Cl

I

Table 5.1. Experimental conditions for the dynamic shear measurements.

Both the PTT and the Giesekus constitutive equations are based on a multi-mode Maxwell
description for predicting linear viscoelastic behaviour. When a N mode Maxwell
description is considered, the storage modulus G’ and the loss modulus G” are defined as
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Fig. 5.1. Master curves for the dynamic modulus Gd and loss angle 6 at a reference
temperature of 190" C. Data from this study: o, literature: +.

The relevant parameters, discrete dynamic moduli Gi and the discrete relaxation times ei,
are determined by performing a Maxwell fit on the measured storage and loss modulus,
which can be determined from the experimental data using the equations

GI'
tan6 =G'

(5.3)

The Maxwell parameters also provide a more quantitative comparison with literature. For
both the Storage and Loss modulus a four, six, and eight modes Maxwell fits are
determined, fig. 5.2. The four modes fit displays the largest deviations

Fig. 5.2. Maxwell fits of the Storage and Loss modulus. Four modes: -- ; Six modes: -. ;
Eight Modes: -; Experimental data: o.

22

Chapter 5

Hardly any differences between the six and eight modes fits can be seen. However, since
calculations with an eight modes Maxwell description do not take up a lot more time than
the six modes description, the first is chosen for the rheological description of LDPE.
From the obtained Maxweli parameters the mem time-constant 9 car, be calculated.

(5.4)
i=l

The Deborah number, which is a measure for the elasticity of the polymer melt flow, is
defined as

where U is a characteristic velocity, and L a characteristic length. In our case, the cylinder
radius R is chosen as the characteristic length, and the mean velocity ü as the
characteristic velocity, 0- turned out to be 6 = 1.1085 for the eight modes Maxwell
description used. The choice for the cylinder radius to be the characteristic length can be
explained from the viewpoint that we are especially interested in the rheological behaviour
of molecules in the vicinity of the slit’s centre-line. A smaller radius will provide a smaller
time-interval in which these molecules are deformed. This will increase the ratio of
characteristic material time and characteristic deformation time.
The relaxation time spectrum as described by Tas [26] is used as a starting point for fitting
the moduli. In this way a proper quantitative comparison of discrete viscosities with
literature is possible. Because of the limited range of frequencies that could be measured,
not all literature values for the relaxation times could be compared with experiments. The
resulting discrete viscosities and relaxation time spectra are summarised in table 5.2. At
first sight, a rcusonhle agreement between the measured viscosities and literature values
can be observed. All corresponding viscosities are of the same order of magnitude.
However, a closer examination reveals an average relative difference of 20 % between
viscosity qi and the corresponding literature. Despite this reasonably large error, the
Maxwell parameters obtained from literature are used to describe the rheological
behaviour of the experimental melts. This decision is made because the non-linear
parameters of the PTT and Giesekus equation have to be determined, among others, on NI
data obtained in steady shear. These data could not be measured with the available
apparatus, and had to obtained from literature.
The Maxwell parameters, obtained from small amplitude oscillatory shear flow
experiments, can also be applied in steady shear flow provided the Cox-Merz rule is valid.
The Cox-Merz rule states:
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(5.6a)

where

@=yo

(5.6b)

The validity of this empirical rule can be checked by comparing the complex viscosity q*
with the steady shear viscosity q. Because of the good agreement between complex and
steady shear viscosity shown in fig. 5.3, it is concluded that the Cox-Merz rule can be
applied. This implies that the Maxwell parameters can also be used to predict the
rheological behaviour of the melts in flows with large strains.
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Fig. 5.3. Comparison of complex and steady shear viscosity
data to check the validity of the Cox-Merz rule. Complex
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5.2 Non-LinearParameters
To determine the non-linearity parameters a, E, and 5, of the Giesekus and PTT
constitutive equation respectively, the eight mode non-linear constitutive equations are fit
on steady shear data of q ( y ) and N , ( j ) as obtained by Tas [26]. The various fits are
shown in fig. 5.4, and the values of the non-linear parameters tabulated in table 5.2.
Consequences of this parameter choice on the elongational viscosity in planar elongational
flow are shown in fig. 5.5. Unfortunately, data of steady shear measurements are only
available in a relatively small range of shear rates. Fig. 5.5 clearly shows the in Chapter 2
mentioned non-realistic prediction of the Giesekus model for high elongational rates.
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Fig 5.4. Fits of the non-linear constitutive equations on steady shear and first
normal stress difference data using an 8 modes Maxwell description. Experimental
data: o, Giesekus: -- , PTïsetl: - , PTT,,,z : ....
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Fig 5.5. Prediction of the elongational viscosity qe in
planar elongational flow using an 8 modes Maxwell
description. Giesekus: -- , PTT,,1 : - , PTTSetz: ....

5.3 Stress-Optical Coefficient
The stress optical coefficient C is of great importance since it enables the comparison of
calculated stresses with measured isochromatic fringe patterns. It relates the retardance 6p
and molecular orientation to the first normal stress difference NI and shear stress z12
according to equations (3.5) and (3.6).In a fully developed two dimensional simple shear
flow, the shear stress zI2 can be written as a function of the isochromatic order k and
orientation

x

x.
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h
dC

z,,= - k s i n ( 2 ~ )

(5.7)

The isochromatic order k can be determined using the circular polariscope as described in
8 3.4.2. The orientation can be determined from the isoclinic lines visualised with the
plane polariscope. When rotating the polarisers over various angles, keeping both
polarisers in their 90"-crossed position, can be determined for several locations in the
flow channel. Finally, shear stress data are obtained from finite element calculations using
the Carreau-Yasuda constitutive equation, which fits shear stress versus shear rate data in
simple shear best.

x

x

When all quantities are determined, the shear stress T~~ can be plotted against the
isochromatic order k"sin(2~).The gradient of the graph fitted through the experimental
data is reciprocally proportional to C. The results of the measurements performed at a
Deborah number of 4.3 and a temperature of 190°C are presented in fig. 5.6.
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Fig. 5.6 Shear stress data versus isochromatic order for LDPE at
a temperature of 190 OC and an average velocity of U = 4.87 d s .
Photographic method: o ; Grey Value Method: + ;Least Squares Fit: - .

From these results it is concluded that C = 1.02 . loe9Pa-'. When the value of C is
compared to other values found in Baaijens [5]and Kruit [18], large differences are found.
The differences are believed to been caused by the nature of the photographic method. It
is a very subjective method which makes it difficult to determine the stress-optical
coefficient with great accuracy. Appendix C contains a detailed description of the methods
used to determine the stress optical coefficient.
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Giesekus

I PTT set1

1
0.1

0.1

0.15 0.05

Table 5.2. Comparison of the resulting discrete viscosities and relaxation time spectrum with
literature, and listing of the non-linearity parameters.
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6 Finite Element Computations
Numerical methods that take both velocities and stresses as global unknowns have a great
amount of degrees of freedom (d.0.f.). Multi-mode description, which is necessary to
compute the rheological behaviour of commercial melts, will only enlarge this number.
This can result in a tremendous amount of d.o.f., limiting the applications of these
numerical methods. For this reason, a method is chosen which reduces the total amount of
d.0.f. as much as possible.

6.1 Discontinuous Galerkin Method
In this study a semi explicitlimplicit Discontinuous Galerkin Method (DG-E) is used [25].
This method is a modification of the original Discontinuous Galerkin Method (DG),
because it allows for the elimination of stress variables at element level. Only velocities are
used as global degrees of freedom. The so caused reduction in d.0.f. provides an efficient
handling of multiple modes [3], [4].
To obtain a simple general form of the Giesekus and PTT constitutive equations, the
operator ! 3 y ~ is
i introduced, defined as

where L =
separately:

, 2 0 , = L + L",and Yi is given below for the PTT and Giesekus equation

I
Giesekus

[

F. = I +-C 7 ; " T i )

<Ei<
s j

i

(6.2)

=o

(6.3)

The general form for the constitutive equations can now be written as

To calculate the velocity field and extra stresses, equations (2.1), (2.2), and (6.4) have to
be solved. To determine the extra stress value in an element of the mesh, the extra stress
values at the boundaries with its surrounding elements have to be known (Dirichlet
conditions). Normally this makes 'G a global variable. However, the extra stress values in
Finite Element Computations
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the neighbouring elements are taken at the previous iteration I,-I, to solve stresses in the
present iteration I,. The boundary values for the extra stresses are assumed to be explicitly
known. In this way, the extra stress variables are eliminated at element level. The
remaining system of equations is solved using a one step Newton scheme. For mÖre
detailed information see Selen [25].

6.2 Numerical Results
The numerical results of the PTTseti(E = 0.1, 5 = O.l), PTTSet2(E = 0.15, 6 = O.OS), and
Giesekus (Gsk) model are mutually compared with respect to three quantities: the xcomponent of the velocity field u, the first normal stress difference NI, and the shear stress
~ ~ The
2 .Carreau-Yasuda (CaYa) model is used to investigate the influence of viscoelastic
elongational flow on the velocity field. The Deborah number and the cylinder’s position
with respect to the flow channel’s centre line are varied. The numerical calculations are
performed with both a centric and an eccentric position of the cylinder as observed in the
experiments. This resulted in four different meshes, i.e. two different geometries for the
non-linear viscoelastic calculations and two for the generalised Newtonian calculations.
Two of the finite element meshes which are used in the calculations are shown in fig. 6.1.
The figure illustrates the element distributions for the centric geometry as used in the nonlinear viscoelastic calculations, and the eccentric geometry as used in the generalised
Newtonian calculations. Several characteristics of these meshes are summarised in table
6.1.

Mesh Characteristic
# d.0.f.
# elements
# nodal points
entrance length
exit length

GenNew. Mesh
9740
2336
4870
15R
20R

Viscoelastic Mesh
9740
1168
4870
15R
20R

Table 6.1 Mesh characteristics of both the generalised Newtonian and viscoelastic
calculations.

Although we are dealing with a viscoelastic flow field, a parabolic velocity distribution is
prescribed at the entrance and exit, boundary Ti and r3respectively, of the channel (fig.
6.1). However, both the entrance and exit lengths are sufficiently long to ensure a
completely developed velocity profile. Comparison of calculations with a prescribed
parabolic or a power-law velocity distribution show no differences in the calculated
quantities.
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x
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x

Fig. 6.1 Two examples of finite element distributions. Top: illustration
of the element distribution as used for the non-linear viscoelastic calculations
(centric geometry, O. 11R); Bottom: the element distribution as used in the
calculations with the generalised Newtonian model (eccentric geometry , 0.34R).
Boundary conditions for both meshes are identical: TI: u = u,
/ h2 * (y-h) (y&),
= o; r,: u = o, = o; r3:u = u,
h2 * (y-h) (y+& = o; r4:U = o, li = o; rs:
u=

o, =o;
1,

In the numerical simulations of the viscoelastic models, the investigated area is meshed
with a user defined element [25].The isoparametric quadrilateral element with 9 nodal
points has two velocity d.0.f. per node, and also 1 pressure d.0.f. in nodal point #9
(fig. 6.2). The element uses a quadratic velocity distribution and a linear pressure
distribution. In the generalised Newtonian calculations an isoparametric triangle with 6
nodal points is used (fig. 6.2). This is a standard element within the SEPRAN package
(element group number = 4), which has two velocity d.0.f. in each node and 1 pressure
d.0.f. in its vertices.

Finite Element Computations

31

1

2

3

2

Fig. 6.2 Both types of meshing element used in the numerical calculations: the
isoparametric quadrilateral (right) and isoparametric triangle (left). 0 : nodal point
with velocity d.0.f. ;A: nodal point with pressure d.0.f.

With respect to the numerical calculations in the centric geometry the following has to be
said: due to experimental errors the cylinder was not placed exactly centric. The
experimental error of O. 11R eccentricity (O. 14 mm) is taken into account in the numerical
simulations. Henceforth the centric geometry will also be called the 0.1 1R geometry, and
the eccentric geometry the 0.34R geometry.

6.2.1 Predictions in Steady Shear Flow
Before the PTT and Gsk equations are investigated with respect to their predictions in the
complex flow, velocity distributions in steady shear flow are compared with the CaYa
model. This model is known to describe the velocity distribution in steady shear flow very
accuïately. Fig. 6.3 shows the steady shear velocity profiles for three different velocities.
All constitutive equations describe equally well the velocity distribution in a viscous flow
with De = O. 11, corresponding to a mean velocity of U= O. 12 d s . Indeed, this is the
first requirement to b i met by the PTT and Gsk models. With increasing velocity,
differences between the CaYa and other models become visible. At De = 5.6 (U= 5.96
d s ) , the maximum differences are already about 0.5 d s (6% of u,,>, increasing to
almost 1.0 m m í s (6% of urn) at De = 11.O (U=12.70 d s ) .

6.2.2 Flow around a Cylinder
The dimensions of the flow channel are defined with respect to the radius of the cylinder
(fig. 6.4). The aspect ratio of the flow channel is chosen as WIH = 7.4 to guarantee a two
dimensional flow, and the diameter of the cylinder is half the channel’s height. The
dimensions of the flow channel and the cylinder are H = 5.4 mm, W = 40 mm, and
R = 1.25 mrn.
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Fig. 6.3 Calculated velocity profiles in steady shear for De = 0.1 1, U = 0.12 mrn/s (top lefi),
De = 5.6, U = 5.96 mrn/s (top right), and De = 11.0, U = 12.70 m d s (bottom) at the
dimensionless x-coordinate XlR = -6. The used constitutive equations are: Pmsetl
(E = 0.1,
5 = 0.1): -, P ï T S e a (E = 0.15, 5 = 0.05): -- , Gsk: -.- , and CaYa: .... .

In the left column of fig. 6.5 the distributions of the dimensionless properties u*, Nl*, and
rc12* are shown. These properties are defined as
*
u
u =
:

(6.10)

U

(6.11)
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Fig. 6.4 A schematic representation of the flow cell.

*

71,

T,, =-

(6.12)

TO

where
To

11 OU
R

=-

(6.13)

and ü represents the mean velocity, qo the zero shear rate viscosity, and R the cylinder
radius. The distributions of these dimensionless properties are used for a qualitative
comparison between the constitutive equations. For a quantitative comparison, the u, N I ,
and 212distributions over the line yIR = O through the cylinder's centroid are used. The
calculations are performed in the O. 11R geometry, simulating viscous flow at
De = O. 11. First of all, no significant differences can be distinguished in the velocity
distribution. The effect of elongational forces is apparentiy too small to cause any
deviations of the viscoelastic models with regard to the CaYA model. Thus, a generalised
Newtonian model will satisfy to describe the velocity distribution in this viscous complex
flow. Minor differences between the PTT and Gsk models can be distinguished in the NI*
distributions at x/R = -1, and in the NI distribution along the line yIR =O. PTTSetlalways
predicts the most extreme values for N I , whereas the Gsk predictions are always the most
moderate. All model predictions are identical in the T]**distributions.
By increasing the Deborah number to 5.6, the flow field will turn from viscous to
viscoelastic. Fig. 6.6 shows the various model predictions in this viscoelastic flow using
the same geometry as in fig. 6.5. Again, no significant differences can be distinguished
between both the PTT and Gsk predictions in the velocity distribution. However, the non-
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Fig. 6.5 Calculated velocity, first normal stress difference, and shear stress distributions for De = O. 11,
U = O. 12 m d s in the O. 1IR geometry. The results of the various constitutive equations are represented by:
PTTSeti(E = 0.1,c = 0.1): - , PTTSea(E = 0.15, 5 = 0.05): --- , Gsk: , and CaYa: .... .

linear viscoelastic models predict a different distribution as the CaYa equation, indicating
the influence of elongational forces. The increased elasticity of the flow has also
emphasised differences between the models for the first normal stress difference and shear
stress distributions. In viscous flow small differences can only be seen in the predicted NI
distributions along the line yIR = O. From the results along yIR = O it can be seen that the
various equations are not equally susceptible to the ruling elongational rate in their
predictions for Nf. With increasing viscoelasticity, these differences increase and also
differences in predicted u and 212 distributions arise.
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u = 5.96 m m / s in the 0.1IR geometry. The results of the various constitutive equations are represented by:
PïTSetl(E = 0.1, 5 = 0.1): - , PTïSet2(E = 0.15,c = 0.05): --- , Gsk: , and CaYa: .... .

6.2.3 Influence of the Eccentric Cylinder Position
To investigate the influence of the cylinder position, calculations are performed for the
0.34R geometry at De = 5.6. The results, shown in fig. 6.7, are compared to the results of
the O. 11R geometry at De = 5.6. The increased eccentric position of the cylinder results in
a decreased melt flow in the narrowed passage between cylinder and upper wall. This
diminishes the differences in the various distributions at locations with decreased velocity,
Differences in the velocity distribution between CaYa and the other models have
diminished. For the first normal stress difference, especially the differences between Gsk
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Fig. 6.7 Calculated velocity, first normal stress difference, and shear stress distributions for De = 5.6,
u = 5.96 mm/s in the 0.34R geometry. The results of the various constitutive equations are represented by:
PITSetl(E = 0.1,c = 0.1): - , P'iTseQ(E = 0.15,c = 0.05): --- , Gsk: -.- , and CaYa: .... .

and PTTSetidecreased. At locations with increased velocities, the differences between the
two geometries are more or less the same.
It is concluded that differences in model predictions between PTT,,,I and Gsk are more
susceptible to changes in cylinder position than differences between PTTsetl and PTTSet2.
This effect can best be seen in the NI' distribution, since the TH* distribution in general
does not change.
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Fig. 6.8 Calculated velocity, first normal stress difference, and shear stress distributions for De = 17.0,
U = 19.17 d
s in the 0.34R geometry. The resuits of the various constitutive equations are repïesenied
by: FITsetl
(E = 0.1, 6 = 0.1): - , PTTSeQ(E = 0.15, 5 = 0.05): --- , Gsk: -.- , and CaYa: .... .

6.2.4 Influence of the Deborah Number
Finally, calculations in the 0.34R geometry at De = 17.0 (fig. 6.8) and De = 5.6 (fig. 6.7)
are compared to investigate the influence of the Deborah number. The Deborah number
De = 17.0 is the highest possible Deborah number where all three non-linear viscoelastic
models still reach convergence. With increasing Deborah number, all absolute values of
the differences between the various models have grown. This is very well illustrated by the
NI and 212distributions in the right column of fig. 6.8. Absolute differences are about three
times as high at De = 17.0. Especially differences between the Gsk and PTTsetlmodel for
negative peak values of the NI distribution at y/R = O have grown tremendously. Also
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mutual differences in all model predictions for the qualitative distributions in the left
column of fig. 6.8 increased. In the velocity profiles, not only differences between the
CaYa and the viscoelastic models have grown, but the viscoelastic models are also
showing differences among themselves. The differences between the Gsk and two PTT
modeis did increase rnore than between the ~ W GPST nodels. The latte: also applies fer
the dimensionless
and T~~~
distributions. In general, the Gsk model predicts the most
extreme values in these dimensionless distributions.
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7 Experimental Results
For a proper evaluation of the constitutive equations, FIS and PTV eqeriinents are
performed at various flow rates and in different geometries. The different geometries vary
in the eccentric position of the cylinder with respect to the flow channel's centre line. In
this way, the influence of both the cylinder eccentricity and flow rate on the accuracy of
the model predictions can be investigated. In the PTV experiments the influence of an
elastic component in the flow on the velocity distribution is also investigated.
Unfortunately, velocities exceeding k 10 m m / s could not be measured in the PTV
experiments because of limitations of the image processing system.

Fig. 7.1 The custom made flow cell.

7.1 Flow Cell
The flow cell is displayed in fig. 7.1. The flow around the cylinder can be analysed through
round windows installed at the sides of the flow cell. A little hole in the glass serves to
mount the cylinder. The windows are made of BK-7 glass (Schok), which has proven to
be sufficiently free of optical anisotropy and hence does not influence the stress-optical
measurements. Two rectangular shaped glass windows, also made of BK-7 glass, are flush
mounted in the channel's walls above and below the cylinder. They allow the light sheet to
enter the flow cell during the PTV experiments. The surfaces of these windows are
accurately aligned with the upper and lower wall of the flow channel, to prevent any
disturbances of the flow. Experiments are performed at a temperature of 190 "C. The
temperature control of the flow cell is realised by a HASCO 2126 four channel
temperature control unit. Every channel controls two 100 mm long, 400W HASCO 21 10
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heating cartridges by means of a HASCO Z1295/5 thermocouple. Pairs of heating
cartridges are located directly above and below the measurement section and near the
entrance and exit of the flow cell. The flow cell was fed by a Werner & Pfleiderer ZSK 25
corotational twin screw extruder via a Sulzer SSM-X 25 static mixer, which serves for
homogenising the temperature distribution in the melt flow. The housing of the static
mixer is heated to a temperature of 190 "C with silicon oil (Dow Corning 550 fluid) using
a LAUDA thermal control unit.

7.2 Experimental Set-up for Performing FIB
The principles of both set-ups used for the stress-optical measurement are already
described in 9 3.4.2. The manufacturers and part numbers of the various instruments and
optical elements are summarised in table 7.1.
Optical Device
Light Source
Polarisers
Quarter Wave Plates 546 nm
Interference Filter 546 nm

Manufacturer
Philips
Meadowlark Optics
Meadowlark Optics
Spindler and Hoyer

Part Number
HPL-N 80W E27
DPM-1.5-HN38S
NQM-1.5-546
37.1105

Table 7.1 Manufacturers and part numbers of the optical devices used in the FIB experiments.

All optical elements are mounted in line on an optical rail (Melles Griot, 070RN009). The
fringe patterns are observed through a stereo microscope (Olympus SZ4045TR) placed on
a stand (Olympus SZ-STUl). Either a VHS video camera (Panasonic F15) for observing
transient flow or a photo camera (Olympus) for observing steady flow are mounted on the
microscope.

7.3 Experimental Set-up for Performing BTV
The set-up used during the PTV experiments is schematically represented in fig. 7.2. Two
red 5 mW Helium-Neon lasers are used as light source. The laser beams, with a diameter
of 0.8 mm, are transformed into light sheets using plano-cylindrical lenses. The lasers are
aligned on an optical rail (Melles Griot 070RN009), which is mounted vertically on a
pillar. The distance from laser to flow cell is approximately 5 cm. All optical devices used
in the PTV experiments are tabulated in table 7.2. Images of visualised particles are
observed and recorded with the same recording system as used in the FIB set-up. A l 2 0 3
flakes with dimensions smaller than 200 pm are used for seeding the polymer melt flow.
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Optical Device
5 mW HeNe Laser
Plano-Cylindrical Glass
Lens, Negative

Manufacturer
Uniphase
Melles Griot

Part Number
SN- 1150951
01LCN000

Table 7.2 Manufacturers and part numbers of the optical devices used in
the PTV experiments.

Video camera

..

5 mW
He-Ne Laser

Fig. 7.2 Schematic representation of the PTV set-up.
L: HeNe laser, D: detector, consisting of a microscope
and VHS video camera.

7.4 Results of the FIB Experiments
FIB experiments are performed using two different eccentricities of the cylinder and three
different flow rates. At the centric cylinder position (O. 11R from the centre line) both PTV
and FIB experiments are performed. At the eccentric geometry (0.34R eccentricity), only
FIB experiments are carried out. The measurements are done at Deborah numbers of
De = 5.6 in the 0.1 1R geometry, De = 5.6 and De = 11.O in the 0.34R geometry. To
analyse the influence of an increased Deborah number, the maximum Deborah number that
could be reached experimentally was De = 11.O. At higher Deborah numbers, serious
distortions in the isochromatic fringe patterns were observed. This optic effect is probably
caused by an inhomogeneous temperature distribution in the melt. Table 7.3 gives a
summary of the various experiments.
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Deborah
Number

i

Geometry

i

__

0.li
5.6
11.0

Centric. 0.11 R
PW
PTV / FIB

-

i

Eccentric. 0.34 R

i

-

FIB
FIB

Table 7.3 Summary of the various P W and FIB
experiments.

Four characteristics of the isochromatic fringe patterns are used to investigate the
influence of the cylinder’s eccentricity and the Deborah number (fig. 7.3): the fringes at a
great distance downstream or upstream of the cylinder (A), the position and shape of the
‘fan’ downstream of the cylinder (B), the fringes of the stress concentrations near the
channel walls above and below the cylinder (C), and the small closed contours (stress
minima) just downstream of the cylinder (D). These characteristics are foremost chosen
with respect to the validation of the numerical models in the following chapter.

Fig. 7.3 Four characteristics of the isochromatic fringe pattern: A) regions
of predominantly shear stresses, B) ‘fan’, representing an area of high
elongational stresses, C ) stress concentrations near the upper and lower wall,
D) closed contours representing local stress minima.

The fringes at a great distance from the cylinder are caused by fully developed shear flow.
Thus, they provide a means to evaluate the numerical models in steady shear flow. The
’fan’ downstream of the cylinder represents an area where the polymer melt is mainly
subjected to high elongational stresses. From comparing shape and direction of these
fringes with numerical predictions, conclusions can be drawn on the adequacy of the
predictions of the applied constitutive equation in elongational flow. The isochromatic
fringe patterns near the wall, where shear flow is combined with an elongational flow, are
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of interest because both their beginning and ending points are clearly visible. They provide
valuable information on stress relaxation in a complex flow. The closed contours of the
stress minima are additional information on the total prediction of the isochromatic
fringes.

7.4.1 Influence of the Eccentric Cylinder Position
The results of the FIB experiments are shown in fig. 7.4. On the horizontal and vertical
axes, the dimensionless coordinates XlR and y/R are displayed respectively. The influence
of the cylinder eccentricity is investigated by comparing the O. 11R and 0.34R geometry at
De = 5.6. The most striking difference is the position and direction of the ‘fan’. This is
caused by a reduced melt flow through the narrowed passage between the upper wall and
the cylinder in case of the 0.34R geometry. The actual reduction through this passage is
dependent on two competing material properties: shear thinning and elongational
thickening. If the shear thinning influence dominates, the melt will, compared to the
Newtonian case, flow relatively easier through the passage because of the decreased
viscosity. The opposite effect is seen if the elongational thickening influence dominates.
However, from our experiments no conclusions can be drawn whether LDPE is more
shear thinning than elongational thickening for the Deborah numbers investigated. From
the other characteristics the stress minima have moved slightly towards the upper wall of
the flow channel. This can also be explained from a reduced flow through the narrowed
passage. The position of the isochromatics near the upper and lower wall has not changed,
although less fringes can be seen in the 0.34R geometry.

7.4.2 Influence of the Deborah Number
With increased Deborah number, the temperature distribution of the melt is believed to
become increasingiy inhomogeneous. Tne statie mixer positioned between extruder and
flow cell should suppress this effect. Because of the inhomogeneous temperature
distribution, the isochromatic fringe pattern can get seriously distorted and become faint as
can be seen in the image at the bottom of fig. 7.4. Simple experiments in which an
equidistant grid, put on a glass plate and positioned at the back of the flow cell, was
observed through the flowing melt became increasingly distorted with increasing Deborah
number. By making small adjustments in the temperature of the flow cell, a great deal of
the distortion of the fringes can be overcome. This is however a very sensitive process
where one degree in temperature variation can have an influence. Because the polymer
melt responds more elastic to deformation at higher Deborah numbers, an increase in the
number of isochromatic fringes can be seen. The stress gradient over both passages
between channel wall and cylinder has also increased. The position of the ‘fafi’
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and the local stress minima has slightly changed towards the upper wall. This means that
the flow through the narrow passage has increased less relatively to the flow through the
broader passage.

In d1 t h e e fïhge patterns of fig. 7.4, the coritwùr of the cyhder $self is blurred and hard
to discern. This same phenomenon was already reported by Kruit in an earlier study [18].
The ‘shadow’ surrounding the cylinder is thought to be either the result of a high
concentration of fringes, or to be caused by the large image angle of the camera.
However, experiments with a different microscope-camera combination, which resulted in
a much smaller image angle, did not show the desired improvement (fig. 7.5). In these
experiments the Olympus stereo microscope was replaced by the QM100 Long Distance
Microscope (Questar Europe). An additional set of lenses had to be used to enlarge the
field of view sufficiently. The ‘tunnel view’ seen in the figure is partially caused by these
lenses. The advantage of this alternative microscope, is its large working distance.
Although the results of these experiments were not very satisfying, this particular
microscope-camera combination, and possible improvements that can be made by using a
different set of lenses, deserve further investigation.

Fig. 7.5 Results of the FIB experiments using the QM100 microscope.

7.5 Results of the PTV Experiments
PTV experiments are performed in the 0.1 1R geometry. The velocity field is measured at
mean velocities of ü = 0.12 m m / s and ü = 5.96 m m / s , with corresponding Deborah
numbers of De = 0.11 and 5.6 respectively. After the visualised particle images are
recorded, the data are processed with the image processing system DigImage [24].
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Before the actual particle tracking can take place, DigImage needs reference points and
world coordinates. For a short introduction on data processing with DigImage, reference
points, and world coordinates see Appendix D and [24]. Fig. 7.6 shows the measured
velocity component in the x-direction at several cross-sections. The data is made
dimensionless by dividing by the mean velocity E and plotted against the dimensionless
coordinates d R and ylR. The measured velocity field consists of randomly distributed data
points. These velocity data could not be extrapolated to a continuous velocity distribution
across the total investigated area. For this reason, the velocity data at the lowest velocity
are plotted for a bandwidth of 0.01 mm f XlR, while data at the highest velocity are
plotted for a bandwidth of 0.05 mm -1: XlR.
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Fig. 7.6 Profiles of the dimensionless velocity U * in the O. 11R geometry.
Upper
figure: De = 0.1 1, U =0.12 d s ; Lower figure: De = 5.6,
U = 5.96 II~IT~/S.

The first thing that comes to the eye is that the velocity profiles at De = O. 11 are broader,
despite of the narrower bandwidth. They are also more ill shaped than profiles at De = 5.6.
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This can be explained as follows. At De = 5.6 the number of particles that can be tracked
per frame is relatively small, k 80. However, in time a great amount of spatially well
distributed particles passes the investigated area because of the relatively high velocity.
This high velocity results also in a large particle displacement between two successive
frames. Since <he velocities are Calculated with a particle displacement of each 5 frames,
this results in a small relative error in the calculated velocities. At De = O. I I the number of
particles per frame is higher, k 135. However, the amount of particles passing in time is
much smaller. Moreover, the spatial distribution of these particles is very poor. For the
relative error to be equal to the experiments at De = 5.6, the velocity determination should
be based on a particle displacement of each 500 frames. When such a velocity
determination is used, the PTV experiments would be very time consuming. Moreover,
when the polymer melt is flowing for a long time at a low mean velocity, the water that
was absorbed in the bulk product forms gaseous bubbles because of the low material
pressure. This causes serious contamination of the PTV data. Velocities at De = O. 11 are
momentarily determined based on a particle displacement of each 50 frames, resulting in a
large relative error.
A rather interesting spin-off from these PTV experiments is that the density of the LDPE
melt was found to be very sensitive to the ruling temperature. The temperature control of
some of the extruder’s heating elements was not always optimal. This resulted in small
temperature variations of the LDPE melt between experiments. From the measured mass
flux and the measured velocity, the density per PTV experiment could be calculated. Table
7.3 lists the results found. Additional PTV experiments at De = 4.3 are also tabulated.

I

De [-I
0.1 1
4.3
5.6

Ll
I

[kg/s]
0.02
0.84
8.97

ü

I

[ds]
0.12
4.87
5.96

I

P [kg/m31
771.6
798.5
753.5

I

Table 7.3 Density values for the LDPE melt found during different PTV experiments.

The FIB experiment in the centric (0.1 IR) geometry are performed at an equal mass flux
as the corresponding PTV experiments. Considering the measured fluctuations in density,
the velocity in the FIB experiment could have a relative error of almost 4%. Despite this
error, density effects are believed not to have a big influence on the isochromatic fringe
pattern.
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8 Discussion
Comparison of numerical and experimental resuits is of essentiai value in determining the
performance of the constitutive equations. The true predictive value of the equations can
be tested. It also provides us with a way to make certain improvements in the chosen
material parameters or even use entirely different models in a next study.

8.1 Experimental Validation of Calculated Stresses
To accomplish a proper comparison with the FIB experiments, the calculated stress
distributions have to be converted into isochromatic fringe patterns with the stress-optical
coefficient. Fig. 8.1 shows fringe patterns for the O. 11R geometry at De = 5.6. The order k
of most calculated fringes is denoted with (white) numbers. It can be calculated from
equation (3.16) that every fringe represents a stress level equal to k* 1.34 . lo4Pa. Along
the horizontal and vertical axes, the dimensionless positions XlR and y/R respectively are
plotted. Qualitatively, all three models predict the fringe patterns reasonably well.
However, a closer look reveals large deviations in the calculations. First, small differences
between numerical simulations of al applied models and experimental results can be seen in
the areas of shear flow, even at XlR = +6. Further, large differences in the predicted shape
of the ‘fan’ and in the number of fringes can be seen. All three models have difficulties
with the stress predictions in elongational flow. Although the Gsk model has the best
results with respect to the length of the ‘fan’, the shape of the higher order fringes in the
middle of the ‘fan’ are worst of all three models. It can be said that, over-all, PTTSetl(E =
O. 1 , c= O. 1) has the best results in elongational flow. The alternative PTT model
(E = 0.15,c = O.OS), which parameter set was chosen because its predictions showed good
resemblance with the PTTsetlpredictions in steady shear flow, displays large differences
with the PTTs,l model in elongational flow. Obviously, the non-linear parameters E and 5
of the PTT model are more sensitive to elongational flow than to shear flow.
Large deviations can be seen in the lowest order line at the lower wall. These deviations
are equally high for all three models. The stress relaxation is too slow for all fringes
immediately at the walls. This can be concluded from the position of the beginning and
ending points of these fringes.
Finally, deviations can be seen in the calculated shape and position of the stress minima
near the cylinder. In general, the minima are positioned too close to both walls, and its
shape is too large. Unfortunately, the shape and number of the isochromatic fringes near
the cylinder’s wall can not be verified because of the blurred, dark area surrounding the
cylinder. This area can be the result of a high number of isochromatic fringes, or due to
the large image angle of the used microscope.
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8.1.1 Influence of the Eccentric Cylinder Position
The calculated stress patterns for the 0.34R geometry are compared to experiments in fig.
8.2. The predictions in shear flow at xíR I -4 and xíR 2 +4 show much better
resemblance than in the centric fiow (fig 8.1). To what extend the increased cylinder
eccentricity attributes to this is not completely clear. Most likely, the prescribed flow rate
in the simulations is closer to the flow rate present in the experiments than in fig. 8.1 (see
also section 7.5).
All models display larger deviations for the fringes in elongational flow. The increased
asymmetry in the shape of the ‘fan’ is exaggerated by all models and the number of fringes
is still too small. The PTTsetIstill predicts the shape of the higher order fringes of the ‘fan’
best, the Gsk model worst. The PTTSea model not only differs from the PTTsei1 in
predicted length of the ‘fan’ but also in the number of fringes.
The calculated fringes near the lower wall have improved, especially the lowest order
fringe near the lower wall. However, the stress relaxation for some of the higher order
fringes at the lower wall is still too slow. The same can be said for the fringes at the upper
wall.
The position of the stress minima near the lower wall is greatly improved by the increased
eccentricity of the cylinder for all three models. Deviations in the position and shape of the
closed contours at the upper wall have increased for all three models. The latter can be
related to the exaggerated eccentric position of the ‘fan’.

8.12 Influence of the Deborah Number
Fig. 8.3 displays calculated and experimentally obtained fringes in the 0.34R geometry at
De = 11.0. compared to De = 5.6 in the same geometry (fig. 8.2), the calculated fringes of
ail fhree modeis generdly dispiays increased deviations. some effects that were iriirodüced
by the increased cylinder eccentricity are emphasised. However, better resemblance is
found for the predictions in shear flow for XlR 2 +6, and the lowest order fringe of the
‘fan’. All models show an improved position and shape of this particular fringe. Because
of the blurred image of the experimental fringe pattern, nothing can be said about the
number and position of the higher order fringes of the ‘fan’. However, the Gsk model
shows very distorted high order fringes.
All three models predict far more fringes near the upper and lower wall, deviations in
stress relaxation and shape of the fringes have only increased. The effect that could be
seen at De = 5.6 of too slow stress relaxation for the higher order fringes can also be seen
for the lower order fringes. The Gsk and PTTset2predictions display larger deviations ir?
the number of fringes than PTTseti. However, the PTTsetlmodel shows distorted fringes at
the lower wall.
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This effect can not be seen at the Gsk model, and is less present at the PTT,,a model. The
shape of the calculated fringes at the lower wall is also quite different from the
experimental fringes. In the experiments, the fringes start of almost at a 90” angle with the
wall. However, the angle between calculated fringes and the wall is much smaller.
Both the calculated stress minima at upper and lower wall have become worse in position
and shape. This fits into the general picture of increased deviations with respect to the
experiments.

8.1.3 Conclusions
Over all, the largest deviations in predicted number and shape of the fringes take place at
the ‘fan’, even if other parts of the fringe pattern in the flow show a good resemblance.
The increased cylinder eccentricity introduces larger deviations between calculated and
experimentally obtained fringe patterns for all three models. AU models exaggerate the
increased asymmetry in the shape of the ‘fan’. Differences between the various models are
not really emphasised. The most striking improvement is that of the position of the stress
minima at the lower wall. The improvements in the predicted shear stresses are most likely
not the result of the altered eccentricity, but from a better resemblance in prescribed and
actual flow rate.
The increased Deborah number, clearly shows large deviations in calculated fringes for all
three models. Differences between the various models can clearly be seen in the higher
order fringes of the ‘fan’ and at the fringes near the upper and lower wall. The Gsk model
displays highly distorted fringes in the ‘fan’, while the PTTsetlmodel has distorted fringes
at the upper and lower wall. The predictions in shear flow are very good for all three
models, and are not influenced by either an increased cylinder eccentricity nor an increased
Deborah number.

8.2 Experimental Validation of Calculated Velocities
The calculated velocity field of each model is based on the estimated mean velocity ü of
the corresponding PTV experiment. This is determined by taking the maximum velocity at
XlR = -4 and dividing by 3/2. The velocity profile at d R = -4 is the most developed
measured, however, a small influence of the downstream cylinder can already be detected.
As a result, all calculated velocity fields have a mean velocity that is somewhat smaller
than in the actual experiment. Also, a small shift of the experimental velocity profiles can
be seen in the positive y-direction. This is probably caused by errors introduced in the
process of determining the world coordinates.
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8.2.1 Viscous Flow
All calculated velocity profiles in viscous flow (De = O. 11) are identical, there are no
differences between the generalised Newtonian and PTT or Gsk models (fig. 8.4 and 8.5).
The velocity profiles at xíR = -4 and x/R = -3 compare reasonably good to experiments.
Serious deviations, however, begin to show at XlR = -1 and x/R = O. All models predict
lower velocities at the narrowed passage between cylinder and upper wall. The profiles at
x/R = O and x/R = +1 also show another effect: calculated velocities in the passage
between cylinder and lower wall are too high. Translating this into terms of ‘shear
thinning’ and ‘elongational thickening’, the models predict a rheological behaviour that is
either too much ‘elongational thickening’ or too less ‘shear thinning’. In the experiments
the melt flow between upper wall and cylinder is higher, and in agreement with this,
between lower wall and cylinder less than all the models predict. This discrepancy can still
be seen for the profiles at x/R = +2 and xíR = +3.

8.2.2 Viscoelastic Flow
The calculated velocity profiles in viscoelastic flow clearly show differences between the
generalised Newtonian and the viscoelastic models (fig. 8.4 and 8.6). Looking at the
viscoelastic velocity calculations, the discrepancy already seen in viscous flow is even
more present. The calculated profiles at x/R = -4 and x/R = -3 are quite good. It can
clearly be seen that a somewhat lower mean velocity is used for the calculations. The
velocity profile at xíR = -2 displays that all viscoelastic models predict an influence of the
downstream cylinder that is too large.
In the experiments the influence of the compressive forces about y/R = O is smaller. Again,
from the velocity profiles at XlR = -1 until
x/R = +2, it can be concluded that the viscoelastic models indicate a rheological behaviour
that is either too much elongational thickening or too less shear thinning. The velocity
profiies at xíR = +S and xíK = +4 are stiii a little dfected by this mismatch.
For calculations with the CaYa model, better results can be seen for the velocity profiles at
x/R = -4 and x/R = -3. The influence of compressive forces at x/R = -2 are also much
better predicted. The velocity profiles at x/R = -1 until x/R = +2 show the same deviations
from the experiments for the passage between upper wall and cylinder. The deviations are
no worse than the calculations with the viscoelastic models. However, the velocity
predictions for the passage below the cylinder are better. Also the two remaining profiles
at XlR = +3 and XlR = +4 show better agreement.
The CaYa model does surprisingly well in predicting the velocity distribution in a
viscoelastic complex flow. Especially at locations where the influence of elongational
forces should introduce deviations, calculations with the CaYa model are much better.
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This is illustrated by the velocity profiles at XlR = -2 and the profiles at XlR = +2 until XlR
= i-4.
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9 Conclusions & Recommendations
In this study three viscoelastic constitutive equations are analysed and experimentally
validated with respect to their ability to describe the rheological behaviour of a polymer
melt in a complex flow. The investigated models are the non-linear viscoelastic PhanThien Tanner (PTT) equation and Giesekus (Gsk) equation. These viscoelastic equations
are chosen for their realistic description of several important rheological quantities.
Furthermore, only few extra non-linear parameters need to be determined. Two parameter
sets which have equivalent predictions for r\ and NI in steady shear flow are determined
for the PTT model. The generalised Newtonian CaYa equation is used to investigate the
influence of elongational forces on the velocity distribution.
Finite element calculations using these models are compared with velocity and stress data
obtained from respectively Particle Tracking Velocimetry (PTV) and Flow Induced
Birefringence (FIB) experiments. Both calculations and experiments use two different
geometries and three different velocities. The various geometries differentiate from one
another in the eccentric position of the cylinder in the flow channel.

9.1 Conclusions
When comparing numerical calculations to experiments, large differences between the
both can be seen. First of all, the PTT and the Gsk equations have great difficulty
predicting the experimentally obtained stress distribution in areas with large elongational
rates. A second important deviation is the stress relaxation, which is predicted too slow by
all three non-linear viscoelastic models. Furthermore, all calculations show a stress
gradient that is too high at the walls for XlR = O (best illustrated by De = 11.O). Finally, the
positions of the stress minima just downstream of the cylinder show deviations with
experiments. Generally, the locations of the stress minima are predicted too far away from
the cylinder. An increase in Deborah number results in an increase of all differences
between numerical calculations and experiments, just as the increased eccentric position of
the cylinder. This is with the exception of the position of the stress minimum near the
lower wall. The predictions in shear flow are not influenced by either an altered eccentric
cylinder position nor an increased Deborah numbers. In general, all three models have very
good predictions in shear flow.
In the present situation, where the non-linear parameters of the PTT equation are solely
based on steady shear data, the differences between numerical simulations and experiments
are too large. These parameters should either be determined with the help of NI data
obtained from elongational flow or maybe another constitutive equation should be applied.
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When analysing the differences between the various models, a large difference between the
two PTT models can be seen in the area with large elongational forces. The non-linear
parameters of the PTT equations are apparently more sensitive to elongational flow than
shear flow. Then, the PTTSetimodel predicts very distorted isochromatic fringes near the
walls for De = Z 1.O. This effect is less noticeable €or the PTT,,:! model, and is not present
in the Gsk predictions. The Gsk model on the other hand shows distortions in the fringes
of the ‘fan’ calculated for De = 11.0.
The velocity predictions of the various models are all identical in viscous flow. Thus,
numerical calculations with the generalised Newtonian model will suffice for predicting the
velocity field in the complex viscous flow. The numerically calculated velocity of the melt,
when flowing through the narrowed passage between upper wall and cylinder, is predicted
too low by all models. This is in agreement to the calculated velocity in the passage
between lower wall and cylinder, which is consequently predicted too high. From these
differences it can be concluded that all constitutive models predict a rheological behaviour
that is either too much strain hardening or too less shear thinning. This is best illustrated
by the velocity profiles at XlR = - 1, x/R = O, and XlR = +1.
The most striking result in viscoelastic flow is the relatively good resemblance of the CaYa
velocity predictions with PTV data. The CaYa predictions are even better than the
viscoelastic velocity predictions. Especially in areas where the large influence of NI should
cause higher deviations in the CaYa calculations, the generalised Newtonian results are
relatively better. This is best illustrated by the velocity profiles at XlR = -2, and x/R = +2.
All models show the same discrepancy at the passages at either side of the cylinder as in
viscous flow.

9.2 Recommendations
This study has shown that the method of PTV is indeed a good technique to visualise the
velocity distribution of a polymer melt in a flow around a constrained cylinder. The results
of these experiments are very hopeful but still need improvement. Although the technique
of FIE3 has already been used in preceding, identical experiments, some improvements are
in order. A pointwise summation of recommendations to improve the PTV and FIB
experiments is given:
a) General recommendations:
- Corresponding PTV and FIB experiments should preferably be performed
simultaneously.If successive experiments are performed, corresponding FIB and PTV
experiments should be performed immediately one after the other. In this way, both
experiments are performed at exactly the same velocity and Deborah number. The exact
Deborah number at which both experiments are performed can be determined from the
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velocity data of the PTV experiments.
- A more quantitative method to compare the numerical simulations with experiments
should be developed. When the cylinder can be placed exactly centric, the stresses on
the line y/R = O are purely elongational. When visualising both isoclinics and
isochromatic fringes in the complex flow, the points of intersection of these differenî
fringes on this particular line would provide valuable quantitative information on NI data
in elongational flow. Measurement with the ROA system [9] on this line in low velocity
experiments could also give some more information.
- Placing the cylinder in its eccentric position should be improved. The accuracy of the
present method is about k 0.1 mm. In this study where the maximum eccentricity is
0.42 mm, the error in the worst case scenario can thus be upto 24%. The accuracy of
positioning the cylinder can be greatly improved by keeping the cylinder in its desired
location while fastening the windows that hold the cylinder. A proposed device to keep
the cylinder in its position is displayed in fig. 9.1.
- To improve the fitting process of the non-linear PTT parameters in steady shear flow,
data obtained from steady capillary flow should be included to extend the range of shear
rates. Furthermore, since the parameters showed to be more sensitive to elongational
flow than to shear flow, the use of data obtained from elongational flow should increase
the accuracy of the fitting process.

Fig. 9.1 Device for positioning the cylinder in its eccentric location.

b) Recommendations with respect to the FIB experiments:
- In this study a stereo-microscopeis used for investigating the polymer melt flow in the
experiments. This gave some difficulties in aligning the microscope and camera with the
cylinder in the flow cell. A microscope with only one optical channel should be easier to
align.
- The blurred area surrounding the cylinder prevents us from drawing any conclusions on
the accuracy of the fringes directly at the cylinder’s wall. This is probably caused by the
large image angle of the used camera. Although the LDM has a much smaller angle,
experiments where not very satisfying. However, this can be the result of the additional
positive lenses which were used to enlarge the field of view. The use of the LDM with
additional lens systems deserves further investigation.
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c) Recommendations with respect to the PTV experiments:
- A different colour of laser light should be used for producing the laser sheet. The video
camera used is not very sensitive to the red light of the HeNe lasers. As a result, only
relatively inaccurate velocity data of the larger particles is found during image
processing. The smaller particles which follow the motion of the fluid better are difficult
to track, especially in the area directly above and below the cylinder. In this area the
intensity of the laser sheet is half the intensity of other regions because of the shadow
produced by the cylinder.
- The particles used to seed the fluid flow should preferably be spherical with a
homogeneous distribution of the particle size. The Alzo3flakes used in our experiments
show variations in intensity of the reflected light caused by small rotations during
transport. Dimensions of the particles should be between O - 125 p, at least one order in
dimension smaller than the height of the flow channel.
PTV experiments should also be performed in completely developed shear flow. From
these data the maximum velocity can then be used as input for the finite element
calculations.
Finite element calculations are necessary at higher Deborah numbers to introduce
differences between the various numerical models with respect to their predictions of the
velocity field. To experimentally validate these calculations, IPTV experiments should
also be performed at higher Deborah numbers. However, the image processing system
DigImage has great difficulty with processing PTV experiments performed at velocities
exceeding f 10 m m í s . A solution to this problem could be modulating, ‘chopping’, the
visualised velocity field before it is recorded.
The world coordinates have to be determined more accurately. The brass plate that is
used in our experiments is very difficult to position perpendicular to the camera lens.
The dimensions of this device should ensure an unambiguous way of insertion into the
polymer melt flow. An improved design is shown below.
200.0

1
Side View

o

O 0

O V 0

1
Rear View

50.0

Top View
Fig. 9.2 Proposed improvements for recording world coordinates.

66

Chapter 9

The new device consists of a framework with the original brass plate in it. The
dimensions of the framework are such that it fits exactly in the flow channel, thus
ensuring an unambiguous way of positioning the brass plate in the polymer melt flow.
- The recording system shouid consist of a Super-VHS video camera, recorder, and
monitor. A Super-VHS recording system has a higher resolution than a VHS recording
system. The three components of the recording system should all be Super-VHS, or
directly digitised and put on disc with a frame grabber.
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Representation of Optical Elements in
Mueller Calculus

Appendix A

The following list consists of the optical elements as encountered in our experimental setup. In writing these matrices, the following abbreviations have been used:

a

2nnd

=-

h

where n is the refractive index and d the thickness of the sample.

where SP is the retardation of a sample, and An the birefringence.

8 : the orientation of an optical element with respect to a laboratory frame.
se = sine
=coSe

A.l Retarders
Isotropic Retarder

M~~~
(a) = e'" I

(Al.1)

Birefringent Medium

Representation of Optical Elements in Mueller Calculus
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A.2 Wave plates
Quarter Wave Plates

(A2.1)

Half Wave Plates

(A2.2)

A.3 Polarisers
Ideal Polariser

r
(A3.1)
1 0

O

Left Circular Polariser

1'

MCP,lefr

1 0 O
o Oo ol'
=-I210 o o o

11

o o

(A3.2)

1,

Right Circular Polariser
r1

O O
(A3.3)

1-1
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Circular polarisers do not have principal axes in the plane perpendicular to the direction of
the wave propagation.

AA Rotation Matrix

(A4.1)

Representation of Optical Elements in Mueller Calculus
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Appendix B

Detailed Error Analysis of the PTV
Method

Guezennec and Nikolaos [ i21 performed a study on the accuracy of the Particle Image
Velocimetry technique using synthetic images having known characteristics. This allowed
to parametrically investigate the influence of various parameters on the accuracy of the
technique. In particular the influence of the contrast for different noise levels on the
accuracy of image locating and the velocity determination was studied. E image overlap
can be eliminated, particle positions can be determined with sub-pixel accuracy and
velocities can be determined within a few percent. They conclude that the technique of
PIV is a viable tool to study (turbulent) flows with an accuracy comparable to single-point
measurement methods. For detailed information on error statistics concerning image
positioning and velocity determination see [121.
The following error analysis involves the determination of uncertainties in various
quantities that lead to errors in the final estimation of fluid velocities. The commonly
encountered errors can be subdivided into the categories of visualisation and processing
errors. Visualisation errors are intrinsic to the procedure of visualising the particles, and
result in an incorrect velocity being associated to the particle trace in question. The
processing errors result from attempting to translate the particle displacement information
into fluid velocities. During the sequence of image processing, the visualisation errors tend
to propagate or may even be amplified.

B.l Visualisation Errors
Visualisation errors mainly originate from determining two quantities: tee particle trace
length A? and the time-interval At during which particle displacement is measured. First,
the precision with which the length of the particle trace can be measured is limited by the
finite resolution of the recording medium, and by the accuracy of the image digitisation. A
higher spatial resolution of the recording medium ensures a more accurate determination
of particle image locations during the digitisation process. Note: when using a video
detector array as recording medium, not only the finite pixel size but also noise in the
electronic readout of the video camera can introduce errors. The errors that occur in
determining the positions of a particle image in successive frames are uncorrolated, and
only the projection of each error on the direction of the particle trace is important [2].
Secondly, it is impossible to control the sampling interval At preciseiy. For example,
imagine a light source which is controlled by a switching system. So its light pulse can be
controlled with good accuracy. However, it is impossible to switch the illumination on and
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off instantaneously. The switching system will always introduce an uncertainty in the
effective duration of the light pulse and thus in the duration of the sampling interval At.
Figure B. I represents the illumination intensities in time of a theoretically ideal light pulse
and a more realistic pulse. From the moment that I(t) 2 Icritthe particle image is visualised
on the photographic medium. So, particle displacements will be measured over m
unknown time-interval Ateflinstead of over At. Moreover, since different particles may
need a different Icritto be visualised, depending on their size and position across the light
sheet, each particle displacement may correspond to a different time-interval. These
uncertainties introduced in the sampling interval should be considered as random errors.
Of course, a similar story can be told for recordings with a video recorder using a ‘steady’
light source.

w

t

t

At

Fig. B.1 Schematic representation of uncertainties introduced to the sampling interval At.

The last type of visualisation error originates from the fact that particles do not always
correctly follow the fluid motion. All image velocimetry techniques measure the
Lagrangian velocities of particles v’. If the particle velocity is being used to infer the
Eulerian fluid velocity G ( X , t ) , the accuracy with which the particies foiiow the fluid
motion must be considered.

B.2 Processing Errors
Processing errors occur after the fluid velocity field has been recorded. These errors in the
final estimation of the velocity field originate from image processing steps like particle
tracking, sampling of the velocity field, and interpolation of velocity data. During the
process of particle tracking, the displacement of the centroid of a particle image is
measured. However, the actual particle displacement can be different from the
displacement of the centroid if the particle rotates, deforms, or if the image changes in any
other way during At. Errors in locating the centroid arise from the irregular shape of
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particle images, or finite resolution of the photographic medium. The method of PTV
effectively samples the velocity field at random locations of each particle. In our case, the
frequency with which this sampling occurs is fully determined by the frame-rate of the
recording device. If the particles were regularly located on a periodic grid, the entire
velocity field could be perfectly reconstructed from the velocity samples, provided that
Nyquist’s criterion, which requires that the sample spacing be less than one half of the
smallest wavelength in the field, was satisfied [i]. Thus, according to Nyquist’s criterion,
flow features with wavelength shorter than approximately twice the mean distance
between particles, can not be recovered. Since the mean distance between particles should
be at least 1.5 times the particle paths to avoid interference [2], flow features with
wavelength shorter than 3 times the average particle path are under sampled. This error
will not affect the mean velocity measurements but certainly contributes significantly to
turbulence intensity measurements [191.
The previous discussion on processing errors assumes that an adequate interpolation
method exists, capable of reconstructing the total velocity field from the sampled data.
For uniformly spaced samples extensive literature on interpolation strategies is available.
However, much less is known for the case in which the sampled data is randomly
distributed. When using interpolating methods which are not ideal for randomly distributed
samples, large errors from 20% to 30% in turbulent flow were found [19]. Agui’ and
Jiménez [2] made a rough survey of different interpolating methods adaptable to the error
characteristics of their case. When using a relatively simple interpolating method, which
had little disadvantage over more complex methods, the results showed that the large scale
flow features contribute little to the interpolation error while, for two-dimensional
turbulence, a considerable contribution is found. In conclusion it can be stated that, since
the polymer melt flow in our experiments does not display turbulence or other flow
features which are of small scale with respect to the average particle displacement, the
interpolation error should not cause large errors in the final estimation of the velocity field.
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Appendix C

Derivation of the Stress-Optical
Coefficient

The stress optical coefficient is an important factor in comparing numerical and
experimental results. Since this coefficient is strongly dependent on the used material and
the present temperature, it has to be determined specifically for our particular case. The
following section will give a detailed description of the way this coefficient can be
determined. All experiments were performed in fully developed shear flow at a mean
velocity of E = 4.87 m d s , Deborah number of 4.3, and a temperature of 190 "C.

C.l Photographic Method
The photographic method uses the circular and plane polariscope of 8 3.4.2 to visualise
isochromatic and isoclinic fringe patterns in fully developed shear flow. First the
isochromatic fringes are visualised using monochromatic light. This results in a pattern of
black isochromatic fringes. Then, the plane polariscope and white light are used to
visualise the isoclinic fringe pattern. In this way, the black isoclinic fringes can be
distinguished from the coloured isochromatic fringes. The process of visualising isoclinics
is repeated for angles varying between O" and 90" with steps of 5", while keeping both
linear polarisors in their 9O0-crossed position. All fringe patterns are recorded on
photographic film, 100 IS0/21 DIN Kodak Color Gold 11.
From the photographs taken, the position of the isochromatic and isoclinic fringes can be
determined. First the isochromatic fringes are analysed. The fringes are located
symmetrically with respect to the centre line of the flow channel. The order k of the
isochromatics is zero in the middle and reaches three at the walls. A straight iine k(y) can
now be fitted through the positions of the order k. Secondly, the isoclinic fringe locations
are analysed for each angle. As proposed by McHugh et al. [22] the location of each
isoclinic is taken at the inside of the isoclinic line, as close as possible to the flow channel's
centre line. Finally, using the linear fit k(y), the isochromatic order k(y)*sin(20) can be
calculated. The T~~ versus k(y)*sin(20) graph can now be assembled from the calculated
T~~versus y-position and the y-position versus k(y)*sin(20) graphs (see fig. 5.6). The slope
of the line fitted through these data is reciprocally proportional to the stress optical
coefficient.
It should be noted that this method of determining the stress optical coefficient is not very
accurate and very elaborate. For one, the definition of the inside isoclinic fringe position is
rather a subjective one, since the intensity of the fringes increases gradually. Furthermore,
distances, the positions of the flow channel walls, and fringe locations can be disfigured
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due to the camera lens. A more accurate but at the time not available method is the
method of polarisation modulation or point wise birefringence measurements. It was
developed by Fuller [SI at Stanford University, and is also described in full detail by Kruit
[17]. Although this method is primarily used in solutions of polymers, it is believed to
determine the stress-optical coefficient of a tne LDPE mek with good accuracy when used
in experiments with low flow rates.

C.2 Grey Value Method
The grey value method is a variant of the photographic method and is less subjective than
the photographic method. Instead of recording the various fringe patterns on photographic
film, they are recorded with a VHS video camera, Panasonic F15. Via a frame grabber
system, images of the individual fringe patterns are transfomed into 5 12 x 5 12 matrices of
grey values. Each column of this matrix represents an image profile over the cross section
of the flow channel. When combining several columns, an average fringe profile can be
composed. This provides a less subjective way to determine the position of the isoclinic
fringe edge. Fig. C.1 shows both an average fringe profile and an image of the isoclinic
fringe pattern at a rotation angle of 20" of the polarisers with respect to the laboratory
frame.
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Fig. C.1 Isoclinic fringe pattern (right) and averaged profile (left) for a rotation
angle 6 = 20". The approximated position of the edge of the isoclinic fringe is
marked by the arrow. As a reference an averaged profile of the isochromatic fringes
also are plotted ( ... ) in the left figure.
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Data Processing with DigImage: World
Coordinate Mapping

DigImage tracks particles over various video frames, matching the particle images of
successive frames according to a pricing policy. Among the pricing policy parameters are:
particle size, particle image intensity, background intensity level, maximum allowable
deviation between approximated and real particle positions. These parameters can all be
adjusted by the user. In short, DigImage matches particle images and their expected
particle locations on the next video frame. The expected locations are computed by adding
the product of velocity and time-interval to the momentary position. For every pricing
parameter, some costs are calculated. The correct pair of particles is found by minimising
these costs. For more detailed information on the pricing policy see [24].
Before the actual tracking process can be started, DigImage needs world coordinates and
reference points in order to determine the particle velocities. Reference points are
necessary to adjust for vibrations of the camera or the experimental set-up which occur
during recording. A minimum of six reference points should be placed on the experimental
set-up. Since it was very difficult to place these reference points in the plane of focus of
the video camera, and set-up nor camera were subjected to vibrations, no reference points
were used. World coordinates, however, are always necessary since they are needed to
convert the velocities calculated in [pixels/s] to [ d s ] .For this purpose, a recording was
made of a small brass plate inserted in the melt flow. The plate contains small holes,
f 0 0.2 mm, positioned at well defined locations on the plate. Fig. D. 1 shows the physical
dimensions of the brass plate.
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Fig. D.l Physical dimensions of the brass plate used for world coordinate recordings.
All dimensions are in [mm].

When the plate was inserted in the melt, a light source illuminated the plate from the back.
In this way, only the holes were bright. The recordings of this were later used for mapping
world coordinates over the investigated area. Inserting the brass plate properly in the melt
was quite difficult. It turned out to be rather difficult to position the plate exactly in the
focus plane of the camera, coinciding with the laser sheet, and perpendicular to the camera
Data Processing with Diglmage: World Coordinate Mapping
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lens. When the plate is not positioned exactly perpendicular to the camera lens, deviations
arise in the world coordinate system that is determined during the image processing with
DigImage.
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