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Abstract
The safety factor q in a tokamak is closely linked with stability and transport
properties of the plasma, and therefore it is desirable to be able to measure and
understand the evolution of this quantity. In this work an attempt was made
to reconstruct the q-profile evolution during the current ramp at TEXTOR,
with the ultimate goal of comparing measurements with simulations in order to
validate physical models of e.g. the plasma conductivity. Two methods were
investigated:
• A numerical equilibrium solver, which attempts to interpret the plasma
equilibrium from limited input data
• Spectral Motional Stark Effect (MSE) measurements, whereby beam emission spectra of injected hydrogen molecules are related to the magnetic
field at the point of emission
Both methods were found to yield unreliable results on the q-profile. For
the equilibrium reconstruction code it was found that the equilibrium was not
consistently reconstructed. For the spectral MSE measurements several physicsand experiment-related effects were identified, which need to be taken into account for the correct interpretation of such measurements.
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Chapter 1

Introduction
1.1
1.1.1

Thermonuclear fusion as an energy source
energy from fusion

The worldwide energy demand is steadily increasing, while environmental concerns are raised about traditional methods of energy generation. A practical
path will have to be found to increase energy production while simultaneously
reducing harmful emissions.
One possible sustainable contributor to the future energy supply is thermonuclear fusion. The concept involves nuclear fusion of hydrogen isotopes,
namely Deuterium (D) and Tritium (T), into energetic Helium nuclei and neutrons. The reaction equation for this fusion process is given in equation (1.1),
where the energies conferred upon the produced Helium nucleus and neutron
are indicated in brackets. A schematic drawing of the reaction can be found in
figure 1.2.
D + T = He (3.5M eV ) + n(14.1M eV )

(1.1)

The energy conferred upon the reaction products comes from mass deficiency
according to E = ∆m∗c2 , where ∆m is the mass difference between the reaction
products and reactants and c is the speed of light in vacuum. The energy
released in such a fusion reaction (17.6 MeV) is much higher than the energy
released in a typical chemical reaction, which is of the order of a few eV. Roughly
this means that one fusion reaction can supply the same amount of energy as
about a million chemical reactions, which is why relatively little fuel is necessary
in a fusion energy plant compared to fossil fuel plants.
Deuterium, one of the required fuel atoms, is abundant in the world’s water
supply. Tritium however is radioactive with a half-life of only about twelve years,
so it is not found in nature. In the present designs for fusion reactors, Tritium
will be produced in special blanket modules in the walls around the reactor
vessel, where some of the neutron energy will be used to produce (”breed”)

3

Figure 1.1: A schematic overview of the Deuterium-Tritium fusion reaction
which is to occur in a Tokamak energy reactor.

Figure 1.2: A schematic overview of the tokamak. The central transformer coil
is used to induce a toroidal plasma current which, in combination with externally
applied vertical and toroidal magnetic fields, confines the plasma.
Tritium from Lithium. The thermonuclear reactor which is currently farthest
developed, the tokamak, is the subject of the next section.

1.1.2

the Tokamak

In a tokamak, a hot plasma in which the fusion reactions occur will be spatially
confined through a combination of externally and internally generated magnetic
fields. Roughly, a toroidal and vertical magnetic field will be generated using
large external coils, while a poloidal (i.e. perpendicular to the toroidal direction)
magnetic field will be generated by a large current running through the plasma.
See figure x for a schematic overview of the tokamak reactor design.
The magnetic field lines are winded helically over toroidal tube-like surfaces,
called flux surfaces. An important parameter describing the magnetic field lines
is the safety factor q, which is a measure for the helicity of the field lines (i.e.
4

how many toroidal turns a field line takes to complete one poloidal winding).
The safety factor for a tokamak can be roughly approximated as follows:
q=

rBφ
R0 Bθ

(1.2)

Here Bφ and Bθ are the toroidal and poloidal magnetic fields, respectively,
while R0 is the major radius of the tokamak’s vessel and r is the distance
from the plasma center. The safety factor profile (q-profile) is closely linked
with plasma stability and fusion performance, and will be the topic of the next
section.

1.2

q-profile control and measurements

In order to optimize the performance of a tokamak, the ability to control and
shape the q-profile is desired. This is because the q-profile plays an important
role in both the transport properties of the plasma, and in the occurrence of
plasma instabilities such as tearing modes. For control over the fusion plasma,
and for tokamak modeling in general, it is thus desirable to be able to measure
and control the q-profile and to understand its evolution.
Control over the q-profile is can be achieved through current-profile shaping. The q-profile is closely linked with the current distribution in the plasma,
because the current is the largest contributor to the poloidal magnetic field Bθ
from equation (1.2). Current profile shaping can be done in a number of ways,
such as direct current drive (to drive localized currents in the plasma), shaping
of the pressure profile (to generate so-called bootstrap current), or influencing
the plasma conductivity (which determines the natural current diffusion).
Detailed analysis of the q-profile in a tokamak requires knowledge of the
plasma’s internal magnetic field structure, which is often inferred by equilibrium reconstruction. Large modern tokamaks typically use equilibrium codes
like EFIT to interpret the plasma equilibrium, utilizing diagnostic measurements as constraints. Measurements of magnetic fluxes are especially helpful,
because they are closely related to the plasma equilibrium and the q-profile (see
(1.2)). Magnetic fluxes outside the plasma can be measured using various pickup coils, which detect changes in magnetic flux. For interpreting the full plasma
equilibrium however, it is desirable to have measurements of the magnetic field
structure inside the plasma as well.
One way of measuring magnetic fields inside tokamak plasmas is through
Motional Stark Effect (MSE) diagnostics. Such diagnostics typically measure
the polarization states of Stark-split Balmer-α lines emitted by neutral beam
Hydrogen isotopes, which depend on the direction of the magnetic field vector
at the point of emission. This enables a spatially resolved measurement of the
magnetic field structure inside the plasma. The obtained information can then
be used to constrain magnetic flux profiles during an equilibrium calculation.
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Figure 1.3: A comparison of experimental data (interpreted with EFIT) with
simulations on MAST. The simulated current density (blue lines) diffuses towards the center faster than the experimental current density (red lines). This
figure was taken from [1].

1.3

anomalous current diffusion

In some tokamaks it has been observed that during the current ramp, the experimentally obtained q-profile evolution was slower than that predicted by numerical simulations [1]. Because the q-profile evolution is closely linked with current diffusion, this may indicate that the utilized neoclassical model for plasma
conductivity is not correct. To eliminate possible modeling difficulties due to
geometrical factors and complicated plasma shapes, it would be interesting to
investigate a possible discrepancy between modeling and experiment at a largeaspect ratio circular tokamak like TEXTOR. In order to do this however, an
accurate measurement of the q-profile evolution is needed.
Since TEXTOR does not have standard equilibrium reconstruction codes,
nor magnetic diagnostics like MSE, it is challenging to determine the q-profile
evolution experimentally. In this report two methods of q-profile reconstruction
for TEXTOR are examined:
• reconstruction of the q-profile from a numerical approximation of the
plasma equilibrium, based on assumptions and limited experimental input
data.
• Interpretation of spectral MSE data, collected through a linear polarizer.
6

In contrast to conventional MSE diagnostics, the polarization state of the
light was not measured. However, by the added linear polarizer in the
setup, the measured spectral intensities of the various emitted lines were
sensitized to their polarization angles with respect to the polarizer.
The question is whether these methods are usable for accurate q-profile reconstruction during the current ramp at TEXTOR.
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Chapter 2

theory: equilibrium and
current diffusion
This chapter will concern the general MHD (Magnetoydroynamic) equilibrium
in a tokamak plasma, and a short introduction to current diffusion.

2.1
2.1.1

plasma equilibrium in a tokamak
the grad-Shafranov equation

Force balance in a tokamak plasma is achieved through the balancing of Lorentz
forces and kinetic pressure gradients in the plasma. The force balance equation
can be written as:
~
∇p = J~ × B

(2.1)

~ · ∇p = 0
B

(2.2)

J~ · ∇p = 0

(2.3)

~ = µ0 J~
∇×B

(2.4)

~ is the magnetic field and p is the kinetic
Here J~ is the current density, B
pressure. Note the following relations, which directly follow from equation (2.1):

~ and the current density vector
This means that the magnetic field vector B
J~ are embedded on surfaces of constant pressure. These surfaces are called
flux surfaces, and they will be encountered again later on. Flux surfaces are
illustrated in figure 2.1.
Besides the force balance equation, the current density and magnetic field
profiles are mutually linked through Ampere’s law:

8

For the rest of this discussion cylindrical coordinates are used, where Z is
the vertical coordinate, R is the radial distance from the center of the torus,
and the toroidal direction is denoted as φ (as illustrated in figure 2.1). When
∂
= 0), equations (2.1) and (2.4)
axisymmetry is assumed for a tokamak ( ∂φ
can be combined into one two-dimensional differential equation to be solved for
a poloidal cross-section of the plasma. This equation is the Grad-Shafranov
equation:


1 ∂ψ
∂2ψ
∂p
∂F
∂
= −µ0 R2
+
−F
(2.5)
R
2
∂R R ∂R
∂Z
∂ψ
∂ψ
The newly introduced functions ψ and F are closely related to the magnetic
field configuration, which is itself a result of both externally applied magnetic
fields and the current density inside the plasma:
~ = 1 ∇ψ × êφ + F êφ
B
(2.6)
R
R
The functions p, F and ψ are all expressible as functions of each other,
so all three functions are constant on the previously mentioned flux surfaces.
In summary, the axisymmetric MHD plasma equilibrium is described by the
Grad-Shafranov equation. This equation describes three functions related to
the pressure and the magnetic fluxes in the plasma, whose values are constant
on so-called flux surfaces:
• the kinetic pressure profile p
• ψ, which is the magnetic flux per radian toroidal angle through a surface
dS in the Rφ-plane, reaching from the Z-axis to a certain R-value (see
figure 2.1 for a picture of the defining plane element).
• F = RBφ , which describes the toroidal magnetic field
This report furthermore concerns the safety factor profile q. In the introduction an approximation of q was given which is valid only for cylindrical plasmas.
With the help of the plasma equilibrium however, the general definition of q can
be given as follows:
q=

dΨt
dψ

(2.7)

Where Ψt is the toroidal magnetic flux enclosed in a flux surface. Note that
the safety factor q is also a flux function, i.e. q = q(ψ). As a general remark
it may be noted that for a tokamak like TEXTOR, the toroidal magnetic flux
Ψt will be dominated by a known externally applied vacuum magnetic field.
This means that for the calculation of q it is especially important to derive the
right ψ profile of poloidal magnetic flux, which is mostly generated by the large
toroidal current inside the plasma.

9

Figure 2.1: A schematic overview of the utilized coordinate system, flux surfaces,
and the surface dS through which the poloidal magnetic flux ψ is defined. The
flux surfaces are seen to be toroidal tubes on which the magnetic field lines are
embedded. In the center of the plasma lies the magnetic axis, which is defined
by the minimum in |ψ|. Note that dS 0 is an alternate -and sometimes more
practical- surface through which ψ may be defined, it gives the same result as
the first definition apart from a constant term.
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2.1.2

equilibrium reconstruction

In tokamak experiments it is often helpful to know the plasma equilibrium.
Such knowledge may help in the interpretation of experimental observations,
and may be used to test theoretical models related to the equilibrium state of
the plasma.
The MHD equilibrium of the plasma is described by the Grad-Shafranov
equation (see equation (2.5)). This equation can be solved iteratively by first
writing both Ampere’s law and the force balance equation in terms of the flux
functions p, ψ and F , predefining the functions p(ψ) and F (ψ), and then iterating as follows:
• ψ(R, Z) can be calculated via Ampere’s law from the currents in all external coils, combined with the toroidal plasma current (which can be
assumed to be in some initial distribution for the first iteration)
• the calculated ψ gives certain p(ψ) and F (ψ) profiles, because they are
predefined functions of ψ
• The obtained p(ψ) and F (ψ) profiles yield a new toroidal current distribution in the plasma (via the force balance equation), with which the loop
can be re-iterated
The above iteration can then be repeated until ψ does not change anymore
between iteration steps (within some tolerance limit). Note that in this way,
the equilibrium is solved with predefined functions p(ψ) and F (ψ), which can
be based for instance on empirical expectations for a certain machine.
For modern tokamak experiments, the plasma equilibrium is often calculated
with constraints based on diagnostic data. This involves the interpretation of
multiple experimental inputs, which are combined and fitted to an equilibrium
state. Typically this involves choosing certain parametrizations for p(ψ) and
F (ψ), for which the coefficients can be varied to minimize a cost function which
is based on experimental constraints. The iteration scheme then becomes:
• The Grad-shafranov equation is solved with some initial coefficients for
the parametrized functions p(ψ) and F (ψ)
• The coefficients for p(ψ) and F (ψ) are modified to fit p(R, Z) and B(R, Z)
to available experimental data
• The grad-shafranov equation is solved again with the new p(ψ) and F (ψ)
coefficients
The above iteration can then be continued until the fit to experimental data
does not improve anymore.
For the machine under investigation in this report, TEXTOR, no standard
equilibrium reconstruction is available. An attempt was however made to approximate the plasma equilibrium with a simple code and a number of assumptions. This approach will be discussed in chapter 4.
11

2.2

current diffusion

In a tokamak, a toroidal current is necessary to generate the q-profile which
is required for a stable plasma equilibrium. Furthermore, the distribution of
electrical currents inside the plasma influences the shape of the equilibrium and
the transport properties of the plasma.
The current density distribution in a poloidal cross-section of the plasma
generally consists of both inductive and non-inductive currents. The inductive
current is driven by a flux swing in the central coil, with the plasma acting as
the secondary winding for a transformer. A non-inductive current arises both
naturally due to pressure gradients in the plasma (this component being the
bootstrap current Jbs ), and optionally through external current drive sources
(Jaux ). Ohm’s law can then be written as follows parallel to the magnetic
field lines, where J|| is the parallel current density, σ|| is the parallel plasma
conductivity, and E|| is the parallel induced electric field:
J|| = σ|| E|| + Jbs + Jaux

(2.8)

Equation 2.8 can now be written in terms of the poloidal magnetic flux ψ
and several shape parameters describing the plasma equilibrium. The derivation
of the resulting formula is not reproduced here, but can be found in e.g. [2].
The result is a one-dimensional nonlinear partial differential equation for ψ,
called the poloidal flux diffusion equation. It is this equation which is solved in
transport codes like RAPTOR, to compute the time evolution of ψ.
!


R0 J 2 ∂ G2 ∂ψ
V0
∂ψ ρḂ0
+
=
−
(jbs + jaux )
(2.9)
σ||
∂t
2B0
µ0 ρ ∂ρ J ∂ρ
2πρ
In this equation the flux-variable ρ appears, which is a radial coordinate
defined via the total toroidal magnetic flux inside a flux surface Ψt , normalized
by the magnetic field in the geometric center of the plasma B0 . Note that for
a perfectly cylindrical plasma this just gives the radial distance from the center
of the plasma:
r
Ψt
ρ=
(2.10)
πB0
The parameter J from equation (2.9) is basically the normalized flux function
F , while G2 and V are factors which depend on the layout of flux surfaces in
the plasma equilibrium. More information on these parameters can be found in
[2].
F
R0 B0


V0
(∇ρ)2
G2 =
4π 2
R2
J=

12

(2.11)
(2.12)

V0 =

13

∂V
∂ρ

(2.13)

Chapter 3

Current diffusion
simulations
The goal of the simulations in this chapter is to give a brief example of current
diffusion in a typical TEXTOR geometry, with varying values for the plasma
conductivity.

3.1

setup of simulations

The simulations in this chapter utilize the RAPTOR code [2, 3], which solves
plasma transport equations for the poloidal flux ψ and the electron temperature
Te under a given equilibrium layout. A circular equilibrium was used, with the
correct aspect ratio for TEXTOR.
Some kinetic profiles such as the electron and ion densities, and the ion
temperature, were fixed beforehand. For the simulations in this chapter the
maximum ion temperature Ti0 was set to 1[keV ], and the maximum ion and
electron densities ni0 and ne0 were both set to 1019 [m−3 ]. The profiles were
assumed to be Gaussian shapes in the radial variable ρ. In addition, the effective
ion charge Zef f was set to one.
The electron temperature transport model was set to the Bohm-gyroBohm
model. The plasma conductivity σ was varied between the standard neoclassical
model, the neoclassical model multiplied by a factor of two, and the neoclassical
model divided by a factor of two.
In these simulations a current ramp was applied to see its effect on the
evolution of the central safety factor q0 . Some time was given for the electron
temperature and ψ profiles to diffuse towards their stationary conditions under
the initial plasma current Ip = 100[kA]. Then a current ramp from 100 to 400
[kA] was applied over a timespan of 0.6 [s].
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Figure 3.1: The simulated evolution of q0 for three different settings of the
plasma conductivity σ. The duration of the current ramp is marked by the black
dotted lines, and the horizontal line indicates the q = 1 level. Higher values of
the plasma conductivity yield a longer diffusion time. It is seen that q0 dives
below one only after the current ramp has ended, while at TEXTOR the sawtooth
instability (occurring when q0 < 1) can typically be observed before the ramp is
over.

3.2

simulation results

.
Figure 3.1 contains a plot of the q0 evolution for the different values of the
plasma conductivity. It is seen that a higher conductivity leads to a slower
current diffusion, qualitatively conform to expectations. However, it is also seen
that for all three σ models the central q only reaches below one after the current
ramp has already ended, while for TEXTOR it is usual to have a sawtooth
instability (which occurs when q0 < 1) starting during the current ramp.
Figure 3.2 contains a plot of the electron temperature evolution at the magnetic axis. A lower conductivity (or equivalently higher resistivity) causes the
temperature tor rise more rapidly and to higher values due to more ohmic heating power. Note that the evolution of electron temperature is thus influenced by
the plasma conductivity, while the plasma conductivity itself is influenced by the
3/2
electron temperature profile because σ ∼ Te . This indicates how intertwined
the evolution of electron temperature and current density are.
From the simulations in this chapter, it is seen that the electron temperature

15

Figure 3.2: The simulated evolution of the central electron temperature Te,max
for three different settings of the plasma conductivity σ. The duration of the current ramp is marked by the black dotted lines. Here it is seen that the electron
temperature evolution is influenced by the choice of σ, and a lower σ (higher
resistivity) leads to higher electron temperatures. Because the electron tempera3/2
ture itself is coupled back to the conductivity σ again (which goes as Te ), the
evolution of the coupled safety factor and electron temperature is dependent on
the transport properties of both profiles.

16

and q-profile evolution are closely intertwined. This indicates the need to have
measurements of both these profiles in order to quantitatively investigate the
underlying (coupled) transport processes. At TEXTOR, electron temperature
measurements are standardly available in the form of ECE (electron cyclotron
emission) measurements. The goal of this report is then to see if the q-profile
(or current density) could also be measured with the available methods.

17

Chapter 4

Equilibrium reconstruction
code for TEXTOR
4.1

Introduction to the utilized code

Because TEXTOR has no standard EFIT equilibrium reconstruction or similar
code, a simple numerical code was utilized which intends to estimate the plasma
equilibrium in a circular tokamak from limited input data. It is based on a
code originally written by M.F.M. de Bock, and has been modified for use
with experimental data from the TEXTOR database. The input parameters
consist of a kinetic pressure profile p(R) at the low field side of the plasma
mid-plane (this a horizontal line from the magnetic axis to the outer radius
of the plasma), the externally applied vacuum toroidal magnetic field B0 , the
total plasma current Ip , the plasma major and minor radii R0 and a, and the
Shafranov shift ss. A number of simplifying assumptions are then made in an
attempt to approximate the plasma equilibrium.
The flux surfaces are assumed to be circular, without vertical shifts (so they
are all centered at the same horizontal line). These assumptions dictate that
~ have no radial components on the mid-plane of the plasma,
the vectors J~ and B
thus the force balance equation (2.1) can be written as follows there:
dp
= jφ BZ − jZ Bφ
(4.1)
dR
It is then assumed that the jφ BZ and jZ Bφ terms in the force balance
equation are proportional to each other. This leads to the following equation:
dp
dR

(4.2)

jZ Bφ
)
jφ BZ

(4.3)

c2 Jφ BZ =
with
c2 = (1 −
18

Equation (4.2) is solved along the low-field side on the mid-plane of the
plasma. In order to do this the left-hand side is written in terms of the poloidal
flux ψ, with the parameter c initially set to one. This yields the following
differential equation for ψ:




1 ∂ψ
∂ 2 ψ ∂ψ
dp
∂
+
= −µ0 R2
(4.4)
R
2
∂R R ∂R
∂Z
∂R
dR
The input pressure profile p(R) is taken from a combination of electron cyclotron emission (ECE) and interferometry data, respectively utilized for measuring the electron temperature and electron density. The ion pressure is then
assumed to be equal to the electron pressure, so the total pressure becomes
p = 3.2ne Te , with ne in [1019 m−3 ] and Te in [eV].
After the calculation of ψ(R) at the low-field side, it is mapped to high-field
side as well, via a calculation of the flux surface layout. This calculation is based
on the assumption of circular flux surfaces, which are defined by their horizontal
position (= center of the flux surface) and minor radius. The horizontal positions
for the flux surfaces are defined through a fourth-degree polynomial function of
the radial position at the low-field-side, whose coefficients are calculated on the
basis of the position of the magnetic axis (which is a fixed input), the center of
the last close flux surface (which is a fixed input), and continuity conditions for
the plasma current and its first derivative at the magnetic axis.
After the mapping of ψ to the high-field side, it is scaled to satisfy Ampere’s
law, so that the poloidal magnetic field Bθ = R1 ∇ψ at the edge matches the total
plasma current Ip which is known experimentally. The thus obtained scaling
parameter is the c term from equation (4.2).
With the scaling parameter c, equation (4.3) can be used to calculate jZ Bφ .
This in turn yields the function F . Finally, the obtained ψ, p and F profiles
are extrapolated onto the two-dimensional poloidal plasma cross-section, via the
flux surface layout which was calculated for ψ before.
To recap the equilibrium calculation in this particular code:
• The force balance is used to determine the shape of ψ from the input pressure profile p(R) at the low-field side on the plasma midplane, assuming
that jφ BZ is proportional to jZ Bφ .
• The flux surface layout is calculated from the obtained ψ profile, and used
to extrapolate ψ for the next step:
• Ampere’s law is used to scale ψ so that its derivative over the plasma edge
matches the plasma current Ip .
• The force balance is used in conjunction with the obtained scaling parameter to calculate F (R) at the low-field side of the plasma midplane.
• The obtained profiles of p, ψ and F are extrapolated to the two-dimensional
plasma cross-section, according to the flux-surface layout obtained in step
2.
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Figure 4.1: calculated q0 evolution for TEXTOR shots #91040 and #91029.
For both shots, sawteeth become clearly visible in the ECE data around t=0.45
[s], indicating that around that time q0 is below zero.
After the flux profiles are obtained, the safety factor q is calculated from the
general formula (2.7). At the magnetic axis, where the general general definition
becomes numerically unstable because both dΨt and dψ go to zero, the value of
q can alternatively be calculated by the following expression:
Bφ,Rm
q0 =
Rm



∂BZ
∂R

−1

(4.5)

Here Bφ,Rm is the toroidal magnetic field at the magnetic axis, Rm is the
major radius of the magnetic axis, and BZ is the poloidal magnetic field on the
plasma mid-plane. Note that from this expression it is also clear that q0 ∼ J10 ,
where J0 is the toroidal current density at the magnetic axis.

4.2

Application of the code to experimental data

To test the code, it was applied to shots #91040 and #91029 from the TEXTOR
database. The first shot (#91040) has a neutral beam injection starting during
the current ramp. The second shot is an ohmic norm shot. The equilibrium
code was run for the time steps where calibrated electron temperature (ECE)
and density (interferometry) profiles were available from the TEXTOR physics
database.
The q0 evolution that was found from the code, is plotted in figure 4.1.
The value of q0 for both shots is observed to first drop to a value around 1,
while a bit later it starts oscillating rather wildly. It may be expected that
the oscillation occurs due to the sawtooth instability. The sawtooth instability
occurs when q < 1 in the center of the plasma, and the radial location of the
instability corresponds to the location where q = 1 (the so-called sawtooth
inversion radius).
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Figure 4.2: This plot shows two ECE channels for shot #91040, which clearly
show sawtooth behavior. The lower channel (EC115) is on the inside of the
inversion radius, which shows rising temperature until a sawtooth crash occurs
and the temperature collapses. On the outside of the inversion radius (EC112) a
sudden spike in the temperature is observed just after the sawtooth crash. From
the measured frequencies of the ECE radiation (112 and 115 GHz), the sawtooth
inversion radius was determined to lie between R = 1.9[m] and R = 1.95[m] in
this case.
The occurrence of the sawtooth instability can be determined from ECE
signals, which have a periodic sawtooth shape when the instability occurs. At
the sawtooth inversion radius the amplitude of the signal is inversed, making it
possible to deduce the approximate radius where q = 1.
In figure 4.2 is a plot of two ECE channels with the sawtooth inversion
radius between them, which was determined to be between R = 1.9[m] and
R = 1.95[m] from the ECE frequencies. Some q-profiles around this time, as
obtained from the equilibrium code, are plotted in figure 4.3. Here it is observed
that the absolute values of the q-profile do not agree with the Kadomtsev model
for sawtooth crashes, where q ≈ 1 at the inversion radius.
The observations presented in this section led to a further investigation of
the code itself, to see what might go wrong during the equilibrium calculation.
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Figure 4.3: This plot shows three q-profiles for shot #91040, around a sawtooth
crash. After the sawtooth crash, the value of q in the center is seen to rise
(green line). While this may have some qualitative merit, the absolute values of
these q-profiles look unreliable. For example, the safety factor at the sawtooth
inversion radius is seen to be around q = 1.3 before the crash and q = 1.8 after
the crash.
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4.3

Analysis of problems with the code

To investigate whether the equilibrium is solved correctly, consider the force
balance equation (4.1). This equation is solved at the low field side of the
plasma mid-plane, under the assumption that jZ Bφ is proportional to jφ BZ .
then Ampere’s law is used to scale ψ on the basis of the plasma current, and the
diamagnetic profile F (R) is calculated at the low-field side. The thus obtained
profiles are extrapolated to the 2D poloidal cross-section by assuming circular
flux surfaces. Now we can calculate the toroidal current density Jφ by the
following formula, which is a statement of the force balance equation in terms
of the three flux functions:
1 ∂F
∂p
+ F
(4.6)
∂ψ R ∂ψ
However, Jφ can also be calculated directly from ψ (via Ampere’s law):


1 ∂2ψ
∂
1 ∂ψ
Jφ µ0 = −
−
(4.7)
R ∂Z
∂R R ∂R
After the three flux profiles are obtained in the code, both methods of calculating Jφ can be compared. In fact, when equating the two expressions for
the current density, the Grad-Shafranov equation is obtained. This means that
the grad-Shafranov equation (and thus the equilibrium) is only solved correctly
when both expressions yield the same values for Jφ over the whole plasma crosssection. Figure 4.4 contains a direct comparison of the measured plasma current
with the total integrated current, as calculated from the force balance. a discrepancy between the calculated and measured current is observed. This is a
first indication that the obtained profiles do not form a consistent equilibrium.
To examine the discrepancy between Ampere’s law and the force balance
explicitly at one point in time (t = 0.59[s]), consider the plot in figure 4.5.
Here the two toroidal current densities have been directly compared, at time
t = 0.59[s] for shot #91040. This is before the neutral beam is switched on,
and at a time point where the discrepancy in total plasma current is small
(i.e. integrating the different expressions for jφ over the plasma cross-section
gives almost the same result). At the low-field side, where the code performs
its calculations, the discrepancy is the smallest. However, it can be seen that
the Grad-Shafranov equation is not correctly solved over the two-dimensional
cross-section of the plasma, with errors in the range of 10-20% over much of the
plasma cross-section.
The fact that the equilibrium is not solved consistently, arises because the
flux profiles p and ψ are fixed first (in fact, ψ is fixed by the combination of p
and the plasma current). The eventual result is that F is not a flux function
(it is merely calculated at the low-field side, and then extrapolated over the
constant ψ surfaces as if it were a flux function). This means the equilibrium
will never be solved consistently in general.
The fixing of ψ on the input pressure profile also explains e.g. the ’bumby’ qprofile in figure 4.3, which is due to the sensitivity of ψ on the exact shape of the
Jφ µ0 = µ0 R2
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Figure 4.4: Calculated plasma current (via the force balance) versus measured
plasma current TEXTOR shots #91040 and #91029. The discrepancy between
calculated and measured current is seen to get worse after switching on the
neutral beam for shot #91040, and during the flat-top phase for shot #91029.

Figure 4.5: This contour shows the discrepancy factor between the force balance
current density, and the Ampere current density. The discrepancy is the smallest
at the low-field side of the plasma, where the utilized equilibrium code performs
its calculations, while it is larger over the rest of the cross-section. This discrepancy was calculated from the results at time t = 59[s] for shot #91040, where
the error in total plasma current (figure 4.4) was only a few percent.
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Figure 4.6: This plot shows the three input pressure profiles used to calculate
the q-profiles from figure 4.3. The shape does cause the qualitative feature of
rising q0 upon a sawtooth crash (corresponding to the flattening of the pressure
profile), but it also restricts the whole shape of the q-profile via its derivative
(see equation (4.4)). This leads to very high sensitivity of the q-profile on the
exact input pressure profile.
pressure profile (see equation (4.4)). The pressure profiles for the corresponding
time-steps are plotted in figure 4.6. The pressure after the crash (green line)
is flatter than the other profiles. The exact shape of the profile (actually its
derivative) causes the ’bump’ in the q-profile if figure 4.3.

4.4

discussion and recommendations

From the observations presented in this chapter, it was concluded that the
utilized code does not give accurate q-profiles. The calculated safety factor at
the magnetic axis q0 is in the right ballpark (around 1 with sawteeth occurring),
but its exact value was seen to be fluctuating rather wildly, including values well
above q = 1 which is not expected during sawteeth.
Further analysis of the code led to the conclusion that the equilibrium is
not consistently solved, and a combined adjustment of flux profiles would be
necessary to improve this situation. In a sense it is ironic that the code fixes
the input pressure profile at the low-field side, which is precisely the one flux
profile from the Grad-Shafranov equation which is not directly involved with
the definition of the q-profile (though of course p is the only such flux profile for
which standard measurements are available at TEXTOR).
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The actual error in the q-profile (or other flux profiles) is unknown, because
it is not known how far the calculated flux profiles are from the actual equilibrium. Note that q is practically wholly determined by the combination of input
pressure profile and plasma current, which are respectively used for calculating
and then scaling the poloidal flux ψ (see equation (4.4)). This generally may
cause ’bumpy’ q- or current-profiles. While it is possible to do e.g. a smooth
fit of the input pressure profile, this will just make the shape and eventual scaling of ψ and q to be determined by the choice of the fitting function, and the
equilibrium will still not be solved consistently.
For a reliable equilibrium reconstruction it is advantageous to have more information on flux profiles, especially the magnetic fluxes, to use as constraints.
For q-profile reconstruction it is especially important to arrive at the right ψ
profile, because this is practically the sole contributor to q. However, an interesting point to note is that although the flux function F does not contribute
much to changes in q (i.e. the toroidal magnetic field will not change much from
the vacuum field), even small modifications of F can play a role in the equilibrium layout through the force balance equation. This is because the vacuum
toroidal magnetic field is already strong, which means that only relatively small
poloidal currents are needed to generate relatively large radial forces.
To consistently solve the Grad-Shafranov equation over the whole two-dimensional
plasma cross-section, an iterative scheme would be needed with room for adjustment of all three flux-profiles ψ, p and F (see the theory chapter on MHD
equilibria). Disadvantages of iterative equilibrium solvers include the fact that
many input parameters are needed, such as the currents in all external coils,
which contribute to the magnetic fluxes inside the plasma. Furthermore, the
calculated equilibrium is still to a degree ’fixed’ by the choice of basis function
for p(ψ) and F (ψ). For good equilibrium reconstruction, constraints on internal
magnetic fluxes are needed as well.
As it is mainly ψ which determines q, it is very helpful to have constraints
on the (poloidal) magnetic field structure inside the plasma. The remainder
of this report will focus on the experimental technique of MSE measurements,
which is geared precisely towards such local measurements of the magnetic field
structure inside the plasma.
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Chapter 5

theory of MSE spectra
This chapter opens with a general explanation of the motional Stark effect, and
how it can be used to gain information on the magnetic field configuration in a
tokamak plasma. Then the formalism of Mueller Calculus is introduced, which is
a convenient way to describe the polarization state of light, and to calculate the
effects of optical components on this polarization state. Finally two numerical
codes are introduced, namely MSEsim and MSEfit. These codes are used in the
next chapter, respectively for fitting and simulating MSE spectra.

5.1
5.1.1

Motional Stark Effect
pure Stark states

For the reconstruction of the plasma equilibrium in a tokamak, measurements
of the plasma’s internal magnetic field structure are helpful constraints. An
effect which is often utilized for such measurements is the Motional Stark Effect
(MSE). This effect occurs when an injected high-energy neutral beam particle
~ which generates a Lorentz
with velocity ~v travels through a magnetic field B,
~ in the particles’ frame of reference:
electric field E
~ = ~v × B
~
E

(5.1)

The electric field causes Stark splitting of atomic energy levels. The neutral
injected particles are hydrogen isotopes, and the utilized spectral line is the
Balmer-α line, which represents the transition between the n = 3 and n = 2
atomic energy levels in hydrogen. A schematic depiction of the various Stark
transitions for this line is in figure 5.1. Note that there are fifteen possible
transitions, but only nine have significant intensities (and they are numbered in
the figure according to their quantized energy shift with respect to the normal
Balmer-α line).
The Stark lines can be divided into π and σ lines. For π lines ∆m = 0,
and the emitted light is polarized parallel to the electric field. The σ lines have
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Figure 5.1: A schematic depiction of the possible Stark transitions, with the nine
relevant transitions singled out. The quantum number m represents the magnitude of the magnetic quantum number ml . This labels the Stark eigenstates
together with the ’electric quantum numbers’ n1 and n2 [4].
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∆m = ±1, and the emitted light is (circularly) polarized perpendicular to the
~ can be deduced
electric field. This means that the direction of the electric field E
from the polarization states of the emitted Stark lines, which is how most MSE
diagnostics work. Such diagnostics typically filter a certain line from the Stark
spectrum and measure its polarization state. Because the velocity ~v of the
injected particles is known (from the neutral beam geometry and acceleration
voltage), the magnetic field direction at the point of emission can be calculated
via equation (5.1).
The magnetic field along the mid-plane of the plasma can be given in terms
of the magnetic pitch angle γp , which is the angle between the poloidal (Bθ )
and toroidal (Bφ ) magnetic field components:
γp = tan−1

Bθ
Bφ

(5.2)

This pitch angle can be related to the measured polarization angle γ of the
emitted Stark-σ lines as follows (add π/2 to this angle for π lines, which are
polarized orthogonally to the σ lines). Here α is the angle between the neutral
beam and the toroidal direction, and β is the angle between the line of sight
and the neutral beam [5]:
sin α
(5.3)
cos β
Note that the magnetic pitch angle γp is not directly related to the safety
factor q, which is defined in terms of magnetic fluxes and not local magnetic
fields. That is why generally equilibrium reconstruction is needed to interpret
the safety factor profile. This reconstruction can however be aided by constraints on locally measured magnetic fields (see also the section on equilibrium
reconstruction in chapter 2).
As an alternative to equilibrium reconstruction, one may assume some approximate relation between γp and q. This may for example be based on the
cylindrical approximation (which was also mentioned in the introduction), which
gives:
tan(γp ) = − tan γ

q=

r
R0 tan γp

(5.4)

Here r is the minor radial coordinate (distance from the plasma center) and
R0 is the major radius of the torus. A Somewhat more involved approximation,
but still based on a cylindrical assumption (though with a Shafranov shift and
non-constant toroidal magnetic field) was used to generate mock equilibria in
the next chapter. For completeness, this approximation is described in appendix
B.

5.1.2

electron density and the Paschen-Back effect

In the previous section pure Stark states were discussed, but the actual intensities and polarization states of the Stark lines are also affected by the electron
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Figure 5.2: A plot of the electron density effect on the raw intensity ratio of
π and σ lines. For the TEXTOR density regime around ne = 1019 [m−3 ] a
corrective factor of approximately 1.25 is found.
density of the plasma and by the magnetic field. These effects are briefly introduced here, and will be encountered again in the discussions of the next
chapter.
For large electron densities (ne > 1021 m−3 ) the upper Stark states are
equally populated, and the relative intensities of the Stark lines are as depicted
in figure 5.1. For lower densities however, the populations generally have to
be inferred from collisional-radiative modeling. It is found that π lines become
relatively more intense than σ lines in this case [6, 7, 8]. See figure 5.2 for a
schematic overview of the relation between raw Iπ /Iσ ratios and the electron
density.
The effect of the magnetic field is described by the Paschen-Back effect,
which describes the influence of a strong magnetic field on the emitted radiation.
The Paschen-Back effect is the high-field analogue of the Zeeman effect, and it
occurs when the magnetic field is strong enough to decouple the orbital and spin
angular momenta of an atom. The Paschen-Back effect generally influences the
splitting, intensities, and polarization states of measured MSE lines [9].
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Figure 5.3: A general representation of a polarization ellipse in terms of angles
Ψ and χ.

5.2

Mueller calculus

A convenient way to describe (partially) polarized light, which is also used in
the next chapter, is Mueller calculus. The concept will be briefly explained here.
At the basis of Mueller calculus is the Stokes vector, which is a vectorial representation of the polarization state of light. It describes a general polarization
ellipse in terms of its shape parameters. If the polarization ellipse is defined as
in figure 5.3, and I is the total intensity of the light while p is the polarization
~ can be written as:
fraction, then the Stokes vector S
  

I
I
pI cos 2Ψ cos 2χ Q
~=
  
(5.5)
S
 pI sin 2Ψ cos 2χ  = U 
V
pI sin 2χ

With the Stokes vector defined, the effect of optical components on light can
be modeled by representative Mueller matrices. These matrices are multiplied
with an initial Stokes vector in order to yield the resultant Stokes vector, and
thus describe the effect of an optical component on the polarization state of
light. In particular, a relevant Mueller matrix for the next chapter is the linear
polarizer under angle θ: Mpol (θ). The corresponding Mueller matrix is:


1
cos 2θ
sin 2θ
0
1 cos 2θ
cos2 2θ
cos 2θ sin 2θ 0

Mpol (θ) = 
(5.6)

sin2 2θ
0
2 sin 2θ cos 2θ sin 2θ
0
0
0
0
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5.3

MSEsim and MSEfit

In this section a brief introduction will be given to two codes utilized in the
next chapter, namely the simulation code MSEsim and the spectral fitting code
MSEfit.

5.3.1

MSEsim

MSEsim is a code which can be used to simulate MSE spectra [10, 11]. More
precisely the code simulates a measurement of the MSE spectrum, under a
given configuration of the experimental collection optics, plasma equilibrium
and beam parameters.
The base Stokes vectors, without non-statistical populations due to electron
density taken into account, are calculated using the full Stark-Paschen-Back
description. Thus, in addition to the motional electric field the effect of the
magnetic field is taken into account.
The effect of the electron density on the Stark line intensities is incorporated by multiplying the Stokes vectors of the individual lines by corresponding
correction factors. Presently the code takes one electron density for the whole
plasma, and for TEXTOR simulations the approximate density in the plasma
center ne = 2[1019 m−3 ] was used. Note that in principle it is possible to have
different electron densities for different positions in the plasma, by running separate simulations for different measurement channels.
Since the output of the code gives the full Stokes vectors of the simulated
spectra, Mueller calculus can be used to simulate the effects of optical components on the measured spectra. This will be exploited in the next chapter,
where relevant simulations are employed to investigate spectral MSE measurements that include a linear polarizer in the setup.

5.3.2

MSEfit

MSEfit is a code that was written to fit measured MSE spectra at TEXTOR
[12]. The code as used in this report is specifically tailored to the experimental
setup discussed in the next chapter, which includes a linear polarizer applied
to the spectrum. The goal of the fitting procedure is to measure the ratio of
total π intensity to total σ intensity, denoted Iπ /Iσ , and to relate this to the
magnetic field at the point of emission.
At the basis of the code is the calculation of an MSE spectrum, which is
based on physical parameters describing the experimental setup and the neutral
beam. This calculated spectrum can then be fitted to a measured spectrum, by
varying a specified selection of the involved parameters. An important part in
the code is the calculation of the shape and position for each of the nine Stark
lines, which is dependent upon the integration of the line of sight over the beam
cross-section. Each of the nine lines is modeled as a Gaussian curve in terms of
the wavelength λ:
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I0
√ exp(−
f (λ) =
λw0 π



λ − λ0
λw0

2

)

(5.7)

The broadening λw0 and location λ0 of the lines come from a calculation
based on the geometry of the neutral beam, along with relevant physical parameters such as the magnetic field. The full calculation of the Gaussian is
described in appendix C.
The electron density effect on the relative intensities of π and σ lines, as
well as the Paschen-Back effect, are not taken into account in MSEfit. The
implications of this will be discussed in the next chapter.
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Chapter 6

Challenges of spectral MSE
measurements on TEXTOR
This chapter concerns old spectral MSE measurements for q-profile reconstruction on TEXTOR, according to the method described in [12]. The method
and setup of the experiment will first be discussed, and then the results will be
examined.

6.1
6.1.1

experimental method and setup
experimental method

Most conventional MSE diagnostics measure the polarization state of a line in
the Stark spectrum which is emitted by neutral beam particles. This can then
be related back to the magnetic pitch angle at the point of emission, as discussed
in the previous chapter.
This chapter examines the possibility to extract pitch angle information from
an emitted Stark intensity spectrum, without directly measuring the polarization states of the emitted light [12]. In particular, the method discussed here
utilizes the intensity ratio between π and σ lines in the emitted radiation. As
will be discussed below, the ’raw’ Iπ /Iσ ratio is itself dependent on the pitch
angle, but not very sensitively so for the specific viewing geometry of the utilized setup. This is why a linear polarizer was added to the setup, in order to
enhance the spectral sensitivity to the pitch angle.
The raw variation of Iπ /Iσ as a function of pitch angle stems from the
general anisotropy of Stark radiation. If the angle between the wave vector of
the emitted light and the (motional) electric field is denoted by θ, then the
π-line intensity scales as sin(θ)2 while the σ-line intensity scales as 1 + cos(θ)2
[13]. When the atomic states involved in the Stark radiation are statistically
populated, the intensity ratio of the π and σ lines is given by:
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Iπ
sin(θ)2
=
Iσ
1 + cos(θ)2

(6.1)

Note that for θ ≈ 90◦ , the Iπ /Iσ ratio is approximately one. In the experimental setup under investigation here (see next section) the line of sight -or
wave vector of emitted light- is horizontal, while the motional Stark electric field
is approximately vertical because both the neutral beam and the magnetic field
lie approximately in the horizontal plane. This is why only very small variations in Iπ /Iσ are expected for this viewing geometry. This is the motivation
for adding a linear polarizer to the spectral measurement, in order to exploit
the fact that the π and σ lines are polarized parallel and perpendicular to the
motional electric field, respectively.
The effect of the polarizer on the measured Iπ /Iσ ratio is approximated by
assuming that the π as well as σ lines are linearly polarized. This is in itself an
approximation which assumes that θ ≈ 90◦ , because in principle the emitted σ
light has an unpolarized component when θ 6= 90◦ . Now the effect of an added
linear polarizer under angle αp on the measured intensity ratio can be written
as follows:
1
sin(θ)2
Iπ
=
2
2
Iσ
1 + cos(θ) tan (αp − γ)

(6.2)

Here γ is the polarization angle of the incoming light, which is related to
the magnetic pitch angle γp as described in equation (5.3) from the previous
chapter.
The goal is thus to measure the Iπ /Iσ ratio, and to relate this to the magnetic
pitch angle in the plasma.

6.1.2

experimental setup

The experimental setup is schematically drawn in figure 6.1. The light from the
neutral beam is collected from ’behind’, resulting in a redshift of Balmer-α lines
emitted by neutral beam particles. At the collection optics the light is passed
through a prism, which bends the light onto the utilized polarizer. Then the
light is led via fibers to the spectrometer, which is outside the torus hall.
An example of a recorded spectrum, with an explanation of the visible features, is in figure 6.2.

6.2
6.2.1

application of MSEfit
Application to experimental data

The experimental data utilized in this chapter was measured at TEXTOR in
2004, using the method described in the previous section. Because the current
ramp is of interest for q-profile evolution, a shot was selected where the measurements started early in the current ramp. The shot under investigation is shot
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Figure 6.1: This figure shows a schematic depiction of the setup used for the
Beam emission MSE measurements. The neutral beam (blue) enters the plasma
(depicted by the black lines) from below. The view-lines from the collection optics
to the neutral beam indicate that the recorded beam emission spectra will be redshifted. The amount of redshift can then be used to infer the radial positions of
the measurements.
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Figure 6.2: This figure shows a measurement of the beam emission spectrum for
Deuterium. The stationary Balmer-α line is on the left, and in combination
with the two reference carbon lines this can be used to determine the dispersion
of the spectrometer. The beam emission spectrum consists of three peaks: the
full, half and third energy components (this is due to some of the atoms being
accelerated as D2 and D3 molecules). Each peak consists of σ lines (in the
center) and π lines (at the edges). The objective of the measurement is now to
determine the intensity ratio between the π and σ lines.
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Figure 6.3: MSEfit results for shot #95631, at t=0.86 [s]. The reconstructed
BZ /Bt profile has a magnetic axis (i.e. BZ = 0) around R=2[m], and the sign
near the plasma edge is reversed compared to what is expected from the direction
of the plasma current.
#95631, which has a current ramp from 100 to 350 [kA] in the timespan from
0.05 to 0.25 [s], with neutral beam injection (and spectral MSE data) starting
at 0.1 [s].
In figure 6.3 is a plot of the Iπ /Iσ ratio from MSEfit, for time t=0.86 [s].
The same figure also contains the corresponding BZ -profile as interpreted by
MSEfit. This profile looks skewed for a variety of reasons, such as the location
of the magnetic axis (BZ = 0) at approximately 2 [m], and the fact that BZ at
the edge is positive while it is expected to be negative there due to the direction
of the current as reported in the TEXTOR database. If the current was in fact
reversed (or equivalently, the polarizer angle was at −45o instead of 45o ), that
still leaves the position of the magnetic axis problematically deviating from the
expected value at about 1.8 [m] (ion-temperature data from charge-exchange
measurements show a maximum at approximately 1.8 [m]).
Figure 6.4 contains a plot of one particular spectral fit. The fit is seen to
deviate from the measured data, and the shape looks to be both quantitatively
and qualitatively off. This also indicates that the error-bars in the measurements
from figure 6.3 may be unreliable, because they are based on the fitting of a
model whose best fit does not correctly replicate the data.
The results presented in this section are unsatisfactory, both because the
interpreted BZ /Bt profile is unrealistic, and because the individual fits of the
Stark spectra are visibly off. This shows that MSEfit has difficulties with fitting
and interpreting the experimental data, which may be because MSEfit does not
take into account all relevant physics, or because there is some unknown error
in the experimental data.
These considerations suggested the application of MSEfit on simulated MSE
spectra, which are ideal in the sense that they are not affected by experimental
errors, and the real Iπ /Iσ ratio for a given magnetic field configuration is known
a priori. This enables a direct comparison of MSEfit results with the input values
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Figure 6.4: Fit results for one channel. The fit (blue dotted curve) does not
replicate the the measured spectrum. Note that this fit was hand-tailored by
allowing the fitting of some global parameters such as the beam divergence, which
are fixed for the various channels in figure 6.3. The fits used in constructing
that figure will thus generally be worse.
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Figure 6.5: The results of MSEfit when applied to simulated Stark spectra. There
is an error in the fits of order 10%, indicating that the code has trouble with
fitting the profiles. The error in the reconstructed Bz /Bt profile is even larger,
showing that the interpretation of fitted values is not correct. Note that for some
of the simulated channels the fits did not converge towards a reasonable shape
(e.g. resulting in negative Iπ /Iσ values), and the results of those fits have been
left out of the plot.
of these quantities, in idealized experimental circumstances.

6.2.2

Application to simulations

Figure 6.5 contains a plot of a simulated Iπ /Iσ profile, versus a fitted Iπ /Iσ
profile from MSEfit. Although the overall trend of the fitted Iπ /Iσ profile is
approximately the same as the input profile, the fit results are still off by a
factor of approximately 10%. This indicates that the calculation model used
for the fitting routine cannot reproduce the MSE spectra correctly. The same
figure also contains a plot of the respective Bz /Bt profiles, where it is seen that
MSEfit does not interpret the simulated spectra correctly. These plots also show
the unreliability of the error bars from MSEfit.
Note that the fitting of a correct physical model is essential to get correct
Iπ /Iσ ratios from a measured MSE spectrum. To illustrate this, consider figure
6.6. Here the various simulated spectra were fitted with three Gaussian curves
(each Gaussian representing three π or σ lines). As one might expect from
the visual appearance of the spectra, this produces a very good fit of the data.
However, the thus obtained Iπ /Iσ profiles are incorrect. This indicates the need
for correct modeling of the Stark spectrum, not only for interpreting fitted Iπ /Iσ
profiles but also for the fit itself.
The results from this section indicate that MSEfit does not handle MSE
spectra well, both in fitting and in interpreting the fits. On the basis of the
comparison with simulations, possible explanations may be the electron density effect or Paschen-Back effect, which are included in the simulations from
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Figure 6.6: The obtained Iπ /Iσ profile from fitting three Gaussian curves to the
simulated spectra (where the two π-line Gaussians were constrained to have the
same integrated intensity), versus the known real values. To the right is the fit
of one channel which yields a large Iπ /Iσ deviation from the real value. It is
observed that even though the fit looks good, the resultant Iπ /Iσ value is not
reliable.
MSEsim but not in the fitting routine of MSEfit. Additionally, experimental
uncertainties may contribute to the difficulties of fitting and interpreting the
real-world data from the previous section. In the next section, several hypotheses for bad fit results are examined:
• the electron density of the plasma affects the relative intensities of the
nine Stark lines, which is not taken into account in MSEfit.
• the Paschen-Back effect affects the relative line intensities and polarization
states of the nine Stark lines, which is not taken into account in MSEfit.
• The polarizer angle may have been off from the nominal 45o .
• The prism which was used to bend the light onto the detector may have
affected the polarization states of throughput light.

6.3

Analysis of complicating factors

In this section the hypotheses from the previous section are examined, which
may lead to skewed experimental results or bad fits and interpretations by MSEfit. First the effects of physics which is not included in MSEfit (the electron
density and Paschen-Back effects) will be examined. Then the possible effects
of experimental errors and uncertainties will be discussed.
For the simulations in this chapter, a representative mock equilibrium was
generated according to the method outlined in appendix B. The parameters used
for the equilibrium were Ip = 350[kA], q0 = 0.8, B0 = 2.25[T ] and ss = 0.04[cm].
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Figure 6.7: Iπ /Iσ ratio profile for statistical populations of the Stark states, and
for the TEXTOR-relevant density ne = 2[1019 m−3 ].

6.3.1

electron density

As mentioned in the previous chapter, the electron density in the plasma has
an effect on the relative emission intensities of lines in the Stark spectrum. The
plot in figure 6.7 contains simulated Iπ /Iσ profiles for the relevant TEXTOR
density ne = 2[1019 m−3 ], and for the case where the Stark states are statistically
populated. It can be seen that for the statistical case, the resultant Iπ /Iσ profile
becomes lower, as expected.
Note that the electron density affects the relative intensities between all nine
Stark lines. This means that it theoretically may present a fitting problem for
MSEfit, where the relative intensities of the six π and three σ lines are fixed
with respect to each other (only the global π/σ ratio is varied during the fit).
For small density variations, the effect on Iπ /Iσ is very small (consider also
that the plot in figure 5.2 is logarithmic). This means that it is justified in
the simulations to take only one representative density for the whole plasma.
however, for relating Iπ /Iσ profiles to the magnetic field using e.g. MSEfit the
overall difference compared to the statistical case has to be taken into account.

6.3.2

Paschen-Back effect

The Paschen-Back effect is present in addition to the Stark effect, and generally
has an influence on the relative intensities and polarization states of lines in the
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Figure 6.8: Plots of two different Iπ /Iσ profiles, where for only one of the plots
the Paschen-Back effect was incorporated in the simulation. It is observed that
the Paschen-Back effect adds a factor which is dependent on the measurement
location. Note that nearer the center of the plasma, the angle between the neutral
beam and the magnetic field is smaller, and thus the motional electric field is
smaller as well. This translates to a larger relative change when incorporating
the Paschen-Back effect (because the ratio of magnetic field to motional electric
field is higher in that region).
Stark spectrum. As the effect is implemented in the simulation code MSEsim,
it is possible to directly test the effect of the Paschen-Back effect on a measured
spectrum.
In figure 6.8 is a plot of two different Iπ /Iσ profiles, where for one of the
plots the Paschen-Back effect was switched off in the simulation (otherwise all
simulated parameters were kept the same). It is observed that the Paschen-Back
effect has a relevant impact on the Iπ /Iσ profile, by introducing an extra scaling
factor that varies over the relative strengths of the motional electric field and
the magnetic field, and therefore differs between measurement locations.
Figure 6.9 shows the application of MSEfit on simulations where the PaschenBack effect and electron density effect have been turned off. It is observed that
the interpretation of the fits is notably better than in figure 6.5. However, the
reconstructed magnetic field still yields e.g. the wrong magnetic axes (where
BZ /Bt = 0), and related to that the error-bars are still off.
In the following subsections two important experimental uncertainties are
examined, namely the angle of the utilized linear polarizer and the possible
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Figure 6.9: The results of MSEfit when applied to simulated Stark spectra, where
the Paschen-Back effect has been turned off and the electron density has been
set high enough that the line intensities are in the statistical regime.
effects of the prism on throughput light.

6.3.3

the angle of the polarizer

One experimental parameter that is a direct input for the MSEfit routine, is
the angle of the polarizer which is applied to the incoming light. Nominally this
angle is 45◦ for the utilized measurements, but a wrong setting may affect the
interpretation of measurements. The effect of varying the polarizer angle was
investigated through simulations.
In figure 6.10 are the simulated Iπ /Iσ profiles for three different polarizer
angles. The effect of a 1o error in polarizer angle is observed to be a shift
in the Iπ /Iσ profile of approximately 7%. For the accurate interpretation of
measurements, the simulations indicate that the polarizer angle should thus be
set (or at least known) accurately.
The polarizer angle which was used for the old experimental data is impossible to check for actual accuracy, but the effect of a small error in this
angle cannot account for the unexpected experimental Iπ /Iσ profile that was
presented in the beginning of this chapter.

6.3.4

the prism

In the setup which was utilized for the spectral MSE measurements, a prism was
used to bend emitted light from the plasma onto the diagnostic’s optics. The
effect of this prism on the polarization states of throughput light has previously
not been taken into account.
Measurements on a similar prism were performed using the setup as sketched
in figure 6.11. After the light enters the prism it first undergoes a reflection on
a metal coating, followed by a total internal reflection before exiting the prism.
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Figure 6.10: Simulated Iπ /Iσ profiles for different polarizer angles. The result
of a one degree change (or error) in this angle was found to be a shift of the
Iπ /Iσ profile by approximately 7%.
As light source a red LED was used with a central wavelength at approximately
640 [nm], which is close to the 656 [nm] of the Balmer-α line used in MSE
measurements. Polarizer one was used to select the incoming polarization angle.
To determine the polarization state of the outgoing light, measurements were
taken over a range of values for the polarization angle of polarizer two.
Reflection of light on a surface is described by the fresnel equations. These
equations relate the reflected electromagnetic waves to the incoming waves, as
a function of incident angle θ (the angle between the incoming wave-vector and
surface normal) and the ratio of refractive indices of the media on both sides
of the reflective surface n = n2 /n1 . The fresnel equations for reflection are as
follows [14]:
√
Er
cosθ − n2 − sin2 θ
√
=
(6.3)
rT E =
E
cosθ + n2 − sin2 θ
√
−n2 cosθ − n2 − sin2 θ
Er
√
=
(6.4)
rT M =
E
n2 cosθ + n2 − sin2 θ
Here Er is the electric field amplitude of the reflected wave, while E is the
electric field amplitude of the incoming wave. rT E and rT M are the reflection
coefficients for waves polarized perpendicular (Transverse Electric) and parallel
(Transverse Magnetic) with respect to the reflection plane, respectively.
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Figure 6.11: Schematic depiction of the experimental setup used to investigate
the prism, and the path of the light as it travels through the prism. The first
reflection is on a metal coating, while the second reflection is a total internal
reflection.
For total internal reflection (n2 < n1 ) and reflection on a material with complex refractive index, the reflection coefficients are generally complex numbers,
i.e. r = |r|eiφ . In this case |r| is the reflected amplitude ratio, while φ indicates a phase shift in the reflected light. Because rT E and rT M are different,
a relative amplitude difference and/or phase shift may arise between different
polarization components of the reflected light. This in turn leads to rotation of
the polarization axis and a change in ellipticity of the light (which depends on
the relative phase difference of the polarization components). Note that for two
consecutive reflections, the ’net’ reflection coefficient is obtained by multiplying
the individual coefficients, which means the phase shifts are added while the
amplitude ratios are multiplied.
Experiments were done for a representative position (incident angle) of the
prism. The experimental results are curves of the photo-diode voltage plotted
against the angle of polarizer two (each curve corresponding to one angle of
polarizer one). The experimental data, along with sine fits, are plotted in figure
6.12. From these experiments, parameters were determined which describe the
outgoing polarization ellipse. The obtained data was used to construct a Mueller
matrix for the prism under the measured geometry (the exact Mueller matrix
is dependent on the incident angle). The derivation of the Mueller matrix from
the experimental data is discussed in Appendix A.
With the Mueller matrix available, its effects on a simulated MSE spectrum
can be directly calculated. Figure 6.13 contains a plot of the Iπ /Iσ profile with
and without the prism effects applied. Note that the reflection amplitudes which
define effect of the prism on the measurements are dependent on the incident
angle, so in principle the prism’s Mueller matrix is different for each channel,
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Figure 6.12: A plot of measured data (scattered) and sine fits to the data (lines).
These sine fits were used to derive the reflective properties of the prism, as
discussed in Appendix A.
and to calculate it exactly the exact position and rotation of the prism in the
experimental setup would have to be taken into account. However, it is readily
observed that the prism does have an effect on the shape and scaling of Iπ /Iσ
profile, so for accurate experiments the prism should be fully characterized and
its position with respect to the different measured channels should be taken into
account.

6.4

conclusions and thoughts on the TEXTOR
measurements

It has been found, with the help of numerical simulations, that Stark spectra
are dependent on several factors which have not been previously taken into
account for spectral MSE measurements at TEXTOR. The interpretation of
measurements is problematic because the available fitting routine MSEfit does
not take into account all relevant physical parameters for a correct fit of Iπ /Iσ ,
and the conversion of the obtained (generally wrong) Iπ /Iσ value to the magnetic
pitch angle is also erroneous.
Besides sensitivity of the method on experimental parameters which are hard
to retrieve for past experiments (such as the exact angle of the polarizer, and the
exact location of the aperture/prism), important physics-related effects which
are not taken into account in MSEfit include:
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Figure 6.13: This figure shows a plot of the raw Iπ /Iσ profile versus the same
profile after application of the derived prism Mueller matrix. Note that the
applied Mueller matrix was calculated for one value of the relative phase shift
(taken as 60o , see appendix A), the exact effect would depend on the incident
angle as well.
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• A non-statistical population of upper Stark states due to the relatively low
electron density (ne ≈ 1019 [m−3 ]), resulting in different intensity ratios of
the various Stark lines. This results in a shift in Iπ /Iσ as a function of
density, and also discredits some fitting assumptions of MSEfit (which
includes fixed intensity relations between individual π and σ lines).
• The Paschen-Back effect, which influences the relative intensities and polarization states of the different Stark lines through the strong magnetic
field which is present. Like the electron density, this adversely affects both
the interpretation of fits and the fitting itself.
• The effect of the prism that was used to bend the incoming light onto the
fibers, which has an effect on the polarization state and amplitude of light
which passes through.
All of these effects influence the Iπ /Iσ ratio, as was demonstrated through
simulations. The failure of MSEfit to take all relevant parameters into account,
and the impossibility to check the exact experimental setup for the old measurements, led to the dismissal of the obtained fit-results as untrustworthy. It is
also noteworthy to mention that in [12], where some results are reported using
this method, mention is made of the fact that the polarizer angle was modeled
as 38o even though it was set at 45o , in order to account for an experimentally
determined calibration factor. This ’anomalous’ calibration factor may however very well be explained by a combination of the electron density effect and
Paschen-Back effect.
All identified complications still may not offer a satisfactory explanation for
the experimental data which was discussed in the first section of this chapter,
because the shape of the reconstructed BZ /Bt profile is so far off from basic
expectations. This indicates there may still be an unexplained experimental
error in said data. Later it was found that some earlier MSE data does look
better qualitatively. A quick investigation of some older shots revealed that
somewhere around June 2004 the qualitative properties of the measurements
seem to change towards the strange results as presented at the beginning of this
chapter.
Note that the hitherto discussed physics-related and experimental difficulties still apply even to very good measurements, and it has been shown that
application of MSEfit to e.g. ideal simulated spectra also gives wrong results for
magnetic field reconstruction. This leads to the final conclusion that presently
the MSEfit results of experimental data should not be trusted to give either the
right Iπ /Iσ values nor the right interpretation of the magnetic field from these
values.
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Chapter 7

conclusion
7.1

equilibrium reconstruction

A simple equilibrium reconstruction code was used to calculate the q-profile evolution for TEXTOR discharges. The calculated q-profiles show some qualitative
agreement with sawtooth behavior, having a central value around q = 1 when
the sawtooth instability occurs. Quantitatively the obtained q profiles were
found to be unreliable however, with heavy fluctuating values for the central
safety factor, and q-profiles well above q = 1 at observed sawtooth radii.
Further analysis of the code revealed that the equilibrium is not consistently
solved. This, in combination with the sensitive dependence of the q-profile on
the input pressure profile, led to the conclusion that the obtained values of q are
unreliable and unsuited for comparison with e.g. current diffusion simulations.

7.2

spectral MSE measurements

Old spectral MSE measurements were examined for a TEXTOR shot with NBI
during the current ramp. The interpretation of the measured spectra by MSEfit
gave results that were contrary to basic expectations of the plasma equilibrium.
This led to the conjecture of possible causes affecting the measured spectra, that
were not taken into account in the fitting procedure. Two particular physicsrelated issues were singled out, which are not taken into account in MSEfit:
• the effect of electron density on the population levels of the involved atomic
states
• the effect of the magnetic field on the emitted spectrum
Besides these missing physics effects, it was also found that several experimental factors may have influenced the measurements significantly. For example
the exact setting of the polarizer angle has a significant impact on the Iπ /Iσ
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profile, as well as the prism which was used to bend emitted light onto the
collection optics.
The work presented in this report shows that great care has to be taken when
interpreting spectral MSE measurements, even if the obtained fits to experimental data look good. Furthermore, based on these findings it was concluded that
in its present state MSEfit is not suitable for the reconstruction of the q-profile
at TEXTOR from such spectral MSE measurements.
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Appendix A

prism calculation
The Mueller matrix for a linear polarizer with polarization axis at angle θ is
given by:


1
cos 2θ
sin 2θ
0
1 cos 2θ
cos2 2θ
sin 2θ cos 2θ 0

Mlinpol (θ) = 
(A.1)

sin2 2θ
0
2 sin 2θ sin 2θ cos 2θ
0
0
0
0

The Stokes vector for elliptical polarization can be written as follows when
A denotes the long axis of the polarization ellipse, B the short axis, φ the
inclination angle and h the rotation direction (see figure A.1):


A2 + B 2
(A2 − B 2 ) cos 2φ

(A.2)
S(A, B, φ, h) = 
 (A2 − B 2 ) sin 2φ 
2ABh

Figure A.1: A schematic overview of the polarization ellipse, with the
parametrization which was used for the calculations in this section.

52

The intensity (first Stokes component) after leading elliptically polarized
light through a linear polarizer becomes:

I=


1
(A2 + B 2 ) + (A2 − B 2 ) cos(2φ) cos(2θ) + (A2 − B 2 ) sin(2φ) sin(2θ)
2

1
=
(A2 + B 2 ) + (A2 − B 2 ) cos(2(θ − φ)) (A.3)
2

Thus, by varying the angle of polarizer two in the utilized experimental setup
(figure 6.11), we can determine (A2 + B 2 ) (from the offset of a fitted cosine),
(A2 −B 2 ) (from the amplitude of a fitted cosine) and the ellipse inclination angle
φ (from the angular shift of a fitted cosine). Note that a quick way to detect
ellipticity is to compare the amplitude of a fitted cosine with its offset, because
if these are not the same (i.e. the cosine does not have a minimum at zero), then
B 6= 0. This way it can be observed in figure 6.12 that for input polarization
angles of 0 and -90 degrees (purple and black lines), the outgoing light from
the prism is linearly polarized, while for input angles of -30 and -60 degrees
(blue and red lines) the light is elliptically polarized. This is consistent with the
expectation of a relative phase shift between TE and TM modes. Note that the
intensity maxima indicate that the polarization angles of the outgoing light are
mirrored compared to the input, which indicates a base relative phase shift of π
radians. Note that for the spectral MSE measurements under investigation, this
mirroring has the same effect (under the particular experimental geometry) as
e.g. reversing the direction of either the plasma current or the toroidal magnetic
field, or of setting the polarizer angle at -45 degrees instead of 45 degrees.
Now we would like to know the relative amplitude and relative phase shift of
the electromagnetic TE and TM modes, in order to relate these to the reflections
in the intervening prism. In order to do this, the elliptical axes A and B can
be written in terms of electromagnetic amplitude |E|, the relative amplitude of
E
modes Exy = tan(α) and the relative phase difference β:
A2 + B 2 = |E|2
q
A2 − B 2 = |E|2 1 − sin2 (2α) sin2 (β)

(A.4)
(A.5)

The amplitude ratio angle α is dependent on the amplitude ratio of the
incoming light, and on the modification thereof during the metallic reflection
(For total internal reflection the reflection coefficients for both TE and TM
waves have modulus one, so the internal reflection does not change the amplitude
ratio). A ’relative amplitude reflection coefficient’ for TE and TM polarization
|r|T E
, which can be determined from the measurements
can be defined as rrel = |r|
TM
with polarizer one set to 0 and -90 degrees. This relative amplitude coefficient
leads to the following expression for α as function of incoming polarization angle
γ:
α = tan−1 (rrel (tan γ))
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(A.6)

Now the relative phase shift β can be written as a function of α, (A2 + B 2 )
and (A2 − B 2 ) (using equations (A.4) and (A.4)):
!
r
1
A2 − B 2 2
−1
β = sin
1−( 2
)
(A.7)
sin(2α)
A + B2
From the available experimental data, rrel and β were determined to be 1.01
and 33o (apart from a factor of π radians, corresponding to the ’mirroring’ of
polarization angles), respectively. Then the Mueller matrix for a general relative
reflection amplitude and relative phase shift was determined to be the following:
1


0
0 

Mprism (rrel , β) = |rT E ||rT M | 
− sin β 
cos β
(A.8)
Finally it should be noted that the pre-factor |rT E ||rT M | for this matrix has
not been determined. The matrix was thus applied without the pre-factor, but
because it was used to calculate the intensity ratio of different lines in a spectrum
this does not matter (i.e. the pre-factor just gives a scalar multiplication of the
full spectrum, not affecting relative intensities).
This reconstructed Mueller matrix could thereafter be tested, to see if it
reproduced the experimental results (up to a scaling factor). In figure A.2 is
a comparison of the experimental results, together with the curves that result
from applying the derived Mueller matrix on Stokes vectors of linearly polarized
light. The observed correspondence shows that the calculated Mueller matrix
indeed describes the effect of the prism on incoming linearly polarized light.
The prism which was used in the original TEXTOR experiments had a
refractive index of n = 1.8, which changes the reflective properties of the prism.
Since the largest effect of the prism is due to the relative phase shift β on total
internal reflection, this phase shift was recalculated for the original prism from
the Fresnel equations (6.3) and (6.4). For an incident angle around 50o , which
is expected based on the experimental setup, a relative phase shift of β = 60o
is found (up to a term of π radians). This value was used for the calculation of
the prism effect in the main text.
2 (rrel
 1 (rrel
2

−1
+ rrel
)
−1
− rrel
)
0
0
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1
2 (rrel
1
2 (rrel

−1
− rrel
)
0
−1
+ rrel
)
0
0
cos β
0
sin β

Figure A.2: The calculated Mueller matrix was applied to Stokes vectors describing linear polarization (solid lines). This reproduced the experimental results
(scatter plots), indicating that the Mueller matrix description is correct.
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Appendix B

circular equilibrium
approximation
For the MSE simulations in chapter 6, input magnetic fields have to be given.
To generate these magnetic fields for TEXTOR simulations, a simple circular
model was used which relates the magnetic field structure (pitch angle) to the
q-profile.
The input for the equilibrium are the plasma current Ip , the toroidal magnetic field at the geometric radius B0 , the Shafranov shift ss and the safety
factor at the magnetic axis q0 .
Now the (circular) flux surfaces can be identified with their minor radii r,
calculated as function of major radius R and the Shafranov shift as follows:
r = R − R0 + ss(1 − (r/a)2 )(lowf ieldside)

(B.1)

r = R0 − R − ss(1 − (r/a)2 )(highf ieldside)

(B.2)

Here R0 = 1.75[m] is the major radius of the plasma and a = 0.45[m] is the
minor radius of the plasma.
The q-profile, which is a flux function, can now be written in terms of this
radial coordinate r (a quadratic relation was selected):
q = (qa − q0 )(r/a)2 + q0

(B.3)

where qa , the value of q at the plasma edge, is calculated from the plasma
current and toroidal magnetic field:
qa =

2πa2 B0
µ0 Ip

(B.4)

From the obtained q-profile, the magnetic pitch angle is extracted using a
cylindrical approximation per flux surface:
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tan γp =

BZ
r
R
=−
Bt
q (R0 + ss(1 − (r/a)2 ))2
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(B.5)

Appendix C

The calculation of the Stark
spectrum in MSEfit
The following pages were written by M.F.M. de Bock in 2004, and they describe
the calculation of Stark line-broadening and shifting in MSEfit.
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4

Calculation of the broadening of stark line

In essence a stark line is just a gaussian. The centre of this gaussian is the ‘normal’ position λ◦ (no electric field, no velocity = Hα position) plus the doppler
shift λd (due to the beam velocity) plus the stark shift λs (due to the induced
electric Lorentz field):
f (λ) =

I◦
√

λw 0 π

exp(−



λ − λ0
λ w0

2

)=

I◦
√

λ w0 π

exp(−



λ − λ ◦ − λ d − λs
λ w0

2

)

(7)
λ◦ comes from atomic theory, λd and λs can be calculated form the beam
velocity v, the magnetic field B and the angles with the neutral beam. We
call the angle between line-of-sight and neutral beam κ, the angle between total
magnetic field and neutral beam we call α. The doppler and stark shift are:
λd
λs

4.1

λ◦ v
cos κ
c
e ao λ2◦
= n
v B sin α
hc
=

n = −4, −3, ..., +3, +4

(8)

δ-dependance of λd and λs

If there is a beam divergence δ these κ and α angles will change. The situation is
easiest for the doppler shift: κ = κ◦ − δ. As seen in figure 1 κ becomes smaller
with positive δ.
For α the situation is more complicated. When going from the point δ = 0
to the point where δ = δ over the line of sight you undergo a toroidal rotation ξ
(see figure 1), thus the direction of the magnetic field changes an angle ξ. On top
of that the angle of the neutral beam changes with δ. We get: α = α◦ − ξ − δ.
Using some goniometry we find an expression of ξ as a function of d. d being
the distance between the points on the l.o.s. where δ = 0 and δ = δ.
s = R2 sin ξ
s = d sin β
= d cos(κ◦ − α◦ )
⇓
d cos(κ◦ − α◦ )
sin ξ =
R2

where β = π/2 − κ◦ + α◦

(9)

In order to find d as a function of δ we introduces a coordinate system: the
y-axis along the neutral beam and the x-axis perpendicular to it with the origin
in the crossing between neutral beam and line of sight (see figure 2). In this
coordinate system we have as equation for the line of sight:
y=

x
tan κ◦

4

(10)

Figure 1: geometry
We can also rewrite every point (x, y) as (δ, y), D being the distance from
the origin to the (virtual) convergence of the beam:
x = (D + y) tan δ
y = y

(11)

Combining (10) and (11) we get for (x(δ), y(δ)) on the line of sight:
x(δ)

=

(D + y(δ)) tan δ
x(δ)
= (D +
) tan δ
tan κ◦
D tan δ
=
tan δ
1 − tan
κ◦
= D tan δ

x(δ)
y(δ)

= Dδ
D
=
δ
tan κ◦

for small δ

(12)
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We can now write d as a function of δ:
d=

p

x2 + y 2 =

D
δ
sin κ◦

(13)

Finally – assuming a small δ, a small ξ and R1 = R2 = R (these assumption
are valid) – we get a expressions for κ(δ) and α(δ):
κ(δ)

= κ◦ − δ

α(δ)

= α◦ − (1 +

α(δ)

= α◦ − C.δ

D cos(κ◦ − α◦ )
)δ
R sin κ◦

Figure 2: geometry 2

6

(14)

We substitute (14) in (8) and get:
λd
λs

λd
λs

λd
λs
λd
λs

λH v
cos(κ◦ − δ)
c
e ao λ2H
= n
v B sin(α◦ − Cδ)
hc
⇓
λH v
=
(cos κ◦ cos δ + sin κ◦ sin δ)
c
e ao λ2H
= n
v B (sin α◦ cos(Cδ) − cos α◦ sin(Cδ))
hc
⇓
λH v
cos κ◦ (1 + tan κ◦ δ)
≈
c
Cδ
e ao λ2H
≈ n
v B sin α◦ (1 −
)
hc
tan α◦
⇓
≈ λd,◦ (1 + δ tan κ◦ )
Cδ
≈ λs,◦ (1 −
)
tan α◦
=

(15)

We can now write λ0 from equation (7) as a function of δ.
λ◦ + λ d + λs

Cδ
)
tan α◦
Cλs,◦
tan κ◦ ) −
)δ
tan α◦

= λ◦ + λd,◦ (1 + δ tan κ◦ ) + λs,◦ (1 −
= (λ◦ + λd,◦ + λs,◦ ) + (λd,◦
= A+Bδ

(16)

Leading to a new form of equation (7):
f (λ) =

4.2

I◦
√

λw 0 π

exp(−



λ − A − Bδ
λ w0

2

)

(17)

Distribution function of g(δ)

The thing we need next is the distribution function of δ over the line of sight.
First of all we define a 2D beam density profile. Using the coordinate system of
figure 2 a acceptable profile is:
n(x, y) = n◦ exp(−



x
x0

2

) exp(−

y
)
y0

(18)

Using equation (12) the distribution function of δ over the line of sight
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becomes:
g ∗ (δ)

2
Dδ
Dδ
−
)
Dδ0
tan κy0
 2
δ
δ
= n◦ exp(−
− )
δ0
δ1
= n◦ exp(−



(19)

The final normalized distribution function for δ then is:
 2
δ0
 2
exp(− 2δ
)
δ
δ
1
√
g(δ) =
exp(−
− )
δ0
δ1
δ0 π

4.3

(20)

Integration over the line of sight

We now integrate the gaussian from equation (17) over δ using the normalized
distribution function from (20):
Z ∞
f2 (λ) =
f (λ, δ) g(δ) dδ
−∞

I◦
√

exp(−



δ0
2δ1

2

) Z



∞

λ − A − Bδ
λw 0

2

√
exp(−
)
δ0 π
−∞
 2
δ
δ
× exp(−
− ) dδ
δ0
δ1
 2
δ0

2
exp(− 2δ
)
I◦
λ−A
1
√
√
=
)
exp(−
λw 0
λw 0 π
δ0 π

2
 2
Z ∞
Bδ
δ
δ
2 (λ − A) Bδ
×
exp(
)
exp(−
)
exp(−
− ) dδ
2
λw 0
λw 0
δ0
δ1
−∞

2 
2
I◦
δ0
λ−A
=
exp(−
−
)
λw 0 δ 0 π
2δ1
λw 0

2  2
Z ∞
B
1
2 (λ − A) B
1
×
exp(−[
+
] δ2 + [
− ] δ) dδ
λ w0
δ0
λ2w0
δ1
−∞

2 
2
I◦
δ0
λ−A
=
exp(−
−
)
λw 0 δ 0 π
2δ1
λw 0
Z ∞
×
exp(−a δ 2 + b δ) dδ
=

λw 0 π

−∞

=

I◦
exp(−
λw 0 δ 0 π



δ0
2δ1

2

−



8

λ−A
λw 0

2

) exp(

b2
)
4a

r

π
a

(21)

The a and b in the solution of (21) are:
a =
b

=



 2  2
B
1
+
λ w0
δ0
2 (λ − A) B
1
−
2
λw 0
δ1

(22)

Using these expressions for a and b we try to work out equation (21):
f2 (λ)

=

I◦
√ √ exp(−
λw 0 δ 0 a π

=
λw 0 δ 0
=

r

=

2

 2 √
1
δ0

−



λ−A
λw 0

exp(−
π



2

δ0
2δ1

+

2

b2
)
4a
−



λ−A
λ w0

2

+

B
[ 2 (λ−A)
−
λ2
w0

4a

1 2
δ1 ]

)

I◦
p
√
(Bδ0 )2 + λ2w0 π

1
B2
B
δ2
1
−
] (λ − A)2 −
(λ − A) − [ 02 −
])
2
4
2
λw 0
a λ w0
a δ 1 λ w0
4δ1
4 a δ12

I◦
√
(Bδ0 + λ2w0 π


1
B 2 δ2
B δ02
1
× exp(− 2 2 [a δ02 − 2 0 ] (λ − A)2 +
(λ − A) + 2 [δ04 λ2w0 a − δ02 λ2w0 ] )
λ w0 δ 0 a
λ w0
δ1
4δ1
p

p

)2

(Bδ0

I◦
√
+ λ2w0 π

)2

 B 2 δ2
B 2 δ02
B δ02
0
2
[
+
1
−
]
(λ
−
A)
+
(λ − A)
(Bδ0 )2 + λ2w0
λ2w0
λ2w0
δ1

1
+ 2 [B 2 δ04 + δ02 λ2w0 − δ02 λ2w0 ] )
4δ1
1

× exp(−

=

+

δ0
2δ1

B 2 (λ − A)2
1
δ02
(λ − A)2
B (λ − A)
−
+
+
−
)
4δ12
λ2w0
a λ4w0
4 a δ12
a δ1 λ2w0

× exp(−[
=

B
λw0

I◦
p
√
(Bδ0 )2 + λ2w0 π

× exp(−
=

I◦
2



p

(Bδ0

I◦
√
+ λ2w0 π

)2


B δ02
1
B 2 δ04 
2
(λ
−
A)
+
(λ
−
A)
+
)
Bδ0 )2 + λ2w0
δ1
4δ12

2
λ − A + (B δ02 )/(2 δ1 )
I◦
p
exp(−
)
√
Bδ0 )2 + λ2w0
(Bδ0 )2 + λ2w0 π

× exp(−
=

9

(23)

We can at last rewrite equation (23) into its final form:
I◦
√

λ w1

π

exp(−



λ − λ1
λ2w1

2

)

with
λ1
λ w1
B

B δ02
B δ02
= A−
= λ◦ + λd,◦ + λs,◦ −
2 δ1
2 δ1
q
2
2
=
λw0 + (B δ0 )
= λd,◦ tan κ◦ − (1 +

10

D cos(κ◦ − α◦ ) λs,◦
)
R sin(κ◦ )
tan α◦

(24)
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