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1. Abstract. 

Density variations in the ionosphere cause the refractive index to vary and thus elec­

tromagnetic waves to be affected while traveling through the ionosphere. These density 

variations can be caused by ionospheric waves. For one of these. the gravito-acoustic wave 

. which causes radio astronomical observations to be distorted. two approximate dispersion 

relations have been derived. The first one is the limiting case for an unmagnetized flat 

ionosphere. The second one is valid for a magnetized ionosphere where for the f-Iayer the 

Alfven velocity is far greater than the speed of sound and the phase velocity of the wave. 

The first dispersion relation has been derived before by E.A.P. Habraken [7], who used 

slightly different assumptions and started from a fiat geometry. In this report the disper­

sion relation is obtained as the lowest order approximation in a power series expansion in 

the inverse of the radius of the earth. The method used here allows for higher order 

effects. i.e. that of the curvature of the earth. to be computed. 

In the second part of the report ray path calculations are performed and correction 

terms for the ionospheric range error. i.e. the difference between optical phase path length 

and Euclidean distance are obtained. This difference is caused by an ionospheric refractive 

index that is slightly below 1. causing the optical phase path length. which is obtained in 

range measurements, to be somewhat less than the 'normal' distance. At first these calcu­

lations are done for an unmagnetized - and therefore isotropic" ionosphere and for the 

special case of east-west propagation in a magnetized ionosphere. Finally. the ray path cal­

culations are performed for waves under oblique incidence upon a magnetized ionosphere. 

where Booker's quartic method has been used. 
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waves in a magnetized ionosphere is discussed in a spherical coordinate system. 

Map of the field of radio source 3C147 from fig. 1. The spokes are the result of irre­
gularities. The more horizontal ones are caused by the slow ionospheric waves and 
the relatively vertical ones by fast irregularities. The source itself. shown in the 
lower left corner. has been subtracted from the measurement to improve the clarity 
of the intensity picture shown. The perturbations have intensities of about 0.3% of 
the intensity of the source itself. The circular structure in the figure is a result of 
observational and computational methods and is irrelevant here. 

Another effect produced in the ionosphere is the phase delay. Since the ionospheric 

medium is optically less dense in comparison with free space. it will take less time for a 

wave to traverse. This time period is the one measured on earth-satellite links. For dis-

tance measurements this is to be multiplied by the velocity of light. resulting in the opti .. 

cal phase path length. The distance thus found . however. is smaller than the Euclidean 

distance. The difference is the so-called ionospheric range error. that limits the accuracy of 

distance measurements. In chapter 5 the phase path for a wave will be derived and from 

that the optical phase path length and correction terms for this path are found. All this is 
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done for an unmagnetized ionosphere. 

In the next chapter a special case in the presence of a magnetic field is discussed. For pro­

pagation in east-west direction the refractive index tensor reduces to a diagonal tensor 

with the refractive index as element. allowing us to use the method derived for the 

unmagnetized case. 

Chapter 7 deals with the propagation properties of waves obliquely incident to the 

geomagnetic field. It is based on the method derived by H.G. Booker. 

I thank Prof. Dr. M.P.H. Weenink who coached me during my work and whose con­

tinuous interest, knowledge and insight have been a great help and stimulation. 

Han van Bussel 

Eindhoven. October 1986. 
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3. The ionosphere. 

3.1. Introduction. 

The earth is surrounded by a weakly ionized gaseous layer: the atmosphere The ioni-

zation is caused mainly by the sun's radiation. The earth's strong gravitational field keeps 

the ionosphere 'in place' and causes it to be almost horizontally stratified. The ionosphere 

is inftuenced by numerous factors, such as gravity. solar heating, photoionization. chemical 

reactions. meteors. vu1canic eruptions etc .. making it a very complex but interesting subject 

of study. 

3.2. Structure and nomenclature of the atmosphere. 

As stated before the horizontal stratification is one of the most striking features. In 

the atmosphere the gravitational force and the pressure gradient balance. They are related 

via the hydrostatic equation: 

dp = -pgdz 

If we assume the atmosphere to be an ideal gas. we have: 

p = nkT 

and thUS; in case of a constant temperature, 

-z 

p = poe n 

where 

H:= kT 
mg 

is the vertical scale height. 

3.1 

3.2 

3.3 

More than one way exists to classify the atmosphere as a function of altitude. 

depending on the parameter involved. There are classifications based on thermal structure. 

electron density. composition etc. The ionosphere definition according to the IEEE standard 

( 1969) is: 

".that part of a planetary atmosphere where ions and electrons are present in quantities 
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4. Equations. 

4.1. Introduction. 

In this chapter. some of the equations used in subsequent chapters will be derived. 

The derivations will be brief. since these can be found in most books on plasma physics 

and ionospheric waves. 

4.2. Plasma equations. 

We start the derivation of the plasma equations from the Vlasov equation. known 

also as the collisionless Boltzmann equation. This approximate equation - collisional 

effects are neglected - plays a major role in in a discussion in plasmas. It is: 

at I Oi + if ex' \17 I a + a a' \1 v I a = 0 

where 

I Oi = I Crt .i1 .t ) 

is the generally anisotropic one particle density function for particle kind O! and 

aa = g + !: (E + i1aXB) 

4.1 

4.2 

4.3 

The influence of the gravitational field is taken into account. because of its importance in 

the discussion of gravito-acoustic waves. 

Next we introduce some macroscopic variables: 

the particle density 

nOi = JI (){dV 

the mass density 

the charge density 

Pq", = q OiJI OIdif = q OInOi 
the center of mass fluid flow velocity 

4.4 

4.5 

4.6 

4.7 
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the current density 

- -+ -+- .... .... f; J 0/ - q 0/ V f O/dv - q OIn 01 v 0/ 4.8 

and finally. the pressure tensor 

4.9 

We now try to derive some relations between these variables by the method of moments. 

giving a more simple model for the plasma: the equations of magneto hydrodynamics. 

Define the n-th moment as: 

Mit [ ... 1.:11 = m; Jv ft 
[ ••• ]OIdv 

n. 
4.10 

With n = 0 the mass conservation equation results: 

4.11. 

For n = 1. we have the momentum equation 

...... = ....... .............-+ 
Pm DtvO/+'\l'P-Pm g -Pq E-JxB = 0 

a a a 
4.12 

Higher order moments could be derived. i.e. n ... 2 yields the equation of conservation of 

energy. but these are not used in subsequent chapters. 

The effect of collisions on the momentum of the particles can be included through the 

addition of a collision term in equation 1.12. We obtain: 

4.13 

where 11 is the collision frequency. 

In equation 1.12 the convective derivative has been used. It must be used if a time 

derivative is taken for any quantity corresponding to a particle moving in phase space. 

This particle in general has both a velocity and an acceleration and the change of position 

this causes in phase space gives rise to a time variation on top of the explicit time varia-

tion. Therefore the convective derivative is: 

4.14 

In cases where this derivative is used in this report. the quantities are independent of velo-

city. so the divergence vector in phase space is zero and equation 1.14 reduces to: 
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4.24 

If the change of state for the ideal gas is assumed adiabatic, Le. the gas doesn't exchange 

heat with its surroundings, we have DrQ = 0 and DtS = 0 and we have the adiabatic 

law: 

4.25 

The volume of the gas is: 

M NmNa 
V= -= 4.26 

P P 
where M is the total mass. m the average particle mass and Na is Avogadro's number. 

Inserting this. we find the law for a perfect gas and the adiabatic law 

1!..= RT = kT 
p mNa m 

Dt [p p -y 1 = 0 

4.4. Ray path equation. 

4.27 

4.28 

One of the ways to describe the propagation of electromagnetic waves in an inhomo-

geneous but isotropic plasma is by the method of geometrical optics. It can be used if the 

scale on which the inhomogeneities vary. is large compared with the wavelength of the 

waves traveling through. This approximation is valid for electromagnetic wave propaga-

tion in the GHz range. that will be studied in subsequent chapters. 

Consider an isotropic. inhomogeneous and source free medium. For monochromatic 

time variation. i.e. e jwl 
• Maxwell's equations after Fourier transformation with respect to 

. time are: 

\l XE = - jlJ)p.il 

"V xil = j lJ) EJ.LE 

"V-(EE) = 0 

"V {p.H) = 0 

4.29 

4.30 

4.31 

4.32 

where E = ECr,lJ)) , the permittivity and J.L = J.L (r ,lJ)) , the permeability contain the inho-

mogeneous properties of the medium. 
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S. Gravito-acoustic waves in a spherical atmosphere. 

S.l. Introduction. 

Gravito-acoustic waves are wave phenomena traveling in the atmosphere. They can 

exist because the atmosphere is stratified. which is caused by the presence of the gravita-

tional field. One of the effects of gravito-acoustic waves is the refraction of electro-

magnetic waves. since they periodically change atmospheric properties such as density and 

pressure and thus the refractive index. This can be observed in radio astronomy. where 

radio stars appear to fiuctuate with respect to their 'steady' position. 

In his report E.A.P. Habraken described gravito-acoustic waves in an atmosphere with 

fiat geometry. This chapter is concerned with the propagation of gravito-acoustic waves. 

perpendicular to the earth's magnetic field. in a spherical atmosphere. 

S.2. Gravito-acoustic waves in a spherical atmosphere. 

The following set of equations is valid: 

p r;; + 2W earth Xv = - \1'P + pg + JxB 

t + \1' {pv) = 0 

L [pp- y I + v'\7lpp-Y 1 = 0 at 
- :lB \1 X E = - JJ.::::.. at 

\1 xii = /1-;; + EQ/.L{} aE 
at 

J = (J' (E + v XB) + Pe V 

+ PeE 5.1 

5.2 

5.3 

5.4 

5.5 

5.6 

They are the momentum eqn. for a collisionless plasma. the mass eqn., adiabatic law, the 

Maxwell eqns and Ohm's law. 

Some assumptions are introduced: 

* (dearth = 0 (d IW"th < < W gravilo -acoustic • 
1 

1 See table 1 at the end of this chapter. 
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6. Ionospheric range CQrrection. 

6.1. Introduction. 

One of the limiting factors in the accuracy of range measurements from terrestrial 

points to satellites or astronomical radio sources is the refractive effect of the ionosphere. 

In this chapter approximations are derived for the ray trajectory and for the correction 

term of the optical (phase) path length as compared to the Euclidian distance. The 

infiuence of the geomagnetic field has not been taken into account. 

6.2. Ray-path equation. 

Assuming that the wavelength of the electro-magnetic waves is small compared to 

the scale of the inhomogeneities of the ionosphere. the geometric optical approximation can 

be used to determine the ray-path of an e.m. wave. The general formula is: 

'\In 6.1 

where 

n : refractive index, 

Ph : ray path. 

s : length as measured along the path from the starting point. 

Since the refractive index in the ionosphere is approximately one, the path of an 

electro-magnetic wave of (relatively) high frequency. will resemble a straight line. We 

choose the X-axis of the carthesian coordinate-system along this line. so the starting point 

of the ray is (x.y.z) .. (0.0,0) and the end-point (x.y.z) = 0.0.0). See fig. 1. 

r :: (Coj O. 0) 
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7. The effect of the earth's magnetic field for east-west propagation. 

7.1. Introduction. 

With the inclusion of the effect of the earth's magnetic field the ionosphere becomes 

an anisotropic medium. Some of the main effects introduced thus are: 

- production of ordinary and extra-ordinary waves. Le. the ionosphere is doubly-

refracting. 

- a difference between the direction of the ray-direction Le. the energy flow and the phase 

normal. 

- dependency of the refractive index on the angle of incidence of the ray with respect to 

the earth magnetic field. 

This implies the use of more complex techniques to determine the ray path. 

7.2. Propagation perpendicular to the earth's magnetic field. 

For waves traveling in the East-West direction. the refractive index remains a scalar 

quantity. Thus. the theory derived in the previous chapter remains valid. The magnetic 

field however splits an incoming arbitrarily polarized electromagnetic wave in general into 

an ordinary and an extra-ordinary wave. that have to be dealt with separately. 

* For the ordinary wave the refractive index is: 

w 2 

n 2 = 1--P-
w2 

2 2 = 1- wp0..!:!.L 
w 2 w 2 pO 

where wpo is the maximum plasma frequency in the considered profile. 

= 1 + eN 

2 wpo 
where e:= The ordinary wave is not influenced by the magnetic field. 2w 2 • 

7.1 

7.2 
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