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Summary
Wireless networks have gone through enormous changes in the recent past, developing from academic curiosities to a part of every-day life in the span of a few decades. As these developments
continue, new features are added continuously. One of the latest developments is multi-hop, where
packets travel through intermediate nodes to reach their destination. Unfortunately, the current
protocols are not designed with multi-hop in mind, and exhibit strange behaviour when used in
a multi-hop environment. Instead, new protocols have to be designed to provide multi-hop functionality. This is also true for the well-known IEEE 802.11 standard, for which the 802.11s mesh
amendment is currently being drafted. In order to successfully design these new protocols, the
problems with the current protocols have to be identified and understood. To this end we develop
a mathematical analysis of 802.11-based multi-hop networks.
We present an analysis that can be used to evaluate arbitrary topologies and multiple traffic flows in multi-hop networks. Reflecting the complexity of multi-hop networks, the analysis
presented consists of a number of different models. First is the model of the backoff process of
802.11, consisting of a Markov chain that describes the backoff parameters. Secondly we introduce
a model to track the interaction between nodes. This can be used to analyze packet collisions,
and to determine the time the backoff process of a node is frozen due to activity from other nodes.
This information is used to calculate the time it takes to successfully transmit a packet, which is
then used in the network model. This model consists of a product-form queueing network used
to approximate the packet throughput and delay. These models are combined into an iterative
algorithm to predict the multi-hop behaviour.
The resulting algorithm is implemented and compared to simulations. The algorithm however
does not always converge, which can be attributed to the behaviour of the wireless network itself.
The lack of convergence makes direct validation of the performance analysis impossible. We do
observe that the simulation output and the results from the analysis are close, suggesting that
the algorithm gives good results. We use the analysis to investigate some specific topologies, and
explain the behaviour of wireless networks in these cases.
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Chapter 1

Introduction
Wireless networks have gone through tremendous developments in the last few decades. These
developments continue, as new features are added continuously. One of these is multi-hop, where
packets can travel through intermediate nodes to reach their destination. However, simulation
studies like [76] and [124] have shown that it is insufficient to just add routing and forwarding
capabilities to current-day protocols to create multi-hop networks. As the current protocols are not
designed for multi-hop, they exhibit strange behaviour when used in these types of environments.
Instead, new protocols have to be designed to provide multi-hop functionality.
An example of such a protocol is the 802.11s mesh amendment for the well-known 802.11 WLAN
standard. This amendment enables multi-hop traffic for WLAN. Philips actively participates in
the ongoing standardization of 802.11s, and as such is interested in the shortcomings of multi-hop
networks in absence of a multi-hop specific protocol. Motivated by these considerations, we aim
to construct an mathematical model to analyze the workings of 802.11-based multi-hop networks.
In this chapter we outline the basics of wireless networks, and discuss some performance issues
associated with 802.11-based networks. We also give a brief overview of existing literature on the
analysis of these networks.

1.1
1.1.1

Network basics
Hierarchy

Before discussing wireless networks, we first describe a layer model for more general communication
networks.
We consider a communication network consisting of several nodes that transmit packets to each
other. In network design, it is common to divide the network structure into layers, stacked on top
of each other. Each of these layers represent a different part of the node, and a layer at one node
can only communicate with the equivalent layer at another node. However, when layer n at one
node sends a message to layer n at another, this communication does not go directly between two
level n layers. Instead, the message is passed down to the layer below, which again passes it down,
until the lowest layer is reached. This layer then sends the message through the communication
medium to the receiving node, where the message is passed up to layer n.
There exist a wide variety of models, each with a different set of layers. We discuss the five
most common layers, see Figure 1.1. From the highest layer down:
1
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Figure 1.1: Network model consisting of five layers (Winands [118]).
1. Application layer. This layer performs a variety of functions needed for applications. This
includes file transfer, e-mail etc.
2. Transport layer. This layer splits messages into packets and passes these down to the
network layer. It also monitors the transmission of these packets, and determines the rate
at which packets are sent.
3. Network layer. This layer is concerned with routing of packets. The network layer also
decides when to accept packets from the transport layer, and when to send packets to lower
layers. Because of this, the network layer is important for congestion control.
4. Data link layer. This layer’s purpose is to regulate the data transmission done by the
physical layer. This is done by adding bit patterns to the beginning and to the end of a packet,
and by processing acknowledgements indicating successful packet arrivals. The data link
layer layer has a medium access control (MAC) sublayer that is designed to prevent collisions
with packets from other nodes. This sublayer is explained in more detail in Section 1.1.3.
5. Physical layer. The physical (PHY) layer takes the sequence of bits it gets from the data
link layer and transmits it to another node.
For the more complicated OSI model, see for example [15] or [102]. In this thesis we focus on
the MAC layer. The application, transport and network layers are not taken into consideration,
as we assume fixed routes and constant packet arrival rates. The PHY layer is simplified to
accommodate the analysis.

1.1.2

Wireless networking physics

An important difference between wired and wireless networks is that wireless networks have a
broadcast nature. Instead of transmitting their signal to the intended receiver only, wireless nodes
2
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broadcast it towards all surrounding nodes. As a result, it is possible for a node to hear multiple
signals at the same time. When this happens, a node might not hear the signals correctly. This
is called interference or a collision. Moreover, nodes experience a constant background noise that
can also interfere with their ability to correctly receive signals. To measure the received signal
strength compared to interfering transmissions and background noise, the signal to interference
plus noise ratio (SINR) is used. This is the received signal strength divided by the sum of the
strength of other transmissions and the noise. When the SINR is too low, the signal is too weak
to be correctly received.
The strength of a signal decreases with the length of the path it covers. So if the distance
between two communicating nodes is set large enough, the received signal is too weak compared
to the background noise to be received correctly. This limits the transmission range over which
nodes can communicate. The same goes for the range over which nodes can sense activity from
others, the carrier-sensing range. When the signal received from a distant node is smaller than a
certain value, the carrier-sensing threshold, it is not registered.
The described network propagation model are rather complicated and as such is difficult to
analyze. Instead, throughout this thesis we assume a fixed transmission range, interference range,
and carrier-sensing range and constant background noise. Although this might seem very different
from the actual physical layer workings, previous wireless network analyses have shown that this
simplification is in fact quite accurate. In Chapter 4, we discuss a connection between a more
complicated physical-layer model used in simulations, and our model with fixed interference range
and carrier-sensing range.

1.1.3

MAC protocol

In an attempt to limit the number of collisions that occur in a wireless network, nearby nodes
should be prevented from transmitting at the same time. This is difficult to realize because in
the networks of our interest there is no central entity that regulates all nodes. Instead, nodes rely
on a distributed protocol for channel access, so each node has to decide autonomously when to
transmit. This decision is made by the MAC protocol, situated in the MAC sublayer described in
Section 1.1.1.
The first wireless MAC protocol was the ALOHA protocol by Abramson [2]. A node using this
protocol immediately sends a packet when it becomes available, and then waits for the acknowledgement (ACK) sent by the intended receiver that indicated the transmission was successful.
When the ACK is not correctly received (because of a collision involving either the packet itself
or the ACK), the node waits some random time and then tries to resend the packet. This is called
the backoff mechanism.
An improvement to the ALOHA protocol, and the basis for the current-day WLAN MAC
protocol, is carrier-sense multiple access (CSMA) introduced by Kleinrock and Tobagi [70]. A
node using this protocol listens to the channel to check if no nearby nodes are sending, before
starting a transmission itself. This drastically reduces the number of collisions and improves
throughput.
An extension to CSMA is the 802.11 MAC protocol [1]. This can operate in two different
modes: contention and contention-free access mode. The former is constructed for delay-tolerant
data like e-mail, while the latter is used with delay-sensitive traffic like video streaming or VoIP.
The contention-free access mode is rarely used in practice, and we do not consider this mode.
The contention access mode of the 802.11 MAC protocol is called the distributed coordination
function (DCF). This again has two different access mechanisms, basic access and RTS/CTS. We
now proceed to discuss each of these two mechanisms in more detail, starting with basic access.
3
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Figure 1.2: Basic access mode (Litjens et al. [79]).
A transmission that uses the basic access mechanism consists of two messages: the actual data
(DATA) sent and the ACK, and is commonly referred to as a two-way handshake. A schematic of
this protocol is shown in Figure 1.2. Before sending a packet, a node first waits until it hears no
concurrent transmissions for a period of time called the DCF interframe space (DIFS). When the
medium has been clear for a DIFS, the node starts the backoff mechanism. The procedure used
in the 802.11 standard is called binary exponential backoff (BEB). The protocol uses a contention
window: a discrete number of backoff slots each of a fixed slot time. When a node enters backoff,
it uniformly draws a number of slots from its contention window that make up the backoff timer
of a node. More precisely, when W denotes the contention window size, a number is drawn
from (0, W − 1). The node then proceeds to count down this backoff timer, until it reaches zero.
However, the backoff timer is only decreased when the node senses the channel idle. In other
words, the backoff process is frozen whenever it senses a transmission from a nearby node. When
a node is unfrozen, it waits for a DIFS before resuming the countdown of its backoff timer.
The size of the contention window is subject to change. When a node first attempts to send
a packet, the contention window size is at its minimum W0 . Depending on the PHY-mode, this
can be for example 4, 8 or 16. When a packet transmission is unsuccessful, the contention window
size is doubled. This process is repeated until the maximum contention window size is reached,
usually 1024. If a packet transmission still fails after this, the contention window size remains the
same. This continues until the packet is successfully sent or a maximum number of attempts is
reached, the maximum retry limit. After this is reached, the packet is discarded. Whenever a
packet is sent or the maximum retry limit is reached, the contention window size is reset to W0 .
When the backoff timer reaches zero, the node starts transmitting, as illustrated in Figure 1.2.
After the destination node has received the DATA, it waits for a short interframe space (SIFS)
before sending the ACK. This interval is used to switch from receiving to transmission mode and
is shorter then the DIFS. This prevents other nodes from starting their transmission during the
SIFS.
Because it is using wireless communication, a node cannot detect if the packet it is sending
collides. Instead, it always finishes transmission and waits for a timeout. If it has not received the
ACK within that timeout, the packet is assumed to be collided.
The second access mechanism of the DCF is called request-to-send/clear-to-send (RTS/CTS).
The difference between RTS/CTS and basic access is that the former has the DATA/ACK exchange
preceded by an RTS message sent by the transmitter and a CTS reply by the receiver indicating
that it is ready to receive a packet. This access mode is also called virtual carrier-sensing or a fourway handshake (RTS/CTS/DATA/ACK). Figure 1.3 outlines the RTS/CTS access mechanism.
Note that between the RTS/CTS and CTS/DATA packet there is a SIFS used for switching
between reception and transmission mode.
The RTS/CTS access mechanism is designed to combat hidden nodes, first described by Tobagi
4
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Figure 1.3: RTS/CTS access mode (Litjens et al. [79]).

and Kleinrock [108]. Hidden nodes arise when nodes cannot sense each others’ activity. This can
be both because they are outside of each others’ carrier-sensing range or because something is
blocking their signals from each other. These two scenarios are displayed in Figure 1.4. Here nodes
A and C both try to transmit to node B. However, because A and C cannot hear each other, the
carrier-sensing mechanism does not prevent them from transmitting at the same time, causing a
collision. Adding RTS/CTS however, the second transmission is prevented by the CTS message
from node B. When C successfully receives the CTS, it adjusts its network allocation vector (NAV)
that contains information on the activity of other nodes. The node will then become active only
when the other transmission has finished. See Section 1.3.2 for more details.

C

A

B

C

A

B

Figure 1.4: Two hidden-node scenarios.

1.1.4

Network architecture

There are two different types of networks defined in 802.11. An 802.11 network consists of one
or more basic service sets (BSSs). A BSS is a group of nodes that communicate with each other.
Multiple BSSs can be grouped to form an extended service set (ESS). The network that joins these
BSSs is referred to as the backbone network, which can be either wired or wireless.
An example of an ESS set can be found in Figure 1.5. This shows the two types of BSSs:
infrastructure BSSs and infrastructureless, or ad-hoc BSSs. Infrastructure BSSs contain an access
point that channels all traffic between nodes. In infrastructureless networks on the other hand,
no access point exists. Instead, all nodes can communicate directly with each other. For more
information on network architecture in 802.11, see [48].
5
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Figure 1.5: An example of an extended service set (LaMaire et al. [74]).

1.2

Multi-hop networks

In multi-hop networks packets can travel through intermediate nodes before arriving at their
destination. This is different from single-hop networks as described in the original 802.11 standard,
where nodes can only send directly to their intended receiver. Multi-hop among others enables
communication over large distances. This can for example extend small house-based networks to
larger networks that cover multiple buildings or even city blocks.
Multi-hop wireless networks come in different shapes and sizes. Currently a number of network
types are most prominent in research: ad-hoc networks, mobile ad-hoc networks (MANETs) and
wireless mesh networks (WMNs). Unfortunately, there is no clear, uniform definition of any of
these, and as a result the distinction between them is not always clear.

1.2.1

Ad-hoc networks

The phrase ‘ad-hoc network’ is a possible source of confusion, as it is used to describe different
types of networks. Although all of these have a lack of infrastructure in common, they are otherwise
very different.
First is the ad-hoc network described in the original 802.11 standard. This single-hop infrastructureless network is an alternative to the infrastructure mode described in the standard. The
phrase ad-hoc network is also frequently used to describe multi-hop infrastructureless networks.
In these networks, all nodes have routing and forwarding capabilities. Thirdly, ad-hoc network is
sometimes used to refer to MANETs, which are multi-hop ad-hoc networks with the added feature
of mobility.

1.2.2

Mesh networks

Mesh networks can be seen as an extension to ad-hoc networks, by adding a possible differentiation
between nodes. Mesh networks can contain nodes that do not forward traffic, and as such have a
6

Chapter 1: Introduction

more complicated infrastructure than ad-hoc networks. Akyildiz et al. [5] distinguish three types
of mesh networks: (i) infrastructure or backbone mesh networks, (ii) client mesh networks and
(iii) hybrid mesh networks.

(a) A backbone mesh network.

(b) A client mesh network.

(c) A hybrid mesh network.

Figure 1.6: Three classes of mesh networks (Akyildiz et al. [5]).
An example of a backbone network can be seen in Figure 1.6(a). This is called a backbone mesh
network, as it contains a wireless backbone of an ESS described in the standard. Different types
of BSSs can connect to the backbone to, for example, gain access to the internet. According to [5],
backbone networks are the most common type of mesh networks. A second type of mesh network
are client mesh networks, displayed in Figure 1.6(b). In these networks, all clients perform the
routing. This increases the requirements for the end-user devices as they must be able to forward
traffic, but creates a network where all nodes have equal functionality and all contribute to the
network’s performance. Figure 1.6(c) displays the third type of mesh network, a hybrid mesh
network. This is a combination of the first two types.
Specific protocols for mesh networks can be found in 802.11s, the upcoming amendment for
the 802.11 standard. The purpose of this amendment is to ensure robust throughput and other
attributes needed in a multi-hop environment. It contains among others reservation protocols,
MAC-layer congestion control mechanisms, routing and security features.
To avoid confusion, we use the following definitions. An ad-hoc network is a multi-hop network
where all nodes have routing and forwarding capabilities. A MANET is an ad-hoc network, but
7
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with added mobility of the nodes. Finally a mesh network is a multi-hop network with different
types of nodes, and using the 802.11s standard. In this thesis we focus on ad-hoc networks,
although the analyses of these three network types have much in common.

1.3

Performance issues in 802.11-based networks

The 802.11 standard was originally designed for infrastructure networks, but was also equipped
to handle single-hop infrastructureless networks. In recent years, the DCF protocol defined in the
standard has been used in multi-hop networks as well. However, as the 802.11 MAC protocol is
not designed to be used in this setting, a number of issues emerge. Some of these are present in
all types of networks, some are limited to networks where at least some nodes are outside of each
others’ carrier-sensing range, and some issues only occur in multi-hop networks.
In Section 1.3.1, performance issues that are caused by the increase in data rates are investigated. Section 1.3.2 discusses the hidden-node problem, while Section 1.3.3 explains the exposednode problem. The masked-node and focussed-node problems are subjects of Sections 1.3.4
and 1.3.5, respectively. The impact of false blocking is analyzed in Section 1.3.6 and Section 1.3.7
considers performance issues caused by TCP-MAC interaction. In Section 1.3.8 throughput instability is discussed and finally in Section 1.3.9 a number of fairness issues are listed.

1.3.1

Data rate based problems

Since the introduction of the IEEE 802.11 standard in 1999, a number of a amendments have
been designed that support higher data rates. These include the 802.11a, b and g amendments
and the upcoming 802.11n amendment. The original standard and these amendments support a
maximum data rate of 2, 54, 11, 54 and 540 Mb/s, respectively.
In a setting where nearby nodes transmit with different data rates (for example, because they
are based on different versions of the standard), the throughput of the faster nodes is limited by
the presence of the slower ones. This effect is described by Heusse et al. [59] among others and
is a consequence of the fairness of the 802.11 protocol. The protocol tries to provide long-term
fairness in the sense that every node can send the same amount of data. Because of this, a node
transmitting at 1 Mb/s gets access to the channel eleven times longer than a node transmitting at
11 Mb/s. So in a network where nodes have different transmission rates, the throughput of nodes
using high data rates significantly decreases.
Not only does transmitting at different data rates degrade the overall throughput of a network,
it also has a negative impact on the effect of RTS/CTS. This is because control frames like
RTS/CTS have to be sent at a data rate low enough for all nodes to be able to understand. So
in practice, a node may send the DATA at 11 Mb/s, while its RTS/CTS frames are sent at only
2 Mb/s. The RTS/CTS mechanism has two purposes. The first is mitigating the hidden-node
problem by reducing the vulnerable period of a transmission from the transmission time of a DATA
packet to the transmission time of an RTS packet. The second effect is that it reduces the collision
duration from the transmission time of a DATA to that of an RTS packet. It is clear that the
impact of both these effects depend on the transmission time of the RTS packet relative to the
transmission time of a DATA packet. So, sending RTS/CTS at lower rates than DATA packets
has a serious impact on the effectiveness of RTS/CTS.
Tinnirello et al. [105] analyze the impact of RTS/CTS for different data rates. Assume control
frames are sent at 1 Mb/s and DATA size P is fixed with P = 1024 bytes. In Figure 1.7 the
normalized throughput (the fraction of the time the channel is used for successful transmissions)
is displayed as a function of the hidden-node probability (the probability that two nodes given are
8
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Figure 1.7: Normalized throughput plotted against the probability that two given nodes are hidden
from each other, for different transmission rates (Tinnirello et al. [105]).

Figure 1.8: Two types of hidden nodes (Xu et al. [122]).
hidden from each other) for two different transmission rates in a setting with 10 nodes. First note
that the normalized throughput for 11 Mb/s is lower than the throughput when the data rate is
1 Mb/s. This can be explained by the higher number of collisions in the 11 Mb/s network. More
importantly however is the observation that for 11 Mb/s the basic access mode, at least for small
hidden-node probability, performs better than the RTS/CTS mode. This illustrates the reduced
effectiveness of RTS/CTS in high-speed networks.

1.3.2

Hidden-node problem

We can distinguish two types of hidden nodes, which we have first introduced in Section 1.1.3.
These types are displayed in Figure 1.8. First, there are nodes that are outside of the carrier-sensing
range of the transmitter, but inside the transmission range of the receiver. Using RTS/CTS,
hidden-node collisions from these nodes can be mitigated by reducing the vulnerable period of the
transmission. The second type of hidden nodes are outside of carrier-sensing range of the transmitter, outside of the transmission range of the receiver, but can interfere with the transmission.
Because they are outside the receiver’s transmission range, RTS/CTS does not help to protect
against these hidden nodes.
9
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B

Figure 1.9: An exposed node.

1.3.3

Exposed-node problem

The exposed-node problem can be considered the opposite of the hidden-node problem. Instead
of nodes transmitting although they should not, as happens with hidden nodes, exposed nodes are
nodes that are not transmitting when they could. Exposed nodes are frozen by the carrier-sensing
mechanism or by an RTS packet, although their planned transmission would not interfere with
the transmission that silenced them. Figure 1.9 shows an example of an exposed node. In this
figure, the transmission from node A to B prevents node C from transmitting towards any node,
although if its transmission does not interfere with that between A and B.
The exposed-node problem has two consequences. First, because nodes are prevented from
transmitting, the medium is not fully utilized. Also, exposed nodes cause fairness issues, as is
described in Section 1.3.9. A number of protocols are suggested to counter this problem. These
include the protocol introduced by Shukla et al. [101] which enables a node to identify itself as an
exposed-node based on the sequence of packets it receives, and the more complicated MACA-P
protocol described by Acharya et al. [4].

1.3.4

Masked-node problem

Recall that RTS/CTS can prevent collisions by silencing the neighbors of transmitting and receiving nodes using an RTS or CTS packet. However, in some situations this mechanism does not
work properly, because nodes that are supposed to receive the control packets are masked by other
transmissions. These nodes we refer to as masked nodes.
Figure 1.10(a) shows an example of a masked node. First, node D transmits a packet to node
E, preceded by an RTS/CTS exchange. In response to the RTS packet, node C updates its NAV
and remains silent during the transmission from D. However, during this transmission, node A
starts transmitting to B. Because node C is within the transmission range of D, it cannot hear
the CTS packet from node B, and therefore will not adjust its NAV. Now, node D finishes its
transmission before A does, and node C is unfrozen. Because it did not receive node B’s CTS
properly, it assumes the medium is free and might start a transmission, causing a collision at node
B.
In order to quantify the effect of the masked-node problem, Ray et al. [95] run a number of
experiments, each corresponding to a different type of collision. The setup for these experiments
is displayed in Figure 1.10(b). Setting (a) is a scenario with just one transmission from A to B,
(b) is a hidden-node scenario without RTS/CTS, (c) is a hidden-node scenario with RTS/CTS,
(d) is a masked-node scenario and (e) is a control scenario. Packets are created at a rate of 20
1500b packets per second. Per scenario 10 runs are performed consisting of 3000 DATA packets
from A to B. Figure 1.10(c) contains the results from the experiments. It displays the packet error
10
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(a) A masked node.

(b) Five experimental scenarios.

(c) Packet error rate for different scenarios.

Figure 1.10: The masked node problem (Ray et al. [95]).
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rate (fraction of the DATA packets for which no ACK was received) plotted against the different
runs and scenarios. From these results it is clear that the impact of masked nodes is significant,
although not as large as the effect of hidden nodes.

1.3.5

Focused-node problem

Durvy and Thiran [40] describe what they refer to as the focused-node problem. This throughputdegrading phenomomen is caused by the inability of a node’s backoff process to distinguish between
possible receivers. Consider a node with two neighbors: a busy neighbor where it experiences a
high number of collisions and another neighbor with little collisions. Assume the node starts a
transmission towards the busy neighbor. Because of the large number of collisions, the node keeps
doubling its contention window despite the fact that it might be able to easily send a successful
transmission to the quiet node.
A possible solution to this problem mentioned in [40] is to have a backoff counter for each
possible receiver instead of only one per node. This would however be hard to implement and
most likely will not be backward compatible.

1.3.6

False blocking

Although RTS/CTS is designed to improve the performance of wireless networks, it can show
unexpected behaviour that might worsen the network’s performance. False blocking is such an
effect, and is studied by Ray et al. [94, 96]. In their analysis it is assumed that transmission range,
interference range and carrier-sensing range are equal and constant.
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(a) A false blocked node.

Without RTS_Validation
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(b) The throughput with and without RTS validation.

Figure 1.11: False blocking (Ray et al. [94]).
A node is called blocked if it is prevented from transmitting, either by its carrier-sensing
mechanism or by an RTS or CTS packet. We say a node is false blocked if it is blocked by an RTS
packet that does not precede a transmission. This effect is outlined in Figure 1.11(a). Here, a
transmission takes place from node A to B, blocking node C. Then, node D sends an RTS packet
to node C, in an attempt to start a transmission to C. Because this node is blocked it does not
reply to the RTS packet, preventing a transmission. However, node E also receives the RTS packet
12
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and stops all activity as it assumes a transmission takes place between nodes D and C. Because
node E is silenced by an RTS packet that does not precede a DATA packet, it is a false blocked
node.
Ray and Starobinksi [96] suggest an adjustment to the RTS/CTS protocol called RTS validation. Whenever a node using RTS validation receives an RTS packet that is not directed at itself,
it freezes until the DATA transmission following the RTS packet is supposed to start. The node
then senses the channel, and if no transmission is taking place, it becomes active again. In [96] the
authors mention that the 802.11 standard has an optional feature that resembles RTS validation,
but might cause errors in a multi-hop setting.
Figure 1.11(b) shows the effect of false blocking as well as the impact of RTS validation. This
graph is the output of a simulation with a random topology of approximately 50 nodes, packet size
of 2300 Byte and data rate of 1 Mb/s. It shows throughput as a function of the number of packets
per second per 10 nodes. The line without RTS validation represents the system performance with
regular RTS/CTS. From this graph we can conclude that false blocking has great impact on the
system.

1.3.7

Transport- and MAC layer interactions

TCP is a transport-layer protocol designed to facilitate reliable end-to-end communication in wired
networks. Because TCP is by far the most common transport protocol, is it likely the majority
of wireless multi-hop networks will run TCP. However, because TCP was not created for wireless
networks, TCP-MAC interaction causes serious performance issues in wireless networks.
There are two major issues that can be contributed to TCP-MAC interaction: (i) false link
failure caused by nodes that are either blocked or hidden and (ii) sub-optimal TCP window
size. Both these issues have serious consequences for the system performance, both in terms of
throughput and fairness. In this section we describe these two issues and their causes. We also
list possible solutions, both in the transport layer and in the MAC layer.
The first issue we discuss is false link failure. This happens when TCP reports that a link
between two nodes has failed (presumably because one node is removed) when in fact the link is
still there. This effect is described by Xu and Saadawi [123] among others, and can be explained
as follows. There are two causes of packet losses in wireless networks. First there is packet loss
that happens when the intended receiver of a packet fails to respond to RTS or DATA packets
multiple times. We refer to this type of packet loss as contention loss. The second cause of packet
loss is buffer overflow that occurs when the number of packets in a queue becomes so large that
the node is forced to discard packets. This type of loss is called congestion loss.
We know from for example Fu et al. [43, 44] and Hamadani and Rakocevic [55] that wireless
networks rarely get congested in the sense that packets are lost due to buffer overflow. However,
TCP is designed for wired networks where all packet losses are due to congestion, and TCP
cannot distinguish between the two types of packet losses. So when a packet is dropped because
of contention, TCP thinks the network is congested and reduces its window size. Moreover, TCP
can report a link failure when in fact the link is still there, i.e. a false link failure. False link failure
causes problems like the instability described in Section 1.3.8 and some unfairness issues specified
in Section 1.3.9.
The second issue associated with TCP-MAC interaction has to do with the TCP window size.
Fu et al. [43, 44] study the behaviour of the TCP window, and the throughput of a network as a
function of the window size. This is done for different topologies and different numbers of TCP
flows. Through simulations an optimal window size that maximizes throughput is determined for
each topology under consideration. It turns out that, depending on the topology, the average
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window size set by TCP is up to 11 times bigger than the optimal window size.
These results suggests that TCP has difficulties finding the right window size. This can be
explained by the observation that when using the optimal window size there is very little contention
throughout the network. The reason why the optimal TCP window size is smaller for wireless
networks than it is for wired networks is because in wireless networks collisions have a greater
impact on performance as they cannot be detected. As soon as the window size grows beyond
the optimal value, contention (and with that, the number of collisions) increases. The reason
TCP overshoots the optimal window is because TCP decreases the window size only because of
packet loss. However, with the optimal window size, packet loss does not occur in wireless networks
because of the lack of contention. So instead TCP keeps on increasing the window until contention
drops happen, which is long after it reached the optimal window size.

1.3.8

Instability

As mentioned in Section 1.3.7, false link failure causes instability first described by Xu and
Saadawi [124]. They investigate a chain topology consisting of five nodes. Figure 1.12 shows
the throughput per second of a TCP connection from node 1 to node 5. Instead of remaining at
a constant level, the throughput repeatedly drops to zero before picking up again.

Figure 1.12: The throughput per second in a four-hop TCP session. (Xu and Saadawi [124]).
In [124] it is suggested to descrease the TCP maximum window size to mitigate this effect.
This is also done by Jiang et al. [62] who show that for a longer chain, the TCP maximum window
size has to be smaller to prevent instability.

1.3.9

Unfairness

The 802.11 MAC protocol is designed to give all contending nodes an equal share of the medium
in terms of the amount of data sent. However, in practice this does not always work out, as
some nodes can experience unfairness. We distinguish between short-term unfairness and longterm unfairness. The former is concerned with smaller time scales: the number of packets a node
can send before it looses access to the medium for a period of time. An example of short-term
unfairness with two nodes is displayed in Figure 1.13. Long-term fairness on the other hand occurs
when some nodes systematically get better channel access than others.
The 802.11 DCF guarantees long-term fairness only when all nodes are within each others’
carrier-sensing range. So for multi-hop networks, long-term fairness is not always provided, as
14
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Figure 1.13: Short-term unfairness in a two-node scenario (Koksal et al. [71]).
we will see in this section. Short-term unfairness can occur both in scenarios where all nodes
are within each other’s transmission range and scenarios where they are not. Short-term fairness
implies long-term fairness, but not the other way around. We first discuss two types of short-term
unfairness, followed by three types of long-term unfairness. The fairness issues described in this
section are caused by the performance issues discussed in the previous sections.

A

B

C

Figure 1.14: A hidden-node scenario.
Unfairness with hidden nodes. Consider a scenario with two nodes, say A and C that both
want to transmit to another node B. Assume A and C are hidden from each other, see Figure 1.14,
and assume that nodes A and C always have a packet available for transmission.
Now consider the setting where both nodes want to start a transmission and draw a backoff
timer from [0, W0 − 1]. Because the nodes are outside of each others’ transmission range, the first
number of transmission attempts will most likely result in a collision at node B because of the small
contention window size. After a number of attempts the contention window sizes are large enough
to allow a successful transmission from one of the nodes, say node A. Once the transmission from
node A is complete this node resets its backoff timer to a number in [0, W0 − 1] and restarts the
backoff procedure. Node C on the other hand has not reset its contention window. Now two things
can happen: either node A wins access to the medium and most likely successfully transmits, or
node C accesses the medium, but because of the small contention window size of A, a collision
occurs. When this happens both nodes double their contention window. Because node A doubles
the window size from W0 , it will continuously have an advantage over C. This is unfair because
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node A already transmitted the previous packet. Because node C resets its contention window
size to W0 after it reaches the maximum retry limit, this unfairness is only temporary.
This scenario was first discussed by Bharghavan et al. [16]. The effect was also analyzed by
Chaudet et al. through experiments in [30] and using simulations in [31]. Li et al. [78] present
an analytical model to quantify the impact of this unfairness. To prevent this type of unfairness,
[16] suggests adjusting the contention window in such a way it does not favor the node that just
transmitted.
Incompatibility unfairness. A short-term unfairness specific for multi-hop networks is described by Xu and Saadawi [124]. To illustrate this incompatibility unfairness, a chain topology
of six nodes is used. Two TCP flows exist in this example: from node 4 to 6 and from node 3
to node 1. These flows have the same length in terms of hops and each has to process the same
amount of traffic.

Figure 1.15: The impact of incompatibility unfairness (Xu and Saadawi [124]).
Figure 1.15 shows the successful transmissions for both flows, displayed against time. From
this picture it is clear these two flows cannot be active at the same time. If the first flow transmits,
the other is silent, and the other way around. Xu and Saadawi [124] explain that this unfairness
is caused by false link failure described in Section 1.3.7 and claim it cannot be solved by adjusting
the TCP parameters.
Two-pairs unfairness. The first long-term unfairness we describe, two-pairs unfairness, was
introduced by Bensaou et al. [13]. This type of unfairness occurs in scenarios similar to the one
displayed in Figure 1.16(a).
In this scenario nodes A and C are outside of each others’ carrier-sensing range, but both can
hear node B. Because node A cannot hear node C, it always senses the medium free. Node C can
be frozen by a CTS or ACK from node B, but transmissions from C always succeed because no
collisions can occur at node D. So node C never increases the size of its contention window.
According to Chaudet et al. [30, 31], this has a great impact on the long-term fairness of the
system. The impact of this unfairness is displayed in Figure 1.16(b). Here, flow 1 corresponds to
the A-B flow and flow 2 to the C-D flow. Without RTS/CTS, the A-B flow starves as the packet
size grows, because transmissions from A to B have to fit into the backoff interval of node C. The
probability that this happens is very small because C never increases its backoff interval. This
unfairness obviously is a consequence of the hidden-node problem. In [13] the authors suggest
letting nodes listen to their neighbors to determine if they access the medium more often than
their neighbors. When this is true, nodes can adjust their contention window size to provide
greater fairness.
Three-pairs unfairness. Consider the scenario displayed in Figure 1.17(a). Assume all
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(a) A topology causing two-pairs unfairness. (b) The impact of two-pairs unfairness (Chaudet et
al. [31]).

Figure 1.16: Two-pairs unfairness.
threepairs behave the same, and the distance from C-D to E-F is the same as the distance from
A-B to C-D. This scenario exhibits long-term unfairness, first described by Dhoutaut and GuérinLassous [35]. What happens is that the middle pair is starved from channel access because it has
to wait for both A and E to clear the medium. This is very unlikely because the outer two flows
are independent of each other and are rarely involved in collisions, maintaining a small contention
window.
In Figure 1.17(b) the throughput of the three flows is plotted against the packet size. Obviously
the outer pairs have the same throughput because of symmetry. The throughput of the middle
pair remains at a constant low level, independent of the packet size. The setting is also addressed
by Chaudet et al. [30, 31, 32]. This unfairness is similar to the neighborhood capture described
by Benveniste [14].
Neighboring node one-hop unfairness. A type of long-term unfairness that is specific for
multi-hop is described by Xu and Saadawi [123, 124]. The neighboring node one-hop unfairness
favors multi-hop flows with short paths over flows with longer ones as a result of the hidden-node
problem.
We observe a chain topology of six nodes with two TCP flows: from node 6 to node 4 and from
node 2 to node 3. Both flows carry the same amount of traffic, and we assume the flow from node
6 to 4 starts 30 seconds before the second flow does. The throughput of the two TCP flows is
displayed in Figure 1.18. From this figure it can be seen that the first flow is starved immediately
after the second is activated. Xu and Saadawi [123, 124] investigate the packet trace and conclude
that the starvation is caused by false link failure, as a result of successive RTS collisions at node
4. Once the flow with the longer path is starved, it remains inactive.

1.4

Analysis of single-hop networks

Performance analysis of single-hop networks operating under the 802.11 DCF has been done by
means of simulation, see [10], [19], [90], [116] and [117] but also using analytical models. These
models consider the setting where all nodes are within each others’ transmission range, and try to
approximate various performance measures like throughput and delay. Over the years the focus
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(a) A topology causing three-pairs unfairness.

(b) The impact of three-pairs unfairness (Chaudet et
al. [31]).

Figure 1.17: Three-pairs unfairness.

in analysis has shifted from analyzing saturated networks (networks where all nodes always have
a packet ready to transmit) to unsaturated networks, which are more difficult to analyze.
Early papers on the analysis of single-hop networks all made simplifying assumptions on the
distribution of the backoff window. Chhaya and Gupta [34] assume the backoff window size is
constant, while according to Ho and Chen [60] the backoff window only doubles once. Cali et
al. [26] assume the backoff window is geometrically distributed.
The first analysis to fully take into account the backoff process is by Bianchi [17]. He introduces
a two-dimensional Markov chain that accurately models the backoff stage and backoff timer under
saturation conditions. The follow-up paper [18] is the basis for the majority of the work done on
performance analysis of both single- and multi-hop 802.11-based networks. Tay and Chua [103] use
a mean-value analysis to analyze the same model as Bianchi, and their numerical results are very
similar. Recently, Sharma et al. [99] provide a justification for Bianchi’s approach by analyzing
the Markov chain of the number of nodes in each backoff stage. This is also done by Bordenave et
al. [25] who use a mean-field approach.
Bianchi’s analysis is slightly modified by Wu et al. [121] to take into account the maximum retry
limit. This analysis is in turn used by Chatzimisios et al. [29] to study packet delay. Ziouva and
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Figure 1.18: Neighboring node one-hop unfairness illustrated (Xu and Saadawi [124]).
Antonakopoulos [129] study another extension of Bianchi’s approach. They model the effect that
when a node is done transmitting and senses the channel idle, it immediately starts transmitting
a new packet.
Almost all analyses use a simplified model for the physical layer. Exceptions are Vishnevskii
and Lyakhov [111, 112] and Hadzi-Velkov and Spasenovski [52, 53, 54], who consider the 802.11
performance in an imperfect channel and with different channel capture models. Gupta and
Kumar [50] also take into account transmission errors, while Li and Zeng [77] model the capture
effect in an unsaturated network.
In [42], Foh and Zukerman analyze a single-hop network in unsaturated conditions. This is
done by using Bianchi’s results to fit a phase-type distribution on the transmission time to analyze
the resulting queueing system. Kim and Hou [68] also analyze an unsaturated network, but use a
fluid model of the communication channel.
A number of papers extend Bianchi’s analysis to unsaturated networks. This is done by adding
additional states to the Markov chain representing the node in idle state. This approach is taken
by Abu-Sharkh and Tewfik [3], Alizadeh-Shabdiz and Subramaniam [7, 8], Barowski and Biaz [11],
Cantieni et al. [27], Li and Battiti [75] and Zaki and El-Hadidi [126]. Ergen [41] adjusts Bianchi’s
approach for networks with mixed data rates. He then investigates the performance of features
like an admission control scheme and a packet size adjustment scheme.
Another analysis for unsaturated systems can be found in [104] by Tickoo and Sikdar. They
model each node as a G/G/1 queue. Their approach is not suited for analyzing scenarios with
a high traffic load. Özdemir and McDonald [91] and Zhai et al. [127] analyze an unsaturated
network using an iterative algorithm to approximate the probability of a node having no packets
available. Zheng et al. [128] do the same, but also consider channel errors. Shi et al [100] use a
queueing model with phase-type service time to analyze the network.
Kumar et al. [72, 73] perform an analysis of a network in saturation using renewal reward theory.
Winands et al. [118, 119] and Miorandi et al. [86] both analyze the system in two steps. First they
determine the transmission time using Bianchi’s analysis. Then they insert this parameter into
a PS queueing model, representing the communication channel. Litjens et al. [79] take the same
approach, but use a mean-value approach to determine the transmission time.
Recently Medepalli and Tobagi constructed a number of analyses of single-hop systems. In [81]
they use a mean-value analysis to track the system. This analysis is then used in [80] to model
both the medium as a PS queue, and single node as a G/G/1 queue, to analyze the delay in a
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more general setting. Results from [81] are also used in [82, 83] to analyze the effect of binary
exponential backoff, some unfairness issues and the throughput.

1.5

Analysis of multi-hop networks

A problem with analyzing multi-hop wireless networks is that the behaviour of a node is dependent
not only on its neighbors, but also on nodes outside of its carrier-sensing range. In the single-hop
case this problem did not exist because all nodes were each others’ neighbors. Because of this, it
is impossible to analyze the network by focusing on a single node, and assuming the other nodes
act alike, as was done with most single-hop analyses. Instead topology and node interaction have
to be taken into account.
Because multi-hop networks are much harder to analyze, a large number of analyses focus on
a specific topology, e.g. a chain topology. Also, a number of analyses use restrictive assumptions
like the system being saturated or they ignore hidden nodes. Only recently some papers have
appeared that take these effects into consideration. Of course, also some simulation studies focus
specifically on multi-hop networks: [61], [88], [120], [123] and [124]. We give an (non-exhaustive)
overview of publications on the analysis of multi-hop networks. First some papers on specific
topologies are considered, followed by less restrictive analyses.
A number of papers investigate a chain-like topology. For example Gao et al. [45] and Ng
and Liew [89], who use a mean-value approach. Ducourthial et al. [37] also focus on a chain of
nodes, but assume the nodes do not send to each other but to different nodes that only receive
packets. The analysis is done by solving a system of non-linear equations and shows an interesting
difference between settings with an even and odd number of nodes.
Another chain topology-variant is discussed by Ray et al. [97]. Here the authors investigate a
queueing model where subsequent nodes are receiving and sending nodes. Khalife and Malouch [67]
also use queueing models to investigate a chain topology, although their chain is limited to 5 nodes,
but does have traffic running through all nodes. Saligrama and Starobinski [98] use an interesting
model to analyze a chain topology. Each connection between nodes is represented by a multi-class
queueing model. However, neither collisions nor binary exponential backoff are taken into account.
Some models other than chain topologies are considered by Gupta and Kumar [50] and by
Chaudet et al. [32]. The former looks at a ring topology using a Markov chain model, but assumes
a constant backoff window. The latter investigates three transmitter/receiver pairs next to each
other. It shows the middle pair is practically silenced by the outer ones. This is the three-pairs
unfairness described in Section 1.3.9.
The first model for less restrictive multi-hop topologies that we know of, by Wang and GarciaLuna-Aceves [115], uses a Markov chain to analyze the system. Although the approach does take
hidden nodes into account, it analyzes the system under saturation conditions. A model that does
the same is by Carvalho and Garcia-Luna-Aceves [28]. This paper however models the physical
layer in more detail.
A number of analyses try to extend Bianchi’s [18] approach to multi-hop networks. He and
Pung [57] do this by simultaneously analyzing the backoff process of each node, and then coupling
them through traffic equations. The downside of this approach is that all nodes are assumed to be
synchronized, which is not true in multi-hop networks. This however seems to be an assumption
of most, if not all analyses of multi-hop networks.
Barowski et al. [11, 12] also use Bianchi’s approach. They extend it to a three-dimensional
model adding queue length to the state description. It does not consider hidden nodes. Both
He et al. [56] and Mukherjee et al. [87] use Bianchi’s model by calculating the collision probability
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and inserting it into the Markov chain. The difference is that [87] does not consider hidden nodes
while [56] does.
A number of papers use mean-value analysis to investigate the system’s behaviour. These
include Alizadeh-Shabdiz and Subramaniam [9], Gao et al. [46] and Medepalli and Tobagi [84].
Duffy et al. [38, 39] also use mean-value analysis, but unlike the others, do not consider hidden
nodes.
Bisnik and Abouzeid [20, 21] analyze multi-hop networks using a network of G/G/1 queues.
However, they ignore hidden nodes. Chen et al. [33] use an approach developed for ALOHA in
[69, 85] and extended to CSMA in [107, 109]. Unfortunately, this analysis ignores possible queues
at nodes, assumes the backoff window is geometrically distributed and uses the channel access rate
of a model in saturated condition as input.
Both Wang and Kar [113, 114] and Garetto et al. [47] use in their papers on multi-hop networks
the analysis done by Boorstyn et al. [24]. Wang and Kar adapt this analysis for multi-hop networks
in saturated condition. Garetto et al. investigate unsaturated conditions by combining a meanvalue analysis and the analysis by Boorstyn.
Some papers provide capacity bounds for wireless networks performance instead of trying to
analyze them in detail. Most notable is the paper √
by Gupta and Kumar [51]. It shows that
the maximum per-node throughput behaves as O (1/ n), where n is the number of nodes. Li et
al. [76] put this result in perspective by establishing that in reality, traffic is most likely exchanged
between nearby nodes, instead of just any pair of nodes, as was assumed in [51]. This makes
the network scale better. Grossglauser and Tse [49] show that a network scales as O (1) when
the nodes are mobile. This is because, in contrast to a fixed network, all nodes can (eventually)
communicate directly with each other. Toumpis and Goldsmith [110] give capacity bounds by
assuming a centralized power control. To do this, a linear programming problem is solved, which
makes the approach computationally intensive.

1.6

Thesis outline

In this thesis we present a performance analysis of 802.11-based multi-hop networks. It differs from
the approaches discussed in Section 1.5 in a number of ways. Currently, the most advanced multihop analyses are those by Garetto et al. [47] and Medepalli and Tobagi [84]. The first describes an
analysis similar to the one presented here, while the latter uses a mean value approach to evaluate
the network performance. We improve on these analyses in a number of ways. Our approach
differs from [47] in that we analyze the interaction between nodes more carefully, as well as that
we consider unsaturated networks. The difference with [84] is also in considering unsaturated
networks. Another improvement on both approaches is the precise mathematical framework our
analysis is presented in, and the fact that we take into account multiple traffic flows.
The remainder of this thesis is structured as follows. In Chapter 2 we present a performance
analysis for multi-hop networks. We discuss the four models used in this analysis, and describe the
iterative algorithm that combines them. One of these models, the interaction model, is studied in
more detail in Chapter 3. Here we derive the limiting distribution and some other properties of
the Markov process associated with this model. An implementation of the performance analysis
is tested against simulations in Chapter 4. We then use the analysis to investigate the behaviour
of multi-hop networks, and in Chapter 5 we list the most important conclusions.
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Chapter 2

Performance analysis description
We investigate an unsaturated multi-hop wireless network with multiple packet-level traffic flows.
Our goal is to determine the throughput of each flow and to quantify the impact of various
parameters like offered load and transmission speed on the network behaviour.
The analysis consists of four models. These are used to track the backoff process, node interaction, node behaviour and network statistics respectively. Using these models we construct a
system of equations which we can solve using an iterative algorithm. This approach is similar to
what is done by Garetto et al. [47], with a number of improvements. Most notably, we consider
unsaturated conditions, allow for multiple traffic flows and take into account the fact that only
parts of the network are synchronized.
In Section 2.1 we introduce the model and explain the most important assumptions. We
continue to discuss the building blocks of the analysis in Section 2.2. Section 2.3 outlines an
iterative algorithm to evaluate the network performance.
Because of its complexity, the model that is used to track the interaction between nodes is discussed separately, in Chapter 3. We will however use the results from this chapter to accommodate
the analysis presented below.

2.1

Model outline

Consider a multi-hop wireless network consisting of a set N of nodes using the 802.11 DCF MAC
protocol without RTS/CTS, and let |N | denote the size of N . Nodes transmit with constant
power and as a result have constant transmission range. Moreover, we assume nodes have a fixed
carrier-sensing range, and denote by Ca the set of nodes within carrier-sensing range of node a.
There are two reasons why packets might not be received correctly: (i) collisions with other
transmissions and (ii) background noise. We assume a zero-capture collision model. So if at
any point during a transmission any node within interference range of the receiver transmits, the
transmission is lost. The probability of a failed transmission due to background noise is assumed
fixed and constant, and is the same for all nodes.
The traffic in the network is provided by a set of F traffic flows. These flows consist of an
external arrival process and a fixed path through the network. This path indicates the sequence
of nodes that a packet visits:
r(f, 1), r(f, 2), . . . , r(f, |f |),
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where r(f, i) ∈ N , i = 1, 2, . . . , |f | and |f | indicates the length of flow f . Of course, successive
nodes in a path have to be within transmission range. The packets size is constant and packets
are generated according to a Poisson process with rate νf .
The traffic flows give rise to the concept of links. Each pair of successive nodes in a path forms
a link. These links represent direct traffic between two nodes. Let L represent the set of all links
and let |L| be the size of this set, then we denote by hf,i ∈ L the ith link of flow f :
hf,i = hr(f, i), r(f, i + 1)i, f ∈ F, i = 1, 2, . . . , |f | − 1.
P|F |
P|F |
So in total there are i=1 (|fi | − 1) = i=1 |fi | − |F | links throughout the network, where F
denotes the size of F .
Let h = ha, bi be a link. We refer to a as the source, and to b as the destination of link h, and
we say that h originates from node a. Note that it is possible for two links from different flows
to have the same source-destination pair. We also introduce La , the set of all links with source a,
and |La |, the size of La . We say link h is active when a transmission is taking place over that link.
This includes any interframe spaces and the ACK. A link is said to be saturated when it always
has a packet ready to transmit.
By extending the equivalent definition for nodes, we can define the carrier-sensing range of
links. The carrier-sensing range of link h is the same as that of its source. So, let Ch be the set
of links within carrier-sensing range of h:
Ch = {k = hc, di | c ∈ Ca , k 6= h}.
This represents the set of links that can freeze the backoff process of link h. Also, we introduce
Ih the set of links within interference range of link h. This set is not defined as an extension to
a similar definition for nodes, as was done for carrier-sensing range. The reason for this is the
fact that interference is dependent on the distance between the source and destination of a link.
Finally, we define Ih+ = Ih + h and Ch+ = Ch + h, where the ’+’ represents set addition. Let A ⊆ L,
+
+
then IA = ∪h∈A Ih , CA = ∪h∈A Ch , IA
= IA + A and CA
= CA + A.
We refer to a link as blocked when it is inactive and one or more links within carrier-sensing
range are active. Similarly, we say a link is unblocked when both the link itself and all links within
carrier-sensing range are inactive. The time a link is blocked (unblocked) is referred to as the
blocked (unblocked) period.
In 802.11, nodes reset their system clocks whenever they hear a node finish transmission.
However, as nodes are not necessarily within each others’ carrier-sensing range, the network is
only partially synchronized. In order to model this properly, we make the following assumption.
Assumption 1. When a link becomes inactive, all links within carrier-sensing range of this node
are synchronized. Moreover, these links are unsynchronized with all links outside of the carriersensing range of the deactivated link. The probability that two mutually unsynchronized links start
transmission at the same time is zero.
Because nodes use the 802.11 protocol, we introduce the maximum retry limit m′ . This is
the number of times a node can attempt to resend an unsuccessfully transmitted packet before
it is discarded. Once this happens, the packet is lost. We assume nodes have infinite buffers, so
no packets are lost due to buffer overflow. We also introduce the minimum window size W0 and
maximum window size Wm = 2m W0 for some m ≤ m′ . Finally, propagation delay is assumed to
be zero.
An important tool needed to allow for separate analysis of the individual links is the following
assumption, similar to the decoupling approximation introduced by Bianchi [18].
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Assumption 2. The backoff processes of all nodes are mutually independent.

2.2

Performance analysis

The goal of this analysis is to determine the throughput and packet delay of each link. To this
end, we introduce the extended transmission time.
Definition 1 (Extended transmission time). The extended transmission time of a link is the time
it takes from the moment a packet arrives at the head of the queue of its node up to the moment
it is successfully transmitted and the associated ACK is received.
For each link h ∈ L we calculate the extended transmission time, which is in turn used to
determine throughput and delay. Because of the complexity of multi-hop networks, the analysis
consists of four different models. First is the backoff model, which is used to analyze the BEB
mechanism. Our approach to this builds on the single-hop analysis performed by Bianchi [18].
This analysis gives the probability that link h attempts to access the medium in an arbitrary
slot, which is inserted into the interaction model. This tracks interaction between nodes, and
is used to determine among others the collision probability and the average length of a blocked
period. These are in turn inserted into the link model, which is used to determine the extended
transmission time. Finally, the network model uses this extended transmission time to determine
the throughput of h, the load of the source node of h and the delay of each packet.
The separate analysis of the backoff model and interaction model is not trivial. In reality, the
backoff process is very much dependent on the behaviour of other nodes in the network, as these
cause the collisions that influence the backoff process. However, results for single-hop networks,
both empirical [18], [119] and theoretical [25], [99], suggest that separating these processes through
Assumption 2 gives very good results.
Figure 2.1 shows an overview of the different models used for a single link, and the connections
between them. Note that this also shows input from the interaction model into the backoff model,
representing that the backoff model uses the failure probability from the interaction model in its
calculations. Combining the models from the separate links is more complicated, as both the
network models and interaction models of all links are connected.
Each of the models mentioned might introduce additional assumptions. Before describing the
four separate models, we first discuss transmission failures.

2.2.1

Transmission failures

Recall that a failure can occur for two reasons: a collision with another transmission and bad
reception because of background noise. We assume the latter happens with fixed probability
pe (h). To determine the probability of collisions occurring, we consider all relative positions of
links h and k to see what configurations might cause a collision at link h.
Let h = ha, bi, k = hc, di ∈ L, and distinguish the following three settings: (i) k ∈ Ih , k ∈ Ch
(ii) k 6∈ Ch , k ∈ Ih and (iii) k 6∈ Ch , h 6∈ Ik , hd, ci ∈ Ih . In configuration (i) both transmitters are
within interference range. So a collision can only occur when both links are synchronized and they
start transmitting in the same slot. We refer to this type of collision as a coordinated collision,
and denote its probability by pco (h). Setting (ii) we refer to as a hidden-node scenario and to the
resulting collision as a hidden-node collision. This happens because node c cannot sense ongoing
transmissions between nodes a and b. This type of collision happens with probability phn (h).
The third situation (iii) can result in an acknowledgement collision. This happens when node d
transmits an ACK packet during a transmission between a and b. Because of its complexity and
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network

link

interaction

backoff
Figure 2.1: The relations between the different models used.
relative rarity, we choose to ignore this last type of collision. These probabilities can be extracted
from the interaction model in Section 2.2.3.
Assuming independence between the different types of collisions, we can calculate the probability of a failed transmission:
pf (h) = 1 − (1 − pco (h))(1 − phn (h))(1 − pe (h)).

2.2.2

(2.1)

Backoff model

Because of its complexity, it is difficult to model the backoff process exactly. Instead, we approximate the probability that link h = ha, bi tries to access the medium, given that this link senses
no other transmissions. Our approach is similar to that of for example Bianchi [18] and Wu et
al. [121] to determine access probabilities in single-hop networks. We extend these analyses by
considering the possibility of multiple links originating from the same node a. To do this, we have
to analyze how different links from the same node influence each others’ backoff process.
The most important assumption concerns the probability of an unsuccessful attempt.
Assumption 3. Each access attempt fails with fixed probability pf (h) independent of the time
and backoff stage.
This assumption is partially covered by Assumption 2, but it also removes the correlation
between the failures of successive transmission attempts.
We assume all links l ∈ La are saturated and a fraction ql of the P
packets arriving at node a
belong to link l. The saturation assumption is later relaxed. Note that l∈La ql = 1 for all a ∈ N .
When a packet is sent over link l, we say it is of type l.
The maximum retry limit m′ , maximum number of increments m ≤ m′ and minimum window
size W0 and therefore also the window size Wi at stage i are the same for all packet types. When
a packet is successfully sent or is dropped, the next packet is of type l with probability ql .
We investigate the Markov chain {(Sn , Cn , Bn ), n ≥ 0}, representing the backoff stage, backoff
timer and packet type in service, embedded at transition moments. The state space of the chain
is {(i, j, l) | i = 0, 1, . . . , m′ , j = 0, 1, . . . , Wi − 1, l ∈ La }, the set of all possible backoff states
of each link. Figure 2.2 shows the state space and transitions of the Markov chain, embedded on
a single link. We want to determine τl , the probability that link l attempts a transmission in an
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Figure 2.2: The Markov chain representing the backoff process of link (Bianchi [18]).
arbitrary slot, given that its backoff process is not frozen by another transmission. We are also
interested in τl,2 , the attempt probability when link l is the only link originating from a.
Let πi,j,l denote the limiting distribution of this Markov chain. From Figure 2.2 we can derive
the following balance equations:

πi,j,l = πi,j+1,l +

i = 1, 2, . . . , m′ ,

j = 0, 1, . . . , Wi − 2,

l = 1, 2, . . . , |La |,

pf (l)
πi−1,0,l ,
Wi

(2.2)

i = 1, 2, . . . , m′ , l = 1, 2, . . . , |La |,
 ′

|La |
m −1
ql X  X
= π0,j+1,l +
(1 − pf (h)πi,0,h ) + πm′ ,0,h  ,
W0
i=0

πi,Wi −1,l =
π0,j,l

pf (l)
πi−1,0,l ,
Wi

h=1

π0,W0 −1,l =





′

|La |
m −1
ql X  X
(1 − pf (h))πi,0,h + πm′ ,0,h  ,
W0
i=0
h=1

(2.3)
j = 0, 1, . . . , W0 − 2,
l = 1, 2, . . . , |La |,

l = 1, 2, . . . , |La |.

(2.4)
(2.5)

In order to solve this system, two additional identities are required. By embedding on states
(i, 0, l), i = 0, 1, . . . , m′ and on (0, 0, l), l = 1, 2, . . . , |La |, we get,
πi,0,l = pf (l)i π0,0,l ,
|La |

π0,0,l = ql

X

h=1

π0,0,h ,

i = 0, 1, . . . , m′ , l = 1, 2, . . . , |La |,
l = 1, 2, . . . , |La |.
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From this we can derive the limiting distribution. First, using Equations (2.2), (2.3) and (2.6),

pf (l)
πi−1,0,l
Wi
pf (l)
= πi,j+2,l + 2
πi−1,0,l
Wi
pf (l)
= (Wi − k)
πi−1,0,l
Wi
Wi − k
pf (l)i π0,0,l , i = 1, 2, . . . , m′ , j = 0, 1, . . . , Wi − 1, l = 1, 2, . . . , |La |.
=
Wi

πi,j,l = πi,j+1,l +

(2.8)

For i = 0 the same can be done using Equations (2.4)-(2.7),

π0,j,l



|La | m′ −1
ql X  X
= π0,j+1,l +
(1 − pf (h))πi,0,h + πm′ ,0,h 
W0
i=0
h=1
 ′

|La |
m −1
W0 − j X  X
=
ql
(1 − pf (h))πi,0,h + πm′ ,0,h 
W0
i=0
h=1
 ′

|La |
m −1
′
W0 − j X  X
=
ql
(1 − pf (h))pf (h)i π0,0,h + pf (h)m π0,0,h 
W0
i=0
h=1
|La |

=

W0 − j X
π0,0,h
ql
W0
h=1

W0 − j
=
π0,0,l ,
W0

j = 0, 1, . . . , W0 − 1, l = 1, 2, . . . , |La |.

(2.9)

What remains is to determine the π0,0,l , l = 1, 2, . . . , |La |. This is done using |La | − 1 equations
from (2.7), and the normalization equation,

1=

|La | m′ Wi −1
XX X

πi,k,l .

l=1 i=0 k=0

Substituting Equations (2.8) and (2.9) into Equation (2.10) yields,
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1=

|La | m′ Wi −1
XX X
l=1 i=0 j=0

′

|La |

=

X

π0,0,l

X

π0,0,l

l=1

m
X

pf (l)i

i=0

l=1

m
X
i=0

W
i −1
X
j=0

′

|La |

=

Wi − j
pf (l)i π0,0,l
Wi

pf (l)i

Wi − j
Wi

Wi + 1
2



m
m′
X
X
X1
π0,0,l 
pf (l)i (1 + 2i W0 ) +
pf (l)i (1 + 2m W0 )
=
2
i=0
i=m+1
|La |

l=1

|La |

X1
=
π0,0,l
2
l=1

|La |

=

X1
π0,0,l
2
l=1

!
′
1 − (2pf (l))m+1
1 − pf (l)m+1
1 − pf (l)m −m
m
m+1
W0
+
+ (1 + 2 W0 )
pf (l)
1 − 2pf (l)
1 − pf (l)
1 − pf (l)
!
′
′
1 − (2pf (l))m+1
1 − pf (l)m +1
1 − pf (l)m −m
m
m+1
. (2.11)
W0
+
+ 2 W0
pf (l)
1 − 2pf (l)
1 − pf (l)
1 − pf (l)

The π0,0,l can be numerically solved from (2.7) and (2.11). Having done this, the attempt
probability τl of link l can be determined through Equations (2.6) and (2.7),
′

τl =

m
X

πi,0,l

i=0
′

=

m
X

pf (l)i π0,0,l

i=0

′

1 − pf (l)m +1
=
π0,0,l .
1 − pf (l)

(2.12)

For |La | = 1, Equation (2.11) simplifies to,
−1
π0,0,l
=


′
1
W0 (1 − (2pf (l))m+1 )(1 − pf (l)) + (1 − 2pf (l))(1 − pf (l)m +1 )
2(1 − 2pf (l))(1 − pf (l))

′
+ W0 2m pf (l)m+1 (1 − 2pf (l))(1 − pf (l)m −m )2(1 − 2pf (l))(1 − pf (l)) .
(2.13)

Substituting this into Equation (2.12) yields,
−1
τl,2
=


′
1
W0 (1 − (2pf (l))m+1 )(1 − pf (l)) + (1 − 2pf (l))(1 − pf (l)m +1 )
′
2(1 − 2pf (l))(1 − pf (l)m +1 )

′
+ W0 2m pf (l)m+1 (1 − 2pf (l))(1 − pf (l)m −m )2(1 − 2pf (l))(1 − pf (l)) .
(2.14)

So this is the attempt rate of link l if it has a packet ready at the head of its source’s queue given
that it senses no ongoing transmissions.
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2.2.3

Interaction model

The interaction model is used to determine properties of link h = ha, bi that depend on the
interaction with other links. In order to approximate these metrics, we have to make two additional
assumptions.
Assumption 4. As long as link k and all links within carrier-sensing range of k are not transmitting, link k starts a transmission after an exponential time with rate αk .
Assumption 5. The time it takes link k to perform a successful transmission and the time needed
for an unsuccessful transmission are both exponentially distributed with rate µk .
When link k is saturated, Assumption 4 is equivalent to assuming the backoff process is exponential with rate αk . However, as we allow for unsaturated links, the superposition of the arrival
and backoff processes is exponential. A consequence of Assumption 4 is the elimination of any
synchronization between nodes. As a result, the probability of two links starting a transmission
at the same time is 0. Although this has little impact on most system properties of interest, it
makes it impossible to directly determine pco (h), the probability of two links starting transmission
in the same slot. We can however approximate this probability indirectly, as is shown later, in
Proposition 1.
An important part of Assumption 5 is that unsuccessful transmissions take as long as successful
ones. Although this is in general not true, the relative difference between the duration of these
transmission types is small.
In order to determine the extended transmission time, we investigate the behaviour of link h
when a packet for this link is at the head of the queue of node a. So h is virtually saturated, and
we can use τh,2 from Equation (2.14). If we take slots as our time unit, the access probabilities
from Section 2.2.2 translate to access rates in the interaction model. Because link h has a packet
at the head of the queue, the other links originating from node a do not have a packet ready
for transmission, so their access rate is 0. Links not originating from a exhibit average, possibly
unsaturated behaviour. Although it is difficult to exactly determine the access rate of an unsaturated link, we approximate it by assuming the rate is linear in the load ρs(k) , where s(k) is the
source of link k. The load is determined in the network model in Section 2.2.5. So, summarizing,

k = h,
 τk,2
0
k ∈ La − h,
αk =
(2.15)

min{τk , ρs(k) τk } k ∈ L − La .
Because the αk are measured in slots, so are the µk . These represent the transmission rates
per slot:
(p)

(a)

µ−1
k = rk (P + M ) + rk ACK + P H + SIF S + DIF S,

(2.16)

where P , M and ACK are the size in bits of the DATA, MAC header and ACK messages,
respectively. The SIF S and DIF S represent the transmission duration in slots of the SIFS and
(p)
DIFS and P H the duration of the physical layer header. The rk denotes the transmission rate
(a)
of link k of the DATA and MAC header, and rk denotes the transmission rate of the ACK, in
slots/bit. For more details on the configuration of these parameters, and on the translation from
the physical layer model to the simplified model used in this analysis, see Appendix D.
We now consider the stochastic process that keeps track of what links are transmitting and
what links are not. Because of Assumptions 4 and 5, this is a Markov process. This process is
covered in more detail in Chapter 3, so here we only discuss the results from the analysis. The
process is used to exactly determine or to approximate the following:
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1. E[B(h)], the average duration of a blocked period,
2. E[U (h)], the average duration of an unblocked period,
3. phn (h), the probability of a hidden-node collision,
4. pb (h), the probability link h becomes blocked before it starts another transmission,
(h)

5. ξ1 (k), the probability link k is unblocked when link h just deactivated,
(h)

6. ξ2 (k), the probability link k is unblocked when link h just ended a blocked period,
(h,l)

7. ξ3

(k), the probability link k is the last link in Ch+ ∪ Cl+ to deactivate before h activates.

(h,l)

Using ξ3 (k), we can approximate pco (h), the probability of a coordinated collision.
First, we investigate the average duration of a blocked and unblocked period. From Equations (3.11) and (3.15),

E[B(h)] =

1 − P (∅)SP(L − Ch+ )(1 + gh )
P
,
P (∅)
αk SP(L − Ch+ − Ck+ )

(2.17)

k∈Ch

E[U (h)] = P

+
k∈Ch

SP(L − Ch+ )
.
SP(L − Ch+ − Ck+ )αk

(2.18)

Here
αk
, k ∈ L,
µk
X Y
SP(A) =
gk , k ∈ L,
gk =

D⊆A k∈D
D∈S

S = {D ⊆ L | CD ∩ D = ∅},

P (∅) = 1/SP(L).

We distinguish two types of hidden-node collisions. The first type concerns collisions with links
that are already transmitting when h activates, and the second type is a hidden-node collision
with a link that is activated during a transmission over link h. The probabilities of these events
occurring are denoted by p0 (h) and p1 (h), and can be found in Equations (3.19) and (3.21).
SP(L − Ch+ − GI (h)))
,
SP(L − Ch+ )
µh
p1 (h) ≈ 1 −
,
+
P
SP(L−Ch
−Ck+ −GI (h))
µh +
αk SP(L−C + −G
(h))

p0 (h) = 1 −

k∈GI (h)

where:

h

I

GI (h) = {k = hc, di ∈ L|k 6∈ Ch , k ∈ Ih }.
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So GI (h) contains all links that are inside interference range of link h, but outside of its carriersensing range.
Combining Equations (2.19) and (2.20), we can determine the hidden-node collision probability:
phn (h) ≈ 1 − (1 − p0 (h))(1 − p1 (h)).
(h)

(h)

Finally we consider pb (h) and the distributions ξ1 , ξ2
and (3.28)

pb (h) ≈ 1 −
(h)

ξ1 (k) =
(h)

ξ2 (k) =
(h,l)

ξ3

(k) ≈

αh +

P

+
SP(L−Ch
−Ck+ )
+
SP(L−Ch
)

k∈Ch
SP(L − Ch+ − Ck+ )
,
SP(L − Ch+ )
P
+
l∈Ch αl SP(L − Ch

P

m∈Ch

(h,l)

and ξ3

αh
αk

(2.21)
from Equations (3.23), (3.25), (3.27)

,

(2.22)

k ∈ L,

(2.23)

− Ck+ − Cl+ )

+
αm SP(L − Ch+ − Cm
)

,

αk SP(L − Ch+ − Ck+ )
P
+ ,
αm SP(L − Ch+ − Cm
)

k ∈ L,
k ∈ Ch+ ∪ Cl+ ,

(2.24)
(2.25)

+
m∈Ch
∪Cl+

(h,l)

Using ξ3

, we can approximate the coordinated node collision probability.

Proposition 1. Let pf
co (h) be the approximation of pco (h) under the assumption that all links
activate independently. Then,
pf
co (h) = 1 −

Y

l∈Ih



1 −

(l)
αl ξ1 (h)

X

+
k∈Ch
∩Cl+



(h,l)
ξ3 (k) .

(2.26)

Proof. Let pco (h, l) be probability of a coordinated collision of link h with link l ∈ Ih . Assuming
these are independent for different l, we get
pf
co (h) = 1 −

Y

l∈Ih

(1 − pf
co (h, l)),

(2.27)

where pf
co (h, l) is an approximation of pco (h, l). A coordinated collision between h and l, given
that h activates, occurs when (i) these nodes are synchronized, (ii) link l is unblocked and (iii) link
l activates. So, using that the distribution right before h activates is the same as the distribution
right after this happens, and assuming that the probability that h and l are synchronized is
independent of the probability that h is unblocked:
(l)

pco (h, l) = αl ξ1 (h)

X

(h,l)

ξ3

(k).

+
k∈Ch
∩Cl+

Substituting this into Equation (2.27) yields the required probability.
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Figure 2.3: Transitions of the link model.

2.2.4

Link model

We now use the outcome of the interaction model discussed in the previous section to calculate
the extended transmission time. The model used is similar to that of Katoen [63], adjusted to
handle a partially synchronized network.
We distinguish four possible states a link h ∈ L can be in: (i) unblocked, (ii) blocked, (iii) failed,
with link h engaged in an unsuccessful transmission, and (iv) successful, where h is performing a
successful transmission. These states are denoted by u, b, f and s, respectively. Because nodes
are partially synchronized, all transitions are possible, with the exception of transitions from u to
itself, as can be seen in Figure 2.3. We make the following assumption.
Assumption 6. State transitions and the time spent in each state are independent of the channel
history.
Let Y (t) denote the link state at time t. Because of Assumption 6, {Y (t), t ≥ 0} is a semiMarkov process. We are interested in the Markov chain {Yn , n = 0, 1, . . .} representing the state
of Y (t) right after the nth transition.
The transition probabilities of Yn are as follows. Starting from state u, there are three possible
transitions: to states b, f and s:

pub (h) = pb (h),
puf (h) = (1 − pb (h))pf (h),
pus (h) = (1 − pb (h))(1 − pf (h)).
There are four transitions from state b. First, when h activates right after the blocking link
deactivates, it is possible to go to states f and s. Similarly, the link can also become unblocked
again. When this does not happen, the chain returns to u.
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Y

pbb (h) = (1 − αh ) 1 −
pbu (h) = (1 − αh )

Y

k∈Ch

pbf (h) = αh pf (h),

k∈Ch

(1 −

!

(h)
αk ξ2 (k))

,

(h)

(1 − αk ξ2 (k)),

(2.28)
(2.29)
(2.30)

pbs (h) = αh (1 − pf (h)).

(2.31)

Here we assume independence between the links in Ch to determine pbb , pbu .
From states f and s it is also possible to return to itself when the link performs two (un)successful
transmissions in succession. Let i = f, s,

pib (h) = (1 − αh ) 1 −
piu (h) = (1 − αh )

Y

k∈Ch

Y

k∈Ch

(1 −

!

(h)
αk ξ1 (k))

,

(h)

(1 − αk ξ1 (k)),

pif (h) = αh pf (h),
pis (h) = αh (1 − pf (h)).

(2.32)
(2.33)
(2.34)
(2.35)

Now that we have defined the Markov chain, it can be used to approximate E[T (h)]. To do
this, we need the average time it takes to reach s, starting from state u.
The time it takes to reach s can be determined by solving the following system of equations.
Let Ki be the average time it takes to reach state s from i, i = u, b, f . Then,
Ku (h) = E[U (h)] + pub (h)Kb (h) + puf (h)Kf (h),
Kb (h) = E[B(h)] + pbu (h)Ku (h) + +pbb (h)Kb (h) + pbf (h)Kf (h),
Kf (h) = E[F (h)] + pf u (h)Ku (h) + pf b (h)Kb (h) + pf f (h)Kf (h),

where F (h) denotes the time needed for a failed transmissions. Solving this system of equations
yields,
Ku (h) = E[U (h)]((1 − pbb (h))(1 − pf f (h)) − pbf (h)pf b (h))/Q
+ E[F (h)](pbf (h)pub (h) + puf (h)(1 − pbb (h)))/Q
+ E[B(h)](pub (h)(1 − pf f (h)) + pf b (h)puf (h))/Q.

where,
Q = pbu (h)pub (h)pf f (h) − pbu (h)pub (h) − pbf (h)(pf b (h) + pf u (h)pub (h))
− pbu (h)pf b (h)puf (h) + (1 + pbb (h))(1 − pf f (h) − pf u (h)puf (h)).
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Using this, we can approximate E[T (h)] by adding up Ku (h) and E[S(h)], the time it takes to
perform a successful transmission:
E[T (h)] = E[S(h)] + Ku (h).
For simplicity, we assume E[S(h)] = E[F (h)] =

2.2.5

(2.37)

µ−1
h .

Network model

In this section we investigate the network properties of each link. Using the expected extended
transmission time E[T (h)] derived in Section 2.2.4, we determine the load of each node, system
throughput and packet delay.
First, we determine qk , k ∈ La , the fraction of packets arriving at node a that belong to link
k:
qk = P

λk
l∈La

λl

,

k ∈ La .

(2.38)

Next, we calculate the load ρa of node a as the total arrival rate of packets multiplied by the
average extended transmission time,
!
!
X
X
ρa =
λl
qm E[T (m)] .
(2.39)
l∈La

m∈La

To determine the throughput γ(h) we distinguish between ρa < 1 and ρa ≥ 1. When the load
of the source node is smaller than 1, all packets can be processed, and the throughput and the
traffic arrival rate at link h are the same. However, when ρa ≥ 1, only a fraction 1/ρa of all
packets can be handled. So, combining this,
γ(h) = min{λh ,

λh
}.
ρ(a)

(2.40)

The throughput also provides the arrival rate at the next link in the path. Let f be a traffic
flow and let hf,i , i = 1, 2, . . . , |f | − 1, be the ith link in that flow. Now,

′
γ(hf,i−1 )(1 − pf (hf,i−1 )m ), i > 1,
λhf,i =
(2.41)
νf ,
i = 1.
′

The factor pf (hf,i−1 )m represents the fraction of packets that are discarded because they fail
transmission m′ times.
We now want to determine packet delay. To do this, we use a queueing model where the
extended transmission time is used as sthe service time. For the queueing network to be tractable,
we need to introduce an additional assumption.
Assumption 7. All nodes use a processor-sharing service discipline.
Using this assumption, the wireless network can be described as a network of symmetric queues,
see Kelly [64]. Symmetric queues are a type of quasi-reversible queues, that, when joined together
and used in a setting with Markovian routing, form a product-form queueing network. Before
applying the results about these networks to our wireless network, we first discuss some theory.
Definition 2 (Symmetric queue). Consider a queue that contains customers in positions 1, 2, . . . , n,
where n is the number of customers in the queue. We say that the queue is symmetric if
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1. The service requirement of a customer is a random variable whose distribution may depend
upon the class of the customer.
2. A proportion γ(l, n) of the service effort effort is directed to the customer in position l,
l = 1, 2, . . . , n. When this customer leaves the queue, customers in positions l + 1, l + 2, . . . , n
move to positions l, l + 1, . . . , n − 1, respectively.
3. When a customer arrives at the queue he enters at position l, l = 1, 2, . . . , n + 1, with
probability γ(l, n + 1). Customers in positions l, l + 1, . . . , n move to l + 1, l + 2, . . . , n + 1,
respectively.
Theorem 1 (Kelly [64, Section 3.3]). Consider a symmetric queue where customers of class
c arrive according to a Poisson process with rate ν(c). Suppose class c customers require an
exponentially distributed amount of service with mean d(c). Let c(l) be the class of the customer
in position l, then,
c = (c(1), c(2), . . . , c(n)),
is a Markov process representing the state of the queue. Its limiting distribution π satisfies
π(c) = b

n
Y

ν(c(l))d(c(l)),

(2.42)

l=1

where,

b = 1 − a,
X
a=
ν(c)d(c).
c

Theorem 2 (Kelly [64, Theorem 3.8]). A symmetric queue has the following properties
1. The probability the queue contains n customers is
(1 − a)an .
2. The classes of the customers are independent and the probability a customer is of class c is
ν(c)d(c)
.
a
3. The queue is quasi-reversible.
Proposition 2. The mean sojourn time of a customer of class c equals
E[Sc ] =

36

d(c)
.
1−a

(2.43)
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Proof. Using Little’s law and Theorems 1 and 2,
1
E[Lc ]
ν(c)
1 ν(c)d(c)
E[L]
=
ν(c)
a
1 ν(c)d(c) a
=
ν(c)
a
1−a
d(c)
.
=
1−a

E[Sc ] =

Here E[L] denotes the average number of customers in the system and E[Lc ] represents the average
number of customers of class c.
Theorem 3 (Kelly [64, Theorem 3.7]). An open network of quasi-reversible queues with Poisson
arrivals has the following properties:
1. The states of the individual queues are independent in equilibrium.
2. For an individual queue the equilibrium distribution and the distribution over states found by
an arriving customer of a given class are identical and are as they would be if the queue were
in isolation with arrivals of customers of each class forming independent Poisson processes.
Note that the class of symmetric queues is broader than what we need here, as it can be extended
to include general service times, queue-size dependent service rate and to closed networks.
The relation between this queueing model and the wireless network is as follows. Customer
class c at a queue relates to link h originating from the matching node. The arrival rate ν(c) of
customers of class c is the same as the arrival rate λh of packets at link h. The expected service
requirement d(c) is the same as the average extended transmission time E[T (h)]. Using this we
can determine the packet delay. Using Proposition 2 we get the following result:

D(h) =

1−
X

D(hf,i ).

i=1

Note that this is only valid when the loads of all nodes are smaller than 1.

2.3

(2.44)

k∈Ls(h)

|f |−1

D(f ) =

E[T (h)]
P
,
λk E[T (k)]

Algorithm description

We now describe the algorithm used to iteratively solve the system of equations.
step 0: initialization
set initial values
set MAXIT, the maximum number of iterations
for all h ∈ L do
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determine µh from (2.16)
end for
step 1: iteration
for all f ∈ F do
for i = 1 to |f | − 1 do
set h = hr(f, i), r(f, i + 1)i
set E[Told(h)] = E[T (h)]
perform step 1a
perform step 1b
perform step 1c
perform step 1d
end for
end for
step 1a: solve backoff model
determine τh by solving Equations (2.7) and (2.11) and substituting the solution into Equation (2.12)
determine τh,2 from Equation (2.14)
step 1b: solve interaction model
for all k ∈ L do
determine αk from Equation (2.15)
end for
determine E[B(h)] from Equation (2.17)
determine E[U (h)] from Equation (2.18)
determine phn (h) from Equation (2.21)
determine pb (h) from Equation (2.22)
for all k ∈ L do
(h)
determine ξ1 (k) from Equation (2.23)
(h)
determine ξ2 (k) from Equation (2.24)
for all l ∈ L do
(h,l)
determine ξ3 (k) from Equation (2.25)
end for
end for
determine pco (h) from Equation (2.26)
determine pf (h) from Equation (2.1)
step 1c: solve link model
determine Ku from Equation (2.36)
determine E[T (h)] from Equation (2.37)
step 1d: solve network model
for all k ∈ Ls(h) do
determine qk from Equation (2.38)
end for
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determine
determine
determine
determine
determine

ρs(h) from Equation (2.39)
γ(h) from Equation (2.40)
λf,i+1 from Equation (2.41)
D(h) from Equation (2.44)
D(f ) from Equation (2.45)

step 2: convergence
repeat step 1 until maxk∈L {

E[Told (k)]−E[T (k)]
E[T (k)]

} < 10−3 or up to MAXIT iterations
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Analysis of the interaction model
In this chapter we derive the properties of the interaction model introduced in Section 2.2.3.
Although this chapter uses the same notation as the previous, it can be read separately from the
rest of this thesis.

3.1

Model introduction

We consider a network (N , L) consisting of a set N of nodes and a set L of directed links between
two distinct nodes. Each node a ∈ N has a neighborhood Ca ⊂ N . These satisfy a 6∈ Ca and
a ∈ Cb ⇔ b ∈ Ca .
Let h = ha, bi a, b, ∈ N , a 6= b, be a link, then we refer to a as the source and b as the
destination of link h. The definitions of the neighborhood of a node can be extended to links:
Ch = {k
S = hc, di ∈ L | +c ∈ Ca + a, k 6= h}. Note that h 6∈ Ch . For convenience, we also introduce
CA = h∈A Ch and CA
= CA + A, A ⊆ L. We say link h is a neighbor of link k when k ∈ Ch .
It can easily be shown that for any two links h, k ∈ L, h ∈ Ck ⇔ k ∈ Ch , using the equivalent
property for the neighborhood of nodes.
At any given point in time, a link h can be either active or inactive. We distinguish two types
of inactive links: blocked and unblocked. An inactive link is unblocked when all links in Ch are
inactive, and blocked otherwise. An unblocked link h activates after an exponential time with rate
αh , and the time until an active link deactivates is exponentially distributed with parameter µh .
So a link can only activate when it is unblocked.
This model can be traced back to the dining philosophers’ problem suggested by Dijkstra [36],
where it is used as a model for resource sharing in computer networks. It is also similar to models
used in some other contexts. This is illustrated by for example Kershenbaum [23], Tobagi and
Brázio [106] and Boorstyn et al. [24] for wireless networks, and by Yemini [125] and Pinsky and
Yemini [92] for statistical mechanics. It can also be seen as a special case of models for database
sharing and channel allocation in cellular networks, see for example Kelly [65] and has some
similarities to loss networks, see Kelly [66].
We start by studying the equilibrium behaviour of the above-described model in Section 3.2.
In Section 3.3 some preliminaries are discussed which are needed to derive additional properties
in Section 3.4. Finally, in Section 3.5 we use a simple linear scenario to analyze the quality of the
approximations derived in Section 3.4.
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3.2

Steady-state analysis

Let {X(t), t ≥ 0} denote the set of active links at time t. As the time until activation and deactivation of links is exponentially distributed, X(t) is a Markov process. Let S = { D ⊆ L | CD ∩
D = ∅} be the set of all combinations of links that are not neighbors.
Any state in D ∈ S can be reached by activating all links in D starting from the empty set ∅,
and ∅ can be reached from any state D by deactivating all links. So S is the state space of X(t)
and the process is recurrent. Because X(t) is also finite and aperiodic, a limiting distribution P (·)
exists.
The transition rates of the process are as follows

+
,
 αh , E = D + h, D ∈ S, h ∈ L − CD
q(D, E) =
µh , E = D − h, D ∈ S, h ∈ D,

0,
otherwise.

+
Here we use that {k ∈ L | Ck+ ∩ D = ∅} = L − CD
, which can easily be shown. Using the transition
rates we can determine the global balance equations of X(t):



P (D) 

X

h∈D

µh +

X

+
k∈L−CD



αk  =

X

h∈D

P (D − h)αh +

X

P (D + k)µk ,

+
k∈L−CD

D ∈ S.

In order to determine the equilibrium distribution of X(t), and to show that the process is
reversible, we need the following theorem:
Theorem 4 (Kelly [64, Theorem 1.3]). A stationary Markov process is reversible if and only
if there exists a collection of positive numbers π(D), D ∈ S, summing to unity that satisfy the
detailed balance conditions
D, E ∈ S.

π(D)q(D, E) = π(E)q(E, D),

(3.1)

When there exists such a collection π(D), D ∈ S, it is the equilibrium distribution of the process.
Using this, we can both prove reversibility and determine the equilibrium distribution.

Proposition 3. The Markov process X(t) is reversible and
!
Y
P (D) = P (∅)
gh ,
where gh = αh /µh and P (∅) =

P

D∈S

Q

h∈D

gh

−1

(3.2)

h∈D

is the probability of having no active links.

Proof. Let the system be in state D ∈ S, then there are two possible transitions: (i) towards
+
D + h, h ∈ L − CD
, and (ii) into state D − k, k ∈ D.
+
First, let h ∈ L − CD
. Substituting π(D) = P (D) from (3.2) into Equation (3.1) yields,
π(D)q(D, D + h) = P (∅)

Y

gl

l∈D

= P (∅)

Y

!

l∈D+h

αk

gl

!

µh

= π(D + h)q(D + h, D).
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Now, let k ∈ D:
π(D)q(D, D − k) = P (∅)

Y

gl

l∈D

= P (∅)

!

Y

l∈D−k

µk
!

gl αk

= π(D − k)q(D − k, D).
This satisfies the first condition of Theorem 4. The second condition can easily be verified by
summing over all possible states:
X

D∈S

P (D) =

X

P (∅)

D∈S

= P (∅)

Y

gm

m∈D

X

D∈S

= P (∅)/P (∅)

Y

gm

m∈D

!
!

= 1.
Now, according to Theorem 4, X(t) is reversible with limiting distribution as in (3.2).
Proposition 3 may also be obtained by interpreting X(t) as the call population in a loss network.
Here h ∈ L represent call types, each of unit capacity, where type h ∈ L requires capacity of each
of the links in Ch+ .

3.3

Preliminaries

In this section we investigate some preliminaries needed to perform the analysis in Section 3.4.
Before discussing the model, we first introduce some additional notation. Let h = ha, bi ∈ L,
A ⊆ L and define,
1. A(h) ⊂ S, the set of states where link h is active, A(h) = {D ∈ S | h ∈ D},
2. B(h) ⊂ S, the set of states where link h is blocked, B(h) = {D ∈ S | ∃k∈D : k ∈ Ch },
3. U(h) ⊂ S, the set of states where link h is unblocked, U(h) = {D ∈ S | ∀k∈D : k 6∈ Ch+ },
4. A(A) ⊂ S, the set of states where at least one link in A is active, A(A) = {D ∈ S | ∃k∈D :
k ∈ A},
P
P
Let H ⊆ S and define P (H) = D∈H P (D), H c = S − H, PH (D) = P (D)/ E∈H P (E), D ∈
H. We introduce the hitting time and return time on H.
Definition 3 (Hitting time). The hitting time TH on a subset H ⊆ S is the time from t = 0 until
X(t) reaches H:
TH = min{t ≥ 0 | X(t) ∈ H}
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+
Definition 4 (Return time). The hitting time TH
on a subset H ⊆ S is the time from t = 0 until
X(t) returns to H.
+
TH
= min{t ≥ TH c | X(t) ∈ H}
+
Note that TH = TH
when X(0) 6∈ H. If the process is stationary and has just exited H at
time t = 0, the hitting time can be determined exactly.

Theorem 5 (Kac’s formula). Let H ⊆ S, then
E[TH | X(0) ∼ ρH ] =

P (H c )
,
Q(H)

(3.3)

where ρH is the distribution of the process immediately after exiting H and Q(H) the average rate
out of H:
X P (D)
q(D, E), E ∈ H c ,
Q(H)
D∈H
X X
Q(H) =
P (D)q(D, E).

ρH (E) =

D∈H E∈H c

Proof. We can show this by rewriting the expected number of transitions into H until X(t) has
reached H as follows:

1 = E[TH | X(0) ∼ ρH ]

X P (D) X
q(D, E)
P (H c )
c

D∈H

E∈H

E[TH | X(0) ∼ ρH ] X X
P (D)q(D, E)
=
P (H c )
c
E∈H D∈H

E[TH | X(0) ∼ ρH ] X X
=
P (E)q(E, D)
P (H c )
c
E∈H D∈H

E[TH | X(0) ∼ ρH ]
=
Q(H).
P (H c )

(3.4)

Where in the third step we use reversibility of X(t).
Note that this can be proven for general stationary processes, see [6, Chapter 2, Section 5].
We can show that given a certain configuration and with the process in steady-state, the time
until a link activates is exponentially distributed.
Theorem
6. Let A, B ⊆ L, C ⊆ L − A, such that A ∩ B = ∅, A ∩ CA = ∅ and take H =
S
c
h∈A A(h) ∪ A (B) Then
+
P(TA(k) > t | X(0) ∼ PH , TA(C)
= TA(k) ) = exp (−tαk P (U(k) | H)) ,

k ∈ L − A.

(3.5)

Proof. In order to rewrite the probability we have to look at the model in a different way. Instead
of link k activating with rate αk when it is unblocked, we assume there is a Poisson process
with constant arrival rate αk of activation attempts. When such an attempt occurs and link k is
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unblocked, it activates. Otherwise nothing happens. Because both the time until an unblocked
link activates and the time between two activation attempts are exponential, these models are
the same. Now, let Mk (t) be the number of activation attempts in the interval (0, t). We can
condition on Mk (t):
+
P(TA(k) > t | X(0) ∼ PH , TA(C)
= TA(k) )

=
≈
=

∞
X

n=0
∞
X

n=0
∞
X

n=0

+
P(Mk (t) = n)P(TA(k) > t | X(0) ∼ PH , TA(C)
= TA(k) Mk (t) = n)

eαk t

(αk t)n
+
P(n failed attempts | X(0) ∼ PH , TA(C)
= TA(k) , Mk (t) = n)
n!

eαk t

(αk t)n
(1 − P (U(k) | H))n
n!

= exp (−αk t(P (U(k) | H)))) .
Here in the third step the PASTA property is used, where the activation attempts represent the
customers. We assume that system state seen by a customer is independent of the state as seen
by the previous arrival.
This remarkable result can be explained using the observation that in this approximation the time
until activation is in fact a geometric sum of i.i.d. exponentially distributed random variables.
We now introduce the sum of products, and continue to derive some properties
Definition 5 (Sum of products). The sum of products (SP) of a set A ⊆ L is the sum over all
possible states containing just links in A:
X Y

SP(A) =

gh .

(3.6)

D⊆A h∈D
D∈S

Also P (∅) = 1. In Appendix A a closed-form approximation is derived for the sum of products.
We now prove some identities for the SP.
+
Proposition 4. Let A1 , A2 , A ⊆ L, and let A1 and A2 be such that CA
∩ A2 = ∅, then
1

1. SP(A1 + A2 ) = SP(A1 )SP(A2 ),

P
Q
2. SP(A) = SP(A − B) + D⊆B,D∈S SP(A − B − CD ) h∈D gh ,
D6=∅

3. SP(A) = SP(A − h) + gh SP(A − Ch+ ),

B ⊆ A,

h ∈ A.

Proof. 1. Writing out the definition of SP,
SP(A1 + A2 ) =

X

Y

D⊆A1 +A2 h∈D
D∈S

We can rewrite the summation set as follows:
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{D ⊆ A1 + A2 | D ∈ S} = {D ⊆ A1 + A2 | CD ∩ D = ∅}

= {D = DA1 + DA2 | DA1 ⊆ A1 , DA2 ⊆ A2 , CD ∩ D = ∅}
= {D = DA1 + DA2 | DA1 ⊆ A1 , DA2 ⊆ A2 , CDA1 ∩ D = ∅, CDA2 ∩ D = ∅}.
(3.8)

+
+
Now, using that CA
∩ A2 = ∅ (and, because of symmetry of CA , CA
∩ A1 = ∅), the expression
1
2
from Equation (3.8) simplifies:

{D = DA1 + DA2 | DA1 ⊆ A1 , DA2 ⊆ A2 , CDA1 ∩ DA1 = ∅, CDA2 ∩ DA2 = ∅}

= {D = DA1 + DA2 | DA1 ⊆ A1 , DA2 ⊆ A2 , DA1 ∈ S, DA2 ∈ S}.
Substituting this into (3.7) we get:


 X
SP(A1 + A2 ) = 




Y

DA1 ⊆A1 h∈DA1
DA1 ∈S

= SP(A1 )SP(A2 ).

 X

gh 


Y

DA2 ⊆A2 k∈DA2
DA2 ∈S




gk 


2. This can be shown by distinguishing between configurations where no links in B are active,
and configurations where at least one link h ∈ B is active. Let B ⊆ A,
{D ⊆ A | D ∈ S} = {D ⊆ A | D ∈ S, D ∩ B = ∅} ∪ {D ⊆ A | D ∈ S, D ∩ B 6= ∅}
= {D ⊆ B | D ∈ S} ∪ {D ⊆ A | D ∈ S, D ∩ B 6= ∅}.

(3.9)

The second part of this expression can be rewritten as follows
{D ⊆ A | D ∈ S, D ∩ B 6= ∅}

= {D = D1 + D2 | D1 ⊆ B, D2 ⊆ A − B, D1 =
6 ∅, D ∈ S}
= {D = D1 + D2 | D1 ⊆ B, D2 ⊆ A − B, D1 =
6 ∅, CD1 ∩ D = ∅, CD2 ∩ D = ∅}

= {D = D1 + D2 | D1 ⊆ B, D2 ⊆ A − B − CD1 , D1 6= ∅, CD1 ∩ D1 = ∅, CD2 ∩ D2 = ∅}

= {D = D1 + D2 | D1 ⊆ B, D2 ⊆ A − B − CD1 , D1 6= ∅, D1 ∈ S, D2 ∈ S}.

(3.10)

Substituting Equations (3.9) and (3.10) into the expression for the SP we get,

SP(A) =

X

Y

X

gh +

D⊆A−B h∈D
D∈S

= SP(A − B) +



D1 ⊆B,D1 ∈S
D1 6=∅

X

D⊆B,D∈S
D6=∅

Y

gh

h∈D1
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Y

D2 ⊆A−B−CD1 k∈D2
D2 ∈S

SP(A − B − CD )

3 Taking B = {h}, this immediately follows from 2.

X

Y

l∈D

gl

!

.




gk 
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3.4

Additional properties of X(t)

In this section we use the preliminaries from Section 3.3 to derive some additional properties of
the Markov chain introduced in Section 3.2. Let h ∈ L be a link and let GI (h) ⊂ L be a set of
links such that h 6∈ GI (h). We are interested in the following quantities.
1. E[B(h)], the average duration of a blocked period,
2. E[U (h)], the average duration of an unblocked period,
3. p0 (h) = P(X(0) ∈ A(GI (h)) | X(0) ∼ ρAc (h) ), the probability any link in GI (h) is active
when link h activates,
4. p1 (h) = P(TA(GI (h)) < TAc (h) | X(0) ∼ ρAc (h) , X(0) 6∈ A(GI (h))), the probability a link in
GI (h) activates before link l deactivates, given that h just activated and no link in GI (h) is
active,
5. pb (h) = P(TB(h) < TA(h) | X(0) ∼ ρU c (h) ) the probability link h becomes blocked before it
activates, given that it just became unblocked,
(h)

6. ξ1 (k) = P(X(0) ∈ U(k) | X(0) ∼ ρA(h) ), the probability link k is unblocked when link h
just deactivated,
(h)

7. ξ2 (k) = P(X(0) ∈ U(k) | X(0) ∼ ρB(h) ), the probability link k is unblocked when link h
just ended a blocked period,
(h,l)

8. ξ3

(k), the probability link k is the last link in Ch+ ∪ Cl+ to deactivate before h activates.

Quantities 1-3, 6 and 7 can be determined exactly, while the others are approximated.
Proposition 5.
E[B(h)] =

1 − P (∅)SP(L − Ch+ )(1 + gh )
P
.
P (∅)
αk SP(L − Ch+ − Ck+ )

(3.11)

k∈Ch

Proof. First observe that the average time link h is blocked is the same as the expected return
time to the set of states where link h is not blocked, starting from this set. Using both this and
Kac’s Formula (Theorem 5),
E[B(h)] = E[TBc (h) | X(0) ∼ ρBc (h) ]
=

P (B(h))
.
Q(B c (h))

(3.12)

First, we compute P (B(h)) by considering that a link can be either active, blocked or unblocked:
P (B(h)) = 1 − P (A(h)) − P (U(h))

= 1 − P (∅)gh SP(L − Ch+ ) − P (∅)SP(L − Ch+ )
= 1 − P (∅)SP(L − Ch+ )(1 + gh ).

By summing over all links that block h when activated, we can determine Q(B c (h)):
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Q(B c (h)) =

X

X

P (D)q(D, E)

D∈Bc (h) E∈B(h)

=

X

X

P (D)αk

k∈Ch D⊆L−C + −C +
h
k
D∈S

X

= P (∅)

k∈Ch

αk SP(L − Ch+ − Ck+ ).

(3.14)

Combining Equations (3.13) and (3.14) then gives the duration of a blocked period.
We can derive the average duration of an unblocked period in a similar way.
Proposition 6.
E[U (h)] = P

+
k∈Ch

SP(L − Ch+ )
.
αk SP(L − Ch+ − Ck+ )

(3.15)

Proof. The time link h is unblocked is the same as the time it takes for link h to return to a state
that is not unblocked, given that it just became unblocked. Using Kac’s formula,
E[U (h)] = E[TU c (h) | X(0) ∼ ρU c (h) ]
=

P (U(h))
.
Q(U c (h))

(3.16)

First, P (U(h)) can be written as all possible combinations of active links where link h is blocked:

c

P (U(h)) = P (∅)SP(L − Ch+ ).

(3.17)

Determining Q(U (h)) is slightly more difficult. To do this, we have to sum over all possible ways
link h can become unblocked:
Q(U c (h)) =

X

X

P (D)q(D, E)

D∈U c (h) E∈U (h)

=

X

X

P (D + k)µk

+
+
k∈Ch
D⊆L−Ch
−Ck+
D∈S

= P (∅)

X

+
k∈Ch

αk SP(L − Ch+ − Ck+ ).

(3.18)

Substituting the expressions from Equations (3.17) and (3.18) into Equation (3.16), and dividing
by P (∅) yields the expected duration of an unblocked period.
The final quantity we can exactly determine is p0 (h). This is done by writing out its definition.
Proposition 7.
p0 (h) = 1 −

SP(L − Ch+ − GI (h)))
.
SP(L − Ch+ )
48

(3.19)

Chapter 3: Analysis of the interaction model

Proof. Writing out the definition of ρAc (h) yields:
p0 (h) = P(X(0) ∈ A(GI (h)) | X(0) ∼ ρAc (h) )
X
=
ρAc (h) (E)
E∈A(GI (h))∩A(h)

X

=

X

P (D)q(D, E)/Q(Ac (h))

E∈A(GI (h))∩A(h) D∈Ac (h)

X

=

P (D)q(D, D + h)/Q(Ac (h))

D∈Ac (h)∩A(G

1
=
Q(Ac (h))
=

αh P (∅)
Q(Ac (h))

I (h))

X

P (D)αh

D∈U (h)∩A(GI (h))

X

F ⊆GI (h)
F ∈S,F 6=∅

SP(L − Ch+ − CF − GI (h))

Y

gk ,

(3.20)

k∈F

where Q(Ac (h)) can be calculated as follows:
Q(Ac (h)) =

X

X

P (D)q(D, E)

D∈Ac (h) E∈A(h)

=

X

P (D)αh

D∈U (h)

= αh P (∅)SP(L − Ch+ ).
By substituting this into Equation (3.20) and using Proposition 4.2 we get:

p0 (h) =
=

P

F ⊆GI (h) SP(L
F ∈S,F 6=∅

− Ch+ − CF − GI (h))
SP(L − Ch+ )

Q

k∈F

gk

SP(L − Ch+ ) − SP(L − Ch+ − GI (h))
SP(L − Ch+ )

=1−

SP(L − Ch+ − GI (h)))
.
SP(L − Ch+ )

We can derive p0 (h) more easily by adopting the queueing-based view of the network from
Theorem 6. When we view an activation as a newly arrived customer, according to the PASTA
property, we can use the limiting distribution of the Markov process to determine p0 (h). The limiting probability that link h is unblocked is P (∅)SP(L−Ch+ ), and the probability that h is unblocked
and no nodes in GI (h) are active equals P (∅)SP(L − Ch+ − GI (h)). So the conditional probability
that no links in GI (h) are activated given that h is unblocked is SP(L − Ch+ − GI (h))/SP(L − Ch+ ).
From this we can determine p0 (h). Similar probabilistic interpretations can be found for most
quantities in this chapter.
In order to approximate p1 (h) we make simplifying assumptions, about the system distribution
after link h activates, and about independence of activating links. These are used to derive the
approximation pe1 (h).
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An alternative approach to solving p1 (h) is outlined in Appendix B. Here a system of equations
is constructed by conditioning on the first transition after link h activates. This system can be
used to exactly determine, or to approximate p1 (h), depending on wether the system is solved
exactly or an approximate solution is derived using iterative methods. This approach however
is computationally intensive, so the approximation presented below is our preferred method for
calculating p1 (h).
Let pe1 (h) be the approximation to p1 (h) under the assumption that (i) the links in GI (h)
activate independently and (ii) The distribution of the process just after link h activates given
that GI (h) is deactivated is PA(h)∩Ac (GI (h)) . Now, the following holds for pe1 (h).
Proposition 8.

pe1 (h) = 1 −

µh +

P

µh

k∈GI (h)

+
SP(L−Ch
−Ck+ −GI (h))
αk SP(L−C
+
h −GI (h))

.

(3.21)

Proof. Using the assumption concerning the initial distribution of the process,


pe1 (h) = P TA(GI (h)) < TAc (h) | X(0) ∼ PA(h)∩Ac (GI (h)) .

Conditioning on TAc (h) gives:

pe1 (h) =
=

=

Z∞

t=0
Z∞

t=0
Z∞
t=0



P TA(GI (h)) < t | X(0) ∼ PA(h)∩Ac (GI (h)) , TAc (h) = t dP TAc (h) ≤ t
µh e−µh t 1 − P TA(GI (h)) ≥ t | X(0) ∼ PA(h)∩Ac (GI (h)) , TAc (h) = t


µh e−µh t 1 −

Y

k∈GI (h)



P TA(k) ≥ t | X(0) ∼ PA(h)∩Ac (GI (h)) , TAc (h)

dt



= t  dt. (3.22)

This last step is done using the independence assumption. We can determine the probability in
this expression using Theorem 6:


P TA(k) ≥ t | X(0) ∼ PA(h)∩Ac (GI (h)) , TAc (h) = t = exp(−αk tP (U(k) | A(h) ∩ Ac (GI (h)))).
Substituting this into Equation (3.22) yields,
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pe1 (h) =

Z∞

t=0



µh e−µh t 1 −

= 1 − µh

Z∞

t=0

=1−



k∈GI (h)

=1−

µh +

µh +

P

µh +

exp(−αk tP (U(k) | A(h) ∩ Ac (GI (h)))) dt
X

k∈GI (h)



αk P (U(k) | A(h) ∩ Ac (GI (h)))) dt

P

µh
P (U (k)∩A(h)∩Ac (GI (h)))
αk P (A(h)∩Ac (GI (h)))
µh

P

k∈GI (h)

=1−



µh
αk P (U(k) | A(h) ∩ Ac (GI (h)))

k∈GI (h)

=1−

k∈GI (h)

exp −t(µh +

P

µh

Y

+
P (∅)SP(L−Ch
−Ck+ −GI (h))gh
αk P (∅)SP(L−C
+
−GI (h))gh
h

µh

k∈GI (h)

+
SP(L−Ch
−Ck+ −GI (h))
αk SP(L−C
+
h −GI (h))

.

Note that when GI (h) = {k} and µh = µk ,
pe1 (h) = 1 −
=1−
=1−

µh +

P

µh

k∈GI (h)

+
SP(L−Ch
−Ck+ −GI (h))
αk SP(L−C
+
h −GI (h))

SP(L − Ch+ − k)
SP(L − Ch+ − k) + gk SP(L − Ch+ − Ck+ )
SP(L − Ch+ − k)
SP(L − Ch+ )

= p0 (h),

where we use Proposition 4.3 in the third equality.
We continue to approximate pb (h). Note that the alternative approach described in Appendix B
can also be applied to pb (h). Similar to what was done for p1 (h), we approximate pb (h) by peb (h).
We calculate peb (h) as if (i) the links in Ch activate independently of each other and (ii) the
distribution of the process just after link h becomes unblocked is PU (h) .
Proposition 9.

peb (h) = 1 −
Proof.

αh +

P

k∈Ch

αh
αk

+
SP(L−Ch
−Ck+ )
+
SP(L−Ch
)

.


peb (h) = P TB(h) < TA(h) | X(0) ∼ PU (h) .

(3.23)

As long as link h remains unblocked, the time until it activates is exponentially distributed. So
by conditioning on the activation time of h we get,
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peb (h) =
=

=

Z∞

t=0
Z∞
t=0
Z∞



P TB(h) < t | X(0) ∼ PU (h) , TA(h) = t dP TA(h) ≤ t
αh e−αh t 1 − P TB(h) ≥ t | X(0) ∼ PU (h) , TA(h) = t
αh e

−αh t

1−

t=0

Y

k∈Ch



dt

P TA(k) ≥ t | X(0) ∼ PU (h) , TA(h) = t

!


dt,

(3.24)

where we use the independence for peb (h) in the final step. Now, again we apply Theorem 6,

P TA(k) ≥ t | X(0) ∼ PU (h) , TA(h) = t = exp (−αk tP (U(k) | U(h))) .

If we now substitute Equation (3.25) into (3.24) we get

peb (h) =

Z∞

αh e

−αh t

t=0

= 1 − αh

Z∞

t=0

=1−

αh +

1−

αh +

P
P

k∈Ch

=1−

αh +

P

k∈Ch

=1−

αh +

k∈Ch

P

!

exp (−αk tP (B(k) | U(h))) dt

exp −t(αh +

k∈Ch

=1−

Y

X

k∈Ch

!

αk P (U(k) | U(h))) dt

αh
αk P (B(k) | U(h))
αh
(h))
αk P (UP(k)∩U
(U (h))

αh
+
P (∅)SP(L−Ch
−Ck+ )
αk P (∅)SP(L−C
+
h )

αh
αk

k∈Ch

+
SP(L−Ch
−Ck+ )
+
SP(L−Ch
)

,

completing the proof.
(h)

(h)

(h,l)

We now determine ξ1 (k) and ξ2 (k), and approximate ξ3

(k).

Proposition 10.
(h)

ξ1 (k) =

SP(L − Ch+ − Ck+ )
.
SP(L − Ch+ )
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Proof.
(h)

ξ1 (k) = P(X(0) ∈ U(k) | X(0) ∼ X(0) ∼ ρA(h) )
X
=
ρA(h) (E)
E∈U (k)∩Ac (h)

X

=

X

E∈U (k)∩Ac (h) D∈A(h)

=
=

1
Q(A(h))

P (D)
q(D, E)
Q(A(h))

X

P (D + h)µh

F ∈U (h)∩U (k)

αh P (∅)
SP(L − Ch+ − Ck+ ).
Q(A(h))

(3.26)

What remains is to determine Q(A(h)),

Q(A(h)) =

X

X

P (D)q(D, E)

D∈A(h) E∈Ac (h)

= αh P (∅)SP(L − Ch+ ).
Substituting this into Equation (3.26) gives the desired expression.
(h)

We continue by determining ξ2 (k), the probability that link k is active when h ends a blocked
period.
Proposition 11.
(h)
ξ2 (k)

(h)

=

P

l∈Ch
P

αl SP(L − Ch+ − Ck+ − Cl+ )

m∈Ch

+
αm SP(L − Ch+ − Cm
)

.

Proof. To calculate ξ2 (k), we write out its definition,
(h)

ξ2 (k) = P(X(0) ∈ U(k) | X(0) ∼ ρB(h) )
X
=
ρB(h) (E)
E∈Bc (h)∩U (k)

=

X

X

E∈Bc (h)∩U (k) D∈B(h)

=

X
1
µl
Q(U(h))
l∈Ch

P (D)
q(D, E)
Q(B(h))
X

P (F + l)

F ∈U (h)∩U (k)∩U (l)

P (∅) X
=
αl SP(L − Ch+ − Ck+ − Cl+ ),
Q(U(h))
l∈Ch

where,
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Q(U(h)) =

X

X

P (D)q(D, E)

D∈B(h) E∈Bc (h)

= P (∅)

X

m∈Ch

+
αm SP(L − Ch+ − Cm
).

(h,l)

(h,l)

Finally, let ξe3
(k) be the approximation to ξ3
link h activates is PU (h) . Then the following holds.

(k) when the system distribution just before

Proposition 12.

(h,l)
ξe3
(k) =

αk SP(L − Ch+ − Ck+ )
P
+ ,
)
αm SP(L − Ch+ − Cm

k ∈ Ch+ ∪ Cl+ .

(3.28)

+
m∈Ch
∪Cl+

Proof. Observe that, because of the reversibility of the process, the distribution of the last link
to deactivate before the system enters U(h) is the same as that of the first link to activate given
that the system distribution is PU (h) . This can be determined by looking at the time until link k
activates, which we know from Theorem 6:
P(TA(k)



SP(L − Ch+ − Ck+ )
.
> t | X(0) ∼ PU (h) ) = exp −tαk
SP(L − Ch+ )

(3.29)

So the time until each link k ∈ Ch+ ∪ Cl+ activates is exponentially distributed. Using this, the
statement follows.

3.5

Validation of the interaction model

In this section we investigate the accuracy of the approximations presented in Section 3.4. This
is done by comparing the approximations to simulations done in Java.
The comparison is done in the setting of the chain topology described in Section C.1. We
assume N nodes and use the following parameters,
αha = 0.2 − 0.03(a − 1),

0.05, a odd,
µha =
0.1, a even.

a = 1, 2, . . . , N,

The difference between the approximation and simulation is quantified using the relative difference:
∆% =

papp − psim
· 100%.
psim
(h,l)

(3.30)

We investigate the accuracy of p1 (h), pb (h) and ξ3 (k), starting with peb (ha ). The approximation together with the simulation results and relative differences is displayed in Table 3.1. The
small relative differences seem to indicate that the approximation is in fact exact. It is unclear
why.
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N =6

N =7

N =8

a
peb (ha )
pb (ha ) simulation
∆%
peb (ha )
pb (ha ) simulation
∆%
peb (ha )
pb (ha ) simulation
∆%

1
0.440
0.441
-0.2
0.467
0.468
-0.2
0.461
0.459
0.4

2
0.635
0.635
0.0
0.641
0.639
0.3
0.653
0.652
0.2

3
0.800
0.799
0.1
0.780
0.780
0.0
0.779
0.782
-0.3

4
0.563
0.564
-0.2
0.636
0.637
-0.2
0.585
0.585
0.0

5
0.562
0.563
-0.2
0.657
0.656
0.2
0.684
0.682
0.3

6
0.696
0.696
0.0
0.729
0.733
-0.5

7
0.771
0.770
0.1

Table 3.1: The relative differences of peb (ha ) per link for different values of N .
N =6

N =7

N =8

a
pe1 (ha )
p1 (ha ) simulation
∆%
pe1 (ha )
p1 (ha ) simulation
∆%
pe1 (ha )
p1 (ha ) simulation
∆%

1
0.458
0.377
21.4
0.415
0.350
18.6
0.468
0.397
17.9

2
0.444
0.445
-0.2
0.348
0.326
6.7
0.296
0.266
11.3

3
0.500
0.507
-1.3
0.417
0.388
7.2

4
0.166
0.166
0.0

Table 3.2: The relative differences of pe1 (ha ) per link.

The second approximation is pe1 (ha ), is studied in some more detail in Table 3.2. Because
p1 (ha ) = 0 for the rightmost three links, this table only shows links 1-4. From this table it seems
the accuracy increase as we move further along to the right of the chain, and the approximation
because exact for the last link.
(ha ,lb )
Finally we investigate the accuracy of ξe3
(kc ). Table 3.3 shows the relative differences of
this approximation for N = 7 and ha = h2 .
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k1

k2

k3

k4

k5

k6

0.423
0.441
-4.1

0.359
0.371
-3.2

0.143
0.124
15.3

0.075
0.064
17.2

-

-

(h ,l )

0.423
0.441
-4.1

0.359
0.371
-3.2

0.143
0.124
15.3

0.075
0.064
17.2

-

-

(h ,l )

0.401
0.420
-4.5

0.341
0.352
-3.1

0.136
0.122
11.5

0.071
0.063
12.7

0.051
0.043
18.6

-

0.388
0.409
-5.1

0.330
0.343
-3.8

0.132
0.115
14.8

0.069
0.062
11.3

0.050
0.043
16.3

0.031
0.029
6.9

0.388
0.409
-5.1

0.330
0.343
-3.8

0.132
0.115
14.8

0.069
0.062
11.3

0.050
0.043
16.3

0.031
0.029
6.9

0.388
0.409
-5.1

0.330
0.343
-3.8

0.132
0.115
14.8

0.069
0.062
11.3

0.050
0.043
16.3

0.031
0.029
6.9

(ha ,lb )

l1

l2

l3

l4

l5

l6

ξe3
(kc )
(ha ,lb )
ξ3
(kc ) simulation
∆%
(ha ,lb )
ξe3
(kc )
ξ3 a b (kc ) simulation
∆%
(ha ,lb )
ξe3
(kc )
ξ3 a b (kc ) simulation
∆%
(ha ,lb )
ξe3
(kc )
(h ,l )
ξ3 a b (kc )

simulation
∆%
(ha ,lb )
ξe3
(kc )
(h ,l )

ξ3 a b (kc ) simulation
∆%
(ha ,lb )
ξe3
(kc )
(h ,l )
ξ3 a b (kc )

∆%

simulation

(ha ,lb )
Table 3.3: The relative differences of ξe3
(kc ) per link for N = 7, ha = h2 .
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Performance analysis validation
and results
In this chapter we discuss an implementation of the performance analysis developed in Chapters 2
and 3. In Section 4.1 we introduce the simulation package used for validation, and Section 4.2
covers the translation from the complicated physical model of wireless networks to the simplified
physical model used in our analysis. In Section 4.3 the performance analysis is validated through
comparison to simulation results. Finally in Section 4.4 we use the performance analysis to evaluate
some specific wireless networks.

4.1

WARP2

the simulations are performed using the Wireless Access Radio Protocol 2 (WARP2). It is a
802.11a-based discrete event simulator that supports multi-hop traffic. The software was developed
by the Communication Networks department of the Aachen Technical University.
Instead of modelling the full physical layer, WARP2 determines the SINR of a specific transmission, and then uses the accompanying packet error rate (PER) to determine wether a package
is sent successfully. The tables containing the PER for different SINR and packet sizes are constructed through experiments.

4.2

Relating the physical layer models

In order to compare the simulation results to the performance analysis, a connection has to be
made between the two physical layer models. As is mentioned in Section 4.1, WARP2 employs a
more complicated physical layer model compared to the performance analysis, without any obvious
mapping between them.
Such a mapping has to translate the specific topology, transmission power and resulting SINR
from the simulation model to a fixed interference and carrier-sensing range used in the performance
analysis. In order to make a coherent mapping between the two models, we define the interference
and carrier-sensing range as follows. A link h is within interference (carrier-sensing) range of link
k if h can on its own can exceed the SINR (energy detection) threshold. This type of modelling
ignores the phenomenon where multiple links together reach these thresholds, where they could not
separately. The validation in Section 4.3 however indicates that this mapping works sufficiently
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Throughput of a chain topology
7

6

Throughput (Mb/s)
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Offered load (Mb/s)

Figure 4.1: The throughput of the simulation and the performance analysis plotted against the
offered load.
well. Note however that this is hardly a one-on-one mapping, and multiple simulation scenarios
coincide with the same performance analysis setting. This reflects the ambiguity of the process of
simplifying the physical layer model.

4.3

Validation of the performance analysis

Using the relation between the simulation and the performance analysis from Section 4.2, we can
validate the performance analysis as follows. We apply the parameters from Appendix D and
investigate the chain topology described in Section C.1. We assume that the chain consists of
N = 7 nodes, and that neighboring nodes are three meters apart. The maximum number of
iterations is set at MAXIT = 10.
Figure 4.1 shows the throughput of the network (i.e. the payload received by node 7) plotted
against the offered load at node 1. The solid line represents the simulation results, while the
throughput of the performance analysis is shown by the dotted lines. What stands out most from
this figure is the fact that the graph representing the performance analysis throughput splits into
multiple lines. This split indicates that the algorithm from Section 2.3 stops converging as the
offered load increases. This seems to happen as soon as a link becomes saturated.
The fluctuation in throughput that occurs after this point can be explained as follows. From
Figure 4.2(a) it can be seen that link h3 is the first to become saturated, as it experiences the
most contention. When this happens, h3 can only send a limited amount of packets to h4 , causing
the upstream links to be less active. In the next iteration, because of the decreased activity in
the upstream links, h3 can transmit more packets, which in turn causes higher activity in the
upstream nodes. This cycle continues, and as a result, the algorithm does not converge.
The lack of convergence makes it difficult to compare the performance analysis to the simulation
results. However, the behaviour of the simulation, as well as the order of magnitude of the
throughput, are very similar to those of the performance analysis. Moreover, the analysis was not
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designed for accurate estimation of the network performance. Instead its purpose is to analyze and
explain the behaviour of wireless networks. So it suffices to show that the performance analysis
shows roughly the same behaviour as the simulation, which it does.

4.4

Applications of the performance analysis

Although the algorithm does not converge, and as such is unfit to give accurate predictions of the
network performance, we can still use the performance analysis to investigate and explain network
behaviour. We now discuss some scenarios where the network shows strange behaviour, and try
to explain this using the analysis.

4.4.1

Throughput drop

Returning to the chain topology discussed in the previous section we can see both the simulation
and the performance analysis show a drop in the throughput after a certain point. This throughput
drop is a well-known phenomenon in multi-hop networks, and can be explained as follows.
Figure 4.2(a) shows the load of all links as a function of the offered load. This shows link h3
is the first to become saturated (i.e. its load is the first to become greater than 1). This can be
explained by the observation that this link experiences the most contention, as it is in the middle
of the chain. The moment when the first link becomes saturated we refer to as the saturation point.
This also signals the start of the throughput drop, which can be explained follows. Figure 4.2(b)
shows the extended transmission time plotted against the offered load. The graph shows that the
extended transmission time of h3 increases, even after this link becomes saturated. As a result, it
takes longer for h3 to successfully transmit a packet, and the throughput drops.
The extended transmission time itself is split into different segments, representing the blocked
period, time spent on collisions and the time it takes to perform a successful transmission. The
portion of the extended transmission time a link is blocked we refer to as the extended blocked
time. Its expectation can be determined from Equation (2.36).
The expected extended blocked time of all links is displayed in Figure 4.2(c). This clearly shows
that the increase in the extended transmission time of h3 is caused by the increasing extended
blocked time. This can again be split into two parts: the expected duration of a blocked period, and
the average number of blocked periods between two successful transmissions. These are displayed
in Figures 4.2(d) and 4.2(e) respectively. The latter is directly linked to the pb (ha ), plotted in
Figure 4.2(f).
The duration of a blocked period remains almost constant as the offered load increases. This
can be explained by arguing that the duration of blocked periods is determined by the length
of the transmissions from nearby nodes. As the duration of the transmission period is not very
dependent on the offered load, so is the duration of the blocked period.
The average number of blocked periods contained in an extended transmission time on the
other hand, increases even after h3 becomes saturated. To explain this, we have to look into the
activity of links h1 and h2 . After h3 becomes saturated, the traffic for h1 and h2 still increases,
as neither is saturated. A consequence of the increased load is that these links will access the
medium more often, and as such, block h3 more often, indirectly causing the throughput drop.
Using this explanation for the throughput drop, we can derive a number of measures to mitigate
this effect. As the throughput drop is caused by an increase in the extended transmission time
of h3 , it seems natural to decrease this time in order to stop the throughput drop. We discuss
all four parts of the extended transmission time, and see if, and if so, how, we can decrease the
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duration of these periods. To do this we introduce we introduce the extended unblocked period
and extended failed period, which are defined analogous to the extended blocked period.
Extended unblocked period. As h3 is saturated, its extended unblocked period consists of
just backoff slots (as opposed to both backoff slots and idle periods). So in order to decrease the
duration of the extended unblocked period, the number of backoff slots has to be reduced. This
can be done by decreasing either the minimum window size or the maximum window size. This
can be done for as long as h3 is saturated, or one-time, when for example h3 receives a packet.
In the former case, a link would have to know when it is saturated. This approach might cause
fairness issues in topologies with multiple traffic flows.
Extended blocked period. The extended blocked period of h3 consists of the times when
its backoff process is frozen by activity from links within carrier-sensing range. To shorten this
period, one has to either reduce the number of blocked periods, or decrease their lengths. The
first can be done by fixing the number of packets handled when h3 became saturated. The length
of the blocked periods can be reduced for example by increasing the data rates of the downstream
links from h3 . Again, this might have an adverse effect on the performance of nearby traffic flows.
Both measures require surrounding nodes to be aware of the status of h3 . This could prove to be
difficult, as not all links within carrier-sensing range can understand transmissions from h3 .
Extended failed period. The extended failed period is the combination of all failed periods
within one extended transmission time. The duration can be decreased by either reducing the
number of collisions, or by shortening the duration of a collision. The latter can be done by
increasing the data rate, or by early detection of a collision. Note however in our current scenario
the extended failed period makes up only a small portion of the extended transmission time, see
Figures 4.2(b) and 4.2(c).
Successful period. The duration of the successful period can be decreased only by increasing
the data rate of h3 .

4.4.2

Double chain topology

We investigate the double chain topology described in Section C.2. We again assume N = 7 nodes,
and use the parameters described in Appendix D. Traffic is generated at both sides of the chain
at the same rate.
Figure 4.3 shows the throughput plotted against the offered load. As both flows are symmetric,
we only show the throughput of a single traffic flow. The lack of convergence again shows in the
multiple lines displayed in this figure. What stands out compared to the simple chain topology
is that the throughput drop is more severe. This is a consequence of the fact that not only the
downstream nodes, but also the upstream nodes of a saturated link increase their activity as the
offered load increases.

4.4.3

Three-pairs unfairness

In an attempt to recreate the the three-pairs unfairness described in Section 1.3.9, we implement
the topology from Section C.3. However, we choose to increase the packet arrival rate instead of
the packet length, as was done before. the resulting graph is similar, see Figure 4.4.
This figure shows behaviour that could be expected, with the throughput of the middle link
decreasing. The reason the throughput does not get closer to zero is that the length of a successful
transmission is short compared to the average backoff window size of the outer pairs. So it is
possible to fit in a transmission in between activity from the outer links.

60

Chapter 4: Performance analysis validation and results

3

8
h

h

1

1

h2

2.5

h
Extended transmission time (ms)

3

h

4

h5

2

h6
load

h2

7

h

1.5

1

3

h

6

4

h5
5

h6

4
3
2

0.5
1
0

0

5

10

0

15

0

5

Offered load (Mb/s)

10

15

Offered load (Mb/s)

(a) The load ρ(ha ) of all links plotted against (b) The extended transmission time of all links
the offered load.
plotted against the offered load.
6

0.8
h1

h1

h2

5

h2

0.7

h

h

3

h4

0.6

h5

4

h5

h6

0.5
EB (ms)

Extended blocked time (ms)

3

h4

3

h6

0.4
0.3

2
0.2
1
0.1
0

0

5

10

0

15

0

5

Offered load (Mb/s)

10

15

Offered load (Mb/s)

(c) The extended blocked time of all links plot- (d) The duration of a blocked period of all links
ted against the offered load.
plotted against the offered load.
1

10
h1

0.9

Average number of blocked periods

h3

0.8

pb

h4
0.7

h5

0.6

h6

0.5
0.4
0.3
0.2
0.1
0

h1

9

h2

h2
h3

8

h4
7

h5

6

h6

5
4
3
2
1

0

5

10

0

15

Offered load (Mb/s)

0

5

10

15

Offered load (Mb/s)

(e) The average number of blocked period per (f) The blocked probability pb (ha ) plotted
extended transmission time, plotted against against the offered load.
the offered load.

Figure 4.2: Explaining the throughput drop.

61

Section 4.4: Applications of the performance analysis

2
1.8
1.6

Throughput (Mb/s)

1.4
1.2
1
0.8
0.6
0.4
0.2
0

0

2

4

6
8
Offered load (Mb/s)

10

12

14

Figure 4.3: The throughput of a double chain topology, plotted against the offered load.

15
h1
h2

Throughput (Mb/s)

h3

10

5

0

0

5

10

15

Offered load (Mb/s)

Figure 4.4: The throughput of the three-pairs unfairness scenario, plotted against the offered load.

62

Chapter 5

Conclusions and recommendations
5.1

Derivation of the performance analysis

In this thesis we have constructed a performance analysis for 802.11-based multi-hop networks.
It improves upon existing analyses not only in terms of generality, but we also provide a solid
mathematical background.
The analysis is divided into four models, each representing a separate aspect of these networks.
The models and the connections between them are discussed in Chapter 2.
• Backoff model. This is used to track the individual backoff process of the nodes. Similar
to existing analyses of the binary exponential backoff mechanism, we assume independence
between the backoff processes of different nodes. Our analysis of the backoff process is
different from existing ones in the sense that it can handle packets with different destinations
being routed through a single node. This allows for a network with multiple traffic flows.
• Interaction model. As it is being used to track essential aspects of multi-hop and of wireless
networks, this model is the core of our analysis. Because of its complexity, the interaction
model is discussed separately in Chapter 3. It consists of a Markov process that tracks
the activity of the nodes. Transient analysis of this process then allows us to determine
for example collision probabilities and other quantities arising from the interaction between
nodes.
• Link model. This model uses the information from the interaction model to determine the
extended transmission time, the time between two successful transmissions. To do this, we
construct a Markov chain consisting of four possible states a node can have between two
transmissions: blocked, unblocked, failed and successful. We then use the time it takes to
reach the successful state starting from unblocked as the extended transmission time.
• Network model. The network model uses the extended transmission time from the link model
as a service time of a queueing network. By introducing some simplifying assumptions, the
queueing network under consideration becomes a product-form network, which allows us to
determine delay and throughput. Other measures, like the load and the packet arrival rate,
are again used in previous models, constituting an iterative algorithm.
When implementing the algorithm, it turns out it does not converge when one or more nodes in
the network are saturated. This causes multiple branches of solutions. Each branch however shows
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similar behaviour, so the analysis can still be used to evaluate the workings of these networks.
The lack of convergence can be traced back to properties of the wireless network itself.
Despite the lack of convergence in some cases, the analysis can still be compared to simulations
by looking at the general behaviour of the throughput. These comparisons are performed in
Chapter 4, and indicate that the analysis performs quite well. The quality of the approximation
suggests that our assumptions work well, even in a multi-hop environment. This also holds for
some of our more important assumptions, like the decoupling approximation, and the simplified
physical layer model.

5.2

Throughput and delay evaluation

Using the analysis, we have investigated some specific scenarios in Section 4.4. Because this
provides us with a more detailed description about how the system works that a simulation would,
it can be used to investigate why the network shows certain behaviour.
An example of such behaviour is the throughput drop that occurs in a chain topology when
the offered load increases. This can be explained through the observation that the time that the
backoff process of a saturated node is frozen keeps increasing, lowering the throughput of that
node even further.

5.3

Suggestions for further research

The results from this thesis can be used as a starting point for diverse research. First, a number
of improvements can be made to the analysis presented:
• Model collisions involving acknowledgements. These could play an imported role in complex
topologies.
• Use a more realistic physical layer model. For example take into account the possibility of
joint activity from multiple nodes that can exceed the carrier-sensing threshold of another
node. It seems unlikely that we can take into account a much more complicated model that
would for example include fading.
• It would be interesting to investigate the second moment of the delay, instead of just the
expectation. Again, the complexity of multi-hop networks make it unlikely this can be done
successful.
• Allow for links originating at the same node to have different backoff parameters m, m′ and
W0 .
• Investigate the impact of priority in the network model. Giving certain traffic flows priority
over others could have great impact on the throughput and delay.
• Allow nodes to transmit at power levels different from each other. This would require
a different interaction model, where the carrier-sensing range of nodes is not necessarily
symmetric.
• Modelling RTS/CTS-mode. This would have to be done by amending the interaction model
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The analysis can also be used to implement possible improvements to 802.11, in order to
investigate what the effects of these measures are. It is possible for example to implement another
backoff protocol, or to reduce the backoff window whenever a packet has arrived.
The phenomena studied in Section 4.4, as well as most unfairness from Section 1.3.9 are not
a result of collisions. Instead, these can all be traced back to the carrier-sensing mechanism, or
in terms of the performance analysis from Chapter 2, the blocked period. So it is interesting to
remove the collisions from the model and to if it still shows the behaviour typical for these types
of networks. If so, it would be natural to discard collisions and try to derive a more convenient, or
even closed-form, expression for the performance measures discussed, that would still shows the
characteristic multi-hop behaviour.
Finally, a natural extension to the analysis is towards flow-level performance. Instead of
modeling separate packet arrivals, we investigate a system that assumes arrivals of files consisting
of multiple packets. Such a flow-level approach to multi-hop wireless networks is similar to the
bandwidth-sharing models for cable networks, [22], or the processor-sharing models for single-hop
wireless networks, [118].
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Appendix A

Closed-form approximation to the
sum of products
We present a closed-form approximation to the sum of products in the case where all link parameters are equal. The approximation we use is described by Pinsky and Yemini [92] and Pinsky et
al. [93] and is asymptotically correct. The approach originates from statistical mechanics where it
is used to approximate energy values of a system. The first part of this section mostly follows [92].
Assume αh = α, µh = µ and (so gh = g) for all h ∈ L. Now the sum of products of a set
A ⊆ L only depends on the size of A, so it can be rewritten as follows:
SP(A) =

X Y

gk

D⊆A k∈D
D∈S

=

X

g |D|

D⊆A
D∈S

=

K
X

αnK g n ,

n=0

where K = |A| and αnK is the number of configurations with n active links in a system with K
links. For consistency with the statistical mechanics approach, we refer to this function as the
partition function ZN :
ZN =

N
X

αnN g n .

(A.1)

n=0

Our approach to approximating this partition function, and with that the sum of products, is
as follows. We determine the generating function of the partition function over all possible values
of N , and approximate the N th term of this generating function using the method of subtracted
singularities, see for example [58, Section 11.10]. This method uses the residual in the smallest
pole as an approximation of the complete integral. Of course, for it to work, the network topology
has to be such that a generating function can be determined. We outline this method and show
its error goes to 0 for N → ∞.
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Proposition 13. Let GZ be the generating function of ZN and let t0 be the smallest pole of this
generating function. Then
− Res[GZ (t)]
t=t0
+1
tN
0

ZN ≈

.

(A.2)

Also,
− Res[GZ (t)]
t=t0
+1
tN
0

lim |ZN −

N →∞

| = 0.

Proof. Let t0 , t1 , . . . , tn be the poles of GZ and assume all poles are of order 1. This assumption can
easily be relaxed to include general poles. The poles are in increasing order, so 0 < |t0 | < . . . < |tn |.
Let C be the circle around the origin excluding all singularities and let C ′ be the circle including
all singularities. Then, using the Cauchy formula for derivatives
I
GZ (t)
1
dt
2πi C tN +1
I
n
X
GZ (t)
1
GZ (t)
dt
=−
Res N +1 +
N −1
t=ti t
2πi
′
C t
i=0

ZN =

=−

n Res[GZ (t)]
X
t=ti
i=0

+1
tN
i

=−
=−

t=t0

+1
tN
0

Res[Gz (t)]
+1
tN
0

I

C′

GZ (t)
dt
tN −1


I
n Res[GZ (t)]  N +1
X
t
GZ (t)
t=ti
0
+ 1
1 +
dt
Res[GZ (t)] ti
2πi C ′ tN −1
i=1


Res[Gz (t)]

t=t0

1
+
2πi

t=t0

(1 + E(N )),

(A.3)

where,
I
n Res[GZ (t)]  N +1
+1
X
t0
1
tN
GZ (t)
t=ti
0
+
dt.
E(N ) =
Res[GZ (t)] ti
2πi Res[GZ (t)] C ′ tN −1
i=1
t=t0

Using that

1
|
2πi

t=t0

I

C′

ZN (t)
maxt∈C ′ GZ (t)
dt| ≤
,
tN +1
tN

and |t0 /ti | < 1, i = 1, 2, . . . , k, we get
E(N ) ≤
′

n Res[GZ (t)]  N +1
+1
X
t0
tN
GZ (t)
t=ti
0
+
max′ N +1 .
Res[GZ (t)] ti
Res[GZ (t)] t∈C t
i=1
t=t0

t=t0

Increasing the circle C to infinity yields,
E(N ) ≤

n Res[GZ (t)]  N +1
X
t0
t=ti
→ 0.
Res[GZ (t)] ti
i=1
t=t0
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So finally,
ZN ≈

− Res[GZ (t)]
t=t0
+1
tN
0

.

Theorem 7. Let f be a function with a pole of order m at t = t0 and set h(t) = (t − t0 )m f (t).
Then it holds that,
Res[f (t)] =

t=t0

Specifically, if GZ =

F (t)
1−t−gtn+1

1
h(m−1) (t0 ).
(m − 1)!

for some function F , then
Res[GZ (t)] = −

t=t0

F (t0 )
.
(n + 1)gtn0 + 1

As an example, we consider the chain topology described in Section C.1. In this setting
we determine the generating function GZ (t). We then apply Proposition 13 and Theorem 7 to
approximate ZN . Consider a system consisting of N + 1 links. By distinguishing between cases
where link N + 1 is active and where it is inactive, we get the following recursion:
ZN +1 = ZN + gZN −2 ,

N ≥ 2,

(A.4)

and
Z0 = 1, Z1 = 1 + g, Z2 = 1 + 2g.
Now by multiplying both sides of (A.4) by tN +1 and summing over all possible values of N ,
ZN +1 tN +1 = ZN tN +1 + gZN −2 tN +1 ,
∞
∞
∞
X
X
X
ZN +1 tN +1 =
ZN tN +1 + g
ZN −2 tN +1 .

N =2

N =2

N =2

Some rewriting then gives
∞
X

Z N tN = t

N =3
2

∞
X

ZN tN + gt3

N =2

∞
X

ZN −2 tN −2 ,

N =2
2

GZ (t) − Z2 t − Z1 t − Z0 = tGZ (t) − Z1 t − Z0 t + gt3 GZ (t).
Now GZ (t) can be solved from this equation:

GZ (t) 1 − t − gt3 = Z2 t2 + Z1 t + Z0 − Z1 t2 − Z0 t,
Z 2 t2 + Z 1 t + Z 0 − Z 1 t2 − Z 0 t
1 − t − gt3
gt2 + gt + 1
=
.
1 − t − gt3

GZ (t) =
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Applying Proposition 13 and Theorem 7 to the generating function in (A.5) we get the following
approximation:
Res[GZ (t)]

ZN ≈ −

t=t0

+1
tN
0
 N +1
 2

1
gt + gt + 1
=−
Res
t=t0
t0
1 − t − gt3
 N +1 2
1
gt0 + gt0 + 1
.
=
t0
3gt20 + 1

(A.6)

Finally we want to determine t0 , the smallest pole of GZ . This is the smallest real root of
1 − t − gt3 , which can be shown to be

2/3
√ p
2 · 31/3 g − 21/3 −9g 2 + 3 g 3 (4 + 27g)
t0 =
.

1/3
√ p
62/3 g −9g 2 + 3 g 3 (4 + 27g)
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Appendix B

An alternative approach to the
interaction model
Some of the quantities that are approximated in Chapter 3 can be determined exactly, although
not through a closed-form expression. Instead, we have to solve a system of equations, which can
be computationally intensive. This approach can be applied to both p1 (h) and pb (h), although
here limit ourself to p1 (h).
Using the notation and definitions from Chapter 3, we outline an alternative method to calculating the p1 (h). This is done using rD (h), the probability to reach A(GI (h)) before Ac (h),
starting from state D. We can formulate a system of equations governing these rD (h) by conditioning on the first transition out of D. We then express the p1 (h) in these rD (h). Depending on
the way the system of equations is solved, the solution to p1 (h) we acquire can be either exact or
approximate. The former will be computationally more intensive.
Recall that,
p1 (h) = P(TA(GI (h)) < TAc (h) | X(0) ∼ ρAc (h) , X(0) 6∈ A(GI (h))).
By conditioning on the system state when link h activates , we can rewrite p1 (h) as follows,
X

p1 (h) =

D∈A(h)∩Ac (GI (h))

=
where,

P

P

D∈A(h)∩Ac (GI (h))

P

ρAc (h) (D)

rD (h)

E∈A(h)∩Ac (GI (h))

P

E∈A(h)∩Ac (GI (h))

F ∈Ac (h)

P

P (F )q(F, D)rD (h)

F ∈Ac (h)

P (F )q(F, E)


1,



0,
P
P
rD (h) =
+ αk rD+k (h)+
l∈D µl rD−l (h)
k∈L−C

D

P
P
,

α
+
µn
+
m
n∈D

m∈L−C
D

,

D ∈ A(GI (h)),
D ∈ Ac (h),

(B.1)

(B.2)

otherwise.

In order to numerically solve (B.2), we want to rewrite it as a matrix equation. To do this, we
need a translation from the state space S to the natural numbers. First, number all links from 1
tot |L|. For simplicity, we choose the following function M ,
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M : P(L) → 1, 2, . . . , 2

|L|

,

M (A) = 1 +

L−1
X

2i 1Ii∈A .

i=0

Here P(L) denotes the power set of L. Note that M also maps the sets of links that are not
in the state space S, creating a larger system of equations than needed. We can now rewrite
Equation (B.2) as Qr = q, where Q is a matrix, and r and q are column vectors. Let M −1 denote
the inverse function of M , then Q, r and q are such that,

Q(M (A), M (B)) =


1,




 P






P

0,

+
m∈L−C
A
+
m∈L−C
A

αk P
αm + n∈A µn ,
µl P
αm + n∈A µn ,

B = A, A, B ∈ S,
B = A + k, A, B ∈ S,
B = A − l, A, B ∈ S,
otherwise,

r(i) = rM −1 (i) (h),

1, M −1 (i) ∈ A(GI (h)),
q(i) =
0, otherwise.
This system of equations can either be solved exactly by inverting Q, or its solution can be
approximated using iterative methods. The latter is faster, even more so because Q is sparse.
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Appendix C

Wireless network topologies
C.1

Chain topology

We assume a network of N nodes, with the following traffic flow:
f1 = h1, 2i, h2, 3i, . . . , hN − 1, N i.
The links are numbered h1 , . . . , hN −1 such that hi = hi, i + 1i. We use a fixed threshold KC and
KI over which neighboring links can interfere:
Chi = {hj ∈ L | |j − i| ≤ KC },
Ihi = {hj ∈ L | |j − i + 1| ≤ KI }.

C.2

Double chain topology

We assume a network of N nodes, with the following traffic flows:

f1 = h1, 2i, h2, 3i, . . . , hN − 1, N i,
f2 = hN, N − 1i, hN − 1, N − 2i, . . . , h2, 1i.
The links are numbered h1 , h2 , . . . , h2N −2 such that
hi =



hi, i + 1i,
i ≤ N − 1,
hi − (N − 1), (i + 1) − (N − 1)i, i > N − 1.

Let hi = ha, bi. We then have the following sets of nodes within carrier-sensing range and
interference range:

Chi = {hj = hc, di ∈ L | |a − c| ≤ KC },
Ihi = {hj = hc, di ∈ L | |b − c| ≤ KI }.
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C.3

Three-pairs unfairness topology

We assume a network of 6 nodes, with the following traffic flows:
f1 = h1, 2i,

f2 = h3, 4i,
f3 = h5, 6i.
The link of flow fi is numbered li . The sets of links within carrier-sensing range and interference
range are as follows:
Chi = {hj ∈ L | |j − i| ≤ KC },
Ihi = {hj ∈ L | |j − i + 1| ≤ KI }.
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Appendix D

Physical layer configuration
Throughout this thesis we use the same physical layer setting, as well as the basic access mode.
The parameters used are shown in Table D.1
Using the transmission speeds presented in Table D.1, and using that a single slot lasts 50
µs, we can calculate the duration of a successful transmission, consisting of DATA, ACK, Header,
a DIFS and a SIFS. This is done in Table D.2, which displays both the duration in µs and the
duration in slots.

Parameter
Short retry limit
Long retry limit (m)
Minimum window size (W0 )
Maximum window size (Wm′ )
Transmission speed payload
Transmission speed ACK
Transmission power
Path loss exponent

Value
4
7
16
1024
54 Mb/s
6 Mb/s
-10dBm
3.5

Table D.1: Physical layer configuration.
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Type
DAT A
ACK
H
DIF S
SIF S
Total

Size (B)
1500
14
-

Duration (µs)
227.7
18.7
20
128
28
422.4

Durations (slots)
4.55
0.37
0.4
2.56
0.56
8.57

Table D.2: The sizes and durations of the different parts of a transmission.
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