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Abstract

A crack initiation and propagation algorithm driven by non-local ductile damage is
proposed in a three-dimensional finite strain framework. The evolution of plastic strain
and stress triaxiality govern a non-local ductile damage field via constitutive equations.
When the damage reaches a critical threshold, a discontinuity in the form of a crack
surface is inserted into the three-dimensional continuum. The location and direction of
the introduced discontinuity directly result from the damage field. Crack growth is also
determined by the evolution of damage at the crack tip and the crack surface is
adaptively extended in the computed direction. Frequent remeshing is used to
computationally track the initiation and propagation of cracks, as well as to
simultaneously maintain a good quality of the finite elements undergoing large
deformations. This damage driven remeshing strategy towards fracture allows one to
simulate arbitrary crack paths in three-dimensional evolving geometries. It has a
significant potential for a wide range of industrial applications. Numerical examples are
solved to demonstrate the ability of the proposed framework.
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Background
Controlling crack initiation and propagation is one of the important aspects in main-
taining the integrity of an engineering structure. In some other cases, however, cracks
are introduced on purpose. Examples can be found in forming processes such as cutting
or blanking. Computational models are indispensable for the predictive analysis of the
mechanics of ductile fracture. Algorithms for dealing with two-dimensional (2D) crack
propagationproblemsarebynowwell established.However, at present, three-dimensional
(3D) problems cannot be analyzed routinely, particularly if they are accompanied by large
(plastic) strains. This is due to the complex topology and geometry changes, accompanied
with localized deformation andmaterial degradation. At the same time, full 3Dmodelling
of cracks provides a more realistic prediction tool for studying true 3D structures, as well
as local features like crack tunneling, e.g. [1].
There is an extensive literature onmodelling cracks in general. They can either bemod-

elled in a continuous way, by degrading and/or deleting elements, or by introducing a true
discontinuity. A discontinuity can be implicitly modelled by element or nodal enrich-
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ment [2–14]. However, most of these methods are applicable for small displacements and
cannot be directly applied for large deformations. In a second category of discontinuous
approaches remeshing is used to explicitly model the discontinuity, i.e. by alignment of
the mesh with the crack and nodal decoupling perpendicular to the crack [15–23].
Here we concentrate on the second category and extend a continuum damage mechan-

ics approach to 3D crack initiation and propagation. Along these lines, Mediavilla et al.
[22] suggested a continuous-discontinuousmethodology for modeling cracks in 2D prob-
lems, in which the crack geometry is incorporated in the mesh by frequent remeshing.
This algorithm is attractive especially when dealing with ductile failure, where large local
deformations occur and remeshing is necessary even for the continuous part of the prob-
lem. Incorporating the additional geometrical changes due to crack growth then requires
only a limited intervention in the algorithms used.
In this study, we develop an extension of Mediavilla et al.’s remeshing strategy to 3D

problems in which damage growth and 3D crack propagation occur in a large deformation
setting. Remeshing is used to deal with geometrical changes due to large deformations as
well as crack growth [22]. Crack initiation and crack growth are governed by a continuum
damage model which is intrinsically coupled to the underlying elasto-plastic constitutive
model. The damage formulation is nonlocal (of the implicit gradient type) to ensure
proper localization properties [24]. Once the damage reaches a critical level somewhere
in the geometry, a discrete crack is introduced in the geometrical description of the body.
This crack is extended when the damage field at its front becomes critical, whereby the
orientation is governed by the direction of maximum nonlocal damage driving variable.
As a result, no additional fracture criterion is required to control the crack growth. The
crack surface is constructed by computing the propagation direction and distance for each
node on the crack-front. By splitting the nodes along the crack surface, discontinuities are
allowed along the element faces. Robustness of the simulations is ensured by temporarily
applying the element internal forces as external forces on the crack nodes and gradually
reducing them to zero.
In 3D, compared with the 2D case considered by Mediavilla et al. [22], the remesh-

ing strategy which we follow presents a number of important additional computational
challenges. (1) A reliable tetrahedral finite element is required to enable robust automatic
remeshing of complex geometries.We adopt a bubble-enhancedmixed finite element for-
mulation of the continuum model [25,26]. (2) An accurate transfer operator is required
to map history data from one mesh to the next. Here special precautions need to be taken
to ensure consistency between the transferred fields [27,28]. (3) Algorithms are needed to
manipulate the 3D geometrical description of the problem upon initiation of a crack, as
well as for every increment of crack growth. This is the main topic of the present paper.
The algorithm developed here is based on a geometrical description by a surface mesh,

which is adapted according to the computed nonlocal damage field. To initiate a crack,
elements with damage values higher than a critical limit are first identified. They form a
cloud which is either completely inside the body or in contact with a surface. For internal
clouds we use an averaging technique to compute the center of the cloud. This point
is taken as the center of the emerging crack surface. Using the damage distribution, a
plane is defined for inserting a discontinuity. For clouds which are in contact with an
external boundary, a crack-front is constructed and this front is connected to the external
surface by a discontinuity surface. When crack propagation is predicted by the damage
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evolution ahead of a crack, that part of the surface mesh which represents the crack faces
is extended. For this the strategy followed in 2DbyMediavilla et al. [22] is applied in planes
perpendicular to the crack front. Care needs to be taken to ensure the consistency of the
crack front and to respect the outer surface of the body. At all stages of the simulation,
the damage field is also used in order to refine the discretisation in critical regions of
the geometry. We illustrate the methodology by showing two numerical examples, one
illustrating crack initiation inside a body (i.e. a rectangular bar under tension) and one at
the surface (of a double notched specimen).
This paper is structured as follows. In the next section, the continuum damage model,

element technology, remeshing and transfer are briefly reviewed. We then first present
the 3D crack propagation algorithm, since elements of it are used in the crack initiation
algorithm, which is subsequently discussed for internal as well as surface cracks. After
presenting two numerical examples, we conclude by highlighting the newly added features
of the algorithm.

Continuummodel and finite element discretisation
In this section we briefly review the coupled plasticity-damage continuum modelling, as
well as its FEM implementation, which forms the basis of our developments. For a more
detailed discussion we refer to Ref. [26] and references cited therein.

Continuum nonlocal damagemodel

The balance of momentum can be expressed in terms of Kirchhoff stress � as

�� •
�

�
1
J

�
= �0 (1)

where ��• represents the divergence operator (with respect to the current configuration)
and J = det(F) is the volume change factor. The following boundary condition is applied
on the free surfaces of the body considered and, in particular, also on the crack surfaces,
see Fig. 1:

�t = �n •
�
J

= �0 (2)

The Kirchhoff stress is related to the elastic deformation via the effective Kirchhoff stress
tensor �̂ as follows:

Fig. 1 3D cracked geometry with boundary conditions



Javani et al. Adv. Model. and Simul. in Eng. Sci. (2016) 3:19 Page 4 of 25

�̂ =
�

(1 � �p)
(3)

�̂ =
1
2
4H : ln be (4)

be = Fe • FT
e (5)

where Fe is elastic part of the multiplicatively split deformation gradient F and 4H is the
standard fourth order elasticity tensor; �̂ is the effective stress tensor due to the presence
of the (isotropic) damage characterised by �p.
Expressed in terms of the effective stress space, the elastic domain is bounded by the

following equation:

�(�̂, �̂y) = �̂eq � �̂y � 0 (6)

where �̂eq =
�

3
2 �̂

d : �̂d and �̂y is the current yield stress. J2 associative flow theory is
used to model the plastic response of the material [29].
The evolution of the damage variable �p is governed by the following equations:

ż = hz �̇p (7)

hz =
�
1 + A

�̂h

�̂eq

�
�B

p with �x� =

�
x, x > 0
0, x � 0

(8)

z̄ � �2�2z̄ = z, �� z̄.�n = 0 (9)

�̇ � 0, z̄ � � � 0, �̇(z̄ � �) = 0 (10)

�̇p = h��̇ (11)

In these relations, z is a local damage driving variable, the evolution of which depends on
the effective plastic strain �p and the (effective) stress triaxiality �̂h/�̂eq ;A andB arematerial
constants as introduced by Goijaerts et al. [30]. Equation (9) uses the local damage driving
variable z together with a Neumann boundary condition (with normal �n) to compute a
nonlocal damage driving variable z̄, which controls the damage evolution. The use of this
nonlocal quantity is necessary to regularise the localisation of deformation and damage,
which would otherwise become pathological [31]. The final link to the damage evolution
is made via a history variable, � , and the evolution law (11).

Finite element form of the equations

In order to avoid locking effects due to isochoric plastic straining, the above constitu-
tive model is implemented using a mixed formulation in a tetrahedral element [25,26].
Therefore, the constitutive law of Eq. (4) is split into a mixed pressure/deviatoric form
by decomposing the effective stress tensor as �̂ = �̂hI + �̂d . The weak forms of Eq. (1),
the volumetric elastic law and Eq. (9) are then obtained by the usual weighted residuals
arguments as:

�

�
( ���	)T :

	
�hI + �d


 1
J

d� =
�

S
�	 • �tdS

�

�



�
�̂h �

1
2

K I : ln be

�
d� = 0 (12)

�

�

	
� z̄ + �2 ��� • �� z̄ � �z



d� = 0

where �	, 
 and � are weight functions corresponding to �u, �̂h and z̄.
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It is well known that the weak form of the governing Eqs. (12) when used with equal
order interpolation for the hydrostatic stress �̂h and displacement �u is not stabilised.
Stabilisation is performed by enriching the standard displacement with a displacement
bubble, similar to the well knownMini element. The simplified version of this enrichment
results in an enhanced strain so that the resulting algorithmic stress tensor reads [26]

m�̂d = �̂d +4 Hd : ��b
m�̂h = �̂h + K I : �b (13)

where � is an element dependent stabilisation factor and �b denotes the symmetric part
of the gradient of the bubble displacement:

�b = 4Is : ��N
�

T

b
�u
�b

(14)

in which the column matrix N
� b

contains one bubble shape function per element. Note
that �b uses a small strain definition with respect to the deformed configuration given by
the conventional part of the displacement interpolation. This conventional part, however,
is fully objective and rigorously deals with large strains.
Details of the discretisation of the weak forms (12) and their linearization are omitted

here; see Ref. [26] for a detailed derivation. Here, wemerely summarize the resulting set of
nonlinear algebraic equations for future reference. Themixed formulation of equilibrium,
including the bubble stabilisation, results in a combined set of equations which can be
written as:

�F
�i

�
�u
�

, �u
�b

, �̂
�

h, z̄
�

�
= �F

�e

�F
�b

�
�u
�

, �u
�b

, �̂
�

h, z̄
�

�
= �0

�
(15)

F
��

�
�u
�

, �u
�b

, �̂
�

h, z̄
�

�
= 0

�

Likewise, the nonlocal Eq. (9) results in an additional set of equations as follows:

F
�z

�
�u
�

, �u
�b

, �̂
�

h, z̄
�

�
= 0

�
(16)

In the above, we have

�F
�i

=
�

�
��N

�
• m�̂

1 � �p

J
d�

�F
�b

=
�

�
��N

� b
• m�̂

1 � �p

J
d�

F
��

=
�

�
N
�

�
m�̂h � K I :

�
1
2
ln be + �b

�
d� (17)

F
�z

=
�

�

�
N
�

z̄ + �2 ��N
�

• �� z̄ � N
�

z


d�

�F
�e

=
�

St

N
�

�td

Equation (15.2) is the result of the introduced enrichment in Eq. (13). This equation is
solved at the element level for the bubble displacements �u

�b
and therefore does not lead to

additional global degrees of freedom.
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Remeshing

Our strategy to deal with 3D crack growth, as well as the large deformations which we
wish to model, necessitates frequent remeshing on a global level. After a predefined
number of increments, the surface mesh of the 3D body is extracted from the model.
If crack growth is detected, the surface meshmust be modified to incorporate a new crack
segment, see the next section. Otherwise, the existing surface mesh is used as input to
the 3D tetrahedral mesh generator TetGen [32], together with an indicator field for the
desired element size. The remeshing aims to produce smaller elements in areas where
the damage evolves significantly and larger elements in undamaged regions or regions
where the damage growth has stopped. The damage rate is used as a pointwise indi-
cator to set the element size. Elements with the largest damage rate have the smallest
volume and vice versa. For the intermediate damage rates, the volume of the elements is
interpolated between the maximum and minimum values, proportional to their damage
rate.
To avoid an overly refined discretisation, the triangular surfacemesh is coarsenedwher-

ever element edges become smaller than a predefined value. Mesh decimation is done
using an edge collapse technique [33,34]. In each step, the shortest edge of the surface
triangles (if shorter than a predefined value) is collapsed by unifying the two adjacent
vertices (a and b in Fig. 2). Vertex a and the two adjacent faces vanish from the topology.
Vertex b is moved to a new position c which is the midpoint between a and b. After col-
lapsing an edge, we measure the dihedral angle between the neighboring newly produced
faces and if overlapping occurs, the edge collapse is canceled and the original surface is
recovered. This process is repeated until the desired coarsened surface is produced.
After remeshing, data which are available on the Gauss points of the old mesh are

transferred to theGauss points of the newmesh. For this we first use global smoothing, i.e.
continuously interpolated, piecewise linear fields are determined which fit the integration
point data best in a least squares sense. These data are subsequently interpolated at the new
nodal coordinates and finally, using the element shape functions, the newGauss point data
are retrieved. In order to ensure a robust transfer, only aminimumset of data is transferred
and the remaining data are reconstructed using the constitutive equations. This operation,
which is an indispensable ingredient of the remeshing algorithm, is explained in detail in
Ref. [28]. After transfer and reconstruction, balancing iterations are done to restore global
equilibrium in the finite element sense. Since these iterations are not representative for any
physical deformation, the material behavior is assumed to be elastic in order to guarantee
convergence. Finally, because of the elastic nature of the balancing iterations, it is checked
if the stress state obtained by them is on or inside the yield surface; otherwise the yield
surface is corrected to restore yield consistency.

Fig. 2 Edge a � b is collapsed to a middle point, node c
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Crack propagation
In computational fracture mechanics, a critical stress intensity factor or J-integral value
is typically used as a criterion for crack growth. In addition, a maximum hoop stress
(MHS), minimum strain energy density or maximum energy release rate criterion is used
to determine the crack growth direction. A different approach is employed in this study,
where the evolution of the continuum damage variable, �p, governs the propagation of a
crack. This has the advantage that crack initiation and propagation can be dealt with using
the same (continuum) equations and no separate fracture criteria are necessary. Once the
crack has been initiated, it follows the damage evolution ahead of it wherever the damage
has become critical, i.e. �p = 1. This concept has been successfully applied to 2D crack
growth simulations in shear dominated problems like blanking [17,22].
This section summarizes the required steps for extending these algorithms to 3D prob-

lems. In 2D, the crack-front is a point, whereas in 3D it is a curve. For each node lying on
this curve, a growth direction is determined in a plane perpendicular to the front. By using
the nonlocal damage driving variable field in this plane, a direction vector is computed
for all nodes lying on the crack-front. Using all these vectors, the extended crack surface
is constructed.We discuss the numerical treatment of crack initiation in the next section,
since it employs concepts developed here for crack propagation.

Crack propagation direction and distance

Contrary to the 2D case, where a crack is ending in a point called crack tip, here it is
delimited by a curve, the crack-front. The crack-front is either a closed loop or it has two
ends called the crack-front corners, see Fig. 3.
At each converged loading increment, the damage at a point lying on the crack-front is

compared to the critical damage,�c
p = 0.99, on the basis of which the crack is extended (or

not). This value has been found to be sufficiently close to the theoretical value of �c
p = 1

Fig. 3 3D curved crack-front
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to ensure that most of the energy dissipation due to damage growth has taken place and
the stress level has dropped sufficiently for it to not to be affected significantly by the
insertion of a new crack segment. For a detailed study of the influence of these numerical
parameters, in 2D, we refer to Ref. [22].
Using a tetrahedral discretisation of the 3D geometry, crack-front points coincide with

finite element nodes. The damage variable is extrapolated from Gauss points to these
nodes using a global smoothing procedure, i.e. a continuous, piecewise linear field is
determined which fits the integration point data best in a least squares sense. The crack
is predicted to grow over a distance which depends on the damage field ahead of the con-
sidered crack node and its direction is evaluated differently at the crack-front compared
to the crack-front corners. Both cases are therefore explained separately below, followed
by the distance by which the crack is extended.

Propagation of a crack-front node
For each crack-front node, a corresponding growth direction and distance must be deter-
mined. For each node, a reference plane is defined in which the direction and distance of
the crack growth will be computed. The tangent to the crack-front at the desired point,
o in Fig. 4, is used as the normal to this reference plane. This normal is determined from
the discretised crack-front as follows.
As shown in Fig. 4a, for the crack-front point o, the vectors �v1 and �v2 are the vectors

connecting the considered crack-front vertex to its neighboring vertices in the discretised
geometry. The tangent vector is then computed as

�n =
�v1/��v1� � �v2/��v2�

��v1/��v1� � �v2/��v2��
(18)

where ��v� is the L2 normof a vector �v. Having obtained the (normal to the) reference plane
for each node reduces the problem to a 2D crack propagation (direction and distance)
problem, similar to the one dealt with by Mediavilla et al. [22]. The reference plane
intersects the crack faces along two curves as shown in Fig. 4c. Motivated by the 2D
procedure of Mediavilla et al. [22], the nonlocal damage driving variable z̄ is sampled
in N points in a semi-circle located in the reference plane. A comparison has shown

a b c

Fig. 4 Crack propagation for crack-front vertex o: a crack-front tangent vector �n, b reference plane � normal
to vector �n, cmaximum nonlocal damage driving variable direction in plane �
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that using the nonlocal damage driving variable instead of the damage variable as used by
Mediavilla et al. [22] avoids abrupt changes in the crack growth direction due to small local
(numerical) variations between adjacent nodes. Vectors �d1 and �d2 in Fig. 4c are obtained
from the intersection of the reference plane with the tetrahedral crack face edges of the
discretised geometry. These two vectors are used to compute the vector �d that sets the
central direction of the considered semi circle via

�d = �
�d1/��d1� + �d2/��d2�����d1/��d1� + �d2/��d2�

���
(19)

The position of a sampling point with respect to the crack-front vertex is given by the
vector

�rij = ri cos(�j) �d + ri sin(�j)
	
�n × �d



, �

�
2

< �j <
�
2

(20)

where four radii r1 = 3
4�a, r2 = �a, r3 = 3

2�a, r4 = 2�a are used. �a is the maximum
crack growth distance which is typically chosen to be a few times the smallest element
edge. The nonlocal variable is sampled in N different angles ranging from ��

2 to �
2 . For

each ri an angle �i is defined as (Fig. 4c)

�i = arg max
�j

z̄(ri, �j) (21)

�i thus represents the angle atwhich thenonlocal damagedriving variablehas itsmaximum
at a given distance ri. Using �i and Eq. (20), the crack growth direction vector �ri is obtained
for each sampling distance. In order to ensure that the crack direction does not fluctuate
due to local variations, the obtained crack growth direction vectors are averaged, yielding
the following crack propagation direction �R for that node.

�ravg =
�r1

��r1�
+

�r2
��r2�

+
�r3

��r3�
+

�r4
��r4�

�R =
�ravg���ravg

��

(22)

Propagation of a crack-front corner
Crack-front corners are the crack-front nodes located on the outer surface of the body.
In order to ensure that the crack-front corner remains on the outer surface, the direction
of crack growth has to be identified from the distribution of the nonlocal damage driving
variable on this outer surface. Note that this surface is not necessarily planar and its
geometry is available only in terms of the triangular surface mesh. The crack direction is
computed in a similar fashion as for crack-front vertices, albeit on the discretised outer
surface rather than the plane �. Instead of a semi-circular set of sampling points in the
plane �, we therefore consider a set of planes intersecting the outer surface of the body
to establish the potential growth directions. Each of these planes contains the crack-front
corner node and has a normal �nj , see Figs. 5 and 6. To determine �nj , we first define the
corner vector �dc according to Eq. (19), where �d1 and �d2 are now the vectors along the
element edge at the intersection of the outer surface and the two faces of the crack (Fig.
5a). We also define a corner vector �mc perpendicular to vectors �d1 and �d2:

�mc =
�d1 × �d2����d1 × �d2

���
(23)
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a b c
Fig. 5 Crack propagation for the crack-front corner c: a element edges of the outer surface and their normal,
�mc ; b reference plane �j normal to vector �nj at � = 0; c four radii of sampling locations

Fig. 6 Intersection of the final crack extension direction plane with outer surface and addition of the new
nodes

Finally vectors �dc and �mc are used to compute a set of plane normals as follows

�nj = cos(�j)�dc + sin(�j)( �mc × �dc), �
�
2

< �j <
�
2

(24)

�j is the plane defined by the crack-front corner and the normal vector �nj . Figure 5b
shows this plane for � = 0. N different angles �j , ranging from ��/2 to �/2 are selected.
A piecewise linear curve is obtained for each of these planes by intersecting it with the
outer surface. Along these curves the nonlocal damage driving variable z̄ is sampled at
four different distances ri measured along the piecewise linear curve. For each ri (the
same sampling distances are used as in the previous section but then relative to the crack-
front corner) there exists a plane with normal vector �ni, where z̄ has its maximum on
the intersection line of this plane with the external surface–cf. Eq. (21). Finally using
Eq. (22), the average of these normals constitutes the growth direction for the crack-front
corner.

Directional smoothing
Having obtained the averaged growth direction for all crack-front nodes and corners
independently, these directions are again smoothed (relative to the neighboring ones) in
order to damp possible numerically induced crack roughness. The direction vector of a
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node k on the crack-front is combined with that of the adjacent nodes using the following
smoothing operation:

�rk := (�rk�1 + 2�rk + �rk+1) /4

�Rk =
�rk

��rk�
(25)

This filtering is only applied to the crack-front nodes and not the corners.

Growth distance
Smoothing the direction of the crack growth paves the path for obtaining a growth dis-
tance. At each node k at which the critical damage value �c

p is exceeded, the crack is
assumed to grow in the computed direction over a distance Lk until the damage drops
below �p = 0.97 �c

p. To obtain a smoother crack surface for more stable (re)meshing and
computation, we furthermore set a minimum and maximum growth distance as follows:
Lmin = 0.1 �a; Lmax = �a. This implies that for a point po

k on the old crack-front, the
corresponding position on the new crack-front pn

k is obtained as follows:
��	
po

kpn
k = Lk �Rk (26)

Before constructing the crack surface and although the crack direction has already been
smoothened in Eq. (25), the new crack-front is further smoothed by filtering all of its
crack-front positions as follows

pn
k :=

�
pn

k�1 + 2pn
k + pn

k+1
�
/4 (27)

Note that this filtering influences mainly the obtained growth distances and has little
influence on the direction, which was already smoothed in (25).

Construction of the new crack surface

The propagation direction and distance have now been computed for all nodes on the
crack-front. Next step is to construct a new segment of the crack surface, along which
the crack will be opened. First, the intersection of the new crack segment with the outer
surface is determined. This procedure, which is schematically shown in Fig. 6, ensures
that the crack surface remains properly connected to the outer surface.
In order to modify the surface, the computed crack extension direction plane for the

crack-front corner is intersected with the triangular outer surface elements. Starting from
the old crack-front corner, surface elements are split along the direction plane until the
predicted growth distance has been reached. Triangle edges which are cut by the direction
plane are split by adding a node and the triangle is divided into two triangles, see Fig. 6.
If the intersection point is within a certain distance (namely a tolerance which here is 0.1
times the element edge) of an existing edge or node, the node or edge is mapped onto the
crack direction plane. This avoids the creation of excessively small surface elements. If the
crack extension direction exactly passes through a node or an already available edge, then
no modification is made. This process is repeated until the predicted growth distance is
reached. If the new crack-front corner is inside a triangle, then this triangle is divided into
three triangles and the node is stored as the new crack-front corner.
The new crack-front is now obtained using the two new crack-front corner nodes on

the boundary and the propagation direction and distance of the old crack-front nodes in
the body’s interior. Havingmodified the outer surface and computed the new crack-front,
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paves the way for the crack surface reconstruction. This is done by triangulation of the
3D surface which contains the old crack-front, new crack-front and the two crack-front
corner traces as its boundaries, see Fig. 7.
There are some special cases where the above mentioned algorithm cannot be directly

applied. One case is when two crack direction vectors are crossing each other. In this
case, the points at which these directional vectors are pointing are swapped. Figure 8a
shows how the directional vectors of po

1 and po
2 are crossing and their corresponding

points pn
1 and pn

2 in Fig. 8b are swapped. Another case is when a vector ends outside of the
(discretised) geometry. In this case this vector is discarded and the average crack vector
of its neighboring nodes is used instead.

Meshing of the new geometry

The constructed crack surface based on the crack propagation distances and directions
is now used to discretise the geometry. The geometrical description consists of the outer
surface of the volume, possibly including parts of the already existing crack surface, and
an inner surface which defines the new crack growth segment. The new crack surface is
treated as an internal boundary by the mesher, so that tetrahedral elements are generated
on both sides of the surface without intersecting it.
In order to properly model the opening of the crack surface, a topological data structure

is needed. This data structure is built using the connectivity of the elements and geometry
of the discretised domain. Using this data structure, the elements connected to each node
and their position with respect to the crack surface are identified. Details of this data
structure are given in the Appendix.

Fig. 7 Crack surface construction

a b
Fig. 8 Crack direction vectors which cross each other are corrected
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Crack opening

Themechanical insertion of the new crack surface is done by splitting the nodes generated
on the new crack surface by the volumetric mesher. This implies that for each node, a
corresponding node with the same coordinates is generated. The nodal connectivity of
elements located on both sides of the crack is preserved, whereby the new node is used
for the connectivity of the elements for one of the sides.
The two newly created surfaces are temporarily tied together by creating a dependency

between their displacement degrees of freedom. While the crack is still closed, data from
the last converged state is consistently transferred to the new mesh. Elastic equilibrium
iterations are done in order to recover global consistency. During this iterative process
the closed crack is treated as a new surface for Eqs. (15.3) and (16). However, the degrees
of freedom for the pressure and the nonlocal damage driving variable are not tied. This
improves stability of the simulation in the sense that the residual forces related to these two
equations become zero in the elastic equilibrium iterations and artificial damage growth
is prevented. This artificial damage growth, which is observed if all degrees of freedom
are tied, may be caused by the sudden change in the boundary conditions for the nonlocal
averaging Eq. (9).
Since the new crack surface is kept closed during the elastic equilibrium iterations using

displacement tyings acting on the crack faces, a reaction force appears on these nodes.
To mechanically open the crack, these reaction forces are first applied as external forces
when the tyings are removed, and they are subsequently gradually released in a number
of sub-steps, see Fig. 9 for an illustration (in which �fA and �fB represent these forces for one
particular couple of nodes) and Ref. [22] for a more detailed description.

Crack initiation
Having established the algorithms to deal with crack propagation, we now turn our
attention to the initiation of cracks based on the computed damage field. In a con-
tinuum damage mechanics approach, a crack is initiated when the scalar damage �p
reaches a critical threshold. At this point in time, an already degenerated (softened)
continuum material is split locally by introducing a discontinuity. For this purpose,
the simulation is stopped, an initial crack surface is generated and, together with
the outer skin of the geometry, is given as input to the 3D mesh generator. Cracks
can start either inside the body (not connected to the outer surface) or from the
geometry’s surface. Each of these situations is addressed separately in the following
sections.

Fig. 9 Crack opening by gradually reducing the tying forces between corresponding nodes on the two
crack faces
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Internal crack initiation

The initiation points for cracks are the locations where the damage exceeds a predefined
critical magnitude. To identify these points, all elements with damage values higher than
the critical value are extracted. They constitute a 3D cloud of elements which are not
necessarily interconnected. Groups of interconnected elements that are connected to an
already existing crack are discarded since they contribute to crack propagation and not
initiation. The element clouds connected to the outer surface form surface cracks, which
are treated in the next section.
Figure 10a shows a cloud of elements with damage values higher than a critical level at

the center of a body. The center point of the cloud is calculated using

�p =
n�

i=1

Mi�
Mi

�xi (28)

where �xi are the centers of elements within the cloud,

Mi =
�Vi

log
	
�i
p


 (29)

is a damage-dependent weight factor and Vi is the volume of each element in the cloud;
�i
p is its damage value (constant damage elements are used). The weight factorMi ensures

that larger elements with higher damage values contribute more to the calculation of the
center point than small elements or elements with low levels of damage.
Starting from the center point �p, a vector �r1 is computed, which is the longest vector

connecting point �p to any other node in the cloud. A plane (� in Fig. 10b) is defined in
point �p and normal to �r1. This plane intersects a set of elements in the cloud. All vectors
from point �p to any node in this set are projected on the plane and vector �r2 is then defined
as the longest projected vector. Once �r1 and �r2 have been determined, they are mirrored

a b c
Fig. 10 Internal crack initiation; a cloud of highly damaged elements (integration points shown as black
dots); b center point and longest vector, �r1; c longest vector �r2 in plane �
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to obtain �r


1 and �r



2. Together, these four vectors form a polygon with four sides lying

in the same plane, see Fig. 11. The geometrical description of this plane, together with a
point wise element size indicator (obtained from the damage rate) is given as input to the
3D tetrahedral mesher and is treated as an internal boundary for meshing.

Surface crack initiation

In some cases, a cloud of interconnected damaged elements contains nodes lying on the
exterior surface of the geometry. If this is the case, a crack should nucleate from the
exterior surface and propagate into the geometry with a proper propagation direction.
For this purpose, the triangulated surface is modified to embed the new crack surface.
First, all damaged elements are identified that are in contact with the external surface

and these are separated from the cloud. The center point of these surface elements (only
a fraction of the original cloud) is obtained using Eq. (28). The closest node on the surface
to this point is singled out as the surface center, �Ps in Fig. 12b. The original cloud of
elements is used to determine the direction of the crack. The center point of this cloud
is also computed using Eq. (28). The connection line between the surface center and the
cloud center provides the vector �r1. To define a crack initiation plane, a second vector is
needed. This vector is obtained by calculating the longest vector from the center �Ps to
all surface nodes in the cloud, �r2 in Fig. 12b. A plane normal is finally defined using the
following equation:

�Ns =
�r1 × �r2

��r1 × �r2�
(30)

The intersection of this plane with the surface elements located in the cloud forms a curve
on the triangularized exterior of the geometry and defines the crack-front. The crack
propagation algorithm is then used to propagate the front into the body.

Crack opening

A crack surface has been defined at this stage for the cracked topology. This surface
should be opened to recover equilibrium first. The applied methodology is explained here
for cracks located inside the body.

a b
Fig. 11 Construction of crack plane; a opposite vectors; b constructed initial crack plane inside the body
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a b c
Fig. 12 Initiation of a crack from the surface; a cloud of highly damaged elements touching the exterior
surface of geometry (inside the dotted cube); b direction vectors �r1 and �r2; c intersection of the plane with the
exterior surface of the geometry

Crack opening is done in two steps. In the first step, the geometrical description of the
internal crack surface is provided as input to the mesher, Fig. 13a. Next, the geometry is
discretised accommodating this new interior boundary, Fig. 13b. Finally, all nodes located
on the crack surface (discarding nodes on the contour of the surface) are decoupled and
all internal forces acting in the nodes of the connected elements are applied as external
forces, Fig. 13c. An automatic sub-incrementation procedure is then used to gradually
release these forces to zero, resulting in an opened crack [22].
A similar technique is applied to open cracks in contact with the boundary of the

geometry. The difference here is that the new crack front residing on the boundary is also
opened.

Examples
The developed algorithmhas been employed for studying crack initiation and propagation
in two examples. These examples have been selected in order to assess the performance
of the methods developed above in dealing with crack initiation and propagation.

a b c
Fig. 13 Internal crack opening; a an internal crack plane; b applied discretisation by the mesher; c release of
the residual forces to open the crack while its contour line (the new crack-front) remains closed (cut view)
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A nonlinear material hardening is used throughout, in which the current hardening
modulus is defined as

h� = h + (�y� � �y0) exp
�
���p

�
with � > 0 (31)

with elasto-plastic-damage material parameters as shown in Table 1.
The described constitutive law is implemented using a locking freemixed formulation of

the tetrahedral element [25,26], while a constant damage variable �p is used per element.
In both examples, a vertical displacement is applied on the top surface of the model while
the bottom surface is fixed. Frequent remeshing is used to maintain the quality of the
elements and the damage rate �̇p is employed as a point wise indicator for element size.
Hence, the mesh is more refined in regions with a rapid evolution of damage.

Crack initiation in a rectangular bar

In this section, we present the results of a rectangular sample which is subjected to tension
until necking and failure. The geometry and boundary conditions are shown in Fig. 14.
A vertical displacement is prescribed to the top surface and the bottom surface is fully
constrained. Therefore, necking is expected in the middle of the specimen.

Table 1 Material properties used [24,29,35]

Shear modulus G 80.19 GPa

Bulk modulus K 164.21 GPa

Initial flow stress �y0 0.45 GPa

Residual flow stress �y� 0.715 GPa

Linear hardening coefficient h 0.129 GPa

Saturation exponent � 16.93

Damage initiation threshold �i 0

Critical value of history parameter �c 0.4

Intrinsic length � 1 mm

Damage parameter A 3.9

Damage parameter B 0.63

Fig. 14 Geometry (in mm) and boundary conditions of the rectangular specimen
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Figure 15 shows the damage distribution as it evolves throughdifferent stages of remesh-
ing and mesh refinement. Damage is maximal in the center of the specimen, where the
hydrostatic stress is high.
As the necking progresses in the middle section of the specimen, a cloud of connected

elements reveal a damage value higher than the critical level �c
p, as shown in Fig. 16a.

The internal crack initiation algorithm is used to introduce a crack plane internally, see

Fig. 15 Damage distribution at different stages of deformation

Fig. 16 Internal crack initiation: a discretised face at the back plus half of the top and bottom face and cloud
of critical elements; b embedding the new crack surface internally
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Fig. 16b. The geometry is therefore remeshed and by releasing the crack surface forces, a
first crack appears inside the geometry.
Due to the concentration of the damage growth in the neck, a rapid crack growth

is observed. Figure 17 shows an instant of crack propagation towards the outer surface.
Since themesh refinement is a function of the damage rate, a refinedmesh appears around
the crack, see Fig. 17b.
The force versus displacement response obtained for this problem is shown in Fig. 18.

The diagram shows that the simulation may be continued until full failure, i.e. until the
reaction force vanishes. Theminor jumps on particularly the descending part of the curve
are due to the transfer of state variables following remeshing steps. This transfer results
in a slight inconsistency of the deformation and stress state on the new discretisation
compared with that on the old. The effect is more pronounced where (and when) these
fields fluctuate strongly—which explains why they are more prominent at later stages of
the failure process, when the deformation is highly localised.

Surface crack initiation and propagation in a double notch specimen

The example of a double notched specimen is used to investigate the crack initiation on the
surface and have amore substantial amount of crack growth. The geometry and boundary
conditions are shown in Fig. 19. The deformation is imposed using displacement control
and the front and back face of the geometry are free. The amount of damage growth
during an increment is used as a point-wise indicator for mesh refinement. The geometry
undergoes large deformations before crack initiation and propagation starts. As a result
of this large deformation, elements may become distorted and compromise the required
accuracy. To avoid this problem, frequent remeshing is used, after a predefined applied
displacement. The number of sampling locations N and the crack increment length �a
are 50 and 0.3 mm respectively.

Fig. 17 Crack propagation in a rectangular tensile bar: a damage distribution around the crack surface, b
cross section demonstrating internal mesh refinement
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Fig. 18 Force versus displacement response for a rectangular sample under tensile loading

Fig. 19 Geometry (in mm) and boundary conditions of the double notched specimen

Figure 20 shows the damage distribution as it evolves through the different remeshing
steps before reaching a critical value for inserting the first crack segment. As can be seen
from this figure, the damage grows considerably faster at the notches, especially at the top
right hand corner.
Figure 21 shows how the specimen is necking across its thickness along a curve connect-

ing the two notches. Damage has the highest value where the mid-plane of the specimen
intersects the notch root, since the hydrostatic stress and consequently the stress triaxi-
ality is higher at this point relative to the front and back face of the specimen. Also shown
in Fig. 21 is the first crack segment when it is opened and all residual forces have been
released.
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Fig. 20 Snapshots of the remeshing and mesh refinement near the highly damaged zones

Fig. 21 3D non-planar crack initiated at the notch root

As the applied displacement increases, the crack which was initiated at the top right
corner grows towards the bottom. After a while the damage at the bottom left corner also
reaches the critical value and a second crack starts growing from there. While the second
crack propagates, the crack propagation at the top is arrested. Since the crack tends to
grow faster in the mid-plane of the specimen thickness, the crack-front is curved instead
of a straight line, as shown in Fig. 22 for the crack growing from the bottom-left notch.
Figure 23 shows the force versus displacement response obtained from this simula-

tion. As before, the jumps observed in this curve are due to the remeshing and transfer

Fig. 22 Crack surface of the crack emanating from the bottom notch
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