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This paper describes a finite strain elasto-viscoplastic constitutive model to predict the non-linear beha-
viour of polymeric based materials. The theoretical basis of the material model and the computational
treatment are presented. The operator split methodology and the Newton—Raphson method are used
to derive the state update algorithm and to obtain the numerical solution. The integration algorithm
reduces to the solution of only one scalar non-linear equation. A closed formula for the corresponding
consistent tangent operator is presented. Different aspects of the constitutive model and its integration
algorithm are investigated by considering a comprehensive set of humerical examples.

2016 Elsevier Ltd. All rights reserved.

1. Introduction

The use of polymeric materials is steadily increasing due to
their ability to fulfil requirements for a large number of applica-
tions ranging from automotive, medical and electronic sectors.
Their mechanical behaviour is usually highly nonlinear and it is
extremely important to understand how their mechanical perfor-
mance is affected by the molecular structure, the processing condi-
tions and the geometry of the micro constituents. Over the last
decades, a considerable effort has been made by the academic
community to develop constitutive models that are able to
describe the deformation behaviour of polymeric based materials.

Pioneering work to determine the behaviour of polymers dates
back to 1930s. Eyring [1] proposed a molecular theory for the yield
stress of amorphous polymers, considering the yield behaviour as a
thermally activated process. Temperature and strain rate effects
are accounted for in the theory. In 1940, Mooney [2] proposed a
strain energy function for rubber elastic materials. Later, Haward
and Thackray [3] developed a one dimensional constitutive model
for glassy polymers. This work can be considered as one of the first
constitutive models proposed for predicting the deformation beha-
viour of glassy polymers. According to it, the post yield behaviour
of glassy polymers includes two different phases: firstly, a rate
dependent plastic flow modelled by an Eyring dashpot, and sec-
ondly, a rate independent contribution of the entanglement
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modelled by a Langevin spring. The three dimensional version of
Haward and Tackray model was proposed by Boyce et al. [4]. An
alternative constitutive approach is based on the generalized
compressible Leonov model. The first compressible version of the
Leonov model [16] was proposed by Baaijens [5] to predict flow-
induced residual stresses in injection moulded products. Later,
the model was derived within a thermodynamically consistent
framework by Tervoort et al. [6]. The rate of plastic strain was con-
stitutively described by the stress-activated Eyring flow. This
model was later extended by Timmermans [14] and Govaert
et al. [7] to capture the typical characteristics of the post-yield
behaviour of glassy polymers, namely the phenomenon of intrinsic
strain softening and strain hardening. The generalized compress-
ible Leonov model is currently known as the Eindhoven Glassy
Polymer (EGP) model. Over the last decades, a wide range of con-
stitutive models incorporating linear and non-linear visco-elastic
and visco-plastic material behaviour have been developed to cap-
ture different aspects of the behaviour of polymers including
molecular orientation, strain rate effects, failure, among others.
For a review on finite element simulation of polymers, the reader
is referred to [8,9].

The finite strain elasto-viscoplastic constitutive model devel-
oped is this work is inspired in the single mode EGP model [10],
which has been extensively used by a large number of authors
(e.g. see [7,11-15]) in the prediction of the deformation behaviour
of polymeric materials. Therefore, the inelastic material behaviour
at the constitutive level is modelled with the same rheological
model as Timmermans [14], which includes the Eyring equation
for the plastic flow. At the kinematic level, the multiplicative split
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of the deformation gradient into elastic and inelastic contribution
is assumed and logarithmic stretches are employed as strain
measures.

Procedures for integration of the constitutive equations of a
material model, usually defined by a set of evolution equations,
in the context of finite element simulations have been thoroughly
investigated by a large number of authors [17—-22]. This numerical
integration is carried out locally at each quadrature point in typical
finite element implementations. This process has a strain driven
structure where the stresses and updated internal variables, which
characterize the inelastic response of the material, are pursued for
a given strain increment and the previous values of the internal
variables. The consistent linearization of the resulting discrete
equations is crucial for the successful solution of the global bound-
ary value problem with the Newton—Raphson scheme due to its
asymptotic quadratic rate of convergence. The use of operator split
techniques, which result in the classical elastic predictor/plastic
corrector format of the time-discrete evolution problem, is widely
accepted and has become standard nowadays.

The numerical integration algorithm, developed in this work,
follows the procedure introduced by Eterovic and Bathe [23] where
large strain kinematics are separated from the stress integration.
The small strain numerical integration by means of a return
mapping-type scheme requires, in the three-dimensional stress
state, the solution of seven coupled non-linear equations. This
large number of equations on the stress update algorithm, which
is solved at each Gauss point of the finite element mesh, makes
the simulation with this model rather expensive. Therefore, in this
contribution, we show that a constitutive integration algorithm
can be derived where the return mapping procedure, under any
stress state, is reduced to the solution of only one single non-
linear equation. Consequently, the computational burden of the
model is significantly reduced.

The presentation is structured as follows. In Section 2, the
hyperelastic based elasto-viscoplastic model is formulated. Sec-
tion 3 describes in detail the algorithm for numerical integration
of the model. For convenience, the closed form of the associated
consistent tangent operator is presented. The performance of the
model and the efficiency of the integration algorithm are assessed
through a representative set of numerical examples in Section 4.
Based on the obtained results, we present some concluding
remarks in Section 5. Two appendices are included to describe
some algebraic operations that were removed from the body text
for the readers’ convenience. This should be useful for those inter-
ested in the implementation of the algorithm within an implicit
finite element environment.

2. Hyperelastic-based multiplicative model

In this section, the hyperelastic-based finite strain inelastic con-
stitutive framework adopted in this work, formulated in the spatial
configuration, is presented. The main aspects of this approach,
which will be conveniently particularized for the developed model,
are: the multiplicative split of the deformation gradient, the use of
a logarithmic strain measure, the existence of a free energy poten-
tial from which the hyperelastic law is derived, the existence of a
dissipation potential from which the plastic flow rule is obtained
and the additive decomposition of the total stress into driving
and hardening stresses.

The mechanical model, which is schematically represented in
Fig. 1, consists of two elements connected in parallel. The first ele-
ment is composed by a linear spring that characterizes the elastic
behaviour and a dashpot that characterizes the rate dependent
yield behaviour and the non-linear viscoplastic material response.
The second element is a spring that represents the strain hardening
response.

driving

g

o.hardemng

Fig. 1. Rheological representation of the model in one dimension.

2.1. Multiplicative kinematics

The main assumption underlying this approach is the multi-
plicative decomposition of the deformation gradient. Based on this
assumption, the deformation gradient, F, is multiplicatively com-
posed of the elastic deformation gradient, F*, and the plastic defor-
mation gradient, F? [17].

F..FPF" 1

The elastic deformation gradient, F°, is acting on the elastic
spring and the plastic deformation gradient, F°, is acting on the
Eyring dashpot (viscoplastic element). The spring element, parallel
to the elastic spring and Eyring dashpot, is affected by the total
deformation gradient, F. This decomposition suggests a local
unstressed intermediate configuration obtained by elastic unload-
ing from the final deformed configuration. Polar decomposition of
the elastic and plastic deformation gradient results in:

F® .. R°U° ... V°R%; 2
FP .. RPUP .. VPRP; 3

where R®; U® and V° are the elastic rotation tensor, elastic right
stretch tensor and elastic left stretch tensor, respectively. The terms
in relation (3) are the corresponding plastic terms. The velocity gra-
dient is given by:

L..EF % 4

Substitution of Eq. (1) in Eq. (4) results in:

L..L® FLPF Y 5
where the elastic velocity gradient, L®, and plastic velocity gradient,

LP, are defined by:

L* EF 6

P PR 7

Based on the plastic velocity gradient, the rate of plastic defor-
mation (plastic stretching tensor), DP, and plastic spin tensor, W®,
are defined by:

1h i
D° symlLP "3 L L° 8

1
WP skew LP ... 5 > P 9
where the superscript T denotes the transpose of the tensor. The

plastic spin tensor in this work is assumed to be null, W® ... 0, which
is compatible with the hypothesis of plastic isotropy employed in
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the formulation. It is worth mentioning that there are different
choices regarding the plastic spin tensor and this issue is addressed
in detail in [14,24]. According to these references, choosing different
plastic spin tensors does not remarkably affect the overall stress—
strain curves. Nevertheless, if plastic anisotropy should be
considered, an appropriate constitutive definition for the plastic
spin tensor should be required.

2.2. Logarithmic strain measure

In the finite strain model, presented in this contribution, the
logarithmic (or natural) Eulerian (or spatial) strain is adopted to
measure elastic deformations. The use of logarithmic strain is
motivated not only by its physical meaning, but also by the fact
that using this strain measure provides remarkably simplified
stress integration algorithm of the finite strain model in a way that
the infinitesimal elastic predictor/return mapping algorithms can
be naturally extended to finite strains. This simplification will be
detailed in the following section. The Eulerian logarithmic elastic
strain tensor is defined by:

1
e InVe®.. > In B; 10

where In  denotes the tensorial logarithm of  and, B, is the left
elastic Cauchy—Green deformation tensor given by:

BS FuFe T el 11

2.3. Free energy potential

Following the formalism of thermodynamics with internal vari-
ables, in order to know the local state of the material, we should
have knowledge of the state variables of the material. The state
variables are categorized into two groups: observable variables,
which are the total strain and temperature, and internal variables
describing the current state of the material. It should be empha-
sized that in this study, constant temperature is considered and
as a result, observable variables are reduced to the strain. Assum-
ing the existence of a free energy potential, w, with the following
form:

w... we%a; 12

where € is elastic logarithmic strain and a is a set of internal vari-
ables, the following constitutive law is obtained:
Ow e%;a
S. 00—, 13
q @ee
where S is the Kirchhoff stress tensor and { is the reference density.
We know that the following relation holds:

S.r; 14

where I is the Cauchy stress tensor and ] is the determinant of the
deformation gradient, J ... det F . Different free energy potentials,
available in the literature and used for different kind of materials,
can be used to derive the constitutive law for the stress as a func-
tion of strain. In this work, the so-called Hencky strain energy func-
tion (logarithmic strain-based hyperelasticity law), which is
generally accepted for a wide range of applications, will be used.
The Hencky strain energy function, in terms of principal stretches,
is given by:

h i
LG InkE? Inke? Inkg ?

1 2 2

> K §G In kiksks = 15

qw k; k5 k3

where ki; k3; k3 are the principal stretches in principal directions; K
is the bulk modulus and G is the shear modulus of the material.
Using the strain energy function introduced in relation (15) and also
Eq. (13) results in the following relation between Kirchhoff stress
and Eulerian logarithmic strain:

S..D%:e 16
where D°® denotes the fourth order isotropic constant elastic tensor:
2

D®* 2Gl K §G 1 17
The symbol I represents the fourth order symmetric identity tensor
and | is the second order identity tensor. The tensors Iy and I, in
component form, can be expressed as:

1
Lkt - > diedy  didjc ; 18
where d is the Kronecker delta.

2.4. Dissipation potential

The flow rule of the model is characterized by the Eyring equa-
tion. The Eyring flow model in one dimension is described by [10]:

1 S
P..=sinh — ; 20
¢ A So
where S is the shear stress; CP is the plastic rate of shear; Aand S, (a
characteristic stress) are material constants at constant
temperature:
DH
A Aexp — ; 21
0P BT
RT

where DH and V are the activation energy and the shear activation
volume, respectively. The scalar A is a constant or pre-exponential
factor involving the fundamental vibration energy; R is the univer-
sal gas constant and T is the absolute temperature. The plastic rate
of shear was explicitly given as a function of shear stress and Eyring
properties. Performing an inversion in Eq. (20) results in:

S

P : 23
¢ So arcsinh ACP =CP

From Eg. (23), a viscosity function can be defined:

g cP ... So arcsinh ACP =CP: 24

Using relation (24), the one dimensional Eyring flow equation,

Eqg. (23), can be rewritten as follows:
S .

g

The flow model in three dimensions can be described by the fol-
lowing relation for the equivalent rate of strain:

p

25

c*d ...%sinh Z—j ; 26
where S* is an equivalent stress defined by:

r r
S . % trss .. %s iS; 27
where s is the deviatoric part of the stress tensor:
S..lg:S: 28

Please cite this article in press as: Mirkhalaf SM et al. An elasto-viscoplastic constitutive model for polymers at finite strains: Formulation and computa-
tional aspects. Comput Struct (2016), http://dx.doi.org/10.1016/j.compstruc.2016.01.002

270
271
272
273

274
275

277

278
279

281

282
283
284
285
287

288
290

291

292

293

294
295

297

298
299

300
301

303
304

306

307
308
309

311

312
313

315

316
317

319
320

321
322

324
325

326
327

329

330
331

333

334
335

337


http://dx.doi.org/10.1016/j.compstruc.2016.01.002

338
339

341

342
343
344
345
346
347
348
349
350
351
352
353

354
355

357

358
359

361

362
363

365

366
367

369

370

371
372

374

375
376
377

378
379

381
382

383
384

386

387
388

390

391
392

394

395
396

398

399
400
401
402

CAS 5527
23 January 2016

No. of Pages 15, Model 5G

4 S.M. Mirkhalaf et al./Computers and Structures xxx (2016) XXXx—XXx

The fourth order deviatoric identity tensor, Iy, is given by:

1

lg . I §| l: 29

It is important to mention that relations (27) and (26) for the
equivalent stress, S®, and equivalent rate of strain, C*, are defined
such that in a pure shear stress state, they reduce to the one
dimensional shear stress, S, and the plastic rate of shear, CP, respec-
tively. Although the magnitude of the plastic strain for one-
dimensional (1-D) and three-dimensional (3-D) cases is obtained
from relations (20) and (26), in order to fully characterize the flow
behaviour of the material in a generic 3-D case, the flow vector, N,
should be defined. As mentioned in the beginning of this section,
the existence of a dissipation potential, W, from which flow vector
would be determined is postulated. The dissipation potential is
defined as a convex scalar value function, non-negative and zero
valued at the origin with the following form:

r
1
W.. =s:s: 30
25 S
As a result, the flow vector is obtained:
o "
1ls
— e = 1
@s 2ksk’ s
where ksk is the norm of s defined by:
ksk ... ps S 32

The plastic flow rule for the model presented here, is given by:

d® .. ceq%lsv ... CN; 33

where W is the dissipation potential, N is the flow vector and d” is
the spatial plastic stretching tensor:

d® R°DPR®': 34

The spatial plastic stretching tensor, d’, is the plastic stretching
tensor, DP, rotated to the current (spatial) configuration by the
elastic rotation, R®. Combining relations (33) and (31), the multi-
dimensional plastic flow rule of the model is obtained as:

S 35

Using relation (26) and also Eq. (27), the plastic flow rule can be
expressed in another form:

1 se S

d® .. ~sinh =— _— ; 36
A So 2S84
or equivalently,
S .
d° .. —h—ql; 37
Se
2A sinh S8d=S,
which can be represented as:
S
p .
g e 38
where the viscosity function, g S® , is given by:
se
A ——————— !
g9s sinh Se1=S, 39

Eq. (38) is the extension of the one dimensional non-Newtonian
fluid relationship, Eqg. (25), to the multi-dimensional case. Hence,
it can be stated that, the plastic flow rule of this model is character-
ized by the generalized Eyring equation. The rate of equivalent

plastic shear can be expressed in terms of the multi-dimensional
plastic flow rule:

P
ca .. 2d°:d" 40

Although the parameter A was already introduced in Eq. (21), in
order to account for the pressure and softening behaviours of the
material, this parameter can be generalized to the following rela-
tion [7,14]:

DH Ip
A..Ajexp — — D 41
0P RT S
The symbol | represents a pressure coefficient related to the shear
activation volume, V , and the pressure activation volume, X,
according to:

X

1. 42
\
In relation (41), P is the total hydrostatic pressure:
P..pg P 43
where the scalar p is the hydrostatic pressure defined by:
1
. =trs; 44
P 3

and the scalar p, is the superimposed hydrostatic pressure of the
analysis. The scalar D represents a softening parameter. The post-
yield behaviour of the majority of thermoplastics and thermosetting
polymers is governed initially by strain softening and then by strain
hardening. After the yield point, the true stress decreases with
increasing deformation and this phenomenon is called softening.
The physical justification for the softening behaviour is not yet per-
fectly understood but it appears that it is related to the physical
aging process [7]. For glassy polymers, the strain softening beha-
viour promotes plastic localization [7]. Hasan et al. [25] proposed
a phenomenological law for the evolution of the softening parame-
ter, D:

D

1

D..h 1 c; 45

where D, is the saturation value of the softening parameter with
the initial condition D ... 0, the scalar quantity h influences the soft-

ening slope and €P is an equivalent plastic strain rate defined by [7]:
P
ch .. d°:d” 46

Using relations (27), (39), (40), (41) and (45) together with
some algebraic manipulations, provided in Appendix A, results in
the following viscosity function:

p #
DH 1Ip h™ 38° sed

LAge — — D D,e S*=sinh — ;

g..Aoexp RT S, 1 Daiexp ﬁﬁ I S

47

where €P is the accumulated plastic strain. It should be emphasized
that we do not use any explicit yield function, i.e. at any time of the
deformation and at any point of the structure, the total strain is
assumed to be additively composed of elastic strain (or reversible
strain) and inelastic strain (or non-instantaneously reversible or
non-reversible strain) as given by

e..e em 48

In order to facilitate the notation, the later is referred to by
superscript p standing for “plastic”. In fact, this decomposition of
strain is consistent with the physical phenomena happening dur-
ing the deformation. Bending and stretching of strong chain cova-
lent bonds and also small displacement of adjacent molecules,
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which is resisted by the presence of van der Waals and hydrogen
secondary bonds, contribute to the elastic deformation. At small
deformations (less than 5%), viscoplastic strain should be consid-
ered in terms of a cooperative movement of molecular chain seg-
ments. Chain entanglements have remarkable contributions in
resistance of polymers to visco-plastic flow [26].

2.5. Additive decomposition of total stress

The total stress, S*?, in the model, is additively composed, in a
parallel assemblage, of driving stress and hardening stress:

Stotal . Sngmg Shardenmg : 49

In the final phase of the deformation behaviour, which typically
occurs at large strains, softening reaches its saturation value and
the true stress starts to increase with increasing strain. This phase
is known as hardening. Two different kinds of hardening could be
considered: isotropic hardening and kinematic hardening. Physi-
cally, isotropic hardening could be associated: with increasing
the covalent bonds, with the entanglements density and with the
change of the conformation of molecular links inside the amor-
phous phase. Kinematic hardening could be physically related to
the existence of structural defects in the amorphous phase such
as the existence of free radicals or chain scission points [26]. In this
study, only isotropic hardening is considered.

The hardening behaviour of glassy polymers is commonly mod-
elled as a generalized rubber elastic spring with finite extensibility.
The so-called three-chain and eight-chain models proposed by
Arruda and Boyce [27] and also the full chain model proposed by
Wu and van der Giessen [28] are typically used to model the hard-
ening behaviour. Another approach for modelling the hardening
behaviour was introduced by Haward [29] which consists in the
application of network models, employing Gaussian chain statis-
tics (which results in a neo-Hookean strain hardening response),
to uniaxial experimental stress—strain curves. Nevertheless, for
glassy polymers, which show a strong strain softening behaviour,
application of the Gaussian model to strain hardening is not
straightforward and mechanical preconditioning is required [7].
The hardening stress in this model is characterized with the fol-
lowing relation:

Shardening . H ed; 50

where H is the hardening modulus (one of the material properties)
and €4 is the deviatoric part of the total strain:

€4 ..lg:€: 51

Govaert et al. [7] have defined the hardening stress using the
deviatoric isochoric left Cauchy—Green deformation tensor, which
results from the generalization of the neo-Hookean relation
between stresses and strains to three dimensions. In this contribu-
tion, the total deviatoric strain, relation (51), is employed at small
strains and extended to finite strains with the use of logarithmic
strains.

3. The integration algorithm

Operator split algorithms are widely used for numerical
integration of constitutive equations in the context of elasto-
plasticity and elasto-viscoplasticity [20,30]. Numerical implemen-
tation of constitutive models into finite element codes basically
requires the appropriate derivation of the state update procedure
for the specific model and the computation of the consistent tan-
gent operator. Here, we shall focus on the particularization of the
fully implicit elastic predictor/return mapping method to the finite
strain model introduced in the previous section. It must be

emphasized that the derivation of the state update procedure
and consistent tangent operator will be performed at the small
stain format and then will be extended to the finite strain counter-
parts. The finite strain extension employed here preserves the most
important properties of the small strain formulation [17]. In partic-
ular, volume preserving plastic deformations, finite plastic incom-
pressibility and associativity and maximum plastic dissipation at
large strains [17]. Due to its suitable features, this kind of extension
has been widely used by different authors [31-33].

3.1. The state update procedure

Let us consider a typical time interval it,;t, ; . Assuming that
the incremental displacement, Du, is known, we can update the
deformation gradient. The incremental deformation gradient, Fp,
is obtained by [17]:

Fo ..l r,Du; 52

where r, Du is the gradient of the incremental displacement.
With the incremental deformation gradient, we can update the
deformation gradient at time step t, ;:

Fn 1 ... FoFa: 53

Nowv, it is the turn to evaluate the elastic trial state. Assuming
that the total elastic strain, €, at t, is known, the elastic left Cau-
chy—Green deformation tensor is given by:

B; ... exph2 €° : 54

The elastic trial left Cauchy—Green deformation tensor at t, ; is
obtained by:

B2 U@ . FpB® Fp ' 55

The elastic trial strain, which is in fact the driving parameter in
the computational implementation of the model under study, at
t, 1 is computed by:

ee tial Inve . % InsBS 72" : 56
It must be noted that so far, everything is done at the kinemat-
ical level i.e. it is completely independent of the material model.
Therefore, at this point, we should update stress and the state vari-
ables based on the constitutive relations of the model. The set of
variables I,; €%;€h; € is known at time t, and the main problem

is to determine the same set I, 1; € ,;€° ;€ , attimet, ;.

3.1.1. Return mapping
We know that total strain is additively composed of elastic
strain and plastic strain:

tot e p .
en 1 en 1 en 1

57

As mentioned before, we will establish the integration algo-
rithm of the model within the context of infinitesimal theory and
the finite strain framework adopted preserves the format of both
the state update algorithm and consistent tangent operator. Hence,
we shall adopt the small strain counterpart of the spatial plastic
stretching tensor, relation (38), to work with:

P S.
er .. 2g" 58
which is the rate of plastic strain within the infinitesimal formula-
tion. Integrating relation (58) during time step it,; t, ; leads to the
following:

Dt
eP .. e° —— Sy 1t
@n 2g,, " "

dn 1 59
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The subscript d in relation (59) stands for the deviatoric part of the
plastic strain and from relation (58), it is obvious that the plastic
strain is totally deviatoric and there is no volumetric plastic strain.

The rate of accumulated plastic strain is defined by:
r

gb ... %ev:ep: 60

Integrating Eqg. (60) over the time step it,;t, ; and using relation
(58) results in:

o]

- - 3Dt

e, .. e Sa s 61
3gn 1

where the effective stress at t,, ; is given by:

r
1
S Esn 1:Sn 1, 62
and the discretized expression for the viscosity is given by:
" p #
DH Ip, h™ 38°
A — D. D ni
Gn 1 Po®XP Br g LT
sx
S, sinh L 63
So

Relations (57), (59) and (61) are the particularization of the
standard return mapping procedure for the present model. The
aforementioned system of equations needs to be solved for the
unknowns €¢ ;; €5, and & ,. Nevertheless we will show that
the return mapping can be reduced, through algebraic manipula-
tions, to a single non-linear scalar equation. Since the strain at time

step t, ; is known:
€n 1 .. €81 64

and we can express the total strain split, relation (57), on the devi-
atoric space as:

tot p .
edon 1 eg n1 ed n 1’ 65

the elastic deviatoric strain, €] , ,,

can be obtained from the deter-
mination of the plastic strain, ez » 1- Consequently, the problem is
reduced to the determination of the plastic strain, €}  ,, and accu-
mulated plastic strain, €, ,. This means that for a generic 3D prob-
lem, we would have to solve a system of seven coupled equations:
six for plastic strain tensor and one for the accumulated plastic
strain. In the following, it will be shown how to manipulate the
relations such that the integration algorithm turns out to be signif-

icantly more efficient. The stress deviator, s, 1, is given by:
Sn1..2G€5,,..26€e% , e 66

Substitution of Eq. (59) into Eq. (66) gives:

Sh 1 .
Sp1..2G evt . eg ., Dt 29, 67
Rearranging relation (67) results in:
2G
Sp 1 et e 68
n 1 1 Dt G:gn s dn 1 dn

The deviatoric strain at t,, 1, is equal to the deviatoric strain at t,
plus the incremental deviatoric strain:

et L ..€sn DE g 69
Substituting relation (69) in relation (68) yields to:
2G
Sh1.———>———©€ Dey, €b 70
n 1 1 Dt G:gn . dn d dn

Since the total deviatoric strain, €4 ,,, is composed of the elastic

deviatoric strain, €5 ,, and plastic deviatoric strain, €} , relation
(70) is rewritten as follows:
2G
Sn1 . ————— €3, DE€;: 71
1 DtG=g, ,

Finally, the deviatoric stress tensor can be expressed by:

2G

s ee trial : 72
"*T"1 DtG=g,, °"!
or equivalently,
1 trial
Sh1..T————— S ; 73
"*"1 DtGsg,, "*
where
stial . 2G gg uial - 74
Substituting relation (73) in relation (62) leads to:
r
1 ..
Seq gn 1 7|(Sma|k; 75
n 1 gn i Dt G 2 n 1

where the norm of the trial deviatoric stress is given by:

trial trial . gtrial .
ks ik ... sy s 76

Inserting relation (75) in relation (61) gives:
r
_ Dt 3

P B trial .

[ 39, DiG Eksn 1k: 77
With the above relations at hand, it can be observed that both the
effective stress, S;',, and the accumulated plastic strain, € ,, only
depend on the viscosity, g, ,. Therefore, it is possible to substitute
relations (75) and (77) into the discretized expression for the vis-
cosity, relation (63), reducing the problem to the solution of only
one scalar non-linear residual equation:

C.0
Rgnl "'gnl C1 gnl Cinlo 78
3 gn 1
The factors Cl gn 15 CZ gn 1 and C3 gn , are given by
" p #
DH 1P, h 3C,
C A _— D, D Pt
10,4 0 €XP o S 1 Daiexp 20,
79
r
gn 1 1 trial
C . Zkstria k; 80
2Oh1 -5 D 2t
. C
Cs0,, ..sinh 22 ; 81
So
where
r
_ Dt 3 ..
Cs0, .8 ———— “ksik 82

39,, DG 2

The scalar Dt is the time interval between two consecutive time
steps. We will use the well-known Newton—Raphson iterative pro-
cedure to solve the residual Eq. (78). To do so, we need to compute
the derivative of the residual, R g,, , , in order to the viscosity, g, ;.
Performing the derivations together with some algebraic manipula-
tions leads to:
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drR g, ; 1 Kig C20, 1 1,00E+08
dgn 1 nt Cs 01 4
C, Cs On 1 Kz O 1 Cz gn 1 Ks O 1 : 83 8,00E+07
Cs gn 1 g
g
where £ 6,00E+07
b 1"
dc, h 3C, hDtkst @ k g
Ki0O,q. - .Ciexp p— —— 1= 84 S 4,00E+07
" dg, , 2D; 2g,, DtG? §
s
r” . T 200e07
ks g dc, 1  DtGksyk 85
1 .- ’
" 9., 2 g, Dt6° \
0,00E+00 T T T T T "
" # 0 0,2 0,4 0,6 0,8 1 1.2
Ks g dCs 1 DtGks}{‘a{k cosh Co 86 True compressive strain
3Yn 1 Y 2 r
dg” 1 2 So gn 1 DtG So Fig. 2. Stress—strain curves of cylinder upsetting for four different polymeric

Having computed the aforementioned factors, we can apply the
Newton—Raphson method to solve the residual equation in an iter-
ative fashion:

1
k 1 dR .

"todg,, o

9101 RO

where the superscript k and k 1 stand for two consecutive
Newton—Raphson iterations. Once the iterations on the viscosity
functions, R ¢, ; , converge, we can update all the other variables
through:

g9 ial .
g, oY 8
g . Stria]I-
€5 — = 2 89
an1™g . DG 2G
Dt ;
es N1 ep Strlal. 90

r
Dt 3

P .. e = Z k lrialk: 1
&8 39 bre 2/ °
The discretized form of the hardening stress, relation (50), is
given by:

Shardening | Hey 4 92

It is worth emphasizing that relation (73) is the key relation to
condense the system of equations to only one scalar equation. Sub-
stitution of relation (73) in relations (75) and (77) results in
expressions for the effective stress and accumulated plastic strain
which are functions of viscosity. By inserting these functions of vis-
cosity in relation (63), the system of equations reduces to one sin-
gle equation.

materials. Yellow: PS, red: PC, blue: PA-6 and green: PET. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

3.2. Consistent tangent operator

In order to complete the numerical treatment of the model
within an implicit quasi-static integration scheme, we need to
obtain the consistent tangent operator. The global tangent stiffness
matrix is assembled using the tangent operators, which are derived
by consistently linearizing the integration scheme. The spatial tan-
gent modulus is given by [17]:

g
Qjj - E&D L:B ikl ri djk; 93
where d is the Kronecker delta, D is the small strain, either elastic or
viscoplastic, consistent tangent operator. The fourth order tensor L
is defined by:

In‘hBe trial
' @ v e:ria::- ; 94
0By

and the fourth order tensor B is defined by the cartesian
components:

B - di BE 5 ; dj BS K 95

It should be noted here that the only material related term in
relation (93) is D and the other contributions of the spatial tangent
module are independent of the material model, i.e. all the compo-
nents taking part in relation (93), other than D, are purely related
to the kinematic level. As a matter of fact, the perfect separation of
the finite strain kinematics and the material related contributions
to the integration algorithm, previously observed, is also possible
through the assemblage of the spatial tangent module, as shown
in relations (93)—(95).

The exact linearization of the constitutive relations together
with some algebraic manipulations, described in detail in

Table 1
Material properties for the Leonov model.
E (MPa) m DH (J/mol) Ao (s) So (MPa) D1 h 1 R H (MPa)
PET 2211 0.4 2.3E+5 8.1E 26 27.3 205 0.047 8.3143 26
PS 3300 0.37 1.7E+5 1.11E 20 2.559 9 60 0.14 8.3143 11
PC 2400 04 2.9E+5 3.6E 25 0.717 26 200 0.07 8.3143 29
PA-6 2800 0.4 2.8E+5 9.1E 42 1.2 120 0.05 8.3143 16
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1,00E+08 where
P
T 8,00E+07 Fyo 2GCqg, 4 — 97
AN : a6y DG sk
L o @ °|°
o 6.00E+07 ¥ oeo00¢ ¢ °© 8 P 1
= Ctht h 3C4
8 s Fo .. exp ; 98
S 4,00E+07 0,1 Q1
S
8
S 2,00E+07 C C
El 2 2
2 Fs.. cosh —= ; 99
" * " CaSo So
0,00E+00 "
02 04 06 08 1 c KoCn Ok #
True compressive strain X .1 K, L2 c, 2L3 4 2K3 100
Cs C3

Fig. 3. Comparison of cylinder upsetting simulations under strain rate of
€.. 0:001 1=s ; solid line: present study, solid circles: Van Melick et al. [34].

803 Appendix B, result in the following closed form relation for the vis-
804 coplastic tangent operator.
805
2G 1
p. 2%y Ly kg
O, 1 DEG 3
DIG
—— Wy 1 F Fs s S
"gﬁ 1X 1 2 3 n 1 n 1
Dtekc, 11 ¢
E 2 Sn1 | 96
807 On 1 0n1 DIG CsSoX
Table 2

Global convergence table for cylinder upsetting simulations.

4. Numerical examples

In this section, the ability of the model to capture the typical
behaviour of polymeric based materials under different scenarios
will be illustrated. In addition, the performance and accuracy of
the numerical implementation will be, with some numerical exam-
ples, evaluated. The material properties, for the materials used in
this section, are provided in Table 1. The materials used are PET
copolyester 9921W, Polystyrene-N5000, Lexan 1017 which is a
commercial grade of Polycarbonate, and Nylon-6. These materials
are referred to as PET, PS, PC and PA-6 in Table 1 and in what fol-
lows, respectively. It should be noted that we do not aim to com-

Iteration number

Relative residual norm (%) at increment 150

PA-6

PET

PC

PS

1 0.854515
0.291957E 03
3 0.347145E 10

N

0.817685
0.146578E
0.139360E

03
08

0.341777
0.480991E 04
0.843004E 10

1.20778
0.865578E 03
0.425418E 08

Number of required itera ons

0 T T T T T T T T T
1 21 41 61 81 101 121 141 161 181 201

Increment number

(a)

0 T T T T T T T T T
1 21 41 61 81 101 121 141 161 181 201

Increment number

()

Number of required itera ons
N
)

Number of required itera ons

0 T T T T T T T T T
1 21 41 61 81 101 121 141 161 181 201

Increment number

(b)

Number of required itera ons

0 T T T T T T T T T
1 21 41 61 81 101 121 141 161 181 201

Increment number

(d)

Fig. 4. The number of required iterations versus increment number for the cylinder upsetting simulations. (a) PS, (b) PC, (c) PA-6 and (d) PET.
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(7] —_
1 =%
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£ 4,00E+07 8
o (<]
S S
L = 2,00E+07 -
=
2,00E+07
0,00E+00 T T T T T ]
0 0,2 0,4 06 038 1 12
0,00E+00 . ;
0 0,2 04 0,6 08 1 12 True compressive strain

True compressive strain

Fig. 5. The effects of the strain rate on the stress—strain curve of axisymmetric

compression on PS: dashed line: ¢.. 0:0001 1=s ; solid line: .. 0:0005 1=s

and dotted line: € ... 0:001 1=s.

1,20E+08 -

1,00E+08 4

8,00E+07 A

6,00E+07 4

4,00E+07

True compressive stress

2,00E+07 4

0,00E+00 . : : : -
0 02 04 06 038 1 1,2
True compressive strain

Fig. 6. Stress—strain curves of cylinder and cube compression on PA-6 under strain
rate €.. 0:001 1=s : dashed line: cube and solid line: cylinder.

1,00E+08 4

8,00E+07

6,00E+07 -

4,006+07 {["

True compressive stress (Pa)

2,00E+07 -

0,00E+00
0 0,2 0,4 0,6 0,8 1 1,2

True compressive strain

Fig. 7. Stress—strain curves for cylinder compression tests using PS at different
temperatures: dashed line: T..60 C; solid line: T..40 C and dotted line:
T..20 C

pare directly the results obtained from numerical examples with
experimental results available in the literature. This is due to the
fact that we are using the properties obtained and calibrated by

Fig. 8. Stress—strain curves for cylinder compression tests using PET under different
superimposed hydrostatic pressures: solid line: p, ... 0:1 MPa and dashed line:
Py ... 300 MPa.

20.6 mm

9 mm

Fig. 9. Geometry and mesh of the necking problem.

other researchers. Therefore, since the model presented in this con-
tribution is not exactly what the references of this work employed,
the determination and calibration of the material properties should
be done independently in order to make a critical comparison to
experimental results. The material properties for PET, PS, PC and
PA-6 are taken from [15,34,14], respectively. Since, the deforma-
tion behaviour of polymers is dependent on the strain rate, Sec-
tion 4.1 presents uniaxial compression tests under different
strain rates. Section 4.2 describes a plane strain compression tests
and compares the results with a compression test of the same
material under different stress state. Due to the importance of tem-
perature and its significant impact on the mechanical behaviour of
polymers, Section 4.3 provides cylinder upsetting simulations on
PS under three different temperatures and compares the evolution
of the stress—strain curves. Hydrostatic pressure also affects the
stress—strain behaviour of polymers and thus, some cylinder upset-
ting simulations under different super imposed hydrostatic pres-
sures are given in Section 4.4. To demonstrate the efficiency and
robustness of the derived and implemented algorithm, two more
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2D problems, namely necking of a cylindrical bar and compression
of a notched bar are given in Sections 4.5 and 4.6, respectively.
Finally, Section 4.7 presents a 3D tensile simulation of a dumbbell
shape specimen.

4.1. Cylinder upsetting-strain rate effect

In this example, uniaxial compression tests are performed on
cylinders using all aforementioned materials and a comparison is
made between stress—strain curves. In order to keep the strain rate
constant during loading, the following relation is used for the dis-
placement applied [35]:

ut ..lpexpet 1; 101

where u t is the total displacement, € is the strain rate, |, is the ini-
tial length of the specimen and t is the total time. The simulations
are performed under a strain rate of €... 0:001 1=s. The time
interval between load steps is Dt ... 5 s. In addition, the simulations
are done assuming room temperature, T ... 20 C, and atmospheric
superimposed hydrostatic pressure, p, = 0.1E+06 Pa. The height of
the specimen and also the diameter is considered to be equal to
6 mm. The test is approximated as a 2D axisymmetric problem.
Due to symmetry, a rectangular with 6 mm height and 3 mm width
is spatially discretized with 72 eight noded quadrilateral elements.
The total displacementis u ... 3:8 mm and it is applied in 200 incre-
ments. In Fig. 2, the stress—strain curves obtained for the four mate-
rials are provided. A comparison is conducted between the obtained
results, in this study, and the numerical results presented by Van
Melick et al. [34] for PS. Fig. 3 depicts the numerical stress—strain
curves for PS under strain rate of €... 0:001 1=s . As depicted in
Fig. 3, there is a reasonable agreement between the numerical sim-
ulations of this study and numerical results obtained by other
authors. One of the most important features of the numerical imple-
mentation is the convergence rate of the algorithm. Consequently, it
is necessary to investigate the convergence of the solution. In
Table 2, the convergence of the problem at the global level in

2 123
1.87 1.15
1.73 1.07
16 0.983
1.47 0.901
133 0.819
12 0.737
1.07 0.655
0.933 0.574
0.8 0.492
0.667 0.41
0.533 0.328
0.4 0.246
0.267 0.164
0.133 0.0819
0 1.37e-026

(a)

123 1.33
115 1.24
1.07 115
0.983 1.06
0.901 0.974
0.819 0.885
0.737 0.797
0.655 0.708
0.574 0.62

0.492 0531

041 0.443

IO

T

0.328 H

0.354

0.246

0.266

0.164

0.177

0.0819

0.0885

1.37e-026

-4.15e-005

(a) (b)

Fig. 11. Contour plots of the accumulated plastic strain of necking simulation,
finer mesh and (b) coarser mesh.

~
QO
=

increment 150 is shown by providing the values of relative residual
norm for each material. In order to explore the convergence rate of
the algorithm, Fig. 4 shows the number of required iterations versus
the increment number for the cylinder upsetting simulations. In
order to observe the effect of the strain rate on the deformation
behaviour of polymers, the cylinder upsetting problem is
analysed under three different strain rates, €.. 0:0001 1=s,
€.. 0:0005 1=s and e.. 0:001 1=s, on PS. Fig. 5 depicts
stress—strain curves of PS cylinder upsetting under different strain
rates. As expected, it can be seen that by increasing the strain rate,
despite almost the same deformation pattern for all strain rates, the
level of stress increases. It should be emphasized that the strain

8.96e+007
8.38e+007
7.79e+007
7.21e+007
6.63e+007
6.04e+007
5.46e+007
4.88e+007
4.29e+007
3.71e+007
3.12e+007
2.54e+007
1.96e+007
1.37e+007
7.89e+006

2.06e+006

(b) (c)

Fig. 10. The contour plots of displacement field, accumulated plastic strain and effective stress of the cylinder under tensile deformation; (a) displacement field [mm]; (b)

accumulated plastic strain; (c) effective stress [MPa].
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rates are kept relatively low since increasing strain rate causes
thermo-mechanical effects [35], which are not included in the
model.

4.2. Compression of a cube

In this example, cube compression simulations, modelled as
plane strain compression, are performed at room temperature,
atmospheric superimposed hydrostatic pressure and strain rate
€.. 0:001 1=s on PA-6. In Fig. 6, both cylinder upsetting
(axisymmetric) and cube compression (plane strain) results are
shown. According to Arruda and Boyce [27], chains are uniaxially
oriented in plane strain compression; in contrast, under uniaxial
compression chains have planar orientation. Since under axisym-
metric compression, chains have additional paths for deformation,
larger strains are allowed under lower stresses whereas under
plane strain compression, stress increases at higher speed due to
the same paths of the chain deformations.

R =5mm

@ =20 mm

~

50 mm

4.3. Cylinder upsetting-temperature effect

To analyse how temperature affects the stress—strain relation in
polymers, an axisymmetric compression test has been simulated,
using PS material properties, at three different temperatures,
T=20 C,40 C,60 Cand under plane strain conditions. The super-
imposed hydrostatic pressure is assumed to be p, ... 0:1 MPa and
the strain rate is € .. 0:001 1=s. It is important to remark that
the properties of many polymeric materials are highly dependent
on temperature. Therefore, a set of relations taken from [34] are
used to update the value of some properties at temperatures other
than room temperature:

ET ..Ep 0:002696T 1:79;
D1 T ..D1p 0:012T 4:516 ; 102
HT ..Hy 0:01334T 4:91:

In relations (102), the scalars Eq; D419 and Hy are the reference val-
ues for the Young modulus, saturation value of the softening param-

Fig. 12. Geometry and mesh of the notched bar compression example.

1.08
1.01
0.933
0.861
0.789
0.717
0.645
0.574
0.502
0.43
0.358
0.286
0.214
0.142
0.07
-0.00188

Fig. 13. Accumulated plastic strain for the compression simulation on the notched round bar.

Table 3

Equilibrium convergence table for necking of a cylindrical bar and compression of a notched round bar.

Iteration number Relative residual norm (%)

Necking of a cylindrical bar

Compression of a notched round bar

Increment (45)

Increment (90)

Increment (50) Increment (100)

10.2200
0.755383
0.464948E 02
0.672957E 05
0.280901E 07

a b wNPRE

12.6694
0.613833
0.221951E 02
0.350794E 06

9.50544
0.755592
0.206673E 01
0.890494E 04
0.474970E 06

8.69701
0.851280
0.389391E 01
0.133873E 03
0.486659E 06
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(a)
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Fig. 14. The number of required iterations versus increment number for (a) necking simulation and (b) notched bar compression.
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Fig. 15. Geometry (a) (taken from [35]) and mesh of the tensile test on a dumbbell shape specimen (b).

eter and hardening modules obtained at room temperature,
T ..20 C, and at strain rate of € ... 0:001 1=s . In Fig. 7, it is shown
that if the analysing temperature increases, the level of stress would
considerably decrease.

4.4. Cylinder upsetting-effect of superimposed hydrostatic pressure

In order to show the influence of superimposed hydrostatic
pressure on the deformation behaviour of polymers, axisymmetric
compression tests, employing PET material properties, have been
numerically simulated under two different superimposed hydro-
static pressures, p, .. 0:1 MPa and 300 MPa. A strain rate of
€ .. 0:001 and room temperature of, T ... 20 C, are assumed for
the test. In Fig. 8, it is clearly depicted that by increasing the super-
imposed hydrostatic pressure, the stress level will be raised.

4.5. Necking of a cylindrical bar

In this example, the necking of a cylindrical bar assuming PC
material properties, room temperature and atmospheric superim-
posed hydrostatic pressure is presented. The geometry and mesh
of the example are given in Fig. 9. As can be seen in Fig. 9, the prob-
lem is modelled as an axisymmetric tensile test and the specimen
is spatially discretized with 1800 eight noded quadrilateral ele-
ments with reduced four integration Gauss points. The total

254

Force (KN)
&

[N
1

0,5 1

0 T T T T T T T )
0 2 4 6 8 10 12 14 16

Displacement (mm)

Fig. 16. Force—displacement curve of the 3D tensile test on the dumbbell shape
specimen made of PA-6 under deformation speed u ... 4:5 mm=min.

number of degrees of freedom, after enforcing the (symmetric)
boundary conditions, is equal to 11,308. The total displacement
of u.. 2mm is applied within 100 increments and the displace-
ment rate is u ... 0:6 mm=min. In order to trigger necking, a very
small reduction in the area, of almost 1%, is applied on the right
edge of the specimen. In Fig. 10, the accumulated plastic strain of
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Fig. 17. Contour plot of the effective stress for the tensile test on the dumbbell shape specimen.

the deformed cylinder at the end of deformation together with the
effective stress and displacement contour plots are shown. The
necking simulation is performed using a desktop with an Intel(R)
Core(TM) i7-3770 CPU with 3.40 GHz speed and 16 GB of installed
ram. The whole simulation took 127 s. To illustrate objectivity, the
necking simulation is also performed with a coarser finite element
discretization. The sample is spatially discretized with 525 eight
noded quadrilateral elements with reduced integration and the
mesh has 1676 Cartesian nodes. The contour plots of the accumu-
lated plastic strain using both spatial discretizations are given in
Fig. 11. By simply comparing Fig. 11a and b, it could be concluded
that there is a good agreement (for both distribution of the accu-
mulated plastic strain and also the values) between the two differ-
ent spatial discretizations. This is due to the fact that the model
includes rate effects on the viscoplastic formulation which implic-
itly introduces a characteristic length through the viscosity
function.

4.6. Compression of a notched round bar

The next example is a notched bar under uniaxial compression.
The geometry and mesh of the problem is shown in Fig. 12. The
specimen is spatially discretized with 350 eight noded quadrilat-
eral elements with reduced four integration Gauss points. The
specimen is assumed to be made of PS and is subjected to a total
displacement of 2 mm in 100 increments under atmospheric con-
dition and room temperature. The deformation speed is
U ... 0:6 mm=min. In Fig. 13, the contour plot of accumulated plastic
strain at the end of deformation is shown. In order to show the
numerical robustness of derived and implemented algorithm, the
equilibrium convergence of the later boundary value problems,
necking of a cylindrical bar and compression of a notched round
bar, are presented in Table 3. The simulation with the desktop, pre-
viously mentioned, took 45 s to finish. Besides, to check also the
convergence rate of the problem throughout the simulations,
Fig. 14 depict the increments number with the corresponding
number of required iterations for convergence for both aforemen-
tioned simulations i.e. necking of the cylindrical bar and also com-
pression of the notched bar.

4.7. Tensile test on a dumbbell shape specimen

The final example presented in this contribution is a dumbbell
shape specimen subjected to uniaxial tensile loading. The geome-
try and spatially discretized specimen are shown in Fig. 15. PA-6
material properties are considered for this example. The specimen
is discretized with 1100 eight noded elements with eight integra-
tion Gauss points. Total displacement of u ... 15 mm is applied to
the specimen in 200 increments under room temperature and

hydrostatic superimposed hydrostatic pressure. The load speed is
considered u ... 45 mm=min. In Fig. 16, the force—displacement
curve is shown. The contour plot of the effective stress on the
deformed configuration together with the mesh on the initial con-
figuration are shown in Fig. 17.

5. Conclusions

An elasto-viscoplastic model based on the single mode EGP
model was presented. A fast robust one equation implementation
for the return mapping process of the numerical integration algo-
rithm of the model was provided. The ability of the model, with
the integration algorithm presented, to capture the effect of strain
rate, hydrostatic pressure and temperature on the deformation
behaviour of polymers is shown through some numerical exam-
ples. The efficiency of the integration algorithm was investigated
by showing the global convergence rates for different numerical
examples. In summary and in view of the aforementioned issues,
it can be concluded that the constitutive relations of the elasto-
viscoplastic model has been successfully implemented through
finite element with only one equation for the return mapping of
the state update procedure. The ability to capture reasonable
results, efficiency and robustness of the numerical implementation
were validated through some examples.

Since the model presented is only able to predict the deforma-
tion behaviour of homogeneous polymers, an improved model
could also be developed for porous polymers. To do so, the flow
potential of the presented model should be modified to account
for porosity. Another extension could be developing an elasto-
viscoplastic model to characterize the deformation behaviour of
polymers under different loading conditions.
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Appendix A

In this appendix, the algebraic manipulations to derive relation
(47) for the viscosity are provided.
By substituting relation (41) in relation (39) we obtain:
DH Ip Sed
— D

o A — _— Al
9. AolXP B g sinh sw=s,
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Rearranging Eq. (45) results in:

— Dl
. ——— D: A:2
hDy D
Then, we integrate both sides of the above relation through the
time step 10;t :
Z t Z t

_ D
chdt ... =

———— Ddt: A3
0 o hDa D

From relation (A.3) we can write:
D

o .. Tl InD1 D A4

Applying the initial conditions C° ...0 and D .. 0 at t... 0 and
some final rearrangements gives:

hcpP
D..Dy 1 exp A5
Da
Or equivalently,
" p #
h 3eP
D..D1 1 exp o—— A:6
2D,

where €P is the accumulated plastic strain. The rate of accumulated
plastic strain is given by:
r
_ 2 0.0
gr.. —d:d: A7
3
Substituting relation (A.6) in relation (A.1) results in relation

(47) for the viscosity.
Appendix B

Exact linearization of the state update relations is presented in
order to show how to derive relation (96) for the plastic consistent
tangent operator.

The tangent operator is obtained as the derivative of stress in
order to strain:

dSn 1.

D.. : B:1
den 1

According to Eq. (49), we have:

dSy 1 . dSE™ g, B2
Thus, relation (B.1) is rewritten as follows:

drivi hardeni

5 d Snnlmg Snarlemng . -

&, : :

First, we compute the first term in the above relation,

dsd™"=de, ,. The stress decomposition into deviatoric and hydro-
static contributions in discretized format is given by:

SIS sy 1 Py ol B:4
Differentiation of the above relation gives:
dsi™  ds, 1 dp, I B:5

The first term of the above relation, in more detail, is:

g i :
ds, 1 .. d ﬁs‘n’ﬁ' B:6

or equivalently, broken down to,

n1 S'rrial gn 1

trial . .
dignl DIG Sn1 g, DG DtGdS”l' B:7

dSn 1 e

We have:

dsti@ . d 2Ge& @ . d 2GBy, 1 .. 2G I I 1 :de, q:

Wl

B:8

In order to complete the first term in relation (B.5), we have to
compute the following:

d gn 1 DtGdgn 1
. 5"
gn 1 Dt G gn 1 Dt G

Consequently and based on relations (B.5) and (B.9), we need to
compute the terms dg, ; and dp, , in order to obtain ds2™"™. Two
relations are considered to compute the mentioned terms. In order
to be consistent with the state update algorithm, the first relation
is the residual equation, used in state update algorithm and intro-
duced in relation (78). The second equation is the following:

Ph1 Kl:€h1..0: B:10

B:9

Therefore, we can write the following system of two equations.
R: gn 1Pn1 gn 1 C1 C=C5 ... 0;
R20, 1;Ph 1 - Pnz KlI:i€1..0:
According to the above system of equations, we can write:
0R,=@Q, . OR.=0@p, , dg, , @R,=0€, , :de,
@R,=@Q, . @R>=@p, . dp, OR,=@€, 1 :d€, 1
B:12

B:11

Now, it is required to compute the derivatives of the two equa-
tions in order to g,, ;; P, 1 and €, ;. the first term, @R,=@Q, , , is
already computed and presented in relation (83).

0R, c.C I

S B:13
@p, 1 Cs So
@Rz.no; B:14
09, ,
R 4. B:15
@pn 1

The derivatives of the equations in order to strain, €, 1, are the
following:

@R, v C1IK
W Fidl Fp, Fy lg:st™ I
Ge, . T TP T3 Tl gcy
o cIK
L Fhl F, Fgst@ 22y B:16
1 2 35,1 SoCs
R, KI; B:17
@€, 1

where the factors F;;F, and Fs; are introduced in relations
(B.18)—(B.20).

o}
Fi .. 26Ci9n 1 : B:18
Cs 0,, DG kstk
p !
Fs .. C2hDt exp h 3C, : B:19
gn 1 DJ—
C> C>
Fi.. h 2. B:2
3 CaS COS! S ) 0

Having determined the components of relation (B.12), we can
write:
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" # 1 [13] Smit R, Brekelmans W, Meijer HEH. Predictive modelling of the properties and

dg" 1 @Rl_@g" 1 @Rl_@p” 1 0R,=0€, 1 @ dEy 4 toughness of polymeric materials, Part Ill: Simultaneous prediction of micro-
dp, . 0R.=09, , 0R2=0p, , @R,=@e, ; :de, 1 and macro-structural deformation of rubber-modified polymers. J Mater Sci

B:21

By computing the aforementioned invert matrix and perform-
ing some straight forward algebraic manipulations, we can achieve
the following relations:

1 ‘ a  CilK
dg, ;.. 5 Fil Fo F srial SZ o,
: C.C.1 . : .
Tde s Loy Klidenos B:22
dp, 1 .. Kl:de, ;: B:23

Using relations (B.3), (B.5), (B.7), (B.8), (B.9), (B.22) and (B.23),
the driving part of the consistent tangent operator is obtained. In
order to complete the relation, we need to add the hardening con-

tribution to the tangent operator, ds[*™""=de, ;. The hardening
part of the tangent operator is given by:

hardening
ds;”,

—— .. H
den 1 :

I B B:24
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