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Abstract
To study the mechanical properties of biological tissue we develop a computer simulation that is
based on the Worm-Like Chain model for a single biological polymer. The simulation stretches
a two-dimensional network of cross-linked biological polymers by the incremental application
of a shear deformation. To find the correct conformational response of the network we apply
the Non-Linear Conjugate Gradient method at every shear step. By changing the lengths
and orientations of all polymer segments in the network the Non-Linear Conjugate Gradient
method minimizes the energy function and finds the corresponding network configuration. The
calculation of the change in energy of the whole network as a function of the applied shear
deformation produces the elastic shear modulus, which shows the expected strain stiffening.
Furthermore, to change the network topology during a simulation run, we make an effort to
implement mobile cross-linkers, the topic of this report. We find that the implementation
of mobile cross-linkers is not straightforward and encounter several technical problems. We
describe these problems in detail for future considerations.
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Chapter 1

Introduction
The mechanical stability and integrity of biological cells is provided by a network of biological
polymers called the cytoskeleton. According to recent research [2] the cytoskeleton has a role
as a dynamic and multifunctional muscle and is linked to many biological functions. Networks
of biological polymers are also found outside cells in the so called extracellular matrix, linking
the cells together to form larger structures (e.g. muscles or veins). We study the mechanical
properties of these biological networks to get a better understanding of how cells and organisms work but also to enable the design of a micro-assembly line for the creation of synthetic
tissues. These micro-assembly lines can be used for various therapeutic applications, including
the regrowth and restrengthening of damaged tissue [1, 2, 12].
A computer simulation, or in silico reconstruction, of a biological network provides a testing
ground for theoretical models and is the main method of research in this project. We implement a theoretical model into the code for a single biological polymer and its connections to
the network and extract the shear modulus as a bulk property from a random network.
Simulations on biological networks have been done by other groups, but not with mobile crosslinkers [7, 8, 9, 20]. The goal of this project is to implement mobile cross-linkers into the
simulation and study their influence on the mechanical properties of the network. We expect
two phenomena. The first being the introduction of a time dependence of the shear modulus.
The shear modulus should be affected most in a simulation where the shear deformation is
applied slowly, since cross-linkers will have time to move around and reorganize, and least in a
simulation with a fast deformation. A second expected phenomenon is the correlation between
the stress distribution and the cross-linker density distribution. In a region of high stress the
cross-linker density is expected to be low and in a region of low stress the cross-linker density
is expected to be high.
We write a simulation in C++ that applies a periodic shear deformation to a two-dimensional
network of biological polymers. It succesfully mimics a real rheology experiment and its results
are also meant to be compared with real experiments. However, it turns out that implementing
mobile cross-linkers is less straightforward than it seems and, because of limited time, this is
not accomplished. A description of the technical issues that we encounter is given for future
considerations.
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In every simulation step we deform the network by applying a small shear deformation and
calculate the minimum energy configuration using the Non-Linear Conjugate Gradient method.
At first we make an attempt to use the Simulated Annealing method, which is solid, but its
computational costs are too expensive. Then we implement the Linear Conjugate Gradient
method, but its non-linear variant the Non-Linear Conjugate Gradient method turns out to be
easier to use and also to be more appropriate for the non-linear nature of the function under
consideration. We calculate this function, which expresses the energy of the network, by using
a discrete version of the Worm-Like Chain model for a single semi-flexible filament.
From here this report continues in chapter 2 with a non-mathematical description of the studied
biological materials. In chapter 3 we explain in detail the theoretical model the simulation uses
for the network and its components. Chapter 4 describes the C++ code of the simulation
and the Matlab code that we use to visualize the network. In chapter 5 we mainly discuss
the technical problems that we encounter. Chapter 6 finishes the report by summarizing
the conclusions of the project and by giving recommendations for future work. Furthermore,
one appendice has been included: appendix A, containing the code from the simulation file
main.cpp. This file calls all the other files from the simulation and is therefore the main body
of the code.

2

Chapter 2

Polymer networks in biology
This chapter contains some biological background on the system that we simulate. First, we
give a description of biological tissue, where the focus lies with network structures. Then we
give some background on the cross-linker molecules that hold the filaments together inside the
networks. Thirdly, we describe the mechanical properties that result from these networks and
explain why we study them.

2.1

Biological polymers

Although all organisms are usually seen as single entities, they (and we) are in fact organizations of many individual cells, clinging together to assist the whole system in its functioning.
And for the whole system to have some strength, rigidity and flexibility, these cells, and also
their building blocks, need to have either those properties, or produce those properties by interacting with each other. It turns out that ”smart” organization of biological building blocks to
produce macroscopic mechanical properties is something that is observed all the time, wherever
you look in an organism [1].
In the human body we can find a lot of fluid (water), a lot of soft material (muscles, veins,
cells), and also a lot of hard material (bones). About two-thirds of the weight of the human
body consists of water. Two-thirds of this water is located inside cells, while most of the other
third is outside the cells forming a liquid medium for the complex environment of the cell.
The blood inside veins for example mainly consists of water. The cells themselves are flexible
systems enveloped by a soft membrane and are filled with water and many complex molecules
and structures. When cells group together, they form biological tissue. The cells either directly
connect to each other or they connect via the so called extracellular matrix. This extracellular
matrix is a complex environment created by the cells so that they can form muscles, veins
and also bones. In bones the matrix is a lot stiffer than in other tissues, a property that is
controlled by the cells inside those bones. The stiffness or flexibility of tissues is a direct result
of either the cells themselves or of the extracellular matrix. Inside the the cells the cytoskeleton
is responsible for the structure and the flexibility [1, 14].
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Figure 2.1: (left) Structures of different filament types: (A) actin filament, (B) intermediate
filament and (C) microtubule.
Figure 2.2: (right) A network of cross-linked filaments. The (red) dots are cross-linking protein
molecules.
The cytoskeleton is a network of filaments (biological polymers), linked together by protein
molecules. Basically, we encounter four types of filaments:
• actin filaments
• intermediate filaments
• microtubules
• collagen fibers
where the first three form the cytoskeleton and collagen fibers are found in the extracellular
matrix. Fig. 2.1 shows the first three types of filaments. Collagen fiber needs a separate
figure because it is much bigger than the other three and is shown in fig. 2.3. Fig. 2.2 gives a
simple example of how the filaments can cross-link to form a network. The protein molecules,
that the filaments are built of, are organized in such a way that the filaments acquire a certain
stiffness. In fig. 2.4 a piece of actin filament is shown with its complex surface structure.
The interaction between the individual protein molecules is complex and can result in a high
stiffness for the filament. The so called persistence length is a measure of the stiffness, where a
large length corresponds to a stiff filament. Table 2.1 shows the known persistence lengths and
diameters of the four filaments. In fig. 2.1 globular proteins are visible as spheres, and they
form a helical structure in the case of actin filament, and a tubular structure in the case of
the microtubule. The intermediate filament is built up out of long entangled proteins, forming
4

Figure 2.3: The hierarchical structure of a single collagen fiber.
a rope-like structure, however fig. 2.1(B) does not show the details of the entanglements.
The filament lengths can range from anywhere between non-existent and many times their
persistence length [1, 3, 10, 14, 15].
Filaments are also present in the extracellular matrix. Where there is an extracellular matrix
around cells, it carries the mechanical load. Otherwise, this would be done by the cells. The
filaments that give the matrix strength are highly hierarchical protein structures called collagen
fibers. They are built from long protein molecules, entangled and bound together to invoke the
strength. Collagen fibers have a diameter of 0.5 to 3 µm and lengths up to a few centimeters,
making them much bigger than the filaments in fig. 2.1. The persistence length of the entire
structure is not yet known [1, 14].
The filaments described above have many functions in and outside cells and are therefore
interesting objects to investigate. An important property of microtubules inside cells is their
guidance as pathways in molecule transport. Intermediate filaments give cells a lot of strength
to withstand mechanical stress when cells are stretched. The actin filaments can be crosslinked by actin binding proteins (fig. 2.2) to form stable structures and are important for the
movement of a cell. Also the contraction of muscle tissue is the result of contraction of actin
filament networks [1, 15].
In the next section we discuss the binding proteins and how they cross-link filaments into
networks.

5

Figure 2.4: The molecular structure at the surface of a piece of actin filament. The blue and
white strands, which contain the same molecules, twist around each other to form a helical
structure.

Table 2.1: Properties of filaments
Filament type

Diameter
(nm)

Persistence length
(µm)

Actin filament
Intermediate filament
Microtubule
Collagen fiber

6-8
10
25
500-3000

15
∼1
6000
unknown

6

2.2

Cross-linkers

In polymer chemistry a cross-link is a connection that couples two polymer chains. In biological networks the cross-links are created via many different protein molecules. These protein
molecules are very complex structures themselves and their binding to other molecules is highly
selective. A schematic picture of a cross-linker binding two actin filaments is shown in fig. 2.5.
This cross-linker has two arms that it uses to hold the filaments together.

Figure 2.5: (left) A schematic picture of an actin-binding protein binding two actin filaments
with its arms.
Some examples of cross-linkers are gelsolin, myosin, profilin, thymosin, tropomyosin and troponin, but in 2003 already 162 types were counted and new ones are still being discovered.
Some of these cross-linkers are probably also used to make actin filaments interact with intermediate filaments and microtubules. The connection to collagen fibers outside the cells is
made by a protein called integrin [1, 4].
The binding energies created by cross-linkers are relatively low, in the order of kB T , with kB
being Boltzmann’s constant and T the temperature. This means that the bonds are not as
strong as, for example, covalent bonds [11]. It is in fact known that biological networks have
very dynamic structures and that certain cross-linkers, called motor proteins, actually walk
along filaments pulling other filaments. These motor proteins make filaments slide past each
other, resulting for example, in the contraction of muscle tissue [1, 4].
The functioning of cross-linkers can be highly unique because of their ability to bind other
molecules specifically and tightly [17]. The region of a protein responsible for binding another
molecule is known as the binding site and is located on the molecular surface. The protein chain
in fig. 2.4 shows how complicated the molecular surface can be. The arms of the cross-linker in
fig. 2.5 have an equally complicated surface and we can imagine how certain morphologies can
lock into each other. The model in this report, however, treats cross-linkers as simple small
dots, having no real size or structure. We characterize a cross-link between chains by a single
energy value in the order of kB T .
7

2.3

Mechanical properties of biological networks

The structural elements of a cell, and therefore also the cells themselves, are considered to be
soft. The theories for understanding soft biological materials, in particular flexible networks
and membranes, have been assembled in the past few decades, even though the experimental
knowledge of soft materials goes back two centuries with natural rubber in 1805 [3]. We can
ask several questions about the physical attributes of cells:
• How does a cell maintain or change its shape? What are the properties of the cell’s
components that are responsible for its strength and elasticity?
• How do cells move? What internal structures of a cell are responsible for its movement?
• How do cells transport material internally? What mechanisms does a cell use for generating forces?
• How do cells stick together? And how do they avoid sticking together when it is unwanted?
• What are the stability limits of a cell? Biological filaments may buckle and networks may
tear.
To understand the properties of a cell or a group of cells we need to understand the properties
of the components and in this report the focus lies with networks of cross-linked filaments.
Fig. 2.6 shows how the masts of a ship are kept in place by ropes attached to them. This is an
example of a network of stiff filaments (the masts) and not so stiff filaments (the ropes) that
is actually observed in nerve cells. The structure is designed to direct the forces in a beneficial
way to the structure’s purpose, in this case: directing the orientation of the masts [3].
A biological network can also be very elastic and this is most easily experienced when you pull
on your skin. Like any piece of elastic material it will build up resistance when you pull too far
and it will jump back to its original state when released. Some typical curves for the elastic
shear modulus G0 as a function of applied shear strain γ are shown in fig. 2.7. The data comes
from rheology experiments on different materials [6].
The shear modulus is the measure for the stiffness of the network and increases with shear
deformation for every material in fig. 2.7. This increase in the shear modulus with shear
deformation is called strain stiffening. A theoretical curve is plotted as the solid line and we
explain its calculation in section 3.8.
The purpose of research in the field of biomechanics is finding answers to the questions that
are listed above in this section. In this report we will add to that research by producing a
shear modulus curve like those in fig. 2.7 but based on a computer simulation. These curves
give insight into how biological tissues stiffen when pulled.

8

Figure 2.6: A ship with ropes keeping the masts in place. This is an example of a structure
that is observed in nerve cells [3].

Figure 2.7: The scaled elastic shear modulus G0 /G0 (0) as a function of the scaled shear strain
γ/γ4 for different biological materials. G0 (0) is the value of G0 for γ = 0 and γ4 is the value of
γ where G0 = 4G0 (0). A theoretical curve is plotted as the solid line [6].
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Chapter 3

Theory
This chapter contains the theory that is necessary to write the simulation. First, in section 3.1
we describe the continuum version of the Worm-Like Chain model for a single polymer chain.
In section 3.2 we alter the continuum Worm-Like Chain model so that we can apply it to a
discretized chain. The chains are connected to each other by cross-linkers and in section 3.3
we give our probability model for the creation or removal of a cross-link. Because cross-links
define the end-points of the segments in the discrete chains, we comment in section 3.4 on how
chain segments should be combined or split up when cross-links are removed or created. Then,
in section 3.5, we use the discrete Worm-Like Chain model to get a matrix formulation for the
energy of a network of cross-linked chains. Section 3.6 describes the Non-Linear Conjugate
Gradient method that we use to minimize the network energy and allow the network to relax
to its minimum energy configuration during a shear deformation. In section 3.7 we explain how
we get the shear modulus as a function of the shear deformation from the computed energy
curve. Finally, in section 3.8 we show how we calculate a theoretical fit to the shear modulus
curve from the simulation.

3.1

Continuum Worm-Like Chain model

The path of a polymer, drawn in fig. 3.1, with a contour length lc can be parametrized with
r(s) as the position vector along the chain and t̂(s) ≡ ∂r/∂s the unit tangent vector to the
chain at s, where s ∈ (0, lc ). The orientation correlation function
t̂(s) · t̂(0) = e−s/lp

(3.1)

for the Worm-Like Chain follows an exponential decay with the persistence length lp determining the speed of the decay. A polymer with a contour length that is shorter than its
persistence length behaves like a flexible rod, while a polymer with a contour length that is
much longer than its persistence length will have a path r(s) that follows a random walk. Using
the parametrization the worm-like chain model can be summarized as two contributions to the
energy


Z
Z
1
1
dl(s) 2
2
2
E = η ds(∇ r⊥ ) + µ ds
(3.2)
2
2
ds
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of the chain [7, 20]. The first term is the bending energy term with r⊥ the transverse displacement of the chain and η = lp kB T . It shows that the bending energy is proportional to
the squared curvature of the chain. The second term is the energy for the stretching and
compression of the chain along the chain, with dl/ds the relative length change and µ the
stretching/compression modulus. The integral is calculated along the chain.

Figure 3.1: A polymer chain parametrized with r(s) the position vector, t̂(s) the tangent vector
and r⊥ (s + ds) the transverse displacement vector.
With the Worm-Like Chain model, a force-extension relation can be calculated for a single
chain [13]. If we assume that the backbone of the polymer is inextensible and consequently set
the second term in eq. 3.2 to zero we find the expression
"
! r
#
r
lc kB T 1
lc2 f
κ
√
∆l(f ) =
coth
−
,
(3.3)
2
κ
lc2 f
fκ
where ∆l(f ) is the change in length away from the equilibrium length of the filament, kB is
Boltzmann’s constant, T is the temperature and f is the stretching/compression force. We
plot eq. 3.3 in fig. 3.2.

Figure 3.2: The force-extension curve for the worm-like chain model where ∆l(f ) is the change
in length away from the equilibrium length and f is the applied force.
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In fig. 3.2 we only want to emphasize the general trend of the curve. For large positive deformations the force increases quickly, making sure the end-to-end length of the filament does not
increase beyond its contour length. In the case of compression the force changes sign signifying
a compressional force. In reality, when a flexible rod is compressed too much, it buckles. We
leave this discontinuity in the force-extension relation out of the model. Eq. 3.3 is not unique
in its kind, although every force-extension relation for a biological polymer should have the
general trend that we show in fig. 3.2 [13].

3.2

Discrete Worm-Like Chain model

To reduce computational costs we approximate the Worm-Like Chain model using a discrete
chain of straight segments instead of a continuously curved chain. Fig. 3.3 shows how we derive
the discrete chain from a continuous chain inside a network.

Figure 3.3: A discretized polymer chain in thick (blue) lines as an approximation to the curved
chain in black. The intersections of the original curve chain with other chains determine the
positions of the cross-links, as (red) circles, and therefore also the end-points of the segments
in the discrete chain. The distance between two cross-links determines the equilibrium length
l0 of the segment in between those two cross-links. The angle δθ is the change in orientation
of adjacent segments.
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We add cross-links where the chains intersect and connect those cross-links by drawing straight
lines. Because of this segmentation we can replace both integration terms in eq. 3.2 by summation terms to get
X
X1
κj
E=
(δθj )2 +
ki (δli )2
(3.4)
lj,1 + lj,2
2
j

i

for the energy of the discrete Worm-Like chain. The first term contains the bending energy
and is a sum over all the nodes j on a chain, with δθj the relative angle between the two adjacent segments, κ the bending modulus, and lj,1 and lj,2 the lengths of the two segments. The
second term contains the stretching/compression energy and is a sum over all the segments
i. δli is the change in length of a segment away from its equilibrium length l0,i and ki the
stretching/compression modulus. We replace the constants η and µ from eq. 3.2 by κ and k in
eq. 3.4. Where the first term in eq. 3.2 and the first term in eq. 3.4 both have the same origin,
namely the bending of the chain, the second terms in both equations cannot be compared.
Instead of an actual change in length along the filament in eq. 3.2, the second term in eq. 3.4
is of entropic origin, where in reality the segment is bent due to thermal fluctuations. Fig. 3.3
shows this bending of a segment in in the original chain, but this conformational information
is left out of our simulation to reduce computational costs.
The straight configuration of a segment is an unlikely configuration compared to all the bent
configurations that are possible. Because of this the segment contracts with an effective spring
force and spring constant. The same force is experienced in opposite direction when the segment
is compressed. For this reason it is important to note that the segment lengths l0,i in fig. 3.3
are equilibrium lengths due to the contraction of the filament. When a segment is stretched to
beyond its contour length the stiffness should increase steeply. In eq. 3.2 the second term contains the energy associated to this regime. The energy description in our simulation however
does not have this feature and instead the segments can be stretched indefinitely only acquiring
the energy from the second term in eq. 3.4.
The discretization of the chain results in a discontinuity in the curvature where two adjacent
segments meet. To work around this discontinuity we apply the circle approximation in fig. 3.4.
It allows us to find the expression for the bending energy in eq. 3.4. Given three points with
random coordinates it is always possible to draw a circle through them. This circle has a
certain radius and corresponding curvature and it is this curvature that is used to calculate
the bending energy. The model says that two adjacent straight segments around a node actually have a constant curvature. The lengths of the segments automatically enter into the
denominator in the bending term in eq. 3.4 when the curvature 1/R of the circle is related to
the angle δθ between the segments. This means that long segments produce a relatively low
bending energy when rotated with respect to each other. This makes sense because the nodes
are further apart and the circle will be larger with a smaller curvature. If we imagine bending
a long piece of wood, we know that the longer it is, the easier it is to bend. This feature should
therefore be visible in the expression of the bending energy.
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Figure 3.4: A circular shape as a model for the real path of a chain. The four vectors represent
chain segments. The vectors have no curvature but instead we take the curvature to be the
constant curvature of the circle drawn through the end-points of the segments. The curvature
~ 1 | and |L
~ 2 | according to eq. 3.12.
of the circle is related to the angle δθ and the lengths |L
In the continuum version of the Worm-Like Chain model the bending energy for a single chain
is
Z
1
Ebending = η ds(∇2 r⊥ )2 ,
(3.5)
2
where ∇2 r⊥ is the curvature of the chain. For this curvature we now take the constant curvature
1/R of the circle in fig. 3.4, giving
Z
1
1
Ebending = η
ds.
(3.6)
2
R2
R
Next, we exchange R12 ds for a new expression. We note that
c = l1 cos(ω1 ) + l2 cos(ω2 ),
l1 + l2 cos(δθ)
cos(ω1 ) =
,
c
l2 + l1 cos(δθ)
cos(ω2 ) =
,
c

(3.7)
(3.8)
(3.9)

so that
c2 = l12 + l22 + 2l1 l2 cos(δθ),
15

(3.10)

where l1 and l2 are the lengths of L~1 and L~2 , respectively. It is also true that
c2 = 4R2 sin2 (φ/2) = 4R2 sin2 (δθ),
because φ = 2δθ. Equating eq. 3.10 and eq. 3.11 gives
s
4 sin2 (δθ)
.
1/R =
l22 + l22 + 2l1 l2 cos(δθ)
Using

R

ds = 2|δθ|R and substituting eq. 3.12 we write
s
Z
4 sin2 (δθ)
1
1
Ebending = η
ds
=
η|δθ|
2
R2
l22 + l22 + 2l1 l2 cos(δθ)

(3.11)

(3.12)

(3.13)

Fig. 3.5 shows a plot of eq. 3.13 for η = 1, l1 = 1 and l2 = 2. When the segments have different
lengths Ebending drops to zero for large δθ’s. This is a consequence of the circular model and
we overcome this unrealistic behavior by expanding eq. 3.13 around δθ = 0. This gives us
Ebending =

2η
(δθ)2 + O((δθ)4 ),
l1 + l2

(3.14)

for small values of δθ. Fig. 3.5 shows a plot of eq. 3.14, again with η = 1, l1 = 1 and l2 = 2. δθ
can have values that are not small, but for large δθ’s the square law in eq. 3.14 gives a more
realistic energy than the exact expression in eq. 3.13 does.

Figure 3.5: Plot of the bending energy according to eq. 3.13 (solid line) and its approximation
eq. 3.14 (dashed line). The constant b is the unit length for l1 and l2 .
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3.3

Binding probability of cross-linkers

In the simulation we assume the network to be in an equilibrium between bound and loose
cross-linkers. At any time the loose cross-linkers can interact with the filaments and bind them
together by forming a cross-link. In the simulation this results in a new node connecting four
polymer segments. Also, a cross-linker can be removed from the network and the segments on
either side of the node are combined into a single new segment.
The cross-linkers can attach and de-attach because the bonds they form are not strong covalent
bonds but rather weaker physical bonds. These physical bonds have energies in the order of
kB T associated to them [11]. The binding probability is modeled using a single value for the
energy difference between a bound state and an unbound state. Based on Kramer’s reaction
rate theory [16] this probability looks like


f · l0 − 
Pbind = 1 − exp
(3.15)
kB T
with f a measure of the local tension, l0 a characteristic length scale,  the binding energy, kB
Boltzmann’s constant and T the temperature. When a binding attempt is made Pbind is the
chance of success. When an unbinding attempt is made Pbind is the chance of failure. A force
f is included in eq. 3.15 because tension in the network should affect the binding probability.
This is understood by looking at fig. 2.5 and noting that the cross-linker has two arms by
which it holds the filaments together. If the arms are pulled apart because there is tension in
the network locally around the cross-link, then the chances of that link being broken should
increase. As a first guess in quantifying the force f we take the sum of the absolute values of
the spring forces in the four segments around a cross-link. Remember from section 3.2 that in
the simulation the segments in between nodes are modeled as springs that listen to Hooke’s
law. These absolute values of the forces for all the segments are stored in the simulation in the
vector object segmentColorCoding2 (see section 4.1). In the case of the creation of a cross-link
there are only two segments involved that intersect. The local tension is then calculated from
the two forces in those segments. The length scale l0 is the distance over which the force f
is applied during the formation or deformation of a bond. In principle l0 is indefinite, but
we assume the interaction potential to be effective over a small distance in the order of a few
nanometers. For comparison, the thickness of a biological filament (see table 2.1) is always at
least 6 nm.
The curve of Pbind as a function of the local tension f for certain values of the parameters in
eq. 3.15 is plotted in fig. 3.6. When there is no tension the probability of binding is relatively
large, but there is a chance that binding will fail because of thermal fluctuations. When the
tension increases the binding probability drops, eventually to zero. In fig. 3.6 the binding
probability is zero for a local tension larger than two. By changing the ratio of l0 and  the
influence of the binding energy versus the local tension can be adjusted.
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Figure 3.6: The probability for the binding or unbinding of filaments as a function of the local
tension in the network (eq. 3.15).

3.4

Splitting and combining chain segments

When a cross-link is added between filaments in the simulation, two intersecting segments are
split up into four new segments, and when a cross-link is removed four segments are combined
into two segments. This is illustrated in fig. 3.7 and fig. 3.8. For correct implementation of this
cross-link binding and unbinding it is essential that the physical properties of the chains are
not modified. In the simulation a segment has an equilibrium length l0 and a spring constant
k, where the latter depends on the first according to the elasticity modulus K = k · l0 . K is
the same for all segments of the same material.
If a cross-link is removed two segments from the same chain will combine into a single segment
with an equilibrium length according to l0,new = l0,1 + l0,2 , with l0,1 and l0,2 the equilibrium
lengths of the two segments. The new segment is of the same material and therefore its spring
constant will be knew = K · (l0,1 + l0,2 ) = K · l0,new . The dashed (blue) lines in fig. 3.8 represent
the new segments.
The insertion of a cross-link obeys the same rules. A segment is split up into two new segments
with equilibrium lengths according to l0,1 = (l1 /l2 ) · l0,old and l0,2 = (l2 /l1 ) · l0,old , with l1 and l2
the lengths of the new segments. The new spring constants are k1 = K · l0,1 and k2 = K · l0,2 .
The splitting and combining of segments seems straightforward but does create some problems
for the simulation. We discuss this in chapter 5.
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Figure 3.7: (left) The insertion of a cross-link at the intersection of two segments.
Figure 3.8: (right) The removal of a cross-link, resulting in two segments.

3.5

Matrix formulation of the network energy

Section 3.2 describes the worm-like chain model for a single discrete filament. This section
expands the model to an energy description of a network of cross-linked discrete filaments.
Basically, we just put a summation symbol in front of eq. 3.4 to get


X
X
X
κj
1

E=
(δθj )2 +
ki (δli )2  .
(3.16)
lj,1 + lj,2
2
all chains

j

i

Eq. 3.16 is summation over the energies of all the individual chains and gives the energy of
the whole network. It is not in a useful form yet since our simulation works with the x- and
y-coordinates of all the nodes in the network and δθ and δl are functions of these coordinates.
The relations between the spatial coordinates of the nodes and δθ and δl are
(δli )2 = (|xi,2 − xi,1 | − l0,i )2

(3.17)

and
(δθj )2 ≈ |t̂j,1 − t̂j,2 |2
xj,2 − xj,1
xj,3 − xj,2
=
−
,
|xj,2 − xj,1 | |xj,3 − xj,2 |

(3.18)

where t̂j,1 and t̂j,2 are the unit tangent vectors to the segment in front of node j and to the
segment behind node j, respectively. xi,1 and xi,2 are the coordinates of the two nodes at both
19

ends of segment i. xj,1 , xj,2 and xj,3 are the coordinates of the three nodes around node j.
Finally, l0,i is the equilibrium length of segment i.
To extract the mechanical properties of a network from its energy we write eq. 3.16 in its matrix
formulation
1
E(x) = c − b · x + x · A · x,
(3.19)
2
where x is a large vector containing all the coordinates of the nodes in the network. Eq. 3.19
is an expansion up to second order around a certain network configuration x. The matrix A
is defined as
∂2E
Amn ≡
,
(3.20)
∂xm ∂xn
and represents the generalized elasticity modulus of the network. The vector b is defined as
∂E
,
(3.21)
∂xn
and represents a force that pulls the individual segments out of equilibrium. The constant
c is an energy offset that has no influence on the mechanical properties of the network and
we do not calculate it. The energy expression in eq. 3.19 can now be inserted into the NonLinear Conjugate Gradient method that we describe in section 3.6 to find its minimum. The
advantage of the non-linear version of the Conjugate Gradient method is that it only requires
the calculation of the vector b, but although the matrix A is not needed in the simulation
it has an important physical meaning as elastic modulus of the network. Its properties, e.g.
the eigenvectors and eigenvalues, can be calculated to analyze the mechanical properties of the
network.
We use a Mathematica script to calculate the analytical expression for b. We then export this
expression as C++ code and implement it into create b.cpp, a file from the simulation.
bn ≡

3.6

Non-linear Conjugate Gradient method

The simulation minimizes the energy function of the network, which is called f (p) in this
section, where p is a point in configuration space. The Non-linear Conjugate Gradient (NLCG)
method is a popular method to perform the minimization because it is smart about choosing
search directions. The search direction at each iteration step is based on the gradient ∇f (p),
for which an algorithm has to be supplied. Also, the NLCG-method needs an algorithm to
calculate f (p) and a starting point p0 . When, after enough iterations, k∇f (p)k has become
smaller than a certain value f tol the search will stop and the new configuration p is returned
[18, 19].
The NLCG-method is based on the normal Conjugate Gradient (CG) method, which is used to
solve a system of linear equations. Suppose that we need to minimize a function of quadratic
form
1
f (x) = c − b · x + x · A · x.
(3.22)
2
As long as matrix A is symmetric and positive definite f (x) is minimized by the solution to
the system of linear equations
A · x = b.
(3.23)
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Figure 3.9: Examples of sparse matrices.

The NLCG-method works well if the network energy f (p) can be approximated locally by
eq. 3.22. Assuming that this is indeed the case we can explore the CG-method first and then
generalize it to any continuous function.
The CG-method is attractive for solving linear systems where A is large and sparse. This
is because A is only referred to through its multiplication with a vector, or multiplication of
its transpose with a vector. These operations can be very efficient for properly stored sparse
matrices, of which some examples are shown in fig. 3.9. Since, in principle, you know what the
matrix looks like, you can supply the CG-method with a specially designed algorithm for the
multiplication with a vector.
Multiplication of eq. 3.23 by A−1 results in
x = A−1 · b,

(3.24)

and basically gives you the solution x, but requires the computation of A−1 . For a large sparse
matrix this is a relatively expensive computation and should therefore be avoided.
Another way of finding the solution x is by steepest descent and is visualized in fig. 3.11. The
figure shows height lines, corresponding to the 3D plot of the function in fig. 3.10, and also
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Figure 3.10: (left) A quadratic function in two variables
Figure 3.11: (right) Steepest descent method to find the minimum of the function in fig. 3.10.
the path downward from initial point x0 to solution x. Starting at the arbitrary initial point
x0 a series of steps x1 , x2 , ... is taken until we are satisfied that we are close enough to the
solution. At every step we make sure that we go into the direction of steepest descent, which
is the opposite direction of ∇f (xi ). Using eq. 3.22 we get
1
1
−∇f (xi ) = b − AT · xi − A · xi ,
2
2

(3.25)

and if A is symmetric this reduces to
−∇f (xi ) = b − A · xi .

(3.26)

This vector is always perpendicular to the local height line, and already we can see in fig. 3.11
how this is usually not the best direction we can think of. Since we will use this gradient
direction a lot we will rename it
ri ≡ b − A · xi = −∇f (xi ),

(3.27)

with r standing for residual. The residual indicates how far we are removed from the solution.
Now that we have a direction we still need to know how far we should travel in this direction.
This will give us the next point in the iteration procedure
xi+1 = xi + αi ri .

(3.28)

A line search is performed, which chooses α such that f is minimized along a line. The so
called directional derivative is set to zero, giving
d
d
f (xi+1 ) = ∇f (xi+1 )T ·
xi+1 = ∇f (xi+1 )T · ri = 0,
dαi
dαi
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(3.29)

and tells us that the αi we are looking for will make ∇f (xi+1 ) and ri orthogonal. This means
that in in fig. 3.11 successive search directions are always perpendicular to each other. We now
use the definition of orthogonality
rTi+1 · ri = 0,
(3.30)
and rewrite it to find
αi =

rTi · ri
.
rTi · A · ri

(3.31)

Putting things together, the method of steepest descent is
r i = b − A · xi
rT · ri
αi = T i
ri · A · ri
xi+1 = xi + αi ri .

(3.32)

This algorithm will produce the zigzag path in fig. 3.11, and can be stopped when kri k has
become smaller than an arbitrary value f tol. Steps are often taken in the same direction as
earlier steps and this reduces the speed of convergence. Here, the CG-method is different
in that its successive directions are A-orthogonal to each other instead of just orthogonal.
A-orthogonality for two vectors di and dj is defined as
dTi · A · dj = 0

(3.33)

Fig. 3.12 shows vector pairs that are A-orthogonal. If you would be able to stretch the plot
in the vertical direction until the ellipses are circular, you would get fig. 3.13. It contains the
same vector pairs, but now they are orthogonal to each other. This gives an intuitive feel to
the concept of A-orthogonality. It should be noted that the shape of the height lines is affected
by matrix A that comes from the expression of your function. An expression for the step size
into the direction d, which is not −∇f (xi ) anymore, can be derived in analogy to eq. 3.31 by
using the definition of A-orthogonality eq. 3.33. The search directions di are found by using
the so called conjugate Gram-Schmidt process. What we end up with are
αi =

rTi · ri
,
dTi · A · di

(3.34)

and
di+1 = ri+1 + βi+1 di ,
with
βi+1 =

rTi+1 · ri+1
.
rTi · ri
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(3.35)

(3.36)

Figure 3.12: (left) A-orthogonal vector pairs.
Figure 3.13: (right) Orthogonal vector pairs.

Effectively, the CG-method algorithm is
d0 = −∇f (x0 ) = b − A · x0
rTi · ri
αi =
dTi · A · di
xi+1 = xi + αi di
ri+1 = ri − αi A · di
rT · ri+1
βi+1 = i+1T
ri · ri
di+1 = ri+1 + βi+1 di .

(3.37)

Fig. 3.14 shows how the solution x in a 2-dimensional problem will be found in 2 steps. This
extends to any n-dimensional problem. The solution to an n-dimensional problem is found in n
steps. However, if n is large you might want to stop at an earlier step. The stopping criterium
can again be defined using the size of the residual kri k.
Now the CG-method can be modified to get the NLCG-method. The NLCG-method uses the
fact that f , which does not need to be of quadratic form, can be approximated by eq. 3.22,
and will not need the matrix A to calculate a search direction. The involved theorem states
the following: Suppose we know ri = −∇f (pi ), for some point pi , where f is of the form 3.22.
Suppose that we proceed from pi along the direction di to the corresponding line-minimum of
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Figure 3.14: Convergence of the method of Conjugate Gradients.

f at some point pi+1 and then calculate ri+1 = −∇f (pi+1 ). Then, this ri+1 is the same vector
as would have been calculated by the the CG-method algorithm (3.37).
The only problem is that f is not exactly of the form 3.22 and therefore the minimum we will
arrive at will not be the exact minimum. We will need more iterations, and the so called PolakRibière variant of the NLCG-method is able to handle this by resetting the search direction to
down the local gradient whenever the algorithm slows down. This is equivalent to restarting
the conjugate gradient procedure.
To conclude, the Non-Linear Conjugate Gradient method is
d0 = −∇f (x0 )
αi = argminα∈R {f (xi + αi di )}
xi+1 = xi + αi di
ri+1 = −∇f (xi+1 )
rT · ri+1
βi+1 = i+1T
ri · ri
di+1 = ri+1 + βi+1 di ,

(3.38)

where argminα∈R {f (xi + αi di )} is the value of α for which f is minimized. The method is able
to find the local minimum in a complicated landscape, for example, the one in fig. 3.15 and
fig. 3.16.
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Figure 3.15: (left) Some complicated function.
Figure 3.16: (right) Convergence of the NLCG-method. A top view of the function in fig. 3.15.

3.7

Computing the shear modulus curve in 2D

The Worm-Like Chain model in section 3.1 describes the mechanical behavior of a single
bio-polymer. This section describes how we extract the shear modulus from a network of
discrete bio-polymer chains. First the deformation tensor uij should be introduced. The
deformation tensor describes the deformation of a two- or three-dimensional object, just like
the displacement x from an equilibrium length describes the one-dimensional deformation of a
spring. The subscripts i and j refer to the directions x, y and z in a three-dimensional material,
or just x and y in a two-dimensional material. The shear deformation of a two-dimensional
material will have a deformation tensor looking like


1 γ
uij =
(3.39)
0 1
and is applied to a point inside the material according to the matrix multiplication

 
 

xnew
1 γ
xold
=
·
.
yold
ynew
0 1

(3.40)

Fig. 3.17 shows how γ defines the deformation of a 2D square system of size a.
To obtain the spring constant from the energy curve of a single Hookean spring only the
curvature or second derivative of that curve with respect to the displacement x has to be
calculated. In analogy to the single spring, we calculate the shear modulus G by taking the
second derivative of the network energy curve, which is some function of uij , with respect to
uij . For this reason the shear modulus G has the same intuitive role for a network as the
Hookean spring constant has for a spring, namely stiffness. The first derivative of the energy
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Figure 3.17: The shear deformation of a 2D square system of size a, with the old boundary in
dashed lines and the new boundary in solid lines. If we move all points in the system according
to eq. 3.7, the points at the top shift in the positive x-direction by an amount of γa.

density
σij ≡

∂ε
∂uij

(3.41)

gives the stress tensor σij , and a second derivative is taken to get the elastic modulus tensor
Kijmn ≡

∂2ε
.
∂uij ∂umn

(3.42)

Since γ is the only real variable in the deformation we rewrite eq. 3.42 as
Kxyxy =

∂2ε
,
∂uxy ∂uxy

(3.43)

d2 ε
.
dγ 2

(3.44)

with uxy = γ, giving the shear modulus
G(γ) =
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3.8

Theoretical fit of the shear modulus curve

We calculate the theoretical fit in fig. 2.7 under the assumption that the filaments in a biological
network are homogeneously and isotropically distributed and that they strain uniformly [6].
The input to the theory is the Worm-Like Chain model from section 3.1. With this, we calculate
the stress tensor by averaging the force per area exerted by a single polymer segment over all
magnitudes and directions of r [5, 6]. The result is


(Λil rl )(Λjk rk )
ρ
T
σij =
f (|Λr|)
(3.45)
detΛ
|Λr|
P (r)
with ρ the number of cross-links per unit volume, the average weighed by the distribution
function P (r), f (|Λr|) the force-extension relation from the Worm-Like Chain model, and Λ
the shear deformation of a 2D network defined as


1 γ
Λ=
.
(3.46)
0 1
In a system that behaves as a continuum, the stress tensor σij completely defines the stress at
any point in that system. In this study however, we are only interested in the σxy component,
which represents the shear force. The distribution function



∞
lp (πn)2
2lp X
r
2
n+1
(πn) (−1)
exp −
1−
P (r) = 2
lc
lc
lc

(3.47)

n=1

gives us the probability of finding a segment with an end-to-end length r in the network, and is
appropriate for semi-flexible inextensible filaments of contour length lc and persistence length
lp [6]. The force-extension relation f is of the form
∞
1 X
φ
δl = 2
,
2
2
π
n (n + φ)

(3.48)

n=1

with φ = f lc2 /κπ 2 , κ the bending constant and δl the extension of a filament away from its
equilibrium length. Eqs. 3.47 and 3.48 can be of different forms as long as they capture the
main features of the semi-flexible filament. When we put all of the above equations together
and calculate the change in σxy with γ we get the solid curve in fig. 2.7.
Another assumption that we make in the calculation is that the network is deformed affinely.
When applying a shear, every point x in the network is transformed into a new point x0
according to
x0 = Λ(γ)x + ∆(x, γ),
(3.49)
with Λ(γ) the affine transformation as defined in eq. 3.46 and ∆(x, γ) the non-affine contribution
to the deformation. Fig. 3.18 and fig. 3.19 illustrate the concept of non-affinity in a 2D network
of connected Hookean springs. In fig. 3.18 the network is undeformed and at rest. If we apply
a shear deformation according to eq. 3.49 and exclude the non-affinity term, the black lines in
fig. 3.19 represent the resulting network. If we allow the internal network of springs to relax and
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only force the boundary into its new position, the red lines in fig. 3.19 represent the resulting
non-affine configuration. The difference between the affine and the non-affine configuration is
captured by the second term in eq. 3.49.
For the theoretical calculation of the shear modulus in this section the non-affine contribution
is set to zero, because there is evidence that it is a good approximation for densely cross-linked
filaments of high molecular weight [6].

Figure 3.18: A 2D network of Hookean springs, in red lines, connected to the boundary, in
black lines.

Figure 3.19: The network from fig. 3.18 after the shear deformation from eq. 3.49. The red
lines represent the configuration where the non-affinity term is included in the transformation
and the network of springs is allowed to relax. The black lines represent the configuration
where the non-affinity term is excluded and the network of springs is not allowed to relax.
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Chapter 4

Simulation
This chapter describes the C++ and Matlab code that we write for this project. The C++
code contains the simulation and should be executed on a fast computer. The Matlab code
imports the text files that have been exported by the C++ code and visualizes the simulation.

4.1

C++ algorithm

We split the simulation into the following list of C++ files. Each file contains a function that
has the same name as the file, with the exception of myFunctions.h and nrutil.h, which are the
header files for the project.
• addCrosslinks.cpp
• applyShearDeformation.cpp
• calculateFields.cpp
• create b.cpp
• createColorCoding.cpp
• createCrosslinkLocations.cpp
• createRandomChains.cpp
• crosslinkerIsInBoundary.cpp
• crosslinkerIsVariable.cpp
• dbrent.cpp
• debugOutput.cpp
• df1dim.cpp
• dfunc.cpp
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• dlinmin.cpp
• doLineSegmentIntersection.cpp
• doNonLinearCGalgorithm.cpp
• exportToFilesOld.cpp
• exportToMatlab.cpp
• f1dim.cpp
• findIntersections.cpp
• findIntersectionsOld.cpp
• frprmn.cpp
• func.cpp
• main.cpp
• mnbrak.cpp
• modifySpringConstants.cpp
• modifySpringRestLengths.cpp
• monteCarloMove.cpp
• myFunctions.h
• nrutil.cpp
• nrutil.h
The file main.cpp is included as appendix A and calls all the functions from the other files
to result in the algorithm in fig. 4.1. The first four blocks make up the initialization of the
simulation. The combination of the last three blocks is repeated as many times as there are
simulation steps, a number that the user puts into the simulation. This number and all the
other parameters in table 4.1 can be changed in main.cpp.
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Figure 4.1: Block diagram of the simulation. The first four blocks represent the initialization
of the network. The last three blocks are looped over and represent the actual simulation.

Table 4.1: Simulation parameters
Parameter

Description

n
number of chains
numberOfModifiedSpringConstants
periods
simulation steps per period
fractionSpringRestLengthsModified
spacing
kBend
K
L0
shearDeformationAmplitude
pi
segments
max iterations
function tolerance

size of the simulation box in units of spacing, see below
number of chains in the network
number of segments that get a different spring constant
number of sinusoidal shear periods
shear steps per period
number of segments that get a different rest length
size of a unit of simulation box
bending modulus
elastic modulus
initial size of chain segments
γ, amplitude of the shear deformation
3.14159265
number of segments the chains are initially given
maximum number of iterations by the NLCG-method
energy difference stopping criterium
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The first step in the initialization is the generation and random placement of polymer chains
within a two-dimensional simulation box. A chain consists of one or several straight segments,
depending on what value you give to the segment parameter, and the end-point coordinates of
these segments are stored in vector objects. Vector objects in C++ are multidimensional arrays
that are variable in size. First, we place a segment at random coordinates having a random
orientation. Then, we attach a segment with a different orientation to one end, making the
chain longer. Any non-zero difference in orientation between adjacent segment means that the
chain is out of equilibrium and so it often set to zero, i.e. a straight chain. In this situation
one could just replace the whole chain by a single longer segment. The length of the segments
is controlled by the L0 parameter. If the chain reaches the boundary of the simulation box the
segment adding process always stops. We add more chains until an amount of n is reached.
When this is done we calculate the coordinates where the chains intersect and where the chains
cross the boundary. Then, at these intersections, we create cross-links between the chains,
effectively glueing them together. The chains are also cross-linked at the boundary so that we
end up with a cross-linked network with fixed boundary conditions (no repeating simulation
box). To reduce calculation time, we replace the segments in between cross-links by a single
segment, and remove everything that sticks out of the simulation box. The transition from
the unconnected chains to the cross-linked network is visualized in fig. 4.2 and fig. 4.3. The
background for the network is made black only to make the pictures easier on the eye. Each
straight blue line between two yellow dots (the cross-links) is a single segment with a rest
length chosen to be the distance between the two dots. Now, according to the Worm-Like
Chain model, the network is at rest as long as segments that belong to the same chain are
pointing in the same direction. In fig. 4.3 this is the case and the energy of the network is
equal to zero. By calling the function modifySpringRestLengths() random segments will get
different rest lengths, effectively pushing the network out of equilibrium. Each segment receives
a spring constant according to kspring = K/lrest and by calling modifySpringConstants() the
spring constants can also be randomly modified. In the algorithm in fig. 4.1 the next block
says minimize energy and is only carried out if the network is not at rest. The network energy
is minimized by adjusting the coordinates of the end-points of the segments, a calculation that
is performed by the Non-Linear Conjugate Gradient method. Because of the cross-links and
the boundary that is fixed to its coordinates it is not possible for all segments to obtain their
equilibrium lengths simultaneously. This results in an energy increase in the network when a
shear deformation is applied.
The last three blocks in fig. 4.1 are repeated many times, or precisely: periods × simulation steps per period times. The Let cross-linkers jump block still needs to be written but
gives room for the network to change its topology in every simulation step. Apply shear deformation multiplies the segment end-point coordinates, giving


 
 
xnew
1 γ
xold
=
·
(4.1)
ynew
0 1
yold
as the new coordinates. Every simulation step i the deformation γ is calculated according to





2π
2π
γ = A · sin
i − sin
(i − 1) ,
(4.2)
B
B
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Figure 4.2: (left) Randomly placed chains with green dots at the intersections.
Figure 4.3: (right) The chains connected by cross-linkers (yellow dots).

with A being the shearDeformationAmplitude and B being the simulation steps per period.
The shape of this function does not have to be sinusoidal but it makes comparison with rheology experiments easier. The transformation describes the affine movement of the coordinates
and brings the network out of equilibrium. The next block Minimize energy finds the new equilibrium configuration under the new enforced boundary coordinates. The deformation gives
the impression that someone is pulling the top of the network sideways, just like in a rheology
experiment.
More explanation of the code can be found as comments in the cpp-files. Now, we give a more
detailed description of the parameters in table 4.1:
n - size of the simulation box in units of spacing. To be precise, the size will actually be n-1,
as can be seen in the n = 5 network in fig. 4.2.
number of chains - number of chains in the network. Initially, this many chains are created.
However, every chain that has less than two intersections with other chains will be removed.
The value of this variable parameter will be lowered in that case. So, whenever it is used in
the simulation it will be the current number of chains in the network.
numberOfModifiedSpringConstants - number of segments that get a different spring constant during the initialization. Otherwise the segments will all have kspring = K/lrest . Stiffness
or flexibility can be added to parts of the network. The details of this can be changed in
modifySpringConstants.cpp
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periods - number of sinusoidal shear deformation periods. Should always be at least 1. If
you don’t want to finish the whole period you can manually change the number of steps in the
for-loop in main.cpp. For example, if steps per period = 256 you can limit the for-loop to 64
loops for a quarter period of simulation.
simulation steps per period - shear steps per period. Set this number to a power of 2 for
convenience and also to be sure everything works. For example: 256 or 1024.
fractionSpringRestLengthsModified - fraction of segments that get a different rest length.
This effectively puts the network out of equilibrium. Only do this if you have a good reason.
spacing - size of a unit of simulation box. It doesn’t really matter what you choose, as long
as it is done in relation with L0 and segments. These three parameters determine the ratio
between the contour length of a chain and the size of the simulation box.
kBend - the bending energy constant as it is used in the worm-like chain model.
K - the spring energy constant as it is used in the worm-like chain model.
L0 - the initial size of the chain segments. When the cross-links are added during the initialization, the segments are replaced by new segments with new rest lengths. L0 is only important
in the beginning in relation with spacing and segments. These three parameters determine
the ratio between the contour length of a chain and the size of the simulation box.
shearDeformationAmplitude - γ, amplitude of the shear deformation in a simulation step,
as defined by eq. 4.1.
pi - 3.14159265, approximation for π.
segments - number of segments a chain gets when created. When the cross-links are added,
segments in between two cross-links are replaced by a single segment, and so the number of
segments per chain changes.
max iterations - maximum number of iterations by the NLCG-method per energy minimization. If the minimization does not converge fast enough the process will be stopped. If this
happens the simulation will return an error message.
function tolerance - the convergence criterium for the NLCG-method. If the energy of the
network changes by less than this number over one iteration, the minimization will stop.
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All the information of the simulation is stored in vector -objects, which are basically arrays
of variable size. The vector elements can contain vectors themselves resulting in a nested
structure. Table 4.2 has the relevant vectors that are used during the simulation.
Table 4.2: All relevant vector-objects
Vector type

Name

vector<int>
vector<int>
vector<int>
vector<double>
vector<vector<int>>
vector<vector<double>>
vector<vector<double>>
vector<vector<double>>
vector<vector<double>>
vector<vector<double>>
vector<vector<double>>
vector<vector<double>>
vector<vector<double>>
vector<vector<double>>
vector<vector<vector<double>>>
vector<vector<vector<double>>>

variables2
freeCrosslinkers
crosslinkersInBoundary
b
crosslinkLocations2
segmentColorCoding2
crosslinkColorCoding2
intersections2
springConstants2
springRestLengths2
crosslinkCoordinates2
crosslinkCoordinates2Backup
tensionField
crosslinkDensity
chains2
chainCoordinates2

Now we give a description of the vectors. The 2’s at the end of the names in table 4.2 result
from the fact that the vectors are different from the ones used during the initialization of the
network and have no special meaning.
variables2 - a list of numbers referring to the cross-linkers that are not in the boundary.
freeCrosslinkers - a list of numbers referring to the cross-linkers that are currently not involved in the cross-linking of the network. Think of them as just floating around somewhere,
being available for new links.
crosslinkersInBoundary - a list of numbers referring to the cross-linkers that link the network chains to the boundary, wherever they cross the boundary.
b - the vector b from eq.3.22. This is the energy-gradient having the following format:
df
df
[ dx
, df , ..., dxdfN , dy
, df , ..., dydfN ]. The numbers refer to the cross-links in the network and
1 dx2
1 dy2
their sequence is not necessarily ordered, however the x’s are always in front of the y’s.
crosslinkLocations2 - a vector of vectors describing where the cross-linkers are on which
chains. The first element of this vector is a vector with 4 integer elements, for example: [4, 2,
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7, 1]. This means that cross-link 1 is located on chain 4 as the 2nd cross-link and on chain 7 as
the 1st cross-link. All the other elements of crosslinkLocations2 also are vectors with 4 integer
elements.
segmentColorCoding2 - a vector of vectors containing the forces, fi = |ki (li − l0,i )|, in the
chain segments, with i referring to a segment. The first vector in segmentColorCoding2 belongs
to chain 1 in the network and has as many elements as there are segments in that chain. In
Matlab the segments are drawn with a thickness and brightness proportional to the force.
crosslinkColorCoding2 - just like segmentColorCoding, only now it contains the bendingenergy values in the cross-links, i.e. between two adjacent segments on the same chain. Although it is currently left out of the visualization, the cross-links can be drawn with a diameter
and brightness proportional to the bending energy.
intersections2 - a vector of vectors containing the locations of the intersections between the
chains. The first vector in intersections2 refers to the first intersection and has the following format: [5, 3, 1, 2, 5.21454, 1.53255]. This means that the intersection can be found on
chain 5 on the 3d segment and on chain 1 on the 2nd segment at coordinates x = 5.21454 and
y = 1.53255.
springConstants2 - a vector of vectors containing the spring constants of all the segments
in the network. The first vector in springConstants2 refers to the first chain and has as many
elements as there are segments in that chain.
springRestLengths2 - the same as springConstants2 but now for the rest lengths of the segments.
crosslinkCoordinates2 - a vector of vectors containing the coordinates of the cross-linkers (or
cross-links) in the network. Every cross-linker has a number and xy-coordinates. The first vector of crosslinkCoordinates2 refers to the first cross-linker and has 2 elements; an x-coordinate
and a y-coordinate.
crosslinkCoordinates2Backup - just like crosslinkCoordinates2, but used as a backup from
before a shear deformation is applied.
tensionField - a 100 × 100 matrix overlaying the network. A cell contains the sum of absolute
values of the forces in the segments around a cross-link in that region of the network. In other
words, a measure for the local tension.
crosslinkDensity - a 100 × 100 matrix overlaying the network. A cell contains the number of
cross-links in that region of the network.
chains2 - a vector of vectors of vectors containing the cross-links on each chain and their
distances along that chain. The first vector in chains2 refers to the first chain and contains a
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list of the following format: [(0, 3), (0.34563, 1), (1.2134, 17), (1.7321, 7), (3.5943, 23), (3.8311,
4)]. This means that chain 1 starts at cross-link 3 at a distance 0 along the chain, goes through
cross-link 1 at a distance 0.34563 along the chain, and so on, and ends at cross-link 4. The
distance along the chain is a sum of segment lengths.
chainCoordinates2 - a vector of vectors of vectors containing the coordinates of the crosslinks in the chains. The first vector in chainCoordinates2 refers to the first chain and contains
a list of the following format: [(0.12442, 6.7654), (0.34563, 4.2314), (1.2134, 1.7244)]. This
means that the first cross-link in chain 1 is positioned at x = 0.12442 and y = 6.7654. The
other coordinates are those of the 2nd and 3d cross-links, respectively.
In each shear step the information in the vectors is exported to the text-files. The executable-file
NetworkEquilibrationV2.exe will look for the folder ’Output/Text files’ from its current location
and create the text-files in that folder. In the folder of the executable a file debugOutput.txt
is rewritten every shear step to help debug the simulation. It contains the values of selected
vectors. The next section describes the Matlab-file that draws pictures from the text-files.

4.2

Matlab visualization

The following list of text-files is exported by the C++ code and imported by the Matlab-file
visualize data.m:
• crosslinkColorCoding.txt
• crosslinkDensityFields.txt
• energy2.txt
• segmentColorCoding.txt
• shearPositions.txt
• tensionFields.txt
• xChainCoordinates.txt
• xChainCoordinatesOld.txt
• xCrosslinks.txt
• xCrosslinksOld.txt
• xIntersections.txt
• xIntersectionsOld.txt
• yChainCoordinates.txt

39

• yChainCoordinatesOld.txt
• yCrosslinks.txt
• yCrosslinksOld.txt
• yIntersections.txt
• yIntersectionsOld.txt
To visualize the simulation we need a folder containing two folders: ’Text files’ and ’Pictures’.
In Matlab the current directory has to be set to the pictures folder. visualize data.m will
then look for the text-files in the text-files folder and create pictures in the pictures folder. In
fig. 4.4 the parameters are shown that need to be set to the values that were used in the C++
simulation. The value for dont deform picture should be set to true if we want to subtract the
affine deformation from the total deformation of the network, in order to see the non-affine
deformation more clearly. The values for skip movie, skip tension fields and skip density fields
should be set to false to see movie frames of the network, the tension field and the density
field, respectively. The value for number of chains should be the one given by the simulation
in the command window after the initialization of the network.

Figure 4.4: Matlab parameters.

Fig. 4.5 shows the things that Matlab will draw and export to png-files. First the energy of
the network is plotted as a function of the simulation step, and as a function of the shear
deformation. From these energy values, which are stored in energy2.txt, together with the
shear values γ, which are stored in shearPositions.txt, the shear modulus G can be calculated.
In this study we calculate the shear modulus with the help of the Interpolate-function in
Mathematica. In the second block, the chains are drawn as they were created during the
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initialization. Thirdly, if the skip movie parameter is set to false, the network with cross-links
is drawn for every simulation step. Finally, if skip tension fields and skip density fields are set
to false, the stress distribution and cross-link distribution are also drawn for every simulation
step.

Figure 4.5: The order in which the Matlab script visualizes the simulation.

4.3

Simulation results

Figures 4.6 through 4.11 show the results of a simulation run. The parameters that we chose
are given by fig. 4.6. Fig. 4.7 shows the initial configuration of the network where all the
segments are at rest. The snapshot in fig. 4.8 is taken after 64 simulation steps (shear increments) when the maximum shear deformation γ = 0.5 is reached. The thickness of a segment
is proportional to the absolute value of the tension in the segment. The tension buildup along
the direction of stretching is clearly visible. After step 64 the simulation incrementally shears
the network to the left until a shear γ = −0.5 is reached. A snapshot of the resulting configuration at simulation step 192 is shown in figure 4.9 and, again, the tension along the direction
of stretching is clearly visible. Then, the network is incrementally sheared to the right until
γ = 0 is reached at simulation step 256. This final configuration is not necessarily the same as
the initial configuration, because, during the stretching, the network can get stuck in a local
energy minimum with the corresponding configuration. This is not a problem since this can
also happen in a real system.
After 256 shear steps a full period of a sawtooth wave deformation is simulated, and we give
the energy of the network as a function of the shear γ in figure 4.10. In both shear directions
(left and right) the energy increases along a curve that, at first glance, resembles a quadratic
function in γ. For a single chain this would be expected because it would stretch with the
energy of a Hookean spring. But because of the interaction between the filaments induced by
the cross-linkers the network deforms non-affinely and stiffens when stretched. The curvature
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Figure 4.6: Parameter settings for a typical simulation run.

(i.e. second derivative) of the energy plot increases with γ and makes the energy non-quadratic.
According to section 3.7, the shear modulus is proportional to the curvature and we show its
increase in fig. 4.11. In both shear directions the network stiffens. Because the network is
a random buildup of chains, and is therefore isotropic, the shear modulus is not expected to
depend on the direction of shear.
After full period of deformation the energy for every shear γ has been calculated twice, effectively also producing the plots in figures 4.10 and 4.11 twice. The configurations and energies
depend on the travelled simulation path but overlap so precisely that differences are not visible
with the eye. Only when the cross-linkers are made mobile will the energy and shear modulus
plots change over a period of shear deformation.
In fig. 4.11, for larger values γ, the shear modulus plot is not very smooth in comparison to the
energy plot in fig. 4.10. This is because the curvature of the energy plot has been calculated
from a discrete set of values, and is therefore highly susceptible to fluctuations. These fluctuations result in part from improper minimization of the energy. But also, there is no reason to
assume that the energy curve should be perfectly smooth. The trend in the shear modulus is
clearly visible, and some wildly fluctuating points were removed from the plot.
The solid line in fig. 4.11 is a theoretical line calculated with the theory in section 3.8. To
make the calculation less expensive we use two approximations on top of those mentioned in
section 3.8. We approximate the length distribution of the filaments by a gaussian curve centered on the equilibrium length, and the force-extension relation by a linear function, which
holds for small extensions.
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Figure 4.7: The initial configuration of a randomly generated network. Its parameters are
shown in fig. 4.6. The cross-linkers are drawn as (yellow) dots and the polymer segments as
straight (blue) lines.

Figure 4.8: The network from fig. 4.7 after the application of a shear deformation γ = 0.5 at
simulation step 64. The cross-linkers are drawn as (yellow) dots and the polymer segments as
straight (blue) lines. The thickness of a segment is proportional to the absolute value of its
tension.
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Figure 4.9: The network from fig. 4.7 after the application of a shear deformation γ = −0.5 at
simulation step 192. The cross-linkers are drawn as (yellow) dots and the polymer segments
as straight (blue) lines. The thickness of a segment is proportional to the absolute value of its
tension.
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Figure 4.10: (left) Energy as a function of the shear deformation γ, for the network shown in
fig. 4.7.
Figure 4.11: (right) Shear modulus G/G0 (dots) as a function of the shear deformation γ/γ2 ,
for the network shown in fig. 4.7. G0 is the value of G for γ = 0, and γ2 is the value of γ
for which G = 2 · G0 . The solid line is the theoretical fit calculated with the theory from
section 3.8.

45

Chapter 5

Discussion
The simulation relies on proper minimization of the network energy. As a first try we perform
the minimization with the Simulated Annealing method, which is capable of finding a global
minimum. It performs a quasi-random search that is very solid but too slow for the purposes of
this simulation. Then instead, we implement the linear Conjugate Gradient method, but realize
it is easier to use the non-linear version. The NLCG-method avoids the need for the calculation of matrix A from eq. 3.22, and is suitable for the non-linear nature of the energy function.
Problem 1 - Difficulties arise when we try to change the topology of the network by adding
or removing cross-links. Other groups have done simulations on networks of flexible or semiflexible polymers, but not with mobile cross-linkers [7, 8, 9, 20]. One problem with the proposed
procedure in section 3.4 is that the local tension in the segments around a link changes whenever a cross-link is added or removed. In real systems, biological polymers bind when they
come close to each other and a cross-linker is present to form the bond. There is a binding
energy involved with the link, but the tension in the polymer chains should not change. The
tension increase is a result of the way we approximate the binding energy and is best illustrated
by fig. 3.4, fig. 3.7 and fig. 3.8. In fig. 3.7 when we insert a cross-link there is no bending energy
in the new node but the bending energies in the surrounding nodes suddenly change because
new circles are drawn to include the new node. The network is pushed out of equilibrium by
the simulation model. When we remove a cross-link, seen in fig. 3.8, the bending energy also
changes because the new segments acquire new angles, and also because new circles are drawn
by the approximation.
Problem 2 - The stretching/compression energy also changes. When we combine two segments into one, the new segment is assigned an equilibrium length that is the sum of the two
old ones, but the actual length of the new segment is smaller than that of the old segments
combined. If the old segments are stretched and the new segment is also stretched, this is not
a problem. But we can imagine that the old segments are under no tension, and the removal
of the cross-link should in that case result in a floppy piece of chain. In the simulation the new
straight segment will be compressed, which will affect the surrounding network. An alternative
could be to not combine the two segments when the link is removed, but this creates two extra
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variables; an x- and a y-coordinate for the joint. In itself, this would not be a problem, but in
any simulation a lot of cross-link insertion and removal would occur, where two new variables
would be introduced with every removal.
Problem 3 - A minor issue that should also be mentioned is that when we add a cross-link
to the network, it is probably in the wrong place. To calculate the energy, we model the segments as curved pieces of chain but visualize them as straight lines. The calculation of a more
realistic point of intersection between crossing segments is possible and would actually solve
the change in bending energy mentioned in problem one, but is not an option since we always
deal with two overlapping circles having their centers at the two adjacent nodes. This creates
two possible intersection points and any preference still results in an energy change when we
add a cross-link. And also, the stretching/compression energy changes, where we did not have
that problem before.
Problem 4 - A different problem will occur when we entirely disconnect a chain from the
network, or when we leave it with only one connection. We expect this to happen a lot, since
chains often don’t have many connections and cross-linkers jump around with a considerable
rate. How will the chains behave? If we simply remove them from the simulation we would
quickly end up with no network at all. And we should not discard them since they could attach
to the network again.
Problem 5 - This is also brings us to the issue of dangling ends, which are the parts of
the chain at both ends that dangle about without contributing in any way to the energy or
mechanics of the network. In simulations by other groups, the dangling are discarded or nonexistent [7, 8, 20]. When cross-linkers are made mobile however, the dangling ends should not
be discarded because they can bind to other chains. These dangling ends can be very long and
especially when a chain has only one connection to the network left, all it can do is dangle. In
the simulation from this report, we discard the dangling ends during the initialization of the
network, although with some effort they can be included.
Problem 6 - Something that has been dealt with however is the lack of convergence during
the energy minimization when cross-links are too close to each other. The bending energy increases dramatically when cross-links are packed together. This happens either because short
segment lengths appear in the denominator of the bending energy and/or the relative angles of
segments are large. Setting the bending energy constant to zero and thus the bending energy
itself does not make the minimization process converge. Apparently, this is a known problem
[8], and in our simulation we avoid the issue by removing a cross-link from a pair if the pair
has a small separation distance. This cut-off distance can be adjusted in main.cpp. It is not
clear to us at this moment how the small separations keep the NLCG-method from converging
and what would be a good cut-off distance.
In a real system, whenever a cross-linker is removed, it is added to the environment that surrounds the network, and will be available for a new link somewhere else. There are different
ways of introducing this kind of mobility to the cross-linkers in the simulation. Our simulation
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is built up out of many simulation steps in which we deform the network according to eq. 4.1.
In each step, a check can be made for every cross-link and for every intersection, to see if a
cross-link should be removed or added. The outcome of the check is based on the probability
from eq. 3.15. This would simulate a network that is being deformed very slowly, in which
the cross-linkers have enough time to reorganize themselves. The network releases tension and
energy this way. A complete relaxation though can only be achieved when the new intersection
locations, that are created when cross-linkers are removed, are checked over and over again
with eq. 3.15 to decide if a cross-link should be inserted again. This process would result in
a non-stressed network containing only straight chains. More interestingly, we could allow for
only a certain number of cross-links to be inserted or removed each simulation step. Time
would be introduced to the simulation where in the other case it mimicked an infinitely slow
network deformation. The number of cross-linker insertion or removal trials per simulation step
determines the speed that the simulation would have had if the experiment was real. Now, it
is important to note that, even though we introduce time, the relaxation of the network energy
with the NLCG-method cannot be stopped before it has converged, because the minimization
of the energy is not a process in time. We have to assume that it happens quickly. But the
ratio of the number of simulation steps with respect to the number cross-linker insertion and
removal trials effectively determines the time step for each simulation step.
Nothing has been said about how the cross-linkers move around in the surrounding environment, but a first model is the assumption that cross-linkers are basically present everywhere
and that we don’t have to wait for them to move around. Also, the nature of the bond probably
doesn’t warrant a simple description like eq. 3.15, but the essential behavior is captured. The
local tension f is now described as the sum of absolute values of the spring forces surrounding
a cross-link, but there is no reason to exclude the bending energy and its resulting force. The
directions of the forces might also be important, depending on the geometrical structure of the
cross-linker.
After the implementation of mobile cross-linkers the correlation between the stress distribution
and the cross-link density distribution should be studied. We expect that the cross-linkers will
avoid regions of high stress, because of the force-term in fig. 3.15, and will migrate in time
to regions of low stress. Consequently, this low stress region should stiffen due to an excess
in cross-links, creating tension. This tension will then drive the cross-linkers away again.
Besides a spatial correlation between stress and cross-link density, this process will influence
the shear modulus of the network. When the mobility of cross-linkers is implemented, we
expect a time dependent effect on the shear modulus. In the simulation we shear the network
to the right and to the left, successively, and because of this periodic movement we visit
individual shear deformations more than once. With mobile cross-linkers it is unlikely though
that the configurations of the network will coincide, because the network structure changes.
This directly affects the shear modulus for that particular shear deformation. In real biological
networks this effect should also be measurable. For better understanding of those networks and
also for the creation of artificial networks (i.e. tissues) with adjustable properties the influence
of mobile cross-linkers should be investigated.
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Chapter 6

Conclusions and recommendations
6.1

Conclusions

We develop a simulation to study the mechanical properties of biological networks. A C++
code in combination with Matlab and Mathematica scripts now produces energy and shear
modulus graphs of isotropic networks of semi-flexible filaments as a function of the applied
shear deformation. The shear modulus graphs, which we derive from the energy graphs, show
the expected behavior of strain stiffening. This means that the network becomes more stiff when
stretched. Since the chains themselves do not stiffen when stretched, the strain stiffening of the
network must result from the interactions between the chains. This is of course a consequence
of the cross-links. The theoretical fit to the data from section 3.8 also shows strain stiffening,
but this is in part a consequence of the input to the calculation. Where our simulation uses
a linear force-extension curve for a single filament, the theoretical model is based on a nonlinear curve. Also, in section 3.8 the assumption is made that the network deforms affinely. In
the simulation the interaction between the filaments results in a non-affine deformation of the
network, and consequently, in strain stiffening.
The Simulated Annealing method was first applied to find the minimum energy configuration
of the network. We found that its computation was too expensive. Then, an effort was made
to implement the linear Conjugate Gradient method. But because the energy of the network is
a complicated function it seemed more appropriate to use the non-linear Conjugate Gradient
method, which works well with small shear steps. It is also easier to implement because it only
needs the calculation of the first derivative of the energy, in stead of also the second derivative.
The only still existent problem with the non-linear Conjugate Gradient method is the nonconvergence of the method when cross-links are too close to each other, creating small chain
segments. We avoid this problem by removing a cross-link from a pair of cross-links when their
separation distance is too small. The cut-off value for this separation distance can be changed
in the file findIntersectionsOld.cpp. We notice that for network simulations this is a known
problem [8].
The implementation of mobile cross-linkers into the simulation is a difficult process. Technical
problems appear where the development of the code seems straightforward. The correlation
between the stress distribution and the cross-link density has not been studied yet, because for
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this the cross-linkers need to be mobile. However, the Matlab script does include the option to
create and export stress-distribution and cross-link density pictures for every simulation step.
This visualization, together with the simulation we develop, is a step forward towards a more
realistic computer simulation of biological tissues.

6.2

Recommendations

The implementation of mobile cross-linkers is not easy and requires some careful thinking.
Every problem that we discuss in chapter 5 has to be addressed. Also, the existing code should
be changed with care, since changing the topology of the network, by implementing mobile
cross-linkers, introduces a lot of book keeping. For every change, all the vector objects in
table 4.2 have to be updated. And if the energy changes in any way by the removal or insertion
of a cross-link, it should be properly minimized again.
A different issue that should be addressed is the non-convergence of the NLCG-method when
cross-links are too close to each other. Either some of the cross-links should be removed
according to a certain distance criterium (as we do now), or a different solution should be
found. For example, the cross-links can be combined into a single cross-link. The drawback of
this solution is that the link will have more than four segments around it, and the simulation
was written under the assumption that links will always be surrounded by four segments. This
might create errors if done hastily.
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Appendix A

main.cpp

#include
#include
#include
#include
#include
#include
#include
#include

<iostream>
<iomanip>
<fstream>
<cmath>
<time.h>
<vector>
<stdio.h>
"myFunctions.h"

using namespace std;
////////////////////////////////////////////////////////////////////////
//These vectors are only used during the initialization of the network//
////////////////////////////////////////////////////////////////////////
vector<int>
vector<int>
vector<int>
vector< vector<int> >
vector< vector<int> >
vector< vector<int> >
vector< vector<double> >
vector< vector<double> >
vector< vector<double> >
vector< vector<double> >
vector< vector<double> >
vector< vector<double> >
vector< vector< vector<double> > >

variables;
crosslinkFound;
removedCrosslinks;
chains;
modifiedSprings;
crosslinkLocations;
intersections;
springConstants;
springRestLengths;
crosslinkCoordinates;
crosslinkCoordinatesBackup;
shearDeformationMatrix;
chainCoordinates;

////////////////////////////////////////////////////
//These vectors are used throughout the simulation//
////////////////////////////////////////////////////
vector<int>
vector<int>
vector<int>
vector<vector<int> >
vector<vector<double> >
vector<vector<double> >
vector<vector<double> >
vector<vector<double> >
vector<vector<double> >
vector<vector<double> >
vector<vector<double> >
vector<vector<vector<double> > >
vector<vector<vector<double> > >
vector<vector<double> >
vector<vector<double> >
vector<double>

variables2;
freeCrosslinkers;
crosslinkersInBoundary;
crosslinkLocations2;
segmentColorCoding2;
crosslinkColorCoding2;
intersections2;
springConstants2;
springRestLengths2;
crosslinkCoordinates2;
crosslinkCoordinates2Backup;
chains2;
chainCoordinates2;
tensionField;
crosslinkDensity;
b;

///////////////////////////////////////////////////
//The simulation parameters. You can change them.//
///////////////////////////////////////////////////
const int
int
const int
const int
const int
const double
const double
const double
const double
const double
const double
const double
const int
const int

n
number_of_chains
numberOfModifiedSpringConstants
periods
simulation_steps_per_period
fractionSpringRestLengthsModified
spacing
kBend
K
L0
shearDeformationAmplitude
pi
segments
max_iterations

=
=
=
=
=
=
=
=
=
=
=
=
=
=

5;
500;
0;
1;
256;
0;
1;
0.001;
1;
1;
0.5;
3.14159265;
1;
2000;

const float
const float

function_tolerance
x_norm_tol

= 1.0e-8;
= 1.0e-8;

/////////////////////////////////////
//Some global variables that I need//
/////////////////////////////////////
double energy_after_minimization = 0;
double shear_position = 0;
//positive=deformation to right,
//negative=deformation to left.
double gamma_step = 0;
int main()
{
/////////////////////////////
//Initialization of chains //
/////////////////////////////
srand(8170);
createRandomChains();
findIntersectionsOld();
exportToFilesOld();

//seed to the random number generator
//randomly creates chains
//locates intersections
//exports coordinates to text files

///////////////////////////////////////////
//Build network using the intersections //
///////////////////////////////////////////
addCrosslinks();
//modifySpringRestLengths();
//modifySpringConstants();
createColorCoding();
calculateFields();
exportToMatlab();
debugOutput();

//adds cross-links between chains
//changes rest-lengths of segments
//changes k-values of segments
//color coding of forces for visualization
//cross-link density and stress distribution
//exports all the information to text files

////////////////////////////////////////////////////
//Energy minimization of the initial configuration//
////////////////////////////////////////////////////
cout << "Number of chains = "
cout << "First minimization"
doNonLinearCGalgorithm();
createColorCoding();
calculateFields();
exportToMatlab();

<< (int)chains2.size()-4 << endl << endl;
<< endl;
//apply the NLCG-algorithm
//find resulting tension
//find cross-link and stress distribution
//exports all the information to text files

///////////////////
//The shear steps//
///////////////////
for(int i=1; i<=simulation_steps_per_period*periods; i++)
//for(int i=1; i<=64; i++)
//uncomment if you want to do an arbitrary
//number of steps
{
cout << "\n" << "Simulation step
= "
<< i << " of "
<< simulation_steps_per_period*periods << "\n";
debugOutput();
//4 lines that create a sawtooth shear deformation of 1 period.
if ((1 <=i)&&(i<=64 )) gamma_step = shearDeformationAmplitude/64;
if ((65 <=i)&&(i<=128)) gamma_step = -shearDeformationAmplitude/64;
if ((129<=i)&&(i<=192)) gamma_step = -shearDeformationAmplitude/64;
if ((193<=i)&&(i<=256)) gamma_step = shearDeformationAmplitude/64;
//Replace the previous 4 lines with the following 3 lines if you want to use
//a sinusoidal function for the shear amplitude.
//double A = sin(2*pi/simulation_steps_per_period*i);
//double B = sin(2*pi/simulation_steps_per_period*(i-1));

//gamma_step = shearDeformationAmplitude*(A-B);
//monteCarloMove();
applyShearDeformation();
shear_position += gamma_step;
doNonLinearCGalgorithm();
findIntersections();
createColorCoding();
calculateFields();
exportToMatlab();
debugOutput();
}
return 0;
}

//cross-link jumping should happen here
//applies shear deformation matrix to all
//coordinates
//shear position says where we are in the
//shear-movement
//apply the NLCG-algorithm
//finds intersections between segments
//find resulting tension
//only needed if you want to visualize these
//in Matlab
//exports information to text files
//exports lots of values to text file, so
//that you can see them

