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Resume
Fusion reactions of deuterium and tritium produce fast helium nuclei, called alpha particles, with
of kinetic energy. These alpha particles can be trapped in the magnetic field of a tokamak
and will transfer their energy through Coulomb collisions to the plasma. This transfer of energy takes
time, which results in a delay of energy deposition. The effects of this on perturbations of equilibria
are studied with theoretical work and by simulating plasma behavior using two solvers in Matlab®.
To that end, an expression for the energy transfer time was derived. In this derivation, the effect of
collisions with thermal helium particles in the plasma was taken into account. The focus is then
shifted towards the energy distribution amongst ions and electrons. Based on this information, the
order of the alpha energy delay is estimated to be the same as the order of the time it takes the
alpha particle to transfer all its fusion energy to the plasma particles.
We have done simulations for several equilibria, with a constant electron density and , the ratio
between particle and energy confinement time. The delay in energy deposition on the fusion ions is
relative small. Therefore, delay causes the perturbations to be damped.
Another phenomenon that came to light is the occurring of positive overshoots, sometimes resulting
in secondary negative overshoots, due to helium ash in the reactor core. This was an unexpected
phenomenon, as there is not much research done yet on the burn dynamics of ignited fusion
plasma. Moreover, this could cause an extinguishment or a disruption to appear sooner than one
would expect without the dynamics of the helium ash.
The same phenomenon could cause oscillations beyond the Greenwald and the - limit of the
reactor concept used in the simulations, especially for high values of the ratio . In some
simulations, the oscillations grew in magnitude until the plasma extinguished. We are not convinced
that this was due to numerical errors, because several solvers gave similar results. Further research
is recommended on this subject.
We found in this study that the energy transfer time is smaller than 0.35 times the energy
confinement time in the density range from
till
for the burn equilibria. We have
also found that the majority of the alpha energy is transferred to the electron population, mainly
during the first stage of the slowing down process.
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1 Introduction
Science cannot exist without research, so to conclude a bachelor of science it is important to be
actively involved with research. For this reason, I completed an internship at the research group
Fusion of the University of Technology in Eindhoven.
Research into fusion, the combining of nuclei, is an active field of study for the production of energy.
However, fusion reactions are hampered, because the nuclei repel each other due to Coulomb
forces. The most common way to induce sufficient fusion reactions for a profitable reactor is by
establishing a high temperature, which causes the particles to ionize and form plasma. The plasma
particles need to be confined so the plasma will not cool down due to interactions with the wall of
the reactor. The most promising model for this is a tokamak reactor, which uses magnetic fields to
confine the plasma. An image of a tokamak is shown in Figure 1. The magnetic coils (grey) confine
the plasma (purple) in a donut like shape.

Figure 1: An artistic expression of a tokamak, which uses magnets to confine the plasma. The magnets prevent
interaction between the plasma and the reactor wall, resulting in a better energy confinement. This enables the
plasma to reach the high temperatures that fusion reactors need to initiate sufficient fusion reactions to be
profitable. The magnetic coils (grey) confine the plasma (purple) in a donut like shape. [1]

The temperature and the type of nuclei determine the chance for a fusion reaction to occur.
Therefore, it is of importance to choose the type of nuclei used as fuel. The reactivity
for
fusion reactions is a measure to compare the likelihood of fusion reactions. Experimental data shows
that the combination of deuterium and tritium in an equal ratio has the highest reactivity by
relatively low temperatures. The temperatures needed for other fuels to have a higher reactivity are
much harder to accomplish. Therefore, the combination of deuterium and tritium is often seen as
the best fuel for fusion reactors. [4]
The reactivity for several fuel types can be seen in Figure 2.
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Figure 2: Fusion reactivity for several types of fusion fuels. The deuterium-tritium (DT) plasma mixed in equal ratio has the highest reactivity
at lower temperatures, making it the best candidate for fusion reactors. Therefore, this fuel is chosen for the study. [2]

The fusion of a deuterium and tritium pair will create an alpha particle and a neutron, both with high
kinetic energies. The neutron has no charge and will leave the plasma along with its energy. The
alpha particle is charged and therefore confined inside the magnetic field. This alpha particle will
transfer its energy to the deuterium and tritium nuclei through Coulomb collisions. This provides a
form of heating; a power source that keeps the plasma warm. [3]
Any increase of temperature results in an increase of reactivity for temperatures lower than
when using these fuel ions. As the tokamaks of today operate at much lower temperatures, the
alpha heating will initially increase when the temperature rises. On the other hand, temperature
increase also leads to an increase of thermal conductivity losses and radiation losses.
It is for control purposes desirable to operate the reactor when the heating and these losses are in
equilibrium. [9] Some fusion reactors can reach equilibria where the alpha heating is sufficient to
equal power losses and no external heating is necessary. Such plasmas are called burning. The
removal of external heating increases the efficiency of the plasma and is therefore desirable. These
equilibria form the base of this study, but this study is also relevant for plasma operation with
external heating.
These equilibria depend on the characteristics of the fusion reactor, for the magnetic fields and thus
the confinement is different in each reactor. In addition, the limitations differ for each reactor. Most
important limitations for the possible plasma states are the Greenwald limit and the -limit.
Exceeding these limits will lead to a disruption, which is a loss of confinement, followed by suddenly
cooling of the plasma, which causes the ceasing of fusion reactions.
The main topic of this study is the slowing down of fast alpha particles until they are thermalized and
the associated transfer of energy to the plasma particles. To distinguish between the fast and
thermalized parts of the alpha population, we will henceforth reserve the term ‘alpha’ for fast
particles and use ‘helium’ to refer to the thermal helium particles.
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The delay in energy deposition by the alpha particle is of importance when the equilibrium is
perturbed. It may be possible for a perturbation to lead to an excursion beyond the -limit when the
alpha delay is taken into account. In this thesis, the time evolution of plasma has been examined
with helium present in the plasma and with a delay in the alpha heating. This study tries to answer
the following question:
“How will a perturbation combined with the delay in alpha energy influence the equilibrium?”
The sub-questions we should ask in order to answer the main question are:
How long does it take for an alpha particle to transfer its energy to the plasma?
What is the influence of this delay on the helium concentration and the power balance?
What magnitude of a perturbation lets the plasma exceed the β-limit?
Does the system return to its original equilibrium?
First, we will look at the theory of the plasma state in equilibrium. The power balance plays an
important role in this. The particle densities form another factor, which defines the state of the
plasma. These equilibria are then shown in the
-plane, by using the IPB98
H-mode scaling
law. The last theory on the plasma state focuses on the linear stability. The theory finalizes with the
differential equations that describe the particle and energy change of plasma.
The theory is followed by the results of the study; starting with the derivation of the time it takes an
alpha particle to transfer its energy. This provides a direct answer to the first sub-question. It is
apparent that this is not the only factor that must be considered. Another factor on the energy
transfer towards the fuel ions is the distribution of the alpha’s energy among the plasma particles.
These factors are taken into account in the differential equations to simulate the plasma behavior
after a perturbation. A self-written numerical simulation code as well as an existing numerical solver
has been used to simulate the evolution of a perturbed equilibrium.. This self-written code is based
on the explicit forward Euler method, whilst the other is a Matlab® code to solve delay differential
equations, called ‘ddesd’. Some typical results are shown, as well as some remarkable outcomes.
Both simulations were used to investigate the last three sub-questions.
The two simulation methods provide insight of the effect of the alpha delay and provide the base for
the conclusions. These are followed by recommendations to improve the model and thereby the
simulations based on this model.
The biggest tokamak to date, ITER (currently under construction), will probably not be capable of
establishing a burning plasma. A conceptual design for a future reactor, DEMO, is expected to be
capable of that. [6] It is for this reason that all simulations and time analyses are based on this
reactor. However, the study is relevant for plasmas that are not burning as well. The external
heating will alter the equilibria, but not the characteristics of the delay in energy deposition or the
energy losses.
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2 Theory
The differential equations used in the simulation require a starting state of the plasma. The most
relevant is the state in which fusion plasma will be operated, which is most likely a stable
equilibrium. Therefore, the first part of the theory is devoted to the plasma state of equilibria. For
that, we will start by introducing the 0-D approach that is currently used and briefly introduce the
burning plasma model developed by Reiter et al. [8]
The next step in finding the stable equilibria is to examine the thermal equilibrium. To that end, the
power densities are analyzed in the power balance. Other factors in the plasma state are the particle
densities. We will see that this reduces to the electron density and the helium density. Finally, we
will derive the helium concentration for equilibria.
The last part of the theory is devoted to differential equations, which describe temperature and
helium density changes when the electron density is constant. The time derivatives are zero in
equilibria, but their values are of importance after a perturbation.

2.1 The 0-D approach
It is an impossible task to describe each particle’s position and velocity at a certain time as
representation of the plasma state. Therefore, we will use macroscopic scalars like temperature ,
particle density , energy density and power density to describe the plasma state. To simplify
the description even further, we will not look at any position dependency; consequently, a zerodimensional approach is used. Any time dependency involves a time dimension, thus a onedimensional approach will be used later on when the time delay of energy transfer will be taken into
account.
For any equilibrium, it follows that the temperature , each particle density and the energy
density must be constant. These are related through the equipartition theorem. Consequently,
two quantities are sufficient to describe the plasma state. The two differential equations that remain
form a coupled set of differential equations. This is because the helium density and fuel ion density
are influenced by the amount of fusion reactions, which depends on the temperature. The power
densities, on the other hand, are influenced by these particle densities.

2.2 Power balance
The first requirement for equilibria that we will investigate is the thermal equilibrium, in which the
temperature is constant. The temperature of fusion plasma will remain the same when the power
densities are balanced. The power densities that provide heating will be written on the left hand side
of the power balance, whilst the power losses will be written on the right hand side. The power
densities are balanced when these are equal.
The heating of the plasma in burning plasma exist only due to fusion reactions in this study. Two
particles are created in this fusion process, both with high speed. These are a neutron and an alpha
particle with a combined kinetic energy of
. [3] The neutron has roughly
of this
energy, because of the conservation of momentum. As the neutron has no charge, it is not confined
by the magnetic field and escapes the plasma with its energy.
However, the alpha particle is trapped in the magnetic field and will transfer its energy by Coulomb
collisions to the plasma. This heats the plasma and we will call the heating provided by these
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particles the alpha heating . Each alpha particle is created with the kinetic energy of
the alpha energy . This heating is equal to the losses in equilibria, which are conduction
radiation
. This has been expressed in the power balance in Formula (1). [3]

,
and

The Bremsstrahlung is the dominant radiation loss term. [4] Therefore, we will approximate the
radiation losses by the Bremsstrahlung losses
only. These radiation losses are of importance in
the startup of the fusion reactor, but will be dominated by the conduction losses when the plasma
heats up [4]. The radiation losses can dominate in a much higher temperature regime as well, but
this occurs by temperatures that are higher than that the tokamaks of today can reach.
The alpha heating
depends on the number of fusion reactions within a certain volume, the fusion
rate. This fusion rate depends on the reactivity
and the density of the fuel ions and is given
by Formula (2).

with
and
the densities of respectively deuterium and tritium. The alpha heating
product of the fusion rate and the alpha energy , as expressed in Formula (3). [3]

The power density of the Bremsstrahlung losses
∑(

)(

is the

is given by Formula (3) [4].

)

∑

with
the density of a certain ion species, its charge and
the electron temperature. Other
quantities are the elementary charge , the mass of an electron
, the Planck constant , the
speed of light and the permittivity of free space . These are elements in the complicated
constant, which is substituted by
for simplification.
The conduction losses can be described by a typical time, the energy confinement time . These
conduction losses depend on the amount of energy in the volume, the energy density . This is
described by Formula (5). [3]

These power densities are the cause for any change in energy density . Formula (6) describes this
effect in a differential equation.
̇
It is apparent that ̇ must be zero for equilibria. This formula will be used as well in the derivation of
the differential equations, which are used describing the development of the plasma after a
perturbation.
The energy density is related to the temperature and the densities by the equipartition theorem:
, with

the sum of all particle densities:

.

Therefore, the temperature and particle densities are sufficient to describe the plasma state. [4]
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2.3 Particle densities
The particle densities reduce to three independent quantities when we neglect impurities and
assume an equal concentration of deuterium and tritium ions. These are the electron density ,
helium density
and the alpha density . The fuel ion densities
and
can be expressed by
these other densities. We start by combining these two densities in the fuel ion density
. The next observation is that the plasma in general is roughly uncharged, as neither ionization,
nor fusion reactions can cause a charge. The charge of negative particles (electrons) is equal to the
charge of positive ions. Therefore, the electron density is equal to the product of the ion densities
and their charge, as described in Formula (7). This is called the quasi-neutrality condition. [7]

Only two independent particle densities remain when the alpha particles are accounted for in the
helium population. The combining of the alpha density and the helium density makes it possible to
derive the helium density in equilibria in section 2.4. Therefore, the electron density and helium
density are sufficient to describe the particle densities in a certain state.
The electron density is constant when analyzing the plasma behavior after perturbations, because
the electrons will not take part in the fusion reaction. [4] Consequently, the simulations are based on
the plasma evolution with a constant electron density .
Unlike the electron density, the helium density is influenced by fusion reactions; an alpha particle is
created by each fusion reaction, which is accounted for in the helium population. The increase of
helium particles is for this reason equal to the fusion rate.
The losses of helium particles can be described in a similar way as the energy density, with a typical
time. This time is called the helium confinement time
and its ratio to the energy confinement
time appears to be somewhat constant. We can therefore substitute the helium confinement time
with the factor , defined by the relation
. The change of helium density is expressed in
Formula (8) and is equal to zero in equilibria. [7]
̇
The simulations are based on collisions of an alpha test particle with different populations in the
plasma. We have taken collisions with the electron, fuel ion and helium population into account. The
collisions with other alphas are included, by adding the alpha particle density
to the helium
particle density
. Thus, the collisions of two alpha particles are modeled as the collision with an
alpha and a helium particle.

2.4 Derivation of helium concentration
A common practice is to express the helium density relative to the electron density, called the
helium concentration or fraction. We define the helium fraction to be
and other
fractions similar. By assuming an equal ratio between deuterium and tritium, we can define the fuel
ion fraction

. By introducing these fractions in Formula (8), a relationship for

equilibria is deduced in Formula (9). [8]
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A similar method can be used for Formula (6), which results in Formula (10). [8]

∑
with
as the total particle fraction. Finally, we could use a relation
based on Formula (7), which described the relation between the helium and the total fraction:
.
These formulas will result in a third order equation for
eventually, which can be solved and will
be used later on in this thesis to determine the equilibria. [8]

2.5 Burn contours
Based on those formulas, we can find states in which the plasma is in equilibrium. These are called
‘burn contours’ when plotted and indicate possible operation points. We start with a simplified case
in which we neglect the helium fraction and use Formula (10). The fractions are reduced to
and
, whilst at the same time the expression for the Bremsstrahlung summation simplifies
to
. We will take the electron temperature to be the general temperature of the plasma.
Formula (10) then reduces to [4] :

This relationship can be shown in the
-plane, with the pressure given by
. The
product
resembles the costs of building a fusion reactor [4]. This burn contour is plotted in
Figure 3, with
substituted for the pressure .

Figure 3: Burn contour (equilibria) of tokamaks. This is shown for two situations, when Bremsstrahlung is
taken into account and when it is neglected. Its influence reduces for higher temperatures. [4]
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Furthermore, the energy confinement time can be eliminated by scaling laws for a given reactor
design to drawn contours in
-space. The scaling law we use is known as IPB98
H-mode
scaling and is shown in Formula (10). [10]
(

)

with the main radius in meters , the average ion mass in , the elongation of the reactor,
the current drive in
and the fusion power in
,
the electron density in
and
the toroidal magnetic field in Tesla. This scaling law will result in the energy confinement time
is
seconds. [10]
The burn contours will close at the top when the helium concentration is taken into account. These
contours will contract inwards with increasing values of . [9] An example of these burn contours
has been given in Figure 4. These figures are different for each reactor and only possible for reactors
that can reach burning equilibria. This figure is based on a potential design for the DEMO reactor,
called model A. [6]

Figure 4:
Example of burn contours for several values of 𝝆 in the 𝒏 𝑻-plane. This is based on the DEMO model A reactor
concept [6]. These contours represent equilibria.

Although the use of scaling laws gives more insight in the burn contours, it limits the region we can
consider. This is due to the empirical nature of scaling laws. Therefore, we will from now on limit the
densities shown in results within a range of roughly
and
. [10]
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2.6 Stability
In these burn contours, we see two equilibria at a certain electron density
and -value. It is not
yet shown if these two equilibria are stable. Further investigation will show that the lower
temperature equilibrium is unstable, whilst the higher is stable. This is due to the thermal
dependency of the power densities. The alpha heating
and the losses
and
provide
information about the time derivative of the temperature. Therefore, the time derivate of the
temperature ̇ is a function of the temperature itself as well as the fuel ion density
and the
value of . We will assume the value of constant in the following stableness analysis.
When this time derivate ̇ is negative, the plasma loses its energy by conduction and radiation more
than that it can gain energy through fusion reactions. When this derivative is positive, the fusion
reactions are warming the plasma, despite conduction and radiation losses.
By plotting the derivate of the temperature ̇ as function of the temperature itself, we can derive
which point in phase space is stable. Any external heating will shift the graph upwards, but will not
influence the characteristics. In Figure 5 is a figure shown for a hypothetical reactor.

Figure 5: Derivative of temperature plotted as function of temperature for a hypothetical reactor without
external heating. The time delay of alpha heating is not taken into account, as it depends on the history of
the plasma state. [4]

We observe two nontrivial equilibria
and ̅ . The first one is unstable, as the second time
derivative ̈ is positive, so any deviation will be reinforced. The second one is stable, as the second
time derivate ̈ is negative. [4]
We can see that the plasma will increase its temperature when heated beyond the first equilibrium.
Therefore, is called the ignition point. The temperate ̅ is a stable equilibrium, a likely operation
state and is called the burn point. [4] The Bremsstrahlung losses are dominant at lower
temperatures, which cause the initial dip towards the point . Beyond that, the losses will increase,
but the alpha warming will increase at a higher rate. The alpha warming dominates when ignition is
reached at temperature , but is later outweighed by conduction losses. [4]
Some reactors are not capable of ignition; the energy confinement time is too small. The result is
that the temperature derivative will never become positive without external heating. ITER will be
one of those, but the Model A concept for DEMO should be able to reach burning equilibria.
Therefore, this potential design is used in the analyses of the delay time and the simulations. [6]
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2.7 Delay differential equations
To analyze the plasma behavior when a perturbation occurs, we formulate two differential
equations. These describe the helium density and energy change in and out of equilibria.
We will use the equipartition theorem:

and the substitutions:

and

to find expression based on the helium concentration. For small
̇ , based on
perturbations, the time derivative of the energy density is given by ̇
̇
̇
̇ . These relations implemented in
the chain rule. This is equivalent to ̇
Formula (8) and (6) result respectively in Formula (11) and (12).
̇

(

̇

̇)

As the energy transfer happens during the whole slowing down process, it is hard to simulate in a
precise quantitative way. However, it is possible to use an exact delay, a time after which the alpha
energy is contributed to the internal energy in the simulations. This analysis is mostly qualitative
instead of quantitative. Nevertheless, this analysis provides insight in the influence of the delay in
energy deposition. We still need to derive the relevant delay times or estimate their order of
magnitude.
The energy losses are dominated by conduction, which is assumed to have no delay. This is due to
the turbulent nature of the conduction losses and the high frequency of the growth rates of these
turbulent modes.[4] Therefore, any time delay of the losses is not taken into account.
However, two other delays are relevant. Firstly, the slowing down time , which is the time it takes
an alpha particle to become thermal. Secondly, the alpha delay , which is the time it takes for the
alpha energy
to transfer to the fuel ions.
These are not equal, as some of the alpha energy is transferred to the electron and helium
population. These populations transfer this energy indirectly to the fuel ions, causing the alpha delay
to be larger than the slowing down time .
These delays can be implemented in the differential equations. We will use straight brackets
to
express any time delay from now on. The differential equations require a form of history and are
called delay differential equations. These are shown in Formula (13) and Formula (14).
̇

(

̇
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The slowing down time should not be implemented in the simulations, as the helium fraction we
use is a combination of the helium and alpha population. However, the alpha delay
has been
implemented. We will speak of the present plasma at time and the previous plasma at time
.
Combining Formula (13) and (14) results in a single formula to describe the temperature change
after a perturbation.

This is a delay differential equation, a differential equation with a delay, which form a coupled set of
equations along with Formula (13). However, Formula (13) is taken into account without any delay,
as the alpha particles are accounted for in the helium population.
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3 Results
The first sub-question is how long an alpha particle will take to transfer its energy to the plasma. To
examine this, we must investigate its interaction with the plasma particles. To our knowledge, no
study has addressed the slowing down of alpha particles in fusion plasma containing a significant
amount of helium. Therefore, the first step is to modify known formulas to include helium and
derive the slowing down time based on these formulas.
The next step is to examine the distribution of the energy among the plasma populations. This is of
importance since the temperature of the fuel ions is the relevant temperature for the fusion rate.
It will become clear that in almost every case, the majority of the alpha energy
is transferred to
the electrons. However, this energy is transferred in the first stage of the slowing down process.
There is time for the energy to transfer to the fuel ions indirectly. Therefore, a rough estimate can be
made for the slowing down time using the energy delay time. This delay is then used in simulations.
These simulations compare development of the plasma phase without any delay, with a constant
delay and with a variable delay. When these simulations are compared, a conclusion can be made of
the influence of the alpha delay. The simulations have been done for different equilibria and with
different simulation methods.

3.1 The slowing down time
The slowing down time is the time an alpha test particle takes to transfer the alpha energy
to the
background plasma and so becoming thermal. As defined in the Introduction, we reserve the term
helium for alpha particles that have become thermal. This slowing down time depends on the
density of the plasma, as a higher density leads to more Coulomb collisions. The temperature has an
influence as well, as the background plasma will move faster, altering the characteristics of the
collisions. Besides that, the temperature alters the thermal speed at which the alpha particle
converges.
3.1.1 Energy and momentum transfer
To examine the transfer of energy and momentum, we assume that all energy and momentum of an
alpha test particle has transferred when the directed momentum is lost. This is due to the nature of
Coulomb collisions as Jeffrey Freidberg proves this in Plasma Physics and Fusion Energy. [4] Both
energy and momentum can therefore be expressed by the same collision frequencies. This is shown
for the momentum in Formula (16).

Here
is the speed of the alpha test ion, which has a mass
. The collision frequencies
and
are collisions with respectively the ion and electron population. The collisions with thermal
helium particles are described with collision frequency
. This differential equation is based on
the similar equation without the helium fraction. [4]
The collisions with impurities are neglected. Collisions with other alphas are modeled with collisions
with thermal helium particle by accounting them to the helium density. A segregate alpha collision
frequency
could result in a longer slowing down time, because of the higher speeds of alpha
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particles. However, this will not be examined further as the energy distribution of alpha particles is
too complex to discuss in this paper.
The collisions frequencies can be derived by simplifying the collisions with a population, with a
collision with one particle that has only slightly different characteristics. [4] These collision
frequencies depend on the speed of the alpha test ion by
. Formula (17) describes any collision
frequency of the type
.
(

)

with
the Coulomb logarithm, considered as a constant value of . This can be done, as the
Coulomb logarithm is just weekly dependent on temperature. [4] Other quantities are the reduced
mass
and the thermal speed of the population . Thermal speeds of the populations are
assumed to remain constant during the slowing down of the test alpha particle.
3.1.2 Collision frequency
Formula (18), (19) and (20) describe the three collision frequencies, and are based on Formula (17).
The mass of helium nuclei has been substituted by the mass of alpha nuclei
as the alpha test
particle and helium have the same mass.
(

(

)

(

(

)

)

(

)

(

)

)

The particles, which collide with the alpha test particle, are assumed to be at a constant and equal
temperature. Therefore, these thermal speeds
differ solely by the mass
and are expressed by
Formula (21):

(√

)

The thermal speed of electrons with a thermal energy of
is more than times larger than the
speed of alpha particles
with an energy of
, due to the small mass of the electrons. [4]
Therefore, the electron collision frequency
is only a very weak function of the speed of the alpha
particle . Thus, the test particle’s speed can be neglected in Formula (18). [4]
The plasma ions experience the opposite effect; their collision frequencies are strong functions of
the particle speed . The thermal speed of the ions can be neglected in this case. The collision
frequency for ions is small when the alpha test particle is at the beginning of the slowing down, but
will increase rapidly as the alpha test particle slows down to the thermal speed.
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To simplify our formulas even further, the collision frequencies of helium and fuel ions are taken
together as one single collision frequency for ions
.
(

(

(

)

)
)

) [(

]

3.1.3 Critical speed
We can now express a critical speed , the speed of the alpha test particle
frequency of the ions and electrons are the same, which is stated by
this calculation is shown in Formula (23).
(

)

) [(

where the collision
. The first step in

]

The expression is simplified further using the particle fractions in Formula (24):

)

[(

]

This expression shows a significant impact of the helium fraction, which is important to notice as the
inclusion of the helium fraction is not common and will yield a new result. The critical speed can now
be determined in Formula (25):

√

[(

)

]
√

This critical speed can be used to express the ion collision frequency as a function of the speed and
electron collision frequency as done in Formula (26):

The normalized speed of the alpha test particle is defined by
implemented in the differential equation (16). This results in Formula (27):

and the quantity is

̇
The differential equation can be solved and results in a time-based expression, valid for the
normalized starting speed
at time
until the normalized thermal end speed
at
time
. The solution is for the normalized speed of the test particle is shown in Formula (28):

The slowing down time

depends on the speed consistent with the temperature of the plasma,

which can be found by using the relation
speed

. This leads to a derivation of the final normalized

and brings the following relationship for the slowing down time, shown in Formula (29):
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(

)

When helium and alpha collisions are not taken into account, this expression is similar to the relation
found in Plasma Physics and Fusion Energy. The following graphs show the normalized speed of the
alpha test particle
as function of the time and electron collision frequency product, for several
helium fractions.
Figure 6 shows that the normalized speed has a similar relation in this derivation as Figure 9.11 in
Plasma Physics and Fusion Energy, when a temperature of
and a density of
is
used as done by Freidberg.

Figure 6: The normalized speed for several helium fractions in the plasma as function of the collision frequency and time product. These graphs are
made for a temperature of 𝟏𝟓 𝐤𝐞𝐕 and density of 𝟐 𝐱 𝟏𝟎𝟐𝟎 𝐦 𝟑 as done by Freidberg. [4] The two derivations give similar results for a helium
fraction of zero.

Some minor differences occur, as Freidberg uses an approximation for the following quantities. First,
the final normalized speed
for which a value of √
is used, instead of
. Secondly, the
begin speed to be
instead of
. Finally, the collision frequency has been used with
the estimate
.
This estimate results in a collision frequency of
instead
of
.
This comparison leads us to believe that the derivation of the slowing down time

is valid.

The expression found in this derivation for the slowing down time can be evaluated for plasma
states over burn contours, as shown in Figure 7.
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Figure 7: Visualization of slowing down time
The slowing down time increases with lower densities.

𝒕𝒇

over

burn

contour

for

several

values

of 𝝆.

The slowing down time depends stronger on the electron density than on temperature. This can
be understood, as there are fewer collisions when the densities are lower.
However, Figure 7 does not make clear if the slowing down time is significant for our purposes. To
determine this we have to compare it with the energy confinement time as seen in Figure 8.

Figure 8: Ratio between slowing down time 𝒕𝒇 and energy confinement time 𝝉𝑬 over burn contours for DEMO Model A.
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This figure shows that the slowing down time is smaller than the energy confinement time within
densities of
and
. The slowing down time is less than
times the energy
confinement time. The ratio expressed in this figure is relative low for the lower ignition
temperatures, but raises for higher temperatures. Moreover, the ratio seems mainly to depend on
the factor for the higher burning temperatures.

3.2 Energy distribution
However, the time it takes for the fuel ions to increase their temperature due to an alpha test
particle could be longer than the slowing down time . This is because part of the energy is
transferred to the electron and helium population. The distribution of the energy amongst electrons
and ions is therefore crucial. We will evaluate this along the burn contours, in a similar way as done
with the slowing down time .
By substituting
in Formula (16), with
the energy of the alpha test particle, we find
a differential equation for the energy of the alpha test particle: [4]

Formula (31), (32) and Formula (33) express the amount of alpha energy that is transferred to a
certain population, which are deduced based on the conservation of energy [4]:

Here is
the contribution to the electron energy due to the alpha test particle, the energy
contribution to the fuel ions and
the energy contribution to the helium ions. The sum of these
energies after the alpha particle has become thermal should be equal to the alpha energy .
By substituting
in the differential equation above, we can find the energy
distributed to the electrons by integrating over the timespan [
] [4]:
∫
Substituting the expression for
from Formula (28) will result in a solvable integral. A possible
method for this is by using the substitution
, which leads to the following
expression:
∫

Research group Fusion

{

}

Page 19 of 44
Time evolution of fusion plasma by Selwyn Cats version: 20 August 2014 TU/e

If the assumption

is made, then the integral is simplified to Formula (36) [4]:
∫

∫
(

)

Since
can be in the order of for some points on the whole contour, we use a more complicated
expression without using the assumption
:

(

√
[

)

√

(

√

)]

(

)

(

)

Similar integral yields for the ion and helium energies. Instead of the collision frequency
collision frequency
and
are used.

, the

The integral for the energy contribution for fuel ions is given in Formula (38):
∫

∫ (

As before, we use the assumption

)

(

)

to find Formula (39):
)∫

(

This formula can be solved by using the same substitution of
in Formula (40):

as before, as shown

∫
(

)

Similar for the electron energy, we find a solution as shown in Formula (41):

√
[

(

√

)
(

√

)]

(

)

(

)

The contribution for the helium ions is similar, as the dependency of the collision frequency is
identical. Therefore, the energy contribution to the helium ions is calculated based on Formula (41)
as shown in Formula (42):
∫
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As the energy from alpha test particle will only dissipate among these particles, the summation of
these energies should convert to . Thus,
should be equal to one. This ratio is
evaluated for several contours to examine the errors made by the approximations and to validate
the code used in the simulation. This is shown in Figure 9.

Figure 9: Summation of energy distribution over burn contours in the 𝒏𝒆 𝑻-plane. This shows that the summation of the energies is
close to the alpha energy 𝑬𝜶 𝟑 𝟓𝟐 𝐌𝐞𝐕 and thereby validates the approximations used.

The result is that the approximations made were justified, as the maximum deviation is no more
than
. The next step is to investigate what portion of the alpha energy
is passed straight to
the fuel ions, with the slowing down time as analyzed before. This is shown in Figure 10.
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Figure 10: The ratio of energy transferred directly to the fuel ions visualized over burn contours. Less than half of the
energy ends up directly by the ions responsible for retaining the energy process.

More than half of the energy of the alpha test particle is transferred to electrons in most equilibria.
The transfer of thermal energy from the electron population to the fuel ion population is from the
same order as the slowing down time [4]
However, the ion collision frequency
is relative small in the first stage of the slowing down, but
increases when the alpha test particle becomes thermal. This is due to the
dependency of
the ion collision frequency
. The electrons will therefore transfer energy to the fuel ions during
the first stage of the slowing down process. The last part of the slowing down process, when
, is dominated by ion collisions.
Based on this, we estimate the order of the alpha delay time
to be the same as the order of the
slowing down time . Thus, we take the slowing down time to simulate the plasma behavior.

3.3 Simulation codes
The simulation codes are based on codes developed by M.A. Jakobs and used with his permission.
We are interested if the plasma extinguishes, exceeds the -limit or oscillates around another state
than the original equilibrium. Moreover, we are also interested if the alpha delay
has any
influence on this or the course through phase space of the plasma.
Two simulation codes were used, one with a commercially available numerical solver and one selfwritten algorithm, which uses the explicit forward Euler method. Both have been programmed in
Matlab R2014a®, the existing solver is a specialized solver for delay differential equations called
‘ddesd’. The explicit Euler method used a time step of
seconds.
The perturbation that has been used was a temperature perturbation
could be used with other types of perturbations as well.
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3.3.1 DDE solver ‘ddesd’
This solver is based on Formula (11) en (15). It computes these differential equations and estimates
its next time step by a combined derivate. Consequently, a better accuracy can be achieved by
normalizing the temperature and density in a way that they have roughly the same order. This is
done by dividing the densities with a factor
. We refer to Solving ODEs and DDEs with
Residual Control by Shampine, L.F [11] for more detailed information about the solver.
The solver consisted of three functions. The first function determines the history of the plasma,
which is the plasma state in equilibrium except for the start of the integration at
, where the
temperature is perturbed with a new temperature
, with
the temperature of the
plasma in equilibrium.
Another function computes the delay used in the delay differential equation. This can depend on the
time and state of the current plasma. This means that the solver cannot base the alpha delay on the
previous plasma, but only on the current plasma state.
The last function is computes Formula (11) and (15), based on the current plasma state and the
alpha delay.
We have used three different delays. One type of integrations has no form of energy delay, another
with a constant delay, which is the slowing down time from the plasma in the equilibrium and the
last one used the slowing down time of the current plasma state as alpha delay . During the
simulations, it became clear that whether the delay is from the present or previous plasma is of
small influence.
3.3.2 Self-written explicit Euler
The self-written algorithm is based on similar principals, but can use the alpha delay of the previous
plasma. To that end, the slowing down times from previous plasma states has been compared and
the plasma state which slowing down time
matched the time difference best was taken as the
previous plasma. The alpha delay for the energy is used in these cases.
This algorithm could simulate unstable equilibria on the ignition branch in the equilibrium for a
longer period than the existing ‘ddesd’-solver [11], before numerical errors caused the plasma state
to alter. However, it was time consuming compared with the existing ‘ddesd’-solver [11] and it was
based on a method with a small region of numeric stability. The small region of stability is the reason
why most analysis is based on the ´ddesd´-solver. The self-written method has been used as
verification and gave the same result in most cases.
Formula (11) was used without any delay to calculate the new helium fraction. This is based on the
following iteration:

(

The change in internal energy density
delay and the power losses and

)

.

is calculated based on the alpha heating
with the alpha
without any delay based on the following iteration:
(
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Then, these new quantities were used to compute the temperature with the equipartition theorem:
. These quantities are sufficient to determine the new plasma state.
3.3.3 Parameters and settings
Several equilibria have been evaluated. The left branch of a contour has linear unstable equilibria,
whilst the right branch consists of stable equilibria. We will consider the effect on positive and
negative perturbations for both unstable and stable equilibria.
The simulation code was used to evaluate different plasma states, for several values of . These
were chosen to be
until
in steps of . This choice was based on expected values for
and to provide a broad look on the influence of helium and the helium confinement time
on
the plasma evolution. For each contour, points were evaluated on the left branch of the contour
and on the right branch. The electron densities
ranged between
and
. This
choice is based on the validity of the scaling law used and the expected densities used for operations
in DEMO. [6]
The Greenwald and -limit are relevant for possible operation points and are shown along with the
evaluated points in Figure 11.

Figure 11: The evaluated points, the Greenwald limit and the β-limit are shown in the 𝒏 𝑻-plane. Simulations have been
made for these plasma states.

There are more evaluated points on the right branch, as these are considered stable and therefore
more relevant for plasma operation. On the other hand, the unstable equilibria and their properties
are relevant for the ignition of the plasma.
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On the inner contour, where the factor has a value of , two more points where evaluated. The
higher helium confinement raised the interest in these plasma conditions, because the helium
population could cause oscillations and other effects in these plasma conditions.
The temperature perturbation
was
in most cases, a fraction of the equilibrium
temperature. Other perturbations have been chosen in some cases with the -limit in mind. Both
the commercially available solver and the self-written algorithm have been done with three different
alpha delays .
The first of them is zero, like there is no delay is alpha energy. This is to study the influence of the
delay. The second delay type is the slowing down time in the equilibrium. The temperature has a
small influence on the slowing down time , it mostly depends on the electron density , which is
held constant. Therefore, it will not alter much in the simulations. The last delay method uses a
variable slowing down time.
The -limit was not taken into account in simulating the plasma behavior. The -limit can be
expressed as a maximum temperature, which depends on the electron density . The electron
density
is held constant in the simulations. Therefore, the -limit for a single simulation can be
related to a certain temperature, called the beta temperature . This -limit is also shown in the
results of the simulations to make any exceeding of this limit visible. [9]

3.4 Simulation results
The following paragraph summarizes the results and extracts the important information from some
figures shown. The analysis is based mostly on the temperature, as this quantity can exceed the limit and because this quantity is perturbed. The helium fraction can be seen in this analysis as a
form of memory, which can alter the course of the plasma phase. Due to the helium fraction, the
time derivative of the temperature ̇ could differ from the values expected if one solely was looking
at the reactivity
and the energy confinement time .
The existing numeric solver and the self-written simulation gave similar results. Therefore, the
results of the existing numeric solver are shown. Similar graphs are made with the self-written
simulation and several can be found in Appendix A. These are very similar, which verifies the results
shown in this chapter.
The radiation losses are taken into account in the simulation, but are not part of the discussion in
the results. This is because the conductivity is dominant, so the influence of the perturbation on the
conduction has a higher influence on the plasma behavior.
The black line in all graphs indicates the -limit. The crossing of this limit will not have any
consequences in the simulation, but will lead to a disruption in a real plasma. The green solid lines
are evaluations of the plasma state without any delay taken into account. The blue and red dotted
lines do have a delay. The blue lines represent simulations with a constant delay time, the slowing
down time in the equilibrium. The red line corresponds to simulations that are using a variable delay.
Colored, horizontal lines represent the equilibrium of the plasma. They remain in the same state. If
the equilibrium is unstable, this line could alter as well due to numerical errors.
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3.4.1 Unstable equilibria with positive perturbation
It is likely for positive perturbations on unstable equilibria will ignite the plasma until it reaches the
corresponding stable equilibria of the same electron density. This is a typical result and an example
is shown in Figure 12. This result had an electron density
of
, -value of and a
starting temperature of
.

Figure 12: Typical ‘ddesd’-simulation for an unstable equilibrium with a positive perturbation. The horizontal lines are simulations without
any perturbation, which remain in equilibrium. The other lines are simulations with a temperature perturbation of 𝟏 𝐤𝐞𝐕, causing the
plasma to ignite and stabilize in the burning point.
One can see a small overshoot, caused by a lag in helium density. However, the plasma does not exceed the 𝜷-limit, which is visualized
with a black line. The green line has no alpha delay 𝒕𝜶 , which causes it to raise its temperature the quickest and have the highest peak.

The temperature increases and so does the fusion rate. The energy confinement time decreases, so
the conduction losses increase. The temperature rises to a stable equilibrium as the helium
concentration slowly follows. The alpha power density and the losses balance out in a new
equilibrium, the stable burning point.
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The temperature of the simulation without any delay has risen the fastest. All temperatures of the
simulations have an overshoot, which is caused by the helium concentration. The simulation without
any delay has the highest overshoot.
The same simulation has been done with the helium and alpha density held constant on the level of
the original equilibrium. The temperature rose to a higher level of 30.1
instead of the
previous
, without overshoot. This support the statement that overshoot is caused by the
lag in the helium particle density.
The helium gain is equal to the fusion rate, which is directly influenced by the temperature increase.
The helium losses are described by the helium confinement time
, which is always larger than the
energy confinement time . With these factors in mind, we can expect a lag to appear in the helium
and alpha particle fraction.
This overshoot could cause the plasma to exceed the -limit, even when the stable equilibrium
corresponding with the electron density is below this limit. However, if the value of is high enough,
the overshoot could result in an secondary, negative overshoot, so the plasma temperature drops
below the stable equilibrium in a similar way as seen in Figure 13.

Figure 13: Simulation shown where the lag in helium fraction causes an overshoot on the stable equilibrium temperature at 𝟏𝟓 𝟒 𝐤𝐞𝐕,
followed by an secondary, negative overshoot, resulting in the extinguishment of the plasma. This initial plasma state is beyond the
Greenwald limit and the ignition leads to an excursion of the 𝜷-limit. The energy confinement time is not shown for plasmas that
extinguish, because it diverges to an extreme high value. Some simulations without any perturbation extinguish in this example, due to
numerical errors.
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This example has no relevance for DEMO Model A, as it is beyond the Greenwald limit and crosses
the -limit. However, the result is a strong example of the influence of helium concentration and the
secondary, negative overshoot.
This negative overshoot is visible in all three simulations, including the simulation without any delay.
A simulation has been done with the ‘ode15s’ solver to verify the results. This solver has been
specially made for stiff problems, which gave similar results. Therefore, we believe that this is a
physical phenomenon and that the temperature exceeds the radius of convergence of the linearly
stable equilibrium.
It is remarkable that the plasma extinguishes, whilst the temperature is above the ignition
temperature. This is due to the larger number of helium particles present, which causes the fusion
rate to be lower than in equilibrium, despite the larger reactivity. The high helium confinement time
is the cause for this.
3.4.2 Unstable equilibria with negative perturbation
A negative perturbation resulted in the extinguished plasma in every case. This is as one could
expect, but the delay did have influence of the course in phase space of the plasma. The delay
caused a later extinguishment, as the energy contribution of the alpha energy is delayed. This is
shown in Figure 14.

Figure 14: Negative perturbation in an unstable equilibrium, which leads to extinguishment of the plasma. The energy
confinement is only showm for the equilibria, as is rises to an extremely high value when the temperature reached zero.
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The simulations with a variable delay and with a constant alpha delay have only minor differences.
This is caused by relative short slowing down time with respect to the energy confinement time.
3.4.3 Stable equilibria with positive perturbation
The stable equilibria are expected to return to the same equilibrium for small perturbations. There is
only one stable equilibrium in a single simulation, as the electron density
and the value of are
constant. As we have seen, instability could occur due to the dynamics of the plasma. Any
extinguishment of plasma is less likely, as the helium fraction starts with a value consistent with the
stable equilibrium. First is a typical result shown of a positive perturbation of a stable equilibrium in
Figure 15.

Figure 15: A positive perturbation of 𝟏 𝐤𝐞𝐕 in a stable equilibrium. The typical result, the plasma returns to its
equilibrium. This perturbation is a discontinuity in the temperature, which can cause the temperature and energy
confinement time not to be a smooth function at time 𝒕 𝒕𝜶 for the blue or red line.

Multiple physical quantities are not smooth at time
when a delay is used. This is due to the
sudden perturbation at time
. The plasma stabilizes to the original equilibrium, with only a
small overshoot.
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In the first part of the simulation, there is a clear difference between the plasma with and without
any delay. The plasma cools down towards the equilibrium in a smooth way, when no delay is taken
into account. The simulations with delay show a rapid cooling in the first stage. This is due to the
increase in thermal conductivity, whilst the alpha power density is lagging behind and still has a
lower value from the original equilibrium. This rapid cooling stops at the time
, after which
the alpha power density of the plasma out of the equilibrium is taken into account.
The simulation shows a smooth return towards the original equilibrium after this effect. However,
the delay in alpha heating causes a slightly slower stabilizing in most, typical plasma states that has
been simulated.
Figure 16 shows a positive perturbation of
on a possible operating point. This state is below
the Greenwald and the -limit. The helium fraction causes oscillations around the stable
equilibrium. The oscillations decrease in magnitude over time. The delay causes the damping of the
perturbation.

Figure 16: Oscillations present in the plasma state at high 𝝆-values. The simulation is based on a possible operating point
and has a temperature perturbation of 𝟎 𝟔 𝐤𝐞𝐕.
As the temperature directly influences the reactivity, the only quantity that can cause the power balance to be out of
balance is the fuel ion density. This fuel ion density causes the energy confinement time to differ slightly from its
equilibrium value. The sum of the alpha and helium fractions is much higher than in equilibrium, causing the fuel ion
density to be too low, which causes the plasma to lose more energy than it gains.
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This particular example has oscillations with a period of roughly
seconds, which is twice the
helium confinement time
. This relation was very typical, which supports the conclusion that the
helium fraction is responsible for the oscillations. These oscillations do not occur when the helium
fraction is held constant. Instead, the temperature rises to a new equilibrium as seen in Figure 17.

Figure 17: The same plasma state is unstable if the helium fraction does not change. A positive perturbation results in
warming of the plasma until it reaches a temperature with a higher temperature. This exceeds the 𝜷-imit.

This simulation proves that the negative feedback for this equilibrium, which caused the oscillations,
is due to the increase in helium population. The lack of negative feedback causes the perturbation to
be reinforced and the temperature to rise further than the initial perturbation.
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For a specific state on the contour with
, oscillations became larger over time until it the
plasma extinguished. This plasma state was, even in equilibrium, above the Greenwald and -limit,
so held no physical relevance, but was an interesting phenomenon nevertheless. The alpha delay
caused damping of the perturbations, which caused the extinguishing to happen later. This is shown
in Figure 18.

Figure 18: Oscillations that magnify and lead to an extinguishment of the plasma. This is due to the helium and alpha
populations. The time delay damp the oscillations, which causes the extinguishment to occur later. The energy
confinement time is only shown for the equilibrium. This simulation has been done with the ‘ddesd’ solver.
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However, one must be aware of possible numeric errors as the extinguishment could be sensitive for
the alpha delay, especially at the large timescale at which the extinguishments occur. Therefore, the
same simulation has been run with the ‘ode15s’ solver for verification. This solver cannot be used
with any alpha delay, similar to the green line in Figure 18. The two simulations are similar as seen in
Figure 19.

Figure 19: Oscillations that magnify and lead to an extinguishment of the plasma. This is due to the helium and alpha
populations. The time delay damp the oscillations, which causes the extinguishment to occur later. The energy
confinement time is only shown for the equilibrium. This simulation is down with the ‘ode15s’ solver.

The similarity lets us to believe that this is a physical phenomenon and is caused by a perturbation
beyond the radius of convergence for the linear stability of the equilibrium.
The self-written simulation had an extra oscillation for the simulation with the delay in equilibrium,
the blue line. We therefore believe that the stability is sensitive for the alpha delay . Thus, it is not
certain that the extinguishment is due to a physical moment, and could still be due to numerical
errors. It is therefore recommended to study the radius of convergence in future studies.
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3.4.4 Stable equilibria with negative perturbation
A typical result for negative perturbations on stable equilibria is shown in Figure 20. The plasma
stabilizes towards the original equilibrium as can be expected.

Figure 20: Typical result of a negative perturbation of 𝟏 𝐤𝐞𝐕 in a stable equilibrium. The plasma heats up to the
equilibrium. This happens faster with alpha delay, as the alpha energy density that contributes to the energy is higher
than without delay. The effect of the perturbation on the helium concentration is relatively small. It does not appear to
stabilize as quickly as the temperature or energy confinement time. However, it will stabilize after a longer period.

However, perturbations with a larger magnitude could extinguish the plasma, even if the
perturbation is less than the temperature difference between the burning and the ignition point.
This is due to the higher amount of helium still present in the plasma than if the plasma is in
equilibrium at the ignition temperature.
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An example of this is shown in Figure 21. In this example, the stable equilibrium lies at
. The
negative perturbation of
causes extinguishment, although the unstable equilibrium lies at a
temperature of
.

Figure 21: An extinguishment of the fusion plasma, caused by a negative perturbation of 𝟏 𝐤𝐞𝐕. The ignition point is at
a temperature of 𝟏𝟎 𝟎 𝐤𝐞𝐕 for this density. Despite that the temperature is not perturbed below the ignition point, the
accumulated helium ash reduces the alpha power density 𝑺𝜶 and causes the extinguishment.
The two graphs that used the alpha delay did not extinguish, because the perturbation was damped. These simulations
remained stable and the perturbation decreased over time.

This was also simulated for a longer period to confirm the stability influence of the alpha delay. This
perturbation was beyond the region of convergence for the simulation without alpha delay, but
stayed stable with the alpha delay.
This implies that the alpha delay increases the dynamic region of stability for the burning plasma.
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Negative perturbations could give similar oscillations as positive perturbations. The following figure
shows a simulation in the same possible operating point as discussed before. Oscillations were found
with a similar period as shown in Figure 22.

Figure 22: Simulation of possible operating point with a negative perturbation of
are clear oscillations present due to the high 𝝆-factor.

𝟎 𝟓 𝐤𝐞𝐕. There

The temperature decreases after the perturbation, although the stable equilibrium is at a higher
temperature and the energy confinement improves. This is caused by a drop in reactivity combined
with the helium ash that is present for a long period as the factor is relative high. The simulations
had a rising temperature for times
. This is typically the case, because the alpha heating
remains the same as for the equilibrium, whilst the energy confinement improves.
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3.5 Discussion
The evolution of the plasma is not only dependent on its temperature, but also on the helium
fraction. This can be seen as a form of memory, which turned out to be a new phenomenon. This
memory can lead to oscillations around stable equilibria that can even lead to extinguishing of the
plasma over time. Moreover, perturbations could be reinforced due to the helium concentration,
especially when no alpha delay is taken into account.
Therefore, the plasma could exceed the -limit more easily than expected. In addition, positive and
negative overshoot could lead to an extinguishing of the plasma.
The memory is more apparent for higher -values, as the helium influence lag is larger because of
the relative high helium confinement time
. Growing oscillations were only found for equilibria
beyond the Greenwald and -limit, which may have been caused by the lag in the helium
concentration. Nevertheless, the dynamic stability of the equilibria with helium ash taken into
account is possible subject for future study. It appeared that this stability could have a smaller radius
of convergence than one would expect when the dynamics are not taken into account.
One must be aware of possible numerical errors when examining this phenomenon, as the
timescales can be different. The timescale of the delay is roughly an order smaller than the energy
confinement time , which is smaller than the particle confinement time
.
The alpha delay
has a damping effect on possible perturbations. The reason for this is the
combination of timescales involved and the characteristics of the power densities. The conduction
losses contribute to the power balance as a negative feedback, because the energy confinement
increases when the temperature decreases. The alpha heating contributes as positive feedback on
this, as a higher temperature increases the reactivity and thereby the alpha heating. This has its
affect when the plasma is still perturbed, as the alpha delay
is always smaller than the energy
confinement time in the density region of
and
.
However, the alpha energy deposition is a continuous process and the energy transfer can happen
indirectly. The velocity distribution of the alpha particles is of importance on this. Therefore, it could
be beneficial for the model to include this distribution and even the collisions between alpha
particles.
However, this is not recommended, as the slowing down time is much smaller than the helium
confinement time
. Consequently, alpha particles become thermal in a relative short period.
Therefore, the alpha fraction is expected to be low, as well as their collision frequency and thus its
influence on the plasma evolution.
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4 Conclusions and recommendations
The conclusions answers the questions asked in the beginning of the study. The sub-questions are
treated first, and the main question afterwards. These include possible comments on the study. The
conclusions are finalized with recommendations to improve the model and go deeper into some
comments made.

4.1 Sub-questions
4.1.1 How long does it take an alpha particle to transfer its energy to the plasma?
We found an expression for the time it takes the alpha particle to slow down and become thermal.
This is roughly a quarter of the energy confinement time , depending on the plasma conditions.
However, the energy is not directly absorbed in the plasma, as a large fraction could go to the
electron population. Therefore, it is not yet clear how long the energy deposition on an alpha
particle takes. Nevertheless, the order of magnitude is expected to be the same order as the slowing
down time .
4.1.2

What is the influence of this ‘lag’ on the helium concentration and the power
balance?
The helium concentration and power balance are coupled. Any increase in reactivity will lead to a
higher alpha heating and a higher helium concentration. The increase in the helium population
comes at the expense of the fuel ion population, which reduces the fusion rate and thereby the
alpha heating. The lag in alpha heating is most important in the plasma evolution, as this damping
effect of the helium concentration is due to the decrease in fuel ions, which happens
instantaneously.
This delay in energy deposition is of importance when a perturbation occurs. The effects of the
temperature perturbation are damped by the delay. This is because the alpha power density
remains constant for some period, whilst the influence of the energy confinement gives a negative
feedback almost instantaneously.
4.1.3 What magnitude of a perturbation lets the plasma exceed the -limit?
The -limit depends on the electron density , which is held constant in the simulations, and the
temperature . Therefore, the -limit in the simulations is related to a certain temperature, called
the beta temperature .
Unstable equilibria only require a small positive perturbation to ignite, raising the temperature, to a
stable equilibrium if it does not cross the -limit. The crossing of the -limit could be caused by a
couple of reasons.
First, the temperature of the stable equilibrium might be larger than the beta temperature , the
temperature at which the -limit is crossed. Secondly, an overshoot due to the helium fraction could
result in the plasma exceeding the beta temperature . The delay could be beneficial for controlling
of the plasma, as it damps perturbations despite its relative small influence.
A stable equilibrium exceeds the -limit instantly when the temperature due to the perturbation is
higher than the beta temperature . However, a smaller positive perturbation could also lead to an
excursion of the -limit over time when no alpha delay is taken into account. The reactivity and
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conduction increase, because of the higher temperature. This will cause the fusion rate to increase
as well, which could result in a positive time derivative of the temperature ̇ . However, this is only
for a short period as the helium fraction begins to rise. Therefore, the fusion rate starts to decrease,
which leads to a lower alpha power density
and cooling of the plasma. Nevertheless, the initial
temperature increase could be reinforced for a short period.
4.1.4 Does the system return to its original equilibrium?
There are only two equilibria in each simulation, as the value for and the electron density
are
held constant. It could be that the plasma oscillates around another plasma state, but this was not
found in any simulation. Any exceeding of the -limit would lead to a disruption, in which case the
system would not return to its equilibrium.
If the system were in an unstable equilibrium, it would not return to its original equilibrium. It would
extinguish, ignite or cross the -limit.
Stable plasma will return to the original equilibrium for small perturbations. A large negative
perturbation is sufficient to lead to an extinguishment. This can also happen when the perturbation
is smaller than the temperature difference between the operation and burning point. This is due to
the helium concentration in the plasma
However, the delay could be beneficial for controlling the plasma in the stable equilibrium, as it
damps perturbations. It could help the plasma to converge to a stable equilibrium, whilst the
simulations without any delay extinguished.

4.2 Main question
4.2.1

How will a perturbation combined with the delay in alpha energy influence
equilibrium?
The delay in alpha energy damps the effects of temperature perturbations, due to the timescales of
the alpha delay and energy confinement time. The helium concentration lags behind on the
temperature development, which can cause oscillations, disruptions or the extinguishment of the
plasma.
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4.3 Recommendations
The model does not include any difference between helium and alpha particles. This could be
implemented by introducing the alpha particle density
to the simulations. This would have an
influence if the alpha particle confinement were different from the helium particle confinement or if
the collisions are taken into account in a different manner.
The collisions with two alpha particles are modeled as if one was thermal. This could be simulated in
a better way if the speed distribution was taken into account. The collisions with impurities could be
taken into account as well for a better model.
Another aspect that could improve the model is the indirect energy transfer, in particular the energy
transfer from the electrons to the fuel ions during the first stage of the slowing down process.
Further improvements could be made with another solver to exclude numeric errors or to derive an
analytical solution to the coupled delay differential equations.
The alpha delay has a small influence on the evolution of the plasma in most cases, but the helium
population does have a major impact on this evolution. Therefore, more research could be done on
the influence of the helium population on the dynamic stability. This could have an important impact
for stable operation of the fusion plasma.
We recommend starting this study without any alpha delay taken into account and add this later on.
Then it is recommended to look at an exact solution of coupled set of the differential equations. If
possible, this should include a separate alpha density, instead of combining it with the helium
density. If the choice is made to simulate the plasma using a numeric solver, than the choice of
solver is of importance on the outcome.
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Appendixes
A: Results ‘ode15s’ and self-written simulations
Unstable equilibria with positive perturbation
Two results were shown in the thesis, the typical result and one that extinguishes because of a large
second, negative overshoot, caused by the helium fraction. First, we show a typical result, which is
similar to the result of the ‘ddesd’-solver in Figure 12.

Figure 23: Temperature simulation for typical unstable equilibrium with positive perturbation.
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Next up is a simulation with the negative overshoot that extinguishes the plasma. The upper graph
shows this simulation done by the ‘ode15s’-solver.

Figure 24: Solution to positive perturbation at a
unstable equilibrium with ‘ode15s’ solver for stiff
problems. The overshoot due to helium
concentration results in a second, negative
overshoot, which leads to an extinguishment of
the plasma.
This simulation uses no alpha delay and is done
with the ‘ode15s’-solver. The black line resembles
the -limit, the horizontal without perturbation
and the other, curved line is perturbed with
at time
.

It can be seen that this graph is similar to Figure 13, with the same characteristics. This simulation
has also been done with the self-written simulation code, which also gave the same result.

Figure 25: Similar simulation with self-written
simulation. Only the temperature is shown.
The black line is the 𝜷-limit, the green line is a
simulations that uses no alpha delay. The blue
line uses the slowing down time in equilibrium
as delay and the red line uses a variable delay,
the slowing down time of the previous plasma
state.
The horizontal lines resemble simulations
without perturbation, in the equilibrium. The
curved lines are simulations with a perturbation
of 𝟏 𝐤𝐞𝐕.
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Stable equilibria with positive perturbation
The simulation shown below is made with the self-written algorithm. The plasma state is beyond
both the Greenwald and -limit, but shows the influence of the helium concentration. This causes
oscillations that grow overtime and lead to an extinguishment. Most remarkable are the blue and
red lines, in which an alpha delay is taken into account. The blue line should be similar to the blue
line, made with the ‘ddesd’-solver. Only, this one has an extra oscillation. This is due to numerical
errors.
It is therefore not clear if this is a physical phenomenon. It will require another study to give an
answer this.

Figure 26: Simulation of equilibrium, where the oscillations grow until the plasma extinguishes. This is done with a selfwritten simulation code, based on the explicit forward Euler method. It is remarkable that the blue line, which used a
constant delay (the slowing down time in equilibrium) has an extra alternation in respect to the ‘ddesd’-solver. This
must be a numerical phenomenon, as the two simulations are based on the same physics.
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