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Summary
Improved accuracy of flexible systems by state estimation: Applied to high-precision motion systems
High-precision motion systems are subject to aggressive reference trajectories
(5 g acceleration and upward) and demanding accuracy specifications (nanometer accurate reference tracking). Conventional control of such systems involves
decoupling of the rigid body dynamics. Then, decoupled feedback controllers
provide disturbance rejection, while decoupled feedforward controllers provide
the desired reference tracking performance.
Increasingly stringent performance requirements result in a desire for increased feedback control bandwidths. The increased bandwidth is beneficial for
the rejection of low frequency disturbances that are a source of tracking errors.
The bandwidth is currently limited by position-dependent resonance dynamics in
the transfer function of high-precision systems. These resonance peaks are due
to the limited mechanical stiffness of the high-precision motion system, their
position-dependent nature originates from position-dependent effects in actuators and/or sensors. The position-dependent phase behavior of these resonance
dynamics limits the feedback bandwidth that can be achieved with a conventional
(position-independent) control strategy.
In this thesis, it is proposed to add an observer, or state estimator, to the
standard control configuration. An observer uses a model and known in- and
outputs to estimate the internal states of the plant. By proper usage of the
estimated states, the effects of flexible dynamics on the feedback controller can
be reduced. By mitigating the flexible effects, the position-dependent phase
effect that prevents an increased control bandwidth can also be reduced. This
relaxes the bandwidth limiting effect and a higher feedback control bandwidth
can be achieved by a redesign of the position-independent feedback controller.
It is important that accurate estimates of the true states of the high-precision
motion system are generated by the observer. Based on an analysis of the specific disturbances, model class and expected model errors, an observer for the
proposed applications is derived. However, an observer for all flexible dynamics
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that are present in the flexible motion system is not a desirable approach. This
would result in a high-order observer, while only the first few flexible modes are
limiting for the feedback control bandwidth. By suitable truncation and augmentation, a model is obtained that is both of low order and sufficiently accurate
in the frequency region of interest.
Two applications of the estimated states that reduce the effect of the flexible
dynamics on the control loop are analyzed in this thesis. First, by subtracting
the estimated flexible effects from the real measurements, the estimated flexible
dynamics are made unobservable to the feedback controller. This results in a
significant reduction of the effects of the flexible dynamics in the control loop
and, furthermore, improves the rigid body decoupling in MIMO applications.
The flexible dynamics are still present in the plant and affect the performance
output. This limits the increase in bandwidth that can be obtained. A higher
bandwidth would increase the undesired effect of the flexible dynamics on the
performance output so a compromise must be made.
Second, by closing a state feedback loop around the plant, the damping of
certain flexible modes can be increased. The reduction in the effect of the flexible
dynamics in the control loop is smaller than for the first option. However, in
this case the flexible dynamics are actually reduced in the plant and not just in
the feedback path. Hence, their effect on the performance output is also reduced
which is beneficial for the tracking performance.
Both applications of the observer allow an increased feedback control bandwidth and thereby an improved disturbance rejection. The largest increase in
control bandwidth is achieved by the combined application of the two proposed
methods. The actual tracking performance in high-precision systems is largely
determined by the performance of the feedforward controller. Applying an observer in the parallel to the feedback controller necessitates a redesign of the
feedforward controller. In the appendix, a modification of the existing feedforward controller is proposed that compensates for the added observer dynamics.
The proposed observer and applications of the estimated states are applied to
simple simulation examples and a simulation model of a high-precision system.
Furthermore, experimental results are presented for both a SISO experimental
setup and the MIMO OverActuated Test-rig (OAT) at ASML. The OAT is a
planar motor, that is controlled in six degrees of freedom and is specifically
designed for a low mechanical stiffness, resulting in flexible dynamics with a resonance frequency of only 138 Hz. The simulations and experiments clearly show
the benefits of adding an observer to the existing feedback controller for highprecision motion systems: an increased control bandwidth and thereby increased
disturbance rejection properties.
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Motivation

Many high-precision motion systems are characterized by two key features:
1. High throughput.
2. High accuracy.
The requirements on throughput demand aggressive reference trajectories (5 g
and upward) that minimize the time between high-precision production phases.
During the precision phases, the reference trajectory has to be tracked with
extremely high accuracy (nanometer range). It is this combination of aggressive
reference trajectories and high accuracy that results in a challenging control
problem.
To increase the throughput, the motion task should be performed as fast as
possible. For this, light-weight moving parts facilitate acceleration and deceleration. However, a light construction often results in decreased stiffness, causing
the structure to deform under the forces applied to it [73]. This is detrimental to
the achievable positioning accuracy. In the future, this problem is expected to
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grow more severe as the requirements on high-precision motion systems become
increasingly stringent [15].
To increase accuracy, the disturbance rejection properties of the control loop
should be improved. Most disturbances have a low frequency spectral content,
and as such, an increased control bandwidth will reduce the effect of these disturbances on the tracking performance.
Besides deforming during acceleration, the moving part will also vibrate as
the control forces excite lightly damped flexible modes. These flexible modes
continue to vibrate during the precision phase and are a cause of high frequency
tracking errors.
The control problem is further complicated by the presence of positiondependent effects in the system. Depending on the particular high precision
motion system, the observation and/or actuation of the flexible dynamics depend
on the relative position of the moving part with respect to the sensors and/or
actuators. Currently, the position-dependent control problem is approached via
the two degrees of freedom control structure of Fig. 1.1.
Cff (position)

Reference

+

Input
Disturbance
+

Cfb

+

Actuator
Decoupling

+

Output
Disturbance

+

P(position)

+

+

−

Sensor
Decoupling

Figure 1.1: Two degrees of freedom approach to the position-dependent control
of high-precision motion systems.
In Fig. 1.1, the plant P is a multiple input, multiple output (MIMO) positiondependent system. Besides the desired rigid body behavior, P exhibits lightly
damped, flexible dynamics. The plant is decoupled in the controlled degrees
of freedom by two decoupling operators, one at the actuator side and one at
the sensor side. A position-dependent feedforward controller, Cff (position), and
position-independent feedback controller, Cfb , work together to achieve a desired
performance. The feedforward controller is responsible for the reference tracking
performance. Over 99% of the tracking performance in high-precision systems
stems from feedforward control [34]. However, feedforward control cannot influence the effect that input and output disturbances have on the plant. Ideally,
the feedforward controller transfer function should be equal to the inverse of the
plant transfer function [65]. As the plant is position-dependent, the feedforward
controller has to be position-dependent as well to obtain a good approximation of
the plant inverse. See [59] for an overview of feedforward control for lightweight,
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position-dependent motion systems.
The feedback controller stabilizes the control loop and provides disturbance
rejection. Its contribution to the tracking performance is limited to the rejection of the mismatch between the ideal feedforward control signal and the
actually applied feedforward control signal. Currently, the feedback controller
in high-precision motion systems is a diagonal, position-independent controller
with proportional, integral and derivative (PID) action, notch filters, and low
pass filters to provide roll-off [78]. It is designed to stabilize, for all positions,
the position-dependent plant and to satisfy a certain performance criterion [13].
The performance criterion is usually expressed as a sensitivity peak constraint. Furthermore, it is required that the feedback controller utilizes the
unfiltered measurement of the rigid body position. This ensures that there is no
frequency-dependent time delay between the measured tracking error and the
actual performance output of the system. Any delay degrades the tracking performance, as the controller acts on a delayed measurement. As a rule of thumb,
the additional tracking error that is caused by uncompensated delay is equal to
the delay multiplied by the velocity of the system. A fixed delay, caused by for
instance sample and hold operations, can be taken into account in the reference
signal, but delays introduced by filtering cannot.
As the demands on accuracy become more stringent, the disturbance rejection
properties of the control loop have to be improved. Increasing the bandwidth of
the feedback controller improves the low-frequency disturbance rejection of the
controlled system. However, the bandwidth of the position-independent feedback
controller is limited. Position-dependent phase effects at the resonance frequencies of the flexible modes are difficult to handle with a position-independent
feedback controller, resulting in a limited control bandwidth. By designing
a position-dependent feedback controller, the position-dependent effects of the
plant can be dealt with and an increased control bandwidth is possible.
The bandwidth-limiting flexible dynamics that occur are (mainly) driven by the
control forces (feedback and feedforward). As such, they can be considered deterministic disturbances on the rigid body measurement. Thus, provided that an accurate model is available, observer-based techniques can be exploited to estimate
the states of the rigid and flexible dynamics separately. The estimated states can
subsequently be used to mitigate the position-dependent effects of the flexible
modes on the control loop. This relaxes the design problem for the positionindependent feedback controller and allows for a higher bandwidth. The combination of a position-dependent observer and position-independent controller
can be considered as a position-dependent controller. Hence, this approach can
be considered a structured method of designing a position-dependent feedback
controller.
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An observer is defined as any system whose states converge to that of the
target plant [58]. A well known observer structure for linear systems, is the the
Luenberger observer [51]. Luenberger type observers utilize a model P̂ of the
plant and a feedback matrix L that acts on the difference between the predicted
measurements ŷ and the measurements y. By proper selection of the gain matrix
and an accurate model, the states of the observer converge to the plant states
in the absence of disturbances. When disturbances are present, the estimated
states can still converge to a value close to the true states.
Fig. 1.2 shows the interconnection of the observer O and the plant P . The
known plant inputs u and measurements y are used to produce an estimate x̂
of the internal plant state x. The disturbance input w is an unknown input to
the plant and cannot be used by the observer, while the output disturbance d is
unknown and perturbs the measurements.
w
u

d
+

+

P

y
+

L
ŷ

−

x̂

P̂
O

Figure 1.2: The observer O utilizes a model of the plant, known inputs, and
measured outputs to estimate the states of the plant.
The benefits of adding an observer to the feedback loop will be investigated
in this thesis. Both the application of the estimates and the design of an observer
for high-precision motion systems are topics of interest.

1.2

Research goal

The research goal of this thesis is defined as follows,
Research goal. Increase the closed-loop bandwidth of position-dependent highprecision systems by adding an observer to the control structure as depicted in
Fig. 1.3. High-precision motion systems are characterized by the following items:
• Parasitic, badly-damped flexible dynamics close to the closed-loop bandwidth.
• Position-dependent dynamics that can occur at the actuators, sensors and/or
structural dynamics.

1.3. Alternative approaches in literature

5

• Very accurate measurements, possibly contaminated by position-dependent
effects of the flexible dynamics.
• The need for very accurate positioning (sub nanometer range) of the rigid
body position.

Cff (position)

Reference

+

+

Cfb
−

Input
Disturbance
+

Actuator
Decoupling

+

+

Output
Disturbance

+

P(position)

+

+

+

+
−

O(position)
Sensor
Decoupling

Figure 1.3: Interconnection and observer and the two degrees of freedom control
loop.
In this thesis, the following definition of feedback control bandwidth is used.
Definition 1.2.1. The control bandwidth is defined as the first 0 dB crossing of
the open loop frequency response. For decoupled MIMO systems, the bandwidth
is determined for each loop separately.

1.3

Alternative approaches in literature

In literature, several other approaches to attain an increased control performance
for high-precision systems can be found. The following approaches that provide
a systematic framework to achieve an increased feedback control bandwidth, are
discussed in more detail.
1. Applying additional filters in the control loop of Fig. 1.1 to mitigate the
effect of flexible dynamics.
2. Dynamic decoupling of the motion system, to reduce the position-dependent
effects of the flexible modes.
3. A black box design of a position-dependent feedback controller for the
control loop of Fig. 1.1.
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Manually tuning decoupled position-dependent PID controllers is not considered here. The decoupling of the plant is only achieved for rigid body motion
and the interactions between the various degrees of freedom are dominated by
the position-dependent flexible effects. Manually designing a position-dependent
controller with satisfactory performance is difficult for such systems.
For discussing the three alternative approaches, it is valuable to define and
describe the following relevant signals:
The true rigid body position: qrig (t) ∈ Rnrig
The true flexible position with respect to qrig (t): qf lex (t) ∈ Rnrig
The true position of the system: q(t) = qrig (t) + qf lex (t)
The reference of the rigid body position: r(t) ∈ Rnrig
The three approaches are shortly discussed in the following sections.

1.3.1

Applying additional filters in the control loop

The feedback control bandwidth is limited by the contribution of the highfrequency flexible dynamics qf lex (t) on the measurements of the position q(t). A
first idea could be to apply a filter H(s) to the measurements. The filter can be
selected as a single or multiple notch filter(s) tuned to specific resonance(s) (denoted Hnotch (s)) or a low pass filter Hlp (s) to suppress high frequency content.
Both the notch filter and the low pass filter will effectively reduce the effect of
flexible dynamics on q(t) and could allow an increase of the control bandwidth,
by re-tuning the existing feedback controller.
Unfortunately, any implementable filter adds phase in the pass band and,
more specifically, in the control bandwidth of the closed loop system. The filter
leads to the feedback controller acting on the measured tracking error emeas =
r − H(s)qrig − H(s)qf lex ≈ r − H(s)qrig . For low frequencies this does not match
the true tracking error etrue , due to the phase effect of H(s). This matters.
Consider a high precision system that moves at a velocity of one meter per
second. A filter operation induced time delay of only one micro second will
result in an error of one micrometer, three orders of magnitude larger than the
desired accuracy. Any solution to research goal defined in Section 1.2 should
have negligible or constant phase delay present in the measurement of the rigid
body position.
By placing the filters inside the feedback controller, the phase delay between
reference and measurement is removed. The new feedback controller is then
given by, Cfb,new (s) = H(s)Cfb (s). The effect on the loop gain remains the same,
the filters reduce the loopgain at the resonance frequencies, but the measured
tracking error is not affected by the phase effects of the filters.
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However, when the filters are position-independent and the plant behavior
changes over position, the filters must be tuned for the worst case scenario to
ensure stability for all positions. This introduces some conservatism.
Applying position-dependent (notch) filters can reduce this conservatism [37,
38]. The combination of the position-independent feedback controller and the
position-dependent filters results in a new position-dependent feedback controller
with increased bandwidth.

1.3.2

Dynamical decoupling

Another approach, which is related to the additional filters, is modifying the matrices that are used to decouple the actuator and sensor signals in the controlled
degrees of freedom. The actuator decoupling matrix is given by Γ ∈ Rnact ×nrig
and the sensor decoupling matrix is given by Υ ∈ Rnsens ×nrig . The matrices are
selected such that the product ΥP Γ is dominantly diagonal up to the resonance
frequencies.
The main source of excitation for the flexible dynamics is the control effort.
When the decoupling matrices are selected such that the flexible modes are not
excited or observed, the feedback controller is not constrained by the flexible
effects [32].
In [33], a dynamic decoupling matrix is designed based on system data for
a position-dependent system. As the plant varies with position, the decoupling
will vary with position as well. A position-dependent controller is then obtained
by combining the position-dependent decoupling with the position-independent
feedback controller.
Realizing the position-dependent decoupling can be difficult. The number
of available sensors and actuators limits the number of degrees of freedom that
can be decoupled. By adding dynamics to the decoupling matrices, knowledge
regarding the frequency of the flexible modes can be used. Thus separating the
high frequency flexible degrees of freedom from the low frequency rigid body
degrees of freedom. This closely resembles the use of additional filters in the
control loop. Like the additional filters, translating knowledge of the position
dependency into a dynamic decoupling matrix can be difficult.
When both the number of sensors and the number of actuators are larger
than the number of rigid body degrees of freedom, the system can be decoupled
into the rigid body degrees of freedom and one or more additional flexible modes.
This approach is utilized in [35] for a position-independent system. Instead of
using an observer to mitigate the effect of flexible dynamics, additional actuators
and sensors are used to control a flexible mode which removes its bandwidth
limiting effect. Subsequently, a new controller is designed with an increased
control bandwidth.
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1.3.3

Black box control design

Black box control design methods transform the control design problem to an
optimization problem that minimizes a certain cost function,
Cfb (s) = arg min J(P (s), W (s), C(s))
C(s)

over all stabilizing feedback controllers C(s). Here P (s) denotes the plant and
W (s) are weighting filters. Depending on the cost function J, the controller is
optimal in a certain framework. Two popular frameworks are H2 and H∞ [69].
The H2 framework minimizes the transfer from disturbance inputs to performance outputs in the two-norm, i.e. the energy in the performance output as
function of the energy in the disturbance inputs is minimized. The H∞ framework performs the minimization in the infinity norm, effectively reducing the
worst case performance of the system. The optimization based approaches can
act directly on the MIMO plant, using the full design freedom available to achieve
a high bandwidth controller.
The weighting filters W , together with assumptions on the disturbances affecting the plant, create the optimization problem. Any stabilizing controller is
optimal for a certain choice of weighting filters [16]. Therefore the selection of
weighting filters is critical. They should reflect the desired closed loop performance. Indeed, many applications focus on the selection of weighting filters [78].
Typically, diagonal weighting filters are used. In [8, 9], a design algorithm for
non-diagonal weighting filters is proposed. This allows for the specification of
performance objectives up to higher frequencies compared to diagonal weighting
filters.
The resulting feedback controller has an order that is equal to the order of
the weighting filters W (s) combined with the order of the plant model P (s) [69].
Reduction techniques can be used to obtain reduced order controllers, either by
directly reducing the plant model [29, 70] or by closed loop model reduction
[83, 80].
By specifying a position-dependent plant P (s, position), one can change this
formulation so as to adopt position dependency. One way to do so amounts to designing a position-independent controller which satisfies the desired performance
and stability constraints for all positions, i.e. the controller is robust for the plant
variations [78]. Typically, this will result in conservative designs which reduces
the achieved performance [30]. Alternatively, a position-dependent controller
can be found which varies with position, see for instance [36] for an overview of
applications of LPV control validated by experiments.
To solve the optimization problem, it is often formulated as a system of linear matrix inequalities (LMIs). This renders the problem convex, which allows
use of efficient numerical solvers. To obtain a system of LMIs when position de-
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pendency is accounted for explicitly, the position dependency must be contained
in a convex set. This introduces conservatism when the convex set is an overapproximation of the true position dependency. Constructing a convex set with
reduced conservatism results in an increased number of vertices. As the system
of LMIs has to be satisfied for all vertices of the convex set [26], the reduction in
conservatism comes at an increased computational complexity which can make
the problem infeasible. The expected order of the model in high precision motion
systems is likely to trigger these numerical issues.

1.3.4

Summary

Existing high-precision motion systems already make use of dynamical filters and
advanced decoupling matrices. Typically, the filters are position independent
and aimed at suppressing specific resonance frequencies. The dynamic decoupling matrices are aimed at improving the rigid body decoupling by suppressing
specific modes.
The optimization based approach has two main benefits. The optimization
based design method can deal with the full MIMO system and as such has more
design freedom than the observer based approach which is limited to compensation signals that are added to the inputs and measured outputs of the plant.
The second benefit has to do with robustness. This is straightforward to incorporate in the optimization based approach. Optimization based approaches to
control design for high-precision motion systems is already explored in literature.
Typically, only a partial problem is solved. The plant is either assumed to be
position independent with uncertainty for which robustness is desired, or the
plant is position dependent but no uncertainty is considered. Based on existing
results, it is expected that solving the joint problem of robustness to model errors
and position-dependent plants suffers from numerical and computational issues
when applied to high-precision motion systems that typically have high order.
In comparison, the application of an observer in addition to the existing
feedback control structure is unexplored in literature. Its main benefits are
the structured way of designing the position-dependent feedback controller. The
position-dependent controller is created by sequentially designing the decoupling
matrices, the observer, and the feedback controlller. Hence, the observer has less
design freedom than the black box design methods. However, as the signals
and estimated values have a clear physical interpretation, the design process and
resulting controller are easier to understand. As such, the interconnection of the
existing controllers and the additional observer based compensation is expected
to facilitate implementation in both new and existing applications. In this thesis,
the observer based approach is pursued to investigate its merits and drawbacks.
Remark 1.3.1. A theoretically less important, but practically relevant obser-
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vation is the following. The observer-based approach is a small addition to the
existing control design. The existing closed-loop controller is augmented with an
observer to obtain a position-dependent feedback controller. Convincing operators, or system engineers, is easier when such a structured approach is available
than is the case for direct design of a position-dependent feedback controller.
Remark 1.3.2. Future industrial applications likely involve a combination of all
approaches. Decoupling of the degrees of freedom facilitates the control design,
whether it is optimization based or decoupled SISO PID tuning. Application of
the observer can be used to reduce the position-dependent flexible dynamics in
the plant, which facilitates both the design of an optimization based feedback
controller and decoupled SISO PID control. This interaction is, however, outside
the scope of this thesis. It focusses on the application of the observer to the
existing feedback structure, i.e. decoupling and decoupled PID control.

1.4

Research questions

The research goal can be summarized as maximizing the control bandwidth
by applying an observer to the standard control configuration. The standard
configuration consists of a position-independent feedback controller, a positiondependent feedforward controller, and matrices that decouple the plant into the
controlled degrees of freedom.
Based on this overall research goal, two research questions are formulated.
Research question 1. How can the estimated states be used to mitigate the effects of flexible dynamics of the position-dependent high-precision motion system
on the closed loop system performance?
Research question 2. Can one find the optimal observer for high-precision
motion systems to support the applications of research question 1?
Before these questions can be answered the non-specific terms must be explicitly stated. What, for instance, is the definition of closed loop system performance in this thesis?
A class of high-precision motion systems is introduced that is used to answer
the two research questions.

1.5

Wafer stage in semiconductor lithography

The wafer stage that is used in photo lithography is one example of a highprecision motion system that exhibits position-dependent effects, has high throughput demands, and is subject to high-precision tracking requirements. In photo
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lithography, patterns on a mask are transferred to a silicon wafer. It is one of the
steps in the production of semiconductor chips. The wafer stage is used to position the wafer underneath a column with optical components to allow exposure
of a single die on the wafer.
A light source is used to transfer a pattern from the mask to a photosensitive
coating on the silicon wafer. The exposure takes place while the wafer is moving at a constant velocity vscan [m/s] through an illuminated slit of dimensions
lslit [m] by wslit [m].The mask moves through the same illuminated slit, in the
opposite direction as the wafer. When the movement of both the mask and the
wafer is performed synchronously, the entire pattern on the mask is transferred
slit
[s].
to the wafer. Each point on the wafer is exposed for T = vlscan
The scan is finished when the whole pattern is transferred onto the wafer.
Before a subsequent part of the wafer is illuminated, the wafer stage has to move
to a different position and has to accelerate to the same constant velocity. This
process is repeated until the entire wafer has been exposed. Then, the wafer is
subjected to chemical, mechanical and thermal processing. After these steps a
new photo sensitive coating is applied and the next pattern can be exposed. This
is repeated several times, until the entire layout of the chip is created. Finally, the
wafer is sliced into identical parts, bonded, and packed into integrated circuits,
which support billions of audio, video, tablets, mobile devices and computers.
An example of a photo lithography scanner is shown in Fig. 1.4.

Figure 1.4: An ASML Twinscan NXE 3100 scanner that is used in semiconductor
lithography. The optical path is displayed in green and two wafer stages are
visible. The reticle stage is visible at the top.
The control loop of the wafer stage is implemented in a discrete-time en-
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Acceleration

Velocity

Position

vironment with a relatively high sampling frequency. It is not uncommon to
have a sampling frequency that is ten times higher than the bandwidth limiting
flexible modes. The high accuracy measurements of the position of the stage
are obtained by means of optical sensors. As the sampling is performed directly
by the optical sensor, no electronic anti-aliasing filter can be used. By sampling
at a high frequency, the effect of aliasing on the low-frequency content of the
measurement is reduced.
For our purposes, the exposure of a single die or field is of interest. A typical
scan trajectory (position, velocity, and acceleration) for the exposure of a single
die can be split into four phases: acceleration, settling, scanning, and deceleration. A typical scan trajectory is given in Fig. 1.5, the four phases are denoted
by [ti−1 , ti ]. The first phase, [t0 , t1 ], is the acceleration phase, where the wafer
stage accelerates to the desired scan speed vscan . In the second phase, or settling
phase, a small waiting time [t1 , t2 ] is implemented to allow transients to damp
out. The third phase [t3 , t2 ] is the scanning phase, where the actual exposure
is performed while the wafer stage moves at a constant velocity. When the exposure of a die is competed, the fourth phase [t3 , t4 ] is used to decelerate the
system. The fourth phase of one exposure of a die is usually combined with the
first phase of the subsequent die to improve the system throughput. The time,
Li [s], of each of these four phases is defined by the times ti , i = 0, . . . , 4, namely
Li = ti − ti−1 , i = 1, . . . , 4.

t0

t1

t2

t3

t4

Time

Figure 1.5: A typical scan trajectory
The hardware, such as actuators, sensors, and the actual wafer stage, influence its performance. New actuators can increase the forces that can be applied
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to the system, shortening the acceleration and deceleration phases. Novel sensors
could be used to mitigate the effect of flexible dynamics on the control loop. The
stiffness and damping properties of the wafer stage also influence the severity and
duration of excited flexible modes. The scan settings, such as die dimensions,
scan speed, and trajectory over the wafer, similarly influence the performance of
the wafer stage. In this thesis these parameters are considered fixed. The focus
is on the control strategy of the wafer stage and its influence on the performance
(accuracy and throughput) of the system.

1.5.1

Currently implemented control strategy

The two degrees of freedom control approach of Fig. 1.1 is depicted in more
detail in Fig. 1.6. The wafer stage is denoted by P , a dynamical system with
nact control inputs and nsens sensor outputs. The matrices Γ ∈ Rnact ×nctrl and
Υ ∈ Rnctrl ×nsens are position-dependent matrices, that decouple the plant P into
the nctrl controlled degrees of freedom. The matrix Γ decouples the actuator
signals and Υ decouples the sensor measurements.
Cff
r

+

emeas

Cfb

uff
w
+u

ufb
+

Γ

f

v
+

+

−

P

y+ −

Υ

q+ −

etrue

+
+

Υ

d

Figure 1.6: A typical (high precision) control architecture. The plant P , decoupling matrices Γ and Υ, and the feedforward controller Cff can be positiondependent.
There are four inputs to the closed loop:
• The reference r(t) ∈ Rnctrl that describes the desired trajectory of the
system.
• The input disturbance w(t) ∈ Rnact which represents the actuator offset
and actuator noise.
• The sensor reference v(t) ∈ Rnsens is defined as the position of the optical
column.
• The sensor noise d(t) ∈ Rnsens which typically is very small (.15 nm RMS).
Two important signals in the closed loop are:
• The true tracking error etrue (t) ∈ Rnctrl that is defined as etrue (t) = r(t) −
q(t).
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• The measured tracking error emeas (t) ∈ Rnctrl that is defined as emeas (t) =
r(t) − q(t) − Υd(t)s.

The system P is not only being characterized by its six rigid body modes in
the three dimensional space. In the continuing effort to increase the throughput,
the acceleration and deceleration in phases L1 and L4 (Fig. 1.5) has to be increased, necessitating mechanical components with lower mass and less stiffness.
Consequently, parasitic flexible dynamics occur in P . These dynamics manifest
as lightly damped flexible modes, that introduce large spikes at their resonance
frequency in the transfer functions of the system. As a consequence, the process
P represents not only the rigid body modes, but also the modes of all, unwanted,
flexible dynamics as well. As will be shown in Section 1.5.2 and Chapter 2, the
system P also experiences position dependency. Its input-output transfer function changes during a scan and depends on the relative position of the wafer with
respect to the sensors and actuators.
The feedforward controller (Cff ) provides more than 99% [34] of the reference tracking performance. The ideal feedforward controller is defined by the
plant inverse, Cff = (ΥP Γ)−1 and results in zero tracking error in the absence
of disturbances. In reality, the ideal feedforward controller cannot be realized
due to model uncertainty, non minimum phase zeros in the plant, and causality issues. For that reason, data based feedforward design is used to obtain a
feedforward controller with satisfactory performance. In [1], an overview of data
based feedforward design methods is supplied.
In this thesis, the data based feedforward design method of [54] is used
when tracking simulations are performed. The method can deal with positiondependent plants and is suitable for flexible systems. In [54], the feedforward
controller is parameterized as gains that act on differentiated versions of the
reference. The gains are optimized based on experimental data such that the
tracking accuracy is maximized.
The feedback controller (Cfb ) stabilizes the system and provides disturbance
rejection. Typically, Cfb is diagonal and consists of nctrl independent SISO PID
controllers with additional filters [13]. The controllers stabilize all realizations of
the position-dependent plant, and the control bandwidth is maximized to achieve
low-frequency disturbance rejection. The bandwidth, however, is limited by the
presence of flexible dynamics in the plant.
Due to the position dependency in the plant, the phase behavior of the transfer function around the resonance frequencies varies with the position of the plant
P . This position-dependent phase behavior of the plant is an issue when stabilizing all realizations of the plant.
Example 1.5.1. Consider the flexible system of Fig. 1.7a, that consists of three
masses connected by springs and dampers. The damping is small and results in
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(a) A three mass spring damper system (b) Control loop used in this example,
used to show the effect of position de- where the measured output is either x1
pendent behavior on the control loop. or x2 .
about 0.5% modal damping. The transfer functions from input f to positions x1
and x2 , are visible in Fig. 1.8a. Either x1 , or x2 will be used in the feedback loop.
This is a typical situation in high-precision systems, where certain sensors will
be blocked depending on which part of the wafer is currently exposed. Hence,
the plant is position dependent. The control loop is given in Fig. 1.7b.
An LTI PID controller is designed for the transfer function from f to x2 . The
controller tuning approach that will be described in Section 3.1 and the obtained
bandwidth is 45 Hz. The Nyquist plot in Fig. 1.8b shows that the closed loop is
stable for the transfer function from f to x2 . However, the loop is unstable for
the transfer function from f to x1 as the minus one point is encircled. To ensure
that the controller stabilizes the control loop, regardless of which measurement is
used in the feedback loop, the gain at the resonance frequency must be reduced.
This can be achieved by applying a low pass filter or notch filters tuned to specific
frequencies to the controller, or by reducing the gain, which results in a reduced
feedback control bandwidth.
Hence, use of a single controller that must stabilize the control loop for all
possible position limits the achievable control bandwidth.

1.5.2

Origin of position-dependent effects

Until now, the position-dependent effects in the plant were considered as given.
Here, the physics of these position-dependent effects are described. A distinction
can be made between position-dependent effects that affect the control loop and
position-dependent effects that affect the performance output.
Position-dependent effects in the performance output occur as different parts
of the wafer are exposed. A different part of the wafer has to be in-focus. Depending on the specific location, the flexible effects will have a more or less
severe impact on the system performance. This position-dependent behavior affects the performance of the system but does not affect the stability or control
performance. Position dependency that occurs in the transfer function between
control inputs and measured outputs does affect the stability of the closed loop.
Different types of high-precision motion systems can have different position-
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(a) Transfer function from control in- (b) Nyquist plot of the open loop at two
put to measurement at two positions. positions.
Figure 1.8: Illustration of the difficulty in stabilizing a position-dependent flexible
system with a position-independent controller. Blue: x1 is output, green: x2 is
output.
dependent effects that occur in transfer function between control inputs and
measured outputs. Three causes for position-dependent effects that are present
in wafer stages are described. The position-dependent effects can originate at
the sensor side, the actuator side, and in the structure itself.
When position dependency occurs at the sensor side, it is introduced by sensors
that do not measure at a fixed location on the wafer stage. Typically, this is
the case when interferometer systems are used. They are located on a vibration
isolated measurement frame. When the stage moves, their relative position with
respect to the wafer stage varies [77]. Then, the sensors experience the flexible
dynamics in a different manner based on the spatial mode shapes. This results
in position-dependent anti-resonance frequencies in the transfer function from u
to q.
This position dependency can be avoided by utilizing encoders that are fixed
on the wafer stage. However, when the wafer is exposed at positions close to
the encoder position, its signal is blocked by the optical column. To deal with
this loss of measurement, the encoder that is about to lose its measurement
is smoothly faded out while another encoder is activated. In about 20 ms the
encoder signals are switched, which results in a change in the plant transfer
function that is experienced by the feedback controller.
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Position dependency at the actuator side can occur in systems that are electromagnetically levitated. In moving magnet planar actuators [43, 49, 61], the
actuators consist of coils located on the fixed world and a magnet array that is
fixed to the wafer stage. The coils generate a field that results in a force distribution on the magnet array. When the relative position of the magnet array with
respect to the coils changes, the force distribution on the magnet array varies.
When this relation is known exactly, its inverse can be used to compensate for
the position dependent effects. Due to manufacturing tolerances and unmodeled
effects, only an approximate inverse is available and a position-dependent force
error remains.
Position dependency in the structural dynamics occurs in immersion lithography
applications [74]. In immersion lithography, a small amount of water is placed
between the wafer and the optical column. During exposure, the refractive index
of water, instead of air, is experienced which allows a smaller feature size [74].
Over the course of the wafer exposure, the mass of the water moves relative to
the wafer stage. This results, amongst others, in a position-dependent inertia,
position-dependent resonance frequencies, and position-dependent disturbances
for the wafer stage system. As the immersion technology cannot be used for
EUV applications, due to the vacuum conditions, position-dependency in the
structural dynamics is not an issue for EUV applications.

1.5.3

Performance criterion

In industry, the performance of the wafer stage is judged with two performance
criteria [13], representing accuracy and throughput:
• The criterion related to the accuracy of the exposure process is determined
during the scanning phase of the trajectory. The accuracy is characterized
by two values: Moving Average (MA(t)) and Moving Standard Deviation
(MSD(t)). These values are calculated a-posteriori from the measured
tracking error emeas (t) by,
Z T
1 t+ 2
emeas (τ )dτ
MA(t) =
T t− T
2
v
u Z t+ T
u1
2
MSD(t) =t
(emeas (τ ) − MA(t))2 dτ
T t− T

(1.1)

(1.2)

2

for t ∈ [t2 +
point.

T
2 , t3

−

T
2 ],

with T =

lslit
vscan

[s] the exposure time of a single
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The moving average represents the average tracking error over the total
exposure of a single point on the wafer. As the wafer is exposed a number of
times when a chip is produced, the moving average determines the accuracy
with which the layers are aligned on top of each other. The effect of moving
average effects are depicted in Fig. 1.9a, where the different layers of an
RGB image are slightly shifted. The red, green, and blue layers are no
longer aligned and a distorted image is visible.
The moving standard deviation provides a measure for the variation during
the exposure. This relates to the sharpness of the exposed image. Fig.1.9b
shows the effect of MSD on an RGB image. The red, green, and blue layers
are aligned, but a blurring effect occurs due to the high frequency effect of
MSD(t).
Typically, the specified performance levels for MA(t) and MSD(t) are different. However, when the specified performance levels for MA(t) and
MSD(t) are the same, the two criteria for accuracy can be combined into
the root mean square (RMS) value of the tracking error during the exposure
of a single point as shown in Appendix B,
v
u Z T
u 1 t+ 2
p
2
2
emeas (τ )2 dτ
rms(emeas (t)) = MA(t) + MSD(t) = t
T t− T
2

(1.3)

Eq. 1.3 represents the finite-time two-norm of the signal emeas (t).
• The second criterion is the throughput of the system. Throughput is defined as the number of processed wafers per hour [1/h]. Given a certain
layout on the wafer and chip size, the throughput can only be improved
by reducing theP
total time, L [s], required for a single scan. This time is
defined by L = 4i=1 Li = t4 − t0 .

The performance of this high precision system can be improved by increasing the
accuracy and/or the throughput. The throughput can be increased by maximiz−t2
. When the hardware is considered fixed, i.e. the maximum
ing the ratio tt43 −t
0
acceleration and the scan speed are fixed, the throughput can only be increased
by reducing the length of the settling phase, L2 = t2 − t1 . The accuracy can be
increased by reducing the moving average and/or moving standard deviation. Increasing the feedback control bandwidth improves the low frequency disturbance
rejection properties of the closed loop. This has several effects,
• The transient effect, caused by a non-ideal feedforward, is reduced. This
improves the throughput as the length of the settling phase can be reduced
(see Fig. 1.5).
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(a) Moving average errors result in an (b) Moving standard deviation errors
offset between the different layers.
result in an image that is blurred.
Figure 1.9: The effects of moving average and moving standard deviation errors
are shown on an RGB image.
• A reduced low-frequency tracking error which reduces MA(t).
The moving average can be viewed as a convolution of emeas (t) with a rectangular
window of length T . The moving average can therefore be viewed as a filter whose
transfer function is a sinc function in the frequency domain. Due to the low pass
characteristics of the sinc function, MA(t) is a measure for the low frequency
effects of the tracking error. The tracking error can be described by the sensitivity
function, which has a slope of +3 for very low frequencies which turns in a +2
slope for frequencies above the zero of the PI(D) controller. As a rule of thumb,
1
. Hence,
the moving average will scale with bandwidth according to MA(t) ∽ f 2.5
bw
an increased control bandwidth results in a significant performance improvement.
For example, a 10% increase in closed loop bandwidth will result in a reduction
in moving average of 21%.
Another effect of evaluating MA(t) instead of emeas lies in the specific spectrum of the sinc function. There are certain frequencies where the transfer
function of the moving average filter is exactly zero. As such, certain frequencies
in emeas do not contribute to MA(t). The location of the zeros depends on T
which is a function of lslit and vscan . Thus, they depend on the specific scan
settings. Although the selection of T can be used to improve the MA(t) performance, by removing resonance frequencies from the performance measure, this
is not pursued in this thesis. Here, the effects of the observer application are
investigated.
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1.6

Outline of the thesis

In chapter 2, state space models of a high precision system with high throughput
requirements are derived. Model reduction techniques that yield appropriate
models are presented. These models are computationally more efficient than
high order finite element models (FEM), but capable of sufficiently accurately
representing the relevant phenomena for controller and observer design. By using
a modal form of the model, the individual modes (rigid and flexible) are explicitly
visible. It will be shown that for many mechanical topologies of measurement
frame, wafer stage, lens and sensors, position-dependent effects will arise. These
dependencies will be described explicitly.
In chapter 3, an answer to research question 1 is given. A number of applications of the estimated states are described, analyzed, and discussed. The
applications are grouped together based on the point where the estimates are
applied to the control loop. First, applying (a function of) the estimated states
at the plant output is considered. Second, applying (a function of) the estimated
states at the plant input is investigated. Finally, the joint application at plant
input and plant output is studied. This analysis is performed in continuous time
and for position-independent systems, as this facilitates the discussion.
Chapter 4 extends the observer applications derived in Chapter 3 to discretetime, position-dependent, and MIMO systems. The extension to discrete-time is
relatively straightforward. For position-dependent systems, relevant extensions
of the derived approaches are discussed. The application to MIMO systems
focusses on the effect of the proposed approaches on the decoupled plant. A new
selection criterion for the damping gain is proposed that improves the resulting,
decoupled plant.
In chapter 5, we aim to derive an optimal estimator for high-precision motion
systems (in some norm) to provide an answer to research question 2. Highprecision systems are subject to a specific class of disturbances, which are neither
zero mean, nor white, nor Gaussian and might even be correlated to the control
input. Furthermore the position-dependent effects must be taken into account
to obtain a good estimate of the plant states. Finally, the observer has to be
robust with respect to small errors in the modal parameters.
In chapter 6, the designed observer and proposed applications of the estimated states are validated on an experimental setup. The system that is considered is a planar motor, controlled in six degrees of freedom and specifically
designed to exhibit flexible behavior. Time-domain tracking results are shown to
confirm that the observer based compensation results in an increased accuracy.
Finally, the conclusions of this thesis are stated in chapter 7. By comparing
the achieved results to the posed research question the results are evaluated.
Recommendations for future research are also given.

21

Chapter 2

Modeling for observer design
Outline
2.1
2.2
2.3
2.4
2.5

Modal decomposition .
Model order reduction
Position dependency .
Discretization . . . . . .
Conclusion . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

21
25
29
34
37

A model is needed to derive an observer for the states of the plant P in
Fig. 1.6. In this chapter, the various stages of modeling for observer design are
described. First, the modal decomposition procedure is introduced in Section 2.1.
As the true flexible system is a high order system, a model reduction procedure
is detailed in Section 2.2. Section 2.3 explains how position-dependent effects
are taken into account in the model and the model reduction procedure.
Although the plant is a continuous-time physical system, the observer and
controllers are implemented in a discrete-time environment. Measurements are
taken at certain time instants and the control action is applied only at discrete
points in time. The observer has to operate in a discrete-time environment
and thus, a discrete-time model is required. Section 2.4 shortly describes the
discretization process.

2.1

Modal decomposition

The modal form [27] is a useful representation for flexible systems subject to
modal or proportional damping. Proportional damping refers to damping that
is proportional to the stiffness matrix of the system. This form is used in many
applications of vibration control [25, 27]. It is useful because it allows for a
low-order representation of high-order systems in nodal form. These high-order
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systems in nodal form, often result from finite element modeling of a mechanical
system. In modal form, the different vibration modes η are internally decoupled.
The modal form can be obtained from the equations of motion in nodal form,
M q̈ = − D q̇ − Kq + Sa f

(2.1)

where M ≻ 0 ∈ Rn×n is diagonal and denotes the mass matrix, D  0 ∈ Rn×n
is the damping matrix, K ≻ 0 ∈ Rn×n is the stiffness matrix, f ∈ Rnact is the
force input vector and q ∈ Rn is the position of the nodal points. The operator
Sa : Rnact → Rn distributes the input force f over the nodal points.
By solving an eigen decomposition (2.2), under the assumption that the system is undriven (f = 0) and undamped (D = 0), a constant transformation
matrix Φ is obtained.
KΦ = M ΦΩ2

(2.2)

Besides the transformation matrix, the eigen decomposition also yields the matrix Ω2 that contains the square of the characteristic frequencies of the modes on
its diagonal. Typically, the matrix Φ is mass normalized such that Φ⊤ M Φ = I.
The constant transformation matrix Φ is also called the mode shape matrix.
Using the state transformation Φη = q and left multiplying with Φ⊤ the system
is transformed to modal form,
Φ⊤ M Φη̈ = − Φ⊤ DΦη̇ − Φ⊤ KΦη + Φ⊤ Sa f
η̈ = − Φ⊤ DΦη̇ − Φ⊤ KΦη + Φ⊤
af
η̈ = − 2ZΩη̇ − Ω2 η + Φ⊤
af

(2.3)

where, Ω = diag(ω1 , . . . , ωn ) is the matrix containing the characteristic frequencies of the modes, Z = diag(ζ1 , . . . , ζn ) contains the modal damping ratios ζi of
⊤
each mode, and Φ⊤
a = Φ Sa is the mode shape matrix evaluated at the position
where the forces are applied.
The damping of each mode is assumed to be proportional to its frequency, so
Z is a diagonal matrix. In reality, non-proportional damping is present and the
modal damping matrix Z is not diagonal. The full system is then no longer described by decoupled second order equations, instead coupling is present between
the individual modes. In [27] it is shown that a small amount of non-proportional
damping does not significantly change the behavior of the dynamic system when
compared to proportional damping.
The n modes of the system are split in two groups: rigid body modes and
flexible modes. For the rigid body modes both ωi and ζi are equal to zero.
As such a flexible system has two poles in the origin for each rigid body mode,
making the total system marginally stable. The rigid body modes are the desired

2.1. Modal decomposition

23

behavior for motion systems and the flexible modes are undesirable effects from
a control design perspective. In most literature, and in this thesis, the ordering
0 = ω1 . . . = ωnrig ≤ ωnrig +1 ≤ . . . ≤ ωn is used. Thus the first nrig modes are
rigid body modes, whose characteristic frequency is zero.
The equations of motion in modal form (2.3) can be written in state space
form,
  
   
η̇
0
I
η
0
=
+ ⊤ f
2
η̈
−Ω −2ZΩ η̇
Φa
x̃˙ =Ãx̃ + B̃f
(2.4)
where the compact notation x̃ = col(η1 , . . . , ηn , η̇1 , . . . , η̇n ) is used for the state
vector.
The output of the flexible system is given by position or velocity measurements. In case of position measurements,
y =Ss q
=Ss Φη = Φs η


= Φs 0 x̃ = C̃ x̃

(2.5a)

or in the case of velocity measurements,
y =Ss q̇
=Ss Φη̇ = Φs η̇


= 0 Φs x̃ = C̃velocity x̃

(2.5b)

where, Ss : Rn 7→ Rnsens is an operator that maps the nodal positions q to the
sensor measurements y. The matrix Φs = Ss Φ is then the mode shape matrix
evaluated at the position where measurements are taken.
Remark 2.1.1. The focus of this thesis is on systems that utilize position measurements. The derived strategies can, in most cases, be applied to systems with
velocity measurements too and yield comparable results. In cases where velocity
measurements will yield different results, this is explicitly noted.
The state dynamics (2.4) and output dynamics (2.5a) can be combined in a
state space model,

x̃˙ = Ãx̃ + B̃f + G̃w
Σx̃
(2.6)
y = C̃ x̃ − v
Besides state and output dynamics, the model (2.6) also includes disturbance
effects. The matrix G̃ denotes the effect of input disturbances w on the states.
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The system output y is affected by the output disturbance v, which is the position
measurement reference. The signal y is the true system output. When it is
measured, sensor noise d will be added to the signal. Here, d is neglected as it
does not influence the modeling part. In later chapters, d will be added to y as
it influences the estimation and control performance.
The state space model (2.6) is defined as a model in modal coordinates in
[27]. For brevity, it will be denoted as a type 2 modal form in this thesis. The
structure in the matrices is convenient for algebraic operations. By reordering
the states, model (2.6) can be transformed to obtain a form where the states are
grouped together per mode, x = T x̃ where x = col(η1 , η̇1 , . . . , ηn , η̇n ). The 2n by
2n transformation matrix T is given by,
 
 

1
0
0
0
0
0 
 0
1




..
T =  0 ... 0
(2.7)

.
0
0

 
 


1
0
0
0
0
0
0
1

and the reverse transformation x̃ = T̃ x is performed by the matrix T̃ = T −1
given by,



1 0
0
0


..
 0

.

 0 
 0
1 0 


 0
T̃ = 
(2.8)
 0 1

0
0




..
 0

.
0


0
0
0 1

Applying the state transformation x̃ = T̃ x to (2.4) yields the reordered state
dynamics,
ẋ =T̃ −1 ÃT̃ x + T̃ −1 B̃f

 
    
η̇1
0
1
η1
0
0
0
 η̈1   −ω 2 −2ζ1 ω1
  η̇1   φ⊤ 
1
  
    a1 
 ..  
  ..   .. 
.
..
 .  =
  +
f
0
0
  

  .    . 
η̇n  




0
1
0 
ηn
0
0
2
η̈n
−ωn −2ζn ωn
φ⊤
η̇n
an


ẋ =Ax + Bf

where φai denotes the ith column of Φa . Likewise, the output dynamics (2.5a)
are transformed to,




y =C̃ T̃ x = φs1 0 · · · φsn 0 x = Cx
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where φsi denotes the ith column of Φs . The transformation matrix also affects
the disturbance input matrix G̃ which is transformed to G = T̃ −1 G̃. The transformed state dynamics and output dynamics are combined with the disturbances
w and v. This results in the following state space model,
Σx



ẋ = Ax + Bf + Gw
y = Cx − v

(2.9)

A state space model of this form is denoted a modal model in [27]. In this thesis
it is denoted as a type 1 modal form for brevity. The type 1 ordering of the
states is convenient for truncation of the model. By simply selecting the first
2nt states the model is reduced to a system that contains the first nt modes.
Remark 2.1.2. There are a number of state space realizations that all provide
a modal model [27]. Here, a modal model denotes a system that is realized by n
internally decoupled second order systems. The choice that is used in this thesis
has clear physical meaning. The states are the modal positions and modal rates
of change. Any state representation can be used for the observer application
derived in this thesis, provided that the estimated state is transformed back to
the representation (2.9) that used in this thesis.

2.2

Model order reduction

A flexible system consists of a very large number of modes1 . A model of the
flexible system, for instance obtained by the finite element method, contains a
smaller, but still large, number of modes. As the state dimension of the modal
model is large and a smaller dimension is desired for numerical tractability of
the observer, the model has to be reduced. The internally decoupled modes in
the modal form facilitate a truncation approach. The first nt modes are retained
while the remaining nd = n − nt modes are discarded. The modes of the true
flexible system can therefore be divided into four groups as illustrated in Fig. 2.1.
The nt modes that are retainedafter truncation, and will be used in the observer,
⊤ x⊤
are denoted by x⊤
o = xr
f,t . The design freedom that is left, is the selection
of nt . Frequency limited Gramians are used in [27, 28] for model reduction of
modal systems. As expected, a mode has a small contribution to the overall
system for frequencies above its resonance frequency and a large contribution
for frequencies below its resonance frequency. Hence, a good rule of thumb is
1
In literature, the number of modes is usually taken as infinite. However, the number of
modes cannot be larger than the number of atoms in the structure [40]. Furthermore, the
increasing modal frequency would imply that particles in the structure move faster than the
speed of light [40].
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All modes
True flexible system

Rigid

FEM model

Rigid

Observer model

Rigid

Notation

Flexible

Modeled flexible

xr

Retained

Discarded

xf,t

xf,d

Unmodeled flexible

Unmodeled flexible
xu

xo

Figure 2.1: Grouping of the modes present in a flexible system.
selecting nt such that ωnt > ω̄, where ω̄ is the characteristic frequency of the
highest numbered mode that is to be estimated.
For a type 1 modal state space model (2.9) the state vector and system
matrices are partitioned as,
 



  
 
ẋ
A
0
x
B
Gt

o
t
o
t

=
+
f+
w

ẋf,d
0 Ad  xf,d
Bd
Gd
Σ
(2.10)
 xo



= Ct Cd
+v
 y
xf,d

where xo ∈ R2nt and xf,d ∈ R2nd . The truncated model is then given by,

ẋo = At xo + Bt f + Gt w
Σt
(2.11)
y = Ct xo + v

Fig. 2.2 shows the transfer functions of a full order and a truncated SISO flexible
system. The full system (2.10) that contains one rigid body mode and 9 flexible
modes (n = 10) is depicted in blue and the truncated system (2.11) that contains
one rigid body mode and two flexible modes (n = 3) is depicted in green. It
is clear that the resonance dynamics of the retained modes are captured well
by the truncated model. The anti-resonance frequencies however, are shifted
compared to the full model. This shift in anti-resonance frequency is due to the
low-frequency contribution of the discarded modes.
Besides a resonance peak, each flexible mode has a low-frequency compliance
effect. The compliance effect shows as a constant gain and originates from a
static deformation of the mechanical structure under the influence of forces with
a frequency context well below the resonance frequency of that mode. As the
anti-resonance occurs by the summation of all modes the compliance effect of the
discarded modes has a direct effect on the anti-resonance frequency. The compliance of the discarded modes also introduces a DC error. Due to the double
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Magnitude (dB)
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Figure 2.2: Transfer function from f to y for the full (blue) flexible system and
the model that has been truncated up to two flexible modes (green).
integrator introduced by the rigid body mode, this DC effect is neglectable. An
observer will drive the output error between the measurements and the output of
the observer model to zero. Thus, any mismatch in the transfer from f to y with
respect to the full system will lead to estimation errors. Therefore, the compliance effect of the discarded modes should be incorporated in the reduced order
model. For low frequencies, the discarded modes can be described by a constant
gain. The dynamics of the discarded modes xf,d in (2.10) are transformed to
type 2 modal form,





0
I
0
 ˙
x̃f,d =
x̃f,d + T f + G̃d w
2
Σd
Φad
(2.12)
 −Ωd −2Z
 d Ωd

yd = Φsd 0 x̃f,d

Where the matrices
 Ωd = diag(ωnt +1, . . . , ωn ) and Z
 d = diag(ζnt +1 , . . . , ζn ) are
diagonal, Φad = φa(nt +1) . . . φan and Φsd = φs(nt +1) . . . φsn are the
mode shape matrices of the discarded modes evaluated at the actuator and sensor
locations respectively. The DC gain TDC of (2.12) from f to y is given by,
 

−1 


0
I
0
TDC = Φsd 0 −
−Ω2d −2Zd Ωd
ΦTad







 2 Ω2 −1 Zd Ωd Ω2 −1
0
d
d
= Φsd 0
ΦTad
−I
0
−1 T
=Φsd Ω2d
(2.13)
Φad

The matrix TDC can be added as a direct feedthrough term to the truncated
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model (2.11) to obtain the reduced order model,
ΣP̂



ẋo = At xo + Bt f + Gt w
ŷ = Ct xo + TDC f + v

(2.14)

Phase (◦ )

Magnitude (dB)

Fig. 2.3 illustrates the effect of the direct feedthrough term on the truncation
error. It shows the difference between the full system (2.10) and the truncated
model (2.11), together with the difference between the full system and the reduced order model (2.14). Without the compliance compensation, the model
error between the true system and the reduced order model is constant for frequencies below the first discarded resonance. With the compliance compensation,
the model error converges to zero for low frequencies. The model error at high
frequencies has increased due to the direct feedthrough compliance compensation.
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Figure 2.3: Model error between the full flexible system and a reduced order model
without (blue) and with (green) a compliance compensation for discarded modes.
Comparing the truncated system with compliance compensation to the full
system in Fig. 2.4, the anti-resonances of the reduced order model coincide with
the anti-resonance of the full order system.
The addition of the direct feedthrough compliance compensation makes the
model (2.14) bi-proper. When the observer design procedure requires strictly
proper models (for instance, as a constraint for the chosen synthesis method),
the compliance compensation can also be implemented as a low pass filter. By
selecting the roll-off frequency higher than the highest resonance frequency, the
compliance compensation still holds for low frequencies. The roll-off reduces
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Figure 2.4: Transfer function from f to y for the full (blue) flexible system and
the reduced order model with compliance compensation (green).
the model error at high frequencies, but the phase effect of the low pass filter
will result in a non perfect matching of the compliance of discarded modes.
Furthermore, additional states are required to implement the low pass filter in
the model.

2.3

Position dependency

Position dependent dynamics can be present in high-precision systems. In this
section, the procedure that was outlined in the previous sections is applied to
certain position-dependent systems. For systems in modal form, position dependency as described in Section 1.5.2 can occur in all modal parameters: φsi , φai ,
ωi , and ζi . Position dependency in φsi and φai is denoted as output and input
position dependency. Position dependency in ωi and ζi is denoted as internal or
structural position dependency. When parameters are considered position dependent, this will be explicitly noted by a dependence on a position p, e.g. ωi (p),
A(p), etc.

2.3.1

Input and output position dependency

Position dependency in φsi and/or φai occurs when the sensors and/or actuators
are not fixed to the flexible system. The structural dynamics themselves and
the mode shape matrix Φ remain position-independent. As the actuators and
sensors can move with respect to the system the mapping from forces to modes
and modes to sensor measurements varies with position. In the case of input
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position dependency, the operator Sa changes with position which results in a
position-dependent φai (p). This makes B(p) explicitly dependent on the position
p. Also, any input disturbance can be mapped to the states in a positiondependent manner, this can be modeled by letting G(p) explicitly depend on the
position p.
In the case of output position dependency, sensors are used that do not measure at a fixed location on the flexible plant. Then, the operator Ss changes
with position and φsi (p) is position dependent. This results in a position dependent output matrix C(p). The structural dynamics do not change, only the
observation of the dynamics changes with position.
Example 2.3.1. Consider the five mass-spring-damper train of Fig. 2.5, where
mi = 2 [kg], k = 105 [N/m], and b = 5 [Ns/m].
f1

k

m1
x1

f2

k

x2

k

f4

m3

m2
b

f3

b

x3

k

m4
b

x4

f5
m5

b

x5

Figure 2.5: Example system used to illustrate effects of position dependency.
Fig. 2.6a illustrates the effect of output position dependency. The transfer
function from f1 , to x1 , x3 , and x5 , is shown. It is clear that the anti-resonance
frequency varies for different positions. A similar effect occurs for input position
dependency.
As the internal dynamics remain the same for input and output position
dependency, the model reduction technique introduced in Section 2.2 can still
be applied. The compliance compensation TDC (p) will now explicitly depend on
position.

2.3.2

Structural position dependency

Position dependent effects that occur in the resonance frequencies ωi and damping ζi can occur in immersion lithography applications [74]. There, a small
volume of water is positioned between the optical column and the wafer. The
mass of this water moves over the wafer as different parts are exposed. Consequently, the mass matrix will vary with position and the structural dynamics
themselves will vary over position, which manifests as position-dependent resonance frequencies.
Example 2.3.2. Consider again the five mass-spring-damper chain of Fig. 2.5.
Where mi = 1.6 kg, k = 105 N/m, and b = 5 Ns/m. Fig. 2.6b shows the effect
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of a varying mass matrix on the transfer function from f1 to x1 . The transfer
functions are shown for the cases where m1 = 2.6 kg (blue), m2 = 2.6 kg (green),
and m3 = 2.6 kg (red). It is clear that the varying mass matrix results in varying
resonance and anti-resonance frequencies.
This structural position dependency has a profound impact on the transformation from nodal to modal form. When the mass matrix M and/or the
stiffness matrix K depend on position, the eigen decomposition (2.2) can still be
performed. The resulting mode shape matrix Φ(p) and modal frequency matrix
Ω(p) will, however, be position-dependent. Applying the proposed state transformation Φ(p)η = q to obtain (2.3) becomes more complicated. Consider the case
where the position p ∈ R. The time derivatives of q become q̇ = Φ(p)η̇ + ∂Φ
∂p ṗη
and q̈ = Φ(p)η̈ + 2 ∂Φ
∂p ṗη̇ +

∂2Φ 2
ṗ η
∂2p

+

∂Φ
∂p p̈η.

Substituting this into (2.3) yields,



∂Φ
Φ⊤ (p)M (p)Φ(p)η̈ = − Φ⊤ (p) D(p)Φ(p) + M (p)2
ṗ η̇
∂p


2
∂ Φ 2
∂Φ
⊤
− Φ (p) K(p)Φ(p) + M (p) 2 ṗ + M (p)
p̈ η
∂ p
∂p
+ Φ⊤ (p)Sa f

As the mode shape matrix is mass normalized the product Φ⊤ (p)M (p)Φ(p) = I.
To obtain a system of decoupled second-order equations the matrices,

 2
∂ Φ 2 ∂Φ
ṗ
+
p̈
,
(2.15)
Φ⊤ (p)M (p)
∂2p
∂p
and
Φ⊤ (p)M (p)2

∂Φ
ṗ,
∂p

(2.16)

must both be diagonal matrices. For a constant position p, both matrices are
zero matrices as ṗ and p̈ are zero.
For high-precision motion systems the position is typically not constant as
the systems follow a rigid body trajectory. The matrices (2.15) and (2.16) are
in general not diagonal for non constant p. Therefore determining the modal
form from the position dependent mass and stiffness matrices does not result in
the desired internally decoupled model structure. This prevents the use of the
truncation plus compliance compensation method for model reduction.
Remark 2.3.1. When the matrices (2.15) and (2.16) are not diagonal, the modal
system is not internally decoupled and a model in modal form cannot be obtained
directly from the equations of motion.
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When the system is available an alternative approach to obtaining a model
in modal form could be the use of LPV system identification techniques [52] to
obtain a position-dependent model in modal form.
Once such a model is available, the observer design procedure and application
of the estimated states as discussed in the remainder of this thesis can still be
performed. Possibly, some modifications must be made but the overall structure
and ideas remain the same.
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Instead of modeling the immersion hood as a position-dependent effect in
the mass matrix, it can be modeled as a position-dependent disturbance force
[66]. The resulting system is then only subject to input- and output-positiondependent effects and the eigen decomposition (2.2) results in a position-independent modeshape matrix Φ and modal frequency matrix Ω. The transformation
to modal form then yields the desired internally decoupled model structure.
Fortunately, the majority of future lithographic machines are expected to
be based on Extreme Ultra-Violet (EUV) lithography. For these systems, no
immersion technology is possible since these systems operate in a vacuum. Hence,
structural position dependency is not a major source of position dependency.
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(a) Position-dependent anti-resonance (b) Position-dependent modal frequenfrequencies, by selecting different sen- cies, by varying the distribution of the
sor/actuator locations on the structure. total mass.
Figure 2.6: Effect of position dependency in the system matrices on the transfer
function.
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Scheduling approach

When φsi and/or φai become position dependent, the B and C matrices of (2.9)
become functions of the nodal coordinates xnodal = Φx. The truncation procedure can still be performed, but the dependence on Φx in the model will have
to be approximated by Φt xo as x is not available.
As the internal decoupling is preserved for input or output position dependency, the truncation approach is still applicable. The resulting reduced-order
model will, of course, also be position dependent.

ẋo = At xo + Bt (Φt xo )f + Gt (Φt xo )w
(2.17)
Σt
y = Ct (Φt xo )xo + v
The direct feedthrough compliance compensation (2.13) also becomes positiondependent and is given by,
TDC (Φt xo ) =Φsd (Φt xo )(Ω2 )−1 Φ⊤
ad (Φt xo )

(2.18)

Adding the compliance compensation to (2.17) leads to the following positiondependent model that is used to design the observer.

ẋo = At xo + Bt (Φt xo )f + Gt (Φt xo )w
ΣP̂
(2.19)
ŷ = Ct (Φt xo )xo + TDC (Φt xo )f + v
where all matrices depend on Φt xo . The matrices are a function of the state xo
and therefore the model becomes nonlinear.
A nonlinear observer could be designed for the nonlinear system, but in this
thesis a scheduling approach is used to deal with the nonlinearities. The mode
shapes Φ are smooth functions of the position. For that reason, the main contribution to the flexible effect is the rigid body position of the stage. The flexible
modes have little effect due to the smoothness of the mode shapes, combined
with the small contribution of the flexible deformation to the relative position
of sensors and actuators with respect to the system. By using the rigid body
position to schedule the nonlinear model, a time varying, or linear parameter
varying system is obtained. The model can be scheduled by the reconstructed
position q in Fig. 1.6 or the reference position rp .
In this thesis, the observer will be schedule by means of the reference position
rp . The motivation of using the reference position as a scheduling parameter is
the fact that the tracking error of high-precision systems is already very small.
Furthermore, the reference position is an external signal, and the application
of the observer has no influence on this signal. This prevents possible stability
issues that might occur when an additional feedback loop is created by using the
reconstructed position.
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2.4

Discretization

So far, the derivations have been performed on a continuous-time flexible system.
In practice, an observer is implemented in a digital control environment and a
discrete-time model is required. In this section it is shown that the reduction
method from Section 2.2 can be applied for discrete-time systems as well.
The zero order hold (ZOH) method is used to obtain a discrete-time model.
Let (Ac , B c , C c , D c ) be a set of state space matrices of a continuous-time system
in modal form. The discretized version of this state space model (Ad , B d , C d , D d )
with sample time Ts that is obtained by applying the ZOH method is then given
by,
Ad = eA
Cd = C

cT
s

RT
c
B d = 0 s eA τ dτ B c
Dd = D

(2.20)

Note that B d = (Ac )−1 (Ad − I)B c when Ac is non singular. Most high-precision
motion systems do not satisfy this condition. The rigid body modes result in
eigenvalues at the origin and Ac is singular.
There are two possible ways of obtaining a reduced-order, discrete-time model:
1. First, discretize the full order continuous-time model using a ZOH method.
Second, reduce the order of the discrete-time model according to Section 2.2.
2. First, reduce the order of the continuous-time model according to Section 2.2. Second, discretize the reduced order continuous-time model using
a ZOH method.
Theorem 2.4.1. For a type 1 modal state space model (2.9) the two strategies
mentioned yield the same result.
Proof. First, it is shown that both approaches are equivalent when compliance
compensation is absent. Secondly, it is shown that the compliance compensation
is identical for both approaches. For clarity, the superscripts c and d will be used
to denote continuous- and discrete-time matrices respectively.
The equality of the resulting C matrix in both approaches is straightforward. The C matrix is not affected by the discretization approach and for both
approaches the C matrix is only affected by the truncation.


0
1
c
To show equality of the A and B matrices define Ai =
. Then
−ωi2 −2ζi ωi
the A matrix of (2.9) is given by Ac = diag(Ac1 , . . . , Acn ). Partition the B matrix
⊤

accordingly as B c = B c 1 ⊤ . . . Bnc ⊤ .
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Applying the first strategy yields,
c

c

c

c

Ad = ediag(A1 ,...,An )Ts = diag(eA1 Ts , . . . , eAn Ts )
Bd =

Z

Ts

c

eA τ dτ B c =

0

Z

Ts
0

 R Ts

c
c

diag(eA1 τ , . . . , eAn τ )dτ B c = 

Subsequent truncation yields,
c

c

c

c

0

R Ts
0


c
eA1 τ dτ B1c

..

.
c

eAn τ dτ Bnc

c

Adt = diag(eA1 Ts , . . . , eAnt Ts ) = ediag(A1 Ts ,...,Ant Ts ) = eAt Ts

 R Ts Ac τ
1 dτ B c
e
Z Ts
1
0
c


.
d
.
eAt Ts dτ Btc
Bt = 
=
.
R Ts Ac τ
0
nt dτ B c
nt
0 e

Which is equal to the discretization of a truncated model.
Next the compliance compensation is added. Let (Acd , Bdc , Cdc ) denote the
state space matrices of the continuous-time discarded modes (2.12) and let the
triple (Add , Bdd , Cdd ) denote the state space matrices of the discretized dynamics
of the discarded modes. The direct feedthrough matrix for the continuous-time
compliance compensation is given by,
D c = − Cdc Acd −1 Bdc

(2.21)

As this matrix is added as a direct feedthrough, it is not affected by the subsequent discretization and D d = D c .
The compliance compensation of the discrete-time discarded dynamics is
given by,
D d =Cdd (I − Add )−1 Bdd
=Cd (I −

Add )−1 Acd −1 (Add

= − Cdc

∞
X

= − Cdc
= − Cdc
=−

(2.22)
−

I)Bdc
!−1

(2.23)
∞
X

!

1 c k
1 c k
(Ad Ts ) − I
(A Ts ) − I Bdc
Acd −1
k!
k! d
k=0
k=0
!−1
!
∞
∞
X 1
X 1
Acd −1
(Ac Ts )k
(Ac Ts )k Bdc
k! d
k! d
k=1
k=1
!−1 ∞
!
∞
X 1
X 1
−1
−1
(Ac Ts )k Acd Acd
(Ac Ts )k Acd
Bdc
k! d
k! d

k=1
c c −1 c
Cd Ad Bd

(2.24)

(2.25)

(2.26)

k=1

= Dc

(2.27)
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d
The relation Bdd = A−1
d (Ad − I)Bd can be used as the discarded dynamics do
not contain any rigid body modes. Hence all eigenvalues are non-zero and Ad is
invertible.

Corollary 2.4.2. As type 1 (2.9) and type 2 (2.6) modal form systems are different realizations of the same system, Theorem 2.4.1 also holds for type 2 modal
−1
form systems. The proof follows from the relation eT AT Ts = T eATs T −1 that is
valid for invertible matrices T and scalar sampling time Ts . The transformation
matrix (2.7) and the reverse transformation matrix (2.8) are each others inverse,
thus allowing a conversion between the two modal forms.
Position-dependent discrete-time systems
Input and output position dependency of the plant can be easily incorporated
in the discrete-time model. The continuous-time matrices B c and C c are used
explicitly in (2.20) and the position dependency carries over to the discrete-time
matrices B d and C d matrices. The compliance compensation is equal for the
discrete-time and continuous-time models and position-dependent compliance
compensation can be used.
When structural position dependency is present, the A matrix varies with position. Then an exact parameterization of the discrete-time A matrix is required
as the matrix exponential cannot be calculated. In [50], an explicit discrete-time
model is derived for a system in a modal form. A different state representation

is used
 in that paper. Instead of the state x = η1 η̇1 . . . ηn η̇n , the state
x = η̇1 ω1 η1 . . . η̇n ωn ηn is used. The A matrix is still block diagonal and
each block is given by,


−2ζi ωi −ωi
c
Ai =
(2.28)
ωi
0
The exact, discrete-time A matrix of a single mode [50] is then given by,
Adi =


e−ζi ωi Ts −ζi ωi sin(ωdi Ts ) + ωdi cos(ωdi Ts )
ωdi sin(ωdi Ts )
ωdi

q
where ωdi = ωi 1 − ζi2 .
The transformation matrix,


0 1
T =
ωi 0


−ωdi sin(ωdi Ts )
ζi ωi sin(ωdi Ts ) + ωdi cos(ωdi Ts )

(2.29)

(2.30)

transforms the system (2.28) used in [50], to a type 1 modal form (2.9) used in
this thesis. By applying the transformation matrix to (2.29) an explicit discrete-
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time A matrix can be obtained for a type 1 modal form.
Adi =T −1 Adi T


=e−ζi ωi Ts 

√ ζi

1−ζi2

1
ωi

sin(ωdi Ts ) + cos(ωdi Ts )
−ωi sin(ωdi Ts )

− √ ζi

1−ζi2

sin(ωdi Ts )

sin(ωdi Ts ) + cos(ωdi Ts )




(2.31)

When we assume that the modes are lightly damped, e.g. ζi << 1 and consequently ωdi ≈ ωi , we obtain,


1
cos(ωi Ts )
ωi sin(ωi Ts )
Adi =e−ζi ωi Ts
(2.32)
−ωi sin(ωi Ts ) cos(ωi Ts )
Similarly, a discrete-time input matrix Bid that explicitly depends on the
modal parameters (ωi , ζi , φai ) for a single mode in type 1 modal form can be
obtained,
#
"
1
(1 − cos(ωi Ts ))φ⊤
ia
d
ωi2
(2.33)
Bi =
1
⊤
ωi sin(ωi Ts )φia



gi1
For the disturbance matrix, assume Gi =
. Then the explicit discrete-time
gi2
matrix Gdi for a single mode is given by,
"
#
1
1
(1
−
cos(ω
T
))g
+
sin(ω
T
)g
i
s
i2
i
s
i1
2
d
w
Gi = ω1i
(2.34)
w sin(ωi Ts )gi2 + (−1 + cos(ωi Ts ))gi1
These relations can be used to investigate the robustness of the proposed applications to model errors as the modal parameters are clearly visible in the discrete
time matrices.

2.5

Conclusion

The methods proposed in this chapter provide tools to reduce a continuoustime, high order model in modal form to a reduced-order, discrete-time model
in modal form. The proposed augmentation procedure reduces the model error
in the frequency region of interest by matching the low-frequency gain of the
reduced order model to that of the high order model. The resulting reduced
order model with augmentation is sufficiently accurate in the frequency region
of interest for state estimation, provided that nt is taken sufficiently large.
The method can deal with input- and output-position-dependency, but not
with structural position-dependency. As such, the method is applicable to all
present lithography applications with the exception of immersion lithography.
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This is not a major drawback, the current trend in lithography equipment is
towards EUV lithography. Due to the inherent vacuum requirement of EUV
light, immersion technology cannot be applied.
To utilize the proposed method for immersion lithography systems, the effect
of the immersion hood can be approximated as a position-dependent disturbance
force. The resulting system then becomes input- and output-position dependent
and the model reduction framework can be used again. Alternatively, identification techniques for parameter varying systems can be used to directly obtain
a position-dependent model without explicitly solving the eigen-decomposition
for the position-dependent matrices.
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As discussed in Chapter 1, an observer will be used in addition to the existing
feedback control loop. By utilizing the estimate states one can modify the transfer function that is experienced by the feedback controller. By mitigating the
effect of the flexible dynamics, this allows designing a new feedback controller
with an increased control bandwidth. The increased control bandwidth results
in an improved rejection of input and output disturbances, and finally results in
an improved performance.
There are four main disturbances that affect the closed loop:
• The feedforward error uf f,e which is the mismatch between the ideal feedforward control signal (which would result in zero tracking error in the
absence of disturbances) and the applied feedforward control signal (which
differs from the ideal due to implementation constraints and model errors).
• The sensor noise d.
• The position measurement reference v.
• The process or actuator noise w.
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Table 3.1: Four distinct cases of applying a function of the estimated states that
reduces bandwidth limiting effects of flexible dynamics.

Modal
Estimate

Position

Velocity

Location
Output
Input
a: Remove flexible
c: Changing stiffness
effects from position
measurement
b: Remove flexible
d: Changing damping
effects from velocity
measurement

The effects of uf f,e , v and w on the tracking error must be suppressed. Sensor
noise d can never be suppressed by feedback control [21].
In this chapter, a number of solutions are investigated that reduce the effect
of the flexible dynamics on the control loop. A standard Kalman observer is
used for each proposed solution. That way the four cases can be analyzed while
using a proven observer technique. Based on simulation and analytical results,
small modifications are made to the observer to improve the effectiveness of
the proposed methods. The design of the optimal observer for the different
applications will be investigated in Chapter 5, where noise characteristics and
the properties derived in this chapter are combined to design estimators for high
precision systems.
Despite the inherent position dependency that is found in many high-precision
systems, a constant plant model is used in this chapter. Restricting the presentation to LTI systems improves the clarity of the presentation and allows using
tools for linear, time-invariant systems to analyse the approaches. The observer
application can be extended to position-dependent plants with relative ease by
applying a position-dependent observer. This will be discussed in Chapter 4.
All solutions discussed in this chapter follow the same structure. The observer
produces an estimate of the modal state vector of the system. The estimates are
then used to generate a compensation signal, with the aim of reducing the effect
of the flexible dynamics on the closed loop. As explained in Chapter 2, each mode
of the system introduces a position and a velocity state. Thus, the compensation
signal can be generated from position or velocity estimates, yielding two possible
options. The generated compensation signal can then be applied at the input
and/or output of the plant, which results in another two possible options. This
results in four possible cases that must be investigated. Each of the four cases
results in a specific effect, as shown in Table 3.1. This chapter discusses all four
cases and some of their combinations.
Section 3.1 defines the SISO plant, observer and feedback control design

3.1. SISO model used for analysis
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problem that are used in this chapter to analyse the four cases of Table 3.1. The
effect of using the estimate at the plant output is described in Section 3.2, where
cases a and b are discussed. Cases c and d pertain to application of the estimate
at the plant input. These are explained in Section 3.3. The combined application of the estimate at the plant input and output is explained in Section 3.4.
Section 3.4 also shows how the stability of the closed loop can be ascertained.
The proposed observer applications are validated in simulation in Section 3.5
and experimentally in Section 3.6. Conclusions are draw in Section 3.7.
Remark 3.0.1. The focus in this chapter is on disturbance rejection properties
of high precision systems. The second performance criterion is typically reference tracking, which is realized by adding a feedforward controller. The ideal
feedforward controller in an observer free control system is given by the inverse
of the plant. The observer-based solutions presented here change the transfer
function that is experienced by the feedforward controller. The existing feedforward controller, which is ideally equal to the inverse of the plant, no longer
results in near zero tracking error and a redesign is required. The procedure
for adapting the feedforward controller is detailed in Appendix A. The resulting
tracking performance for the applications discussed in this chapter is given in
Section 3.7.

3.1

SISO model used for analysis

Throughout this chapter, the flexible system of Fig. 3.1 is used for simulation
and analysis. The model contains eight modes and is actuated by means of a
force u acting on actuator mass ma . The output yi of the model is the position
of the mass mi . We denote the SISO plant dynamics from u to yi , i = 1, . . . , 7
by Pi (s). The model parameters are given in Table. 3.2.
y1
ka
u

y2
k

m1

ma
ba

y3
k

m2
b

y4

m3
b

y5
k

k

m5

m4
b

y6
k

b

y7
k

m6
b

m7
b

Direction of motion

Figure 3.1: A single input single output model of a flexible motion system.
As an example, the transfer function from u to y5 (P5 (s)) is shown in Fig. 3.2a
which clearly shows the resonances that result from the flexible dynamics.
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Table 3.2: Parameter values for the SISO model
Symbol

Description

Numerical value [Unit]

ma

Actuator mass

2.5 [kg]

mi

Mass of each element

k

Stiffness

ka

Actuator stiffness

b, ba

Damping

10
7
· 107

[kg]


9.6
Nm−1


1 · 108 Nm−1

Tuned for 0.1% modal
damping

Controller
In high-precision motion systems, a position-independent feedback controller is
used that stabilizes the position-dependent plant, regardless of the position. In
this chapter, a single feedback controller is used that stabilizes the closed loop
of Fig. 3.3, regardless of which yi , i = 1, . . . , 7, is used in the feedback path.
Comparing the SISO control loop in Fig. 3.3 to the general control configuration
in Fig. 1.6, the matrices Γ and Υ have vanished as no decoupling is required.
Consequently, q = y and u = f and y and u are used in this chapter.
The feedback control design follows the structure used in [13], where a PID
plus low pass filter is employed.


2
ωlp
s
s + ωi
·
+1 · 2
(3.1)
Cfb (s) =Kp ·
2
s
ωd
s + 2zlp ωlp s + ωlp
In [13], the parameters of (3.1) are chosen such, that they depend on only the
desired bandwidth ωbw = 2πfbw , according to Table 3.3. This simplifies the
controller tuning at the expense of reduced flexibility in the tuning. Due to the
parametrization, the feedback controller Cfb (s, fbw ) is a function of s and the
desired bandwidth fbw .
The desired bandwidth of the controller is maximized under the constraint
that the transfer function from the reference r to the measured tracking error
emeas must remain below 6 dB regardless of which mass’ position, yi , i = 1, . . . , 7,
is used in the feedback path. This transfer function is the input sensitivity
function SiI (s, fbw ) = (I + Pi (s)Cfb (s, fbw ))−1 . The control design problem is
then formulated as,
max fbw
subject to:
|SiI (jω, fbw )| ≤ 6 dB ∀ ω , i = 1, . . . , 7

(3.2)
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(b) SiI (jω) for i = 1, . . . , 7

(a) Plant P5 (s)

Figure 3.2: Plant transfer function and SiI (jω) for the SISO example used in
this chapter.

w
r

+

emeas

Cfb (s, fbw )

+

v

+

Pi (s)

+

d
−

+

+

−

Figure 3.3: The feedback controller must stabilize the closed loop, regardless of
which Pi (s), i = 1, . . . , 7 is present.

For sufficiently low fbw , a solution can always be found as the flexible dynamics
are not relevant for very low bandwidths. The loopgain is then sufficiently small
to neglect their effect and the PID control structure can always stabilize the
remaining mass line.
The control design procedure (3.2) can be performed on a model or a frequency response measurement of Pi (s). The optimization problem (3.2) maximizes the bandwidth for the worst position. Applying the optimization problem
to the closed loop of Fig. 3.3, results in a bandwidth of 37 Hz.
Fig. 3.2b shows the sensitivity function SiI (jω), for i = 1, . . . , 7. To increase
the bandwidth of the controller beyond the current value, it is necessary to reduce
the effects of the flexible modes on the control loop. The resonant modes result
in peaks in Si that violate the 6 dB bound when fbw is increased further.
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Table 3.3: Parameter values for the feedback controller [13]
Symbol

Meaning

Value

Desired bandwidth

2πfbw [rad/s]

m

Total mass

12.5 [kg]

Kp

Proportional gain

ωi

Integrator frequency

ωd

Differentiator frequency

M 2
3 ωbw
1
9 ωbw [rad/s]
1
3 ωbw [rad/s]

ωlp

Lowpass filter frequency

3ωbw [rad/s]

zlp

Lowpass filter damping ratio

0.7

ωbw

Observer
A Kalman observer [45], is used for all cases that are discussed in this chapter.
The Kalman observer is chosen as it is a well-known observer technique with good
performance. The choice for a Kalman observer is motivated by the performance
criteria defined in Section 1.5.3 which are related to the two-norm. As the
Kalman observer minimizes the two-norm of the estimation error it is a good
choice.
In this chapter it is assumed that the flexible system of Fig. 3.1 is observable. The
assumption is not a restrictive one, observability of the rigid body dynamics is
achieved through proper sensor placement and required to decouple the degrees
of motion. The flexible modes are lightly-damped and an unobservable mode
will not render the estimation error dynamics unstable as the system remains
detectable. Furthermore, when a flexible mode is unobservable it also poses no
issue for the control design. For position-dependent systems, unobservability can
be an issue which will be addressed in Chapter 4.
To comply with the Kalman framework, the process noise w, sensor noise d and
sensor reference v are assumed to be Gaussian, white, zero mean. The following
standard deviations have been chosen: σw = 10 mN, σd = 1 nm and σv = 1 nm.
The observer is designed on a reduced order model Pi,t (s), obtained according to
the model reduction procedure that was described in Section 2.2. The reduced
order model contains the rigid body mode, the first three flexible modes and a
compliance compensation TDC for three of the remaining, unmodelled, flexible
modes. The eighth flexible mode is considered to be unknown and is disregarded
in the observer and control design. Hence, the plant Pi,t (s) is represented by the
state space matrices (At , Bt , Ci,t , TDC,i ).
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The resulting observer [45] ΣO,i for Pi (s) is then given by,
ΣO,i {x̂˙ o =(At − Lx,i Ct,i )x̂o + (Bt − Lx,i TDC,i )u + Lx,i y

(3.3)

where Lx,i is the Kalman observer gain defined by
⊤ −1
Lx,i = P Ct,i
R

where R = σv2 I + σd2 I is the output noise covariance matrix and P is the
unique, positive definite solution of the continuous-time Algebraic Riccati Equation (ARE),
⊤ −1
⊤
At P + P A⊤
t + Gt QGt − P Ct,i R Ct,i P = 0
2 I is the input noise covariance matrix.
where Q = σw
To use the observer ΣO,i in a control loop, the estimated states should converge to the true states “sufficiently fast”. This rather general design requirement
is often quantified as a rule of thumb: “The observer poles should be two to six
times faster than the fastest plant poles”[21, 56]. The Kalman observer design
procedure ensures a minimal energy transfer from disturbances to the estimated
states but gives no guarantees regarding the speed of the observer. However,
if the sensor noise is low compared to the input noise, the Kalman design will
result in a high gain observer which has fast convergence [3].

Way of working in this chapter
In this chapter, the plant P5 (s) will be used for simulation purposes. Consequently, the observer ΣO,5 will be used to compensate for the flexible dynamics.
To redesign the controller we will consider SiI (jω), for i = 1, . . . , 7, which
depends on Pi (s) and Oi (s). Optimization problem (3.2) is then solved to find
the achievable bandwidth.

3.2

Applying the estimate at the plant output

The feedback control bandwidth is limited due to the flexible dynamics contaminating the rigid body measurement, y(t) = yrig (t) + yf lex (t). The most obvious
location to compensate contamination of the measurements is the plant output.
Conceptually, this approach resembles the disturbance observer [19], where an
observer estimates disturbances affecting the plant input. The estimate is subsequently used to compensate the disturbance. Here, the disturbance on the
measurements is estimated and subsequently used to reduce its effect on the
measurements.
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First, in Section 3.2.1 the observer-based compensation procedure is derived.
Table 3.1 showed two cases that relate to compensation at the plant output.
These are position measurement compensation (MC) and velocity measurement
compensation. The difference between the two lies in the type of measurements
that are compensated. Section 3.2.2 describes the compensation procedure for
position measurements. Section 3.2.3 describes the difference between velocity
and position measurement compensation. The overall structure of the approach
is similar to position measurement compensation but small differences occur.
Finally, Section 3.2.4 explains how the observer can be used to obtain an estimate of the performance output of the plant, which is typically not directly
measurable.

3.2.1

Estimating the rigid body position

A first approach to remove the flexible effects from the measurements, is applying
an observer and estimating the rigid body state x̂rig (t). The estimated rigid
body measurement (ŷrig = Cr x̂rig ) can subsequently be used by the feedback
controller. Consider the following LTI flexible system without noise,




ẋrig
xrig
=A
+ Bu
ẋf lex
xf lex
y =yrig + yf lex = Cr xrig + Cf xf lex


 xrig

= Cr Cf
= Cx
xf lex

And the observer state dynamics,




x̂˙ rig
x̂rig
=(A
−
LC)
+ Bu + Ly
x̂f lex
x̂˙ f lex

where L is the observer gain that ensures that A − LC is Hurwitz.
 The
 observer

 x̂rig
output is the estimated rigid body position ŷrig = Cr 0
, which is
x̂f lex
subsequently used by the feedback controller. The true rigid body measurement
and its estimate are given by,


yrig (t) = Cr 0 (sI − A)−1 (x(0) + Bu(t))


ŷrig (t) = Cr 0 (sI − A + LC)−1 (x̂(0) + Bu(t) + Ly(t))


= Cr 0 (sI − A + LC)−1 (I + LC(sI − A)−1 )(x̂(0) + Bu(t))

when x̂(0) = x(0) and the model used in the observer is equal to the true plant,
then yrig (t) = ŷrig (t) for all t.
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When noise affects the system or the model is not known exactly yrig (t) 6=
ŷrig (t) and thus the controller acts on a wrong rigid body measurement. This
will affect the performance of the system which is given by etrue (t) = r(t) −
(yrig (t) + yf lex (t)). Assume that we achieved zero tracking error, r − ŷrig = 0
and denote the estimation error in the rigid body modes by ex,rig = xrig − x̂rig .
The performance of the system is then equal to,
etrue =r − (yrig + yf lex )
=r − Cr xrig − yf lex
=r − Cr (x̂rig + ex,rig ) − yf lex
=r − ŷrig − Cr ex,rig − yf lex
= − Cr ex,rig − yf lex
When there is a low frequency contribution in the rigid body estimation error,
the true performance deteriorates significantly. The magnitude will depend on
the noise affecting the plant and the extent of the model uncertainty. Hence,
estimating the rigid body position and utilizing the estimate for control does not
improve the tracking accuracy.
An alternative to estimating the rigid body measurement, ŷrig , is estimating the
flexible effects ŷflex (t).
x̂˙ =(A − LC)x̂ + Bu + Ly


ŷflex = 0 Cf x̂

The output of the observer, ŷflex , is then used to compensate the measurements
y(t),
ycomp =y − ŷflex = yrig + yf lex − ŷflex




= Cr Cf x − 0 Cf x̂




= Cr 0 xo − 0 Cf (x − x̂)
=Cr xrig + Cf (xf lex − x̂f lex )

Provided that kxf lex (t) − x̂f lex (t)k → 0 sufficiently fast, the resulting compensated measurement ycomp (t) is an unfiltered estimate of the true rigid body measurement yrig (t). Even when xf lex (t) is not equal to x̂f lex (t) the rigid body part
of the measurement is still used unfiltered by the feedback controller. This procedure of compensation is applied to both position and velocity measurements
in section 3.2.2 and Section 3.2.3.
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3.2.2

Position measurement compensation

First, the measurement compensation (MC) method will be applied to a system
that uses position measurements. Recall that the SISO model contains one
rigid body mode and seven flexible modes. The observer is based on a reduced
order model and only contains the rigid body mode and the first three flexible
modes. By using the estimated states, the first three resonances in the plant
model are compensated. The unmodelled flexible modes, which are not present
in the observer model are not compensated by this approach. The control loop,
including MC, is given in Fig. 3.4.
w

Cff
r

+

emeas

Cfb

+

+

u

+

v
+

+

+

P

−

y

−

etrue

+

−

d
+

L

+

ŷ
P̂ x̂o
Observer

−
+

Cf

−

ycomp

Figure 3.4: The feedback control structure with observer for MC.
Assuming the estimates are perfect, i.e. no estimation error is present, this
approach completely removes the three estimated flexible modes from the feedback path. In practice, estimation errors occur and small residual resonances
remain. The combination of plant and observer is denoted by Peq and is defined as the open loop transfer function between u and ycomp . Fig. 3.5a shows
the transfer of the compensated plant Peq and the real plant P . The benefit of
this compensation approach is shown in the bode diagram of Fig. 3.5b. Here,
the sensitivity function SiI (jω) is shown when MC is applied. Compared to the
observer free case of Fig. 3.2b, the bandwidth limiting peaks at the resonance
frequencies are reduced.
A new feedback controller (3.1) can be designed on the compensated plant.
Note that the addition of the observer in Fig. 3.4 results in different sensitivity
functions for w, d, and v, and r and uff . These sensitivity functions quantify the
effect of the inputs on the closed loop behavior. The sensitivity function for w,
d, and v is given by SiO = (I + Pi (s)Ceq,i (s))−1 . While the sensitivity function
for r, and uff is given by SiI = (I + Peq,i (s)Cfb (s))−1 . The notation Peq,i denotes
the equivalent plant that is obtained by the interconnection of the original plant
and the observer, i.e. the transfer function from u to ycomp . Likewise, Ceq,i
denotes the equivalent controller that is given by the interconnection of Cfb and
the observer, i.e. the transfer function from r and y to u. The subscript i denotes
the mass that is measured by the sensors. The control design problem (3.2) is
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(a) Transfer of original plant P (blue) (b) SiI (jω) for i = 1, . . . , 7 with the low
and compensated plant Peq (green).
bandwidth controller and MC.
Figure 3.5: Plant transfer function and sensitivity function SiI (jω) for position
measurement compensation.
modified to accommodate the two sensitivity functions,
max fbw
subject to:

(3.4)

|SiI (jω, fbw )| ≤ 6 dB ∀ ω , i = 1, . . . , 7
|SiO (jω, fbw )| ≤ 6 dB ∀ ω , i = 1, . . . , 7
The resulting control bandwidth is 72 Hz, which is a significant increase
compared to the original 37 Hz. However, there is one aspect of MC that is not
yet considered.
From Fig. 3.4 it can be seen that the application of MC introduces a distinct
difference between the measured tracking error emeas and the true tracking error etrue . Specifically, the estimated effect of the flexible modes is removed in
emeas but the flexible effects remain present in etrue . The increased control gain
excites the flexible dynamics more severely. Their effect is compensated in the
feedback path but will affect the true performance output. The increased control
bandwidth and corresponding low frequency disturbance rejection come at the
price of an increased tracking error at the resonance frequencies. To prevent this
undesired side effect the transfer function from r to etrue is added to the control
design procedure. Again, the transfer must remain below 6 dB, regardless of
which mass’ position is used as the system output. This additional constraint
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significantly reduces the achievable bandwidth to 46 Hz. A slight improvement
over the original 37 Hz.
Fig. 3.6a shows SiO (jω) for the system with MC. The sensitivity SiO (jω) with
the redesigned controller (46 Hz) is shown in Fig. 3.6b.
Remark 3.2.1. As MC results in a difference between the controller input
emeas = r−ycomp and the performance output etrue = r−y, standard feedforward
control design methods run into difficulty. Due to the difference between emeas
and etrue this approach will not result in etrue (t) = 0. A feedforward controller
in the inferential framework [60] can achieve etrue (t) = 0 as it can cope with the
difference between performance output etrue and measured output emeas .
Appendix A shows how the existing feedforward controller can be modified
to achieve etrue (t) = 0 when measurement compensation is applied.
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Figure 3.6: Sensitivity function SiO (jω) for i = 1, . . . , 7.
The increased loop gain yields the desired increase in disturbance rejection
at low frequencies at the cost of a degradation for higher frequencies. The most
pressing issue however is the change in low-frequency slope between the original
and observer applications. The slope changes from the expected +3 to a +2
slope for frequencies below one Hz. The relevant loopgain of S O (jω) is given by
P Ceq . As the plant still contains a double integrator, the equivalent controller
has apparently lost its integral action. By adding the observer to the feedback
controller, the integral action of the feedback controller is apparently lost.
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Define the controller Ceq (s) in Fig. 3.7 as,


Ceq (s) = Cr (s) Cy (s)

(3.5)

where Cr (s) and Cy (s) are described by sn1Cr Cr′ and
assume that (r, w, v) are signals which satisfy,
lim R(s) =

s→0
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1

s

nC
y

Cy′ for lims→0 . Further

1 ′
1 ′
1 ′
r
,
lim
W
(s)
=
w
,
lim
V
(s)
=
v
n
n
s→0
s→0
s r
s w
s nv

(3.6)

The plant P (s) satisfies,
lim P (s) =

s→0

1 ′
P
s np

(3.7)

To ensure that the influence from inputs r, w, and v to the tracking error e
e
Ceq (s)

Cy (s)

y

v

w

Cr (s)

r

+

+

+

+

P (s)

+

−

d

Figure 3.7: Two degrees of freedom control architecture.
goes to zero in steady state, the controller transfer functions of Ceq (s) must
have the proper amount of integrators. Note that the influence of d can never
be suppressed by feedback control. The amount of integrators in the controller
transfer functions (nCr and nCy ) that are required can then be defined by the
following theorem.
Theorem 3.2.1. The controller Ceq (s) that is partitioned according to (3.5) and
operates in the control loop of Fig. 3.7 where P (s) is given by (3.7) is guaranteed to remove the influence of inputs r, w, and v (3.6) on the tracking error
e in steady state when the controller transfer functions Cr (s) and Cy (s), with
lims→0 Cr (s) = sn1Cr Cr′ and lims→0 Cy (s) = n1Cy Cy′ , satisfy the following condis
tions,
nCy > max (nw − 1, nv − np − 1, nr − np − 1)

(3.8)

lim Cr (s) = − lim Cy (s)

(3.9)

s→0

s→0

Proof. The proof is based on the Final Value Theorem [21] which states that
lim f (t) = lim sF (s)

t→∞

s→0
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where F (s) is the Laplace transform of f (t).
The influence of w on e in s domain is given by,
Ew (s) = (I − P (s)Cy (s))−1 P (s)W (s)
when lims→0 sEw (s) = 0 we guarantee that w has no influence on e in steady
state.
−1

1 ′ 1 ′
1 ′ 1
′
P
w
lim sEw (s) = s I − np P nCy Cy
s→0
s
s
s np s nw
−1 np +nC −np −nw +1 ′ ′
y
≈ − P ′ Cy′
Pw
s

−1 nCy −nw +1 ′ ′
= − P ′ Cy′
Pw
s
which will vanish if nCy > nw − 1.
The influence of v on e in s domain is given by,

Ev (s) = − (I − P (s)Cy (s))−1 V (s)

−1
1
1
1 ′
lim sEv (s) = −s I − np P ′ nCy Cy′
v
s→0
s
s
s nv
−1 np +n −nv +1 ′
Cy
≈ P ′ Cy′
v
s

which will vanish if nCy > nv − np − 1.
The influence of r on e in s domain is given by,

Er (s) = (I − P (s)Cy (s))−1 (I − P (s)(Cr (s) + Cy (s)))R(s)
−1

1 ′ 1
′
·
lim sEr (s) = s I − np P nCy Cy
s→0
s
s



1
1 ′
1
1 ′
′
′
C +
C
r
I − np P
s
s n Cy y s n Cr r
s nr

when (3.9) holds this simplifies to,

−1
1
1
1 ′
lim sEr (s) = s I − np P ′ nCy Cy′
r
s→0
s
s
s nr
−1 np +n −nr +1 ′
Cy
≈ − P ′ Cy′
r
s

which will vanish for if nCy > nr − np − 1.

Corollary 3.2.2. For a standard feedback controller Cfb (s) that operates on e,
Cy (s) = −Cr (s) and (3.9) holds by definition. The conditions in (3.8) then still
needs to be satisfied.
Remark 3.2.2. For the systems considered in this thesis np = 2 and nr = nw =
nv = 1. Then nCy > nw − 1 is the critical part in (3.8) and reduces to nCy > 0.
Due to (3.9) nCr = nCy and thus both controllers must contain at least one
integrator. This is denoted as both controllers having integral action.
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Lost integral action in the equivalent controller
Before the equivalent controller is analyzed, the following partitioning of the
two-input, single-output observer is defined.
 
 

 u
u
ŷflex =O(s)
= Oyu (s) Oyy (s)
(3.10)
y
y

where Oyu denotes the observer transfer from control output u to estimated
flexible effect ŷflex and Oyy denotes the transfer from measurements y to ŷflex .
This partitioning is convenient for the analysis of the equivalent controller which
is given by,


(3.11)
Ceq (s) = (Iu − Cfb (s)Oyu (s))−1 Cfb Iy − (Iy − Oyy (s))

where Iu denotes an identity matrix of dimension dim(u). The transfer function
follows from Fig. 3.8. A new path from measurements y to control force u is
generated and a feedback loop around the original controller emerges.
Equivalent Controller
r + etrue + + emeas
−

+

Oyy

w
Cfb

u+

v
+

+

y

−

P

+

+
+

d

Oyu

Figure 3.8: The equivalent control structure when MC is applied.
Using Theorem 3.2.1 and the equivalent controller (3.11) allows the derivation
of the conditions on the observer that will guarantee that there is no influence
of the inputs on the tracking error in steady state. Note that in this thesis
′ as a single integrator is used in (3.1).
lims→0 Cfb (s) = 1s Cfb
Theorem 3.2.3. When measurement compensation is applied, the steady state
value of the tracking error e(t) is zero for nr = nw = nv = 1 and lims→0 Cfb (s) =
1 ′
s Cfb when the following two conditions for the observer hold,
lim Oyu (s) ∼sn , n ≥ 1

(3.12)

lim Oyy (s) =0

(3.13)

s→0

s→0

Proof. From Theorem 3.2.1 we know that the steady state value of the error e
is zero if (3.8) and (3.9) are satisfied.
From (3.11) we get,
Cr (s) = (Iu − Cfb (s)Oyu (s))−1 Cfb
Cy (s) = − (Iu − Cfb (s)Oyu (s))−1 Cfb (Iy − Oyy (s))
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If (3.13) holds, lims→0 Oyy (s) = 0 and lims→0 Cr (s) = − lims→0 Cy (s) so (3.9)
is satisfied.
The condition (3.8) reduces to nCy > 0 for systems considered in this thesis.
Cy (s) = − (Iu − Cfb (s)Oyu (s))−1 Cfb (Iy − Oyy (s))
−1


1 ′ 
1 ′
Cfb Iy − lim Oyy (s)
lim Cy (s) = − Iu − Cfb lim Oyu (s)
s→0
s→0
s→0
s
s
We assumed that lims→0 Oyy (s) = 0 must hold, and so this reduces to,
−1

1 ′
1 ′
C
lim Cy (s) = − Iu − Cfb lim Oyu (s)
s→0
s→0
s
s fb
′ lim
and nCy = 1 when 1s Cfb
s→0 Oyu (s) is constant or goes to zero. This requires
that lims→0 Oyu (s) ∼ sn with n ≥ 1.

Restoring the integral action in the equivalent controller
According to Theorem 3.2.3, integral action in the equivalent controller is restored when both Oyy (s) and Ouy (s) go to zero for low frequencies. The observer
transfer from control input u to estimated flexible effects ŷflex (Oyu (s)) is constant for low frequencies due to the compliance effect of the flexible dynamics.
As such, the equivalent controller does not have integral action. The integral
action is lost at the frequency where the product Cfb (s)Oyu (s) = I. To prevent
the loss of integral action, the transfer function Oyu (s) should have a +1 slope
for frequencies lower than or equal to that frequency.
This effect is depicted in Fig. 3.9 where the transfer function of the equivalent
controller is depicted. Clearly, the integral action that was present in the original
feedback controller is lost in the equivalent controller. A constant disturbance
input to the closed loop system will result in a non zero effect on the output y.
This is clearly not desirable.
According to Theorem 3.2.3, integral action in the equivalent controller is
restored when Oyu is modified such that lims→0 Oyu (s) = 0. Two possible approaches are explored,
1. Apply a high pass filter HHP (s) to ŷflex .
2. Include a noise model in the observer plant model.
Applying a high pass filter
In the first approach, a high pass filter HHP (s) is applied to the output of the
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Figure 3.9: Original feedback controller (blue) and equivalent controller (green)
when measurement compensation is applied.
observer. Specifically, it is placed between the matrix Cf lex and the summation.
This guarantees that both,
lim HHP (s)Oyu (s) =0

s→0

lim HHP (s)Oyy (s) =0

s→0

are satisfied, provided that the high pass filter has differential action and is of
sufficiently high order.
The cut-off frequency of the filter has to be chosen such, that the differential
action is present for frequencies below the frequency where integral action is lost.
Integral action is lost when Cfb (s)Oyu (s) crosses zero dB. For the SISO system
used in this chapter, integral action is lost for f < fcrit = 0.003 Hz. The cut-off
frequency fc must be chosen higher than fcrit as depicted in Fig. 3.10 where
fc = 1. Clearly the filter has differential action for frequencies below fcrit and
integral action will be restored in the equivalent controller. However, the phase
error between ŷflex and yf lex should be zero at the resonance frequencies to ensure
proper cancelation. This introduces a trade off in the selection of fc . On one
hand, it should be high enough to ensure that the integral action is restored. On
the other hand, it should be sufficiently low to ensure that there is a negligible
phase effect at the resonance frequencies. Any phase delay will deteriorate the
cancelation.
Fig. 3.12 shows the transfer function from u to the compensated output
y − ŷflex in black. Here fc = 1 is chosen as it is low enough to restore integral
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action. It can be seen that this choice of fc is not sufficient to completely
compensate the flexible modes. Furthermore, the phase deviates from −180◦
earlier than the original system.
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Figure 3.10: The first order high pass filter with cut-off frequency fc chosen such
that differential action is present for f < fcrit .
Include a noise model in the observer
In the second approach, a noise model is added to the observer. This is a special
case of a proportional integral observer [12]. Besides a proportional gain on the
difference between true and predicted output, a gain is employed on the integral
of the difference. This type of observer was designed to cope with non-zero mean
disturbances and to reduce bias in the estimated states [3].
Consider the idealized situation of Fig. 3.11, here a plant P and observer O
are operating in a feedback loop. The feedback controller Cfb has integral action.
When a constant disturbance w̄ affects the plant input, the integral action of the
feedback controller results in an equal and opposite constant control action −w̄.
This control action counteracts the effect of the disturbance on the rigid body
position and ensures that the tracking error is zero. The plant experiences a zero
input, as the constant disturbance and the control action cancel each other. The
observer however, is only affected by the control action and experiences a nonzero, constant input −w̄ which affects the predicted output ŷ. As the observer
tries to drive y − ŷ to zero, a bias is introduced in the estimated states. By
employing a PI-type observer this bias can be reduced, the integral action allows
for compensation of non-zero mean inputs.
The, possibly, non-zero mean Gaussian disturbance w is modeled by a zero
mean Gaussian disturbance w and a low-frequency disturbance z. It is assumed
that z is generated by the integration of a Gaussian, white, zero mean disturbance
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w̄
emeas
Cfb

−w̄
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+

P

y

−

+

L
O

ŷ

−

Figure 3.11: When a constant input disturbance is the only input to the closed
loop, the resulting control action will counteract the disturbance to drive emeas
to zero. The observer only experiences the control action and this results in
estimation bias.
ν with unit variance. The reduced model is augmented with states z ∈ Rdim(u) ,
  
# 
"

   

0 Gt ν
At U xo
Bt
 ẋo
1
=
+
u+
2
ΣP̂ =
ż
0 0
z
0
w
(3.14)
0
Q
ν


y = Ct xo + TDC u + v

Where U and Qν are tunable parameters. A Kalman gain is calculated and the
resulting observer dynamics are given by,

  
  

 
At − Lx Ct U x̂o
Bt − Lx TDC
L
x̂˙ o
=
ΣO =
+
u+ x y
−Lz Ct
0
z
−Lz TDC
Lz
ż
(3.15)
The contribution of the states z to the dynamics of x̂o is given by,
Z
Z
U z = U Lz (y − Ct x̂ − TDC u)dt = U Lz (y − ŷ)dt
which shows the integral action. By tuning Qν a trade off can be made between
bias reduction and variance reduction in the Kalman design.
A higher Qν increases the frequency up to which Oyu (s) ∼ s. For the example
system used in this chapter, selecting Qν = 0.03 results in the same effect on
Oyu (s) as the highpass filter with fc = 1.


To ensure that a stabilizing observer gain L⊤ = L⊤
L⊤
can be found
x
z
for the system (3.14), U must be chosen such that the observer model (3.14)
is observable. This can be verified by the Popov-Belevitch-Hautus observability
condition [90], restated here in Lemma 3.2.3,
Lemma 3.2.3. The system ẋ = Ax, y = Ct x is observable when,


A − λI
rank
=n∀λ∈Λ
Ct

(3.16)
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where A ∈ Rn×n , I is an identity matrix of appropriate dimensions and Λ is the
set of all eigenvalues of A.
Applying Lemma 3.2.3 to the model (3.14) yields,


λi I2nt − At
−U
0
λi Idim(ν)  = 2nt + dim(ν) ∀ λi ∈ Λ
rank 
Ct
0

(3.17)

where Λ contains all eigenvalues of (3.14). As the original system is observable,
the first column has rank 2nt for all λi . For λi 6= 0 the second column is
independent of the first and has rank dim(ν), thus satisfying the rank condition.
When λi = 0 the rank of the second column depends on U . Specifically, U has
to be chosen such that,


−At −U
rank
= 2nt + dim(ν)
(3.18)
C
0
From (3.18) it follows that the dimension of ν is constrained: dim(ν) ≤ nsens
must be satisfied to ensure that the rank condition can be satisfied.
When the observer is designed, the transfer from u to ŷflex is given by,
  

  

Bt − Lx TDC
x̂˙ o
At − Lx Ct U − Lx TDC x̂o


u
+
=
 ˙
ẑ
−Lz TDC
−Lz Ct
−L T
ẑ
  z DC
ΣOu =

 x̂o


 ŷflex = Cf lex 0
ẑ
(3.19)
To ensure that the DC gain from u tot ŷflex is equal to zero, the matrix U must
be appropriately chosen. To prove what choice for U results in the desired zero
DC gain, the following lemma is introduced.
Lemma 3.2.4. Blockwise inversion [6]
The inverse of the matrix,


A B
C D
is given by,

 −1
A + A−1 B(D − CA−1 B)−1 CA−1 −A−1 B(D − CA−1 B)−1
−(D − CA−1 B)−1 CA−1
(D − CA−1 B)−1
provided that A and (D − CA−1 B) are non singular
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Next, a particular choice for U is discussed.
Theorem 3.2.4. The DC gain of (3.19) is equal to zero if U is chosen equal
to Bt . This choice for U satisfies the observability rank condition (3.17) and
therefore the observer (3.19) exists.
Proof. The DC gain of (3.19) is given by,
 
−1 



At − Lx Ct U − Lx TDC
Bt − Lx TDC
Cf lex 0 −
−Lz Ct
−Lz TDC
−Lz TDC

Using the blockwise matrix inversion lemma (3.2.4) the inverse of,

 

At − Lx Ct U − Lx TDC
−At + Lx Ct −U + Lx TDC
−
=
−Lz Ct
−Lz TDC
L z Ct
Lz TDC
is calculated and for presentation purposes the result is given entry wise. Here
th entry of the inverted A matrix of the observer (3.19).
(A−1
o )ij denotes the ij
−1
(A−1
+ (−At + Lx Ct )−1 (−U + Lx TDC )·
o )11 =(−At + Lx Ct )

(Lz TDC − Lz Ct (−At + Lx Ct )−1 (−U + Lx TDC ))−1 Lz Ct (−At + Lx Ct )−1
−1
(A−1
(−U + Lx TDC )·
o )12 = − (−At + Lx Ct )

(Lz TDC − Lz Ct (−At + Lx Ct )−1 (−U + Lx TDC ))−1
−1
(−U + Lx TDC ))−1 Lz Ct (−At + Lx Ct )−1
(A−1
o )21 = − (Lz TDC − Lz Ct (−At + Lx Ct )
−1
(A−1
(−U + Lx TDC ))−1
o )22 =(Lz TDC − Lz Ct (−At + Lx Ct )

The DC gain of (3.19) is then given by,



 (A−1
Bt − Lx TDC
(A−1
o )11
o )12
0
−Lz TDC
(A−1
(A−1
o )21
o )22



 −1
Bt − Lx TDC
= Cf lex (Ao )11 (A−1
o )12
−Lz TDC



Cf lex

−1
= Cf lex ((A−1
o )11 (Bt − Lx TDC ) − (Ao )12 Lz TDC )

= Cf lex (−At + Lx Ct )−1 (Bt − Lx TDC )
+ Cf lex (−At + Lx Ct )−1 (−U + Lx TDC ) Lz TDC − Lz Ct (−At + Lx Ct )−1 (−U + Lx TDC )

· Lz Ct (−At + Lx Ct )−1 (Bt − Lx TDC ) + Lz TDC

−1

which reduces to zero, for U = Bt .

Fig. 3.12 shows the transfer function from u to the compensated output
y − ŷflex in red. The modes are completely compensated and the phase stays at
−180◦ up to a higher frequency compared to the high pass filter solution.
Comparing the two approaches
As elucidated in Fig. 3.12, both the high pass filter and the noise model result
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in the desired zero DC gain. Both these solutions come at the expense of an
increased complexity. The high pass filter requires the filter order times dim(y)
additional states and the noise model requires dim(u) additional states. The
phase delay at the resonance frequency is not zero for the high-pass filter case.
This prevents a complete cancelation of the flexible dynamics. A small residual
resonance remains and for that reason the noise model approach or PI observer
approach is used.

To ycomp
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Figure 3.12: Original plant transfer from u to y together with the transfer from
u to (compensated) output y − ŷflex for the high pass filter solution (black) and
observer with noise model (red).
When an observer with noise model is used for measurement compensation
the equivalent controller retains the required integral action. This is confirmed by
Fig. 3.13 where the transfer of the equivalent controller is shown for an observer
with and without a noise model. When the noise rejection properties of the
system are investigated, the low-frequency slope has returned to the desired +3
slope as seen in Fig. 3.14.

Comparing MC to additional notch filters in the controller
The equivalent controller that arises when MC is applied resembles a standard
PID controller with additional notches, as depicted in Fig. 3.13. There are,
however, some differences that will be highlighted in this section. Fig. 3.15
shows the equivalent controller for measurement compensation, together with a
PID controller, CNotch (s), that is augmented with three notches, tuned to the

3.2. Applying the estimate at the plant output

To u
Phase (Degrees)

To u
Magnitude (dB)

From r

61
From y

150
125
100
75

0
−100
−200
10−2

100

102

104

Frequency (Hz)

10−2

100

102

104

Frequency (Hz)

Figure 3.13: Original feedback controller (blue) and equivalent controller for an
observer with noise model (red) and without noise model (green). The blue and
red lines overlap, except for the notches in the equivalent controller.
first three resonance frequencies. That is,
CNotch (s) =Cpid (s)

3
Y

N (s, ωf i )

i=1

N (s, ωf i ) =

s2 + 0.002ωf i s + ωf2 i
s2 + 0.2ωf i s + ωf2 i

where ωf i denotes the resonance frequency of the ith flexible mode. Using the
same optimization problem (3.4), a bandwidth of 43 Hz is obtained. This bandwidth is only slightly lower than the bandwidth obtained by measurement compensation (46 Hz).
When a notch filter is added to the standard PID controller it is ensured that
the PID controller does not excite the system at the resonance frequencies. The
flexible dynamics are not removed from the plant and can still be excited by the
feedforward control effort and process noise w. Adding a notch to remove an
extra flexible mode will require two additional states in the controller.
In measurement compensation, the PID controller does not act on the resonance frequencies, as they are removed from the loop before the measurements
enter the controller. There are, however, no notches present in the path from
reference r to control effort u, as seen in Fig. 3.15. As such, the flexible dynamics
can be influenced by the reference r as well as the feedforward control effort and
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Figure 3.14: Transfer from sensor reference v to true tracking error etrue for the
original case (blue), observer and high bandwidth controller (red), observer with
noise model and high bandwidth controller (green).

the process noise w. Adding measurement compensation for an extra flexible
mode will require two additional states in the observer.
Neither approach can reduce the flexible dynamics that are present in the
plant. Only the limiting effect on the bandwidth is relaxed, which allows a
better low-frequency sensitivity. The system performance, which is specified as
the positioning accuracy of the system, is therefore still affected by the flexible
modes.
The main benefit of measurement compensation over a PID controller with
notch filters becomes clear in the position-dependent case. Due to the positiondependent observer the notches that occur in the path from y to u will vary with
position. At locations where a mode is unobservable the notch disappears. The
position-dependent properties will be further investigated in Chapter 4.

General comparison of MC to the observer free control architecture
Besides reducing the effect of the flexible modes on the loop gain and thereby
reducing the bandwidth limiting effect, applying MC influences the closed loop
transfer functions. From Fig. 3.4, the closed loop transfer functions from the
inputs to the performance output etrue can be determined. Using the partitioning
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Figure 3.15: Transfer function of the equivalent controller for measurement compensation (blue) and a PID controller with three additional notch filters (green).
(3.10) for the observer we obtain,
etrue = − P (I + Cfb Peq )−1 (I + Cfb Peq − Cfb (I − Oyy )P ) w
− P (I + Cfb Peq )−1 uf f,e
+ P (I + Cfb Peq )−1 Cfb (I − Oyy )d
+ P (I + Cfb Peq )−1 (P −1 + Cfb Peq P −1 − Cfb (I − Oyy ))v
where Peq = (I − Oyy )P − Oyu denotes the transfer from u to ycomp . The
reference r has no direct influence on the tracking performance. Instead, the
feedforward error uf f,e is introduced. This denotes the mismatch between the
ideal feedforward controller and the implemented feedforward controller.
These transfer functions can be compared to the observer free control loop
of Fig. 1.6. Let Γ = Υ = 1 as we consider a SISO case. Then the true tracking
error etrue is given by,
etrue = − P (I + Cfb P )−1 w
− P (I + Cfb P )−1 uf f,e
+ P (I + Cfb P )−1 Cfb d
+ P (I + Cfb P )−1 P −1 v
The main difference between the observer free and the MC transfer functions
is in the sensitivity functions (I + Cfb P )−1 and (I + Cfb Peq )−1 . The transfer
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functions of the physical plant P and the plant with MC, Peq , are almost identical except for frequencies close to the compensated flexible modes. There Peq
has a smaller magnitude than P due to the effect of MC. Consider the process
sensitivity functions, P (I + Cfb P )−1 and P (I + Cfb Peq )−1 . The process sensitivity of the compensated system is larger than that of the observer free system at
the resonance frequencies.
In general, the effect of the disturbances on the performance output is increased when MC is applied. The severity can be mitigated by the effect of the
terms that multiply the sensitivity functions from the right.
Applying MC with a high-gain observer has a detrimental effect on the transfer function from all disturbance inputs to the performance output etrue of the
closed loop, with the exception of d. There an improvement is expected. Applying a MC by means of a low-gain observer improves the transfer functions
of w and v, while deteriorating the transfer functions for uf f,e and d. Fig. 3.16
shows the transfer functions from the four disturbance inputs to the true tracking error etrue for the observer-free case (blue), a high-gain observer (green), and
a low-gain observer (red). The system considered here is the example system of
Section 3.1.
Remark 3.2.5. All improvements and deteriorations are local effects, concentrated at the resonance frequencies. Applying MC has no direct effect on the
low frequency behavior of the closed loop transfer functions. Indirectly, applying
MC allows an increased control bandwidth which does improve the low frequency
behavior of the closed loop transfer functions.
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Figure 3.16: Transfer functions from the disturbance inputs to the true tracking error. Observer-free case (blue), high-gain observer (green), and low-gain
observer (red).
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3.2.3

Velocity measurement compensation

Not all high-precision systems utilize position measurements, in certain cases
velocity measurements are used. These can also be compensated by subtracting
the estimated flexible effect from the measurement signal. As the procedure is
similar to position measurement compensation, only the difference between the
two will be discussed here.
The observer transfer function from u to ẏf lex (Oyu (s)) is given by ŷ˙ =
Cf lex sx̂ and therefore already contains differential action. Thus, the transfer
from u to ẏf lex converges to zero for low frequencies. Integral action of the
equivalent controller is therefore not lost and the PI observer is not required.
However, when a direct feedthrough compliance compensation is present, it
will result in a non zero transfer function from u to ẏf lex . In that case, an
observer with noise model is needed to ensure convergence to zero. This can be
seen in Fig. 3.17 where the transfer function of the observer is given with and
without a noise model.
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Figure 3.17: Transfer function of the observer (with direct feedthrough compliance compensation) for velocity measurements compensation without (blue) and
with (green) a noise model in the observer.

3.2.4

Softsensing

A third option for application of the estimated at the plant output is softsensing.
The performance output of a high precision system is not always measurable.
For instance, the optical column in lithography applications prevents measurements at the exposure point. Therefore, sensors measure at the edges of the
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system. This spatial mismatch between performance and measurement channels
can be easily compensated in the case of a rigid system. Using the reconstructed
rigid body position or reference values together with the known distances and
rotations between the performance location and the measurement location, the
performance output can be approximated.
yperf = f (rp , y)

(3.20)

where f (rp , y) is a function and not a dynamic filter.
When flexible effects occur, the procedure is still viable if accurate knowledge
of the flexible modes is available. This knowledge can be obtained by estimating
the flexible modes by means of the observer. The estimated flexible states are
used to correct the rigid body reconstruction of the performance channel for the
flexible effects. The estimated measurement at the performance location is then
given by,
ŷperf =f (rp , y − ŷflex,s ) + ŷflex,perf

(3.21)

First, the estimated flexible effects at the sensor location ŷflex,s are subtracted
from the true measurements y to obtain a measurement which is free of the
effects of flexible dynamics. Subsequently, the estimated rigid body performance
output is calculated. Finally, the estimated flexible effects at the performance
location ŷflex,perf are added.
In this manner, a real-time reconstruction of the performance output of the
system is made available. This artificial measurement can be used for control
purposes. Unfortunately, the effect of the flexible modes on the performance
output contains the high frequency resonances. As the performance location
moves over the system, the same position-dependent effects occur that limit the
control bandwidth when the sensor measurements are used in the control loop.
Thus, the artificial sensor suffers from the same bandwidth limiting effect as the
real sensor measurements.
The bandwidth limiting effects can be removed by subtracting the flexible
effects again. The consequence is that the estimated performance output is then
equal to the rigid body reconstruction, which can be applied without an observer.
Ideally, the compensation for flexible effects at the performance location should
consist only of low-frequency compliance effects ŷ¯flex,perf . Specifically, the frequency content of ŷ¯flex,perf should be upper bounded by the control bandwidth.
Any content of higher frequency cannot be compensated for by the feedback
controller. This allows an improved estimate of the performance output without
introducing resonances that limit the bandwidth,
yperf =f (rp , y − ŷflex,s ) + ŷ¯flex,perf

(3.22)

Add-on observer applications

68

Again the performance output is estimated from the unfiltered rigid body part of
the measurements, together with the estimated difference between the measured
and performance output. By adding the low-frequency estimate ŷ¯flex,perf , the
bandwidth limiting effects are removed.
Unfortunately, ensuring that ŷ¯flex,perf consists solely of frequency components
up to the control bandwidth is non-trivial. Any filter operation will result in
phase delay, which deteriorates the quality of the estimated performance output.
By using an approach similar to the compliance compensation of discarded flexible dynamics of Chapter 2, the compliance effect of the modes on the performance
location can be obtained. This effect can be calculated by a position-dependent
compliance term Tdc,perf (rp ) multiplied by the feedforward control effort.
yperf =f (rp , y − ŷflex,s ) + Tdc,perf (rp )uff

(3.23)

This is, however, not a true observer application but a static compensation that
is already applied in practice. As such, the topic is not investigated further in
this thesis.
Remark 3.2.6. For systems where the sensor locations are position-dependent
but the performance output is not, the bandwidth limiting effect does not occur.
A perfect reconstruction of the performance output will be position-independent.
A position-independent controller for the resulting flexible system can then be
designed.

3.3

Applying the estimate at the plant input

In this section, the topics of Table 3.1 that relate to compensation at the plant
input are discussed. As shown in the previous section, MC can effectively remove
flexible dynamics from the control loop but not from the plant itself. This limits
the bandwidth increase that is achieved after MC is applied. In this section, we
investigate applications of the observer that reduce the flexible dynamics in the
plant. This reduction is possible by selectively controlling those flexible modes
by appropriate state feedback.
This approach is linked to modal space control [10]. Modal space control has
been developed to deal with undesired vibrations in lightweight space structure
[47, 53] and buildings [20]. Typically, the goal is vibration reduction in systems
where no rigid body motion is present [5].
First, the effects of partial state feedback on the system eigenvalues is investigated in Section 3.3.1. Next, the effect of active modal damping is investigated
in Section. 3.3.2. Finally active stiffness is the topic of Section 3.3.3.
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Partial state feedback

Modifying the closed loop eigenvalues of a dynamic system by state feedback is a
well known control approach [21]. Applying state feedback to systems in modal
form allows modification of specific physical quantities. State feedback of the
estimated modal positions results in a modified stiffness. State feedback of the
estimated modal velocities modifies the damping of the modes. By simultaneously applying state feedback to estimated modal positions and velocities both
properties can be influenced.
Consider the equations of motion of a single flexible mode,
η̈ = − ω 2 η − 2ζω η̇ + φ⊤
au

(3.24)

where η denotes the modal position, ω is the natural frequency, ζ is the modal
damping and φ⊤
a is the gain from input force to this particular mode. An observer

⊤
is present and produces an estimate of the state vector x̂ = η̂ η̂˙ . By means


of the gain K = Ks Kd the state feedback usf is generated,


usf = Ks

= Ks

 
 η̂
Kd ˙
η̂
   
 η
e
Kd
− η
η̇
ėη

(3.25)
(3.26)

where the estimation error eη is defined as η − η̂. Adding usf to the control input
u results in the following system,
η̈ = − ω 2 η − 2ζωη + φ⊤
a (u + usf )
2

=(−ω +

φ⊤
a Ks )η

+ (−2ζω

+ φ⊤
a Kd )η̇

(3.27)
+

φ⊤
au

+

φ⊤
a (Ks eη

+ Kd ėη ) (3.28)

which shows that Kd and Ks can be used to change the damping and stiffness
of the flexible dynamics. By a proper selection of Ks and Kd , the stiffness and
damping of the mode can be increased or decreased.
Also note the additional input that appears in (3.28), the estimation error
directly affects the flexible mode. Thus the performance of the observer is important. The estimation error has to be as small as possible.
The effect of Ks on a flexible system with one rigid body mode and one flexible
mode is depicted in Fig. 3.18. Here the eigenvalue locations and transfer function
have been plotted for an increased and decreased stiffness. Fig. 3.19 shows the
same plots for an increased or decreased damping by Kd . In the remaining part
of this section the effects of modified damping and stiffness are investigated in
more detail.
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Figure 3.18: Effect of state feedback to increase and decrease the stiffness, on the
pole and zero locations and the system transfer function.
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Figure 3.19: Effect of state feedback to increase and decrease the damping, on
the pole and zero locations and the system transfer function.
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Remark 3.3.1. From Figs. 3.18 and 3.19 it is clear that decreasing the stiffness
and/or damping of a mode is not desirable. The flexible effects become more
pronounced and their limiting effect on the control bandwidth is more severe.
Therefore, this thesis only considers increasing damping and stiffness.
Remark 3.3.2. Note that the anti-resonance frequency is unaffected by the
state feedback. The additional control force is applied to both modes of the
system. It can be shown that the resulting transfer function has modified poles
which result in the modified damping and stiffness. The zeroes of the resulting
transfer function are not affected by the additional control force. The antiresonance frequencies, or zeroes, of the system are determined by the sensors
and actuators, not by the internal dynamics.

3.3.2

Active damping (AD)

When active damping is applied, the gain matrix K has non-zero entries on the

columns corresponding to the modal rate of change: K = 0 Kd1 . . . 0 Kdn .
Here, Kdi is the damping gain for the ith mode. No damping is applied to the
rigid body modes of the system. The observer dynamics of (3.3) are modified by
adding an output,
x̂˙ o =(At − Lx Ct )x̂o + (Bt − Lx TDC )(ufb + uff + ud ) + Lx y


ud = 0 Kd1 . . . 0 Kdn x̂o

(3.29)
(3.30)

By a suitable selection of Kd , the observer generates a damping force ud as seen
in Fig. 3.20. The additional state feedback loop increases the modal damping
of the estimated flexible modes, which results in reduced resonance peaks in the
transfer function. To obtain the desired level of damping, the damping gain has
to be tuned.
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Figure 3.20: The feedback control structure with observer to apply additional
damping to certain flexible modes.
Manually tuning the individual gains, Kdi , to obtain a desired loopgain is
straightforward for SISO applications. For MIMO systems, the interaction be-
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tween the different inputs and outputs makes individual tuning increasingly difficult. Automatic tuning of the gains Kdi , does not suffer from the increased
complexity for MIMO applications. Three methods are discussed here, the first
is an automated version of manual tuning. The second is an algorithm that tries
to minimize the interaction between the damped mode and the other modes of
the system. The third method is gain selection by means of pole placement.
Automatic “manual” tuning
The first method for selecting the damping gains is an automated version of the
manual tuning method. From (3.28), it follows that the achieved modal damping
value of mode i, ζi∗ , is given by,
2ζi∗ ωi = 2ζi ωi + φ⊤
ai Kdi
The damping gains Kdi are then selected according to,
†
∗
⊤ †
Kdi = −(φ⊤
ai ) 2(ζi − ζi )ωi = −(φai ) 2ζdes,i ωi

(3.31)

where ζdes,i is the desired increase in modal damping ratio. This method ensures
that the modal damping ratio of each damped mode is equal to the desired
value. However, any coupling effects between the rigid body modes and the
flexible modes are disregarded.
Minimizing the interaction between modes
The second automatic tuning algorithm explicitly takes the coupling effect into
account. Instead of individually tuning the gains Kdi , the gains are tuned in a
single procedure
that takes the coupling between
the modes into account. Let


Zdes = 2ζdes,1 ω1 2ζdes,2 ω2 . . . 2ζdes,nt ωnt denote a vector that contains the
desired increase in damping ratio for each mode in the reduced order model. The
damping gain is selected according to,



†
Kd1 . . . Kdn = −Φ⊤
at diag(Zdes )

(3.32)

where (.)† denotes the Moore-Penrose pseudo-inverse [55]. By selecting the gains
in this manner, the coupling between individual modes is taken into account. The
number of actuators is typically less than the number of damped modes, and the
selection method (3.32) is underdetermined. By using the pseudo-inverse, the
minimum norm solution is obtained.
Pole Placement
Finally, the gain K can be selected such, that the poles of At + Bt K coincide
with a pre-specified set of poles Λ∗ .
K = argK {λ(At + Bt K) = Λ∗ }

(3.33)
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Table 3.4: Resulting damping ratio for the three damping gain selection methods.
The desired damping ratio was set to 0.04.
Mode

Original

rigid
flex1
flex2
flex3

0
0.0050
0.0050
0.0050

(3.31) Automated
“manual” tuning
0
0.0400
0.0400
0.0400

(3.32) Minimal
interaction
0
0.0184
0.0136
0.0100

(3.33) Pole
placement
0
0.0400
0.0402
0.0398

Here, Λ∗ is selected as the poles of an ideal flexible system that has the same resonance frequencies but a modal damping factor of ζi∗ . A pole placement method
that can deal with repeated poles in the origin is required due to the presence
of rigid body modes. For MIMO systems, additional freedom is present while
selecting the gain. This freedom can be exploited by minimizing the magnitude
of the gain K [64].
Fig. 3.21 shows the damped plant response from u to y for the three selection
methods for K. The desired level of damping is selected as ζi∗ = 0.04. The
actually achieved damping ratios are given in Table. 3.4. Comparing the results,
it is clear that the performance of the damping loop differs.
Automatic “manual” tuning exactly achieves the desired damping levels. The
pole placement method almost achieves the desired level of damping. Some
numerical errors in the pole placement method result in damping ratios that
are within 0.5% of the desired value. Minimizing the interaction between modes
results in the lowest damping ratios as the method trades off the desired damping
ratio with the coupling to other modes.
Although the pole placement method [64] can deal with repeated poles in the
origin, numerical issues cause poles to be different from the desired poles. This
is significant for the rigid body poles, there we specify zero damping (no change
from the original pole locations). The numerical issues result in closed loop rigid
body poles that are unstable. This can be prevented by setting the damping
gain applied to the rigid body states, which is small but non-zero, to zero.
For SISO applications, the coupling that is introduced by the first method
is not an issue and this method is recommended for SISO systems. For MIMO
applications the first method results in large coupling between the internal dynamics, in that case the second method can be applied. More details regarding
the application to MIMO systems can be found in Section 4.3.
In this section and section 3.4, the first method is applied where the desired
damping ratio is set to 0.04. The beneficial effect of active damping can be seen
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Figure 3.21: Transfer function from ufb to y for the three damping gain selection
methods. blue: Undamped plant, green: first selection method (3.31), red: second selection method (3.32), cyan: pole placement. Note: cyan and green lines
overlap.
in Fig. 3.22a. The additional damping reduces the peaks in SiI (jω) which relaxes
the bandwidth limiting effect as elucidated in Fig. 3.22b. Subsequently, a new
feedback controller, with a higher bandwidth, can be designed according to (3.4).
As was observed in Section 3.2, the presence of the observer introduces two,
position-dependent, sensitivity functions SiI (jω) and SiO (jω). For a desired
damping level of 0.04, a bandwidth of 65 Hz is obtained. This is a significant
improvement compared to the original 37 Hz and the 46 Hz achieved by applying
measurement compensation.
The bandwidth is limited by the main sensitivity peak in SiO (jω) as shown
in Fig. 3.23a. There is a large variation over the positions, which is caused by
the active damping loop. Due to the increased gain at the resonance frequencies,
interaction occurs between the damping loop and the feedback controller. This
results in phase effects that are undesired and limit the bandwidth for certain
positions. To reduce this interaction, a bandpass or high pass filter can be applied
to the damping gain. Here, the following bandpass filter is used.
HBP (s) =

ωpass
Q s

s2 +

ωpass
Q s

2
+ ωpass

(3.34)

Where ωpass is equal to the resonance frequency and Q is the selectivity of the
bandpass filter.
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Figure 3.22: Plant transfer function and SiI (jω) for the case of active damping.
Applying the bandpass filter (3.34) to each damping gain, suppresses the
influence of the damping gain on the control loop for frequencies below the
resonance frequencies. This can be seen in Fig. 3.23b. The main sensitivity peak
varies less over the different positions. The damping gain becomes a dynamic
gain K(s) and the feedback control bandwidth can be increased. By optimizing
over the selectivity Q of the bandpass filter the highest bandwidth can be found.
max fbw
Q

subject to:

(3.35)

|SiI (jω, fbw )| ≤ 6 dB ∀ ω ∀ i = 1, . . . , 7
|SiO (jω, fbw )| ≤ 6 dB ∀ ω ∀ i = 1, . . . , 7
The resulting bandwidth is then 77 Hz with Q = 2.
The choice for a bandpass filter to minimize the interaction between damping
loop and feedback controller is motivated by foresight. In Section 4.3, a bandpass
filter is selected to improve the decoupling performance for MIMO applications
of the active damping loop.
The achievable bandwidth is linked to the level of damping that is applied
to the system. At first, increasing the damping increases the achievable control
bandwidth. Unfortunately, a trade off has to be made. An infinite damping is
not the optimal solution as the increased gain again results in interaction between
the damping loop and the rigid body modes.
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Figure 3.23: SiO (jω) for i = 1, . . . , 7 with and without use of a bandpass filter.
With the bandpass filter the main sensitivity peak around 50 Hz is more constant
for different i.
To understand the effect of the active damping loop, the equivalent control structure of Fig. 3.24 is investigated. The observer O(s) is partitioned into two parts,
 
 u
ud = Ouu (s) Ouy (s)
y


(3.36)

Loss of integral action in the equivalent controller was an issue for measurement
compensation. For active damping this is not an issue. From Fig. 3.24 the
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Figure 3.24: The equivalent control structure when active damping is applied.
transfer function of the equivalent controller is determined,


Ceq (s) = (I − Ouu (s))−1 Cfb (s) − (Cfb (s) − Ouy (s))

(3.37)
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Theorem 3.3.1. When active damping is applied, the steady state value of the
′ when
tracking error e(t) is zero for nr = nw = nv = 1 and lims→0 Cfb (s) = 1s Cfb
the following two conditions for the observer hold,
lim Ouu (s) ∼sn , n ≥ 0

(3.38)

lim Ouy (s) =0

(3.39)

s→0

s→0

Proof. From Theorem 3.2.1 we know that the steady state value of the error e
is zero if (3.8) and (3.9) are satisfied.
From (3.37) we get,
Cr (s) = (I − Ouu (s))−1 Cfb
Cy (s) = − (I − Ouu (s))−1 (Cfb − Ouy (s))
If (3.39) holds, lims→0 Ouy (s) = 0 and,

−1
lim Cr (s) = I − lim Ouu (s)
lim Cfb
s→0

s→0

(3.40)

s→0

= − lim Cy (s)

(3.41)

s→0

so (3.9) is satisfied.
The condition (3.8) reduces to nCy > 0 for systems considered in this thesis.
Cy (s) = − (I − Ouu (s))−1 (Cfb − Ouy (s))

−1 

lim Cy (s) = − I − lim Ouu (s)
lim Cfb − lim Ouy (s)

s→0

s→0

s→0

s→0

We assumed that lims→0 Ouy (s) = 0 must hold, and so this reduces to,

−1
lim Cy (s) = − I − lim Ouu (s)
lim Cfb
s→0
s→0
s→0

−1 1
C′
= − I − lim Ouu (s)
s→0
s fb

and nCy = 1 when lims→0 Ouu (s) is constant or goes to zero. This requires that
lims→0 Ouu (s) ∼ sn with n ≥ 0.
Both conditions derived in Theorem 3.3.1 are satisfies by design as active
damping is implemented by a gain on the modal velocities. This results in an
additional zero in the origin compared to MC and applying the bandpass filter
(3.34) adds an additional zero in the origin to the transfer functions.
In Fig. 3.25, the original feedback controller is compared to the equivalent controller and the equivalent controller that is obtained after the controller redesign.
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Figure 3.25: Original feedback controller (blue) and equivalent controller (green)
when modal damping is applied. The red line is the equivalent controller that is
obtained after the controller redesign is performed.

The controller transfer from r to y resembles a standard PID controller with additional notches. The transfer from y to u shows the damping effect as an increased
gain is visible at the resonance frequencies.
The main advantage of AD is the fact that the amplitude of flexible dynamics
in the plant are reduced. This is beneficial for both their limiting effects on the
control bandwidth and their effect on the performance output of the system.
The increase in control bandwidth is larger than the increase achieved by MC.
General comparison of AD to the observer free control architecture
Besides reducing the effect of the flexible modes on the loop gain and thereby
reducing the bandwidth limiting effect, applying AD influences the closed loop
transfer functions. From Fig. 3.20, the closed loop transfer functions from the
inputs to the performance output etrue can be determined. Using the partitioning
(3.36) for the observer we obtain,
−1
etrue = − Peq (I + Cfb Peq )−1 (Peq
+ Ouy )P w

− Peq (I + Cfb Peq )−1 uf f,e
+ Peq (I + Cfb Peq )−1 (Cfb − Ouy )d
−1
+ Peq (I + Cfb Peq )−1 (Peq
+ Ouy )v
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where Peq = P (I − Ouu − Ouy P )−1 , denotes the transfer from u to y, including
the damping loop through the observer. The reference r has no direct influence
on the tracking performance. Instead, the feedforward error uf f,e is introduced.
This denotes the mismatch between the ideal feedforward controller and the
implemented feedforward controller.
These transfer functions can be compared to the observer free control loop
of Fig. 1.6. Let Γ = Υ = 1 as we consider a SISO case. Then the true tracking
error etrue is given by,
etrue = − P (I + Cfb P )−1 w
− P (I + Cfb P )−1 uf f,e
+ P (I + Cfb P )−1 Cfb d
+ P (I + Cfb P )−1 P −1 v
The main difference between the observer free and the active damping transfer functions is in the sensitivity functions (I + Cfb P )−1 and (I + Cfb Peq )−1 . The
transfer functions of the physical plant P and the damped plant Peq are almost
identical except for frequencies close to the damped flexible modes. There Peq
has a smaller magnitude than P due to the additional damping.
Consider the process sensitivity functions for both cases, P (I + Cfb P )−1 and
Peq (I + Cfb Peq )−1 . Although (I + Cfb P )−1 is smaller than (I + Cfb Peq )−1 at the
resonance frequencies, the process sensitivity of the damped system is smaller
than that of the observer free system. The reduction at the resonance frequencies
in Peq is larger than the increase at the resonance frequencies of (I + Cfb Peq )−1 .
The actual effect on the transfer functions from disturbance inputs to true
tracking error will also depend on the additional observer terms that multiply
the process sensitivity function from the right. For high-gain observers the application of AD reduces the effect of the input disturbances uf f,e and w on the
tracking error etrue . The influence on the effect of the sensor reference highly
depends on the frequency which is considered. Exactly at the resonance frequencies, the v has less effect on etrue . For frequencies close to the resonance
frequency, a small deterioration will occur. The effect of the sensor noise d on
the tracking performance is increased due to the high gain observer. Fig. 3.26
shows the transfer functions from the four disturbance inputs to the true tracking error etrue for the observer-free case (blue), a high-gain observer (green), and
a low-gain observer (red). The system considered here is the example system of
Section 3.1.
Besides allowing an increased control bandwidth, active damping can be used
in general for systems that are characterized by low output disturbances compared to the input disturbances. There, the transfer from the input disturbances
to the performance output will be improved. This will outweigh the increased
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effect of the relatively small output disturbances.
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Figure 3.26: Transfer functions from the disturbance inputs to the true tracking error. Observer-free case (blue), high-gain observer (green), and low-gain
observer (red).
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Active stiffness

Besides an increase in modal damping, partial state feedback can induce an increase in stiffness. This increases the resonance frequency which moves the bandwidth limiting effect further away from the control bandwidth.
To apply active


stiffness increase, the gain matrix K is defined as K = Ks1 0 . . . Ksn 0 .
Like the active damping application, there is no gain on the rigid body states,
Ks1 = 0. Given a particular gain Ksi for the ith mode, the change in resonance
frequency can be determined from (3.28). The new resonance frequency is given
by,
q
ωi,new = ωi2 − φ⊤
(3.42)
ai Ksi

The actual gain Ksi typically needs to be large. Consider a desired increase
in resonance frequency of 50%. The gain Ksi can then be determined from (3.42)
and is given by,
Ksi = − 1.25

ωi2
φ⊤
ai

(3.43)

There are a few disadvantages to increasing the modal stiffness of the flexible
modes. As the resonance frequencies are in the kilohertz range, the gain matrix
Ksi is large. This results in a large loop gain for the stiffness loop to increase the
already high stiffness value of the modes. This reduces the robustness properties
of the closed loop and makes the system sensitive for estimation errors. Furthermore, when a mode is shifted to a frequency that is close to another mode,
problems can occur with observability. Finally, only the imaginary part of the
eigenvalues corresponding to the flexible mode is increased. If the real part does
not increase accordingly the relative damping of the mode will decrease. Although the resonance is shifted to a higher frequency it is less damped and the
resonance peak will be higher. For these reasons increasing the stiffness of a
mode with the aim of increasing the control bandwidth is not recommended.
When active stiffness is applied, the gains can be selected similarly to the
procedure for active damping. Application of an additional bandpass filter to
the stiffness gain reduces the effect of the state feedback loop on the control
bandwidth.
Remark 3.3.3. As mentioned in Chapter 1, the performance is measured by
MA(t) and MSD(t). As the spectrum of the moving average operation is a sincfunction, there are certain frequencies that do not show up in MA(t). Active
stiffness can be used to move certain resonance frequencies to coincide with
the transmission zeros of the moving average operation. The drawbacks that
were mentioned in this section still apply, but this allows removal of resonance
frequencies from the performance measure.
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3.4

Effects of combined compensation at input and
output

The methods described in Sections 3.2 and 3.3 can be applied simultaneously.
The motivation for doing so is as follows. When MC was applied, a bandwidth of
73 Hz is achieved. The transfer from reference to true tracking error does however
show significant resonances. That motivated us to reduce the bandwidth (to 46
Hz) by adding an additional constraint to the control design problem. This
prevents undesired excitation of the flexible modes. When AD is applied, the
flexible modes are actively reduced in the plant. Hence, it is expected that joint
application of MC and AD will result in a larger bandwidth than AD and MC
separately.
An observer with added noise model is required. Otherwise, the equivalent
controller loses its integral action as discussed in Section 3.2. The addition of the
noise model has no influence on the added damping or stiffness. The feedback
gain K, which is a combination of the stiffness and damping gain, is appended
with dim(z) zeroes to ensure it matches the new state dimension.
As discussed in Section 3.2, position and velocity measurement compensation
are almost identical. In Section 3.3, it was argued that active stiffness increase is
not a viable approach. Therefore, this section discusses the combination of active
damping and (position) measurement compensation. First, it is shown that the
stability of the loop can be evaluated after the design but before implementation.
Subsequently, the performance of the combined application is evaluated.

3.4.1

Stability

To evaluate stability of the closed loop, a two step approach is used. First,
stability is proven for the case where the observer model is equal to the plant
model. I.e. the modes that are discarded during the model order reduction are
also removed from the plant. Under this assumption, the feedback controller
and the observer can be designed independently. Provided both are individually
stable the closed loop will be stable as well. Secondly, the effect of the unmodeled
dynamics on the overall stability is investigated.
The interconnection of plant, controller, and observer is displayed in Fig. 3.27.
The plant dynamics have been split in two parts. One part, Σt , denotes the
modes that are retained during the model order reduction (2.11). The other
part, Σd denotes the modes that are discarded during the model order reduction
(2.12). The direct feedthrough compliance compensation TDC (2.13) is extracted
from the observer. The discarded dynamics Σd and the compliance compensation TDC , together make up the block S(s), which has a (vector) input uS and
(vector) output yS . The observer without compliance compensation, the re-
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tained dynamics Σt , and the feedback controller Cfb are grouped together in the
nominal plant H(s).

w
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Figure 3.27: The control loop with additional observer, partitioned in a nominal
plant H(s) and discarded modes S(s).

The nominal plant, H(s), can be partitioned as,







uS
H11 H12
=
y
H21 H22






yrS
 w 
v
d

(3.44)


⊤
The transfer function of the closed loop, from r w v d to y, is then given
by the upper fractional representation [90, 69],
FU (H, S)(s) = H22 (s) + H21 (s)S(s)(I − H11 (s)S(s))−1 H12 (s)

(3.45)

First, consider the case where S(s) = 0, i.e. there are no discarded modes
present in the plant and the compliance compensation TDC is zero. Let the triple
(Ac , Bc , Cc ) denote the state space matrices of the feedback controller ΣCfb and
let xc denote its internal state.
Under the assumption that S(s) = 0, the transfer function of the closed loop
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is given by, FU (H, 0)(s) = H22 (s). The state space representation of H22 (s) is,
  
 
−Bt K
At + Bt K
Bt Cc
ẋo
xo
ẋc  =  −Bc (Ct − Cf ) Ac


−Bc Cf
xc 
ėx
ex
0
0
At − LCt
 
 r

0 Gt 0
0
w 

+ Bc 0 Bc −Bc  
v 
0 Gt −L
L
d
 
 
r

 xo

 w 

y = Ct 0 0 xc  + 0 0 −I 0 
v
ex
d

(3.46)

where ex = xo − x̂o denotes the estimation error, Cf is the matrix used to compensate the measurements for the flexible effects, and K is the gain matrix used
to apply active damping or stiffness to the modes. The A matrix in (3.46) is
block triangular and its eigenvalues are given by the eigenvalues of the diagonal
blocks. Provided both the upper left and lower right block of (3.46) are individually stable, the closed loop will be stable as well. Thus, the observer gain L,
and compensation matrices K and Cf can be designed independently.
In practice, the modes that are discarded during the model reduction are present
in the real plant. The compliance compensation TDC is selected such that the
compliance of the discarded modes is compensated. The result, is that S(s) in
Fig. 3.27 is non-zero and affects the performance and stability of the closed loop.
When S(s) is non-zero, the A matrix of FU (H, S) no longer has the triangular
structure of (3.46).
The stability of the overall system in the presence of the discarded modes can
be evaluated a posteriori with the small gain theorem [89]. From (3.45), it
follows that instability of the full system can occur only when kH11 (s)S(s)k ≥ 1,
provided all individual transfer functions Hij (s) are stable.
Once K, Cf and the observer are designed the condition kH11 Sk∞ < 1 ∀ ω
is evaluated to ensure stability. This method can be used to evaluate stability
of measurement compensation and active damping/stiffness alone by setting Cf
and K to zero respectively.
The stability is ascertained a posteriori. A typical approach is to execute
the design in two steps. First, design the observer and determine the equivalent
plant and controller. Next, increase the bandwidth of the feedback controller
while ascertaining stability and performance.
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Performance

Comparing the results of Section 3.2 and Section 3.3, it is clear that measurement
compensation offers the greatest reduction of the effect of flexible dynamics on
the transfer function seen by the controller. As was already remarked, the drawback of measurement compensation is that flexible dynamics are not removed
from the system itself. Actively increasing the modal damping of estimated
flexible modes does reduce the effect of flexible dynamics on the system itself.
When the two methods are combined, the achievable bandwidth of the redesigned controller is 59 Hz. This value is higher than the bandwidth obtained by
separate application of MC (46 Hz), but significantly lower than the bandwidth
achieved by applying AD (77 Hz). Consequently, the low-frequency disturbance
rejection of the combined application is lower than either of the separate applications. As both individual applications show a dominant sensitivity peak
for certain positions, their combined application results in the addition of their
limiting effects. As a result, the bandwidth that can be obtained is significantly
lower.
It was observed in Section 3.3.2 that the bandwidth of the redesigned controller can be increased when a bandpass filter is added to the damping gains.
Furthermore, the covariance of the noise model is a parameter that can be optimized. It affects the internal observer dynamics and as such both active damping
and measurement compensation are affected. By optimizing over the selectivity
constant Q of the bandpass filter and the covariance of the noise model Qν , a
larger bandwidth is obtained.
max fbw
Q,Qν

subject to:

(3.47)

|SiI (jω, fbw )| ≤ 6 dB ∀ ω ∀ i = 1, . . . , 7
|SiO (jω, fbw )| ≤ 6 dB ∀ ω ∀ i = 1, . . . , 7
The resulting control bandwidth is 83 Hz, for Q = 2 and Qν = 103 . This
bandwidth is larger than the bandwidth obtained by applying AD and MC individually.
Investigation of the equivalent controller that is depicted in Fig. 3.28 clearly
shows the effect of active damping. The effect of measurement compensation is
more difficult to observe.

3.5

Simulation results

The applications of the observer that were proposed are compared on different
aspects. First, the disturbance rejection properties are evaluated in Section 3.5.1.
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Figure 3.28: Original feedback controller (blue), equivalent controller (green) and
high bandwidth equivalent controller (red) when active damping and compensation
are applied.
Where the control loop is subjected to disturbance signals and the spectral content of the tracking error is evaluated. Section 3.5.2 investigates the effects of
the proposed applications on the tracking performance for a typical scanning
trajectory.

3.5.1

Disturbance rejection

An important task of the feedback controller is the rejection of disturbances,
noise, and feedforward errors. A simulation is performed for each proposed observer application, where the system is subjected to disturbances. By evaluating
the spectral content of the tracking error, the performance of each application is
investigated.
Consider a case where r(t) = 0 and the noise inputs to the system (w, v, d)
are Gaussian white inputs with standard deviation, 0.01 N, 1 nm and 1 nm
respectively. Fig. 3.29 shows the cumulative spectral density plot of the measured, emeas (t), and true, etrue (t), tracking error. The feedback controller in each
simulation is the original controller (37 Hz).
From Fig. 3.29, it can be seen that the proposed applications almost exclusively affect the tracking errors around the resonance frequencies, as predicted
in the respective sections. The best performance is achieved by active damping,
it reduces the contribution of the flexible mode in both the measured and true
performance tracking error. Measurement compensation and the combined ap-
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Figure 3.29: Cumulative spectral density plot of the measured and true tracking
error when the system is excited by Gaussian, white disturbance inputs. blue:
original, red: AD, green: MC, cyan: MC and AD.
plication of compensation and damping, show similar results for the measured
tracking error. For the true tracking error, the application of compensation alone
is not as effective. The flexible modes are only compensated in the measured
tracking error and are not removed from the plant. This was already noted in
Section 3.2, the closed loop transfer functions for w and v deteriorate for a highgain observer while the transfer function for d improves. As the magnitude of
d is significantly smaller than that of w, the final result is a deteriorated rejection. Based on the simulation results with the original feedback controller, active
damping has the best performance.
Besides the direct effect of each application on the tracking error at the resonance frequencies of the plant, a low frequency improvement is obtained by the
increased feedback control bandwidth. For MC the transfer function from r to
etrue was also constrained during the control design process. This additional constraint has no influence on the attainable bandwidth for the original controller
and active damping controller. In those cases emeas = etrue and the transfer
from r to emeas is given by S I (jω), which is already taken into account in the
controller design. For the combination of MC and AD, this additional constraint
also has no effect, due to the added damping the effect of flexible modes in the
plant is reduced and the bandwidth limiting effect remains to be the major sensitivity peak of SiO (jω). The bandwidths of the redesigned controllers for each
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Table 3.5: Achievable feedback control bandwidth for the three observer applications discussed in this chapter.
Case
PID
MC
AD
MC and AD

Bandwidth
37 Hz
46 Hz
77 Hz
83 Hz

application are given in of Table 3.5. Based on these values it is expected that
the combined application will provide the best low-frequency disturbance rejection, closely followed by AD. MC provides little improvement over the original
controller.
A new simulation, with the redesigned feedback controllers, is performed and
Fig. 3.30 shows the cumulative spectral density plot of the measured emeas (t) and
true etrue (t) tracking error. Clearly, all three applications provide increased lowfrequency disturbance rejection, compared to the original control configuration.
AD shows a significant improvement in both low frequency disturbance rejection
and removal of the flexible dynamics from etrue . MC provides little improvement
on the flexible modes that are present in the true tracking error and show the
smallest improvement in low frequency disturbance rejection. Combining MC
and AD provides the best low frequency disturbance rejection, together with the
removal of the flexible modes from etrue .
Besides (low-frequency) disturbance rejection, the transfer functions from
the reference r, the feedforward control signal uff and the input disturbance w
to the true tracking error are important for performance. Fig. 3.31 shows the
transfer functions from r, uff and w to etrue for the controllers designed with
the additional constraint. It is clear that MC does not provide a significant
improvement over the original application. Active damping and the combined
application do not show the high gain at the resonance frequencies. Because
active damping actually reduces flexible effects in the plant, it also improves the
transfer functions from the inputs to the performance output.

Remark 3.5.1. The reason that the maximal value of the transfer from r to
etrue is not exactly 6 dB in Fig. 3.31 is due to the control design procedure. The
max 6 dB peak constraint must be satisfied regardless of which mass is measured
as output of the system. The mass that is measured in the example system is
not the most critical one when evaluating the constraints.
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Figure 3.30: Cumulative spectral density plot of the measured and true tracking
error when the system is excited by Gaussian, white disturbance inputs. blue:
original, green: MC, red: AD, cyan: MC and AD.

3.5.2

Tracking performance

Besides disturbance rejection, reference tracking is an important measure of performance for high-tech motion systems. The feedforward controller is responsible
for the majority of the reference tracking performance. As the application of the
observer alters the closed loop system, the original feedforward controller may no
longer provide satisfactory tracking performance. In this section, the effects of
the proposed applications on the reference tracking performance is investigated.
The original feedforward controller and the modified feedforward controllers are
obtained by a data based approach [54]. The snap, jerk, acceleration, and velocity gains of the feedforward controller are optimized. The adapted feedforward
controller for the observer applications can be found in Appendix A.
The fourth order reference trajectory of Fig. 3.32 is used to evaluate the
performance. The reference accelerates the flexible plant to Vmax = 1 m/s. The
maximal values for the snap, jerk and acceleration trajectories, as well as the
lengths of the constant velocity and settling phases are given in Table 3.6. The
value for Pmax follows from the values of Table 3.6 and is given by Pmax = 0.17
[m]. Note that the chosen values of the parameters result in Tsnap = 5 · 10−3 [s],
Tjerk = Tacc = 0.
Remark 3.5.2. With the exception of Tvel and Tsettle , the parameters of Ta-
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Figure 3.31: Closed loop transfer functions from r, uff , w, v, and d to etrue when
taking the performance output into account during control design. Blue: original,
green: MC, red: AD, cyan: MC and AD.

ble 3.6 correspond to typical values used in lithography applications. Typically,
a single die, and thereby the distance covered during the constant velocity phase,
is 30 mm. The feedback controller used here does not employ notch filters. Consequently, its bandwidth is a factor five lower than that of industrial applications.
When a typical Tvel is used, the resulting tracking error would be dominated by
the feedforward error, as the feedback control bandwidth is too low to suppress
it in the limited Tvel . By increasing Tvel , the settling phase is increased. For that
reason a scan distance of 130 mm is used here, which corresponds to a scanning
phase which lasts t2 − t1 = 0.13 seconds. Together with the settling time, the
total time for the constant velocity phase is Tvel = 0.15 seconds.
Table 3.6: Parameters for the reference profile used to evaluate tracking performance.
Symbol
Smax
Jmax
Amax
Vmax
Tvel
Tsetle

Meaning
Maximal snap
Maximal jerk
Maximal acceleration
Maximal velocity
Length of constant velocity phase
Settling time at end of acceleration

Value
4 · 106 [m/s4 ]
2 · 104 [m/s3 ]
100 [m/s2 ]
1 [m/s]
0.15 [s]
0.02 [s]
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Figure 3.32: Fourth order setpoint used to evaluate tracking performance.

Fig. 3.33, shows the tracking error for each of the four cases, together with
a scaled acceleration profile. Note that the feedback controllers have not been
redesigned in this case. Comparing the individual responses it is clear that MC
actually degrades the system performance. This was already predicted in Section 3.2, the rejection of the feedforward error deteriorates for MC. AD and the
combined application do show an improvement in the transient behavior during
the scanning phase. The effect of the flexible dynamics is reduced significantly,
this is beneficial for both the rms tracking error and the required settling time.
Increasing both the accuracy and the throughput of high-precision motion systems.
The residual tracking error that is present can be further reduced by the
application of the redesigned feedback controllers, as depicted in Fig. 3.34. The
control bandwidths are increased to the values stated in Table 3.5. For MC,
this results in a slight deterioration of the tracking performance. The increase
in bandwidth is minor, compared to the original controller and the notch-like
effect prevents the controller from reacting to the resonances. AD and the joint
application of MC and AD do show a significant improvement compared to the
results of Fig. 3.33. When the feedback controller is redesigned, all applications
provide increased tracking performance. The level of improvement is related to
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Figure 3.33: Tracking error and scaled acceleration profile for the four cases,
with original feedback controller.
the increase in control bandwidth.
The resulting RMS tracking errors during the constant scanning phase are
given in Table 3.7. When the original feedback controller is used, AD provides
the largest reduction in the RMS tracking error. The main benefit of applying
the observer becomes clear when the feedback controllers are redesigned. In
that case, the combined application of MC and AD provides the best tracking
performance.

3.6

Experimental validation

A simple flexible motion system is used to validate the results for MC and AD.
The setup is shown in Fig. 3.35 and consists of two inertias connected by a thin
metal rod with limited torsional stiffness. The right inertia is connected to an
electrical motor and the rotation of both inertias is measured by incremental
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Figure 3.34: Tracking error and scaled acceleration profile for the four cases, with
redesigned feedback controllers. The original simulation does utilize the original
feedback controller

Table 3.7: Performance (rms(etrue )) [nm] during the scanning phase.
Case
Original
MC
AD
MC and AD

Original Feedback
9.1782
11.647
3.572
3.4856

Redesigned Feedback
11.086
2.2841
2.13
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Table 3.8: Numerical values for the experimental setup.
Description
Inertia
Friction
Spring
Damper
Motor constant

Symbol
J1 , J2
b
k
d
Km

Value
3.75e-6 [kgm2 ]
1e-5 [Nms/rad]
0.02656 [Nm/rad]
3.125e-5 [Nms/rad]
4.4e-2 [Nm/A]

encoders. The numerical values of the components are given in Table 3.8. The
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Figure 3.35: Experimental setup (a) and free body diagram (b)
system contains a rigid body mode and one flexible mode. Model reduction is
therefore not required and consequently there is no direct feedthrough compliance
compensation. The Kalman observer gain is calculated from the Riccati equation
where Q = diag(.1, .1, 1, 1) and R = 5 · 10−5 are used.
The applications are validated by measuring the transfer function experienced
by the feedback controller. White noise is injected at the plant input and the
plant input and (compensated) output are measured. The transfer function is
then determined by closed loop system identification [57]. To remove the effect
of static friction, the identification is performed while the system rotates with a
constant velocity of 15 revolutions per second.
Fig. 3.36 shows the compensated plant transfer function for the four cases.
The frequency content at 15 Hz is an artefact of an imbalance in the inertias.
Modifying the reference velocity used to compensate the static friction results
in a accordingly changed frequency for the artefact. Compared to the observerfree case, applying MC results in significant reduction in resonance frequency.
The reason that the resonance frequency is not removed completely are the unavoidable model errors. Applying AD provides a smaller reduction in resonance
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frequency, but has the added benefit that the flexible dynamics are reduced in
the plant and not rendered unobservable. Combining MC and AD yields the
best result. The residual resonance peak that was visible when MC was applied
alone is reduced further by the additional damping provided by AD. The resulting compensated plant transfer is almost equal to a pure rigid body transfer
function.
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Figure 3.36: Transfer function seen by the feedback controller for the four cases.
observer-free: black, MC: blue, AD: green, MC and AD: red

3.7

Conclusion and performance evaluation

The four distinct cases of using an observer to compensate for flexible effects in
the plant of Table 3.1 were discussed in this chapter. Increasing the stiffness of
the system is not a practical solution to increase the control bandwidth. Due
to the already high stiffness of the plant, increasingly large feedback gains are
required to modify the pole locations. This can result in noise amplification
and increasing the resonance frequency also decreases the relative damping of a
mode, increasing its bandwidth limiting effect. Position MC and velocity MC are
very similar in application and achievable bandwidth. Here, the results obtained
for position MC, AD and the combined application of MC and AD are shortly
summarized.
Measurement compensation
MC uses the estimated states to subtract the predicted flexible modes from the
measurements. This effectively removes the resonant dynamics from the feedback
loop. The main downside of MC is that flexible dynamics are neither removed
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nor reduced in the plant. They are merely rendered unobservable to the feedback
controller. To prevent large excitations of the flexible dynamics in the plant, the
transfer function from reference to true tracking error is constraint to 6 dB. The
resulting bandwidth that can be obtained for the SISO system of Section 3.1 is
46 Hz.
Compared with the application of a PID controller with notches (43 Hz),
this does not provide a significant improvement. In tracking applications, the
performance can degrade when the feedback controller is not redesigned. The
effect of the feedback controller on the flexible modes, which is small, is removed
by the notch like effect of MC. When the bandwidth is increased, the tracking
performance shows a small improvement compared to the original situation.
Active damping
AD uses the estimated states to apply an additional control signal to the plant.
This additional feedback results in an increased damping of the flexible dynamics. The reduction of the flexible effects relaxes their bandwidth limiting effects.
The redesigned feedback controller achieves a bandwidth of 65 Hz for the example system of Section 3.1. The bandwidth is limited by the interaction of
the feedback controller and the damping loop. This results in undesired phase
effects which result in an increased sensitivity peak for certain positions. By
applying a bandpass filter in the damping loop, the interaction is significantly
reduced while maintaining the desired damping. This allows a further increase of
the control bandwidth to 77 Hz. This is a significant improvement with respect
to the original controller (37 Hz). Before the bandwidth is increased, active
damping provides the best tracking performance. When a redesigned feedback
controller is applied, the performance of AD is slightly worse than that of the
combined application of MC and AD as the achievable bandwidth is larger in
that case.
Measurement combination and active damping
By combining MC and AD, it is expected that their strengths are combined.
However, the achievable bandwidth on the example system of Section 3.1 is only
59 Hz. This is due to the fact that both measurement compensation and active
damping show an increased sensitivity peak when the bandwidth is increased.
Applying both at the same time results in both limiting effects affecting the
sensitivity functions, resulting in a lower overall bandwidth. Again, by applying
a bandpass filter to the observer gain this interaction can be reduced. Further
reduction is achieved by optimizing over the covariance matrix Qν for the noise
model. This results in a bandwidth of 83 Hz, which is larger than the control
bandwidth obtained for MC and AD alone.
The combined application shows the best tracking performance of the three
options when the feedback controller is redesigned. The combination of the
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large bandwidth increase achievable by MC, together with the damping effect
of AD, reduces low frequency disturbances and mitigates the effect of flexible
dynamics in the plant. Another advantage of the combined application is visible
in Fig. 3.36. Due to model errors, MC is unable to completely compensate the
resonant dynamics. By combining MC and AD the additional damping further
reduces the residual resonant dynamics.
Summary
Based on the analysis of this chapter, validated by means of simulations and the
experimental setup, the joint application of MC and AD results in the largest
reduction of flexible effects, both in the feedback loop and the performance output. Consequently, the achievable control bandwidth is largest which means the
low frequency disturbance rejection is largest.
As seen in the tracking simulations, AD reduces transient behavior at the
end of the acceleration phase. This allows a reduction in settling time which is
beneficial for the throughput of high-precision motion systems. This holds when
AD is applied alone or in combination with MC.
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The observer applications of Chapter 3, that were derived for a continuoustime, position-independent, SISO plant, are extended to discrete-time, positiondependent, and MIMO systems in this chapter. These extensions ensure that
the derived observer applications can be applied to real-world high-tech motion
systems.
In Section 4.1, the ramifications of a discrete-time implementation of the
derived observer applications is discussed. The effects of discretization on each
application are discussed separately. Furthermore, synchronization of the signals
is introduced and a solution is presented that minimizes the delay effects.
The extension to position-dependent plants is the topic of Section 4.2. The
position-dependent plants that are considered are the same as those described in
Section 2.4. As the main goal of this research is obtaining a position dependent
feedback controller, the resulting position-dependent equivalent controllers are
of interest. Simulation results on a position dependent system show that the
observer applications can reduce the effect of the feedforward error and reduce
the tracking error.
Finally, in Section 4.3, the results are extended to MIMO systems. A two
input, two output plant that contains two rigid body and three flexible modes
is used to demonstrate the effect that the observer applications have on the
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decoupled plant. For active damping, the resulting decoupling performance is
deteriorated. Solutions are proposed that restore the decoupling.

4.1

Discrete-time implementation

The observer applications that were proposed in Chapter 3, have been presented
in continuous time. In practice, the observer is implemented in a discrete-time
environment and operates with sampled versions of the input and output signals
u and y.
In Chapter 2, it has been shown that discretization of the plant has no
influence on the proposed reduction strategy. The plant is still described by
an interconnection of internally decoupled second order submodels. Thus, the
truncation plus compliance compensation can be performed for discrete-time
systems as well and a reduced order model for the discrete-time observer can be
obtained.
Designing state observers for discrete-time plants is a common practice. In
fact, the first publication regarding the Kalman filter [44] is a derivation of a
discrete-time observer. The design of the optimal observer for high-tech motion
systems will be covered in Chapter 5. The remainder of this section is dedicated
to the effects of implementing the proposed observer applications in a discretetime environment.

4.1.1

Measurement compensation (MC)

Applying measurement compensation to a discretized plant is straightforward.
Instead of compensating the continuous-time measurement for the estimated
flexible effects ycomp (t) = y(t) − ŷflex (t), the discrete-time equivalent,
ycomp [k] = y[k] − ŷflex [k],

(4.1)

is applied.
As the ZOH discretization (2.20) does not affect the C matrix of the plant,
the compensation signal ŷflex [k] = Cf x̂[k] is generated by means of the same
matrix Cf as in continuous-time.
In the continuous-time case, a noise model is required to ensure that the
equivalent controller retains integral action. The noise model was required to
ensure that the transfer function from inputs u to estimated flexible effects ŷflex ,
goes to zero for low frequencies. This requirement followed from Theorem 3.2.3,
and holds for discrete-time systems as well.
Designing a proportional-integral observer in discrete-time introduces no additional issues [22]. Hence, applying MC in a discrete-time environment is
straightforward.
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Active damping (AD)

As discussed in Section 3.3.1, applying active damping or stiffness is a specific
form of state feedback. Applying the continuous-time damping gain K c to a
discrete-time plant does not result in the desired closed loop pole locations.
The gain matrix K c , designed for the continuous-time plant model, results in
the continuous-time closed loop poles Λc = λ(Ac + B c K c ). Simply applying the
same gain to a discrete-time system results in the discrete-time closed loop poles,


Z Ts
Ac τ
c c
d
d
d c
Ac Ts
e dτ B K
Λ = λ(A + B K ) = λ e
(4.2)
+
0

c

c

c

which are not equal to the desired pole locations Λd = λ(e(A +B K )Ts ). Although
the difference is small due to the high sampling frequency, it is better to design
the damping gain for the discretized plant model.
Designing the feedback gain by pole placement methods is preferred to the
methods discussed for continuous-time systems (3.31,3.32). For continuous-time
systems in modal form, the modal damping parameter of a single mode occurs
in a single entry of the A matrix. It is straightforward to determine the desired
additional damping and the resulting gain K c that realizes this damping level.
In Section 2.4, the discrete-time A matrix of a single mode (2.31) is given. The
modal damping parameter ζi appears in all four entries in a nonlinear manner.
Manually determining the gain K d that results in the desired damping level ζi∗
is no longer straightforward. It is therefore more convenient to first calculate the
desired pole locations for the discrete-time system. These can be obtained by
discretizing the continuous-time A matrix of the damped system,
Λd = λ(e(A

c +B c K c )T
s

)

where K is determined by (3.33). A pole placement method can then be used to
calculate the discrete-time damping gain K d for the discrete-time system. So,
o
n
(4.3)
K d = argK λ(Ad + B d K) = Λd

When (Ad , B d ) is controllable this problem has a solution. Furthermore, when
the rank of B d is one, the solution is unique. When the rank of B d is larger than
one, which is typical for MIMO applications, there is additional design freedom.
This freedom can be used minimize the damping gain K d [64].

Remark 4.1.1. Pole-placement methods can run into numerical issues when
desired pole locations lie close together. This can be problematic for discretetime systems obtained by high-frequency sampled continuous-time plants. When
the error in the closed-loop pole locations due to the numerical issues is larger
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than the error introduced by applying the continuous-time gain to the discretetime plant, it is advised to simply apply the continuous-time gain matrix to the
discrete-time plant.
When the sampling frequency increases, the discrete-time pole locations move
closer to each other and numerical issues are more likely to occur. At the same
time, the increased sampling frequency reduces the error that occurs when the
continuous-time gain is applied to the discrete-time system.

4.1.3

Synchronization

A different aspect of a discrete-time implementation, is the delay that is introduced by the digital to analog and analog to digital conversion. The calculated
damping force ud must be converted to the analog domain to be applied to
the plant. Consider the damping signal ud [k] = K x̂[k], that is produced by a
discrete-time observer. For simplicity, assume that the total delay in the actuators and the ZOH block is exactly one sample. The damping signal that is
applied to the plant at time k is then given by ud [k] = K x̂[k − 1]. Although
the damping loop is robust with respect to the phase of the damping signal, this
delay will deteriorate the performance of the damping loop. By implementing
an observer in predictor form, that calculates x̂[k + 1] instead of x̂[k] from the
signals y[k] and u[k], a predicted damping force ud [k + 1] = K x̂[k + 1] can be
generated. Applying this signal to the control loop exactly compensates the one
sample delay that was present in the actuators and ZOH block.
For measurement compensation there is no conversion delay present. The
compensation is performed in the discrete-time. Only a calculation delay in the
observer itself is present. The estimate x̂[k] is calculated from y[k] and u[k].
Hence, the compensation signal ŷflex [k] is slightly delayed with respect to y[k].
For simplicity, assume that the calculation of ŷflex [k] from y[k] and u[k] takes
one sample time. The corrected output at time instant k is then given by,
ycomp [k] = y[k] − ŷflex [k − 1]. Again, using an observer in predictor form can help
compensate the delay in ŷflex . The signal ŷflex [k + 1] is calculated from u[k] and
y[k], and this exactly compensates the calculation delay.

Obtaining an observer in predictor form is straightforward. Consider the Kalman
filter. The discrete-time Kalman filter consists of two independent phases [44]:
the prediction phase and the update phase. In the prediction phase, the previous
estimate is combined with the control input to predict the next time step based
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on current information,
x̂(k|k − 1) =Ax̂(k − 1|k − 1) + Bu(k − 1)
Pk|k−1 =APk−1|k−1 A⊤ + Q

Subsequently, this estimate is corrected by the information that is present in the
new measurements during the update phase.
−1

(y(k) − C x̂(k|k − 1))
x̂(k|k) =x̂(k|k − 1) + Pk|k−1 C ⊤ R + CPk|k−1 C ⊤


−1

C Pk|k−1
Pk|k = I − Pk|k−1 C ⊤ R + CPk|k−1 C ⊤
By switching the prediction and update phases, a one step ahead predicted
value of the state estimate is obtained. As this is a prediction, the estimation
error will be slightly larger because the prediction is not yet corrected for the
measurements y[k + 1] which will be available at the next time instance.
When the total delay is more than one sample, a larger prediction horizon
is required. The predicted state estimate can be obtained by open loop running
of the plant model. This method requires knowledge regarding future control
inputs u[i], i > k. Some knowledge regarding the future input can be obtained
from the feedforward control signal. The future values of the feedback control
signals cannot be obtained as they depend on future measurements. The effect of
disturbances on the evolution of the state is not taken into account. Model errors
are also neglected during the prediction. Consequently, for a longer prediction
horizon the quality of the predicted estimate will deteriorate. Prediction horizons
of more than one sample are not required for the application considered here.
The delay that must be corrected is the calculation delay of the observer, which
is one sample.
Remark 4.1.2. The use of a predictor form observer helps synchronize the
compensation signals to their corresponding plant signals. The delay that is
introduced by the digital to analog and analog to digital conversions remains
present in the feedback loop.

4.2

Extension to position-dependent systems

The observer-based approach has been shown to provide a feedback controller
with increased control bandwidth in a position-independent setting. Here, the
results of Chapter 3 are extended to a position-dependent case.
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First, the position-dependent observer that is used for the simulations that
are performed in this section is given. Then, the equivalent controllers are investigated for varying positions. The equivalent controllers are constructed by
combining the original feedback controller with the position-dependent observers.
This allows a fair comparison of the position-dependent effects of the equivalent
controllers.
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(b) Feedback controller: r to u (blue)
and y to u (green), the magnitude responses overlap.

Figure 4.1: Sensitivity function of the SISO system evaluated at different positions and the position-independent feedback controller.
The SISO system of Section 3.1 is used again. Instead of a fixed sensor
on the mass m5 , the position sensor is assumed to be fixed on the real world.
When the flexible system moves relative to the sensor, the observation of the
flexible dynamics changes and position-dependent anti resonances occur. Using
the feedback controller designed in Section 3.1, the position-dependent sensitivity
functions of Fig. 4.1a arise.

4.2.1

Position-dependent observer

A position-dependent observer is based on the position-dependent model (2.19).
As discussed before, this model is scheduled by the reference position rp . The
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model is restated in (4.4) for clarity,

ẋo = At xo + Bt (rp )u + Gt (rp )w
ΣP =
y = Ct (rp )xo + TDC (rp )u − v + d

(4.4)

Recall, xo are the modes that are retained in the model order reduction, w is the
input disturbance, v is the position measurement reference, and d is the sensor
noise.
For MC, a noise model is added to the dynamics (4.4).
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ν
ẋ = A(rp (t))x + B(rp )u + G(rp (t))
=
w

y = C(rp (t))x + D(rp (t))u − v + d

The observer is implemented as a dynamic Kalman filter, where the matrices
depend on the varying position rp (t). The observer gain L(rp (t)) is determined
at each time step according to,
L(rp (t)) =P (rp (t))C(rp (t))⊤ R−1
where P (rp (t)) evolves according to the following Riccati equation,
Ṗ (rp (t)) =A(rp (t))P (rp (t)) + P (rp (t))A(rp (t))⊤
+ G(rp (t))QG(rp (t))⊤ − P (rp (t))C(rp (t))⊤ R−1 C(rp (t))P (rp (t))
and rp (t) is the current reference position of the system.
The observer is defined by,

 

 u
˙
ΣO = x̂ = (A(rp ) − L(rp )C(rp ))x̂ + B(rp ) − L(rp )D(rp ) L(rp )
y

(4.6)

⊤

z ⊤ . The esThe observer (4.6) provides an estimate of the state x = x⊤
o
timate of the plant states x̂o is used to apply MC and/or AD as detailed in
Chapter 3.
Stability of the Kalman filter equations for time-varying systems depends on
observability and controllability of the time-varying system. In [11], it is shown
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that the system must be uniformly observable and controllable for stability of
the Kalman filter. For discrete-time systems, [2] has shown that the system must
be detectable and stabilizable. Due to the position-dependent nature of (4.4),
observability of the flexible modes is not guaranteed for all positions. Consider
a SISO system. When the location of the sensor coincides with a zero of the
mode-shape, that mode is unobservable. The flexible modes are stable and the
system is detectable in those locations and the estimation error dynamics remain
stable.
Although stability of the error dynamics is guaranteed, the performance of the
observer based compensation can be affected. When the system passes through
an unobservable location sufficiently fast, there are no issues. The system is
unobservable only for a very short time and the estimates remain close to the
true states even in the presence of disturbances.
Issues can occur when the system remains in an unobservable location for a
longer time period. Consider a flexible system that remains in a position where
a flexible mode is unobservable. If there is a persistent disturbance that excites
this flexible mode, the true state will increase in amplitude while the estimate
slowly dies out. When the system moves to an observable location, there will
be, initially, an estimation error. This error, temporarily, decreases the observer
performance.
For high precision MIMO systems systems with multiple sensors, this extreme
situation does not occur. The number of sensors ensure that the case where all
sensors are located at a zero of the same modeshape does not occur. But some
influence may be noticeable.
The position-dependent transfer functions of the observer for the flexible system
of Chapter 3 are shown in Fig. 4.2. The Bode magnitude plots from u and y
to the active damping force ud and the estimated flexible effects ŷflex are shown
here for various positions. As the system used in Chapter 3 is subject to output
position dependency, the damping gain K is position independent, while the
compensation matrix Cf (rp ) is position dependent. The transfer function varies
for different positions, but the transfer from y to the outputs is about 140 dB
larger than the transfer from u. This is caused by the low sensor noise in our
system. The Kalman filter will be high gain and the estimate, and consequently
the compensation signals, are highly dependent on the measurements.
The transfer function from u to ud shows a varying gain at the resonance
frequencies. This might seem strange as the damping gain we apply is position
independent. When (4.6) is evaluated for an output position-dependent system
the following observer is obtained,

 

 u
˙
ΣO = x̂ = (A − L(rp )C(rp ))x̂ + B − L(rp )D(rp ) L(rp )
y
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Figure 4.2: Bode magnitude plot of the position dependent observer for various
positions.
Due to the position-dependent compliance compensation TDC (rp ), the transfer
from u to the states becomes position dependent. Furthermore, the positiondependent observer gain results in a position-dependent observer matrix, as A −
L(rp )C(rp ) is position dependent. This results in a position-dependent transfer
from u to ud , even when the original plant would suggest a position-independent
transfer.
For discrete-time position-dependent systems the discrete-time Kalman filter can
be used [11]. Instead of a continuous-time Riccati equation, the discrete-time
Riccati equation is used. The value of P d at time k + 1 given information up to
time k,
P d (k + 1, rp ) = Gd (rp )QGd (rp )⊤ +



−1
⊤
Ad I − P d (k, rp )C d (rp )⊤ C d (rp )P d (k, rp )C d (rp )⊤ + R
C d (rp ) P d (k, rp )Ad

The discrete-time Kalman gain Ld (k, rp ) is then given by,

−1
Ld (k, rp ) = Ad P d (k, rp )C d (rp )⊤ C d (rp )P d (k, rp )C d (rp )⊤ + R

The discrete-time position-dependent observer is described by,

 x̂(k + 1) = (Ad (rp ) − Ld (k, rp )C d (rp ))x̂(k)
 
 d
 u
ΣO =
d
d
d
+ B (rp ) − L (k, rp )D (rp ) L (k, rp )

y

(4.7)

(4.8)
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4.2.2

Measurement compensation (MC)

Here, both input and output position dependency are assumed. Like the positionindependent case that is described in Section 3.2, the compensation matrix is
equal to the output matrix of the plant (Cf (rp ) = Ct (rp )), with the exception of
the rigid body columns which are zero.
The observer transfer function from u and y to ŷflex is partitioned as,
 

 u
ŷflex = Ou (rp , s) Oy (rp , s)
(4.9)
y
where both parts explicitly depend on the position.
The, position-dependent, equivalent controller is given by the interconnection of the position-dependent observer and the position-independent feedback
controller.


Ceq (rp , s) = (Iu − Cfb (s)Ou (rp , s))−1 Cfb (s) Iy − (Iy − Oy (rp , s)) (4.10)
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Figure 4.3: Transfer function of the position-dependent equivalent controller for
measurement compensation at different positions.
Fig. 4.3 shows the equivalent controller, obtained by applying a positiondependent observer for the output position-dependent system of Section 3.1
to the corresponding feedback controller. Comparing the equivalent positiondependent controller to the position-independent controller of Fig. 4.1b, the effect of measurement compensation is clearly visible. Anti-resonances occur in
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the transfer function from y to u that are not present in the position-independent
original controller. The anti-resonances vary in depth for varying positions. Depending on the position of the system, certain modes are less or more visible.
The anti-resonance depth in the equivalent controller varies accordingly to compensate the resonance peaks.
The position-dependent input sensitivity function SiI = (I +Peq,i (s)Cfb (s))−1
and output sensitivity function SiO = (I + Pi (s)Ceq,i (s))−1 are shown in Fig. 4.4.
Comparing the sensitivities with the sensitivity function of Fig. 4.1a, it is clear
that the resonance frequencies in the input sensitivity are completely suppressed
by the compensation. A small residual effect is still visible in the output sensitivity but it is a significant reduction from the 6 dB that previously limited the
bandwidth of the feedback controller. The removal of the flexible effects allows
a redesign of the feedback controller for achieving a larger bandwidth. The additional constraint on the transfer function from r to etrue that was introduced
in Chapter 3 to limit the excitation of the flexible modes should still be applied.
From w
10

5

5
To f
Magnitude (dB)

To e
Magnitude (dB)

From r
10

0

−5
−10

0

−5
−10

−15
101

102

103

Frequency (Hz)

(a) Input sensitivity

−15
101

102

103

Frequency (Hz)

(b) Output sensitivity

Figure 4.4: Input and output sensitivity for measurement compensation at various positions before controller redesign.

4.2.3

Active damping (AD)

When active damping is applied to a position-dependent system, the damping
gain K may be position-dependent as well. Whether or not K is position dependent, depends on the specific position dependency.
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• Input position dependency: The B matrix will vary over position. To keep
the loop gain of the damping loop constant (to ensure the same level of
damping for all positions) K has to vary with position to compensate for
the position dependent effects in the B matrix.
• Output position dependency: The B matrix is constant and a constant K
can be used.
Consider an input position-dependent system. The gain matrix becomes
position dependent, as the selection methods of Section 3.3 operate on a positiondependent B matrix. The gain can be calculated online by solving (3.31) or (3.32)
at each time step.
Kdi (rp ) = − (φai (rp )⊤ )† 2(ζi∗ − ζi )ω = −(φai (rp )⊤ )† 2ζdes,i ωi
Kd (rp ) = − Bt (rp )† diag(Zdes )
where ζdes,i is, again, the desired increase in modal damping ratio. An alternative
is calculating a set of gains off-line for a grid of positions rp,i and the use of an
interpolation method to obtain K(rp ) online.
For discrete-time implementations, the damping gain K d (rp ) has to be selected by (4.3). The pole placement problem can be solved at each time step or a
pre-computed grid of gains can be used together with an interpolation method.
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Figure 4.5: Transfer function of the position-dependent equivalent controller for
active damping at different positions.
The equivalent controller of Fig. 4.5 displays the position-dependent damping
that is applied. The transfer functions clearly show the position dependent gain
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around the resonance frequencies. The damping effect is clearly visible in the
transfer from y to u. Fig. 4.5 also explains why the output sensitivity S O (jω)
exhibits such large variation over position as we already noted in Section 3.3.2.
The peak of the output sensitivity S O (jω), visible in Fig. 4.6, is located around
100 Hz. At this frequency, the equivalent controller shows a large variation in
gain for different positions. This increased gain for some positions results in
the sensitivity peak. When dynamics are added to Kd , by means of a bandpass
filter, the gain of Kd (s) = HBP (s)Kd below the resonance frequencies can be
reduced. This directly reduces the position-dependent gain around 100 Hz in
the equivalent controller and reduces the variation in the sensitivity peak as
discussed in Section 3.3.2.
Fig. 4.6 presents the sensitivity functions when the original feedback controller is used. Compared to Fig. 4.1a, the resonance dynamics are greatly reduced. A small residual effect is still visible as the flexible dynamics are reduced,
not completely removed from the plant.
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Figure 4.6: Input and output sensitivity for the active damping application at
various positions.

4.2.4

Compensation and damping

The joint applications of measurement compensation and active damping is possible in the position-dependent setting as well. Whether Cf and K are position
dependent is determined in the same way as for the independent applications.
Output position dependency results in a position-dependent Cf (rp ), while input
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position dependency results in a position-dependent K(rp ).
The equivalent controller is given in Fig. 4.7. The damping effect dominates
the equivalent controller and it is difficult to spot the differences between Fig. 4.7
and Fig. 4.5. The magnitude plot from y to u does show a slightly larger gain
before the first resonance frequency in the case of the combined application. Likewise, the sensitivity functions of Fig. 4.8 are almost identical to the sensitivity
functions of Fig. 4.6.

4.2.5

Simulation results of a scanning trajectory

To evaluate the performance of the observer applications in a position-dependent
setting, a repeated scanning trajectory will be simulated. To obtain a positiondependent feedforward controller, the data-based algorithm [54] can be applied
for each scan. The resulting feedforward errors, defined as the mismatch between
an ideal feedforward control signal and the actually applied signal, will also be
position dependent. Consequently, the achieved tracking performance is due
to a combination of the position-dependent feedforward error and the positiondependent observer applications.
For a clear image of the effects of the position-dependent observer applications this is not desired. For that reason, the following scenario is simulated in
this section. At twenty-nine positions along the flexible system, the feedforward
error signal of Fig. 4.9 is applied to the closed loop. The feedforward error signal
is determined by determining the ideal feedforward signal [46] and subtracting
the applied feedforward signal. The resulting tracking error then reflects the
rejection of this feedforward error signal.
A total of seven simulation cases are investigated. The first simulation is
the original situation without an observer. The next three simulations introduce
MC, AD, and the combination of MC and AD respectively. The final three
simulations investigate the same observer applications, but now for a redesigned
feedback controller.
Fig. 4.10 shows the tracking error at the twenty-nine locations for the first
four simulations. The vertical black lines denote the start and end of the constant
velocity part of the trajectory. This constant velocity part consists of a 0.02
second settling phase and a scanning phase of 0.13 seconds. In the observer
free case, the resonant dynamics are clearly visible and vary in amplitude over
the twenty-nine locations. A similar result is visible when MC is applied. As
explained in Chapter 3, MC neither removes nor reduces, the flexible effects from
the true tracking error. For the application of AD and the combined application
of MC and AD, a significant improvement is visible. This is the result of the
additional damping applied to the modes, which reduces the flexible effects in
the true tracking error.
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Figure 4.7: Transfer function of the position-dependent equivalent controller for
the combined application at different positions.
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Figure 4.8: Input and output sensitivity for the combined application of measurement compensation and active damping at various positions.

Extensions of the observer applications

Feedforward error (N)

114

30
15
0
−15
−30

0

0.05

0.1
Time (s)

0.15

0.2

Figure 4.9: Feedforward error signal applied to the plant at twenty-nine different
positions along the flexible structure.
Fig. 4.11 shows the tracking errors for each application when the feedback
controller is redesigned for additional bandwidth. The resulting bandwidths are
given in the second column of Table 3.5. The tracking errors for the observerfree simulation are identical to those in Fig. 4.10. At first glance, there seems
little difference between the tracking errors of Fig. 4.10 and Fig. 4.11 when MC is
applied. The transient response of the tracking errors is however slightly reduced
as the bandwidth is increased from 37 Hz to 46 Hz. A significant difference is
visible when comparing the tracking errors for AD and the combined application
with the errors of Fig. 4.10. The bandwidth has more than doubled for these
cases: to 77 Hz for AD and to 83 for the combined application of MC and AD.
The improved performance due to the increased bandwidth can be clearly seen
in Table 4.1. There, the minimum, mean, and maximum, RMS tracking error at
the twenty-nine locations is given. The significant increase in control bandwidth
results in a significant reduction in RMS tracking error. Even when the feedback
control bandwidth is not increased, the application of AD, alone or together
with MC, results in a reduction of both the mean, and the variance of, the RMS
tracking error.
Here, a fixed settling time of 0.02 seconds is used. From Fig. 4.11, it is clear
that the increased control bandwidth together with AD results in a reduced
transient time. This allows shortening the settling phase which increases the
overall throughput of the system.

4.3

Extension to MIMO

The results obtained in Sections 3.2, 3.3 and 3.4 for SISO applications are extended to (decoupled) MIMO systems in this section. The control configuration
is given by Fig.4.12, where decoupling matrices Γ and Υ are used to decouple the
rigid body modes of the system. The aim of this decoupling is facilitating the
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Figure 4.10: Tracking errors at twenty-nine locations when the closed loop is
driven by a feedforward error signal. The same feedback controller (37 Hz) is
used for each simulation. The black vertical lines denote the start and end of the
constant velocity part of the trajectory.
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Figure 4.11: Tracking errors at twenty-nine locations when the closed loop is
driven by a feedforward error signal. For the observer applications, a redesigned
feedback controller is used. The black vertical lines denote the start and end of
the constant velocity part of the trajectory.
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Table 4.1: Performance, rms(etrue ) [nm], during the scanning phase at twentynine locations in a position-dependent setting.
Case
Original
MC
AD
MC and AD

Original Feedback
min
mean
max
9.3667 14.4019 26.3194
10.1388 16.8212 27.862
3.3719
4.5046
5.7045
2.9148
4.3243
5.6566

Redesigned Feedback
min
mean
max
9.75
16.4307 27.7159
1.4313 1.8152
3.0211
1.4351 1.6847
2.1225

feedback control design. Decoupling the rigid body modes of the system allows
the use of a diagonal feedback controller.
In MIMO applications there is a distinct difference between the controller
output u and the actuator output f , and the sensor measurements y and the
reconstructed position q. The observer takes the actuator input, f , and the
sensor output, y, as inputs. The use of f instead of u is a choice to be made by
the designer. No additional information is present in f that was not present in
u, as dim(u) ≤ dim(f ) and Γ is a static matrix. When u is selected though, the
application of the additional damping force has to be accounted for internally in
the observer as this effect is not present in u. This ensures that the observer has
knowledge of the damping force fd = K x̂ that affects the system.
The choice of using y, instead of q, as input to the observer stems from the
definition of Υ. The output decoupling matrix Υ is not guaranteed to be square.
Particularly, when nsens > nrig information is lost during the transformation
from y to q = Υy. Therefore, the observer takes the measurements y as inputs.
This ensures that all information from the measurement is used in the observer.
First, the decoupling of a MIMO plant is investigated in the absence of an
observer. Example 4.3.1 shows the decoupling of a flexible system into the rigid
body modes.
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Figure 4.12: MIMO control configuration and observer application.
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Example 4.3.1. Consider a two input, two output flexible system with two
rigid body modes and two flexible modes that is operated in the control loop of
Fig.4.12.

1
0
0
0
2
s
 
 

 0 12
0
0
y1
 ⊤ f1

s
1
(4.11)
=Φs  0 0
 Φa
0
f2
y2


s2 +2ζ1 ω1 s+ω12
1
0 0
0
s2 +2ζ2 ω2 s+ω22
 
⊤ f1
=Φs H(s)Φa
f2
The decoupling matrices Γ and Υ are two by two matrices that decouple the
system in the rigid body degrees of freedom. This decoupling is achieved by
defining the matrices as the (pseudo) inverse of the rigid body modeshapes,
 ⊤ −1
−1

φ
(4.12)
, Υ = φs1 φs2
Γ = a1
φ⊤
a2

Applying Γ and Υ to the system results in a system with transfer functions,
q1
u1
q1
u2
q2
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2 2
2
1
s2

=
=
=
=

+

(4.13)


φ⊤
a3
where Ψ = Υ φs3 φs4 and Θ = ⊤ Γ.
φa4
Selecting the matrices Γ and Υ in this manner indeed decouples the flexible
system. The transfer from ui to qi is dominated by a double integrator characteristic for low frequencies while the cross terms are constant for low frequencies.






The impact of AD and MC on the decoupling will be investigated by means
of an example system with three flexible modes. Fig. 4.13 shows the transfer
function of the example flexible system with two inputs, two outputs, two rigid
body modes and three flexible modes with resonance frequencies of 161 Hz, 517
Hz, and 760 Hz, respectively. To facilitate the comparison, the figure shows
both the transfer from f to y in blue and the transfer from u to q in green in
the same figure. Clearly the rigid body degrees of freedom are decoupled as
the diagonal terms are dominated by the double integrator characteristics and
the off-diagonal terms only contain compliance and resonance effects. In the
following subsections, the effects of observer-based measurement compensation
and active damping on the decoupling are investigated.
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Figure 4.13: MIMO plant with three flexible modes: transfer function from f to
y (blue) and the decoupled transfer function from u to q (green).

4.3.1

Measurement compensation (MC)

Measurement compensation can be extended to MIMO applications with relative
ease by extending Cf which rows for every sensor that is present. Only the
addition of noise models can introduce an issue. The number of noise models
that can be added to the plant is limited to the number of independent sensors
[7]. This follows from the observability rank condition (3.17, 3.18). Thus, when
nact > nsens it is impossible to add a noise model to each actuator as dim(ν) =
nact > nsens. However, a noise model for each actuator is not required. The
goal is compensating the constant output of the feedback controller, which is
the result of a constant disturbance. By estimating an equivalent constant noise
source, that affects the controller output u instead of the actuator signals f ,
it is ensured that at most nctrl noise models are needed. As the number of
independent sensors is at least as large as the number of controlled degrees of
freedom nctrl to ensure proper control and decoupling, it is always possible to
add nctrl noise models.
The flexible system of Fig. 4.13 is reduced according to the procedure of
Chapter 2. The rigid body modes and first two flexible modes are retained while
the third flexible mode is discarded. A compliance compensation term is added
for the third mode. An observer is designed for the reduced order system and it
is configured for measurement compensation.
The resulting, decoupled transfer function can be seen in Fig. 4.14. Primarily,
the resonance frequencies of the estimated modes are removed from the transfer
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function as the observer compensates the measurements for the flexible effects.
Furthermore, the compliance effects are reduced in the off diagonal terms. As
such, measurement compensation can have a beneficial effect on the decoupling
besides removing the resonance peaks. Recall that measurement compensation
only reduces the flexible effects in the feedback loop, it does not remove or
reduce the flexible modes from the plant. This should be taken into account
when redesigning the feedback controller. For instance by explicitly taking the
transfer function from r to etrue into account.
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Figure 4.14: Rigid body decoupled MIMO flexible system with (green) and without
(blue) measurement compensation.

4.3.2

Active damping (AD) and stiffness

As discussed in Section 3.3, applying active damping or stiffness results in an
internal coupling of the modes. Consider again the two input, two output flexible
system with two rigid body modes (4.11) that was used in Example 4.3.1. Using
an ideal observer, active damping is applied to the first flexible
mode by means


of a gain matrix K selected according to (3.31). Thus K = 0 −(φ⊤
)−1 ζdes =
a3


0 Kd . The damping force is then given by fd = Kd sηf 1 . Note the use of
the true state ηf 1 instead of the estimate η̂f 1 , this is due to the observer that is
assumed to be ideal. Applying the damping gain results in the internally coupled
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dynamics,
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H̃(s) = 
0


0

0
0

φ⊤
a1 Kd s
2
2
2
s (s +(2ζ1 ω1 −φ⊤
a3 Kd )s+ω1 )
φ⊤
K
s
a2 d
2
s2 (s2 +(2ζ1 ω1 −φ⊤
a3 Kd )s+ω1 )
1
2
s2 +(2ζ1 ω1 −φ⊤
a3 Kd )s+ω1
φ⊤
K
s
a4 d
2
(s2 +2ζ2 ω2 s+ω22 )(s2 +(2ζ1 ω1 −φ⊤
a3 Kd )s+ω1 )

0
0
0
1
s2 +2ζ2 ω2 s+ω22










Remark 4.3.1. When a non-ideal observer is used, the damping force is given
by fd = Kd sη̂f 1 . Using the relation for the estimation error eηf 1 = ηf 1 − η̂f 1 of
ηf 1 , this can be written as fd = Kd sηf 1 − Kd seηf 1 . The estimation error appears
as an additional input to the plant. This has no effect on the internal coupling
of H̃(s).
When the decoupling matrices Γ and Υ (4.12) are applied to the system the
individual transfer functions of the decoupled system are given by,
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=
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Looking at the transfers from u2 to q1 and u1 to q2 it can be seen that for low
frequencies these transfers have a minus one slope,
q1
u2
lims→0 uq21

lims→0

φ⊤
a1 Kd s
s2 ω12
φ⊤
a2 Kd s
Θ11 s2 ω2
1

= Θ12

∼

=

∼

1
s
1
s

(4.15)

This is not desired as the decoupling deteriorates for low frequencies.
When the gain selection method (3.31) is used on the example MIMO system
with two rigid body modes and three flexible modes, this deterioration is clearly
visible. Active damping is applied to the first two flexible modes and ζdes,i = 0.05.
Fig. 4.15 shows the decoupled plant with and without active damping. Clearly,
the low-frequency decoupling has deteriorated due to the internal coupling that
is introduced by the damping gain. As discussed in Section 3.3.2, the second
selection method (3.32) for the damping gain trades off the achieved damping
ratio versus the coupling to other modes. Applying this approach does indeed
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improve the decoupling performance as shown in Fig. 4.16. However, there is
almost no additional damping compared to the nominal system. At the resonance frequency, the damped transfer is almost equal to the undamped plant. A
different approach must be taken to restore the decoupling of the damped plant
to a satisfactory level, while retaining the desired level of damping.
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Figure 4.15: Rigid body decoupled MIMO flexible system without active damping
(blue) and with active damping, according to (3.31) (green).

Restoring the decoupling performance while maintaining desired damping levels.
Two possible solutions that address the deteriorated decoupling performance are,
1. Using a dynamic K(s).
2. Utilizing additional actuators.
The two options are shortly discussed separately and subsequently their performance is compared.
Using a dynamic K(s):
The first solution to the deteriorated low-frequency decoupling, is using a dynamic damping gain K(s). Specifically, by ensuring that lims→0 Kd (s) → s the
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Figure 4.16: Rigid body decoupled MIMO flexible system without active damping
(blue) and with active damping, according to (3.32) (green).
decoupling performance is restored as,
q1
φ⊤ Kd (s)s
=Θ12 a1 2 2
s→0 u2
s ω1
lim

φ⊤ Kd (s)s
q2
=Θ11 a2 2 2
s→0 u1
s ω1
lim

is constant for low frequencies if lims→0 Kd (s) ∼ s. This removes the minus one
slope from the off-diagonal entries and restores the decoupling
This constraint can be achieved by applying a band- or high-pass filter to
the damping gain. By using a bandpass filter instead of a high pass filter the
excitation of higher modes by the damping loop is suppressed as well. Choosing
the bandpass filter symmetrically around the resonance frequency also ensures
that the phase delay is close to zero at the resonance frequency. As the phase
information is less critical in the active damping application than it is in measurement compensation the fact that the phase is not exactly zero is not an issue.
The bandpass filter is given by,
HBP (s) =

ωpass
Q s

s2 +

ωpass
Q s

2
+ ωpass

(4.16)

Here, Q is a tuning parameter that is used to set the selectivity of the filter.
Increasing Q, results in a narrower pass band. This provides better suppression
of the low frequency content in the damping signal fd , at the price of a more
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rapid phase change around the resonance frequency. This rapid phase change
slightly deteriorates the robustness of the damping loop. Here, Q = 2 is used.
For each damping loop ωpass is selected as the resonance frequency ωi of that
flexible mode. The dynamic damping gain,


K(s) = 0 K1 (s) 0 Kd2 (s) . . . 0 Kdnt ,

is then computed according to,

†
Kdi (s) = −(φ⊤
ai ) ζdes,i HBP,i (s).

(4.17)

Where HBP,i denotes the bandpass filter (4.16) where ωpass = ωi . The dynamic
gain K(s) is a dynamic system of order 2nf lex,c .
Remark 4.3.2. In cases where the order of the observer is limited for computational or implementation reasons, a single bandpass filter can be used instead
of individual filters for each damped flexible mode. The center of the pass band
ωpass is selected at the center of the first and last damped flexible modes in a
logarithmic scale,
ωpass = 100.5 log10 (ωnrig +1 )+0.5 log10 (ωnf lex,c )
By decreasing Q, the pass band of the filter is widened to encompass all relevant
resonance frequencies. The damping gains Kdi are compensated for the fact that
the bandpass filter does not have unity gain at ωi .
Using a single bandpass filter reduces the order of the dynamic gain from
2nf lex,c to 2. This order reduction comes at the price of a slight increase in the
coupling between the damped modes, but still restores rigid body decoupling
of the damped plant. The effectiveness of the damping loop is also reduced
slightly, as the phase of the bandpass filter is not equal to zero at the resonance
frequencies. It is zero at the center of the pass band.
The resulting decoupling performance is visible in Fig. 4.17. Here the blue
line depicts the original decoupling without active damping, the green line shows
the effect of using an individual bandpass filter for each damping loop separately.
The red line illustrates the use of a single bandpass filter for the two damping
gains as suggested in Remark 4.3.2. It can be seen that the damped resonances
for the single bandpass filter approach are shifted, compared to the undamped
resonance frequencies. This shift does not occur when individual bandpass filters
are utilized and is a direct result of the phase of the single bandpass filter. The use
of individual bandpass filters is therefore recommended over the single bandpass
filter.
Utilizing additional actuators:
The second available solution to the deteriorated decoupling, is utilizing more
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Figure 4.17: Rigid body decoupled MIMO flexible system: without damping
(blue), with dynamic damping using a bandpass filter for each damping loop
(green) and with dynamic damping using a common bandpass filter (red).
available actuators. From (4.14) it can be seen that if Kd satisfies certain properties the system will remain internally decoupled. Specifically, if


0 0
0
φ⊤
a1


φ⊤
0
0
0
 a2  Kd = 
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0 0 2ζdes,3 ω3
a3
φ⊤
0
0
0
a4



0
0

0
0

(4.18)

holds, the same level of decoupling can be achieved as before, while the damping
ratio of the third mode is increased. These constraints can be generalized to
systems with n = nrig + nf lex flexible modes.
Lemma 4.3.3. The modes of a damped system are internally decoupled if
φ⊤
ai Kdj = 0 for i 6= j , i = 1, . . . , n, j = 1, . . . , ntrunc

(4.19)

holds for the damping gains Kdj .
Proof. The effect of an input on the dynamics of the ith state is given by φ⊤
ai . The
mapping from the j th state to the control force is given by Kdj . When φ⊤
ai Kdj
th
is non-zero for some i and j 6= i, the dynamics of the i state are influenced by
the value of the j th state. To ensure internal decoupling, (4.19) must hold.
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Corollary 4.3.1. For continuous-time systems, the desired level of damping can
be achieved while maintaining the desired decoupling if (4.19) holds and,
φ⊤
ai Kdj = 2ζdes,i ωi for i = j i = 1, . . . , n, j = 1, . . . , ntrunc

(4.20)

Satisfying the n = nrig + nf lex equality constraints from lemma 4.3.3 and corollary 4.3.1 for each damped mode requires nact = n independent actuators.
The amount of actuators nact is generally lower than the amount of modes.
Thus, completely decoupling the internal dynamics is not an option. Based
on the number of available actuators nact , three possible scenarios are identified. For each scenario the decoupling that can be achieved is investigated. A
continuous-time system is used here. This allows us to directly set the desired
level of damping. For discrete-time systems, the decoupling can be determined
by Lemma 4.3.3 and the damping gain must be selected by means of a pole
placement algorithm as shown in Section 4.1.2.
1. Minimal-actuation: The situation where the number of actuators is exactly equal to the number of rigid body modes, nact = nrig , is denoted
as minimal-actuation. Mathematically, it is only possible to decouple
nrig = nact modes in this situation and the condition of Lemma 4.3.3
cannot be satisfied. A partial solution to solve the deteriorated decoupling
is fully decoupling certain rigid body modes and allowing the coupling to
occur in other rigid body modes.
By selecting the damping gain according to,
φ⊤
ai Kdj =

0
2ζdes,j ωj

if i 6= j
if i = j

∀ i = {1, . . . , nrig − 1, j}, ∀ j = nrig + 1, . . . , ntrunc
all damped flexible modes remain decoupled from the first nrig − 1 rigid
body modes. Coupling occurs between the flexible modes and the nth
rig rigid
body mode. By selecting different i, the flexible mode is decoupled from
different modes. Note that there is no guaranteed bound on the coupling
that is introduced between the flexible modes and the remaining rigid body
mode.
2. Over-actuation: When the number of actuators is larger than the number
of rigid body modes but smaller than the total number of modes, n >
nact > nrig , the amount of actuators is insufficient to fully decouple all
degrees of freedom. However, K can be selected such that the coupling
occurs between the flexible degrees of freedom and not between the damped
flexible degrees of freedom and the rigid body degrees of freedom.
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Consider the case where nact = nrig + 1. By selecting the damping gain
according to,
φ⊤
ai Kdj =

0
if i 6= j
2ζdes,j ωj if i = j

∀ i = {1, . . . , nrig , j}, ∀ j = nrig + 1, . . . , ntrunc
the flexible modes are decoupled from all rigid body modes. When additional actuators are available (n > nact > nrig + 1), the flexible modes can
be decoupled from some other flexible modes as well. This is realized by
taking additional i into account.
3. Total-actuation: In the ideal case, where the number of actuators is equal
to the number of modes, nact = n, all degrees of freedom can be decoupled. The number of actuators is sufficient to satisfy Lemma 4.3.3 and
corollary 4.3.1.
All three cases are simulated on the MIMO flexible system of Fig. 4.13. In each
case the damped plant is compared to a rigid body decoupled system that uses
the same number of actuators as the case it is compared to. The example MIMO
plant has two rigid body modes and three flexible modes.
In the minimal-actuation case, two actuators are present. Hence the decoupling matrices Γ and Υ are given by (4.12). The damping gain is selected such
that coupling occurs between the flexible modes and the second rigid body mode.
The first rigid body mode remains decoupled from the flexible modes. The resulting transfer function is given in Fig. 4.18. Indeed, the first rigid body direction
is decoupled and coupling occurs only on the second rigid body direction.
In the over-actuation case, three actuators are present. The decoupling matrices Γ and Υ are selected to decouple the system into two rigid body modes
and also decouple one flexible mode. As there are three actuators, the damping gain can be selected to decouple the flexible modes from both rigid body
modes. Coupling between the individual flexible modes cannot be prevented.
Fig. 4.19 shows the resulting decoupled system. The rigid body decoupling is
indeed restored as visualized by the removal of the −1 slope from both off diagonal entries. However, the additional constraint on the actuator gain result in an
increased coupling between flexible modes. This is visible as an increased peak
at the location of the second flexible mode.
Fig. 4.20 shows the result obtained in the total-actuation case, where the
amount of actuators is equal to the total number of modes. This allows for a
complete decoupling of the system from the control input, both in the damped
and undamped case. Arguably, the observer application is no longer required
in this case. The flexible modes are removed from the transfer function of the
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Figure 4.18: Original decoupling (blue) and decoupling achieved in the minimal
actuation case (green). The first rigid body mode is completely decoupled and
coupling occurs on the second rigid body mode.

undamped, decoupled plant. Hence, no observer application is required to suppress their limiting effects on the control bandwidth. The added damping is still
beneficial to reduce the flexible dynamics that are excited by disturbances. In
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Figure 4.19: Original decoupling (blue) and decoupling achieved in the over actuation case (green). Both rigid body modes are decoupled from the flexible modes.
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practice, total actuation does not occur. There are too many flexible dynamics,
which prevents full decoupling.
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Figure 4.20: Original decoupling (blue) and decoupling achieved in the case of
total actuation (green). Both lines lie on top of each other.
Comparing the two options:
Comparing the resulting decoupled transfer functions of Fig. 4.18, Fig. 4.19 and
Fig. 4.20 to the results of Fig. 4.17, it is clear that the dynamic damping gain
provides better decoupling performance than minimal and over actuation. The
difference with respect to over actuation is small, only the increased gain at the
second resonance frequency is improved when a dynamic damping gain is used.
The best decoupling performance is achieved in case of total-actuation, but this
case does not occur in practice. The number of actuators on practical systems
is generally lower than the number of flexible modes.
For MIMO applications, the addition of a bandpass filter to the generated
damping force, provides better decoupling performance than over-actuation and
minimal-actuation.
Remark 4.3.4. The application of a bandpass filter and the use of additional
actuators are not mutually exclusive. For instance, one could use the additional
actuators to decouple flexible modes from each other and use the bandpass filter
to decouple them from the rigid body modes.
As flexible modes are often relatively close together, in the frequency domain,
the bandpass filter does not provide much attenuation from one flexible mode to
another. By decoupling the flexible modes from each other by means of proper
input selection, the bandpass filter can be used to decouple the flexible modes
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from the rigid body modes. This restores both the decoupling performance of
the MIMO control loop and minimizes the internal coupling between the various
modes.
Remark 4.3.5. For active stiffness, the compensation force is given by Kη
instead of Ksη. The decoupled system (4.13) with active stiffness will show a low⊤
frequency −2 slope as φ⊤
ai Kd s is changed to φai Kd in (4.15). Consequently, a +2
slope is required for the bandpass filter to restore decoupling which necessitates
a fourth order bandpass filter. Restoring decoupling by utilizing the available
actuators remains the same.

4.4

Conclusions

Discrete-time implementation
The proposed observer applications are extended to discrete-time systems by
using a discrete-time observer. Measurement compensation requires no modification with respect to the continuous-time implementation. Active damping
requires an adjusted damping gain for discrete-time applications. Applying the
continuous-time damping gain to a discrete-time plant does not result in the
desired damping ratio.
The only issue arises in the synchronization of the damping and compensation
signals with their corresponding plant signals. Due to the computation delay
in the observer and the inherent delay in the digital to analog conversion the
calculated signals are no longer synchronized with the plant signals. By utilizing
a prediction-type observer, a one step ahead predicted state estimate is produced.
This allows the compensation of a one-sample delay. When a longer prediction
horizon is required, an open loop simulation of the plant model can be used.
This will introduce a larger estimation error as the effect of model errors and
disturbances are not taken into account. Depending on the quality of the model
and the length of the prediction horizon, the introduced error can be larger than
the benefit of proper synchronization.
The relatively simple transition to discrete-time is facilitated by the relatively
high sampling frequencies that are used for high precision systems. For instance,
for the wafer stage controller it is not uncommon to have a sampling frequency
that is ten times higher than the bandwidth limiting flexible modes.
Position-dependent systems
Extending the observer applications to a position-dependent setting results in a
position-dependent compensation matrix Cf (rp ) if the plant is subject to output
position dependency and/or a position dependent gain matrix K(rp ) if the plant
is subject to input position dependency.
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As shown in Section 2.3, the position dependency can be scheduled by the
reference position. At each time step, the position-dependent matrices are used
to calculate the Kalman gain L(rp ). The equivalent controllers for the three
cases, compensation, damping, and compensation and damping, clearly show
the position-dependent effects.
Simulation examples have shown that the proposed implementation of the
position-dependent observer indeed allows for an increased feedback control bandwidth. The resulting tracking error is clearly improved for all positions.
MIMO systems
For the extension to MIMO systems, the effect of the observer applications on the
decoupled system is important. The extension itself is relatively straightforward
for MC. The compensation matrix Cf becomes a matrix with nsens rows and can
be obtained directly from the model. The application of MC actually reduces
the amount of off diagonal coupling that is due to the flexible modes.
Using the observer to apply AD is slightly more involved. Due to the internal
coupling of the modes that is introduced by the feedback gain, the rigid body decoupling matrices Γ and Υ no longer provide the desired rigid body decoupling.
By applying a bandpass filter to the damping gain or, in the case of sufficient
actuators, proper selection of the damping gain, the effect of the damping on the
rigid body decoupling is reduced considerably. The dynamic damping gain provides better decoupling performance. As the methods are not mutually exclusive
a combined application is advised. These methods restore the decoupling to a
satisfactory level and this removes the major drawback of the MIMO extension
of AD.
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In Chapter 3, we investigated several possible applications of an observer in
the control loop for high precision motion systems. There, a standard Kalman
filter was used to show the effects of the proposed applications. This resulted
in quite significant improvements in feedback control bandwidth, showing the
potential of the observer applications. The Kalman filter was picked without any
guarantee of optimality and possibly, better results can be obtained by means
of a different observer. In this chapter, we aim to find the optimal observer for
the proposed applications to high-precision motion systems. This will provide
an answer to research question 2.
In this thesis, the main goal is improving the feedback control bandwidth by
using an observer to apply active damping or measurement compensation. In
Chapter 3, the final performance of the various observer applications is compared
based on the rms value of the true tracking error, etrue . In Section 5.1 we investigate the design of an observer by means of directly optimizing the two-norm of
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the true tracking error while requesting a certain bandwidth. It is assumed that
the feedback controller, feedforward controller, damping gain, and measurement
compensation matrix are fixed and known. The observer that results from this
optimization problem indeed shows a lower two-norm of the closed loop system
but cannot achieve the same control bandwidth as the Kalman observer. Demanding the same bandwidth as the Kalman filter results in a problem without
a solution. Combined with the fact that the optimization problem will become
more complex for position-dependent MIMO systems it is concluded that the
Kalman filter, while not optimal, provides good performance. Chapter 4 has already shown that extensions to MIMO position-dependent systems is relatively
straightforward for the Kalman filter.
Before we can conclude that the Kalman filter is indeed the best observer
(from an implementation point of view) for the proposed observer applications
there are some aspects that still need to be investigated. There are several underlying assumptions in the Kalman framework that are violated when the observer
is applied in practice. Section 5.2 discusses the model used in the observer, modeling errors between the observer model and the true plant, and the disturbances
that affect the plant. The model used has already been discussed in Chapter 2
and is repeated here for completeness. In subsequent sections we investigate
the impact of violating the underlying assumptions on the performance of the
Kalman filter.
The influence of model errors on the estimation error is the topic of Section 5.3. There, existing robust observer design techniques in literature are
compared to each other. The main considerations are computational effort and
conservatism. The observer must be implementable in a real-time discrete-time
control environment, which limits the available computational resources. Any
conservatism in the observer design procedure will degrade its performance as
the observer is robust to combinations of the model errors that cannot occur in
practice.
Two promising methods described in Section 5.3 are extended to include
known (control) inputs in Section 5.4. Subsequently, we compare their estimation
and closed loop performance to that of a Kalman filter when model errors are
present.
The Kalman framework that was used in Chapter 3 assumes that the input
and output disturbances are Gaussian and white. The effect of non-Gaussian and
non-white disturbances is investigated in Section 5.5 by relating the Kalman filter
to the optimal generalized H2 filter.
A final consideration is the implementation of the observer. The optimal
observer for position-dependent systems can either be calculated online for the
current position, or an off-line set of observers can be calculated for a set of
positions and online interpolation can be used to obtain the observer for the
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current position. Section 5.6 compares the two approaches.
The optimization criterion, plant and disturbance models, and synthesis technique that are discussed in the previously mentioned sections are combined in
Section 5.7, where the resulting observer will be stated.
Section 5.8 summarizes the conclusions of the other sections.

5.1

Optimal observer

The observer applications proposed in Chapter 3 allow an increased control bandwidth when combined with a Kalman filter. The Kalman filter was not motivated
by optimality arguments, but mainly for its simplicity and being well-known. In
this section, we will investigate the observer design problem from an optimization
point of view.
The reason we apply an observer and increase the control bandwidth is to
improve the tracking accuracy of the closed loop by increasing the feedback
control bandwidth. The final performance is then typically measured as the
RMS value of the tracking error during the scanning phase of the trajectory.
Hence it seems reasonable to aim for an observer that result in the minimal
two-norm of the true tracking error while achieving a certain feedback control
bandwidth.
Minimizing the closed loop two-norm of the tracking error differs from the
typical performance criterion for observer design, which aims for minimal estimation errors in some norm. This distinction is important. A minimal estimation
error does not necessarily guarantee the best tracking performance. For instance,
neither MC nor AD utilizes the rigid body state estimate. Consequently, an estimation error on this state does not influence the tracking performance directly.
Using the classical observer performance criterion can result in an observer that
puts a lot of effort in reducing the rigid body estimation errors, at the price of
increased estimation errors for the other states. The overall estimation error is
minimized but the tracking error could be worse.
In this section, we will formulate the optimal control problem that we aim
to solve. Subsequently, we solve this optimization problem and compare the
performance of the resulting observer to that of the Kalman filter for a SISO
setting.

5.1.1

Optimal observer problem formulation

The simplest representation of the problem we aim to solve is given in Fig. 5.1. In
this figure, the plant P (s), feedback controller Cfb (s), and observer application
gains K(s) and Cf are all grouped together in the generalized plant ΣGP . The
goal is then to design the observer ΣO that minimizes the two-norm of the
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transfer function from inputs r, w, v, d to etrue . The generalized plant ΣGP is
then partitioned as follows:


A B1 B2
(5.1)
ΣGP =  C1 D11 D12 
C2 D21 D22
 
r
w 
 
v 
d

etrue
ΣG P

x̂
ΣO

 
u
y

Figure 5.1: The closed loop, separated into the known generalized plant ΣGP and
the to be designed observer ΣO .
Two main strategies to obtain the observer that minimizes the closed loop
two-norm are:
1. Riccati based solutions
2. Convex optimization by LMIs
In the first strategy, the optimal observer can be found by solving two Riccati
equations [48, 18]. Unfortunately, one of the main restrictions in this method is
that matrices D12 and D21 are full column and row rank respectively. When we
consider our application, D12 maps the observer output x̂ to the performance
output etrue . The dimensions of x̂ and etrue will always result in a wide matrix
D12 and consequently D12 can never be full column rank. Therefore, we focus
on finding the optimal observer based on convex optimization by solving a set
of LMIs.
To formulate a set of LMIs that can be solved, we begin by partitioning the
observer ΣO as follows,


Ao Bo
(5.2)
ΣO =
Co Do
Using the partitioning of the generalized plant (5.1) and the observer (5.2)
we construct the state space matrices of the closed loop,




B1 + B2 Do D21
A + B2 Do C2
B2 Co
Acl Bcl

Bo C2
Ao
Bo D21
(5.3)
=
Ccl Dcl
C1 + D12 Do C2 D12 Co D11 + D12 Do D21

5.1. Optimal observer

135

An upper bound to the minimal two-norm of the closed loop can be obtained
by solving a set of matrix inequalities as defined in Theorem 5.1.1[63].
Theorem 5.1.1. [63] The H2 performance of the closed loop partitioned as (5.3)
is less than α, if and only if one can find matrices P ≻ 0, and Q that satisfy the
following matrix inequalities



 ⊤
P Ccl⊤
Acl P + P Acl P Bcl
≻ 0, Tr(Q) < α, Dcl = 0
(5.4)
≺ 0,
⊤P
Ccl Q
−I
Bcl
Proof. The proof to this rather well known theorem can be found in [63].
The matrix inequalities in Theorem 5.1.1 are nonlinear in the unknown matrices P , Q, Ao , Bo , Co , and Do .
By partitioning P as follows,




Y
N
X M
−1
P =
,P =
(5.5)
N⊤ ∗
M⊤ ∗
defining the matrices,




X I
I Y
Π1 =
, Π2 =
M⊤ 0
0 N⊤

(5.6)

and a change of observer variables,
Â =N Ao M ⊤ + N Bo CX + Y Bu Co M ⊤ + Y (A + B2 Do C2 )X
B̂ =N Bo + Y B2 Do
Ĉ =Co M ⊤ + Do C2 X
D̂ =Do
a congruence transformation on the matrix inequalities (5.4) with diag(Π1 , I)
yields,
AX + XA⊤ + B2 Ĉ + Ĉ ⊤ B2⊤

Â + (A + B2 D̂C2 )⊤
(B1 + B2 D̂D21 )⊤



Â⊤ + (A + B2 D̂C2 )
⊤
A Y + Y A + B̂C2 + C2⊤ B̂ ⊤
(Y B1 + B̂D21 )⊤

X
I
C1 X + D12 Ĉ



I
Y
C1 + D12 D̂C2


B1 + B2 D̂D21
Y B1 + B̂D21  ≺ 0
−I

(C1 X + D12 Ĉ)⊤
(C1 + D12 D̂C2 )⊤  ≻ 0
Q

(5.7)

Tr(Q) < α, D11 + D12 D̂D21 = 0

These matrix inequalities are linear in the variables (X, Y, Â, B̂, Ĉ, D̂, Q, α).
And hence, numerical methods can be used to find the minimal α for which the
inequalities can be satisfied.
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When a solution to the problem has been found, the original observer matrices
can be recovered by finding square matrices M, N that satisfy M N ⊤ = I − XY
as stated in Lemma 5.1.1
Lemma 5.1.1. [63] If matrix inequalities (5.7) are feasible and a solution is
available, the original observer matrices Ao , Bo , Co , Do can be reconstructed from
the variables (X, Y, Â, B̂, Ĉ, D̂).
As X and Y satisfy,


Y I
≻0
I X
we find that I − XY is non singular and we can always find square M, N that
satisfy the equation. The original observer matrices are then calculated as,
Do =D̂
Co =(Ĉ − Do Cy X)(M ⊤ )−1
Bo =N −1 (B̂ − Y Bu Do )
Ao =N −1 (Â − N Bo Cy X + Y Bu Co M ⊤ + Y (A + Bu Do Cy )X)(M ⊤ )−1
Although the matrix I − XY is non singular by construction, numerical
problems can occur when it is close to singularity. By fixing α at a value that is
slightly higher than the optimal α∗ , including the matrix inequality,


X tI
≻0
(5.8)
tI Y
and maximizing over t, the minimum eigenvalue of XY is maximized. This
ensures that I − XY is well conditioned. Obtaining the observer state space
matrices is then numerically stable at the price of a slight increase to the achieved
two-norm.
This synthesis approach will be used to find the observer that minimizes the
transfer function from inputs to the true tracking error in the two-norm. The
SISO LTI system defined in Chapter 3 is used here and we solve the system of
LMIs by means of a built-in matlab function (hinfmix()). When the result is
successful, a custom implementation of the optimization is required to take the
position dependent effects in the plant into account.

5.1.2

Designing the optimal observer

We aim to design the observer that, given the damping gain and compensation
matrix, minimizes the closed loop transfer function from inputs to the true tracking error in the two-norm. This problem formulation results in the generalized
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plant of Fig. 5.2. The scaling matrices Sw , Sv , Sd are used to scale the inputs
relative to the reference signal. The frequency weighting matrices Ww (s), Wv (s),
Wr (s) are first order low pass filters to ensure that the closed loop has no direct
feedthrough from w, r or v to z as this would result in an infinite two-norm. The
filters are chosen as first order low pass filters with a cut-off frequency of 200 Hz
for w, 200 Hz for v and 700 Hz for r, as they are low frequency signals in practice.
The matrices K(s) and Cf are the damping gain and measurement compensation
matrix respectively as proposed in Chapter 3. The feedback controller Cfb (s) is
the controller achieved in Section 3.4 that achieved 83 Hz bandwidth when the
Kalman filter was used. These choices lead to a 20th order generalized plant for
this SISO example.
ΣG P

d

Sd

v

Sv

Wv (s)

w

Sw

Ww (s)

r

Wr (s)

+

z

+

Cfb (s)

+
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P (s)

+

−
−

+

+

+

−

u

K(s)
x̂

Cf

y

−
+

ΣO (s)

Figure 5.2: Generalized plant including scaling and frequency weighting for closed
loop optimal observer design.
We solve the optimization problem and compare the closed loop performance
to the two-norm that is achieved by applying a Kalman filter to the generalized
plant. Table 5.1 lists the reported H2 performance of the observers.
Table 5.1: Closed loop two-norm achieved by observers calculated using different
methods.
Observer
Closed loop two-norm

Baseline (no observer)
55.00

Optimal observer
46.89

Kalman
54.43

The reported two-norm of the optimized observer (46.89) is indeed lower than
the two-norm of the Kalman filter (54.43). However, when we investigate the
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Figure 5.3: Sensitivity function from r to etrue for the optimal (blue) and Kalman
filter (green) solutions. Clearly the optimal observer solution lacks low frequency
disturbance rejection, which is not desired for motion control.

resulting sensitivity function from r to etrue in Fig. 5.3, we see some undesirable
behavior. For low frequencies, this sensitivity function has a gain close to unity.
This indicates that the gain of the equivalent controller (combination of feedback
controller and observer) is too low. Although the two-norm is reduced compared
to the Kalman filter, the tracking performance of the closed loop is lacking.
Fig. 5.4 shows the equivalent controllers (consisting of the regular feedback
controller and the observer) for the Kalman filter and optimal observers. It is
clear that the optimal observer does not yield the desired low frequency gain.
This results in the observed transfer function from r to etrue which is almost
unity.
Although the two-norm of the closed loop is significantly lower for the optimal
observer, we are not happy with the results. This is however not due to the
optimization algorithm, but due to the formulation of the problem. In Fig. 5.5
we show the closed loop two-norm for varying bandwidths of the equivalent
controller obtained in Chapter 3 for the Kalman observer. From this figure it
can be seen that increasing the bandwidth leads to an increased two-norm of the
closed loop system.
Clearly, minimizing the closed loop two-norm from inputs to true tracking
error is not what we really desired. In Chapter 3, the control bandwidth is maximized while satisfying a 6 dB sensitivity peaking criterion. This is in principle
an H∞ constraint on the transfer from r to etrue which must be satisfied while
maximizing the bandwidth of the feedback controller.
To enforce the desired sensitivity shape in the optimization a 6 dB sensitivity
peak constraint is placed on the transfer functions from r to etrue by means of the
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Figure 5.4: Equivalent controllers for the optimal observer (blue) and the Kalman
observer (green). The lack of low frequency disturbance rejection for the optimal
observer is caused by the lack of low frequency gain in the equivalent controller.
weighting filter visible in Fig. 5.6. This weighting filter is designed to penalize
the low frequency content of the sensitivity function. With the weighting filter
Wsens , the new outputs of the generalized plant are then:
  

Wsens
z∞
=
z
(5.9)
I
z2
The multi-objective problem can be formulated as a set of LMI constraints
[63]. We aim to minimize the transfer function from inputs to z2 in the two-norm
while keeping the transfer function from inputs to z∞ below a certain value γ∞
Closed loop 2-norm
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Figure 5.5: Closed loop two-norm from inputs to true tracking error for varying
bandwidths of the equivalent controller computed by using the system and observer
from Chapter 3.
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Figure 5.6: Weighting filter applied to the sensitivity function from r to etrue to
enforce low frequency gain. The tipping frequency is chosen such that the equivalent controller which results from the Kalman observer satisfies the sensitivity
weighting constraints.
(ideally γ∞ = 1). We are now looking for the Pareto optimal point that relates
the H∞ performance γ∞ and the H2 performance γ2 . Adding the H∞ constraint
to the optimization problem will deteriorate the H2 norm that can be obtained,
increasing it from the optimal value γ2∗ to the new value γ2 .
Remark 5.1.2. A more standard approach for ensuring integral action in optimization based control is adding a weighting filter with integral action to the
controller outputs. The final controller that will be implemented is then the
computed optimal controller including the weighting filter. This approach is not
an option here as we do not desire integral action in the observer, but in the
equivalent controller.
The application of this weighting filter, and requesting that the H∞ norm of
the transfer from inputs (w, v, d, r) to z∞ remains below 1, does unfortunately
result in an error (the function reports that there is no feasible solution). This
∗ lies above 1. Increasing the
indicates that the H∞ optimal performance γ∞
threshold for the H∞ norm of the weighted sensitivity function to 3, does result
in a solution which satisfies the constraints and achieves an H2 performance
γ2 = 48.47. As expected the H2 cost function value has increased compared to
the pure two-norm optimization due to the additional H∞ constraint. It still lies
below the H2 cost function value that is achieved by the Kalman filter.
Fig. 5.7 shows the Pareto curve that trades off H∞ and H2 performance of
the closed loop. The solid line is an artificial function showing a possible Pareto
curve. The black asterisks show the actual points on the Pareto curve as obtained
by the optimization problem for a number of combinations of γ∞ and γ2 .
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Figure 5.7: The addition of an H∞ constraint to the optimization problem introduces a Pareto curve between H2 and H∞ performance. The solid blue line
shows a possible Pareto curve while the black asterisks show actual points on the
curve obtained by the optimization problem.

50

To etrue
Magnitude (dB)

0
−50
−100
−150
−200
−250
10−3

10−2

10−1

100
101
Frequency (Hz)

102

103

Figure 5.8: Sensitivity function from r to etrue for the optimal obsever (blue)
and Kalman filter (green) solutions. The addition of the weighting filter has
improved the low frequency disturbance rejection but performance is still lacking
with respect to the Kalman filter approach. Blue: Hinfmix, green: Kalman, red:
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Figure 5.9: Equivalent controllers for the hinfmix observer with additional sensitivity constraint (blue) and the Kalman observer (green).
Fig. 5.8 shows the new sensitivity function including the imposed weight. It
is clear that the solution closely follows the weight and the sensitivity function
shows some low-frequency disturbance rejection. The level of low frequency reduction and the achieved bandwidth are however still not at the level achieved by
the Kalman filter. Fig. 5.9 shows the equivalent controllers for the Kalman filter
and the H2 observer with additional sensitivity constraints. The low frequency
gain of the equivalent controller is indeed increased compared to Fig. 5.4, but is
still far from the achieved low frequency gain of the Kalman filter solution.
We could attempt to increase the bandwidth by modifying our weighting
function for an increased bandwidth and improved low frequency gain. However, when we do so the optimization problem becomes infeasible and we need
to increase the limit for the H∞ norm (γ∞ ) and the net effect is an identical sensitivity function as the one displayed in Fig. 5.8. Apparently the optimization
problem is unable to meet the bandwidth specification that the Kalman filter is
able to meet.
Extrapolating the results to a real MIMO system
From the initial results into the application of optimization based observer design, we conclude that the main issue is the translation of all design wishes
(sensitivity weighting, frequency content of input signals) to suitable weighting filters that lead to a desirable solution. Even for the SISO LTI case, the
performance of a Kalman filter designed for a minimal estimation error shows
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significantly better performance than the optimal observer designed while taking
all closed loop constraints into account.
Another aspect that should be mentioned is the numerical stability of the
methods. For the SISO example we end up with a generalized plant with four
outputs, twelve inputs and 23 states. When we scale this to the 3x3 MIMO
experimental setup that will be used in Chapter 6, the dimensions will increase
to 14 outputs, 34 inputs and 65 states, assuming that we do not require higher
order weighting filters.
When, in addition we take position dependency and robustness to model errors into account, the complexity of the optimization problem will increase even
further. Although this complexity should not be an issue theoretically (convex
optimization problems can be solved) it does impact the numerical approximation of the solution in practice. For the MIMO, position-dependent systems it is
expected that these numerical issues will further limit the achievable performance
of the optimization based observer.

5.1.3

Summary

Based on the investigation into optimal observers for the SISO model we conclude
that the Kalman filter is a very good candidate to implement measurement
compensation and active damping to a real MIMO plant. Although theoretically
not optimal, it does achieve a higher bandwidth than the observer that results
from an optimization framework while only showing a limited increase in closed
loop two-norm.
As was already shown in Chapter 4, extrapolating the Kalman filter to position dependent and MIMO systems is relatively straightforward and thus we continue with the Kalman filter as observer to apply MC and AD to high-precision
motions systems.
Before we apply the Kalman observer to a real world systems, we investigate
the impact of violating the underlying Kalman filter assumptions regarding the
noise distributions and the impact of model errors.

5.2

Observer setting

So far, an idealized setting has been assumed when considering the Kalman
filter in Chapters 3 and 4. The noise distributions are compliant to the Kalman
framework, i.e. Gaussian white disturbances and no model errors are included
besides truncation errors that result from the model reduction.
In practice, these assumptions do not hold. To design an observer for any system, the plant model, disturbances and possible model errors must be specified.
This section describes these three parts, which together are denoted by the term
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observer setting. In the remainder of this chapter, we investigate the impact of
these violations of the Kalman filter assumptions on the observer performance.

5.2.1

Plant model

The first assumption of the Kalman framework that is violated, concerns the
truncation errors. The full plant (5.10) is reduced by means of the procedure
that was outlined in Chapter 2. As such, there is a truncation error between the
model used in the observer and the true plant.
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(5.10)
The state of ΣP is partitioned into two parts. The states xo describe the
rigid body modes and the flexible dynamics that are retained during the model
reduction approach. The states xd describe the evolution of the high frequency
flexible modes that are discarded. The reduction procedure, that is presented in
Chapter 2, results in a high frequency mismatch between the observer model
(5.11) and the plant (5.10). The discarded flexible dynamics, described by
xd in (5.10), whose resonance frequency lies beyond the highest resonance frequency in xo , are not present in the observer model. The low frequency compliance effects of xd are compensated by a direct feedthrough term TDC (rp ) =
−1 T
Φsd (rp ) Ω2d
Φad (rp )u(k) as described in Section 2.2.
The plant ΣP is position-dependent and in modal form. The position dependency is reflected in the dependency of the input matrix and/or output matrix
on the true system position q(k). The observer produces an estimate x̂o of the
state xo , based on the reduced order model (5.11) that is derived from the nominal plant model. As the true system position q(k) is not known, the position
dependency is approximated by means of the reference position rp (k).

xo (k + 1) = At xo (k) + Bt (rp )u(k) + Gt (rp )w(k)
ΣP̂ =
(5.11)
y(k)
= Ct (rp )xo (k) + TDC (rp )u(k) − v(k) + d(k)

5.2.2

Characterizing disturbances

The second assumption that is violated is the assumed distribution of the disturbances. The Kalman framework assumes Gaussian, white, zero-mean disturbances. In practice, these assumptions are violated. The system (5.10) is
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affected by three disturbance sources: w, v, and d, which represent the input
noise, position sensor reference, and measurement noise respectively.
The input disturbance w is a combination of actuator noise and unmodelled
coupling of vibrations. As such, the signal is a non-zero mean, non white, and
non Gaussian disturbance. The spectrum of w is dominantly low frequent, due
to the actuator noise characteristics. The effect of w must be rejected to ensure
proper tracking behavior.
The position sensor reference v is defined as the drift and vibration of the
optical column. It enters the control loop through the sensors that measure
the position of the system relative to the optical column. The signal is nonzero mean, non white and non Gaussian in nature. Its spectral content is given
by a low frequency part combined with specific resonances. To realize proper
alignment of wafer and optical column, the disturbance v must be tracked by
the plant.
Finally, the measurement noise d is a zero mean, white, and Gaussian disturbance which is independent of the other disturbances. The measurement noise
is typically small and should be rejected.

5.2.3

Model uncertainty

Besides the truncation error, a secondary source of differences between the observer model and the true system is uncertainty. Any model of a mechanical system contains model errors. The observer must be robust for the model errors that
are present in the plant model. To be precise, the matrices At , Ad , Bt (rp ), Bd (rp ),
Gt (rp ), Gd (rp ), Ct (rp ), Cd (rp ) are functions of a perturbation vector ǫ(rp ). The
perturbation vector ǫ(rp ) contains the errors in the modal parameters, ωi , ζi , φai
and φsi . Each entry in ǫ(rp ) is bounded by an upper and lower bound, which
may be position dependent as well.
Not all entries in ǫ(rp ) vary over rp , the uncertainty on the modal frequencies
ωi and damping ratios ζi is constant. These parameters do not vary over the
position of the system and consequently, neither does the uncertainty. Perturbations to the input modeshapes φai and output modeshapes φsi do vary with
rp . As the modeshapes vary with position, a relative uncertainty will result in
different upper and lower bounds for different positions.
Robust designs trade performance for robustness, it is therefore important
that a nominal model is obtained with small uncertainty on the parameters.
These models can be obtained by means of system identification approaches or
calibration upon initialization of the high precision system. Running an adaptive
loop in parallel with the observer when the high-precision motion system is operating is not desirable. The position dependent parameters and the plant states
vary with comparable speed which makes adaptation difficult. Furthermore, the
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model errors occur due to production tolerances and are expected to be constant
during operation.

5.3

Robust observers in literature

As discussed in Section 5.2, the model used for the observer differs from the true
plant model. The system matrices of the plant are a function of a perturbation
vector ǫ(rp ), that contains the modeling errors in the modal parameters ωi , ζi ,
φai , and φsi . The system that is used to design the observer is the nominal
model, whose system matrices are the plant matrices evaluated at ǫ(rp ) = 0.
In this section, existing methods for robust observers are compared. As we
desire to compare their performance to the Kalman filter, only two-norm optimal
robust observers are considered here. The different approaches are compared on
the uncertainty description that is used and the computational effort that is
required.
The assumed uncertainty description is important as the model errors must
be mapped to the assumed uncertainty description. When conservatism exists
in this mapping, the performance of the resulting observer deteriorates as the
observer is robust for realizations that do not occur in practice. The importance of computational effort stems from the implementation in a discrete-time
environment where the sampling frequency lies between ten and twenty kiloHertz. This leaves little time for online computations. Iterative designs, where
the observer gain is updated at each time interval, are therefore preferred. These
algorithms have a fixed and small computational load, whereas algorithms that
solve complex optimization problems require more computation time at each
time instance.
The existing literature on robust, optimal two-norm estimators can be grouped
into guaranteed cost designs and regularized least squares designs. In the guaranteed cost designs, an upper bound on the covariance matrix of the estimation
error is sought and subsequently minimized. The regularized least squares designs aim to solve the problem via a least squares approach that takes the effect
of uncertainty into account. The standard Kalman filter is also a regularized
least squares design that neglects possible model uncertainty.

5.3.1

Guaranteed cost designs

One approach to robust two-norm observers is minimizing an upper-bound on
the estimation error covariance matrix. The true estimation error covariance is
unknown as the system is uncertain. The upper-bound on the covariance matrix
that is minimized can be found by two approaches. The first is setting up a
system of linear matrix inequalities that provide an upper bound on the system
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performance. The second is by means of Riccati difference equations. The next
two subsections discuss each approach.
Linear Matrix Inequalities
The stability of the estimation error dynamics can be guaranteed when a Lyapunov function can be found. A Lyapunov function V (x) must satisfy two constraints, V (x) ≥ 0 and V (x) = 0 implies that x = 0. Furthermore, its derivative
should be negative along trajectories of the system, V̇ (x) < 0. Or for discretetime systems, the function should be strictly decreasing along trajectories of the
system V (x(k + 1)) < V (x(k)).
When a quadratic Lyapunov function V (x(k)) = x(k)⊤ Pk x(k) is used with
Pk ≻ 0, the stability problem can be formulated as a system of Linear Matrix
Inequalities (LMIs). By minimization the covariance matrix of the estimation
error over the set of all Lyapunov matrices Pk , the optimal observer can be found.
min Pk
subject to F (Pk ) ≤ 0
where F (Pk ) is a system of linear matrix inequalities in Pk ≻ 0. The observer
gain matrix is then obtained from Pk at each time step.
In [67], this approach is used to find the optimal observer for a system subject to
Gaussian inputs. There are no control inputs present and the system matrices
P
(i)
Ak , Gk , Ck are assumed to lie in a polytopic set, i.e. Ak (ǫ(rp )) = K
Ak αi
i=1
P
where αi ≥ 0 for i = 1, . . . , K and K
i αi = 1.
At each time step, a semi-definite programming problem
 subject to K LMI
constraints is solved to minimize Pk = E (x − x̂)(x − x̂)⊤ . In [79], a similar
problem is solved where all uncertainty is mapped to the stochastic inputs. The
case where only the model errors are time varying is studied in [85].
The method is extended in [87, 86], where the disturbances are assumed to be
non-Gaussian signals with bounded energy. The system class that is considered
is subject to polytopic uncertainty in the Ak , Bk , and, Gk matrices. Uncertainty
in the C matrix cannot be taken into account in this approach. Doing so would
result in the product of Ck+1 (α)Ak (α) which is no longer linear in α [87].
Remark 5.3.1. To take uncertainty in the C matrix into account in the approach of [87, 86], there are two possible approaches.
The first approach is modifying the observer to take the measurement y(k)
instead of y(k + 1) to calculate x̂(k + 1). Then y(k + 1) − Ck+1 (α)Ak (α)x̂(k)
becomes y(k)−Ck (α)x̂(k) and uncertainty in Ck can be taken into account. This
modification results in a predictor form observer, the current measurement is
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used to predict a one-step-ahead value of the states. The original implementation
[87], is equivalent to a filter form observer. There the measurement at time k is
used to predict the state at time k.
The second approach to incorporate uncertain C matrices is using a multiconvexity argument [26], to deal with the nonlinearity in α. This will introduce additional conservatism in the algorithm and introduce additional LMI constraints
to the SDP, which increases the computational load.
In [23, 24], a filter is designed for systems with norm bounded uncertainties
in the matrices Ak and Ck . The system is driven by noise and no control input is
present. A robust observer is derived, which requires the optimization over k =
1, . . . , N time steps where N Ts is the current time. This optimization problem
grows for increasing time and is thus infeasible for real time implementation. A
modification with fixed calculation time is proposed in [24] which is based on
asymptotical stability of the original system. Stability of Ak is not guaranteed
in our case. The rigid body modes of the system result in poles at the origin,
which renders this method unsuitable for our interests.
The computational load of the optimization problem is high in all methods. A
complex optimization problem is solved at each time step to account for the
change in reference position rp . Pre-computing a set of observer gains L(rp ) and
using an interpolation algorithm online is a possible work around. In [77] such a
position dependent observer is designed for a system without model uncertainty.
The position dependency is modeled as in a linear parameter varying setting.
The resulting optimization problem is difficult to solve due to the exponential
growth in the number of equations, even when uncertainty is absent. When the
uncertainty description is added, the number of equations grows even further.
An approach closely related to the guaranteed cost design via LMIs, is the minimization of the H2 norm of the error dynamics. Instead of an upper bound
on the covariance matrix, the two-norm is minimized directly [84]. This again
results in a system of LMIs but now the function to be optimized is the H2
norm of the estimation error instead of the covariance matrix. The approach
suffers from the same drawbacks, taking position dependency and model uncertainty into account increases the number of equations such that computation is
no longer feasible.
In summary, existing results based on LMIs provide a theoretical optimal solution. In practice the high order models and uncertainty descriptions result in
an computational load that increases such that numerical issues occur. Adding
position dependency increases the computational load even further.
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Riccati difference equations
A different approach to finding an upper bound for the estimation error covariance is by means of Riccati difference equations. Instead of using a Lyapunov
function to prove stability in the presence of model errors, an upper bound on
the uncertain covariance of the estimated states is minimized. The evolution and
covariance of the true system states, and consequently the estimation error, is
unknown due to the model errors. By finding an upper bound for the uncertain
Riccati matrix Pk , a guaranteed bound on the estimation error is determined.
The method was first applied in [76] to a system driven by noise with norm
bounded uncertainty on the A and C matrices. In [94, 95], the problem is solved
for systems subject to norm bounded uncertainty in the A and C matrix subject
to white noise inputs. The method is extended to noise inputs with unknown
but bounded covariances in [17] and to noise inputs with known correlation in
[72] and unknown correlation in [71]. In [88], the uncertain A and C matrices
are considered to be caused by multiplicative gaussian disturbances.
The advantage of these methods over the LMI based approach is the iterative
nature of the Riccati analysis. This allows an iterative online application. The
main issue is that finding the upper bound requires the existence of certain
parameters αk at each time step that satisfy constraints. When no satisfactory
parameter can be found, a solution to the observer problem cannot be found
at that time instance. This is an undesirable effect in real time applications.
Selecting αk to be very large would satisfy the existence conditions but at the
same time increase the gap between the upper bound and the true covariance,
degrading estimator performance.

5.3.2

Regularized least squares

Regularized least squares methods are well known for their applicability to estimation. The Kalman filter is the optimal least squares estimator for linear
systems without model errors. The presence of model errors can degrade the
estimator performance significantly. For that reason, [62] proposed the use of
the robust regularized least squares approach for state estimation with uncertain
models. The following plant model is considered,
x(k + 1) = Ak (ǫ)x(k) + Gk (ǫ)w(k)
y(k) = Ck (ǫ)x(k) + v(k)

(5.12)

Norm bounded uncertainty is assumed on the system matrices,
Ak (ǫ) = Ak + δAk , Gk (ǫ) = Gk + δGk , Ck (ǫ) = Ck + δCk
and it is assumed that the uncertainty can be described as,




δ(C̃k+1 Ãk ) δ(C̃k+1 G̃k ) = Mk ∆k EA,k EG,k

(5.13)

(5.14)
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where δ(C̃k+1 Ãk ) denotes the uncertainty in the product Ck+1 (ǫ)Ak (ǫ). The
difference in subscripts is due to the predictive nature of an observer. Based on
the estimate at time k and the measurement at time k + 1, a new estimate is
calculated. Hence, the predicted output at k + 1 must be determined which is
given by Ck+1 (ǫ)x̂(k + 1) = Ck+1 (ǫ) (Ak (ǫ)x̂k + Gk (ǫ)ŵk ).
In the robust regularized least squares framework the following problem is
solved at each time step,
xopt = arg min max J(x, δF, δb)
x

δF,δb

(5.15)

The optimal estimate xopt is found by minimizing the cost function J(x, δF, δb),
while maximizing it over the uncertainty description δF, δb.
The uncertainty description δF and δb are determined from the uncertain
state space matrices (5.14) and satisfy,




(5.16)
δF δb = H∆ EA,k EG,k

where ∆ is an arbitrary contraction, k∆k < 1, and {H, EF , Eb } are known
quantities of appropriate dimensions. As such, the optimal state estimate is
found for the worst case realization of the model uncertainty.
When the cost function J(x, δF, δb) is given by,
J(x, δF, δb) = kxk2Q + k(F + δF )x − (b + δb)k2W

(5.17)

an explicit solution to (5.15) is given by,

−1  ⊤

xopt = Q̂ + F ⊤ Ŵ F
F Ŵ b + λ̂EF⊤ Eb

(5.18)

where,

Q̂ = Q + λ̂EF⊤ EF

†
Ŵ = W + W H λ̂I − H ⊤ W H H ⊤ W
The scalar parameter λ̂ is obtained by minimizing (5.18) over λ.
This framework is closely related to the Kalman estimator. When no model
errors are present (ǫ(rp ) = 0), the optimal estimate is equal to the Kalman filter
[62].
The main difficulty of this approach lies in the mapping of the system dynamics
to the cost function (5.17). The main advantage is the regularization instead of
de-regularization that is applied [62]. Furthermore, no existence conditions have
to be satisfied at each time step which facilitates online implementation as the

5.3. Robust observers in literature

151

iterative procedure will always give a solution. The disturbances are assumed to
be Gaussian, zero-mean, and white. Noise models can be added to account for
non-white disturbances.
The method requires finding a scalar λ̂ that minimizes (5.18). The optimization problem is convex and a line search algorithm will find the optimal value λ∗ .
⊤
A lower bound 
for λ is given by
 λl = kH W Hk. This lower bound follows from
invertibility of λ̂I − H ⊤ W H . In [62], it is stated that the optimal value λ∗

lies close to the lower bound, and selecting λ̂ = (1 + α)λl for some α > 0 yields
good estimation results without explicitly solving the line search algorithm.
The resulting observer can be implemented in iterative form and resembles
standard Kalman iterations where the matrices are modified to take the plant
uncertainty into account. No explicit minimalisation of the estimation error
covariance is performed in [62]. Instead local robustness properties are optimized.
This means the resulting observer is not optimal in the two-norm. A modification
that provides explicit minimization of the estimation error covariance is proposed
in [75]. This modification involves solving an SDP subject to LMI constraints at
each time step, which is computationally intensive.
In [41, 42], a modification to the method of [62] is proposed. The main difference
is the specific mapping of the observer problem to the robust regularized least
squares framework. A consequence is that uncertainty in Gk can no longer be
taken into account. The method performs better when the actual uncertainty is
not uniformly distributed over the allowed interval [42]. Again, a control input
is not considered but the method can be extended. An in depth overview of the
differences between the estimators of [62] and [41, 42] is presented in [39].
The uncertainty can only be taken into account in an unstructured manner in
[41, 42] and [62], even if structure is present in the uncertainties. Maximizing
over the uncertainty therefore results in a conservative estimation algorithm. In
[93], an off-line optimization procedure is proposed that reduces this introduced
conservatism.

The algorithms proposed in [62, 41, 42] do not account for the presence of a
control input. The methods can be modified to take a control input u and
uncertainty on the Bk matrices into account. The resulting observers again
resemble standard Kalman iterations where the matrices are corrected for the
effect of the model uncertainty, as will be derived in Section 5.4.
A different observer is proposed in [92, 91]. There, the same system description
(5.12) is used. Instead of norm bounded uncertainty (5.14), it is assumed that
the uncertain matrices are known differentiable functions of the uncertainty ǫ.

Observer design

152

The regularized least squares framework is applied in a slightly different manner.
Instead of (5.15), the following optimization problem is solved,
xopt = arg min γJ(x, 0, 0) + (1 − γ)
x

X

k

∂ey
k
∂ǫ(rp )

(5.19)

The function J(x, 0, 0) is equal to (5.17) evaluated at δF = 0 and δb = 0. And
ey = y − ŷ is the difference between the measured and predicted output. Then,
∂ey
∂ǫ(rp ) is a measure for the sensitivity of ey to the model errors ǫ(rp ). The scalar
γ ∈ [0, 1] is a tuning parameter to balance the weight of the nominal cost function
J(x, 0, 0) and the sensitivity penalty.
This formulation allows more freedom in the specific model errors as norm
bounded uncertainty is not required. Instead, it is assumed that the uncertain
matrices are continuously differentiable functions of the uncertainty ǫ(rp ).
Contrary to the methods of [62, 41, 42, 93], no optimization over λ is required.
Instead, the tuning parameter γ must be selected. Setting γ = 0 results in the
standard Kalman filter on the nominal model (ǫ(rp ) = 0). Setting γ = 1 results
in an estimator that always outputs x̂o = 0 as this would minimize the sensitivity
with respect to model errors.
Remark 5.3.2. In [91] it is stated that a physically significant γ satisfies γ > 0.5.
Upon investigation of the cost function however, the value of γ is related to the
covariances of the measurement and input noise. For high-precision systems, the
measurement noise covariance is usually very low and J(x, 0, 0) is large. When
γ = 0.5, the penalty on the sensitivity is completely dominated by the nominal
estimation, see Remark 5.4.1 for more information. An optimal γ will therefore
depend on the specific covariances of the application.

5.3.3

Conclusion

Comparing the robust observers presented in literature, a few common points
can be identified. First, the majority of the results in literature do not consider
the presence of a control input and uncertainty on the B matrix. The majority
of the state dynamics of high-precision motion systems are caused by the control
input and neglecting this contribution results in degraded estimation quality.
Fortunately, most methods can be extended to include the control input and
model errors in the B matrix.
Second, all publications have in common a lack of practical validation. The
methods are validated by means of two- to fourth-order academic examples with
scalar uncertainty.
The guaranteed cost designs are often difficult to implement online. Either they
require the solution to a large set of LMI constraints which have poor scalability
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or they require the existence of certain parameters at each time step to calculate
an upper bound to the Riccati matrix. The system of LMIs is convex and
theoretically an optimal solution can always be found. In practice however,
the system is solved by a numerical solver which runs into problems when the
number of equations is too large. This has been noted by a number of LMI based
solutions to the observer problem applied to high-order systems [77, 31]. There, a
position-dependent observer is pursued in the LPV framework. Consequently the
number of equations grows exponentially with the dimension of the scheduling
parameter. Depending on the complexity of the position-dependent effects the
system must be scheduled with higher order functions of the position rp .
When uncertainty is taken into account, the number of equations grows even
further, severely restricting the applicability to the systems under consideration
here. The guaranteed cost designs that utilize Riccati difference equations require
certain existence conditions to be satisfied at each time step. When these are
not satisfied the observer can diverge.
The regularized least squares solutions have the attractive property that the
resulting observers can be implemented in an iterative way. The algorithms
do not require the satisfaction of existence conditions, which prevent the issues
that trouble the guaranteed cost designs based on covariance analysis. As such
the approaches based on regularized least squares are good candidates for our
application. In the next section, the methods proposed in [62] and [91] are
extended to systems with a control input and their performance is compared to
a Kalman filter designed on the nominal model.

5.4

Extending the regularized least squares methods
to systems with control inputs.

The robust regularized least squares method is the most promising method for
our application. The resulting observer is calculated in an iterative manner and
no existence conditions are present. Here, the methods proposed in [62] and [91]
are extended to systems with a control input. Subsequently, their performance
is compared for a position-dependent flexible system with uncertain modal parameters.
Consider the following discrete-time, time-varying system with uncertainty,
x(k + 1) = A(ǫ(rp ))x(k) + B(rp , ǫ(rp ))u(k) + G(rp , ǫ(rp ))w(k)
y(k) = C(rp , ǫ(rp ))x(k) − v(k) + d(k)

(5.20)

System (5.20) is a representation of our system class. The A matrix does not
depend on the position rp , only on the uncertainty vector ǫ(rp ). The input and
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output matrices do depend on the position rp . All system matrices are subject
to uncertain parameters, captured in the vector ǫ(rp ). For notational simplicity,
the dependence of a matrix on the time-varying position rp will be denoted by a
subscript k, e.g. B(rp , ǫ(rp )) = Bk (ǫ(rp )).

5.4.1

Robust regularized least squares

To extend the robust regularized least squares framework [62] to our class of
systems, it is required to map our system to the cost function (5.17). Then
the standard solution [62, Theorem 1], can be used to derive the iterative filter
equations.
It is assumed that the uncertainty in the state space matrices of (5.20) can
be written as,
A(ǫ(rp )) = A + δA, B(rp , ǫ(rp )) = Bk + δBk
C(rp , ǫ(rp )) = Ck + δCk , G(rp , ǫ(rp )) = Gk + δGk
and furthermore,




δ(Ck+1 A) δ(Ck+1 Bk ) δ(Ck+1 Gk ) = Mk δk EA,k EB,k EG,k

where δ(Ck+1 A) denotes the uncertainty in C(rp , ǫ(rp ))A(ǫ(rp )), e.g.,
C(rp , ǫ(rp ))A(ǫ(rp )) = C(rp , 0)A(0) + δ(Ck+1 A)

The optimization problem that is solved at each time instance is the following:
Given an estimate x̂(k|k), estimation error covariance matrix Pk|k , control input
u(k), and new measurement y(k + 1), find an updated estimate x̂(k + 1|k + 1).
The updated estimate x̂(k + 1|k + 1) can be found as the solution to,
min

max

x(k),w(k) δA,δBk ,δGk ,δCk+1

kx(k) − x̂(k|k)kP k|k−1

+ kw(k)kQ−1 + ky(k + 1) − (Ck+1 + δCk+1 )x(k + 1)kR−1
k

k+1

Using the following relations,
⊤

−1
, Q−1
, Q = blkdiag(Pk|k
k ),


−1
W = Rk+1 , b = −y(k + 1) + Ck+1 (Ax̂(k|k) + Bk u(k)), δF = Mk ∆k EA,k EG,k ,


δb = Mk ∆k (EA,k x̂(k|k) + EB,k u(k)), H = Mk , EF = − EA,k EG,k ,


F = −Ck+1 A



Gk , x = (x(k) − x̂(k|k))⊤

w(k)⊤

Eb = EA,k x̂(k|k) + EB,k u(k), ∆ = ∆k ,

the minimization problem is transformed to the standard form (5.15) used in
[62, Theorem 1].
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From this standard form and [62, Theorem 1], it is straightforward, but tedious,
to derive at the following iterative filter equations.
First, calculate the following matrices,
−1
⊤
λ =(1 + α)kMk+1
Rk+1
Mk+1 k
⊤
−1
EA,k )−1
+ λEA,k
P̂k|k =(Pk|k
−1

⊤
⊤
)E
(I
−
λE
P̂
E
+
λE
Q̂k = Q−1
G,k
A,k k|k A,k
G,k
k

R̂k+1 =Rk+1 − λ−1 Mk Mk⊤

⊤
EG,k
Ĝk =Gk − λAP̂k|k EA,k
⊤
⊤
EA,k )−1
EA,k )(I + λPk|k EA,k
Âk =(A − λĜk Q̂k EG,k
⊤
⊤
⊤
B̂k =Bk − λ(AP̂k|k EA,k
+ Ĝk Q̂k EG,k
(I − λEA,k P̂k|k EA,k
))EB,k

Sayed [62] proposes to select α > 0, instead of solving an online minimization
problem to find the optimal λ∗ . This is motivated by the fact that the optimal
⊤ R−1 M
value is close to the lower bound λl = kMk+1
k+1 k+1 k. Here, α = 1 is selected
to avoid the online minimization problem.
Then the updated state estimate x̂(k+1|k+1) and covariance matrix Pk+1|k+1
are calculated from x̂(k|k), P̂k|k , u(k), and y(k + 1) according to,
x̂(k + 1|k) =Âk x̂(k|k) + B̂k u(k)
Pk+1|k =AP̂k|k A⊤ + Ĝk Q̂k Ĝ⊤
k
⊤
Re,k+1 =R̂k+1 + Ck+1 Pk+1|k Ck+1

x̂(k

−1
⊤
Re,k+1
(y(k
+ 1|k + 1) =x̂(k + 1|k) + Pk+1|k Ck+1
−1
⊤
Ck+1 )Pk+1|k
Re,k+1
Pk+1|k+1 =(I − Pk+1|k Ck+1

(5.21)
+ 1) − Ck+1 x̂(k + 1|k))

When there is no uncertainty on the system matrices in (5.20), the above
relations simplify to the discrete-time Kalman filter equations.

5.4.2

Sensitivity penalization based robust estimation

The sensitivity penalization approach proposed in [91] is extended to the system
(5.20). First, assume that the uncertain matrices in (5.20), A(ǫ(rp )), Bk (ǫ(rp )),
Gk (ǫ(rp )), and Ck (ǫ(rp )), are known differentiable functions of ǫ(rp ) ∈ Rnǫ , and
the entries ǫi (rp ) are independent of each other. For notational simplicity the
intermediate function rp (k) is replaced by k, e.g. Ck (rp (k), ǫ(rp (k)) is denoted
as Ck (ǫ(k)).
Again, the goal is obtaining an updated state estimate x̂(k + 1|k + 1) at each
time instance, given the previous estimate x̂(k|k), covariance matrix Pk|k , control
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input u(k), and new measurement y(k + 1). The updated estimate is obtained
from,
x̂(k + 1|k + 1) =A(0)x̂(k|k + 1) + Bk (0)u(k) + Gk (0)ŵ(k|k + 1)

(5.22)

where x̂(k|k + 1) and ŵ(k|k + 1) satisfy,

x̂(k|k + 1)
= arg min γkx(k) − x̂(k|k)k2P −1 + γkw(k)k2Q−1
ŵ(k|k + 1)
x(k),w(k)
k
k|k



+ γky(k + 1) − Ck+1 (0) (A(0)x(k) + Bk (0)u(k) + Gk (0)w(k)) k2R−1

k+1

+ (1 − γ)

nǫ
X

∂ey (ǫ(k), ǫ(k + 1))
∂ǫ(k)i

2

nǫ
X

∂ey (ǫ(k), ǫ(k + 1))
∂ǫ(k + 1)i

2

i=1

+ (1 − γ)

i=1

ǫ(k) = 0
ǫ(k + 1) = 0
ǫ(k) = 0
ǫ(k + 1) = 0

Which is equal to the optimization problem (5.19) used in [91], with the exception
of the addition of the terms Bk (0)u(k). The output error ey (ǫ(k), ǫ(k + 1)) is
given by,
ey (ǫ(k), ǫ(k + 1)) = y(k + 1)
− Ck+1 (ǫ(k + 1)) (A(ǫ(k))x(k) + Bk (ǫ(k))u(k) + Gk (ǫ(k))w(k))
By means of the following relations,





x(k) − x̂(k|k)
−1
x=
, F = C(k + 1, 0) A(0) G(k, 0) , Ψk = Rk+1
,
w(k)
#
"
−1
0
Pk|k
, b = y(k + 1) − C(k + 1, 0) (A(0)x̂(k|k) + B(k, 0)u(k)) ,
Φk =
0
Q−1
k
the output error ey (ǫ(k), ǫ(k + 1)) can be written as,


ey (ǫ(k), ǫ(k + 1)) =y(k + 1) − Ck+1 (ǫ(k + 1)) A(ǫ(k)) Gk (ǫ(k)) x



 x̂(k|k)
+ Ck+1 (ǫ(k + 1)) A(ǫ(k)) Bk (ǫ(k))
w(k)
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And the optimization problem is transformed to,

x̂ = arg min γ kxk2Φk + kF x − bk2Ψk
x

+ (1 − γ)

nǫ
X
∂ey (ǫ(k), ǫ(k + 1))
∂ǫ(k)i

2

+ (1 − γ)

nǫ
X
∂ey (ǫ(k), ǫ(k + 1))
∂ǫ(k + 1)i

2

(5.23)

ǫ(k) = 0
ǫ(k + 1) = 0

i=1

i=1

ǫ(k) = 0
ǫ(k + 1) = 0

For every i = 1, . . . , nǫ we have
h
∂ey (ǫ(k), ǫ(k + 1)
= C(k + 1, ǫ(k + 1)) ∂A(ǫ(k))
∂ǫ(k)i
∂ǫ(k)i
h
+ C(k + 1, ǫ(k + 1)) ∂A(ǫ(k))
∂ǫ(k)i

∂G(k,ǫ(k))
∂ǫ(k)i

i

x

i x̂(k|k)
∂B(k,ǫ(k))
∂ǫ(k)i
u(k)

∂C(k, ǫ(k + 1)) 
∂ey (ǫ(k), ǫ(k + 1))
=
A(ǫ(k)) G(k, ǫ(k)) x
∂ǫ(k + 1)i
∂ǫ(k + 1)i


 x̂(k|k)
∂C(k + 1, ǫ(k + 1)) 
A(ǫ(k)) B(k, ǫ(k))
+
u(k)
∂ǫ(k + 1)i

If we define matrices Tk , Sk , and Mk as,


ǫ
ǫ
Tk = col Tk,i (0, 0)|ni=1
, Sk = col Sk,i (0, 0)|ni=1
,
nǫ 
Mk = col Mk,i (0, 0)|i=1

where,



∂G(k, ǫ(k)) ∂C(k + 1, ǫ(k + 1))
Tk,i (ǫ(k), ǫ(k + 1) =col C(k + 1, ǫ(k + 1))
,
G(k, ǫ(k))
∂ǫ(k)i
∂ǫ(k + 1)i


∂A(ǫ(k)) ∂C(k + 1, ǫ(k + 1))
Sk,i (ǫ(k), ǫ(k + 1)) =col C(k + 1, ǫ(k + 1))
,
A(ǫ(k))
∂ǫ(k)i
∂ǫ(k + 1)i


∂B(k, ǫ(k)) ∂C(k + 1, ǫ(k + 1))
,
B(k, ǫ(k))
Mk,i (ǫ(k), ǫ(k + 1)) =col C(k + 1, ǫ(k + 1))
∂ǫ(k)i
∂ǫ(k + 1)i

then the sensitivity penalty can be written as,
nǫ
X
i=1

∂ey (ǫ(k), ǫ(k + 1))
∂ǫ(k)i

2

∂ey (ǫ(k), ǫ(k + 1))
+
∂ǫ(k + 1)i

=



2



Sk Tk x + Sk

!

ǫ(k) = 0
ǫ(k + 1) = 0


 x̂(k|k) 2
Mk
u(k)
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Substituting this into the optimization problem (5.23) yields,

x = arg min γ kxk2Φk + kF x − bk2Ψk
x


 x̂(k|k) 2



+ (1 − γ) Sk Tk x + Sk Mk
u(k)
x = arg min J(x, γ)
x

(5.24)

The matrix Φk is positive definite and F ⊤ Ψk F is at least positive semi-definite,
so for 0 < γ < 1 the cost function J(x, γ) in (5.24) is strictly convex and has a
global minimum. The estimated state x̂ is then found by setting the derivative
with respect to x equal to zero,


∂J(x, γ)
=0
x̂ = arg min J(x, γ) = arg
x
∂x
Solving this equation leads to the following iterative filter equations. First
construct the matrices,
1−γ
γ
−1

−1
+ λSk⊤ Sk
P̂k|k = Pk|k

−1
⊤
⊤
Q̂k = Q−1
+
λT
(I
−
λS
P̂
S
)T
k
k
k|k
k
k
k
λ=

Ĝ(k) =G(k, 0) − λA(0)P̂k|k Sk⊤ Tk

Â =(A(0) − λĜ(k)Q̂k Tk⊤ Sk )(I − λP̂k|k Sk⊤ Sk )


B̂(k) =B(k, 0) − λ A(0)P̂k|k Sk⊤ + Ĝ(k)Q̂k Tk⊤ (I − λSk P̂k|k Sk⊤ ) Mk

The procedure to obtain {x̂(k + 1|k + 1), Pk+1|k+1 } from x̂(k|k), P̂k|k , u(k), and
y(k + 1) is then given by,
x(k + 1|k) =
Pk+1|k =
Re,k+1 =
x(k + 1|k + 1) =
+
Pk+1|k+1

Âx̂(k|k) + B̂(k)u(k)
A(0)P̂k|k A(0)⊤ + Ĝ(k)Q̂k Ĝ(k)⊤
Rk+1 + C(k + 1, 0)Pk+1|k C(k + 1, 0)⊤
x(k + 1|k)
−1
P
C(k + 1, 0)⊤ Re,k+1
(y(k + 1) − C(k + 1, 0)x(k + 1|k))
 k+1|k

−1
⊤
=
I − Pk+1|k C((k + 1), 0) Re,k+1
C(k + 1, 0) Pk+1|k

(5.25)

For systems without uncertainty, the sensitivity penalty term is zero and the
iterative equations revert to the Kalman filter iterations.
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Remark 5.4.1. The term kxk2Φk + kF x − bk2Ψk in (5.24) is large as Ψk ∼ R−1 .
Thus Ψk is large for high-precision motion systems due to the low sensor noise.
To ensure a significant influence of the additional sensitivity penalty, γ must
very small. This is not necessarily an issue but contradicts the recommendation
in [91].
Remark 5.4.2. The structure of the extended observer with sensitivity minimization (5.25) is equal to the structure of the extended robust observer (5.21).
Instead of matrices S, T, M , the matrices EA , EB , EG are used in (5.21). It
should be noted that the matrices EA , EB , EG , and S, T, M have different meaning. The uncertainty in the system matrices is captured in EA , EB , EG , while
S, T, M are measures of the sensitivity of the output error with respect to the
uncertain parameters.
The only significant difference between the structure of the two observers is
the absence of an equation for R̂k+1 , in the sensitivity minimization observer
(5.25).

5.4.3

Performance evaluation

The robust observers that were extended for systems with a control input in the
previous section are applied to a position-dependent flexible system with three
modes. The system is subject to a position-dependent output matrix. Furthermore, it is assumed that the actual values of the modal parameters (ω, ζ, Φs , Φa )
are perturbed by ±5% from the values that are used in the observer model.
Hence, due to the output position-dependency, the uncertainty ǫ on the output
mode shape Φs , explicitly depends on the system position. The resulting model
class is of higher order than the simulation examples used in literature but is
still a far way from the orders encountered in practice. It suffices, however to
draw conclusions on the performance of these observers.
One feedback controller that stabilizes all realizations of the uncertain plant is
designed and the system is subjected to the scanning reference profile of Fig. 3.32.
First, the performance of the two observers is compared based on the estimation errors that occur. For comparison, a standard Kalman filter that does not
take uncertainty into account is also implemented. Second, the resulting tracking performance for the observer with the lowest estimation errors is compared
to the case where there is no plant uncertainty.
Comparing estimation errors
Fig. 5.10 shows the estimated states for the three observers during a single scanning trajectory. Although Fig. 5.10 shows the result of a single simulation (and
consequently, a single realization of the uncertain plant), different realizations
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of the uncertain plant result in similar results. The black vertical lines denote
the start and end of the constant velocity phase of the trajectory, there the
estimation errors must be small to ensure proper application of MC and AD.
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Figure 5.10: Estimation errors for a Kalman filter on the nominal model (red),
the observer of [93] extended to systems with a control input (green), and the
observer of [62] extended to systems with a control input (blue). Top to bottom,
rigid body mode, first flexible mode, second flexible mode. Left: positions, right:
velocity.
All three observers show an increased estimation error during acceleration
and deceleration. The model errors, combined with the large control input result
in an estimation error. For the rigid body modes, the estimator based on [62] has
the smallest estimation error. The Kalman observer and the observer based on
[93] have identical performance for the rigid body modes. For the flexible modes,
the order is reversed. The observer based on [62] has a much larger estimation
error than the other two observers. Compared to the actual value of the states,
the estimation errors are larger than the state itself!
The observer from [93] shows a drift in the estimation error for the flexible
modes. The additional penalty on the sensitivity with respect to model errors
introduces a bias in the estimation algorithm. At the end of the scanning trajectory, the bias is again larger than the amplitude of the actual state values.
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The Kalman observer, derived for the nominal model, shows unbiased estimation errors which remain smaller than the actual state values. For the proposed
observer applications, a Kalman filter based on the nominal model has sufficiently small estimation errors during the scanning phase of the trajectory. It is
however expected that the performance of the Kalman observer will deteriorate
when the model errors increase.
The excellent performance of the Kalman filter can be explained by means of
the following observation. In the class of systems considered in this thesis, the
measurement noise is extremely low. Consequently, the Kalman filter will favor
the measurements over the model and a high gain observer matrix L is used. The
resulting high gain loop will make ey = y−ŷ close to zero. Filling in the estimated
and true states, and assuming the true plant has an additive perturbation C δ
compared to the regular C matrix, yields,
0 ≈ ey = (C + C δ )x − v + d − C x̂

(5.26)

Hence, the estimation error will roughly equal ex = x − x̂ = C † (−v + d + C δ x).
This is analogous to the control application of high gain feedback. The high gain
will result in zero tracking error, which will bring the positioning error to zero
unless mismatch between the measured and true output exists.
When the intended observer application is MC, the model errors do not have
much effect. Due to the high observer gain, the output error will be very small:
ey ≈ 0. For MC it is important that ŷflex matches the true contribution of the
flexible modes. Model errors do perturb the estimated states but due to the high
gain, the predicted output is close to the true output.
When the observer is used to apply AD, the model errors do have an effect on performance. The estimation errors that occur due to the model errors
are mapped to the damping force and act as an additional disturbance on the
closed loop. Fortunately, the effect of model errors on the tracking performance
is smaller for AD, as the transfer from damping force to tracking error is comparable to the process sensitivity which is considerably smaller than the sensitivity
function which relates the effect of model errors to tracking performance for MC.

The Kalman filter clearly outperforms the robust observers derived for the uncertain plant. It is expected that the difference between the Kalman filter and
the robust observers increases even further when the order of the plant increases.
The uncertainty description becomes increasingly conservative and the bias in estimation errors will increase. Next, we investigate the effect of model uncertainty
on the tracking performance when MC and AD applied.
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Figure 5.11: Nominal plant model (blue), perturbed plant model (green), and
model error between them (red).

Tracking performance
To investigate the effect of the model errors on the performance of MC and AD,
the tracking simulation of Section 3.5.2 are repeated here with a perturbed plant.
The observer is the Kalman filter, derived on the nominal plant model. Each
modal parameter in the plant is perturbed by ±5%. Fig. 5.11 shows the nominal
plant (blue), the perturbed plant (green) and the model mismatch between them
(red).
The resulting tracking errors are given in Table 5.2. For comparison, we
restated the results of Section 3.5.2 in brackets, these are also normalized with
respect to their respective observer free tracking performance.
When the performance of each observer application is investigated, a few
remarks can be made.
Measurement compensation
The performance of MC is slightly improved compared to the results of Chapter 3. This can be explained by means of the analysis of MC in Section 3.2
and specifically Fig. 3.16. The compensation of the flexible dynamics becomes
slightly worse and consequently, the transfer functions from the inputs to the
true tracking performance is actually improved a bit.
This improvement comes at the price of a reduced compensation of the flexible
dynamics. This can result in a violation of the sensitivity peak constraints and
consequently a lower control bandwidth.
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Active damping
The model errors do affect the performance of AD. The improvement in tracking
performance is smaller than the improvement obtained with a perfect model.
The frequency of the damping loop will be slightly off due to the model mismatch. Increasing the control bandwidth still results in a significant improvement in tracking performance, but again this improvement is smaller than the
improvement obtained with a perfect model.
Table 5.2: Performance (rms(etrue )) [nm] during the scanning phase when the
plant parameters are perturbed ±5%. In brackets are the values for an unperturbed plant. To facilitate the comparison, the values are normalized to the respective tracking error obtained without an observer.
Controller
Original
MC
AD
MC and AD

Original
100 (100)
109.2563 (128.0186)
43.6057 (38.5066)
44.3531 (38.9223)

Increased bandwidth
93.595 (121.9831)
27.3155 (25.4127)
25.693 (23.4398)

Remark 5.4.3. The ±5% mismatch in modal frequencies, damping ratios, and
modeshapes is relatively large for high-precision motion systems. Consider the
plant and model transfers of Fig. 5.11. It is relatively simple to obtain more
accurate estimates of, for instance, the resonance frequencies by evaluating the
frequency response of the plant. Here, ±5% error in modal parameters was
chosen to show the robustness of the Kalman observer in a high-precision motion
environment.
As is the case for any model based control method, decreasing the model errors will improve the performance. By proper system identification experiments
and/or the application of an calibration scheme upon commission of the high
precision motion system, the observer model can be improved. In [14], model
matching techniques are applied to match the finite element model of a highprecision motion system to a measured FRF of the true plant. The calibration
method was applied in [4], where an extended Kalman filter was used to find
the true modal parameters for the position-dependent plant. Both [4] and [14]
applied MC by means of a Kalman observer and measurements of the frequency
response from u to ycomp = y − ŷf showed a significant decrease in resonance
frequencies.
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5.5

Generalized H2 norm estimator

Section 5.3 showed that the Kalman filter outperforms robust observer designs
in literature. The next topic that must be addressed is the performance of the
Kalman filter when the disturbances are not Gaussian, white signals.
These disturbances violate the assumptions made in the derivation of the
Kalman observer, where disturbances are Gaussian, white, and zero mean. An
alternative to optimizing the observer in the two-norm is optimizing in the generalized H2 norm. The definition of the generalized H2 norm for discrete-time
systems is given in Def. 5.5.1
Definition 5.5.1. The generalized H2 norm of a system, kT k2,∞ from inputs w
to output z is given by,
kT k2,∞ =

kzk∞
0<kwk2 <∞ kwk2

(5.27)

sup

where,

kwk2 :=

"∞
X

2

|w(k)|2

k=0

kzk∞ := sup
k≥0

#1

p

(5.28)

hz(k), z(k)i

(5.29)

It has been shown in [81, 82], that for LTI, continuous-time systems, the steady
state Kalman observer is also the optimal generalized H2 observer. Here, it is
shown that the same property holds for the time-varying, discrete-time Kalman
filter. We start by stating the conditions for the optimal generalized H2 observer
and derive the Riccati difference equation.
Lemma 5.5.2. Suppose an observer gain Lk exists, such that the estimation
error dynamics,
h

ex (k + 1) =(A − Lk Ck )ex (k) + Bk Q
ex (k) =Iex (k)

1
2

−Lk R

1
2

i w(k)
v(k)

are asymptotically stable and achieve a generalized H2 norm less than γ.
Then, there exists a series of Kk ≻ 0, such that the following LMI conditions
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are satisfied,
i
h

1
1
Kk+1
Kk+1 (A − Lk Ck ) Kk+1 Bk Q 2 −Lk R 2


 (A − Lk Ck )⊤ Kk+1
≻0
Kk
0
h

i⊤
1
1
2
2
K
0
γI
Bk Q
−Lk R
k+1

(5.30)


⊤
Kk 0 I
 0 I 0≻0
I 0 γ
(5.31)

Using this relation, we will show that the Kalman filter coincides with the
generalized H2 observer.
Theorem 5.5.1. The generalized H2 observer that follows from Lemma 5.5.2 is
equal to the Kalman filter for the system,
x(k + 1) = Ax(k) + Bk w(k)
y(k) = Ck x(k) + v(k)

(5.32)

where w(k) and v(k) are zero mean, Gaussian, white disturbances with respective
covariance matrices Qk and Rk .
Proof. Pre and post multiplying (5.30) by
K̃k =


1
γ Kk ,

and K̃k+1 =

1
γ Kk+1

K̃k+1


 (A − Lk Ck )⊤ K̃k+1
h
i
1
1 ⊤
Bk Q 2 −Lk R 2 K̃k+1

√1 I
γ

and use of the substitutions

yields,

h
1
K̃k+1 (A − Lk Ck ) K̃k+1 Bk Q 2
K̃k
0
0

1

−Lk R 2

i


≻0


I

(5.33)


⊤



γ K̃k 0 I
 0
I 0≻0
I
0 γ
(5.34)
Using the Schur complement two times on (5.34) yields K̃k ≻
Schur complement two times to (5.33) results in,
#
"
h
i Q 21 B ⊤
1
1
k
K̃k+1
K̃k+1 −K̃k+1 Bk Q 2 −Lk R 2
1
−R 2 L⊤
k
−K̃k+1 (A − Lk Ck )K̃k−1 (A − Lk Ck )⊤ K̃k+1 ≻ 0

1
I.
γ2

Applying the

(5.35)
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−1
Multiplication from the left and right with Pk+1 = K̃k+1
and using Pk = K̃k−1
yields,
⊤
⊤
⊤ ⊤
Bk QBk⊤ + Lk (Ck Pk Ck⊤ + R)L⊤
k + APk A − APk Ck Lk − Lk Ck Pk A ≺ Pk+1
(5.36)

Choose Lk = Ak Pk Ck⊤ (Ck Pk Ck⊤ + R)−1 to obtain,
Bk QBk⊤ + APk A⊤ − Ak Pk Ck⊤ (Ck Pk Ck⊤ + R)−1 Ck Pk A⊤ ≺ Pk+1

(5.37)

which is equal to the discrete-time Riccati equation that governs the Kalman
observer for the system (5.32).
Using the relation K̃k ≻ γ12 I and K̃ = Pk−1 we obtain, Pk ≺ γ 2 I. The
discrete-time, time-varying Kalman observer achieves a generalized H2 norm for
the error dynamics that is equal to the smallest γ that satisfies Pk ≺ γ 2 I for all
k.
Consequently, the Kalman observer is not only the optimal observer for systems
subject to white, Gaussian, zero-mean disturbances. It is also optimal in the
generalized H2 norm for systems subject to bounded energy disturbances. The
assumption that the disturbances are white, zero-mean and Gaussian is typically
not true in practice. Assuming that the disturbances are bounded energy signals
is a better approximation of reality.
This makes the time-varying discrete-time Kalman filter a fair choice for use
in high-precision motion applications. It guarantees a minimal gain between
bounded energy disturbances and maximum energy of the estimation error.
Corollary 5.5.2. When the system matrices in (5.32) are time-invariant, the
discrete-time, time-varying Riccati equation (5.37) will converge to the discretetime algebraic Riccati equation (DARE).

5.6

Scheduled implementation versus online calculation

A final consideration is the implementation of the position-dependent observer.
Some existing (robust) observer design methods require a significant computation
time and are therefore unsuitable for online implementation. As the matrices of
the system (5.11) evolve with the system position, the optimal observer gain will
also vary with position.
When an iterative algorithm is available, an updated observer gain can be
calculated at each time step. When the algorithm is more complex the observer
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gain for a certain position could be pre-calculated and implemented online by
means of a lookup table. Interpolation will be required for positions in between
two grid points. By increasing the number of grid points the interpolation error
can be made arbitrarily small at the cost of increased data storage for the lookup
tables.
Issues can occur when the interpolation method is applied. In [68] it is shown
that a parameter dependent LQG that uses the steady state Riccati solutions for
each fixed parameter value, is not necessary stable for time-varying parameters.
Only when the scheduling variable varies slowly, the method will provide good
results. When fast scheduling variations occur, the scheduled implementation
may become unstable even when it is stable for all fixed parameter values. The
proposed solution in [68] is to use the time-varying Kalman filter instead of the
steady state Kalman filter in the LQG controller. This ensures that the observer
gain depends causally on the scheduling parameter and prevents instability [68].
In fact, the time-varying Kalman filter is stable in the presence of arbitrarily fast
parameter variations [11].
The proposed implementations MC and AD are not equivalent to LQG. The
interpolation of steady state observer gains could still be troublesome as the
estimates states are used in the feedback loop. High-precision motion systems
are characterized by fast movements. The scheduling parameter for the observer
is the rigid body position, which can and will vary fast. Thus, it is expected that
the time varying observer will outperform the interpolated steady state observer.
Example 5.6.1. A simulation study is performed where a Time Varying discretetime Kalman Filter (TVKF) is compared to a Steady State discrete-time Kalman
Filter (SSKF) for the simulation example of Section 4.2. The TVKF and SSKF
are identical, except for the calculation of the observer gain matrix L(rp ). For
the TVKF, L(rp ) is updated at each time step by means of the Riccati difference
equation. For the SSKF, the steady state observer gain L(rp ) was calculated for
a grid of positions with a 5 mm interval. Online linear interpolation is performed
to obtain the observer gain for the current value of the scheduling parameter.
The system from the example is subjected to a series of twenty-nine repeated
scans at 1 m/s, and the estimation errors of the two observers are compared. The
observers are used to apply MC, AD, and a combination of MC and AD. This
allows investigating whether the intended application has an influence on the
resulting estimation errors. Both the original controller and the high bandwidth
controller are simulated.
The estimation errors of both observers are compared to each other. There is
no significant difference between the TVKF and SSKF, when the estimation errors are compared in the infinity norm and the two-norm. Even when the system
is subjected to an unusually aggressive reference trajectory, there is no significant
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difference. The system is accelerated at 10000 m/s2 to reach a velocity of 10 m/s.
This has no significant influence on the comparison of the estimation errors of
both the SSKF and TVKF. In general, the estimation errors do increase for the
aggressive reference trajectory when compared to the more realistic trajectory.
The high accelerations excite the high frequency modes that are omitted in the
observer more severely and the resulting mismatch between predicted and true
output is mapped to the estimated states.
As the estimation errors of the TVKF and the SSKF show no significant
difference, both implementations of the observer are a valid choice. The decision
will likely be motivated by the specific constraints of the control environment
used to implement the observer.

5.7

Observer for high-precision motion systems

Based on the previous sections, the Kalman filter is a well motivated choice
for the proposed observer applications for high-precision motion systems. The
Kalman filter is derived for the reduced order model (5.11), and uses the noise
covariance matrices Rv , Rd , Qw . The observer presented here is an explicit function of the reference position rp . At each time instance, the system matrices
are updated for the current value of rp . Then the next iteration of the Riccati
difference equation is calculated.
The observer, including the noise model for MC, is then given by,
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The damping force ud = K(s)x̂o can be generated by post-multiplication with the
dynamic damping gain K(s). The gain matrices Lx (rp ) and Lz (rp ) are defined
as,
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where the explicit dependence on rp has been dropped for compactness. The
matrices Ao , Go , Co , Qo are given by,
#
"


Gt (rp ) 0
At Bt (rp )
1
,
Ao (rp ) =
, Go (rp ) =
0
I
0
Qν2




Q 0
Qo =
, Co (rp ) = Ct (rp ) 0 , Ro = Rv + Rd
0 I
When only AD is applied, the noise model can be removed. This is achieved by
removing the states ẑ and appropriate truncation of matrices Ao , Go , Co , Qo .

5.8

Conclusion

Section 5.1 showed that the optimal observer is difficult to obtain. Mapping the
desired closed loop performance to weighting filters utilized in the synthesis of the
observer is not straightforward. Enforcing the integral action of the equivalent
controller results in an additional H∞ constraint which cannot be satisfied for
the desired control bandwidth.
Furthermore, the numerical conditioning of the optimization problem will
deteriorate when robustness and position dependency are taken into account.
Although theoretically non-optimal, the feedback control bandwidth obtained
by the Kalman filter is significantly better than the bandwidth achieved by the
optimal observer. Therefore, it was concluded that the Kalman filter provides a
good balance between optimality and practicality.
There are however some underlying assumptions in the Kalman framework
that are violated when the observer is applied in practice. Section 5.2 identified
a number of issues that could deteriorate the performance of the Kalman filter:
uncertainty on the modal parameters and non Gaussian disturbances.
From Sections 5.3 and 5.4, it followed that the Kalman observer is inherently
robust for model errors in high-precision systems where there is little output
noise. This results in a high-gain observer that is robust to model errors and
input disturbances. Due to this robustness the Kalman observer outperforms
relevant robust observers that are known in literature.
The resulting tracking errors when MC and AD are applied will deteriorate
slightly compared to the perfect model scenario but overall performance is still
satisfactory.
The analysis framework of the Kalman observer assumes Gaussian, white, zero
mean disturbances that affect the plant. This assumption is not satisfied in
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general and for high-precision motion systems the disturbances have a significant deterministic contribution. Section 5.5 showed that the discrete-time, timevarying Kalman observer is also the optimal filter in the generalized H2 norm:
Minimizing the gain from bounded input disturbances to maximal amplitude
of the estimation errors. Hence, a Kalman observer derived on the nominal
plant model is robust to both the model errors and optimal for bounded energy
disturbances.
The position-dependent observer can be implemented in two ways. Interpolation
can be used to obtain the desired observer dynamics for a given position or the
observer gain matrix can be calculated online at each time step. Although simulations show no performance difference for either implementation, calculating
the observer gain online removes the need for interpolation and results in a simple implementation. When online calculation times become a bottle-neck, the
interpolation method can be used as this shows lower online computation times.
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In this chapter, the observer design procedure derived in Chapter 5 and the
application of the observer proposed in Chapter 3 are validated on the OverActuated Test-rig (OAT). The OAT is a magnetically-levitated short-stroke planar
motor designed specifically for limited stiffness. Consequently, the first flexible
mode has a resonance frequency of only 138 Hz.
Fig. 6.1 shows a side view of the OAT. The measurement frame houses the
encoders that are used to measure vertical position of the planar motor and is
isolated from the base frame by means of airmounts. Passive gravity compensators are used to overcome gravitational forces and Lorentz actuators are used
to levitate and position the planar motor. The OAT is controlled in six degrees
of freedom by means of a discrete-time control loop with a sampling frequency
of 10 kHz.
The remainder of this chapter is organized as follows. The control architecture is described in Section 6.1. To design an observer, a parametric model of
the OAT is required, Section 6.2 discusses the system identification experiments
and shows the resulting model fit. The observer itself is specified in Section 6.3,
where the selection of damping gain, noise covariance matrices, and noise model
is discussed. The performance of the observer for each proposed application is
analyzed in Section 6.4. Here MC, AD, and a combination of both are applied
to the OAT.
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Figure 6.1: Side view of OAT setup, the planar motor, base frame, and metrology
frame are clearly visible.

6.1

System description and control design

The OAT is equipped with eight lorentz actuators, four of these provide forces
in the in-plane degrees of freedom (x, y, rz ) and four in the out-of-plane degrees
of freedom (z, rx , ry ). Position of the stage is measured by seven sensors. Three
capacitive sensors for the in-plane motion and four encoders for the out-of-plane
motion. By means of the decoupling matrices Γ and Υ, the control loop is
decoupled in the six rigid body degrees of freedom. The decoupling matrices are
obtained by inversion of the kinematic model that relates motion of the OAT to
measured values on the sensors.
The flexible dynamics mainly affect the out-of-plane motion of the OAT, e.g.
from z-actuators to z-measurements. For clarity of the presentation, only the
out-of-plane transfer functions are considered in this chapter. Fig. 6.2 shows the
location of the out-of-plane actuators and sensors on the stage.
As there are four actuators and four sensors to control the three out-of-plane
degrees of freedom (z,rx ,ry ), the system is both over-actuated and over-sensed.
The symmetric layout of the four actuators at the corners results in very smalle
excitations of the flexible modes. To show the effect of the observer based compensation methods, only three actuators are used in these experiments. Using
three actuators, located at three of the four corner points, results in significant
excitation of the flexible modes.
The fact that there are four sensors present is utilized to introduce position-
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Figure 6.2: Schematic overview of the OAT stage with out-of-plane actuator
(circles) and sensor (crosses) positions.
dependency in the plant. Only three sensors are required to control the three
degrees of freedom. By varying the combination of sensors that is used to control
the plant, position-dependency is introduced. There are four possible combinations of three sensors. Consequently, there are four matrices Υi , i = 1, . . . , 4.
Applying the decoupling matrices for the four different positions results in the
decoupled plants of Fig. 6.3. The position dependency is clearly visible in the
behavior of the plants around the resonance frequencies.
The feedback controller consists of three decoupled SISO PID controllers.
The controllers have the same structure as the controller (3.1), which is used
throughout this thesis, but are generated in discrete-time.
Again, the control bandwidth is maximized under the constraint that the
sensitivity peaks remain below 6 dB. Note that there are four sensitivity functions
to consider, instead of the two sensitivity functions S I and S O , that were specified
in (3.4). As the OAT is a MIMO system the order of multiplication is important
and the following sensitivity functions arise:
SiI = (I + Peq,i (s)Cfb (s))−1 , SiI2 = (I + Cfb (s)Peq,i (s))−1
SiO = (I + Pi (s)Ceq,i (s))−1 , SiO2 = (I + Ceq,i (s)Pi (s))−1
An additional constraint is placed on the transfer from reference to true tracking
error, as discussed in Chapter 3. This is of particular importance in the application of MC. The resulting bandwidth is 6 Hz for the z controller and 8 Hz for
the rx and ry controllers.
Remark 6.1.1. The achieved control bandwidths are significantly lower than
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Figure 6.3: FRF of the decoupled plant at four different positions.
industrial standards. This is due to the non-symmetric layout of the actuators
(which result in significant excitation of the flexible modes) combined with the
specific design for limited stiffness.
The bandwidths obtained after the observer is applied should therefore not
be compared to industrial standards but to the bandwidths obtained without
observer based compensation.

6.2

Modeling

To obtain a parametric model for the OAT, a multi-sine system identification
experiment [57] is performed. A sequence of four SIMO experiments with ten
different realizations of the multi-sine is combined into a single frequency response. The different realizations result in a reduced variance on the measured
FRF as noise effects can be averaged. The system is excited up to the Nyquist
frequency and a random phase multi-sine is used.
Based on the Finite Element Model and the FRF data, eight flexible modes
are identified for frequencies below 1200 Hz. A parametric model in modal form,
that contains the three rigid body and eight flexible modes, is fitted on the
measured FRF. Besides the dynamics of the identified modes, the compliance
of higher modes is also fitted. The resulting parametric model is of the same
form as the reduced order model (2.14) obtained by the reduction procedure of
Chapter 2.
Fig. 6.4 shows the measured FRF and the fitted parametric model. It can
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be seen that the fit is good for frequencies below 1 kHz, which is the frequency
range of interest. Table 6.1 shows the resulting fitted modal frequencies and
damping ratios.
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Figure 6.4: Measured FRF (green) and parametric model fit (blue) for the outof-plane motion of the OAT.

6.3

Observer synthesis

Starting from the continuous-time parametric model of the OAT, a discretetime observer is generated. First the model is discretized and, depending on
the intended observer application, a noise model with states z is added. The
resulting discrete-time observer model (with noise model) for a fixed position is
given by,
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Table 6.1: Modal frequencies and damping ratios for the parametric model of the
OAT.
Flexible mode
Frequency (Hz)
Damping ratio
Flexible mode
Frequency (Hz)
Damping ratio

1
138
0.0025
5
512
0.0056

2
380
0.0156
6
525
0.0033

3
410
0.0161
7
878
0.0017

4
504
0.0066
8
1178
0.0023

For the observer design, the covariance matrices R and Q have to be selected.
Based on available sensor and actuator information the following values are used,
Q = 10−4 · I, R = 10−18 · I

(6.2)

When a noise model is applied to prevent loss of integral action, Qν must be
selected such that Oyu Cfb < I. This results in Qν ≥ 10−2 I. Higher values for
Qν can be used during the optimization of the feedback control bandwidth.
Next, the observer gain L(k, rp ) can be determined according to,

−1
L(k, rp ) = AP (k, rp )C(rp )⊤ C(rp )P (k, rp )C(rp )⊤ + R
(6.3)
Where P (k, rp ) evolves according to the Riccati difference equation,
P (k + 1, rp ) = G(rp )diag(Q, I)G(rp )⊤ +



−1
A I − P (k, rp )C(rp )⊤ C(rp )P (k, rp )C(rp )⊤ + R
C(rp ) P (k, rp )A⊤

As the four positions are static, the steady state solution L(rp ) for a given position rp is used.
To apply additional damping, the damping gain K(s) must be designed. It
is desired to increase the damping ratio of all modes to 0.04. In Section 4.1.2
the pole-placement method is suggested. However, this does result in numerical
difficulties. The high sampling frequency results in desired pole locations that
are close to each other and the point +1. The small numerical errors that are
present in all pole-placement algorithms then result in drastically different damping levels. For that reason the damping gain is designed on the continuous-time
system. There the numerical errors in the pole placement algorithms have little
influence on the achieved damping. The error that occurs when the continuoustime damping gain is applied to the discrete-time system is small due to the high
sampling frequency.
When the desired damping gain is found, bandpass filters are added to restore
the decoupling of the MIMO control loop as detailed in Section 4.3. As there is
sufficient computational power available, individual bandpass filters are used.
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Validating the proposed observer applications

Here, the performance of the observer applications is evaluated. The compensated plant transfer functions and the achievable control bandwidths are stated
for MC, AD, and a combination of both MC and AD. Subsequently, the tracking
performance is assessed by following a reference trajectory for the out of plane
degrees of freedom.

6.4.1

Effect on measured frequency response

Each observer application influences the decoupled plant transfer function of
Fig. 6.3. For each application of the observer the decoupled frequency response
function and the achievable control bandwidths are given. At the end, the different observer applications are compared to one another.

Measurement compensation
Applying MC to the OAT reduces the resonance dynamics in the compensated
plant transfer. This can be seen in Fig. 6.5 where the measured FRF of the
decoupled plant with MC is plotted for the four different positions. When Fig. 6.5
is compared to the original FRFs of Fig. 6.3, we clearly see the reduced effect of
the flexible modes. As the model is not exact, the cancelation is not perfect and
residual resonances remain. The off diagonal entries of the decoupled FRF show
a reduced compliance, denoting an improvement in decoupling performance.
This reduced effect of the flexible modes allows a redesign of the feedback
controller for an increased bandwidth. For z the achievable bandwidth is 9 Hz
and for the rotations it is 11 Hz. The bandwidth is limited by the transfer
function from reference to true tracking error, as discussed in Chapter 3.

Active damping
AD does not suffer from the bandwidth limitation that is present for MC. As
AD reduces the flexible modes in the plant, there is no difference between the
measured and true tracking error.
The measured FRF of the decoupled plant with AD is given in Fig. 6.6. It
shows that the resonance peaks are indeed reduced by applying AD to the OAT.
Besides the magnitude of the resonance peaks, there is no significant difference
between the original FRF and the FRF when AD is applied. The bandwidth can
be increased as the effect of the flexible dynamics in the plant is reduced. For z
the achievable bandwidth is 12 Hz and for the rotations it is 13 Hz.
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Figure 6.5: FRF of the decoupled plant with MC at four different positions.
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Figure 6.6: FRF of the decoupled plant with AD at four different positions.
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Measurement compensation and active damping
The bandwidth for MC was limited by the transfer function from reference to
true tracking error. For AD this transfer function remained far from the 6 dB
bound. The bandwidth was limited by the regular sensitivity functions for AD,
while these were small for MC. As such, combining AD and MC is expected to
result in a larger control bandwidth than the individual applications.
When the decoupled FRF with MC and AD of Fig. 6.7 is compared to the
original FRF of Fig. 6.3, it can be seen that the resonance dynamics are almost
completely removed from the FRF. The residual resonances that were present
when MC was applied, are further reduced by the active damping. The effect on
the off-diagonal entries is identical to that of MC, the compliance is reduced.
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Figure 6.7: FRF of the decoupled plant with MC and AD at four different positions.
This significant reduction in the resonant dynamics results in an increased
control bandwidth of 17 Hz for the z controller and 21 Hz for the rx and ry
controllers.

6.4.2

Comparing the performance

To compare the performance of the four applications, we shall focus on the
transfer functions from Fz to z and Fz to rx . Fig. 6.8 shows the FRF from Fz
to z for the four applications. While Fig. 6.9 shows FRF from Fz to rx . Each
position is shown in a different subplot.
The resulting FRFs in Fig. 6.8 are almost identical to those of Section 3.6.
MC results in a significant reduction in resonance peaks while AD provides a
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smaller reduction. As the model is not exact, small residual resonances remain
when MC is applied. By jointly applying MC and AD, these residual peaks are
reduced even further.
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Figure 6.8: FRF from Fz to z at four positions, Blue: Orig, Green: MC, Red:
AD, Cyan: Both.
The off-diagonal entries also benefit most from the joint application of MC
and AD. The compliance is reduced, resulting in an increased decoupling performance, while the additional damping further reduces the residual resonances
that are present when MC is applied alone.
The reduction in flexible dynamics and increased decoupling performance allow us to increase the feedback control bandwidths. The results are given in
Table 6.2. Although MC reduces the resonance peaks and improves the decoupling performance, the achievable bandwidth is limited. This is again due to the
fact that MC does not reduce the flexible dynamics that are present in the plant.
AD results in a more significant improvement, but there the limiting fact is the
off-diagonal coupling. The combined application results in both an improved
decoupling and a reduction of flexible dynamics that are present in the plant,
allowing for the highest bandwidths.
Remark 6.4.1. The bandwidths of Table 6.2 are still far from industrial standards, this has several causes. The first is the restrictive feedback control structure. Reducing the control design problem to a single parameter problem (bandwidth), removes a great deal of flexibility. The second is due to the chosen actuators. By actuating in a non-symmetric manner the flexible modes are severely
excited. However, the benefit of the observer applications can be clearly seen.
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Table 6.2: Achievable bandwidths for the out of plane feedback controllers for
each observer application.
Case
Original
MC
AD
MC and AD

Bandwidth
z
rx
ry
6 Hz
8 Hz
8 Hz
9 Hz 11 Hz 11 Hz
12 Hz 13 Hz 13 Hz
17 Hz 21 Hz 21 Hz
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Figure 6.9: FRF from Fz to rx at four positions, Blue: Orig, Green: MC, Red:
AD, Cyan: Both.
Next, the performance of the OAT for a leveling trajectory is evaluated. A
real world reference trajectory in z, rx , ry is applied and the tracking errors are
evaluated. As the control bandwidths are significantly lower than the industrial
standards, the trajectory is slowed down. Fig. 6.10 shows the tracking errors for
the observer applications before the controller is redesigned. The main difference (which is difficult to observe from this time domain plot) is the reduction
in high frequency content for AD and the joint application of MC and AD. The
additional damping reduces the flexible dynamics, leading to a reduction in frequency content at the resonance frequencies. Table 6.3 shows the RMS value of
the tracking errors for the various observer applications and the original feedback
controller.
After the feedback controllers are redesigned, the differences become more
significant. These results follow the expected pattern, an increased bandwidth
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Table 6.3: RMS values of the true tracking error with various observer applications and the original feedback controller.
Case

RMS(etrue ) [µm]
z
rx
ry
0.2008 0.3036 0.2388
0.1680 0.2869 0.2378
0.1829 0.2882 0.2720
0.1592 0.2747 0.2281
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AD
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Figure 6.10: Tracking errors and scaled reference trajectory (black line) for
the observer applications before the controllers are redesigned. Blue: Original,
Green: MC, Red: AD, Cyan: MC and AD.
results in a reduced tracking error. When AD is applied, either alone or together
with MC, the high frequency components of the tracking error are reduced.
Table 6.4 shows the RMS value of the tracking errors for the various observer
applications and the redesigned feedback controller.

6.5

Conclusion

The experiments on the OAT have shown that the proposed observer applications indeed reduce the effect of flexible dynamics on the feedback controller.
MC renders the flexible dynamics unobservable and improves the decoupling
performance but does not remove flexible dynamics from the plant. AD does
reduce the flexible dynamics by increasing the damping but has no influence on
the decoupling performance. This is due to the bandpass filters applied to the
damping gain, which remove the interaction between the rigid body modes and
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Table 6.4: RMS values of the true tracking error with various observer applications and the redesigned feedback controller. Note: the RMS values without an
observer are obtained with the original feedback controller.
Case

RMS(etrue ) [µm]
z
rx
ry
0.2008 0.3036 0.2388
0.1273 0.3235 0.2361
0.0801 0.2146 0.1408
0.0573 0.0936 0.0600
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Figure 6.11: Tracking errors and scaled reference trajectory (black line) for the
observer applications after the controllers are redesigned. Blue: Original, Green:
MC, Red: AD, Cyan: MC and AD.
the flexible dynamics. The joint application of MC and AD has the benefits of
both individual applications while the drawbacks are mitigated.
As a result of this reduction in flexible dynamics, the control bandwidths
can be increased. Again the pattern is similar to the results obtained for the
simulation and SISO experiments. MC allows a limited increase as the flexible
modes are not removed from the plant. AD allows a larger increase as the flexible
modes are reduced and the joint application results in the largest increase in
control bandwidth.
Reference tracking experiments have shown that the observer applications
result in an improved tracking behavior, increasing the system performance.
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The conclusions of previous chapters are summarized in Section 7.1. In Section 7.2, these conclusions are related to the two research questions and overall
research goal that were introduced in Chapter 1. Recommendations for future
research are given in Section 7.3.

7.1

Conclusions

Chapter 2
This thesis has considered high-precision motion systems where limited stiffness
results in lightly-damped flexible dynamics. Chapter 2 showed how a low order
model of sufficient accuracy can be obtained from a high order finite element
model. A few conclusions can be drawn regarding the proposed method:
Conclusion 2.1 The addition of a compliance compensation for the discarded
modes reduces the low-frequency model error, improving model fit at frequencies where performance is required.
Conclusion 2.2 This reduction procedure is valid for systems where the actuation and/or observation is position-dependent.
Conclusion 2.3 In obtaining reduced-order discrete-time models from continuoustime models, the order of discretization and reduction is arbitrary.
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Chapter 3
Using the low-order model of the flexible system an observer can be designed.
Various applications of the estimated states on the control loop were explored in
Chapter 3.
Position and velocity MC
Position and velocity MC are very similar. The choice to use either one depends
mainly on the type of measurements used in the feedback loop.
Conclusion 3.1 MC provides the greatest reduction of the flexible modes in the
control loop.
Conclusion 3.2 The achievable bandwidth of MC is limited as flexible modes
are not reduced in the plant.
Conclusion 3.3 A noise model is required in the observer to ensure that integral
action of the equivalent controller is retained.
AD and active stiffness
Conclusion 3.4 Active stiffness requires a large gain and does not significantly
increase the achievable bandwidth as the relative damping decreases.
Conclusion 3.5 AD provides a moderate reduction of the flexible modes in the
control loop.
Conclusion 3.6 The achievable bandwidth of AD is significantly larger than MC
as modes are reduced both in the plant and in the feedback loop.
Combining MC and AD
Conclusion 3.7 MC and AD can be applied together without significant modifications to either application.
Conclusion 3.8 Combining MC and AD allows the greatest improvement in
control bandwidth. The effect of AD reduces flexible modes in the plant,
while MC removes them from the feedback loop.
Chapter 4
Chapter 4 investigated the extension of the proposed observer applications to
discrete-time control architectures, position-dependent systems, and MIMO systems.
Discrete time
The discrete-time implementation only affects the type of the observer that is
used.
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Conclusion 4.1 A discrete-time observer is required when MC and/or AD are
applied in a discrete-time control environment.
Conclusion 4.2 A predictor form observer can be used to compensate calculation delays in the observer (MC) and digital to analog conversion (AD).
Position dependency
The application to position-dependent plants affects both the observer and the
matrices uses to compute ud and ŷflex .
Conclusion 4.3 A position-dependent observer is required when MC and/or AD
are applied for a position-dependent system.
Conclusion 4.4 For MC, the compensation matrix Cf becomes position dependent, when the system is output position dependent.
Conclusion 4.5 For AD, the damping gain K becomes position dependent, when
the system is input position dependent.
MIMO
For MIMO systems, the effect of the observer based compensation on the decoupling is an important issue. Extending the observer for MIMO systems is
straightforward.
Conclusion 4.6 MC improves the decoupling of the feedback loop as flexible
modes are compensated and off-diagonal entries in the decoupled compensated plant are reduced in magnitude.
Conclusion 4.7 Additional measures must be taken for AD to prevent deterioration of the decoupling. When additional actuators are present, decoupling
can be used to prevent coupling between rigid and flexible modes, which is
responsible for the deteriorated decoupling. Alternatively, bandpass filters
can be applied to the damping gain to prevent the coupling by separation
in the frequency domain.
Chapter 5
Several aspects of the observer for high-precision motion systems were investigated in Chapter 5. Direct optimization of the closed loop two norm was investigated. Furthermore, it was observed that the ideal observer should take the
following aspects into account: robustness with respect to model uncertainty and
truncation errors, and the effect of non-Gaussian and non-white disturbances.
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Optimal observers
Conclusion 5.1 Designing an observer by minimizing only the closed loop twonorm does not result in desirable tracking performance.
Conclusion 5.2 Adding additional H∞ constraints does allow trading off control
bandwidth for closed loop two-norm performance.
Conclusion 5.3 For the proposed application no selection of weighting filters
could be found that resulted in a feedback control bandwidth of the optimal
observer that was larger or equal to the bandwidth obtained with a Kalman
filter.
Robustness
Conclusion 5.4 Relevant robust observer design approaches in literature do not
result in an improved estimation error compared to the Kalman filter,
when applied to high-precision motion systems. As the measurement noise
is small to the input noise, the ratio between Q and R already results in a
Kalman filter which is robust for model errors.
Conclusion 5.5 The literature approaches introduce conservatism and bias in
the estimation, whereas the Kalman filter is inherently robust due to the
low sensor noise that is present in high-precision motion systems.
Non-Gaussian disturbances
Conclusion 5.6 The optimal observer in the generalized H2 framework (transfer
from bounded energy inputs to maximal amplitude of the estimation errors)
is equal to the Kalman filter.
Conclusion 5.7 Bounded energy disturbances are a more relevant description
for the disturbances that affect high-precision motions systems. Due to
Conclusion 5.6 , the Kalman filter is a good choice when these disturbances
are considered.
Based on the results in Chapter 5, the following conclusion can be drawn regarding the optimal observer:
Conclusion 5.8 No observer has been found that is optimal in all relevant
aspects for high-precision motion systems.
Conclusion 5.9 The Kalman filter performs well in all aspects and is a good
choice for the proposed applications of the estimated states.
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Chapter 6
The combination of the Kalman filter and the proposed observer applications
(MC, AD, and a combination of MC and AD) has been experimentally validated on the Over-Actuated Testrig (OAT). The OAT consists of a magnetically
levitated planar motor, specifically designed for low stiffness.
Conclusion 6.1 The application of MC and AD by means of a Kalman observer
on a real world high-precision motion systems confirms the results of the
previous chapters of this thesis.
Conclusion 6.2 The evolutionary approach of first applying the observer, subsequently applying MC and/or AD, and finally increasing the control bandwidth was beneficial during the experiments. Errors were quickly discovered and this step by step approach reduced the complexity of the implementation.

7.2

Research questions and goal

The achieved results and conclusions are related to the research questions and
research goal posed in Chapter 1.
Research Question 1: How can the estimated states be used to mitigate the
effects of flexible dynamics of the position-dependent high-precision motion system on the closed loop system performance?
The answer to the first research question has been provided in Chapters 3 and 4.
There, the four possible applications of the observer have been analyzed and it
was concluded that measurement compensation (MC) and active damping (AD)
are the best applications of the estimated states. Whether position or velocity
MC is applied will depend on the type of measurements used in the control loop.
Active damping is preferred over active stiffness due to the high gain required
to modify the stiffness and the fact that relative damping will reduce when the
frequency of flexible modes is increased.
Applying MC and AD indeed allows an increase in control bandwidth as the
impact of the flexible modes on the control loop is reduced. This increase in
bandwidth reduces the low frequency tracking errors which is beneficial for the
position accuracy.
Both MC and AD, separately or simultaneously, are applicable to highprecision motion systems which are position-dependent MIMO systems. Their
performance has been validated on a simple experimental setup in Chapter 3
and the OAT, a magnetically levitated planar actuator, in Chapter 6.
Research Question 2: Can one find the optimal observer for high-precision
motion systems to support the applications of research question 1?
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There are many aspects that can be considered to determine the optimal observer, a number of them have been addressed in Chapter 5. Although no single
observer was found to be optimal in all aspects, the Kalman filter performs well
in all those aspects. It allows a closed loop tracking performance that is better
than that of an observer that minimizes the closed loop two-norm.
Although theoretically not optimal for systems with model errors, the Kalman
filter outperforms robust observer designs for the class of systems considered in
this thesis. The specific problem setting in this thesis, where very accurate sensors with low output disturbance levels makes the Kalman filter robust to (small)
model errors.
The Kalman filter is the optimal observer in the sense of minimal gain from
bounded energy disturbances to maximal amplitude of the estimation errors.
This is a relevant aspect as many real-world disturbances are bounded energy
signals. The recursive implementation of the algorithms facilitates implementing
it in online schemes, which is required due to the high sampling frequencies.
The Kalman filter performs well for the various aspects and has certain desirable engineering qualities: good performance, ease of implementation, and
relatively simple extension to position-dependent systems. This renders it the
best observer for the chosen applications and the class of systems considered in
this thesis.
Research Goal: Increase the closed-loop bandwidth of position-dependent highprecision systems by adding an observer to the control structure of Fig. 1.6.
The research goal of increased control bandwidth has been achieved by the proposed observer applications. The largest increase in control bandwidth for the
simulation examples was obtained when MC and AD were jointly applied, followed by the separate application of AD, and finally the sole application of MC.
In simulation studies, the bandwidth of the original controller was increased from
37 Hz to 83 Hz for the joint application of MC and AD. During the validation on
the OAT, the combined application of MC and AD demonstrated an increased
control bandwidth from 6 Hz to 17 Hz for z and 8 Hz to 21 Hz for the rotations.
The result of this increased control bandwidth and the additional damping
applied by AD is an increased tracking accuracy. This has been shown in simulation, where the RMS error during the scanning phase is reduced from nine
to two nanometer. During the experiments on the OAT no scanning trajectory
could be performed due to the limited stroke. A standard leveling trajectory has
however been used to show that the tracking error decreased by a factor three for
the combined application of MC and AD and the redesigned feedback controller.
Together, the position-dependent observer and position-independent feedback controller can be viewed as a position-dependent two-degrees of freedom
equivalent controller. As both the feedback controller and the observer have clear
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physical significance, the observer based compensation provides a structured way
to obtain position-dependent controllers for high-precision systems.
The improved performance and feedback bandwidth come at the price of an
increased complexity in the equivalent controller when compared to the original
controller. However, this complexity is comparable to other advanced control
design methods such as H∞ methods.

7.3

Recommendations for future research

Model reduction for systems with structural position dependency: The
model reduction approach proposed in Chapter 2 requires internally decoupled
modes. For systems subject to structural position dependency, the modes are no
longer internally decoupled. Obtaining accurate, low-order models of these coupled dynamics allows derivation of low-order observers for the flexible dynamics.
This facilitates the application of the proposed observer applications to a wider
class of high-precision motion systems.
Joint observer and feedback control design: In this thesis, an increased
control bandwidth is achieved by means of a two-step procedure. First, design
and apply the observer to reduce the effect of flexible dynamics. Second, increase the feedback control bandwidth. The reason for this two-step procedure
is motivated by the ease of application on real world setups and the increased
complexity of a one step procedure. However, a single-step procedure allows
more freedom and could result in a higher control bandwidth.
Low order feedforward for observer applications: A modification to the
existing feedforward controller is proposed in Appendix A. This modification that
accounts for the effect of the observer on the feedback loop. A drawback of this
approach is the high order of the resulting feedforward controller. The original
feedforward controller is a low-order approximation of the plant inverse, which
limits the performance. The performance of the modified feedforward controller
is comparable to that of the original feedforward controller, but its complexity
is much larger. Investigating low-order feedforward controllers for the observer
applications reduces the complexity of the control loop while performance is
maintained.
Combining different control approaches: In literature, many approaches
have been taken to improve the control bandwidth of high-precision motion systems. A few of them have been mentioned in Section 1.3. It would be of interest, from a practitioners viewpoint, to combine these approaches on a real world
setup.
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Appendix A

Modified feedforward
controller
The feedforward controller used throughout this thesis has the following structure,
Cff (s) =Θsnap s4 + Θjerk s3 + Θacc s2 + Θvel s

(A.1)

where Θsnap , Θjerk , Θacc , and Θvel are tunable parameters. Using data from
a previous scan (tracking error and measurement) the parameters are updated
according to the algorithm in [54]. In [54], only the snap and acceleration parameters are used. Here, all four parameters are optimized to minimize the tracking
error.
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Figure A.1: Control loop with observer in place, disturbance inputs have been
omitted for clarity.
Fig. A.1 shows the control loop with the observer in place. As mentioned
earlier, the addition of the observer to the control loop necessitates modification
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of the existing feedforward controller. The observer is partitioned as,


  
 
fd
u
Ouu (s) Ouy (s) u
=O(s)
=
ŷflex
y
Oyu (s) Oyy (s) y

(A.2)

First consider a SISO case (Γ = Υ = 1). The transfer function from reference
to tracking error can be determined from Fig. A.1 to be,
etrue =(I − Pz (I + Cfb Peq )−1 (Cff + Cfb ))r

(A.3)

where,
Pz =P (I − Ouu − Ouy P )−1

(A.4)
−1

Peq =((I − Oyy )P − Oyu )(I − Ouu − Ouy P )

(A.5)

The ideal feedforward controller ensures that the transfer from r to etrue is equal
to zero. From (A.3) it follows that the ideal feedforward controller is equal to,
Cff =(I + Cfb Peq )Pz−1 − Cfb

(A.6)

=(I − Ou u − Cfb Oyu )P −1 − Ouy − Cfb Oyy

(A.7)

where P −1 is the inverse of the plant without the application of the observer.
Note that the feedforward controller explicitly depends on the feedback controller
and the observer.
The original feedforward controller is an approximation of P −1 . The other
components in the modified feedforward controller are known exactly. Using the
configuration of Fig. A.2, the original feedforward controller can be modified for
the application of the observer.
+

P (s)−1
r

ud
O(s)
ŷf

+

Cfb (s)

uff

−

+

Figure A.2: Ideal, modified feedforward controller for observer application.
The resulting, modified, feedforward controller is of higher order than the
original feedforward controller. As the approximation of the plant inverse P −1
is not exact, this high order feedforward controller is not an exact inverse of the
compensated plant. To improve performance, the adaptation algorithm can be
run again after modification to fine tune the parameters. An alternative that
does not yield a high order feedforward controller is re-tuning the feedforward
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parameters for the compensated plant. The ideal feedforward controller (A.7) is
however, not well captured by the feedforward parameterization. The summation of the observer dynamics in particular can pose issues. Re-parameterizing
the feedforward controller, or selecting different basis functions could solve this
problem. However, deriving the optimal feedforward controller is not the focus
of this thesis. As such, the modified feedforward controller of Fig. A.2 is used in
this thesis.
For MIMO applications the modified feedforward controller is still given by
(A.6). However, the equations for Peq and Pz are altered due to the presence of
Γ and Υ.
Pz =ΥP (I − Ouu − Ouy P )−1 Γ

(A.8)

Peq =ΥP (I − Ouu − Ouy P )−1 Γ

(A.9)

The ideal feedforward controller is then given by,
Cff = I − (Cfb ΥOyy P + Oyu )(I − Ouu − Ouy P )−1 Γ
· (ΥP (I − Ouu − Ouy P )−1 Γ)−1



Due to the presence of Γ and Υ, this does not reduce to the feedforward adaptation for the SISO case (A.7). Two options are available, a re-tuning the feedforward controller by the algorithm of [54] or a modifying the connection of the
observer in the control loop. By connecting the observer to the decoupled signals
u and q instead of f and y, the feedforward controller does reduce to (A.7). With
the modification that P −1 is replaced by (ΥP Γ)−1 .
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Appendix B

Combining MA and MSD in
rms error
The performance criteria MA(t) and MSD(t) can be combined into the RMS
value of the tracking error over a single scan. First, the definitions for both
criteria are restated.
v
u Z t+ T
Z t+ T
u1
2
2
1
e(τ )dτ, MSD(t) = t
(e(τ ) − MA(t))2 dτ
MA(t) =
T t− T
T t− T
2

2

Provided that the requirement for both criteria is identical, the RMS value
can be derived as follows,
v
u
Z T
u
p
1 t+ 2
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u
1 t+ 2
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