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Abstract

In this thesis we will try to understand the macroscopic behaviour of a large number of singularly
interacting particles.

We consider a system of Brownian motions under a singular potential, and study the large-
deviation properties of the empirical measures of their invariant measures and their paths. Amongst
others, the latter can be a tool to establish a rigorous convergence of the particle system to its hy-
drodynamic limit, a system of partial differential equations describing the macroscopic evolution.

This approach is relatively straightforward for a non-singular potential, and our main contri-
bution is to make a first step in the extension to a quite general class of singular potentials, in par-
ticular those that contain an attraction term. To do so we revisit the concept of a quasi-continuous
function with respect to a large-deviation principle, first introduced in [BG99|, which allows us
to establish a LDP of our original system via a singular change of measure. We significantly
extend their concept to more general topological spaces, and introduce an intuitive framework to
construct and combine these functions and establish quasi-continuity via local approximation by
continuous functions.

In the case of particles in metric spaces that weakly interact under an additive potential
this approximation method gives us quasi-continuity—and hence a large-deviation principle—
under quite general assumptions. This representation is especially simple for sub-logarithmic
interactions.

Moreover, we also study quasi-continuity for the invariant measures for a system with attractive
logarithmic interactions. Inspired by [BG99], we prove this via an discretization method, and show
how this might be extended to more general cases.

Finally, we briefly discuss how our techniques might apply to the space of the paths of the
interacting particles. As mentioned, the latter has many applications, and we hope to contribute
to this in further research.
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1 Introduction

A lot of interesting physical or biological systems are composed of particles where some of them
can strongly repel or attract each other, sometimes even stick together to make up new systems.
One can think of aggregating bacteria, polymers, self-gravitating gases, ionic liquids, or even
dislocations in certain crystals.

One of the main problems in the study of these systems is to predict their macroscopic be-
haviour. Namely, because there are usually quite many particles one would hope to approximate
their collective behaviour in terms of the dynamics of quantities like densities alone.

It is therefore helpful to know which models for the microscopic dynamics lead to which macro-
scopic models. Because the particles usually interact with each other and the environment in a
complicated way it is hard to show this convergence rigorously.

In this thesis, we hope to lay the groundwork to do so, by introducing a general framework for
studying their large deviations, which gives asymptotic probabilities of these densities.

1.1 Background

We model our particle systems as a set of reversible stochastic differential equations in R?, driven
by a interaction potential with a sub-logarithmic or logarithmic singularity. Although most of
our results only apply for their invariant measures, we generalized these to rather abstract metric
spaces, which were originally intended and developed for the use in studying the paths of the
SDEs. Therefore we will still include both the invariant measures and the system of SDEs in the
following discussion.

In the case of non-singular interactions, such as twice continuously differentiable coefficients,
there exist strong solutions to these SDE’s and large-deviation principles for their empirical mea-
sures are well known, see for example Chapter X, [dHO8|. However, it is the singular nature of the
interaction between dislocations that complicates its analysis.

While there are several existence results for SDE’s with singular, especially in certain Sobolev
or generalized spaces, see for example [FLT10|, |[FIR14], there is comparatively little known for
large-deviation principles for attracting particles in multiple dimensions. In 1D the logarithmic
repelling case is known as Dyson’s Brownian motion, which is closely related to eigenvalues of
random matrices, and its properties are well understood — even for an infinite number of particles
— see for example [Osal3|, and in particular [LLX14] and [Fon04] for convergence and large
deviations results, where the latter is proven via the uniqueness of the corresponding McKean-
Vlasov equation. Moreover, convergence without the use of large-deviation principles, usually in
the form of so called propagation of chaos, are established for a general class of energies in [B016],
and see [WJ17] for an overview of mean field limits from physics.

Finally, in [GQ15] and [FJ15| they even establish this property for sub-logarithmic and loga-
rithmic attracting energies in 2D, in their study of the Kegel-Seller equation for chemotaxis, but
do not study large deviations. In particular, they show that the singularity in the logarithmic case
is always visited.

Now, the approach that we explore here consists of changing the underlying measure of our
singular system to that of a non-interacting system. In particular, the former can formally be
written as Gibbs measures over path spaces induced by a singular energy.

Again, in the case of a bounded and continuous energy, large-deviation principles for a sequence
of Gibbs measures are well known. Moreover, for invariant measures there exist LDPs for several
scalings of temperature, see for example [DE13], [LSZ17]. Also, in [DZ03] this approach is extended
especially for empirical processes, yet only for processes with generalized but still continuous
coeflicients.

Hence, our main contribution therefore is to try systematically lift this approach to a quite



general class of singular energies, using the framework of quasi-continuous functions, a concept
first introduced by [BG99|. Intuitively speaking these functions are such that the probability of
a singularity decreases super-exponentially as the number of particles increases, which allows us
to circumvent the singularity entirely. Even more so, they are shown to even be equivalent to the
class of functions for which this change of measure induces a large-deviation principle.

1.2 Outline

First, we briefly introduce our model in Section [2]including all the necessary definitions and known
results for continuous functions, and then list our main results for the singular case.

In Section [3| we introduce our framework for quasi-continuity, which serves as the main tool-
box for proving LDPs of induced Gibbs measures in this thesis. Amongst others, we significantly
extend the underlying techniques used in [BG99] to functions over metric spaces, and introduce a
systematic approach to construct and combine them. We generalize several properties of contin-
uous functions to the linear space of quasi-continuous functions, and for example show that there
exists a quasi-analogue of the statement that uniform convergence of continuous functions implies
the limit is continuous.

The latter enables us to establish quasi-continuity via linearity and approximation by continu-
ous functions. Finally, we introduce an asymmetric generalization of our methods that are useful
for systems with repulsive interactions.

In particular, our results imply that an LDP of an induced Gibbs measure follows from a simple
upper bound on the partition function and upper bounds on local partition functions of certain
error energies. This framework is then applied to Gibbs measures induced by additive energies for
weakly interacting systems in Section[d], in which we show that a certain exponential integrability
of the potential is sufficient.

As shown in Section [5] this directly applies to sub-logarithmic potentials for invariant mea-
sures. Moreover, inspired by [BG99|, we show that via a discretization technique it also holds for
logarithmic energies.

Finally, in Section [6] we sketch a possible way to extend this approach to the space of stochastic
processes.



2 Model and main results

In this section we will first introduce the necessary definitions and concepts, in particular those
for large deviations. Next, we will describe our model and our main results so far, and discuss
them within the context of contemporary results found in the literature.

2.1 Basic definitions

Large deviations Suppose we are concerned about asymptotic probabilities of sequences of
measures PV of variables 2V, and in particular wonder if they converge almost surely. For example,
when all measures are over R and have a density p?¥ we can think of a ‘large-deviation principle’
for PV if there exists some function I such that asymptotically,

PN (z) ~ e NI@) (2.1.1)

and moreover, that the probability of 2V being in an interval [a,b] is similar to (2.1.1]) but now
with the highest possible exponent, namely

PY([a,b]) ~ sup e NI@), (2.1.2)
ze[a,b]

However, since we consider infinite dimensional spaces, there is not always a concept of density. Yet
the concept of (2.1.2)) can still be made precise in the theory of large deviations, using asymptotic
probabilities over arbitrary open and closed sets. We largely follow |[DZ10] and [dHOS|.

Let X be a Polish space, i.e. such that there exists a complete separable metric that induces
the topology, B(X) the Borel o-field on X, and P(X’) the space of probability measures on X.

Definition 2.1. A function I: X — [0,00] is a rate function if
1. T# o0,
2. I is lower semi-continuous,

3. I has compact sublevel sets {x|I(x) < a}.

Moreover, D(I) is defined as

D(I):={z|I(x) < 0}, (2.1.3)
and usually referred to as the domain of I. Finally, for any rate function I and measurable set A,
I(A):= inf‘ I(x). (2.1.4)

Te

Now, let 2%V be a sequence of X-valued random variables, with laws PY € P(X).

Definition 2.2. The sequence of measures PV satisfies a large-deviation principle with rate
function I if for all open sets O and closed sets C,

1
lim sup - log PN(C') < -I(C),
N=eo ) (2.1.5)
.. N
thIngfﬁlogP (0)>-1(0).

Finally, a technical result that we will use repeatedly in several proofs, is the following:

Lemma 2.3. Suppose PV satisfies a large-deviation principle with rate function I. Then for any
rek,
1
lim lim sup — log P ( B.(z) ) =-I(z),
0 Noo N
) (2.1.6)
lim lim inf N log PN( B.(x) ) =-I(z).

e=>0 N-oo



It is a special case of Theorem 4.1.18 of [DZ10], but it will also follow from the proof of Lemma
0. 1O

Remark 2.1. Note that for any two positive sequences a,, b,, it is easy to see that (see for
example Lemma 1.2.15, [DZ10]),

1 1 1
lim sup — log(ay, + b,,) = max { limsup — log a,, , limsup — log bn}. (2.1.7)
n n

n—o0 n—oo n—o0

Thus, we have for any two sets A; and As,

1 1 1
li]rvnjolip N logPN( AU A, ) < max{lijr\?jolip N logPN( Ay ) , hlrvn—ilip N logPN( Ao )} (2.1.8)
And hence similarly for any finite union u;A;. With that in mind, a large-deviation principle
simply states that you can do the same for certain infinite unions of sets.

Varadhan’s Lemma As mentioned, one method of establishing LDPs is by relating them to
another system, one that is usually better understood. In our case the former is actually a system
of interacting particles, and latter is one with non-interacting particles. The transfer of one system
to another is done via Varadhan’s Lemma, when the transformation is continuous.

Namely, suppose we have a bounded and continuous function £ : X - R, then we consider the
family of sequences of measures QIBV for B e R,

dQY  BNEEY) 219)
N = N 5 A
dpP Z}

with Z év a normalization constant.

Because of convention and physical background, we usually we refer to £ as an energy and
as inverse temperature, and Qg as the measures induced by £. Moreover, although we will not
use the term throughout the rest of this thesis, the constants Z év as a function of 8 are referred
to as the partition function of £.

Many systems, in particular the ones that we study in this section, can be written in this form,
and & usually corresponds to a driving energy functional, and and for positive and low enough
temperature the measures Qév coalesce around to the minimizer of £.

However we also consider ‘negative’ temperatures — not that it corresponds to actual negative
temperature, but merely that we switch the sign of B€ — which can corresponds to switching
between attractive and repulsive systems.

Now, we have the following theorem for Qg] , as an application of Varadhan’s Lemma as noted
in Theorem 4.3.1 of [DZ10].
Theorem 2.4 (Varadhan). Suppose PN satisfies a large-deviation principle with rate function I,
and suppose £ is continuous and bounded.

Then for each 8 e R, it holds that,

1
limsupﬁlogEN [e’ﬁNg(zN)lc] < Jg(C),
N=eo (2.1.10)
e 1 _ 2N
hNnngfﬁlogEN[e BNE( )10] > J5(0).

Here Jg is defined as

Jg(z) = BE(x) + I(x). (2.1.11)
In particular, Qg satisfies a LDP for all B with rate function Fga,
Fp(x) = Js(z) - in}f{ J5(y). (2.1.12)
ye



In particular, the so called Laplace principle holds, namely
lim — log ZY inf J5(y) (2.1.13)
im —lo = in . 1.
N-ooo N &<p yeX pRY
For a unbounded but continuous function this can be easily extended via an exponential moment

condition, see [DZ10].

Moreover, because of the asymptotic nature of Varadhan’s Lemma, note that we also can relax
the assumption of continuity of a function & if, as N goes to infinity, £ uniformly approximates a
continuous function.

Theorem 2.5.

Let E1, & be two functions. For each N, we consider the essential supremum ||Ey —Es||N, which
is the smallest number such that

€1 - &|(ZN) < 1€ - &N PN _almost everywhere. (2.1.14)
Suppose that we have
dim €1 - &Y = 0. (2.1.15)

Then if & induces a sequence of measures QY that satisfies a LDP with rate function F, then &
induces a sequence of measures QY that satisfies a LDP with the same rate function F.

Proof. Note that for any closed set C,

1 1
lim sup — log EN [engz(zN) 1c ] = limsup — log EV [e’N(‘g?*gl)(zN) e NEGEY) le ]
N—oo N N—oo N

1
< limsup N log EN [e

N N
N|[€2-E1llc ,~NE1 (= )lc]
N-—oo

1
< limsup [|€; —51||£ +limsup — log ENV [ e~NaEY) 10]
N—>oo N— N

s}

<-—inf & (y) + I(y),
yeC

(2.1.16)
where we used (2.1.15) and the LDP for &;.

Similarly, for open sets,

- 1 N[ -N&E(=N) e 1 N[ -N(E2-E)(N) —N&L(N)
hmsupﬁlogE [e lo]—hmsupﬁlogIE [e e 10]

N—oo N—oo
1 N
e eIV Tring o oe BN [ o-NEGEY) 2.1.17
> liminf[|€ - &I + lim inf - log [e 10] ( )
> —inf Ex(y) + I(y).
yeO
O

Similarly, one could also consider sequences £y that converge with respect to limy e || [|X.

Now, our approach is to systemically study what are some of the weakest conditions on & for
Varadhan’s Lemma to apply, and in which way these functions can be approximated by bounded
and continuous functions £, in an appropriate way.

In particular, we will see that the class of quasi-bounded and quasi-continuous functions in-
troduced in Section B] consists of all the functions such that Varadhan’s lemma holds for all real
temperatures, and for merely quasi-continuous functions a large deviation principle will be found
to apply only ‘locally’.

Moreover, we will show that quasi-continuity can be established by approximation, where
instead of the asymptotic uniform norm ||-||%¥ we will use a local exponential estimate. See Section
B2 for an immediate overview of both of these results.



Empirical measures The particle systems that we study are all exchangeable, which means that
we only regard the configuration consisting of our particles, not the individual particles themselves.
In particular, X will itself actually be a probability space and the random variables 2"V will be
random empirical measures.

Thus, let X = P(S), where S is a Polish space. Moreover, X is equipped with the weak topology,
which is the topology generated by the sets

{,ueP(S):|fS¢du—c|<5}, (2.1.18)

for ceR, 6 >0, and ¢ € Cy(.5), the space of bounded and continuous functions on S. Because of
Theorem D.8, [DZ10], it follows that X is also Polish, hence satisfying our assumption on X of
the beginning of this section.

Now consider for any N the collection XV, 1<i< N, where X, N are S-valued random variables
on some probability space (Q, Fn,P), with joint law PN ¢ P(S™). To avoid confusion, note
that XZ»N and their realizations :z:fv do not lie in X, despite the notational similarity.

Now, for any fixed N we define the empirical measure 2~ € X as follows:
1 N
2N (w) = NZéX,-N(w)’ wep. (2.1.19)
=1

Denote by 7V : SV — P(S) the continuous projection of the random vector XV to the empirical
measure,

V(XN =2V, (2.1.20)
and denote by PN e P(X) (hence PN e P(P(S))) the law of 2V induced by PV,

PN = PNogl, (2.1.21)

Similarly, we will usually compare multiple systems, and whenever we refer to the laws QN ¢
P(P(S)) of the empirical measure 2V, induced by the laws Q~ € P(S™) of the particle system,

we mean B
QN =Q ol (2.1.22)

Moreover, define R(v||u1), with v, € X, the relative entropy of v with respect to p,

dv . .
f log — dv if p absolutely continuous w.r.t. u,
R(||p) =1 Js ~du (2.1.23)

+ 0o otherwise.

Then, in the case where for any NV, all XiN are independent and identically distributed with
common law fig € X, it is known that the random variables 2" satisfy a large-deviation principle,
see Theorem 6.2.10, [DZ10]. Namely, let PV € P(X) be the laws of 2™ for this system.

Theorem 2.6 (Sanov). The sequence PN satisfies a large-deviation principle with rate function
I(p) = R(pl|po)-

10



2.2 Model

We consider a system of N particles that are driven by a possibly singular interaction potential

V : A - R, and which are under the influence of some type of noise that models thermal effects.
Moreover, we disregard any inertial effects.

To be precise, we model the particles by the following coupled set of stochastic differential
equations,

1
dXN(t) = -5 YvV(XY -XxV)dt+dB)Y(t),  tel0,T],
i,j%i (2.2.1)

X;(0) satisfies law (po)™.
Here BN (t), t € [0,T] are N independent Brownian motions on some A ¢ R?, with common initial
law pg on A.

Alternatively, seen as a single stochastic differential equation over A, the system can be
written in the following form:

dXN(t) = -NVEY(XN)dt + dB" (), (2.2.2)
where 1
EY (2)= 55 2 Viwi— 1)), (2.2.3)
1,]#1

Note the inequality of ¢ # j because of the possible singularity in V.

The system is sometimes referred to as a first-order model, which can be seen as a over-
damped version of second-order models, which do incorporate the acceleration of the particles.
See for example also [WJ17| and [Holl6]) for a discussion on contemporary results on mean field
limits and propagation of chaos of both first and second order models and their differences.

In this section we assume the interaction potential V' to be possibly singular at the origin but
otherwise continuous (see also Section [5| for more general assumptions). And for most part of this
thesis, we consider V to have at worst a logarithmic singularity. This is because in any dimension a
first-order system of attracting particles under any stronger singularity is bound to stick together
and eventually collapse for any temperature.

For this thesis however we are interested in the case where — at least for some high enough
temperature — the first-order system will be asymptotically chaotic and converge to a nice hy-
drodynamic limit as the number of particles increases, and hence we restrict ourselves mostly to
logarithmic potentials.

Yet, for a repulsive interaction potential this restriction can be somewhat relaxed, and by a
generalization of our methods we will also consider Riesz potentials,

V(z) = |x™%, (2.2.4)

with 0 < s < d. Moreover, the case s =d-2 for d > 2, and V(x) = —log|z| when d = 2, is referred
to as the Coulomb potential, which is a fundamental solution of the Laplace equation in R,

For s > d, in the case of hyper-singular Riesz interaction, the system of might still be
well defined and convergence might still be established. However, this convergence might be so fast
that the large-deviation principle in rate N will be ¢rivial even in the case of invariant measures,
since the rate function can blow up because of the non-integrability of V.

See also Section for a overview and discussion of our results, and [HLSS16], where they

consider large deviations for the renormalized interaction potential V := ﬁ, when s > d.
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Invariant measures Whenever the system is well defined and reversible — which is the
case when for example V' is twice bounded continuously differentiable, see [dHO8, p. 112] — the
density of the invariant measure can also be written in Gibbs form. Namely, let PV € P(AN) be
the law of independent particles in AV, i.e. PV := (y)Y for some pg € P(A) and QN e P(AN)
the law of the interacting particles, then

dQy 1 _NEN(wr
dPJVV (T1,.. ., 2N) = 7 NEy (@1,...an), (2.2.5)

with Z{/V a normalization constant, and z; € A for all 1 <7 < N. Hence, with the formalism and
notation for empirical measures, see Section let X := P(A) equipped with the weak topology,
and define the empirical measure 2V € P(A) as before, namely

Vol (2.2.6)
P o SV 2.2.6
N 3= X

where the random variables XZ-N € A have either joint law Qg or PN. Note that zV, a random
variable, is not related to the normalization constant Z§ , and the notation merely stems from
convention. Additionally, note that x; ¢ X.

Moreover, let QY € P(X), i.e. QY € P(P(A)), be the law of 2V induced by Q¥ (see Section
, and similarly, P" the law of the non-interacting system. Then P" and Qg are also absolutely
continuous in the case of continuous V', and for pe &,

ng o ~NEV (1)
1PN (n):=e . (2.2.7)
Here &y : X - R, and
Ev(n)= [ V- u)du(@)dn(y). (2.238)

The question of large-deviation principles for Q{X for arbitrary V' is an important question in its
own right with many applications in statistical physics — see also the discussion for our main
results in Section [2.3|— even when not directly derived from a well defined and reversible system
of SDE’s in the form . Hence, in this thesis we will also study quite general conditions on
V for a LDP of Qj‘y to hold.

Now, note that & (u) is not continuous on X, even for continuous V. However, let & (1) be
defined as B
Evim) = [ V(@ -y)du(@)du(y). (2.2.9)

Then for bounded continuous V, &, () is continuous and bounded, and &y (1) = Ey (1) for every
absolutely continuous p. Moreover, for every N,

Ev(p)=E (M) - %V(O) (2.2.10)

Hence, by the results of the Section Theorem [2.5] it is easy to see that for bounded continuous
V, Qg still satisfies a large-deviation principle with rate function Fy,, defined by

Fv(p) = Jv(u) = mf Jy (v),

(2.2.11)
Jv(p) = Ev () + R(pl|po)-

12



Empirical processes Similarly, note XN eS:=C([0,T] - A), the space of continuous paths in
A. Moreover, let QY € P(S™) be the law of the system X defined by (2.2.1), and W e P(S™)

the law of the independent Brownian motions BY on A.

Then, for simplicity using the similar notation as before, consider the empirical process z" €

X :=P(9),

N 1 3
z ::N;@({V. (2.2.12)

Again, to avoid confusion, note that XN ¢ ¥ — XY € S are random paths and X = P(S9) is the
space of measures over paths, which is the space upon which we study large deviations, and the
overlap in notation is merely to be consistent with Section [3]

Now, similar as before, let QN e P(X), ie. QN e P(P(S9)), be the laws of the random variable
2N induced by Q" (see Section 7 and similarly, PV € P(X) the law for the empirical process
of the non-interacting system induced by W .

Whenever V' is twice continuously differentiable, it is known that strong solutions to (2.2.1)
exist, see [dHO8, p. 112]. Moreover, @~ and PV, and hence QY and P" are absolutely continuous
and such that

N
%(u) =NV, (2.2.13)

Here Fyy : X — R, is a functional dependent on V, equivalent to zero whenever V = 0. Namely,
Fy = F}, + Fg + FY, with

Fy (i) :=—f0TfS
F2 () :=[SfOTAV(xt—yt)du(x)d,u(y), (2.2.14)

R == [ (Vier=m) V=) dute) .

2
du(y) dt,

[V @iy dua)

Hence, similarly as in the previous section, Q satisfies a large-deviation principle with rate
function Fy,
Fv(p) = Jv(u) = mf Jv (v),

Jv () = R(p||W) = Fv ().

Recall, R(u||W) is the relative entropy of u with respect to the law W of a Brownian motion on
A for te[0,T].

(2.2.15)

13



2.3 Main results

We briefly list our main results, which are mostly a particular case from results on invariant
measures, as stated Section where we also show LDPs for more general potentials. Moreover,
we compare them with results from the literature. Finally, we pose a conjecture of how these
results could be extended to empirical processes.

Invariant measures
For this section we assume that V' is possibly singular at the origin, but otherwise continuous.
Then in Section [p| we will prove the following.

Theorem 2.7.
Suppose there is some B* > 1 such that:

sup[ AVl gz < oo, (2.3.1)
y JA?

Then the sequence of measures Q{)-’ induced by V satisfies a LDP with rate function Fy .

In particular this encompasses the case where V' is attractive and has a logarithmic singularity,
which was shown in two dimensions for dipole systems in [BG99], which was the origin of the
concept of quasi-continuity and our method. Moreover, because of quasi-continuity we prove a
slightly stronger consequence, namely that for any temperature g € R, the measures induced by
BV will satisfy a LDP conditioned on a certain subset Ag c X. The set Ag can be interpreted as
a restriction on the clustering of particles, see Section5.4]

Moreover, we have the following asymmetric generalization,

Theorem 2.8. Suppose that for all 8 >0, it holds that
sup/e‘ﬁv(y_w) dz < oco. (2.3.2)
y JA

And moreover,

/A2 V(2 —y)|dzdy < oo. (2.3.3)
Then the sequence of measures Q" induced by V satisfies a LDP with rate function Fy .

This implies a large-deviation principle for empirical measures under repulsive Riesz interaction
potentials (see Section [2.2), which is also established in more generality in [CGZ14] and [DLR15],
using techniques from respectively potential and stochastic control theory, in which they also
consider stronger topologies and dependence of the inverse temperature 8 on N. We also refer to
these for more information on the minimizers of Fy, and additional properties, which we do not
consider here.

As mentioned, for any stronger singularity a LDP might no longer be meaningful, since because
of the non-integrability of V' the rate function might blow up up for any measure that is continuous
on a subset of A. In [HLSS16| the hyper-singular Riesz case is studied, where the potential is
renormalized by a factor N4. In this case they show that there does exists a LDP with rate N
with a rate function similar to Fy, but £y is only defined by contraction over a term involving
energies of microscopic point configurations and a relative entropy with respect to a Poisson point
process.

The latter technique for large-deviation principles for microscopic configurations also arises in
the usual logarithmic and Riesz case when Sy = N, see for example [Lebl6] [LSZ17].

Finally, see Section [5| for more general assumptions on V' which are only defined by pointwise
approximation.
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Empirical processes Similar to the case for invariant measures, we can investigate LDPs for
the empirical process of a system with attracting particles corresponding to (2.2.1)).

Although formally they can fall within the framework of LDPs for Gibbs measures on metric
spaces, we unfortunately did not yet fully establish this link to make definitive statements about
large deviation principles for any given simple V. However, we will give an approximation result
that requires a rather strong assumption about the representation of Qg , as we will show in
Lemma

However, allow us to still make the following conjecture.

Conjecture 2.9. Suppose that for each S € R,

supE exp [/3 fOT ‘VV(y(t) - B(t))|2dt] < co. (2.3.4)

yeS

Then for each N, the system of SDE’s given by (2.2.1) has a weak solution and the sequence of
measures QN induced by V satisfy a LDP with rate function Fy .

15



3 Quasi-continuity

3.1 Introduction

In this section we will introduce a class of functions that are not necessarily continuous or bounded
yet such that Varadhan’s Lemma (as paraphrased in Theorem apparently still applies. Even
more so, under certain conditions they are even equivalent — a function € belongs to this class if
and only if Varadhan’s Lemma applies for all real temperatures.

These functions — called quasi-continuous and quasi-bounded functions, with respect to a
sequence of probability measures PY — can be characterized in several ways. One is via a
probabilistic interpretation, in which the probability of a discontinuity of £ at any point will
vanish sufficiently fast as N goes to infinity. It is this concept that was coined in [BG99|, and it
was their results that provided the inspiration for this thesis.

However, we will also give a different interpretation, by introducing a quasi-analogue of the
uniform norm of £ on any given set A. Just as the uniform norm plays an important role in
characterizing and studying continuous functions, our quasi-analogue will be an important tool in
studying quasi-continuous functions. Moreover, it will provide us with an intuitive calculus that
will greatly reduce the complexity of some our results and proofs.

In particular, we will show how quasi-continuous and quasi-bounded functions form a linear
space and can be neatly transformed and manipulated. Finally, we will how these functions can
arise as limits of bounded continuous functions, which will our main tool in Section [ and [5] to
establish LDPs.

Outline

We will first sketch the necessary concepts and list the main results in Section [3.2] such as the
relation between quasi-continuity and Varadhan’s Lemma, and how quasi-continuity can be estab-
lished via approximation. Next, in Section we will precisely define quasi-continuity, and list
its various properties and transformations. Next, in Section the relation with large-deviation
principles will be studied, which will imply Theorems [3.1] and [3.4] of Section [3.2

Moreover, we will provide several convergence results in Section [3.5] in which we show how

quasi-continuity can be established by the approximation of £ by continuous functions. As men-
tioned, this will be our main tool in proving large-deviation principles.

In Section we will investigate what kind of restrictions quasi-continuity places on the rate
functions of their induced LDPs. Since the properties of the rate functions are usually easier
established or verified than large-deviation principles themselves — for which we will give explicit
examples in Sections for Gibbs measures — this provides us a convenient way for finding
candidates for quasi-continuity.

Finally, in Section[3.7] we will give a generalization of our results tailored to asymmetric LDPs,
in the sense that we only consider positive temperatures. This will be for example important in
studying systems with very singular but purely repulsive potentials, such as the Riesz potentials
listed in Section
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3.2 Main results

First, recall Varadhan’s Lemma, as paraphrased in Theorem [2.4] and the notation and basic
results as introduced in Section We will consider a sequence of random variables zV € X,
with corresponding laws P € P(X), and we assume that the sequence of measures P" satisfies
a large-deviation principle with rate function I. Moreover, for a given measurable — but possibly
singular — function £ : X - R, we consider the sequence of measures QJBV defined by

dQN -BNE()
dpfv )= N (3.2.1)
5

for any 8 € R such that the normalization constants Z év are finite for all V.

Moreover, because of the possible singularity of & — it is possible that for example £(z) = oo
for some x € X — we extend Jz and Fp of Section for each € R as follows,

Fp(x) = Jg(x) - Jp(X), (3.2.2)
with
Jg(z) = {B+8(a:) (@) i ; gg; (3.2.3)
and as before, for any measurable set A,
Jo(A) = inf Js (). (3.2.4)

By Theorem whenever £ is continuous and bounded, the sequence of measures Qg satisfies
a LDP with rate function Fz for all § € R. As mentioned, this can be extended when we pose
certain restrictions on £, such as when £ is quasi-continuous and quasi-bounded. Moreover, we will
show that boundedness implies quasi-boundedness, and similarly, that continuity implies quasi-
continuity - and hence our results are genuine extensions of the framework for large deviations as
outlined in Section 2.1l

Now, one consequence of quasi-continuity of £ with respect to some sequence of measures PN ,
see Definition will be shown to be that for all x € D(I) and all ¢ > 0 asymptotically

PN(zN e B(z), |EGEN) - E(x)| > 5) <e Ol (3.2.5)

where B.(x) are open balls around z with radius €, and C. is a constant depending on x such that
lim Ce = oo. (3.2.6)

Similarly, we will show that quasi-boundedness, see Definition [3.8] will imply that asymptotically
for large N and large § > 0,
PN(1E(N)>8) <e . (3.2.7)

In other words, for a quasi-bounded and quasi-continuous function £ the probability of a discon-
tinuity around x vanishes exponentially in IV, and the rate becomes super-exponential as we take
smaller and smaller neighbourhoods of x. Moreover, the probability of £ being larger than any &
vanishes exponentially in N and §. In the context of large deviations this allows us to disregard the
discontinuity and unboundedness of £ entirely, and treat the function as continuous and bounded
for all our purposes. In particular, it allows us to extend Varadhan’s Lemma, as shown below.
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Theorem 3.1. Extended Varadhan’s Lemma for quasi-continuous functions
Suppose PN satisfies a large-deviation principle with rate function I. Then the following state-
ments are equivalent:

1. & is quasi-continuous and quasi-bounded.

2. For all z € D(I) and all B € R, we have |E(x)| < oo and

lim [B(€ ~ £(x))] .0y = 0. (3.2.8)

where 1
[€] 4 := limsup — log EN [eN‘g(ZNN |A] . (3.2.9)

N—oo N

Moreover, for all 8 € R it holds that
[BE] 5 < 0. (3.2.10)

3. The sequence of measures Qg satisfies a LDP for all B € R with rate function Fg.

Here EN are expectations with respect to PV .

The non-negative and convex functional [-] , plays a similar role for quasi-continuous functions
as the uniform norm for continuous functions. However, it is not homogeneous, and that is
why the equivalence between the various statements only holds because we consider them for all
temperatures. If this assumption is relaxed, the equivalences are no longer guaranteed.

Now, recall Theorem [2.5, in which we showed how Varadhan’s Lemma can be extended via
approximation in an asymptotic uniform norm. Using the functional [-] , defined above, we can
generalize this significantly, via the route of quasi-continuity.

Theorem 3.2.

Suppose €y are quasi-bounded and quasi-continuous for all A, converge pointwise to £ on D(I),
and that for all B e R

lim [3(€ - €x)].x = 0. (3.2.11)

Then & is quasi-bounded and quasi-continuous.

However, without quasi-boundedness, which is equivalent to (3.2.10]) for all 5 € B, Theorems
and Theorem [3.2] do not apply. We will give an explicit and important example in Section [5.4]
where £ is induced by particle systems with logarithmic potentials.

For such a function a different approach is necessary. However, we will show there still exists
a localized approximation theorem, and that there is still an equivalence between quasi-continuity
and localized and unnormalized large-deviation principles with ‘rate function’ Jsz (see Theorem
. Moreover, we will see that in this case we can still establish a full LDP, but only on some
finite temperature range. Namely,

Theorem 3.3.

Suppose Ex are quasi-continuous for all X, converge pointwise to €& on D(I), and that for all
xeD(I) and all B eR

lg% }\13(1) [B(€-E)]p. () =0 (3.2.12)
Then & is quasi-continuous.
Theorem 3.4.
Let B* > 0. Suppose & is quasi-continuous and such that for all 8 € R with |8| < 8%,
[BE] < oo. (3.2.13)

Then for all § € R with |8 < 8* it holds that Qév satisfies a LDP with rate function Fg.

18



3.3 Quasi-continuity and properties

In this section we will investigate quasi-continuity and list its various properties. We will give two
formulations: one in terms of probability, and one in terms of non-negative and convex functionals
[-] 4, where the latter play the same role for quasi-boundedness and quasi-continuity as the uniform
norm for bounded and continuous functions. As mentioned, this provides us with an intuitive form
of calculus on quasi-continuous functions which will greatly simplify the analysis for the remaining
sections.

We will first give a straightforward extension of the definition of quasi-continuity as coined
in [BG99, p. 218], which we will henceforth denote as weak quasi-continuity.

Definition 3.5. A function £ is weakly quasi-continuous (w.q.c.) with respect to PY if for all
x e D(I) and all § > 0 it holds that |E(x)| < o0, and

lim lim sup 1 log PV ( 1E(ZN) - E(x)| > 6 ‘ Be(z)) = —00. (3.3.1)
0 Noow N

Again, the idea behind the definition is that for a weakly quasi-continuous function the prob-
ability of the size of a discontinuity at a point « € D(I) being bigger then some ¢ is very small,
even super-exponentially in N.

Now, for our purposes we will need a slightly stronger statement then weak quasi-continuity,
formulated in terms of [] ,. Here the latter was already mentioned in Section but because of
its importance we will repeat it here.

Definition 3.6. For any set Ac X and any function £ : X - R,

1
[E] 4 = hjr?supﬁlogEN [eng(zNN |A]. (3.3.2)

Using [-] 4, we can precisely define quasi-continuity as follows.

Definition 3.7. £ is quasi-continuous (q.c.) if for all x € D(I) and all 5 € R it holds that
|E(x)| < o0, and
lim [6(€ = €(2))] . (z) = - (3.3.3)

That this is truly a stronger statement than weak quasi-continuity is not that trivial, but we
will verify it in Lemma [3.12

Similarly, we can straightforwardly define a quasi-analogue of boundedness.

Definition 3.8. &£ is locally quasi-bounded (1.¢.b.) if for all x € D(I) and all 8 € R we have

limsup [BE] _(,y < o0. (3.3.4)
e—0

Moreover, £ is quasi-bounded (q.c.) if if for every 8 € R,

[BE] < oo. (3.3.5)

Note the similarities to the definition of continuity and local boundedness at a point, where
[-] 4 is simply replaced by ||-]| 4,00, the uniform norm on A. Moreover, as the terms would suggest,
quasi-boundedness implies local quasi-boundedness (Lemma [3.10)).

Now, while [-], is non-negative and convex, as shown below, it is not a (semi)norm because
it’s not homogeneous. However, it still satisfies the following nice properties.
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Lemma 3.9.

[0]4 =0, (3.3.6a)
[€]4 20, (3.3.6b)
[€]a=1-E14=TIEIDA- (3.3.6¢)
For any constant c € R,
el 4 = (3.3.7)
Moreover,
[€]4 <[1E]| 4,00, (3.3.8)
and whenever |1 < |Es| on A, it holds that
Hgl]]A < [[SQ]]A. (339)
Additionally, for any o € [0,1],
[+ (1-a)la]y<aé&]+(1-a)[&],- (3.3.10)

Hence,

[BEN 4 2181 [E] 4 if B> 1,
[BELL <IBI[E] s if1BI< L.

Finally, in particular, for any fized £ and A, [BE] , is convex (hence continuous) in B whenever
[BE] 4 < o0, and non-decreasing in 3 for 3 > 0.

(3.3.11)

Proof. The first six properties follow directly from Definition [3.6] For the convexity, we use
Hélder’s inequality with exponent ot with « € (0, 1), namely,

[a&i + (1 -a)&] , = lijr\?jzp % logEN[exp (ozNSl +(1- oz)Ngz) ‘A]

1 X B
<limsup - log [ ¢ |4] EN [ |4]' (3.3.12)
=a&] + (1-a)[&],-

Moreover, note that [BE] 4 = [|B|€] 4 by (3.3.6¢), and using convexity with & =&, & and «a =8|,
it follows that for any 3 with |8] < 1, that

[BELA <1BI[E] 4 - (3.3.13)
Now replacing £ by %, and 8 by 1/8* in the last expression, we see that for any 8* with |8¥] > 1
i
6]
and the result follows. Finally, note that for any 8 > 1 it follows that
[BE] 4 2 |BIIE] 4

[€]4 < — [B*E]4- (3.3.14)

(3.3.15)
>[€]4-
O
In contrast to the uniform norm, it does in general not hold that for a O c A,
[€]lo <[€]4- (3.3.16)

However, we can still compare rates over different sets, as seen below.
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Lemma 3.10.
Denote by O° the interior of a set O. Then we have the following:

1. For any B>1, and O c A with I(0°) < oo,

1 , 1. PNA)
[€]p < ﬂ([[ﬁf]]A+h]I$1§ileog PN(O))' (3.3.17)
2. Quasi-boundedness of € implies local quasi-boundedness of &.
3. Suppose that for all B € R,
[BE], = 0. (3.3.18)
Then for all § e R, and all sets A with I(A°) < oo,
[8€]4 = 0. (3.3.19)
Proof. 1. Because of the large-deviation principle for PV, it holds that for any A4, O c A, with
I(0O°) < oo,
1
0> 1i —log PN( A
> limsup o log P (4)
NP | N
> hNII’ngf N log P (O) (3.3.20)
>-1(0°)
> —00.

In particular, for any large enough N, both PY(0O) and PN (A) are non-zero, and the
exponential rates are bounded.

Hence, using conditional Holder’s inequality with exponent 8 > 1 and afterwards writing out
the conditional expectations,

i L og EN[ NIEGY)
[€]o _hjr\fnfipNIOgE [e |1O]

< limsup BLN logIEN[eﬁN‘g(zN)‘ | 10]

Ml N ) (3.3.21)
< lijlirflfolip AN logEN[eﬂN‘g(z )‘IA] -p! hNHLiQf N logPN( O)
<p [E] 4 + g1 h}?fip % logPN(A) -p71 HNHLigf % logPN( O ),
where the third inequality follows from the fact that O c A.
2. Note that for any x € D(I) and all € > 0, it holds that
1(Bele)) < I(z) (3.3.22)
< oo.
Hence, using the previous result of with A=X, O = B.(x) and 5 =1,
(€15, < [ELLy - T inf - log P (B, ()
<[€]y +I(2) (3.3.23)

< 0o,

where the latter inequality follows from quasi-boundedness of £. Similarly, substituting &£
by B&, local quasi-boundedness follows.
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3. Similarly, using (3.3.17)), we have for all 8 > 1,

[£1, < 5( 191y ~liint - log P(4))
- _% lim inf % log P(A) (3.3.24)
1
2 I(A°
< 51040,

Letting 8 — oo, the result follows.
O

Finally, we list a few properties that enable us to easily transform and combine quasi-continuous
functions.

Lemma 3.11. Transformations of quasi-continuous functions

1. Continuity at x implies quasi-continuity at x.

2. For any continuous function f:R? > R and d weakly quasi-continuous functions & on X,
the function E(x) = f(E1(x),...,E4(x)) is weakly quasi-continuous. In particular, the space
of w.q.c. functions is an algebra.

3. For any Lipschitz continuous function f:R% - R and d quasi-continuous functions & on X

the function E(x) = f(E1(x),...,Eu(x)) is quasi-continuous. In particular, the space of gq.c.
functions is a linear space.
Similarly, for any Lipschitz continuous function f:R? - R and d either quasi-bounded or
locally q.b. functions & on X, the function E(x) = f(E1(x),...,Eq(x)) is quasi-bounded or
locally q.b. respectively. In particular, the space of quasi-bounded and the space of locally
quasi-bounded functions are linear spaces.

Proof. 1. Tt is easy to see that continuity implies quasi-continuity, since for a continuous func-
tion & we have for all x

oo = 0. (3.3.25)

Since the uniform norm dominates [] B.(z) €€ 3.3.8), quasi-continuity follows.

2. Recall that in R? all p-norms, with p > 1 and including the maximum norm || - ||, are all
equivalent. Hence, for simplicity, we will use the maximum norm when discussing continuity,
and the || - ||;-norm for Lipschitz continuity.

Now, note that by definition of the weak quasi-continuity for &;, for any = € D(I) it holds
that |&;(z)| < co for all i. Moreover, since f is continuous, it follows that for every a € R?
and every § > 0 there exists a 6’ > 0 such that for every b e R it holds that

lla = blleo <0 = |f(a) - f(b)] <d. (3.3.26)
Hence, for any fixed 2 € D(I) and § > 0, there exists a 6’ > 0 such that for every y € X,
[€(z) = E(y)] >0 = max|&i(z) - E(y))] > o'
= Ji: |(€Z(l’) - gl(y)| > 0.

Recall that P(UA;) < ¥, P(4;), hence for any fixed z € D(I), § > 0, there exists a 6’ > 0
such that for all open balls B.(z):

(3.3.27)

PN(|€(ZN)—5(x)|>5‘B5(x))é (31 1E:(zN) - Ei(2)| > &

B.(x))

(3.3.28)
Be()).

d
ZP( (zN) = Ei(z)] >
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Hence, using (2.1.7)), for any € > 0,

limsup — logPN(|5( Ny - E(x)|>5|B x))<mathsup logPN(|5(z )= Ei(x)| >4

N—o0 N—oo
(3.3.29)
The latter is the maximum of a finite number of exponential rates, and using weak quasi-
continuity of & at x for all 4, the result follows when we take the limit ¢ - 0. Moreover,
note that (pointwise) addition and multiplication are continuous operations.

Be(2)).

. Similarly, for any Lipschitz continuous function f with Lipschitz constant L, where for
simplicity we use the ||-||; on RY — which is equivalent to all p-norms on R? — it holds that
for any two points a,b e R?,

[f(a) = f(b)[ < Llla - b1 (3.3.30)
Hence for any z,y € X,
d
€(x) - E(y)| SL;I&(JT)—&(y)L (3.3.31)

Thus, using (3.3.6¢)), (3.3.9) and convexity, it follows that for any open set A,

[€-E()] 4 IlLZV,’ 6(w)|ﬂ

A

[dLIE - £(2)]] 4 (3.3.32)

LM&
Ul Al

™M=

[dL (& - &i(x)) ] 4-

Il
[u

i

However, since by definition of q.c. of &; for each i, it holds that
lirré[[dL(SZ- _51'(95))]]349:) =0, (3.3.33)

and quasi-continuity of £ follows. Again, note that addition is Lipschitz continuous.

Finally, similarly, for quasi-bounded (and locally quasi-bounded) one can repeat the same
trick. Namely note that for any any Lipschitz continuous function f with Lipschitz constant
L, it holds that for any point a € R? and the zero vector 0 € R?,

[f(a) = f(0)| < Lilall- (3.3.34)
hence for all points = € X,
d
()| < [ £(0)[]x +L;I5i($)l, (3.3.35)

and hence for any quasi-bounded &;,

d
[E]x < IlF Ol + HL Z; € - &-(x)lﬂ

X

d 1 (3.3.36)
<[l £+ p [dL (& - &i(2)) ] »
=1
< 00,
and similarly, for locally q.b. &; and any x € D(I),
: . 41
ity [€]5, ) <l (/O + 32 5 T4 (8 = &) L. ) ) (3337
< 0.
O
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Comments

Remark 3.1. While we assumed £ to be measurable, this is actually not necessary. Namely, for
any sequence of measurable functions £V : X - R and a function & : X - R, we can for example
define quasi-continuity of the collection

{{EV}N, &}, (3.3.38)

by the statement that for any « € D(I) and any S € R it holds that |Ey(x)| < oo and

1
lim li —logEN
1m l1m sup N og

=0 Nooo

[ M)-ote

Be(x)] = 0. (3.3.39)

In other words, we simply replace in every definition £(z) by £V (2"), and &£(x) for any
S D(I) by g()(!l?).

In particular, one can dispense with measurability questions of £ itself, and for example consider
particle systems where the potential V' is dependent on the number of particles.

Remark 3.2. While it might not be immediately clear why in the definition of (weak) quasi-
continuity, Definition we restrict ourselves to D(I), this comes from the fact that for any
z ¢ D(I),
1
lim lim sup i log PV ( Be(z) ) = —o0, (3.3.40)

=0 Nooo
which follows from Lemma Note that by definition I(xz) = oo for any « ¢ D(I).

Hence the probability of 2V being near 2 ¢ D(I) is already so small that for the purpose of
large deviations we apparently do not even need any continuity properties of £ at points outside
D(I), only some boundedness properties. For details, see the proof of Theorem

Remark 3.3. Note that in the proof of Lemma [3.11] concerning Lipschitz continuous transfor-
mations, it appears to be again essential that the Definition for quasi-continuity holds for all
temperatures.

Remark 3.4. For a locally quasi-bounded function £ — see Definition [3.8] — while for every
x € D(I) and 8* > 0 there exists by definition a small enough ball such that [3*£] B.(z) < 0, this
does not imply that [BE] B.(x) < for all 8 > 8*. Even more counter-intuitive, it does not even
imply that [3*E], < oo for all sets O c A.

For functions £ that are derived from particle systems with logarithmic interaction potentials
these properties can fail, as mentioned at the end of Section[3.2] Namely, for most sets A there is a
critical 5* such that [BE] 4 = oo for all 8> 8*. We will give explicit examples of this phenomenon
in Section

Note that this critical behaviour only occurs for strictly local quasi-bounded functions, since
for a quasi-bounded function £ it follows from Lemma that for any A with I(A°) < oo and
all B € R it holds that [BE] 4 < .

Remark 3.5. Finally, although the definition of quasi-continuity and quasi-boundedness in Def-

initions and and the probabilistic interpretations given by (3.2.5) and (3.2.7) might seem

very different, it can be shown that they are actually asymptotically equivalent. We will give one
implication below.

Lemma 3.12. Suppose &€ is quasi-bounded and quasi-continuous. Then it is weakly quasi-continuous,
and moreover,

1
lim i —log PV(|E(z")]> 6 ) = 0. 3.3.41
lig [ fmsup 7 log (l€GM)]>5) = o0 (3.3.41)
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Proof. Note that we can bound the probabilities via an exponential Chebyshev inequality, namely
for any £ > 0 we have

PN(1E(N) - £(@)| > 5] A) < PN (PNECTE@I N0 | 4)

3.3.42
< e—ﬁNéEN[eﬁN\S(zN>—£<x>l A]. ( )
Hence, for any 5> 0 and € > 0,
. 1
hlrvnsup N log PV (|E(2N) - E(2)| > 6| Be(z) ) < —B6 + [B(E - E@Np. () - (3.3.43)
Thus, because of quasi-continuity,
lim lim sup 1 1ogPN( 1E(ZN) - E(x)| > 5|B (z) ) <-B5+1lm [B(€ - E(x))]
0 Nooo N e 0 Bel®)(3.3.44)
= -39.
Since the latter holds for all 3, we let 5 — oo and quasi-continuity follows.
Similarly, it follows that for any N, § >0, and 8 > 0,
1 N N 1 N[ _BNIEGM)T _
3o PN (1G> 8) < 5 logE [e ] 58. (3.3.45)

Now fix 8 > 0. Since £ is quasi-bounded, it follows that there exists a constant C' and large enough
N7* such that for all N > N*

1
= log BN #MECDI ] < ¢, (3.3.46)
and hence,
1
limsup — 1ogﬂ«:N[eﬂN|5<ZN>‘ ] = 0. (3.3.47)
(8,N)—(o0,00)
Thus,
1
limsup —log PV (1E(2N)|>6) <. (3.3.48)
(6,N)—(o0,00) N
Since this holds for every 8 >0, we have proven (3.3.41)). O
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3.4 Relation to large deviations

The power of quasi-continuity lies in its connection with large deviations. Apparently, quasi-
continuity is as ‘continuous’ as you need for Varadhan’s Lemma to work. The main results of
this section are quite technical, but they will allow us to switch between the different notions of
quasi-continuity, pointwise exponential estimates, and localized and unnormalized large-deviation
principles, see below.

First, recall the definitions of Jg and [-] 4, see (3.2.3) and (3.3.2)),

E(x)+1 e D(I),
Ja(a) = | P @) @ e D) (3.4.1)
+ 00 xz ¢ D(I).
. 1 N[ _NIgGY)|
[€] 4 =limsup — logE [e |A] (3.4.2)
Nooo N
Finally, recall that D(T) := {z |I(x) < oo}, see (2.1.3]), and that for any set A (see (3.2.4)),
Jz(A) := inf‘ Jg(z). (3.4.3)

Theorem 3.13. Equivalence quasi-continuity and localized LD Ps
Suppose PN satisfies a large-deviation principle with rate function I. Then the following state-
ments are equivalent

(1). € is quasi-continuous.

(2). For all x € D(I) and all 8 € R it holds that |E(z)| < oo and

lm [(E - £(@)] . = 0. (3.4.4)
(8). For all x € D(I) and all B € R it holds that |E(x)| < oo and

1
lim lim sup 1ogEN[e-5N5<ZN> 135(1)] = —Js(x), (3.4.5a)

0 Nooo

1
lim lim inf N logEN[e_ﬁNg(zN) 136(1)] =-Jg(z). (3.4.5D)

e—>0 N-ooo

(4). For all ' € D(I) and all 3’ € R there exists an open neighbourhood A’ of ' such that

(a) for Ja it holds that on A’
i. Jgr # o0,
1. Jgr is lower semi-continuous,
iii. Jg has pre-compact sublevel sets {x|x e A’, Ja(z) < a}.

(b)

1 ’
limsup - log BN [ e #NEET 1, ] < oo, (3.4.6)
N—oo N

(c) For all open sets O and closed sets C, with O,C c A’, we have

1 ’
lijr\?sup N logEN[e_ﬂ NE(=Y) 10] <-Jz(C), (3.4.7a)
NP | N[ _-B'NEGN)
h]\rnilorif N log E [e 10] > -Js(0). (3.4.7b)
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The adjectives localized and unnormalized refer in this case to the fact that we consider large-
deviation principles on sets A’ ¢ X instead of X itself, and the fact that the exponential integrals
are not divided by some normalization constants Zé\' such as for Qg in Theorem See also
Remark for a discussion on why we can not simply use (re)normalized versions of the above
statements, which even for A’ = X is an essential distinction that was apparently missed in [BG99).

Now, the proof of Theorem [3.13] will be split into several parts. First, we will show in Lemma

how to go from localized LDPs to pointwise estimates such as (3.4.5), and by Lemma’s
and it will follow that these are equivalent to quasi-continuity.

Next, in Theorem |3.17] we will prove how pointwise estimates and an additional exponential
moment condition imply a unnormalized large-deviation principle, which will complete the proof
of Theorem B.13]

Finally, we will show how these results imply Theorem — which stated the equivalence be-
tween large-deviation principles and quasi-bounded and quasi-continuous functions, and Theorem
— which showed how to go from quasi-continuity to large-deviation principles for a certain
finite temperature range.

Lemma 3.14. Let B € R and A be a open set. Suppose that Jg is lower semi-continuous on A,
and such that for all open sets O and closed sets C, with O,C c A, it holds that

1
li}fvnsup N logIEN[e_ﬁNg(ZN) 1c] <-Jg(C), (3.4.8a)
| N[ _-BNE(N)
hNHngfN logE [e 10] > -J3(0). (3.4.8b)

Then we have for all x € An D(I)

- 1 BNEGN

lmglimsup plog B[ e C D 15, | < ), (3:4.92)
lim lim inf — log EV| e #¥€GY) 1 --J 3.4.9b
lim lin inf - log [e B.o)] = ~Js(2). (3.4.9b)

Proof. Consider any fixed x € AnD(I). Note that for small enough ¢ it holds that B.(z) c A and
hence by (3.4.8b) for small enough e,

| - 2N
lﬁlgfﬁlogEN[e ANE( )136(35)] > -Jg(B(x))

(3.4.10)
> =Jp(x),
where the latter inequality follows from the fact that x € B.(«) for all € > 0 and hence
Jp(Be(x)) = inf Jg(y)
veBe (@) (3.4.11)
< Jg(x).
Thus, it follows that
. o 1 N -BNEN
£1_r)%thIL1£fN10gE [e ANE(=T) 136(:5)] > —Jz(z). (3.4.12)
Similarly, by (3.4.8b]) for small enough e,
1 _
limsup - log BN [ ¢ #NeCT) 15 ) ] < = (B (). (3.4.13)
N—-oo N
However, by lower semi-continuity of Jg,
lim J5(Be(x)) > Js(w), (3.4.14)
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and hence 1
N
lim lim sup N log EN [e’BNE(Z ) 1B, () ] <-Jg(z). (3.4.15)

>0 Nooo

Thus, the pointwise estimates of (3.4.9)) follow, namely,

1
lirrol lim sup N logENY [e’ﬁN‘g(zN) 15, (x) ] = —Jg(z),
e~V Nooo
(3.4.16)
1
lim lim inf N log EN [e’ﬁNE(ZN) 1B, (2) ] =-Jg(z).

e>0 N-ooo

O

In particular, note from the proof of Lemma that one can similarly derive a pointwise
estimate for PV itself — also previously shown in Lemma Since we will employ it numerous
times throughout the proofs of the rest of this section, we will repeat it here. Namely,

1
lin(}limsup N log PN( Be(z)) =-I(z),
T N ) (3.4.17)
lim lim inf N log PN( B.(z)) =-I(z).

e=»0 N—

Now, we will first need some technical estimates, which will allow us to switch between quasi-
continuity and exponential rates of £&, as is clear from Lemma [3.16)

Lemma 3.15.

1 1
[€] 4 = max {li?sup N logIEN[ eNEGT) ‘A] , lim sup N logEN[e_Ng(ZN) ‘A]} , (3.4.18)

N—o0

1
[€] 4 > limsup N logEN[eN‘S(ZN) ‘A]
N—oo
B (3.4.19)
ZhNnngfﬁlogE [e ‘A]Z—[[S]]A.

Proof. 1. We compute [€] , by splitting A up into two parts depending on the sign of £(2™V)
and using Remark [2.1]
1 1 N[ NIEGEY)
[[g]]A_hfvn_?iprgE [e ‘A]

1
= limsup — log IEN[ eNEEY) LezNys0 + e NEGE™) Le(zNy<o

N—oo

4]

. 1 2N
= max{h}rvnfip N IOgEN[eNS( ) Le(2¥)50

A] ; (3.4.20)

A]}

< max {li]rvnfip % log ]EN[ eNEGEY) | A] , ligljolip % log IEN[ e NEG™) ‘ A]} .

1
lim sup N log EN[ e NEGET) LezNy<o

N—>o0

The reverse inequality trivially follows since +€(z) < |€(x)| for all z.

2. Note that by applying Jensen’s inequality to the transformation = — % on the positive
variable exp{€(z")}, it follows that for fixed N
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‘logEN[eNg(zN) |A] ‘ = max{ - logEN[eNg(ZN) |A] , logEN[eNE(zN) |A] }
(3.4.21)
< max{logEN[eNg(zN) |A] , logEN[eN‘g(ZN) ‘A] }

Dividing by N and taking the limit supremum, the latter is equal to [€] , according to the
previous part, and the result follows.

O
Lemma 3.16.
Let B* >0, and let A be a open set. Then the following are equivalent.

(1). For allx e AnD(I) and all B € R with |B| < 8% we have |E(x)| < oo and
lim [8(6 - @)1,y = 0. (3.4.22)

(2). For allx e AnD(I) and all B € R with |8 < * we have |E(x)| < oo and
E—{I& lijr\?jolip % logEN[e_’@Ng(zN) 1Be(x)] =-Jg(z), (3.4.23a)
limlign inf % log BN e PNEE 1 )] = —Js (). (3.4.23b)

Proof.

Fix z € D(I) n A with |€(z)| < co. Note that for any fixed N, 3, and a set O,
L 10g EN] e BNECEY-€@) [ 0] = L 10g BN o-ANEGY)
o8 E [e |O]—NlogE [e ‘O]+ﬁ8($)

1 1
_ N logEN[efﬁN(g(zN)fg(m)) 10] _ N logPN(O) + ﬂg(l’)
(3.4.24)
Setting O = B(x), using the pointwise LDP for P of (3.4.17), and taking limits, it follows that

1 1
lim lim sup — log EN [e_BN(g(ZN)_g(I))‘ 1B, () ] = lirrélimsup N log EN [e_ﬂNg(zN) 1B, () ]+J,@(x).
€— i €~ N—oo )
(3.4.25)

N—-o0

Similarly,

coe ] N[ -BN(E(=N)-E(x)) TR | N[ -BNEEN)
lg%h]vnl}gfﬁl()gE [e ‘1Be(m)]—£1_f>%llNHl}ng10gE [e 135(1)]+J5(w).
(3.4.26)

Hence (2), which concerns the pointwise estimates of (3.4.23)), is equivalent to the statement that
for any 2 € D(I)n A and any 8 with || < 8* it holds that |£(z)| < oo and

1
lim lim sup — log EV [e_ﬂN(g(zN)_g(z))‘ 1B, (2) ] =0,
O e N e (3.4.27)
lim lim inf % log BN [ ¢ PNECD-E@D 1 ) ] <0,

e»0 N—
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However, because of (3.4.19) and (3.4.18) we have the following (in)equalities for any set O,

: 1 N N(EGEN)-E(x . 1 N[ -BN(EGEN)-E(z
[[5(5—5(33))}]0:max{h}r\rrljotipﬁlog]E [65 (EED) ())10],1111\IfljipﬁlogE [eﬁ (EG) ())10]}

1 1
> min{ lim inf log EN [eﬁN“(zN)-S(z)) 1o ] liminf - log EN [e—ﬁN“(ZN)—g(f)) 10] }

N—oo

>-[B(€-E(2)]o (3.4.28)

In particular, it is now easy to see that (1) implies (2). Moreover, since if (2) holds than (3.4.27)
holds for both +8 and -8, for any 8 with |3] < 8*, it also follows that (2) implies (1), since then

lim [B(€ = €())] 5. ()

_ m i L 1og BN [ BNEGN)-£@) im i L 1og BN [eBNEGEY)-6@)
—maX{ll_I)% 1111\1[1501ipN10gE [e Be(:z:)] ,llj)%lljr\lflfipﬁlogE [e Be(a:)] }
= max{O, 0}.
(3.4.29)
O

Theorem 3.17. Let ' € R and A’ be an open set. Suppose that for every x € D(I)n A’ it holds
that

1 ’
P—{% hjl\?_iip N log EN [e’ﬁ NE(EY) 136(1)] =-Jg (x), (3.4.30a)
lim liminf — log BN [ e # VG 1 =-J 3.4.30b
lim lim inf — log [6 Be(z)]__ g (). (3.4.30b)

, with Jg(x) possibly infinite. Additionally, suppose there exists a v > 1 such that

1 ’
lim sup — logIEN[e_'Y’B NE(") lAr] < o0. (3.4.31)
N—oo N

Then on A’, Jg is lower semi-continuous with pre-compact sublevel sets, and for any open set O

and closed C with O,C c A" it holds that

1 ’
limsup - 1og1EN[ e P NEET) 1(;] <—Ja(C), (3.4.32a)
N—>oo
N | N[ _-p'NE(=N)
hj{fnlnf N logE [e lo] > -Jg (O). (3.4.32Db)

In particular, infgear Jg(x) > —o00, and hence —f3'€ < 00 on D(I).

Proof. The proof is as follows. First, we will show in part (a) of the proof that can be
used to extend the pointwise estimates of to all € A’, including those outside D(I)
— i.e. with I(x) = co. Moreover, it will be used to prove a unnormalized version of exponential
tightness.

The rest of the proof is adapted from the proofs of Theorems 4.1.11 and 4.1.18 and Lemma
1.2.18 of |[DZ10], sece also Remark In part (b) we use the extended pointwise estimates to
subsequently establish on A’ the lower bound for open sets, lower semi-continuity of Jg/, and the
upper bound for compact sets. The unnormalized exponential tightness is then used in part (¢) to
lift the latter to closed sets and to show that the sublevel sets of Jg are pre-compact, and hence
the proof is concluded.
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(a) Extension of Jgz and pointwise estimates outside D(/) and exponential tightness

Now, take any x € A"\D(I), i.e. with I(z) = oco. Then for any small enough ¢ such that
B.(x) c A’, we can show by Holder’s inequality with exponent ~,

]. / ]_ ]_ ’
limsup — log EN [e‘ﬁ NS(ZN)lBe(x)] <~ limsup — log BV [e‘”’ﬁ NS(ZN)lBe(x)]
N—oo Y N-ooo

. (3.4.33)
+ (1=~ limsup — logPN( B.(z)).
Nooo N

The first term is finite by (3.4.31]), and since v > 1 and hence (1 —~7%) > 0, it follows from the
pointwise estimate of PV, see (3.4.17)), that

<1 1 N[ -B'NeEN
lgr&llmsupﬁlogE [eﬂ ( )1B€(x)]:—oo. (3.4.34)

N—-oo

Recall that by definition Jg (2) = co since x ¢ D(I), and hence we have shown that (3.4.30) holds
for all x € A'.

Moreover, since PV is exponentially tight there exists a sequence of compact sets Kj; such
that 1
lim sup - log PY(K§ ) <-M. (3.4.35)

N-oo

Now, similarly as above, and using the inclusion of K{; n A" in both K§, and A’,

. 1 N[ _B'NEGEN) 17 1 N B'NE(N)
h]r\rifipﬁlog]}ﬂ [e 1K§{4°A’]§7 llglfipNIOgE [e'y lAl]

1 (3.4.36)
+(1-971) 1i]rvnj°1ip N logPN( K5p).

Since the first term is finite by (3.4.31)) and independent of M, and the second term goes to —oo
as M — oo, we can renumber the sets K s such that

. 1 N[ _B'Ne(@=YN)
hmsupﬁlogIE [e 1k

0 joar] <=M (3.4.37)

c
M

(b) Lower bounds for open sets, lower semi-continuity of Jz, and upper bound for
compact sets

Fix any open set O with O c A’. Note that for any x € O there exists a small enough € > 0 such
the ball B.(x) is contained in O, and hence from the pointwise estimate of (3.4.30b)) it follows
that,

L. 1 N —,B'NS(ZN) . .. 1 N —B'NS(ZN)
hNHngfNIOgE [e 1o]zhmhm1nfﬁlogE [e 136(;5)]

€e—>0 N-ooo
= —Jgf(x).
Therefore, by taking the supremum over all z € O, we have shown the lower bound (3.4.32h)).

In particular, note that by taking O = A’ and using (3.4.31) that Jz(x) > —oco, and hence
-B'€ < 00 on A’, since

(3.4.38)

el N[ -8 NeEN)
~Jg () ShNIriglf—logE [e 1A,]
1 / N
1y N[ -B9NEGEN) (3.4.39)
<y thrilgf—logIE [e lA]

< 00,
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Moreover, fix any € A" and a € R, then if Jg (x) > a it follows from the pointwise estimate
(13.4.30a)) that there exists a small enough € > 0 such that

1 /
lim sup i log EY [6_5 NE(ZN)lBE(x)] < -a. (3.4.40)

N—oo

Hence for all y € Bz(x),
im g 1 N[ _-B'NeEN)
_a>11]Ian°1ipN10g]E [6 1Bg(z)]
> limsup lim inf % log BV [e‘B,N’g(ZN)lBE(y) ] (3.4.41)

es0  N-—oo
==Jp(y),
where the last equality follows from the pointwise estimate .
Therefore the sets {x|xz € A’, Jg/(z) > a} are open, and since they are contained in the open
set A" they are also open in the sub-space topology on A" — hence Jg is lower semi-continuous

on A’ with respect to the sub-space topology. But since A’ is open in X it follows that Jg is also
lower semi-continuous on A’ with respect to the original topology on X.

We will now show the upper bound for compact sets. Fix some ¢ > 0, and some compact set
K c A’, and define Jg,(ac) :==min{Jg (x) - §,1/5}. Because of the pointwise limit (3.4.30a]) we can
find for any x € K a small enough ball B, such that
1 ’
lijr\rllfzp N log EN [e’ﬁ NE(ZN)lgm ] < —Jg,(ac). (3.4.42)

Since K is compact and can be covered by the collection Ugcx B, there exists a finite subcover
{Bu, }i, and hence by Remark

1 ’ 1 ’
limsup — log EN [e’ﬁ NEGEY) lK] < max limsup — log EY [e’ﬂ NEE) 1B, ]
NPy i Now N & (3.4.43)
< _Jg/(l’)

Letting § — 0, we obtain the desired result.
(c) Extension to upper bound for closed sets and pre-compact sublevel sets of Ja

To go from an upper bound for compact sets to one for to closed sets, namely (3.4.32a)), we
will use the exponential tightness of the unnormalized measures as shown in (3.4.37)).

Fix any closed set C with C' ¢ A’, and let K); be the sequence of compact sets satisfying
(13.4.37). Then, using Remark we have for all M the following

- 1 N[ _B'NEEN)
h]r\?f;l,pﬁng [e 1(;]

. 1 INE(N . 1 'NEGEN
:max{hmsuleogJEN[eﬂN ( )1CQKM],hmsupﬁlogEN[e’BN ( )1001%1]}

N—-oo N—oo
1 U
< max{ - Jg(CnKu), limsup—logEN[eﬂ NEEY) 1arake ]}
N —o0 N M

(3.4.44)
Where the final inequality follows from the fact that C' ¢ A” and C n K}, is compact, hence using

the upper bound for compact sets established previously. Now, since the inequality holds for all
M, letting M — oo and exploiting (3.4.37)), we have that

- 1 N[ _B'NeGEN) .
hmsupﬁlogIE [e 1C]£A}11£nwmax{ —JBI(CHKML—M}

N—-oo

(3.4.45)
< _‘]/3' (O)
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Additionally, using the lower bound (3.4.32b]) for the open sets A" n K¢,

1 ’
-Jg (K nA") <limsup N logIEN[ eFNEET) 1K§4mA']

N-oo (3.4.46)
<-M.
Hence .
M< ol @ 4.4
and thus

{zlzeA Jag(x)<M}cKynA
CKM.

Hence the sublevel sets of Jg/ are contained in the compact sets Ky, and thus they are pre-
compact. See Remark for why they are not necessarily compact instead of pre-compact.

Concluding, we have established both the upper bound for closed sets (3.4.32al) and lower
bound for open sets (3.4.32b]), and that Jg is lower semi-continuous with pre-compact sublevel
sets, hence the proof is complete. O

(3.4.48)

We are now ready to prove Theorem[3.13] which stated the equivalence between quasi-continuity
and localized large-deviation principles.

Proof of Theorem[3.13,
(1) < (2)

Recall, this stated that & is quasi-continuous if and only if for all z € D(I) and all g € R it
holds that |€(z)| < co and

E_{% [B(€ - 5(95))}]36(95) =0. (3.4.49)

However, this is true simply by the definition of quasi-continuity, see Definition

(2) = (3)

Here it is implied that |3.4.49| holds if and only if for every x € D(I) and every (8 € R it holds
that |€(z)| < oo and the following pointwise estimates are satisfied,

1
lim lim sup i log EN[ ¢ PNEGET) 136(1)] =-Jg(z), (3.4.50a)

0 Nooo

1
lim i inf 1ogEN[e-ﬁN5<ZN> 136(@] = —Js(x), (3.4.50b)

e>0 N-ooo

which follows directly from Lemma with A" := X and 8* := o0.

(3) = (4)

To prove this, we need to show that by assumption of (3) for every ' € D(I) and all §’ € R,
there exists an open neighbourhood A’ of z’ such that Jg is unequivalent to +oo, lower semi-
continuous and with pre-compact sublevel sets, and moreover,

1 ’
limsup — log EN[ e #NEET 1 4] < oo, (3.4.51)

N—oo

and such that for all open sets O and closed sets C, with O, C c A’, it holds that

1 ’
limsup - 1ogJEN[ e P NEET) 10] <-J5(0), (3.4.52a)
N—oo
. N[ _-B'NEEN)
h]{rnlnf N logE [e 10] > -J3(0). (3.4.52D)
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Now, fix any 2’ € D(I) and 8’ € R. First, note that by the definition of I and by the assumption
of (3) that 0 < I(2') < oo and |€(2")| < oo, and hence —oo < Jg(z") < oo for any 8 € R. In particular
it follows that Jg # co on any neighbourhood containing .

Similarly, for every v > 1 it holds that J,g (z') > —0o. Hence, by assumption and the limit of

EA50).

1 ’
limlimsup - log EY [ e N 15 () [ =~ (a")

=0 Nooo

(3.4.53)

< 00,

Thus we can find a small enough ¢’ > 0 such that the corresponding exponential rate over the ball
B (') is finite, namely

1 ’
lim sup — log EY [e‘”ﬁ NEG" g oy ] < oo (3.4.54)
N—>oo N €

Now set A’ := B (x'). Note that by assumption for all x € D(I)n A’ the pointwise estimates
hold for 8 = 3. Thus, by Theorem m it follows that Jg satisfies all the necessary properties on
A’, and that the upper bound for closed sets ((3.4.52al) and the lower bound for open sets
hold. Finally, note that follows from (|3.4.54]) by Holder’s inequality with exponent ~.

(4) = (3)

We first note that one part of this direction — where by assumption of the localized LDPs of
(3.4.52)) around every z’ € D(I) for every 8’ € R should imply the pointwise estimates of (3.4.50))
— follows directly from Lemma [3.14]

Finally, to show that |€(x")| < oo for every z’ € D(I) and conclude the proof, note that (3.4.52D))
and (3.4.51) on an appropriate A’ for any fixed 2’ € D(I) and ' € R imply that

o0 T st N[ -B'NEGEN)
~Jp(¢) < limlimsup = logE" e 16,
1 !
< limsup — IOgEN[ e B NEEY) 1A’] (3.4.55)
Noow N
< oo.

Hence Jg (2") > —co, and since we can choose 3’ € R arbitrarily, it follows that |E(z)| < co. O

Recall Theorem [3.1]and Theorem which respectively stated the equivalence between large-
deviation principles and quasi-bounded and quasi-continuous functions, and showed how to go
from pointwise estimates to LDPs on some finite temperature range. They broadly follow from
Theorems [3.4] and [3:17] with the additional step of normalization, see below.

Proof of Theorem[3.1]
First, see and recall Theorems and and the proof of the latter, shown above.

(1) = (2)

Note that (1) and (2) of Theorem are similar to those of Theorem but with an
additional boundedness condition, namely that the fact that quasi-boundedness is equivalent to
the fact that for all 5 € R it holds that

[BE] 4 < o0. (3.4.56)

However, this is simply the definition of quasi-boundedness, see Definition [3.8
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(2) = (3)

Note that by Theorem it follows that quasi-continuity implies (3) of Theorem i.e. that
for all x € D(I) and all 8 € R it holds that |€(z)| < co and

1
lim lim sup N log EN[ ¢ PNEGET) 136(1)] =-Jg(z), (3.4.57a)

=0 Nooo

1
lim i inf 1ogEN[e-ﬁN5<ZN> 136(@] = —Js(). (3.4.57b)

e—>0 N-oo
Moreover, by the assumption of quasi-boundedness we have that for all g e R
1
lim sup — logEN[ e ANEGEY) ] < 00. (3.4.58)
N —>oo N

Hence, by Theorem [3.17] it follows that for every 5 € R the unnormalized measures satisfy a LDP
on the entire space X, i.e. Jg is lower semi-continuous on X with pre-compact sublevel sets, and
for any open set O and closed set C, it holds that

1
limsup - log JEN[ e PNEGET) 10] <-J5(0), (3.4.59)
N—->oo

.1 N[ —BN&(=M)

liminf — log E lo]2-J5(0). (3.4.59b)

In particular, since X’ is open and closed, it follows by combining (3.4.59al) and (3.4.59b)) that we
can replace the limit infimum /supremum of (3.4.59)) by an actual limit, i.e. it holds that for every
B eR,

im = loa EN[ e ANEGY) ] -
Alflirioﬁlogﬂﬂ [e ]——JB(X). (3.4.60)

Now, fix 8 € R, and recall the normalized measures Q]ﬁv , defined by

dQy -BNE(x)
RLEC , (3.4.61)
dpnN Zév
with normalization constants Z év given by
7Y =EN[ePNEED | (3.4.62)
and recall the function Fg,
Ty = Jg(x) - Ja(X). (3.4.63)

Note that by (3.4.58) and (3.4.60) it follows that Jz(X) > —co, and since by assumption
|E(x)| < oo for any x € D(I) it follows that Jg # +o0, and in particular Jg(X') < co. Hence, the
function Fj is well-defined, non-negative and with 3 # co. Moreover, recall that Jg is lower semi-
continuous on X with pre-compact sublevel sets. However, lower semi-continuity on X implies
that the sublevel sets are closed, and hence they are compact. Thus, we have concluded that Fjg
is a rate function.

Now, it follows by (3.4.59al) and (3.4.60) that for every closed set C,

1 1 1
lim sup N logQg( C’) = limsup(ﬁ logEN[e_BNE(ZN) 1(;] "N logZéV)

N—o0 N—o0

. 1 - N
= lim sup N logEN[e ANEET) 10] +Jg(X) (3.4.64)

N—o0
<=(Jp(C) - Js(X))
=-F5(C)
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Similarly, by (3.4.59b)) and (3.4.60) it follows that for every open set O,

1
limsupﬁlogQ]BV(O) > -F3(0). (3.4.65)

N-oo

Hence, we have proven for every 5 € R that Qév satisfies a large-deviation principle with rate
function Fg.

3) = (2

Finally, to conclude the proof, note that by Lemma a LDP for Q} with rate function Fj
implies that for any x € X

1
lim lim sup N log Qg( 1B.(a) ) =-Fp(z),

>0 Nooo

(3.4.66)
lim lim inf — log QY (1 =-F,
lim lim inf = log QF (15.(x) ) = ~Fs ().
However, note that for any € >0 it holds that
1 1 1
lim sup N logIEN[e_BNE(ZN) 136(27)] = lim sup (N logQ]ﬁV( 1B, (2) ) + N logZéV)

1 1
< ligljolipﬁlogQév( 1B, (2) ) +li]rvnf°11pN10gZéV.

And, similarly,

.1 N[ _-BNERN oe 1 N N | N
liminf - logEN[ e NG 15 ) | 2 liminf 105 QY (15,(r) ) + liminf - log 7). (3.4.68)

Hence, since by the assumption of the Laplace principle it holds that
Js(X) = li L iog 2 (3.4.69)
o(X) = Y log 75 4
it follows that by the definition of Fz that

1
lim lim sup — logIEN[e’BNE(ZN) 1p (w)] =-Js(x)
e~0 N—oo N ¢
1 (3.4.70)
L. N[ -BNeEEN _
l%lﬁlﬂfﬁlogE [e ( )136(1)]——J5(a@).
Finally, similar as in the proof of Theorem [3.13] note that by assumptions Jg(X > —oco and hence
Ja(x) > —oo for all # € X and all § € R. Hence, by the definition of Jg, |E(x)| < oo for all
O

xeD(I).

Proof of Theorem[3.]}
Finally, recall Theorem which states how to go from quasi-continuity and the fact that for all

B eR with |8| < 8* with some 8% >0 that
[BE] 4 < o0, (3.4.71)

to a LDP on X for QY for all § € R with |8| < 5.

However, note that this is simply the direction (2) == (3) of Theorem but with g e R
now restricted with |5| < 8*. Namely, quasi-continuity implies pointwise estimates for all x € D(I),
which by Theorem is lifted to a unnormalized LDP for all with || < 8*. The step from a
unnormalized LDP to one for Qg is exactly as done in the proof of Theorem see above, and
we will not repeat it here.

O
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Comments

Remark 3.6. Note that in the formulation of localized LDPs on a open set A’, as stated in
Theorem we do not use the sub-space topology on A’. Namely, we only consider the subsets
O and C of A, such that O is open and C is closed in the topology on X. While any set O that
is open in the subspace topology of A’ is also open in X, and hence satisfies

1 ’
lim inf log BN e #NECT) 16] > -751(0), (3.4.72)
the upper bound for closed sets,
1 ’
li]rvnsup N logIEN[e’B NE(Y) lc] <-Jg (C), (3.4.73)

does not necessarily hold for any C' that is closed in the sub-space topology. The reason for this is
that in the proof of Theoremwe lift an upper bound on compact sets to sets C ¢ A’ such that
C n Ky is compact, but where the compact sets Kj; — induced by the exponential tightness of
PN on the entire space X — do not necessarily lie in A’, and hence Kj;n A’ may not be compact.
Hence we need that C' is closed in the topology on X.

Also note that this is the same reason that the localized sublevel sets of Jg, {z |z € A", Jg(x) <
a}, are pre-compact — since they are shown to be contained in Kj; — but not necessarily compact.

Remark 3.7. As mentioned in the beginning of the proof of Theorem the step of pointwise
estimates to localized and unnormalized LDPs are unnormalized versions of Theorems 4.1.11 and
4.1.18, and Lemma 1.2.18 of [DZ10], in the sense that

1
lim sup N log EY [e_BNg(ZN)l;l ] ,
N=ee ) (3.4.74)
s 4 N[ _-BNEGEN)q1
thIngleog]E [e 1A],

both exist, but may not be equal.

Moreover, even when A’ = X it is not a priori guaranteed that they are the same and hence a
genuine limit exists, and only follows after we have established a unnormalized LDP.

In particular, from the pointwise estimates for the unnormalized exponential integrals on X
one can not always conclude that Qg also satisfies certain pointwise estimates itself and then just
use Theorems 4.1.11 and 4.1.18, and Lemma 1.2.18 of [DZ10], since

1 1
lim lim sup — log Qg’( 1B, (z) ) =-Jg + limsup — log EN [e—,@NS(zN) ] ,
e—0 N-ooo N N oo N (3475)

T N NP N[ -BNEGN
ll_r,%hNHl,lgfﬁngﬁ(lBe(l)):_J5+hNHl,lng10gE [e ( )]7
but as said, it is not a priori known that the two terms are equal.

Interestingly enough, in [BG99|, the main inspiration for our framework of quasi-continuity,
they did not notice this distinction. In going from pointwise estimates to a LDP they made the
error of engaging in a circular argument, i.e. simply stating that the large-deviation principles hold
by unknowingly assuming that the limit of limy_, e % log Z év exist and applying Theorems 4.1.11
and 4.1.18 of [DZ10], and afterwards claiming that hence the limit always exists and is equal to
Jp(X).

In addition, they omitted the consideration of x ¢ D(I) from their pointwise estimates, which
are strictly necessary to make the proof work. As shown in the proof of Theorem we prove
this by using a certain exponential moment condition, which also implied exponential tightness —
which was not necessary for the case studied of [BG99] since the underlying space was compact.

Concluding, without any prior knowledge about the limit of limy_ oo %log Z , one simply
has to go the route of unnormalized LDPs first, and we hope that our Theorem settles this
question.
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3.5 Convergence of quasi-continuous functions

In the remaining sections, to show that a function £ is quasi-continuous, we will actually not
explicitly verify Definition [3.7] i.e. that for every x € D(I) and every 3 € R it holds that |€(z)| < oo
and

y_{% [B(€- 5(96))]]36(03) =0. (3.5.1)

Instead, we will approximate £ by a sequence of continuous functions £, in an appropriate way.
Moreover, we will show that the linear space of quasi-continuous functions is even closed with
respect to this convergence, and show how the latter is actually a quasi-counterpart of uniform
convergence of continuous functions. In particular, our results will directly imply Theorems

and 3.3

For additive energies, as shown in Section [l and which encompasses the case for invariant
measures in Section [} and empirical processes in Section [0 convergence can be established easily
for quite a general class of functions, and is also well-suited for discretization arguments for systems
with logarithmic potentials, as shown in Section

Let us first define this quasi-analogue for uniform convergence, with a similar distinction in
locality as with quasi-boundedness of Section [3.3

Definition 3.18. Let £ be such that for every x € D(I) it holds that E(x) < co.
Then, the sequence of functions €y converges locally quasi-uniformly (l.q.u) to £ if
1. Ex converges to € pointwise at all x € D(I).
2. For every x € D(I) and all B € R,

lim lim [B(€-E)]p. () =0 (35.2)

Moreover, it converges quasi-uniformly (q.u) to £ if

1. &\ converges to € pointwise at all x € D(I).
2. For every B >0 it holds that
/l\irré [BE-E]y =0. (3.5.3)

As with quasi-boundedness, note the difference between the two definitions, and note the
similarities to the definition of (local) uniform convergence for bounded functions, where [] , is
again simply replaced by the uniform norm |||/ .

Lemma 3.19. Quasi-uniform convergence implies local quasi-uniform convergence.

Proof. Similar as for local quasi-boundedness, recall Lemma (3.3.17), which stated that for
any 8>1 and any O c A with I(0°) < oo, that

N
[€]o < % ([[BE]]A + h]I\I]lfolip % log ]IZNEg; ) . (3.5.4)

Now, suppose £, converge quasi-uniformly to a function £. Then £, converge pointwise to £ on
D(I). Moreover, for any x € D(I), any € >0 and any 8 > 1 it follows by (3.5.4)) that

€ - £)11, 0 < (156 - 801 - linind - log P (B.(2))). (355)
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Hence, by quasi-uniform convergence and the large-deviation principle for PV,

1
lim [€ = £x] 5, () < BI(BE(:C))

(3.5.6)
@)
B
Since the latter is true for any £ > 1, it follows that
ll_r}% l\l_l)r(l) [€-Elp =0 (3.5.7)

Similarly, for any 8’ € R, replacing £ and &€, by 8'€ and $’E, in the derivation above, local
quasi-uniform convergence follows. O

Now, as mentioned, we have the following quasi-analogue of the closure of bounded and con-
tinuous functions under uniform convergence.

Theorem 3.20.
Let £ and Ey for all A be finite on D(I).

Suppose Ex converges locally quasi-uniformly to £. Then,

1. If all €\ are locally quasi-bounded, then so is £.

2. If all €, are quasi-continuous, then so is €.
Moreover, suppose Ex converges quasi-uniformly to €. Then,

1. If all €\ are quasi-bounded, then so is £.

2. If all £y are quasi-bounded and quasi-continuous, then so is E.

Using the [-] ,-notation and the related calculus developed in Section the proof is straight-
forward.

Proof. We will first prove the part concerning quasi-boundedness. Suppose the quasi-bounded
functions €, converge quasi-uniformly to €. Then, by convexity of [-] ,, see Lemma it follows
that for every 5 € R and every A,

[BE]x = [B(E-Ex) + BE] »

3.5.8
< 5 2(E-E]x + 5 288D, .

By quasi-uniform convergence the first term converges to zero as A - 0, and hence there is a small
enough A such that [25(€ — €x)] 4 < oo, and hence
[BE] 5 < 0. (3.5.9)

Similarly, suppose the locally quasi-bounded functions £, converge locally quasi-uniformly to £.
Then for every z € D(I) and every 8 € R, there exists an ¢ > 0 and a A > 0 such that both
[2B(€ =€) B, (2) < o0 and [2BEx] g () < o0, and hence

[[ﬁg]]Be(a;) =[BE-&E)+ 55/\]]36(;5)
< % [28(€-E)]p. ) * % [28E] 5. () (3.5.10)

< 00.
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Finally, suppose &, are quasi-continuous and converge locally quasi-uniformly to £. Then note
that for any set A, any A, and x € D(I),

[€-E(@)]a=1(E-E)+(Ex=Ex(x)) + (Ex(z) - E(2))] 4
3.5.11
< SI3E-E0La + 5 BE - Ex@)]s +IEr(@) - £ -
Note that the left-hand side is independent of A, and hence for any fixed ',
£ - £,y <inf {2136 - 011+ 5 36 - Ex@) ] +1E(@) - E@)]}
< inf {é [3(€ - EM)]]A} ; igf{é [3(Es, - 5,\2(:5))]]A} +int {|E, (@) - £@)]} (3512
<1im é 136 - )] + % [3(x ~ Ex (@) + lim [£ (2) ~ £()].
Thus, for all X,

. 1 1 ,
lim [ ~ ()] 5, 1) < lim lim = [3(8 = E0)] 5, s + lim 3 [3(Ex = Ex ()], 1) + lim [E0(2) = (@)

= O’
(3.5.13)
where the latter follows local quasi-uniform convergence of £\ to &, i.e. and pointwise
convergence on D(I), and from quasi-continuity of €. O

Finally, we have the following equivalent formulation of local quasi-uniform convergence.

Lemma 3.21. Suppose the sequence of functions £\ converges pointwise to a function £, with €
finite on D(I).

Moreover, suppose that there exists a constant K such that for every x' € D(I) and every 8’ € R
there exists a open neighbourhood A’ of x' such that

1 ’
lim sup lim sup — logEN[ B NIE-ExI(=N) 14 ] <K. (3.5.14)
A—0 N—oo N

Then &y converges locally quasi-uniformly to €.

Proof. Fix any 2’ € D(I) and any 8’ € R. Then by assumption we can find a open neighbourhood
A’ of 2’ such that (3.5.14)) holds. Now, take any € > 0 such that B.(z') c A’. Then, using the LDP
for PV,

. ]_ ’ _ ZN
18'(¢ _SA)IIBG(CL'/) = hjr\?_?ipﬁlogEN [ B NIE-EI( )|1B5(x’) ]

1 / 1
< limsup i log EN [ P NIE-EAI(=T) 1B, () ] - th_}gf N log PN( B.(z") )

N—oo

1 ’
< limsup N log EN [ P NIE-EAIGT) 1ar ] +I(B(2")).

N—oo

(3.5.15)
Since I(Bc(z")) < I(z") it follows that
limsuplimsup [8'(€ - E\)] g, oy < K + (") (3.5.16)
e—0 A—=0 )

Note that K and z’ are independent of 8, and since I(z") < co by assumption, K + I(z') is finite.
Now, by Lemma (13.3.17), we have that for any § > 1 and any set A,

186~ 00 5 5 188'(E £ (3.517)
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Hence,
K+1(z")

limsuplimsup [8'(€ = E\)] p_(ary < (3.5.18)
e—0 A—=0 € ﬁ
Letting 8 — oo, it follows that for any fixed 2’ € D(I) and 5’ € R that
. . Vi _
11_1)% l\lir(l) [[B (g - 8>\)]]B€(m’) = 0, (3519)
and thus we have established local quasi-uniform convergence. O

Comments

Remark 3.8. In the case for a £ that is strictly locally quasi-bounded, and continuous &y,
it is clear that quasi-convergence can only be locally, since for some sets A it can hold that
[B(E = Ex)] 4 = oo for high enough 3, as mentioned in Remark

This is the reason that for such a case we have to rely on a different approach. In Section
for example, we will use a discretization technique and apply Lemma [3.2I]— which only requires
us to find for every z € D(I) and 8 € R an appropriate set A such that a certain uniform bound
holds. These sets A will actually be constructed by placing restrictions on how many particles can
be close together, which will act as a kind of approximate absolute continuity of 2" with respect
to the Lebesgue measure.

Remark 3.9. Note that for quasi-uniform convergence we require pointwise convergence of &£y
on D(I), which might seem counter-intuitive However, as noted in Remark recall that if
quasi-continuity is not yet established, the behaviour of £(2"V) and £(z) with 2 € D(I) can be
completely unrelated and we need a condition for convergence of £y to £ on both D(I) and the
supports of PV, as is also clear from the proof of Theorem However, in our applications
pointwise convergence on D(I) is usually easily verified, or derived from the same exponential
estimates — see Section [l

Remark 3.10. Just as for quasi-continuity and quasi-boundedness, there is also a stochastic
interpretation of uniform quasi-convergence. The idea is that the probability of £(zV) being
much different from &£, (") becomes super-exponentially small as A — 0.

Namely, one can show that quasi-uniform convergence implies that for any ¢ > 0,

_— 1 N N N
l\lirg)lljr?fipﬁlogP ([EGY)=ax(z)|>6) = —oo. (3.5.20)

This looks similar to a notation used in [DZ10], where the random variables zY with law P} are
exponential approzimations of the r.v. 2V with law PV if there exists a joint law P;\V such that

1 _
}\i_r)r(l) th—ilip N log P;\V( |zN - ziv| >§) = —oo. (3.5.21)

In particular, note that the variables £x(2”) are exponential approximations of £(z"). However,
quasi-uniform convergence does not seem to imply that the induced measures Qg , are exponential

approximations of Qév — which is rather restrictive. Moreover, if Qg  are exponential approxi-
mations of QJBV for only one single fixed [3, it does not follow that £, converges quasi-uniformly.

Hence, the key difference between the two concepts is that for quasi-uniform convergence we
require conditions on Qé\i 5 for all € R simultaneously.

41



3.6 Properties of the unnormalized rate functions Jjz

While it is clear that quasi-continuity is a quite restrictive condition, it is also interesting to ask
what this entails for the unnormalized rate functions Jg. Again, we will see that £ is as ‘continuous’
with respect to I as we need for our purposes, and that it satisfies quite a strong growth condition.

First, recall the definition of J3, namely

Bf(w) +1(x) x e D(I), (3.6.1)

To(@) = { ¢ D(I).

Note that if |€(x)] is finite on D(I) then we can simply state Jg := SE + I.

Lemma 3.22. Suppose £ is quasi-continuous. Then £ is finite on D(I), and

1. Jg is lower semi-continous at all x € D(I) for all B € R.
2. & is continuous on the compact sets {x|I(zx) < M}.

3. For any set A, e D(I)n A and 8> 0 it holds that
1
E(2)] < B(I(m) +[BEL,)- (3.6.2)
In particular, [BE] 4 < oo implies that for all sequences x,, € D(I)n A with E(x,) - oo that

lim sup |§Ejn§| <p (3.6.3)

4. In addition, [yBE] 4 < oo for some vy > 1 implies that Jg is lower semi-continuous on A with
pre-compact sublevel sets {x|x e A, Jg(x) <M} .

5. In particular, when £ is quasi-continuous and quasi-bounded, Jg is lower semi-continuous
on X with compact sublevel sets for all 5 € R.

Moreover, we will also briefly investigate tools to establish the properties £ of above in a purely
deterministic way, by establishing uniform convergence of continuous functions £y on the sublevel
sets of I instead of using limits of exponential integrals, and see how they are deterministic analogs
of quasi-uniform and local quasi-uniform convergence.

Since the properties of Lemma |3.22] are necessary conditions for quasi-continuity, these tools
provide us with possible candidates for quasi-continuity, as shown in Section Moreover,
uniform convergence of £, to £ on the sublevel sets of I shed valuable insight on minimizers of Jg.

Proof. 1. Fix any z € D(I). By Theorem it follows that for all 5 € R there exists an open
set A such that Jg is lower semi-continuous on A, and in particular at x. Hence, Jg is ls.c.
at x for all B eR.

2. Fix M and define Cyy := {y|I(y) < M}, which by the properties of the rate function I are
closed sets. Now, for any sequence x,, € Cjs that converges to a x € C);, we have by the l.s.c.
of Jg for all B € R that

linl'g}fﬂﬁ(xn) +1I(xy) 2 BE(x) + I(x). (3.6.4)
Dividing by 3, we derive
liminfg(xn)+M25(x)+I(x), B8>0,
e , h , (3.6.5)
limsupé’(wn)+(zn)sé’(x)+(§), B8<0.
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But I(z) < M and I(x,) < M for all n. Thus, letting 8 — oo, it follows that

liminf £(z,,) > E(x),

3.6.6
limsup E(zy,) < E(x), ( )
and therefore £(zy,) - £(x). Hence, £ is continuous on the sublevel sets of I.
3. From Lemma [3.10} (3.3.17), we have for any § ¢ R,
1 P(A
[BE], < [BE] 4 + lijr\?jolip N log PEO§ for any O c A, (3.6.7)

Setting O := B.(z), exploiting quasi-continuity of |£| and noting P(A) < 1, it follows that in
the limit € = 0
82 ()| < (18214 + 1(2)). (3:68)

4. Note that this follows directly from Theorem [3.17
5. Similarly, this follows directly from Theorem

Now, we will give a deterministic analog of [-] .

(E)xi= sup ()]~ I(x). (3.6.9)
zeD(I)

It can be shown that (£)), has many of the same properties of [],, and could similarly be
extended to for example (€)), via a variational statement over any set A. However, we do not
treat those here, and merely provide a few equivalence and convergence results.

Lemma 3.23. Suppose £ is quasi-bounded and quasi-continuous. Then for any € R, it holds
that

[BE]x = (BE) x - (3.6.10)

Proof. Note that f : R — R, with f(a) := |a|, is Lipschitz continuous. Thus by Lemma it
follows that |£| is quasi-continuous and quasi-bounded. Moreover, note that by the assumption of
quasi-continuity |E|(x) < oo for any x € D(I).

Hence for any fixed (8 € R it follows by Theorem that the Laplace principle holds for §|€|,
and by the definition of -], the result follows, since

i L o BN [ NIBEGEN)
[[Bgﬂx-hmsupﬁlog]]ﬂ [e ]

Nooo
=sup |BE(z)| - I(x) (3.6.11)
reX
=(BE) x -
O

Theorem 3.24.
Let €\ be a sequence of functions that are finite on D(I), and let £ be some function.

1. Suppose that for all B € R it holds that

lim (3(E ~£2)) =0, (3.6.12)

Then &y converge uniformly to € on {x|I(x) < M}.
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2. Suppose there exists a constant K, such that for every ' € D(I) and every 8" >0 € R there
exists a open neighbourhood A" of x’ such that,

limsup sup { F'|E(x) - Ex(w)| - I(2) | < K. (3.6.13)
A—0 xzeA’

Then &\ converge uniformly to € on the sublevel sets of I.

In particular, £ is finite on D(I) and Ex converges pointwise to € on D(I).

Proof.

For the first part, as before, fix M and define Cy; := {y|I(y) < M}, which by the properties of
the rate function I are closed sets.

For any g > 0, then,
sup |E(x) - Ex(z)| = 67! sup BIE(x) - Ex(w)]

zeCpy zeCir
Sﬂl( sup {6|5(fv)—fx(x)|—f(x)}+M) (3.6.14)
zeD(I)

(BE-E))x+M
B

Hence, by assumption of (3.6.12)),

M
}\im sup [E(z) - Ex(x)]| <

0 zeCr ﬁ ( )

and thus uniform convergence on C); follows when we let 8 — oo.

For the second part, fix any 2’ € D(I) and any 3’ € R.

Now, by assumption, we can find an open set A’ containing z" such that (3.6.13)) holds. Hence,
for any small enough € such that B.(x) c A,

1

sup [E(x) - ()| =
:EEC]\{ﬂBe(I’)

; sup - BlE(x) - Ex(w)]

zeCrpnBe(a')

=

1
< ( sup {B'S(x)—g,\(x)|—f(x)}+M) (3.6.16)
ﬂ zeBe(z')
<L ( sup { BIE() - Ex(@)] - 1) } + M)
- /B, zeA’ ’
and therefore M
limsuplimsup  sup lE(x) - Ex(x)] < +, (3.6.17)
e—0 A—-0 zeCpNBe (11') /B
Note that the K + M is independent of 3’, and thus, letting 8’ — oo, it follows that
limlim  sup |E(x) - Ex(x)] =0. (3.6.18)

=00 zeCpnBe(z')

Note that this is simply local uniform convergence of £, to £, and because the sublevel sets of T
are compact, this implies uniform convergence.

O
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Lemma 3.25. Let £, be a sequence of bounded and continuous functions.

1. Suppose there exists a function € such that for every f e R

lim (B(€ - &) (3.6.19)

Then, Jg is lower semi-continuous on X with compact sublevel sets, for all 5 € R.

2. Suppose there exists a constant K, such that for every ' € D(I) and every 8" >0 € R there
exists a open neighbourhood A" of x’ such that,

limsup sup f'l€(x) - Ex(z)| - I(z) < K. (3.6.20)
A—0  weA’

Then Jg is lower semi-continuous at all x € D(I) and for all 5 e R.

Suppose that in addition (BE), < oo for all B € R with |B| < B*, then Jg is lower semi-
continuous with compact sublevel sets for all 5 € R with |5] < 8.

In both cases, £ is continuous on the compact sublevel sets of I, and €\ converge uniformly on
these sets. In particular Ex converges pointwise to finite |E| on D(I).

Proof. In both cases, note that continuity of £ on the sublevel sets of I directly follows from
Theorem [3.24] since the bounded and continuous &, converge uniformly to £ on these sets. In
particular, |€(z)| < oo on D(I).

Now, for the first part, note that for any 5 € R and any « > 0.
Jp(x) = BE(x) + I(x)
(55(”3) +I(x )) +(1-a)l(x)

o (_ ‘5595) +](x)) +(1-a)I(z) (3.6.21)
o [£2] 0] 00

> 04<<%>>X +(1-a)I(2).

Hence it follows that for every M,

Ts(x) < M —> I(x) < 1}@ (M’—a<<%€>>x). (3.6.22)

Since by assumption <<§€ >> x s finite for all 8 € R and 0 < « < 1, it follows that the sublevel sets
of Jg are contained in compact the sublevel sets of I, hence pre-compact. However, since £ is
continuous on the sublevel sets of I, it follows that the sublevel sets of .Jg are closed and hence
compact, and in particular Js is lower semi-continuous.

For the second part, the derivation is similar. Namely, note from that (BE) , < oo for
all 8 € R with |5| < 8%, by choosing « such that |§| < B*, implies that the sublevel sets of Jg are
contained in the sublevel sets of I, and the result follows. O
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Comments

Remark 3.11. In the problems that we consider in this thesis there always exist a 8* such that
[8*E]y < oo, meaning that the exponential rate of normalization constants Zg are bounded for
at least some high enough temperature. Thus the latter implies that £(z,,) can never grow faster
than I(z,) for all sequences z, € D(I) (which also follows directly from the l.s.c of Jg+). This
gives you an immediate restriction on the growth of the singularities that £ can have for £ to be
quasi-continuous.

Remark 3.12. For any z’ € D(I) and quasi-continuous &, note that Jg is lower semi-continuous
for all 8 only at z’. Namely, for each 8 there does exists a set A’ containing z’, such that Jg: is
Ls.c. on A’, but for a strictly locally quasi-bounded &, there does not always exist a single set A
such Jg is Ls.c. for all 8 simultaneously.

Remark 3.13. As mentioned, Theorem provides us a way to verify directly that the unnor-
malized rate functions Jg have the same properties as when £ is quasi-continuous — and hence
gives us possible candidates for £ that induce large-deviation principles.

For example, in Section [4.5] we will see that the conditions of Theorem [3.24] can be established
via an entropic inequality and use of certain finite-dimensional exponential estimates, which are
the same ones that we use to derive quasi-continuity. However, the space of functions for which we
can show the properties of Theorem [3.24] is strictly larger then the space for which we can show
quasi-continuity, which begs the question if more advanced techniques could extend our results.

Remark 3.14. Finally, note that part (2.) of Theorem is a deterministic analog to Lemma
which was introduced as an equivalent formulation of local quasi-uniform convergence that
is well-suited for discretization arguments, see also Remark

This similarity is of course intentional, and in Section 5| we will first introduce our discretization
argument for logarithmic potentials in a simple deterministic way — by proving that (2.) of
Theorem [3.24] applies, and afterwards showing the more involved stochastic argument to prove
quasi-continuity.
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3.7 Assymetric generalization

In [DZ10], Varadhan’s Lemma is split into two, namely that lower semi-continuity of £ implies a
upper bound, and upper semi-continuity implies the lower bound. A similar approach works for
quasi-continuity, however we do not show them here in full. However, we do employ the same
rationale to show the following asymmetric generalization of Theorem [3.4] which is essential for
proving LDPs for systems with purely repulsive potentials, see Section

First recall,

ng e~ BNE(@)
xX) =
dPN Zy
Fp(z) = Jg(x) - Jp(X), (3.7.1)

BE(x) + I(x) x e D(I),

Ja(2) ::{ + 00 ¢ D(I),

Theorem 3.26.
Suppose €y are bounded and continuous functions that converge pointwise on D(I) to a &, where
E is possibly infinite but € # +oo on D(I).

Moreover, suppose that for all 8 >0 it holds that,
1
lim sup lim sup — log EN [e_ﬁN(g_'S*)(ZN) ] <0, (3.7.2a)
A>0 Nooo N

lim sup limsupEN[(é’ SENICRS ] <0. (3.7.2b)
A—=0 N—o0

Then for all B >0 it holds that Qg satisfy a LDP with rate function Fga.

Proof. Note from Theorem [3.17] that we can prove a unnormalized large-deviation principle on X
for all >0, if for every x € D(I) and all 8 >0 it holds that

1
lim sup lim sup — log BV [e_BNE(ZN) 1B, (2) ] < -Jg(z), (3.7.3a)
e—0 N—oo N
.. . 1 N -BNE(N
hrerilonthrrilgf N logE [e ANE(T) 1BE(I)] > -Jg(z),, (3.7.3b)
where ¢
z)+1I(x xeD(I),
Jo(ey o [ E@ 4T (1) -
+ 00 x ¢ D(I),
and additionally, if for all 8 > 0,
1
limsup—logEN[e_ﬁNg(zN)] < o0. (3.7.5)
Nooo N
Now fix any S > 0. Note that for any A, by Cauchy-Schwartz,
1 1
hglfolip N IOgEN[ e*,BNS(zN) ] — h]r\l;lfollp N IOgEN[ e*BN(E(zN)*gx)JrﬂNf)\(zN) ]
1 1
< 3 hjr\?j:,p i log EN [e‘QﬁN(g_g*)(zN) ] (3.7.6)
1 1
+ 3 hjr\qu_ilip N log EN [625&(21\’) ]

Since the first term is eventually bounded from above by (3.7.2a]), and because & is continuous
and bounded for all A, (3.7.5)) immediately follows.
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Additionally, fix any x € D(I). Then, similar to Theorem (3.5.11)), using Holder’s in-
equality it holds that for any A >0 and any € > 0 that

N[ _-BNE=N)
ll}r;ljileogE [ lBE(I)]

< lim sup % 1ogEN[ exp{ - ﬁN((é' —E)EY) + (EA(EN) - Ex(x)) + 5/\(55))} 1B€(m):|

N—>o0

1 1 1 1
L “ﬁlfip N 1OgEN|:€—3BN(€—E>\)(zN):| +3 hjl\?_?ip = log]EN[6—3,8N(£A(ZN)—£A(m)) 1Bé(x)]

-Béx(x) + = hmsup — logPN(B (z)).
N—oo
(3.7.7)

Note that the left side is independent of A. Hence, as in the proof of Theorem (13.5.12)), for
any fixed )\,

N[ -BNE(ZN)
hjrvnfileogE [ 136(95)]

1 1 1
< g lim h]Ian:’p ¥ 1Og]EN[ -38N(E-Ex)(zY) ] + 5 llejip N logEN[6—35N(5A/(ZN)—5>\/(I)) lBe(z)]

-p hm 5,\(3:) *3 thjolip N log PV (Be(a:) )
(3.7.8)

Thus, similar to the proof of Theorem, (3.5.13)), the first term is zero due to (3.7.2a)) and the third
term is equal to —3E(z) (with £ possibly +o0) due to pointwise convergence of £y to € on D(I).
Hence, now taking € — 0,

N
hmhmsup I log]EN[ “ANE(ET) 136(30)]

N—oo
1. . 1 N[ _-3BN(Ex (2N )=E (2))
ng%h?jipﬁlogﬂi [e x x 136(97)] (3.7.9)
-BE(x) + fhmhmsup—logP (Be(x))
=0 Nooo

However, by continuity and boundedness of £y, the first term vanishes—since continuity implies
a pointwise estimate such as (3.7.3) for £y at all z € D(I), see Theorem — and finally the
pointwise estimate for PV, see Lemma it follows that that

1
lim sup lim sup N log IEN[ e PNEGEY) 1B€(x)] <-BE(z)+ I(x) (3.7.10)

e—0 N-—oo

and hence we have proven (3.7.3a), since the latter equality follows by definition of Jg.

For the lower bound,(3.7.3b]), we use Jensen’s inequality for the transformation a — e #N¢,
Fix x € D(I). Then for any set A.

EN[e’BNg(ZN) |A] > exp{ - ﬂNEN[E(zN) | A] } (3.7.11)
Hence,
%ngN[e-ﬂNf(ZN) 4] -EN[e(z") | 4], (3.7.12)

However, for any fixed N, A, and € > 0.
IEN[E(ZN)‘Be(x)] = ]EN[(é’—&’,\)(zN) |B€(x)] +1EN[5A(ZN)\B€(:U)]. (3.7.13)
Note that the left side is independent of A. Hence, for any fixed )\,

EN[£(=V) | Be(w) ] < lirilj(t)lplEN[(f ~8)(N) | Bel@) |+ EV[En (2V) | Be(w) | (3.7.14)

48



Again, taking appropriate limits for the two terms, using (3.7.2b) and continuity of £y, we
derive

limsupEN[é'(zN) ‘Bé(x)] < limsup limsupEN[(S -&)(zY) ‘Be(x) ] + lim sup limsupEN[S)\/(zN) ‘Be(gc)]
0 =0 A0 No0 €0

<0+ limsup Ex (x)
A'—=0

=&(x)
(3.7.15)
Thus, we conclude that

e o] N[ _-BNEN)
hrerilonthrrilgfﬁlogE [e ‘Be(ac)]z—ﬁc‘!(:n)7 (3.7.16)

which is equivalent to (3.7.3)) when taking out the conditional expectation and using the pointwise
estimate for PV.

Finally, similar to Theorem note that by it follows that Jz(X) > —oo, and by
assumption £ # +co on D(I) and thus Jg(X') < co. Hence the normalizations constants are finite,
and we can turn the unnormalized large-deviation principle into an actual large-deviation principle.
See the proof of Theorem [3.4] page [35] for details. O

Remark 3.15. Note that in Theorem [3.26] we have actually proven that for such a £ it holds that
for every x € D(I) and 3 >0,

1
lim sup lim sup — log EVY [e‘ﬁN(s(zN)_g(w)) |Bs(x) ] <0, (3.7.17a)
e—0 N—oo N
lim sup lim sup IEN[S(ZN) -&(x) |B€(x) ] <0. (3.7.17Db)
e—0 N—o0

This can be interpreted as upper semi-continuity of £ ‘in expectation’, and a quasi-analogue
of lower semi-continuity.
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3.8 Discussion

In this section we introduced the notion of a quasi-continuous function &£, for which the probability
of a discontinuity is vanishingly small with respect to some sequence of reference measures P,
This enabled us to establish a equivalence between quasi-continuous functions and functions that
satisfy Varadhan’s Lemma, i.e. induce large-deviation principles, as seen in Theorems
and B4

Moreover, we showed how they form a linear space and are closed under a type of convergence,
dubbed (local) quasi-uniform convergence, see Theorem In addition, quasi-continuity and
convergence apparently imply strong restrictions on the unnormalized rate functions Jz = 8€ + I,
see Theorem [3.24] The latter provides us with a nice deterministic way to create a class of possible
candidates of quasi-continuous functions.

These results will be applied in the remaining sections, and as seen in Section 4| — which
encompasses the models for both invariant measures of Section |[5|and those for empirical processes
of Section[6]— can be established via an exponential estimate over only a finite number of particles.

Although in the case for systems induced by a logarithmic potential our method forces us to
only consider local quasi-uniform convergence — since £ can only be locally quasi-bounded —
Lemma provides a technique that is well suited for discretization arguments, as exploited in
Section [5.4]

The power of this section is that going forward no additional lifting will be required — in
the sense that these finite-dimensional estimates completely determine a large-deviation principle
for the relevant empirical measures, and valuable information about the minimizers of their rate
functions.

a0



4 Gibbs measures of weakly interacting particles

4.1 Introduction

In the previous section we developed an expansive and rather abstract framework to derive large-
deviation principles by approximating a function £ in an appropriate way. In this section we will
show that in the case of a certain class of Gibbs measures over N independent particles, in which
PN can be factorized and & is the sum over all k-particle interactions for some finite & — this
approximation can be easily established via a factorization argument.

The key principle is that we can establish quasi-uniform convergence — which consists of
pointwise convergence of a sequence of functions £, to £ on the domain of the rate function I of
the underlying reference measures PV, and limits of exponential integrals involving £ — &y, see
Definition [3.18]— purely in terms of a finite k-particle estimate, as will be shown in Theorem

Outline First, we will recall and expand on the relevant notation of Section [2] since we will
consider in Section 4.2 an abstract and generalized version of the model mentioned previously,
which encompasses both the case of invariant measures of Section[f|and those of empirical processes
in Section [6} and the main results that we will use for both are stated in Section

Next, in Section we will outline a factorization argument that uniformly bounds the N-
particle exponential integrals induced by a k-particle interaction potential V' by a similar estimate
over only k particles.

Finally, we will show in Section how that same exponential estimate directly implies the
necessary properties of the rate functions via an entropic inequality, and in particular pointwise
convergence of £, to £ on D(I). Moreover, we will show how a slight generalization of this
argument points to other possible candidates for quasi-continuous functions.
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4.2 Notation and basic properties

Let V be a — possibly asymmetric — k-particle interaction potential on a Polish space S, i.e. a
measurable function V : § x S¥71 - R, with k some positive integer. Moreover, let pg € P(S).

While V is allowed to be singular, any unboundedness is assumed to be restricted mostly to
the first argument, in the sense that we have the following asymmetric k-particle estimate,

sup logfselv(m““"“’x’“)‘duo(xl)<o<>. (4.2.1)

Zo,...,L€S

In particular, we allow V to be such that self-interaction terms with respect to the first argument,

Vix;...,x,...), (4.2.2)
are possibly infinite for any x € S and arbitrary values for the other arguments.
Now, for every V and N, we define the energy EY : SV — R of a N-particle vector (x1,...,7x)
by
E§(x1,...,mN)::$ ‘ Zi‘ ‘ V(®iy; Tigy ooy iy )s (4.2.3)
G2y intin i

where the sum is shorthand for
N
> V(Ziy; Tigy ooy Ty )s (4.2.4)

i.e. we do not include terms such as (4.2.2)).

Note that in the case of k =2, both the pair potentials V(z,y) and 1V (z,y) + V(y,z) lead to
the same symmetric energy En (V') for any N. The reason for why we still require an asymmetric
condition is a technical one arising from Lemma and can be relaxed to a symmetric
condition, as shown in Remark

Now, we consider for each V' and each N two systems of particles, represented as S-valued
variables XV, 1 <i < N, with either joint law PN e P(SN), or a joint law Q¥ € P(SV), where
the latter will be defined in terms of PV and V, as seen below.

For the rest of this section, we assume that under the law PV the XN are identically distributed
and independent, i.e. PY = (ug)®Y, with g € P(S) their common law. We will refer to this as
the non-interacting system.

Subsequently, for every V, we define QY € P(SV), with

drﬁ(xl,...,x]v):: @e VATL TN z;€S5,1<i<N, (4.2.5)
with Z{Y normalization constants. We will refer to the variables X}V under Q¥ as the interacting
system.

We will study large deviations for the empirical measures, and hence recall the notation and
framework of Section 23] page [I0]

We equip P(S) with the weak topology, which turns P(S) into a Polish space. As before,
let 7 : SN - P(S) be the continuous operator that projects the particles into their empirical
measures, i.e. 7 (z1,...,zy5) = 2, with

ZNZ

Os; -

i

=

[

(4.2.6)

1=

Denote by PV ¢ P(P(S)) and Qf € P(P(S)) the laws of the empirical measures induced by PN
and Q¥ i.e.
PN .= pPNo 77_1,

O - ON oL (4.2.7)
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Because of the continuity of 7'V, absolutely continuity of Q{y with respect to PN implies that Qg
is absolutely continuous with respect to PV, with

dQ¥

1
() = —ce Nevim), (4.2.8)
dPN zy

where p € P(S), and Ey : P(S) > R is the function defined as

k
gV(y’) = (SkYy V($1,$277$k)nd,u($1) (429)
i=1

Here (S*)" is S* but with the x;-diagonals removed, i.e.

(S") = {(z1,..., o) € S* |2y # 21, Vi =2,... K} (4.2.10)

Now, set X := P(S). Note that g,z € X, & : X - R, and PV, QY ¢ P(X). Moreover,

under the laws PN or g , 2V is a random element in X.

Additionally, recall from Section that PN satisfies a large-deviation principle with rate

function I : X - R,
I(p) = R(pe|po), (4.2.11)

i.e. the relative entropy of u € X with respect to pg, with

d
f log & dv if v absolutely continuous w.r.t. pu,
R(v||p) =1 Js ~dp (4.2.12)

+ 00 otherwise.

Note that for bounded and continuous V', &y is bounded but may not be continuous. This is
because of the missing z;-diagonals in (4.2.9). However, similar as done in Section under a
certain condition they can be approximated uniformly by bounded and continuous functions, as
will be shown below. Hence, we have the following result.

Lemma 4.1.
Suppose V : 8 x S¥=1 = R is continuous and bounded. Moreover, suppose that for any pu with
R(p||po) < o0 we have
k
Ev () = [Sk V(xyima,...,2p) [ du(a:). (4.2.13)
i=1

Then the function Ey : X - R is bounded and is quasi-continuous with respect to PN .

In particular, ng satisfies a large deviation principle with rate function Fgy for any f € R,
where

Fv(p) = Jv(p) - ;?)f( Jv(v), (4.2.14)
with
- o
and D(T) i= {31 R(ulluo) < oo}.
Proof. Define £: X - R by
k
Ev(p) = fs V(esiwn o) [Tau(e), (4.2.16)

33



Note that for any continuous and bounded V and any fixed empirical measure zV, by counting
the particles that are left in out in (4.2.9)),

n

_ 1 n
‘SV(;;N)_<‘,’V(ZN)‘:m Z V(@) Tigy ooy Tiy ) — Z V(Ziy; Tigy oo Tiy)

12,0y Tk #1401 11,82,y 0k

1 _
<% (N* = N(N -1 V]l
1 _ -
= NI (N = (N =15 ) V][

(4.2.17)
But note that for any N and any [ > 0 we have that

Nl—(N—l)l:Nl(1_(1_]i[)l)
gNl(l_(l_%)) (4.2.18)
<IN,

and hence 1
|Ev(:N) v (zY) | < G (k= DNV
MVl
SN
The latter goes to zero as N — oco. By Theorem 25 it follows that the measures induced by &y
satisfy a LDP with the same rate function as & (2V). Since by assumption Ey = &y (2Y) on D(I),
Varadhan’s Lemma applies for £, and by Theorem is therefore quasi-continuous. O

(4.2.19)

Thus, we have created a large class of quasi-continuous and bounded (hence quasi-bounded)
functions &y, that all satisfy Varadhan’s Lemma. Therefore, we are now in the position to apply
the framework and main results of Section [3] and can investigate large deviations induced by
arbitrary V' purely in terms of approximation of £ by &y,, with V) bounded and continuous.
Hence, for the remainder of this section, we will only be concerned in verifying these estimates.

Finally, note the following statement, which follows directly from the definition of &y .
Lemma 4.2.
5‘/1 + 5\/2 = 6V1+V23 (4.2.20&)
IEv] < 5‘\/‘. (4.2.20Db)

Remark 4.1. Recall Remark and note that one can loosen the restriction (4.2.13]) by con-
sidering the couple { &y, Ev }.
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4.3 Main results

Let [V']s be the following k-particle estimate induced by V,
[V]s:= sup [gelv(z““’“"z’“)l dpo(21). (4.3.1)

We then have the following result.

Theorem 4.3. Suppose there exist bounded continuous functions Vy : S x S¥~% = R such that for
all B eR,
lim [B(V-Vy)]=0. (4.3.2)

Then Ev is quasi-bounded and quasi-continuous with respect to the sequence of measures PN . In
particular, for all B € R, the induced Gibbs measures Qévv satisfy a LDP with rate function Fgy .

The main underlying technique is a comparison result, see below, which is directly implied by

Lemmass [£.7] and [£.9] of Sections [£.4] and [£.5| respectively.
Theorem 4.4. Let V : S x S¥1 - R. Then,
[Ev]y <[V]s, (4.3.3)

and

(ev)a <Vls. (4.3.4)

Note that while [V']g involves an estimate over only k-particles, [y ], is defined as the limit
of N-particle estimates, see Definition [3.6] with

1
[€] 4 := limsup — log EY [eNIE(ZN)‘ |A] , (4.3.5)
N—oo N

and (Ev )y, see (3.6.9), is defined by a variational statement over the domain of I,

(€)= sup [E(@)[-1(x). (4.3.6)
zeD(I)

We will see below that Theorem [£.3] follows quite easily from Theorem [£.4] and the framework
developed in Section

Proof of Theorem[].3
Let V,Vy: S x S¥1 - R, with V), bounded and continuous.

Recall from Lemmaf4.1|that €y, is bounded (hence quasi-bounded) and quasi-continuous. Now,
h

because of linearity, see (4.2.20a)), it follows by assumption of (4.3.2) and Theorem (4.3.3),
that for every g € R,

lim [B(&v — v, )]y = lim [BEv-v; ] x
<Tm[5(V - V3]s (4.3.7)
=0.

Similarly, it follows by (4.3.4) that,

lim (B(Ev ~ &y ) x < LIm[B(V = Vi)]s
=0.

(4.3.8)
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By Theorem (4.3.8) implies pointwise convergence of &y, on D(I), and combined with
(4.3.7)) it follows from Theorem that &y is quasi-continuous and quasi-bounded.

In particular, by Theorem £ induces a large-deviation principle for every 3 € R with rate
function Fgy, and we conclude the proof. O

Finally, using Theorem we can generalize Theorem to an asymmetric condition, which
is of particular use for purely repulsive potentials.
Theorem 4.5. Suppose V : SxS*~1 = R is such that there exist continuous and bounded functions

Vi such that Ey, converges pointwise to Ey on D(I), and such that for all §>0

limsup sup logfse’ﬁ(v’v*)(xl‘“""’m’“)dpo(xl)SO, (4.3.9)

A—0 Iz,...,ZkGS

and additionally,
k
limsup fSk(V -V (@122, .. @k) [ [ dpo(a;) <0. (4.3.10)
A—=0 i

Then for all 5 >0 the induced Gibbs measures ng satisfy a LDP with rate function Fgy .
Proof. Using Lemma [4.8] it follows that for all >0

: 1 N[ -BN(Ev-Ev ) ()] L1 1 N[ -BN(Ev_v,)(=Y)
hglfipﬁl()gE [e x ]—h}r\?fipﬁlogE [e A ]

< log sup fe"B(V_VA)(“m’“'x’“)dﬂo(fﬁl) (4.3.11)
s

T2,...xES

= sup 10%fG_B(V_VA)(“”"”“)duo(:rl%
S

T2,...TES

where again we used the monotonicity and continuity of the logarithm to switch the supremum.

Hence, by assumption of (4.3.9).

1
lim sup lim sup — log EY [e’BN(SV’SVk)(ZN) ] <0, (4.3.12)
A—=0 N—oo N

Moreover, by assumption of (4.3.10)),

n

oo 1
limsuplimsupEN[(£—EA)(zN)] :limsuplimsupEN[W > (V—V)\)(Xil;Xiz,...,Xik)]
A-0 N i

A—=0 N—oo —00 2yeey i 01,01

k
= lirils:;lp [Sk(V— V(1 529,. .., 28) H dpo(x;).

(4.3.13)
Combined with pointwise convergence on D(I), &y and Ey, satisfy all the assumptions of Theorem
[3:26] and it follows that &y induces a large-deviation principle for all 8 > 0. O
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Comments

Remark 4.2. Note that in Theorem we have the seperate requirement that &y, converges
pointwise on D(I), while in Theorem this is not necessary — since it already is implied by
Theorems [3.24] and Theorem (4.4

Of course, in many of the cases of Section [5] and [6] we will establish [V - V3], — 0 by making
assumptions on Vy that already directly imply pointwise convergence of £y, on D(I) — such as
pointwise convergence of V on S* and removal of the supremum by using translation invariance.

Moreover, note that we only considered quasi-bounded &y, and hence Theorem does not
treat the case of strictly local quasi-uniform convergence. In section [5.4] we will give an explicit
example of where we do not have quasi-boundedness, where a pairwise potential V : R? has a
logarithmic singularity. However, to make it work, we will require additional assumptions on V'
and g, namely that the logarithmic singularity of V' is only at the diagonal and g is absolutely
continuous with respect to the Lebesgue measure.

Remark 4.3. Suppose V(z,y) = W(z) + W(y), where W : S — R is a unbounded function that
satisfies the conditions of Theorem Considering W (x) and W (y) as functions on S2, and using
the linearity of quasi-continuous functions, it follows that &y is quasi-bounded and continuous.

However, it is easy to see that [V]s = o0, so Theoremcould not have been used directly. The
problem is of course the supremum over o, ...z in the definition of [V]g, and we circumvented
it by splitting V' up into different functions.

By a similar argument and permutating the variables, it is easy to see the following result,

Corollary 4.6. Consider k functions W' :S* >R, 1<i<k, and set
k .
V=Y wh (4.3.14)
i=1

Moreover, suppose there exists bounded continuous functions W};, 1 <i<k, such that for every i
and every B e R,

lim [B(W* = W)]s =0, (4.3.15)
where 4
[W]s:= sup elV @il gy (). (4.3.16)
zjeS|j#i S

Then Ey is quasi-bounded and quasi-continuous with respect to the sequence of measures P .
In particular, the induced Gibbs measures satisfy a LDP with rate function Fy .

Remark 4.4. Finally, note that the space of functions V : S¥ - R such that there exists a
sequence of bounded continuous functions V) such that V.V, satisfies the conditions of Theorem

is a linear space.

Moreover, because of (4.2.20a) and the fact that the space of quasi-continuous and quasi-
bounded functions is linear itself, it follows that the space of V' such that £y induce a large-
deviation principle is also linear, and is contained within the one mentioned above.

The question is of course if the containment is strict, which is to be expected since the un-
derlying reduction technique that establishes , see Lemma is fairly simple and straight-
forward, and adapted from a technique that is decades old, see [CLMP92]. We will provide at
least one possible class of candidates, see Remark [£.7} but it is possible that more advanced and
modern technique could give more general results.
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4.4 Bounds on [&v],

As mentioned, in this section we will prove the following inequality.

Lemma 4.7. For any V it holds that

[Evlx <[V]s (4.4.1)

However, we will also prove a slight generalization, which we will use to prove Theorem

Lemma 4.8.

1 .
lim sup N 1og]EN[ e’NgV(zN)] <log sup fs e V@uEe ) gy (). (4.4.2)

N-—o0 Ta,...TRES
Note that Lemma [£.7] follows easily from Lemma

Proof of Lemmal[f.7] Recall the definition of [£] , for a function &, see (3.4.2)) or below.
Now, by (4.2.20b)) and Lemma

1

< limsup 1 log EN[ eNEVIGE) ]

< sup logfelv(xl;“"“x’“)lduo(xl)
To,...TREN S
<[V]s.
O

The proof of Lemma [4.8] is straightforward, and is adapted from a more simple version for
a logarithmic pair-potential, see [CLMP92, p. 506]. It uses the generalized Holder inequality
to asymptotically bound the partition function of the interacting system by a system that only
contains an external potential, where the latter can be factorized in the usual way because of the
independence of the particles under PV, see below.

First, for a k-particle potential V', note that

ENI:GfNSV(zN):I -EN

1 N
exp { Nk—l . Z ) V(Ih 3 Ligs e -+ 7mik)}] . (444)

Here EY is the expectation under the law PV of 2V, with PN € P(P(S)), and EV is the expecta-
tion under the law PV of the particle vector XV = {X,... 2N} € SV, with PN e P(SV). More-
over, recall that PV = (1u0)®", i.e. the particles are independent and identical under PV = (19)®%,
and in particular, they are exchangeable.

Proof of Lemma[{.8 We will first show that (4.4.2]) holds for a pair potential V : §? — R, and
then extend this to a k-particle potential.

Note that trivially,

1 X 1
N > Vizizzy) = NZ(ZV(%;%))- (4.4.5)

©,J#1 7 \i#]
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Hence, using the generalized Holder’s inequality with common exponent IV, and the exchange-
ability named above,

Ew[eﬁzfmv(m;m] EN[ed N(Zm‘/(wuwﬂ)]

1/N

IJ'V[ (BN [eZin v mimn]) (4.4.6)

- RN [62#1 V(%“@l):l'

IA

The latter looks almost like an external potential, were it not for 1 — see also Remark [£.5] Thus,
we can factorize as following,

ENI:ezi*l V(fi;rl)] = /SN 62#1 V(ziz1) d‘uo(llh) H d,u,O(Ii)

1#1

= fsN (Hev(azi;m)) dpo(xl)nd‘uo(xi)

f Hl(f V(x"';wl)duo(%); dpo(w1)

%1

_ fs (fsewm;xl)dm(@))]v_l dpao(a1)

N-1
< sup (/; ev(‘r"’;zl)duo(xg))

r1€S

N-1
:(sup -/Sev(wz;wl)duo(xg)) .

z1€S

(4.4.7)

Similarly, for a k-particle exponent, using the generalized Holders inequality with common expo-
nent N*~! and exchangeability,

N

EN[eXp{j\ﬂlcl ' > V(xil;xiw...,xik)}]:H:ZN[eXp{Ni1 ]ZV: (Izv:v(xil;xi27"'7xik))}:|

19y i #1411 12,0t FE1 \ 1

3 N
SEN[QXP{ Z V(l‘i;xg,...xk)}:l

i#2,...k

:f (f Vizizs,.. ””“)duo(ml))Nk dpo(x2) - dpo(xy)

N-k
( sup V(zl;zg,...mk)duo(zl)) )
.xReS
(4.4.8)
Hence, taking limits, we conclude
limsupilogEN[e_Ng‘/(zN)]:1imsupilogI~EN[exp L IZV: V(xiy;x xi,,) ]
N—oo N N—>oo N Nk71 i, ip#ie i1 I Pk
-k .
< lim sup log sup fev(xl’xz’“"”’“)duo(xl)
N—oo $2,...IkES S
=log sup [ eV @iime ) gy (1),
Zo,..xpeS IS
(4.4.9)
O
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Comments
Remark 4.5. Note that in the proof of Lemma [{.8] in using the generalized Holder inequality,

we actually only use the following statement,

E[ﬁn] <E[YM], (4.4.10)

=1

~.

where Y; are random variables with common marginal Y, but otherwise not specified. In the proof
of for a two-particle potential V', we have

N
Y; = %ZV(XhXj) (4.4.11)

J#i

Note that equality in (4.4.10]) holds when Y; = Y for all 4, i.e. if all variables are perfectly correlated.
In other words, we approximate the exponential expectation of the interacting system in Lemma
by one where all the particles act under a fixed external potential V*() with

1 N
Vi) = im T SVE X)), (4.4.12)
J

and we subsequently factorize the system as we would do for usual external potentials.

This is the underlying idea of treating the system as a so-called mean field system. See also for
example [Hol16]) and [WJ17], where the idea of mean-field limits are made precise, and propagation
of chaos is defined in terms of factorizability of the laws of dynamic particle systems at different
times.

Remark 4.6. Note that Lemma [{.8 and Lemma[4.7) imply the following estimate that is valid for
all N,

1
~ log EN| MV | < [V, (4.4.13)
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4.5 Bounds on (&y ), and the properties of the rate functions

Recall from Section that quasi-continuity and quasi-uniform convergence of £ implies rather
strict conditions on the (convergence of) rate functions, and hence on & itself. In this section we
will discuss the implications of this for &y .

First, we will establish an inequality between (&y ), and [V]s — without of course assuming
quasi-continuity — which completes the proof of Theorem [£.3] It relies on representing finite-
particle exponential integrals via a variational entropic inequality.

Moreover, as mentioned in Remark one can use bounds on (€v ), to prove that the
unnormalized rate functions satisfies the necessary conditions for quasi-continuity. We will briefly
discuss a larger class of possible candidates for quasi-continuous &y than that as defined by [V]s
as used in Section see Remark

First, similar to [V]g, let (V)g, for any V : S* - R be defined as follows:
k
(Vs = [ Vel [Tduo(a). (4.5.1)
i=1
Note that (V)s < [V]s. We now have the following inequality.

Lemma 4.9. Let V : S* - R be a measurable k-particle potential. Then,

(Evhar<[Vls, (4.5.2)

and
(Evhx < %(kvk- (4.5.3)

Note that from Lemma [4.9] and Theorem we immediately have the following result.

Theorem 4.10. Let V : S¥ - R. Suppose there exists bounded continuous functions Vy such that
for all B € R it holds that either
[B(V -VA)] =0, (4.5.4)

or,

(B(V-Vy))s ~ 0. (4.5.5)

Then Ev (1) is continuous on the sublevel sets { | R(ullpo) < M}, and in particular for |Ey (u)] < oo
for all peP(S) with R(p||uo) < oo.

Moreover, the functions Jg := BEv () + R(pl|no) are lower semi-continuous on P(S) for all
B €R, and have compact sublevel sets.

Finally, €\ converges uniformly on the sets {u| R(u||lpo) < M}, and in particular, pointwise
for every p with R(u||po) < oo.

We will first state a simpler inequality than that of Lemma4.9] namely for an external potential,
which as mentioned follows from an entropic inequality.

Lemma 4.11. Let p, o € P(S), with S a Polish space. Moreover, let V : & - R be a bounded
and measurable function. Then,

-V .
- logfs e” duo(z) = Me%l(fs) {R(,[LH,U,()) + [5 V(z) du(l‘)} (4.5.6)
Proof. See Lemma 6.2.13 of [DZ10] for all the technical details, where R(-||10) is shown to be the

Legendre transform of
A(V):= 1og[$e_v(w)duo(3&). (4.5.7)
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However, for clarity, we will also provide a direct proof. Namely, assume y is absolutely continuous
with respect to ug — recall that R(u||uo) = +o00 otherwise by definition — and define with a little
abuse of notation eV g € P(S) by

d€_VM0 1 —V( )
T) = e\, 4.5.8
dpio () [seVduo(z) (4.5.8)

Since V is bounded, we have eV jig ~ po, and thus p < o < e 19 and hence

du_ _ dp _dpio (4.5.9)
e Vo duode Vg o

Hence,

R(ulluo) + [ V(@) dp(a) = | log -2 i du()+ [ V@) dut)

V(T)du (2) du() ;
:flo ( 67‘/(1)0 e ))du(a;)—logfe Viduo(z)

= R(ue™ o) ~log [ ¢V dpo ().

(4.5.10)

Because of the positivity of the relative entropy it follows that R(jule™" pg) > 0, and hence,
R(ullno) + [ V(@) du(z) > -log [ e dpo(x). (45.11)
Note that the inequality becomes an inequality for = e~ 1. O

We are now able to extend this reasoning to the multi-particle potentials of Lemma

Proof of Lemma[{-9
Fix any p € P(S) with R(u||po) < oo, and let V' be a pair potential. Then,

R(llo) =18 ()] > R(sllto) ~ 6w (1)
> R(ullno) = [ |1V (@, y)ldp(a)du(y) (45.19)

> inf {Rullo) = [ 1V (@) ldu(a)}.

Now fix any y € S. Note that [V (-,y)| An is a bounded measurable function on S for all n > 0, and
by Lemma we have for any n > 0,

R(uljuo) = [ IV (@) nnldu(a) > ~log [ e duo(a)

(4.5.13)
> ~log [ eV lduo(a),
or, rewritten,
[V @) Anldp(a) <tog [ D dpg () + Rplno). (45.14)
Hence, letting n - oo and using Fatou’s Lemma,
fs V (2, y)|du(z) < 1ogfse\v<w>\duo(x) + R(ul|po).- (4.5.15)
Rearranging the terms back, it follows that,
R(uljuo) = [ IV (@.)ldu(w) > ~1og [ e dpuo(a). (4.5.16)
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Thus, we can conclude,

(Ev)a=- inf {R(ullno) - [€vI}

< sup log/e‘v(x’y)‘duo(x) (4.5.17)
yeS S

=[Vls.

The proof for a k-particle potential V' is similar, in which case

(&) == inf {R(ullno) - I€vl}

<— inf inf {R(,UJH}L())—/:q|V(«T1;x27---7xk)|dﬂ(xl)}

PEP(S) 2. xS (4.5.18)
< sup log/ elV @iz @l gy ()
Za,...xp€S S
=[V]s.
Finally, to prove (4.5.3), first note that
R(p® pllpo ® po) = 2R(ul|po) (4.5.19)

Now, fix p € P(S) with R(u||po) < oo and a pair potential V. Then, similar as before, using |[V|An|
and taking limits we can show that by using Lemma with S := S? that

LW G@pldu@)dut) = 5 [, 2V y)dp(e)dn()

< 1 liminf f 2V (x,y) An|du(z)du(y)

(4.5.20)
<5 (108 [, VD dug(@)drio() - R( @ pllio ® 1))
1
= 5 (tog [ 2V dug @)dpuo(y) - 2R(ulno) )
Hence, rearranging the terms,
1 x
R(H||N0)—f52 [V (@, y)ldp(x)dp(y) = = log fs2 eV @Dl dpg (x)dpo (y), (4.5.21)
and it follows that
(&)= inf {R(uluo) - Iév]}
%log[ V@Dl g0 () (4.5.22)
1
~(2
= 5{2V)s.
Similarly, for a k-particle potential V|
Ev)y=- inf {R -IE
(&) == inf {R(ullno) - Iév}
= inf { R(uM|ug") - &}
“f”s) (4.5.23)
< %bgfsk eV miwz ot dyg (1) dpo () -+ dpo ()
1
= —(kV)g.
LBV )s
O
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Comments

Remark 4.7. Recall, for the reduction argument of Section [£.4] Lemma[£.8] we used a relatively
easy technique, namely only a generalized Holder’s inequality and simple factorization. It allowed
us to establish quasi-continuity for &, with V' approximated by continuous functions V) in the
sense that for all § € R,

[B(V-Vy)]s = 0. (4.5.24)

However, Theoremﬁwould suggest that those V that are defined similarly using (V')g instead of
[V]s might also induce quasi-continuous €y, since the necessary conditions on the unnormalized
rate functions Jg are satisfied. Interestingly enough, Lemma implies the following clue.

Corollary 4.12. Suppose V : §? - R is such that Ey is quasi-continuous and quasi-bounded, and
such that there exists bounded continuous functions V) such that for every § € R,

(B(V=W))s = 0. (4.5.25)

Moreover, let {X; ;}i,; be N? independent variables with common law Yo = o ® o, and E the
expectation under ’y(‘)@Nz. Then, for every B € R,

S 1 =N[ 2 eN | V(X X;) . 1 N[ _-BEN .., 2V(X:;)
h]r\lflfolipNIOgE [eN i%i i ]311§anolipmlogE [e irgei 7 ] (4.5.26)

Here V(X; ;) =V ((Xi )1, (Xi )2), with (X; ;)1 the S-valued first coordinate of X; ;.

While there are of course numerous advanced and modern stochastic techniques that could be
of use — like those as used in stochastic control and employed in [Fis14] to control certain estimates
— it follows from Corollary that possible coupling techniques might also be appropriate.

Proof. Note that by quasi-continuity and boundedness of &y it follows from the induced Laplace
principle that for every [ € R,

imstp - Joe BN [eF ENe VXX o L
limsup - log BV [e % ¥e VXD | < it {R(ullo) + 58v (1)} (45.27)

. However, because of (4.5.25)), it follows that the right side also satisfies a Laplace principle, now
on the space P(S?) but with V() now acting as an ‘external’ potential, and hence, because of

Lemma .17

_ _gsN . 1 .
log EN[e #2502V Xen ] = = inf {R(4l|o ® o) + 28v (7). (4.5.28)

1
lim sup
2 veP(52)

Nooo 2N2

Finally, the inequality follows similar as in the proof of (4.5.3) of Lemma

1
Jnt {RGallpo) + 5Ev ()} 2 nt {5 ROl © po) + 5Ev (1)} (4.5.29)
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4.6 Discussion

Using the framework of quasi-continuous functions as developed in Section [3] we showed how for
the case of Gibbs measures for weakly interacting particles — where we tilted the distribution of
the empirical measure via an energy functional defined by a k-particle potential on these particles
— large-deviation principles could be established for quite a general class of potentials, as seen in
Theorems [4.3] and (L5

The main technique was approximating the potentials V' by continuous and bounded potentials
V, and employing a reduction argument — as shown by Lemma [4.8 — where the N-particle
exponential integrals required for establishing quasi-uniform convergence, as defined in Section
could be factorized and reduced to a purely k-particle exponential estimate.

Moreover, we showed in Section[4.5|what quasi-uniform convergence, and hence quasi-continuity,
implied for the rate functions. Additionally, we provided a class of potentials V' such that the in-
duced rate functions satisfy all these necessary conditions, and hence are likely candidates for
extending our techniques for establishing large-deviation principles.

Both the invariant measures studied in Section [} and the empirical processes in Section [6] are
special cases of the results presented in this section. In particular, Theorems .3 and [£.5] directly

imply Theorems 2.8 and

However, in the case of local quasi-uniform convergence, which implies quasi-continuity but not
quasi-boundedness, additional steps are needed to approximate the localized exponential integrals,
techniques that depend strongly on V' and the underlying space S, and those are not treated here.

Yet, in the upcoming Section |5, we will show how on a compact subset of R? a discretization
argument can extend our results for a pair potential V' with a logarithmic singularity confined to
the diagonal z = y, which will imply Theorem
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5 LDP for invariant measures

5.1 Introduction

One of the most important examples for Gibbs measures as described in the previous section is
one where the underlying space is R?. It has a rich history in statistical physics for describing
equilibrium phenomena, and questions about the latter actually played a instrumental role in
the development of large deviation theory (see also [DZ10, p. 339]). In particular, these Gibbs
measures arise as invariant measures — albeit sometimes only formally — of possibly reversible
systems of stochastic differential equations such as , that act under a certain singular po-
tential V : R? - R.

In proving large deviations for these invariant measures we will consider two important cases.
Loosely speaking, we will denote a system as sub-critical if the induced Gibbs measures are well-
defined for all temperatures, both positive and negative (where, recall, the latter merely means
switching the sign of V). Similarly, we denote a system as critical if the Gibbs measures are only
well-defined on a finite range of positive and negative temperatures.

This criticality plays an important role for systems involving attracting particles, where for
example for a low enough temperature the attraction might be so strong that particles start to
collide, or even that the system collapses to a single point.

For invariant measures, this phenomenon is dependent on the exponential integrability of the
underlying potential, which will be made precise in Section [5.2] In particular, the potentials
inducing critical systems contain some logarithmic singularities. In studying vortex systems,
[BG99] framed the problem in this context, i.e. a system of dipoles interacting under a logarithmic
potential, and it is their investigations that form the inspiration and starting point of this thesis.

Moreover, as mentioned in Remark of Section [3| the phenomenon is related to the dis-
tinction between quasi-boundedness of the induced energy functional £y and strictly local quasi-
boundedness, where criticality is equivalent to the latter. Because of this we have to use different
techniques to establish large-deviation principles for the sub-critical and critical case.

For the former, it might be possible to find continuous and potentials V) such that £y, converges
quasi-uniformly to Ev, see Section [3.5] In particular, all the relevant results of this section directly
follow from the results in Section [ for abstract Gibbs measures, see Theorem [£.3] where we showed
that a simple finite-dimensional exponential estimate on V — V) is enough.

However, for the critical case, one has to find another way to establish local quasi-convergence.
Inspired by the technique used in [BG99] we will employ in this section a discretization approach,
in which we will place a certain approximate absolute continuity restriction with respect to the

Lebeque measure on the random empirical measure z%.

Finally, we will discuss how this technique could be generalized even further, by applying it to
the ‘deterministic case’ purely in terms of the possible rate functions, which provides a suitable
class of candidates, similar as done in [£.5]

Outline First, we briefly recall the relevant notation in Section and we list and discuss our
main results in Next, we will outline in Section the discretization approach in establishing
quasi-continuity for pair interactions, for which we will decomposition the space A into a finite
collection of cubes and reduce the problem to one of local estimates over these cubes.

Finally, in Section we will give a multi-particle analogue of these results for rate functions
via entropic inequalities.

66



5.2 Notation and basic properties

The case for invariant measures is a direct application of the framework of Section[d] Therefore, we
refer for notation to Section [f.2] However, for convenience, we will briefly recall a few important
concepts, and define criticality.

We set S := A, with A ¢ R%, and consider for any V : A x A*¥"! - R the induced energies
EV : P(A) g R,
Evp) = [(Ak)' V(zy;xa ... xk) dug(z1) - duo (). (5.2.1)

Here (AF)" is AF but with the z1-diagonals removed.

Moreover, we consider the random empirical measures 2z € P(S) with laws PV € P(P(A)),
which are derived from N independent particles X; € A with common law pg. Recall that

)

EN[e—NSV(zN) | = BN e N izt VX1 X | (5.2.2)

where EV is the expectation over the law PV, and EV is the expectation over the particles X;.
Also, recall the induced measures Q3 , and that Jy (1) := Ev (u) + R(pl|io) when R(u||uo) < oo
and +oo otherwise, and Fy () = Jy () —inf ep(ay Jv (v).

Finally, we will denote either V', & or the system in general as critical if there exists a Sy >0
such that

sup /A ePolVI@iime-a) g0 21y = oo, (5.2.3)

To,...,CREN

but such that for all 0 < 8 < Sy,

sup /I.\emv‘(z““”'z"') dpo(z1) < 00. (5.2.4)

To,...,TLEN

Similarly, we will denote it as sub-critical if there is no such finite By, in which case holds
for all g €R.
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5.3 Main results

We will now list our main results, which in particular will imply Theorems and We
will separate them into the sub-critical, asymmetric and critical cases. Only the latter needs
significantly different tools than developed in Section [4] and we will introduce them in Sections

(.4 and 551

5.3.1 Sub-critical case

For sub-critical V', the sequence of induced invariant measures is well defined for any temperature,
and thus we can directly apply Theorem to characterize quasi-continuity of &y .

Theorem 5.1.
Let Vy : A x AF' > R be continuous and bounded for all \.
Suppose V : A x A¥=1 - R is such that for all B € R,
lim sup log fA AV -Vallzszz, el g (1) = 0. (5.3.1)

A=0 1‘2,...7Ik5A

Then &y is quasi-continuous and for all 5 € R the induced measures Qévv satisfy a LDP with rate
function Fgy.

However, note that in (5.3.1)) the convergence is required to be uniform over zs,...,zx, and
hence pointwise convergence of Vy to V is not enough. If V' or pg is highly discontinuous in all
arguments, uniform convergence is not easily established — see for example Remark

Yet, for relatively regular V', we can still establish the following.
Corollary 5.2. Let A be compact, and let Vy : A x A¥1 = R be continuous and bounded for all

X. Moreover, suppose that V(-;xs,...,x) converges for every (za,...xx) € AF™1 pointwise and
monotonously po-almost everywhere to V: A x AF1 - R.

Additionally, suppose V is continuous and bounded everywhere, except for the diagonals x1 = x;,
with 2 <i <k, and suppose that for all B € R,

sup f[\eﬂlvl(r“”"”’x")‘ dpg(xz1) < 00. (5.3.2)

To,..., TReN

Then &y is quasi-continuous and for all 5 € R the induced measures QIBVV satisfy a LDP with rate
function Fgy .

Although the above conditions might certainly be replaced by requiring certain local differ-
entiability or Lipschitz conditions on V' or pug, note that Corollary immediately establishes
quasi-continuity for a wide range of potentials V.

Proof. Let for any B €R, gx:A* ! - R be defined as

gr(xa, ... xp) = fAeﬁlv_V*le w20l o (21). (5.3.3)

For every A, it holds that V' — V) is continuous and bounded, except along the diagonals x1 = z;.
Combined with the fact gy < oo by (5.3.2)) and that ug is continuous with respect to the Lebesgue
measure on RY, it follows that gy is continuous and bounded.

Now, note that for every xo,...,x, by pointwise convergence pg-almost everywhere of V) to
Vin x4,
}\ir%gk(arg,...,xk) =0, (5.3.4)

and, trivially, note that the zero function is continuous on A.
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Hence, since V also converges monotonously, it follows that gx(za,...,zx) converges pointwise
and monotonously to a continuous function on the compact space A*~!. Thus, by Dini’s theorem,
the convergence will be uniformly on A¥~'. Thus, we have have therefore established 7 and
quasi-continuity and the relevant large-deviation principles follow from Theorem [5.1 O

Moreover, in the case that pointwise convergence and boundedness can still be verified, but not
the uniform convergence of (5.3.1)), note that we can still verify certain properties of the possible
rate functions by use of Theorem

Corollary 5.3.
Let Vy : A¥ - R be continuous and bounded for all X, and suppose that they converge pointwise
u?k almost everywhere to a V : AF — R.

Moreover, suppose V : A¥ - R is such that for some fized for all § € R,

PENGICITREIS] dpo(x1)-+po(xp) < o0, (5.3.5)

Ak
and suppose that there exists positive constants ay, as, such that
|V - Vy| < max{ai,asV}. (5.3.6)
Then £ is continuous on the sets { | R(ul|uo) < M }.

Moreover, for any B € R, the function Fg is a proper rate function, i.e. lower semi-continuous
with compact sublevel sets.

Proof. Recall from Theorem [£.3] that the result follows if for every 3 ¢ R

/l\i_r}(ljlog fAk PVl g (7)o () = 0. (5.3.7)

However, note that by (5.3.6]) and (5.3.5|) it holds that there exists a function V* := max{ay,asV}.
such that |V - V4| <V on A" and

/Ak BV @ g (Yo (1) < 00, (5.3.8)

for all 5 € R. Hence, since V) converge to V pointwise almost everywhere, it follows by dominated
convergence that

li BIV=-Val(z1,...ze)l g =1 5.3.9
/\1_1)1(1) - e o (1) po () ) ( )
and we conclude the proof. O

Remark 5.1. We will give a simple example such that (5.3.1)) is not easily verified.

Namely, let A = [~2,2], uo constant on A, and V : A2 » R to be 1 at the unit cube [0,1]? and
zero otherwise. To be precise,
V(Z‘,y) = 10<x<110<y<1 (5310)
Now, let V3 be continuous and positive, and such that Vy =V on (z,y) € [0,1]?. Consider g(y),
with

2
9(y) = /2 BIV-Val@) 1, (5.3.11)

Then it clear that g(y) = 0 for 0 < y < 1, but because of the continuity of V) and the fact that
Vy =V on [0,1]? for all A,

2
li i f BIV-Val@sy) 4
o) =i ), e ’

1
> lim PV-W(=39) 10

y10 Jo (5.3.12)
- lim ! PIAI3Y) 0

y10 Jo
=éP.
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Hence, any such convergence can never be uniform in A.

Note that by Corollary we can establish the desired properties of the rate function, and
therefore it is still probable that V' induces a quasi-continuous &y, and hence a LDP.

Finally, interestingly enough, note that V' := 1p<z<1 + Lo<y<1 does not satisty (5.3.1) directly, but
by linearity is quasi-continuous, since lo<z<i and lo<y<: are. Whether a comparable and suitable
decomposition exists for the previous V is not known.

5.3.2 Assymetric case

Similarly as for the sub-critical case, we can directly apply the results from Section [£.3]

Theorem 5.4.
Let Vy : A x A*1 5 R be continuous and bounded for all .

Suppose V : A x A¥™1 - R is such that for all 5> 0,

limsup sup log [\e‘ﬁ(v_v*)(zl;zQ""’wk)duo(asl)SO. (5.3.13a)

A=>0 za,..., TReN

k
lim sup fAk(V -V (@122, @k) [] dpo(as) <O0. (5.3.13Db)
A—0 i

Then for all 5 >0 the induced measures ng satisfy a LDP with rate function Fay .

This follows directly from Theorem

However, because of the relaxed condition ([5.3.13b]) and the restriction to only positive 3, it is
far easier to establish an LDP than for the full range of real temperatures of the sub-critical case.
Namely, we have the following analogue of Corollary

Corollary 5.5. Let V) : A x A¥"1 - R be continuous and bounded for all \.

Moreover, suppose that Vy <V on A x A*71, and that Vy converges pointwise u?k-almost
everywhere to V.

Additionally, suppose V' is such that

k
fAk V(zi;20,...,2k) H dpo(z;) <0. (5.3.14)
i
Then for all 5 >0 the induced measures ng satisfy a LDP with rate function Fgy .

Proof. Note that (5.3.13a)) is automatically satisfied since V) < V. Moreover, V) and ([5.3.14))
imply that V' -V, is dominated by the integrable V', and hence by pointwise convergence of V) to

V almost everywhere, ((5.3.13b]) follows. O
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5.3.3 Critical case

As mentioned, the main inspiration for our extended framework of quasi-continuity was from
[BG99], where they investigated large deviations for invariant measures induced by potentials
with logarithmic singularities.

We will now give a generalization of their result for pair interactions, in which we require
that the logarithmic singularity only plays a role when two particles meet, i.e. it is confined to
the diagonal z = y. Outside this diagonal we simply require that the singularities are at worst
sub-logarithmic interactions.

Theorem 5.6.
Let A be compact, let Vy : AxA - R be continuous and bounded, and let g be absolutely continuous
with respect to the Lebesque measure on R?.

Suppose V : A x A > R is such that for some fixed 5y >0,

}\i_r)r(l) su;\) log /j\eﬂo\v—vﬂ(m;y) duo(z) =0, (5.3.15)
ye

Additionally, suppose that for all 8 € R and all L >0,

hril Sélp su/[\) log fA PV -Val(zsy) Lig—ysr, dpto(x) < 0. (5.3.16)
— Ye

Then Ev is quasi-continuous and for all B € R with |5| < By, the induced measures Qévv satisfy a
LDP with rate function Fgy .

The proof follows by establishing strictly local quasi-uniform convergence (see Theorem .
To do so we employ a discretization approach, inspired by [BG99|, by dividing A into cubes and
separating the logarithmic singularity at the diagonal, see Section It is is because of this
procedure that we require compactness of A and absolutely continuity of pg with respect to the
Lebesgue measure.

Similar to the sub-critical case, the convergence of (5.3.15) and (5.3.15) is required to be
uniform in y € A. However, similar to Corollary this is verified for simple cases of V', and we
will omit the proof.

Corollary 5.7. Let A be compact, and let V : A x A > R be continuous and bounded everywhere,
except at the diagonal x = y. Let V) : A x A - R be continuous and bounded, and suppose they
converge pointwise and monotonously to V', except on the diagonal x =y.

Moreover, let jo be absolutely continuous with respect to the Lebesque measure on R?, and
suppose V' is such that for some fized By > 0,

sup fAeﬁo\Vl(I;y) dpp(x) < oo (5.3.17)

yeA

Then Ey is quasi-continuous, and for all B € R with |B| < Bo, the induced measures Qévv satisfy a
LDP with rate function Fay .

Because of technical issues, Theorem can not easily be extended to multi-particle inter-
actions, see also Remark [5.60 However, out of interest, we include the following theorem, which
characterizes the properties of the unnormalized rate functions Jy, and hence provides us with a
nice class of candidates for quasi-continuity.

Theorem 5.8.
Let A be compact, Vy : A¥ - R be continuous and bounded for all . ug’k-almost everywhere.
Moreover, let o be absolutely continuous with respect to the Lebesque measure on RY.
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Suppose V : AF — R is such that for some fized [y > 0,

;\iil(l) N PV Wal@viwz, ) gy (1) L dpg () = 0. (5.3.18)

Additionally, suppose that for all >0 and all L >0,

1111\1 sg)lp A AIVW@v@2 ) gy (1) L dpg () < 0. (5.3.19)
- L

Then Ev is continuous on the sets { u| R(p|lpo) < M }, and hence Jgy is lower semi-continuous
at all p with R(p||po) < oo.

Moreover, for any B € R with —B—k" <pB< %, Jgv s lower semi-continuous with compact sublevel
sets and with |Jgy (X)| < co.

Note again the separation between the logarithmic singularity at the diagonals and the rest of
A, although this can be extended to more general singularities.

The proof is quite technical, see Section but since there is no supremum over any y € A
involved, the conditions of Theorem [5.§] itself are verified quite easily in the case of pointwise
convergence, as for the sub-critical case. Namely, it is easy to see the following consequence.

Corollary 5.9. Let A be compact, Vy : A¥ - R be continuous and bounded for all X\, and sup-
pose that they converge pointwise to a V : AF - R, ,ug’k—almost everywhere. Moreover, let g be
absolutely continuous with respect to the Lebesque measure on RY.

Suppose V : AF - R is such that for some fized By > 0,

K eﬁo\V|(m1;12 ..... z) dﬂo(xl) . d,UJO('rk) < 00. (5320)

Additionally, suppose that for all >0 and all L >0,

i [ @ dg () dpo(an) < oo, (5.3.21)
L

and, finally, that there exists positive constants a1, as such that
|V - V,| < max{ai,asV}. (5.3.22)

Then & is continuous on the sets { | R(pl|uo) < M }.

Moreover, for any 5 € R with —ﬁ—k“ <p< ﬁ—k", the function Fg is a proper rate function, i.e. lower
semi-continuous with compact sublevel sets.
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5.4 Critical singularities: quasi-continuity

In [BG99] they employ a discretization technique for their specific case of logarithmic interactions.
We have significantly adapted and generalized this procedure, which we will outline in this section.

Recall the notion of strictly local quasi-uniform convergence of Theorem and Lemma [3.21
where instead of [3(€ —€x)], for any B € R we consider [3(€ - Ex)] 4 for appropriate sets A,
dependent on . Recall, in the current framework for invariant measures,

1
[Ev]L = hmsupilogEN[emsV\(zN) 1,4], (5.4.1)
N—oo N
and )
NEv(ZY) = — 3 V(X X;). (5.4.2)
Ni,j;ti

The main idea behind the technique of finding appropriate A for every 3 € R, is that we first isolate
the logarithmic singularity at the diagonal x1 = x4, i.e. where two particles meet. By discretization
and the restriction that too many particles can not be ‘too close’ to each other, we then reduce
the question to sub-problems over small cubes in R¢ — where for each one the effective 3 is now
low enough to employ conventional techniques such as the one for sub-critical V.

First, some preliminaries. Throughout the rest of this section we assume that pg € P(A), with
A ¢ R?, is absolutely continuous with respect to the Lebesgue measure on R2.

Moreover, for each L > 0 we cover the space A — not necessarily compact — by a countable set
of disjoint and half-open R?-cubes C}, with side-length L. Moreover, for any cube C}, we denote
by C}, the union of Cj and all the (3¢ - 1) cubes that neighbour C.

We then define for each L > 0 the following local analogues of [V]5 of Section

[V]L :=sup sup 1ogf elVi@y) dfio k(x), (5.4.3a)
kE yeCy Cy

[V]L, =sup sup log [ V"% djig(a), (5.4.3b)
k yEA/ék Ck

where for every k, figx € P(Cy) is a renormalized probability measure of yy on C, defined by

dpo(z)
pio(Cr)”

Note the similarities of [V'], and [V']} to [V]x, such as non-negativity and convexity with respect
to V. Moreover, note that in the case of [V], the estimate is over neighbouring cubes — and
hence only concerns with short-range interactions on the order of L, while [V]} only concerns
particles that are at least some multiple of L apart.

djio 1 (2) = (5.4.4)

Below we will show that by treating the two estimates separately, i.e. we allow the short-range
interactions to be critical, but long-range interaction sub-critical, we can show a local analogue to
the convergence result of Theorem which established a sufficient condition for quasi-uniform
convergence for energies induced by Gibbs measures in terms of [V],.

Theorem 5.10. Let A be compact, V) : A x A - R be continuous and bounded for all A, and
consider V: A x A - R.

Suppose that there exists a By, such that for all L >0,
lim [Fo (V' = V)] =0, (5.4.5)
and additionally, that for each B €R and L >0,

lim [B(V = V3)]7, = 0. (5.4.6)
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Then Eyv is quasi-continuous, and [BE] < oo for all B e R with |B] < Bo.

In particular, for all f € R with |8] < By, the induced measures Qévv satisfy a LDP with rate
function Fgy .

First, we will show how Theorem [5.10] implies Theorem [5.6]

Proof of Theorem[5.6, Recall that by assumption of Theorem that A is compact, that there
exists a By > 0 such that

lim sup log [AeﬁOW‘VAl(Ly) dpo(z) =0, (5.4.7)

A—-0 yeA

and, additionally, it holds for all 8 € R and all L > 0, that

lirilsgp su/{) log fA PIV-l(y) Lg—y>z dito(x) < 0. (5.4.8)
— Ye

First, note that for any y € A, by Holders inequality with any exponent a~! with 0 < < 1,

log[\eB|V—VA\($7y) Lyypor dpio ()

(5.4.9)
.
< alongea AV 1 r dpo(2) + (1 —Oé)log[A Lz—y>z dppo ()
Hence, by (5.4.8) it follows that for any >0 and 0 < a < 1,
BIV-Val(z,y) 1 d
e . x
0 < limsup sup log I [o-yi>1. dpio (@)
A>0  yeA Ja Loyl dpio()
< lim sup sup (alog f e BIV-Val(@.v) Lg—yp> dpto(x) — alog f Lig—yjs1, dpo() ) (5.4.10)
A=0  yeA A A
<-ainflog [ Loy duo(a).
Letting a — 0, we derive,
BIV-Val(a.w) | d
lim sup sup log c G = (5.4.11)

A=0 yeA fA La—yl2r dpo()
We will show that (5.4.7) (5.4.11)) imply that the assumptions of Theorem hold, in which case
quasi-continuity and relevant large-deviation principles follow.

Since A is compact, we cover A for any L > 0 by a finite number of half-open R?-cubes Cj,, with
1<k < K for some finite K. Now fix L, and note that, because of the continuity and monotonicity

of the logarithm, ([5.4.7]) implies that

lim supf PV () = 1, (5.4.12)
A—0 yeA JA
and hence,
li BolV-Wxl(z;y) _ 1) 4 =0. 5.4.13
fin sup f, (e ) duo() (5.4.13)

Note that e%!V-YA@¥) _1 >0 for any 2,y € A, and thus for any cube Cj,

. 1 .
BolV=Vx|(x;y) = - BolV-Val(z:y)
sup e -1) dfig x(z) = sup [ e - 1) duo(x)
yéék Ch ( ) ,UO(Ok) yeék Ck ( )

1
<—— _su [ PlV=-Wal(&:9) _ 1Y) duo(x ’
o (G 5P L ( ) dpo(x)

(5.4.14)
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and therefore
lim sup (ePolV=WAIE9) 1Y djig . () = 0. (5.4.15)
A—0 yEC’k Ck

Rearranging the terms back, it follows that

lim sup logf PV-WA@w) g 4 (2) = 0, (5.4.16)
A—0 ye@k C

and since there are only a finite number of cubes Cj, we conclude that

li - -k 1 f BolV-Val(zs) g7
gﬂo[ﬁo(V Va)le Alfqoﬁaff(ysféi og J. € dfio .k (),

_ - BolV-Val(wsw) g7 (5.4.17)
max }\1_1}1(1) sup log ka e dfig k()
yECk,
=0.
Similarly, note that for any 8 > 0,
BIV-Vxl(z;y) =~ - BIV-Vxl(z;y)
sup (e -1) dfio i (z) = sup (e -1) dpo(z)
yeh/Cy, T O 10(Cr) yeA /Oy, Y Ok
1
< su [ AVVAl@) 1)1, du ().
MQ(C]g) ye/I\) A( ) ‘ y\ZL /LLO( )
(5.4.18)
And, hence, similar as for [V]r, we see that (5.4.11) implies that
lim sup log AVNE) grg 4 (2) =0 (5.4.19)
Y yen/Cy Ch
and thus,
lim[B(V - Vy)]}, = lim max sup logf AVNED qng 4 (2),
A—=0 A—01<k<K yeA/C’k Ch (5420)
=0.
O

Next, we list the following trivial but essential result, which we will use to factorize the expo-
nential estimates.

Lemma 5.11. Suppose X and Y are independent variables. Then for any two functions f(-,-)
and g(-) it holds that

E[f(X,Y)-g(Y)] < Sl;plE[f(X, ¥)]-Elg(Y)]. (5.4.21)

Proof. Let X € &1, Y € Sy, for some spaces Sp,.52, and let u, v be the laws of X and Y, with
weP(S1), veP(Sy). Then,

fSMZ Fla,y)g(y) du(z) duly) = /32 (/31 f(x,y)du(:r))g(y)dy(y)
< /52 (sup [31 f(ﬂc,y)du(x))g(y)dy(y) (5.4.22)

yESz

S(sup/ f(xay)dﬂ(x)) fszg(y)dV(y)'

yeSa JS1

(6]



Now, for the actual discretization technique, let us define the sets A7,A7 with A7 c A7 c A?,
where

A} = { (wsy) e A? ||z -9l < L}, (5.4.23)

and A? is the union of all the ordered couples of cubes (C;,C;) of cubes that either equal or
neighbour each other.

Moreover, define ay (i) for any L >0 and p € P(S) by
ar(p) = sup w(Cy), (5.4.24)

and the set Ay, s,
AL,(S = {M|O{L(/_}/) < (5} (5425)

Note that for any zV € A 1,5 there at most 6N particles in any cube Cj. Moreover, note that for
any [ << o we have < \, with \ the Lebesgue measure on R, and hence for such a p it holds
that ar(p) > 0as L - 0.
Finally recall that by Lemma [4.9]
[Eviy < V] (5.4.26)

We will now show a similar approximation result for Ay, 5, where [V]x will be replaced with
(V] and [V]].

Lemma 5.12.
For any L, >0,

[Ev]a,, < (3[45V]L + 2[4 3%V + %[21/];) . (5.4.27)

As mentioned, we will employ a discretization argument. Intuitively speaking, for every zV e
Ay s there are at most 395N particles in Cy. But for every Cp the energy term NE&y in the
exponential of is still scaled by a factor % Therefore V' will be effectively replaced by
396N and hence we would expect a contribution of short-range interactions in the order of [3%6V],.
Moreover, for long range interactions there will be no such rescaling, and thus we expect a term

in the order of [V']].

We will now make this argument precise.

Proof. First, note that |Ev| < &y, and 0 < [[V|]r = [V]z, and similarly 0 < [[V]]}, = [V]}. Thus,
we can assume without loss of generality that V' is non-negative.

Now fix L,d, and N. Note that for every 2V € Ay, 5 it holds that ar (") < §, and hence there
exist a countable set of non-negative integers ny := Nz (C}) for all k, with the restriction that
the configuration {ny} € N/, with

N = {{nk}| Sl;pnk <N, ;nk = N}. (5.4.28)

Moreover, note that for any zV the set of nj, such that nj > 0 is finite.

We can write the exponential estimate of (5.4.29)) into a sum over all possible configurations
{nk}. Namely, recall that

. 1 LN
[[gvﬂAL,(; = hjrvnfip N logENI:eN\gv\( ) 1AL,5:|’ (5429)
and )
Ney(zV) == 3 V(Xi X)), (5.4.30)
N 5
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where the sum is over all N ii.d. variables X, which have common law py. Hence, because of
this independence and exchangeability,

ENI:@NSV(ZN) 1a,, ]

_ Z EN[eN5v(zN) 1zN(Ck)=nk,Vk:|

et (5.4.31)
N ) .
- C)" B exp (- V(X Xe ).
{nkz}e./\/ [T, nog! I;IHO( ) [ (N gk:’Xk,i;Ck./,j (X, k,J))]

Here the sum in the exponent is shorthand for

Z Z V(Xk’i;Xk’j) + Z Z V(Xk,i;Xk/’j), (5432)

k 1<i<ng,1<j<ngl|i#] k,k" 1<i<ng,1<j<n,s | k=k’

and the expectation E{"} is over all the A-valued independent random variables X}, ;, where for
every k the Xy ;, with 1 <¢ < ny, are i.i.d. variables conditioned to be in the set Cj, with the
common renormalized law fig ; defined by

dpio
10 (Ck)

Now, we will prove that for any fixed configuration {ny} ¢ N' we have that

dfio i = (5.4.33)

1, - 1 1 1 1
2 logine} - V(Xpis X)) | < 5[40V ]+ 2[4-3%V ] + =[2V]}. (5.4.34
N8 [exp(N kzk:xk;@ (Hss ’”))] VIl Jo+ 32V | )

Hence, by taking the supremum over all configurations {n;} € A in ((5.4.31)),

E" [eNsV(ZN) Lags ]

N! -~ 1
< HuO(C’k)"’“ sup Einet exp(— V(Xki; Xirj)
{ny}eN Hk nk! k {ni}eN [ (N ka;’ Xk,i;(k/’j ’ )]
= PN(ZN EAL75) sup IE{TL’“}I:eXp(i Z Z V(Xk’i; Xk”j)):l (5435)
{nk}e/\/ N k,k’ Xk,i*Xk’ﬁj
1 1, 1,
<oxp{N (1[45V]L #1431V 5[2V]L) L
From this Theorem quickly follows, since by taking limits,
1 1 1 1
lim sup — logEN[eN5V<ZN> 1a,, ] < (7[45V]L +-[4-3%V], + 7[2V]’L) . (5.4.36)
N —o0 N ’ 4 4 2

Henceforth, let the configuration {ny} be fixed. To show that (5.4.34) holds, we will separate out
the part with short-range interactions. Namely, recall that A2 is the union of all ordered couples
of cubes (C;,C;) that are either equal or neighbour each other. Then,

Yo V( Xk Xpj)= ) Y V(Xkis X g)+ > Y V( Xk X ).
Xk, i#¥ Xpr (Cr,Crr)eA2 Xi, i+ Xy ; (Ck,Cpr)eA2[A2 X,y Xpr 4
(5.4.37)
Using Holder’s inequality,
1/2
B exp (= V(X X ))] < | B exp (2 V(Xpi5 Xpr
[ p(N(%T,)XM;(W (X, ’”))] [ p(N(ck,c%;)cAiXk,i;fkaj (X, ’W))]
1/2
: E{nk}[exp(% > > V(Xk,i§Xk’,j))]
(CryChur)eA2 A2 Xk i, Xpr
(5.4.38)
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We will treat both exponential estimates via another separation argument, where we factorize
them into estimates over every cube C} separately

Namely, recall, Cp, is the union of C), and all the cubes that neighbour Cy, and 7 := zN(é'k).
We will show that for every cube Cy we have that

sup R{ne} exp{ (ZV(X;“,yJ)+ > V(X;”,X;“))} <exp{ 5 ([4 396V + [46V ], )}
{y;€Cr/C} i,i'#i

) (5.4.39)
where the supremum is over all collections {y;} with y; € Cj/Cy and 1 < j <ny —ny, and
fd{ne} 2 . /
sup E [exp{NZV(XM, yj)}] Sexp{nk[2V]L }, (5.4.40)
{y;er/Ci} g

where the supremum is over all collections {y,} with y; € A/C’k and 1<j <N —ny.

Recall that X ; and X} ; are all independent when k # &’ (or when k =k’ but i # j). Hence,
applying Lemma [5.11] we can subsequently integrate and separate out all cubes C, and it follows
that,

E{"k}[exp(% > > V(Xk,i§Xk’,j))]

(Ck,ck/)cj_\% ch,i*Xk',j

o 2
<exp { %([MV]L +[4-3%V],) }EOS exp (& kﬁm’(czk;cmdi X;{ V(X Xpr3))]

< Hexp{ “([40V]L + [4-3%V ]y )}

= exp{ g([ﬁlﬂ/h +[4:3%V];) }

(5.4.41)
Similarly,
i) 2
Erdfep( % > V(XaXe))]
N (€ 0yen? /A2 Xpi7 %0
<[Texp{n[2V]1} (5.4.42)
k

= exp{ N2V },

and hence 5.4.34 follows.
To establish (5.4.39) and ([5.4.40) we employ a similar but localized version of the factorization
argument as used in Sectlon 4.4] where we showed that [Ev], < [V].

First, we split the expectation of (5.4.39) into two parts using Holder’s inequality, one involving
only interactions with Cr /Cl, and one Wlth all the self-interactions of C%. For the latter part,
similar to the factorization argument named above, we use the generalized Holder’s inequality
with exponent (nj —1). Moreover, recall that the variables X}, ;, ¢ <i < ny, are independent with
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common law fig ;. Hence,

() lexp{;f O V(X Xk,j)}] E{"“[exp{ (Z V(X3 Xk,j)) }]

e[ g
/ ([ 'zg)dﬁw(fl))nk_l fio i (22)

ngk
(sup eV (@y) dﬂ07k(a:))
yeCy

<exp { n| 6V]L }.

Here we used the non-negativity of V and the fact that ny < §N by assumption of {ny} € N, which
arose from zV € Ars.

Similarly, for the first part of ([5.4.39),

(5.4.43)

sup E{"k}[exp{%ZV(Xk,i;yj)}]= sup E{"’“}[exp{NZ(ZV(X;”,yJ))}]

{y;€Cx/Ck} ] {y;€Cr/Ci}
< sup ]E{"’“}[exp{nk Z V(X ,y)}]
yEék N 1#1
n Nk
= sup (/ en V(@) dﬂoyk(ac))
yEék Ch
n
<| sup _/ 31OV @) djio 1 ()
yeCy, JCk
= exp {nk[3d5V]L}.

(5.4.44)
For the second inequality of above, recall that 7y = 2™ (C}), which is the sum over all the particles

of Cj and the cubes C}s that neighbour Cj. Since for each cube Cj it holds by assumption that
nj < 6N, and since there are at most 3¢ — 1 neighbouring cubes, it follows that 7 < 396.

Thus, combining the two estimate we derive (5.4.39)), since by Holder’s inequality,

sup]E{”"}[exp{ (ZV(Xkuy])+ > V(szvXk,J))}]

{y;} ©,J#1

1/2 1/2
= (?EI;IE{”k}[exp{; Z(Zl: V(Xk,i;yj))}]) (E{nk}[EXP{; > V(Xkis ij)}])

J 1,j#%

<exp{ (V1L +[2-3%0V]) |

(5.4.45)
Finally, concluding the proof, we establish ([5.4.40)) in a similar way,
S () L MRy () g, "
sup EW [exp NZV(XW; Yi) ] < sup (f e N ; dlu,ng(JJ))
{y;eA/Cr} B yeA /Gy N Cr
n
) (5.4.46)
(0 [ s
yeA/Cy Y Ok
< Cxp{nk[V]j: }
O
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Using Lemma [5.12] we can now find suitable open sets to apply Lemma [3:2] and finally prove
Theorem [5.10

Proof of Theorem[5.10, Recall the sufficient condition for quasi-convergence stated in Lemmal[3.21]
which, phrased in the framework of this section, states that quasi-continuity of £y follows if there
exists a constant K such that for every p* € P(A) with R(u*||pno) < oo and every 8* € R there
exists a open neighbourhood A* c P(A) of pu* such that

1 *
lim sup lim sup — log EN [ A NIEV-Ev)IGET) 1, ] <K. (5.4.47)
A—0 N-—->oo N

Hence, if we can find such a set A* for every u* and every 8* we have proven Theorem [5.10}
since the statement that [BEy ] < oo for all B with |5] < fy follows from the assumption of (5.4.5))
and convexity of [V]L.

We will first show that the convergence of (5.4.47) holds with K = 0 on the set A} :=
AL (1+¢)ar (u*) for some € > 0 and some small enough L. Finally, while the set A} is not open, we
will show that for every L > 0 it contains an open neighbourhood of p*, concluding the proof.

Now, first, because of the compactness of A, with A ¢ R?, the number of half-open R%cubes
C}, covering A is finite for every L, say K, and hence

ap(p) = max u(Cy). (5.4.48)

Now, fix any p* € P(A) with R(u*||uo) < co. In particular p* << g, and is therefore absolutely con-
tinuous with respect to the Lebesgue measure since pg is assumed to be, and hence, as mentioned
previously, ar(p*) - L as L - 0.

Moreover, fix some € > 0, and define for every L the set A} c P(A) by
Az = AL,(1+5)aL(;L*)7 (5449)
or,
A7 ={ueP(n) \ sup u(Ci) < (1+€) sup p*(Ci)}. (5.4.50)
1<k<K 1<k<K
Moreover, fix any 8* € R. Then, by Lemma and linearity of &y in V, for any L >0,
[B*(&v - €v, )HAZ = I]:EB*(V_V/\)]]A’E

< %[4(1 + G)CEL(,U/*)ﬂ*(V _ V)\):IL + %[43d(1 + E)CEL(,U/*)ﬁ*(V - VA):IL

11 s !
AU
(5.4.51)
Since ar(p*) - L as L — 0, it follows that there exists some small enough L* > 0 such that

4-3%(1 + €)ap-(u*) < Bo, in which case by assumption of (5.4.5) and (5.4.6))
lim [8* (& 4,1, =0 (5.4.52)

Hence, the only remaining step is to show that for every L, A} contains a open set containing .

Now, note that for any Ay s,
Apg={neP() | aw(n) <}
= {neP@) | oy n(Cr) <o}
{neP) | /A Lo, du <, forall 1<k < K} (5.4.53)
{nerP)] [\fk(x)du(x) <, forall 1<k <K},

- N {pePW| [ fu@)duta) <.

1<k<K

]

80



for all collections of K continuous, bounded and non-negative functions fx : A - R such that
fk =1on Ck.

The sets determined by f; are open, since they are the intersection over a finite number of
open sets, even though Ay, 5 is not open itself.

Now, again consider A7 = A (1+¢)a, (u*), and note that for any L and any k that

fA Lo, () du* (2) < (1 + ag (1) (5.4.54)

Therefore, because of the absolute continuity of p* with respect to the Lebesgue measure, we can
find some non-negative, continuous and bounded function f; such that

fA Fol@) dp* (2) < (1+ay (1), (5.4.55)
which implies that there exists a set of K non-negative, continuous and bounded functions fj such
that

pe N fneP@)| [ i@ du) <o)}, (5.4.56)
1<k<K A

by which it follows that A} contains a open neighbourhood of p*, and Theorem follows. O

Comments

Remark 5.2. Recall that Lemma [5.12| applies to countable collections of cubes Cj, and hence
also non-compact Ap. Therefore, it is interesting to discuss how the requirement for compact A

in Theorem and could be lifted appropriately.

In the case for Theorem the restriction to compact A only arises since we do not know a
priori if Ay 5 contains any appropriate open sets. Namely, the set defined by (5.4.53]),

Q{u eP(A) | fAfk(fv)du(x) <a}, (5.4.57)

is now an intersection over a countable family of open sets, and hence maybe not open itself.
However, if it possible to show that these sets are actually open, Theorem does apply.

Finally, the restriction to compact A in Theorem is because then [V — V)], can be written
as a maximum over a finite number of exponential estimates that all converge to zero — instead
of the supremum over a countable collection of estimates — where the convergence for every k
follows from being bounded for every by a function composed of u(Cy) and [V - Vi]. Recall,

[V - V] = sup sup log f VW@ g 4 (2), (5.4.58)
k yéék Ck’

with fig 5 the renormalized measure of py on Cj, and where for every k the exponential estimates
go to zero as A — 0.

Hence, one can imagine that in the case for non-compact A, for certain V, V) and with certain
regularity restrictions on poy — i.e. such that V and pg can be bounded appropriately on Cj, and
uniformly in k& — Theorem [5.6] still holds if holds for general A.

Remark 5.3. While in this section we only discussed V' that is critical near the x;-diagonal, it is
clear that the proof of Lemma and Theorems [5.10| can be extended for any critical singularity
that can be localized.

Namely, let My, for any L > 0 be the number such that for every k there are at most M, cubes
Cyr such that the interaction between C} and Cj is critical, i.e. that

sup log AIVI@y) dfig k() = oo, (5.4.59)

yeCy Ck
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for some [ € R.

Then a clear inspection of the proof of Theorems [5.10] reveals that if M, is uniformly bounded
in L, i.e. My < M* for some M*, one can still prove quasi-continuity under certain restrictions.
Note that in the case of Theorem we have M* < 39,

Remark 5.4. In the discretization technique used by [BG99|, which was the inspiration for the
results of this section, they proved (weak) quasi-continuity of V for compact A c¢ R? with po
constant on A, V :=log|x —y|, and V; =V for |z — y| > L and constant otherwise. In particular,
[V -Vi]; =0 in their case.

However, in proving a localized form of convergence, the function V;, and corresponding set
Aj were set to the same parameter L, instead of separating it into A and L. Therefore, and also
due to the asymptotic nature of their estimates and dependence on |A|, they had go extra lengths
in showing that the end result actually converged to zero. However, as shown in Theorem [5.6]
only pointwise convergence of and exponential integrability is necessary, which in this particular
case is trivial.

Remark 5.5. Recall from Remark [3.4]about local quasi-boundedness that sometimes there exists
a critical inverse temperature §* for every set A, i.e. a 8* > 0 such that [3€] , < oo for all 0 < 8 < 8%,
but with [BE] 4 = oo for 8 > 8*. We will now give a implicit characterization of such sets and
critical temperatures.

In particular, consider the case of A ¢ R? compact, V = log|z —y|, uo is constant, and the
critical inverse temperature 5y = 2. Then we have the following upper bound for the critical
inverse temperature 8* of any open set A,

Lemma 5.13.
* 1 n

gg§inf{n‘3|x1,...xn:n;émieA}. (5.4.60)

Note that in the case where A = P(A) we recover the trivial fact that for P(A) it holds that
B < fo-

Line of proof. We will only sketch the arguments.

First, recall that for any pu € P(A) with R(u||po) < oo, it holds that u is absolutely continuous
with respect to the Lebesgue measure, and hence ay(u) - 0 as L — 0, which is key in the proof
of Theorem [E.100

Then by Lemma for any p with R(p||wo) < oo and B € R,

lim [8€v 5, ) < . (5.4.61)

i.e., in the framework of Section [3] £ is locally quasi-bounded at pu.
However, Lemma |5.12| and the proof of Theorem imply that for any p — even one that is
not absolutely continuous with respect to the Lebesgue measure — and any 8 with

ﬁ 0

< 5.4.62
18l < 1 Sia0: (1) ( )
where ag+(p) == limp_ ar (@), it holds that
1
lim lim sup — log EV [ BIEVIED)) |BE(M)] < 00. (5.4.63)
>0 Nooo N

Now suppose p is the sum over some finite number, say n, of Dirac measures, i.e. u = %Z?:l Oz,
where all z; are different. It can then even be shown that the factor 4 -3¢ can be dropped, that
Qo+ = %, and that the term blows up for 8 > ng,.
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Heuristically, as € - 0, any empirical measure 2V € B.(u) contains n sub-systems, clustered
around the different z;, and hence the for every sub-system the scaling is effectively  instead of
L making the critical inverse temperature on B(p) with € small enough scale as nf3y instead of

N
Bo-

Therefore, since if the limit of ([5.4.63)) is infinite as € — 0 implies that it is infinite for every A
such that p € A, and (5.4.60|) follows. O

Remark 5.6. Finally, recall that in Lemma that the bound contains both %[46V] 1, — which

arises from the self-interaction of cubes Cj, see (5.4.43)) — and %[4 -345V], which arises from
the interaction between cubes Cj, and neighbouring cubes Cy, see (5.4.44)).

As is clear from the proof, this distinction is necessary, and one can not just simply bound

~ 1 .
sup E{”k}[exp{w (Z V(Xki;y;)+ Z V(Xk,i; Xiir) ) }bzgg]
4,J

{y;€C/Cr} i,i'#i

? = 1
< sup E{nk}[exp{mgv(xm;%)}] (5.4.64)

{y;eCr} i,j
<exp %([2 :3%) }.

This, combined with the fact that the estimate requires a supremum, is one of the reasons why
the separation argument of becomes quite involved for interactions other than pair-
interactions. Although we did manage to derive an estimate similar to Lemma for 3-particle
interactions with certain restrictions on V', the proof involved a large number of ad-hoc steps and
was far from insightful, and we will not repeat it here.

However, recall the context of Theorem which only concerned questions about the rate
functions &y + I on D(I) and therefore sidesteps many of the technical issues involved with -] ,
and [V]y, and only needed exponential integrability of V in all its arguments. In the next section
we will do something similar, and show how local convergence purely in terms of rate functions
can be established for a wide variety of multi-particle potentials.
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5.5 Ceritical singularities: properties of rate functions

Recall Theorem of Section in which we stated sufficient conditions on V for £y to be
continuous on the sublevel sets of I and hence Jgy = BEy + I to locally be proper rate functions
up to a constant — i.e. lower semi-continuous with compact sublevel sets. The latter is itself a
necessary condition for &y to be quasi-continuous.

Now, in this section we will give a localized version of Theorem when V is critical — i.e. it
has a logarithmic singularity, drawing on the same discretization procedure as Section[5.4] Similar
to Theorem for the treatment of rate functions we do not run into the technical problems of
the stochastic estimates of Section [5.4] and hence we can consider multi-particle systems instead
of merely one with pair interaction.

Recall A ¢ R, and let A% c A* for any L > 0 be the set
A= { (@1, mr) € AP ‘ 3,5+ |wi - a5 < L}, (5.5.1)

Moreover, for any L > 0 we decomposition A into a countable collection of Re-cubes {C;} with side-
length L. Let A’z be the union of all the ordered sets of cubes Cy x --- x C}, such that q =Cjor C;
neighbours C; for some 1 <4, j < k. Note that by simple geometry it follows that A’Z c A’}J c Al;\/EL'

We then define following analogues of [V] and [V]],

(V)g:== sup  log V@) g ) (1) - dfio (1), (5.5.2a)
(Ci,....,C1)chk Crx-xCy
dpo(xr) - po(xr)
(V) :=log elVI(@s.ei) : (5.5.2b)
L AFJAY (u§*)(AkR[AR)

where, as before, 119 ; are the renormalized measures on C; defined by

dpo
Mo(Ci)

Note that (V)1 and (V)] are non-negative, and satisfy some of the same properties as [V]; and
[V]}, and of (V)4 of Section although we will not repeat those here.

We now have the following result.

dfio 1, = (5.5.3)

Theorem 5.14.
Let A be compact, Vy : A¥ - R be continuous and bounded for all \, and consider V : A¥ - R.

Suppose that there exists a 8* >0, such that for all L >0,
lim (57(V = V))r =0, (5.5.4)
and additionally, that for each B €R and L >0,

lim (B(V = 1))}, = 0. (5.5.5)

Then & is continuous on the sets { | R(pl|o) < M }, and hence Jgy is lower semi-continuous at
all p with R(p||po) < oo.

Moreover, for any 3 € R with —%* <pB< %, Jgv is lower semi-continuous with compact sublevel
sets and with |Jgy (X)| < co.

The proof requires some highly technical and — frankly — quite convoluted estimates, but
recall from Theorem and especially Corollary that the verification of the above conditions
itself can be quite easy — stated merely in terms of pointwise convergence of V) — V almost
everywhere, and exponential bounds.
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This is in contrast to the problem of establishing quasi-continuity as done in Section[5.4] which
arises from the fact that [V'];, requires a supremum over some points y € A, while (V') does not.

Now, we will first show how Theorem implies Theorem

Proof of Theorem[5.8 The proof is highly similar to the proof of Theorem [5.6| following from
Theorem [5.10] see Section [5.4] and therefore we will only briefly repeat the relevant steps.

Recall, by assumption there exists a 8* such that,
;\in(l) log Ak P WA sm2020) gy (20 L dpg () < 00 (5.5.6)
and that for all € R and all L >0,

hrilsélplog ARJAE eV VA i () - g (1) <0, (5.5.7)
- L

where the latter implies (see the proof of Theorem ,

; - dpo(z1) -+ po(zx)
lim lo f elV=Val(@yomi) =0, 5.5.8
oo 8 ARJAR (u&F)(AKR[ARY (5.5.8)
and (5.5.5)) follows.
Now, note that for any collection of k cubes (Cy,...,Cy) that
li BIV-Val(z1,...,xx) _ 1 ~ P
)\IE(l) Cix - xCh (6 ) du&l(zl) d,u'O,k(xk)
1
<l BIV-Vil(z1.-21) _ 1) ¢ ved (5.5.9)
=3 ,uf)@k(CH x oo x Cl) JAk (e ) po(w1) - dpo ()
=0,

where the last step can be seen to follow from (5.5.6]). Hence, since because of the compactness of
A there are only a finite number of cubes Cj,

}\i_rf(l)W(V -V\)) = }\i_lt)r(lJ (Ch??gz()c]\]z log fclx...xck Vi@, wk) dfio,1(x1) -+ dfio k(Tk)

- a 1o / VICe1en) g cediio v (5.5.10)
(cl,...,cgn)fnhoc/’\’z g CaxxCy € uo,1(931) Ho,k(xk)
=0.
O
Next, we will give a localized version of the entropic inequality stated in Lemma [4.11
Lemma 5.15. Consider V : S* - R, and p, o € P(S), with pu < pg.
Moreover, let {S;}; be a countable collection of measurable subsets of S.
Then for any subset Sy with po(S1) >0,
dp 1(S1)
0< [ logdu—p(S)lo < R(ullwo), 5.5.11
s, 108 ok 11(81) log PG (ullo) ( )
and moreover, if all S; are disjoint,
dp 1(S;i
0< / log - 1 = 1u(S;) log <R , 5.5.12
5 (o g utson 2520 ) < Rl (5:5.12)
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where the sum Y, is over all subsets S; such that 1o(S;) > 0.
Finally, for any k subsets S1,...,Sk, and any 8> 0,

k
S, V@1 duon) - “‘”’”“W? 8>(f 10gidu u(S;) log “((§)>)

S1) - u(S
 d81) i) 10%] VI ) g 3 (1) -+ dfio i (k)
B S1x:xSj
(5.5.13)
The desired consequence is of course that we will use this to bound [£y| by decomposition.
Namely, note that the two terms are positive, and hence we can easy see the following result.

Corollary 5.16. Suppose S = u;S;, where the latter is the union over countable collection of
subsets {S; € S}y, where the S; are not necessarily disjoint.

Then for any collection of positive numbers {Bi, .. i}

fsk WV (@1, m) dp(an) - p(a) SIZkW[ Z (Szj)(fsi log %du 1(Si,)log :((:SS“)))

+ log P Vi) grg o (aq) - djig gy, (1) ]
Siy xx8;
' (5.5.14)

Proof of Lemma |5.15,.
Recall from Lemma [4.11| and similar to (4.5.15) that for any V : S = R, and any p, uo € P(S).

/S|V(ac)|du(x) < (R(u||u0) +logfse|V|(I) duo(x)). (5.5.15)

We will repeatedly apply (5.5.15)) to renormalized measures over any subset S;.

Namely, fix a subset S; such that 1o(S1) > 0, and let fi, fig € P(S1) be the normalized measures
with
dp

u(S)’
i (5.5.16)

f1o(S)
Note that by assumption p << g, hence u(S1) >0 and i < fig, from which follows that
dp
—dfi
dfio

~ du/u(S1)
= 61 sy S 5517

1 du (S1)
U(sl)(fsll . S - u(smog“(s))

Since R(fi]|izp) > 0 by the properties of relative entropy, the positivity stated (5.5.11)) and ([5.5.12))
follows.

Now, let {S;}; be a collection of disjoint subsets such that & = U;S;, then note that

Zf log d,u flog—du
= R(pllpo), (5.5.18)

m = R((m)a | (10)s ).

dji =

dio =

> 1(S;) log
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where (u)a is a discretization of measure p on the subsets S, i.e. a discrete measure such that
(1) a(S;) = u(S;) for all j. Note that from positivity above we see an instance of the contraction
property of relative entropy, see Appendix A of [Fis14], i.e.

R( (1) | (u0)a ) € R(ullpo). (5.5.19)

In particular, the sums involved are well defined, and hence we can state that if R(pl||uo) < oo,

d S;
< R(ullpo) = R(()a || (1o)a) (5.5.20)

and moreover, for any collection {S;}; of disjoint subsets such that {S;}; c {S;};, it follows that

d 1(S;)
0< %:('/57 log dT'Z)dM - u(S;)log 110(S)) ) < R(p||po), (5.5.21)

and hence we have proven (5.5.11)) and (5.5.12]), since the inequality is trivially true when R(u||uo) =

0.

Now, for any V : S - R, we apply (5.5.15) to the normalized measures fi and fig,
1
_— Vix)|du(x :f Vi(x)|di(x
5 S V@ldn() = [ V@l da)
< R(ljo) +1og [ ) djig()

_ 1 au 1(S1)
- u(Sh) ( fsl o dpio dp = p(S1)log 1o(S1)

) +log fs MO dg () o (81).

(5.5.22)
and therefore

dp 1(S1) VI(z)
Vdsfl—d—Sl 51/ 2 g S1).
Jo, Wdute) < 10s 3 du (8 10g TS ) (S og [ e dpo) o)
(5.5.23)
Similarly, for any V : S¥ - R and k subsets S, ..., Sk, let 7,70 € P(S; x - x Sy,) such that
ok
==
1(E1) .. po(Eg)
=dp ® - ®djfi
& ok . (5.5.24)
dyo = Ho

1(E1) - o ()
= dﬂ071 R ® dﬂ07k

with fi; and fig; the normalized measures on S;.
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Then, applying (5.5.15)) on the product space Sy x -+ x Sk,

1
((S1) -+ p(Sk) JS1xxS1

fss V(@ o) di(, . 2x)

<R(ilFo) +log [ eV mldo(an, . )

1%X--XSp

Risliog) +log [ Vel dio(an, .. a)

1% xSk
dp 1(S;
; 1 du— 1(S;) 1
u(SJ)(ij 08 0 1(S;) log 10(S))

e\V\(wl,.A.,wk) du()(l'l) d/LO(fL'k:) .
S1x-xSy, ,U'O(Sl) MO(Sk)

V(@1 m) dp(an) - p(an)

(5.5.25)

k
=2
j=1

k
=2
7=1

Finally, substituting V := BV for some /3 > 0, rearranging the normalization constant and g to the
right, the result follows. O

By applying Lemma to the collection of R? cubes C; with side-length L that cover A, we
will derive two Lemma’s that together form an analogue of Lemma Namely, they will bound
Ev on the set Ar, s, where, recall,

Apgi= {N e P(A) \ ap(p) < 5}. (5.5.26)

and
ar(p) =sup u(C;), (5.5.27)

Moreover, recall that if 1 is absolutely continuous with respect to the Lebesgue measure, ar,(p) — 0
as L - 0.

We then have the following estimate of |Ey/| purely in terms of the relative entropy, ar (), and
localized versions of the exponential integral (V)g of Section

Lemma 5.17.
Let pi, o € P(A), L>0, and V : A¥ - R with k > 2. Then for every By, 32 >0,

[ VI duen) ) < O‘B(“)( R(pllpo) + c2 {81V )1 ) + ﬁi( R(ullno) + {52V ),

(5.5.28)
where
39k%(k-1)
= ——(——,
2
3k(k-1) (5.5.29)
Cy = ——————,
2
C3 = k’,

Proof of Lemma[5.17 Because of the non-negativity of (V) and (V)}, we can assume without
loss of generality that R(ul|po) < oo, since the inequality is trivially satisfied otherwise. In partic-
ular, p << pg < A, with A the Lebesgue measure R%. Moreover, we can also assume without loss
of generality that V is non-negative, and drop the absolute signs |V].

We first consider the case of a pair potential V : A2 - R. Recall, A is the union of all the
ordered couples of cubes C; x C; such that C; = C; or C; neighbours C; (and hence vice versa).
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Then, since j < A, we can decomposition the integral of V over A? as follows,

Ju V@@= 5 [ V) dut)duty)

(Ci,C35)

- Z . fCchAV(w,y)du(x)du(y)+ > f V(@) du(@) du(y)

(Ci (Ci,Cy)cA?[A2

< Z S, V) dn@)dn) + [ Vi) du(e) dut).

(Ci,Cj)cA2
(5.5.30)
where the last inequality follows from the fact that A? c A% with, recall, A% := {(z,y) € A?,||z-y| >
L}, and hence A*/A% c A?/A? - i.e. the the fact that x € C;,y € C; for two non-neighbouring cubes
C;,C; implies that |z —y| > L.
For the second term of (5.5.30)), let ~, 70 € P(S?) with v = u ® 1,70 = 1o ® pto. Suppose that
(110 ® po) (A/A%) > 0, then applying (5 of Lemmanon A?/A2% | we have that for any 3 > 0,

s Vo) ) dity)

L

= fA/AzL V(z,y)dy(z,y)

1 Y(A/AZ) | y(AJAT ) ey @yo(z,y)
Sﬁ(f/\/m gd—dv Y(A/A%)log o(A/A2 ))+ 3 A/AieﬂV( )%(A/A)
< *R(v\ho)wt%log f/A2 PV @y m
2 Ly AV (@) dpio () po(y)
= SRGlho) o e (0 ® o) (A/AZ)
= 5 (caRulmo) + (8V12).

(5.5.31)

and note that the inequality is trivially satisfied when (uo ® po)(A/A%) = 0.

For the second term of (5.5.30)), we have by (5.5.13]) of Lemma for any 1, j,

1(Ci)u(Cy) Q1 dp 1(Cy)
fcixcj \V(z,y)ldu(z)pn(y) < T — [u(Ci) (fc log ddeu - pu(C;)log MO(CZ‘))

(G ( J, ToB 2= (C g **(fg?)) ] (5.5.32)
1(Ci)u(Cy) o BIV|(z,y) Qo(2) dpto(y)
’ B ! g/C-XC 110(Ci) po(Cy)”

Now note

o AIVI@y) o(@) duo(y) suplo Vi) B0 () diio(y)
()1 gfax 1o(Ci) po(C; ) ser(s) pl gf 10(C3) 1o (Cy)’

= aL(M)(,@V>L7
(5.5.33)
and hence
w(Ci)(C5) o BV dHo(x) dpo(y) _ 3% ar(u){BV)L
(ci,c%dg 2 gfc'xc #0(C) o Cy) © b (5.5.34)
ﬂ )
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(

2

Ci,Cj)cA2

w(Ci)u(C;

where the factor 3¢ stems from the fact that any cube has at most 3¢ — 1 neighbours and thus for
any fixed i there are at most 3¢ cubes C; such that (C;,C;) c A2.

Moreover,

) -1 d (Cz) -1 d M(Cj)
[ 1(C2) ([Cilogcm“odu—u(ci)log:)(ci))+u(0j) (fcjlog(m”odu—mcj)log

_ 2(CHHECD T v [ 10w Mg () 10g C)
(ch)A 3 [ 1(C:) (/c,-lgduod“ u(cz)lgﬂo(ci))]

20, (1) dp 1(Cs)
> B(fc longmdu—u(Ci)log )

(CGeA o (Ci)

MZ([ log Mdu M(C)log (C))

B

B 1o (C:)

< L0 (i),

(5.5.35)
where the first equality follows from symmetry and the last inequality from ([5.5.11). The term 34
again arises from the fact for any fixed i there are at most 3¢ cubes C; such that (C;,C;) c AZ.

Combining (5.5.34) and (5.5.35)),

Y o Ve dn)dut) < ) (e Rluluo) + ol (5.5.36)

(Ci.Cj)cA2

Now, setting 8 := 85 in ((5.5.31]), and S := 51 in ((5.5.36f), we conclude for the positive pair potential
V that

[ V@) dutw) duy) < ‘“ﬁ(f‘)(q R(ulo) + 2 {B1V)1) + +-(es Rulluo) + (B2V),)-

B2
(5.5.37)
Finally, the case for a multi-particle potential V : A¥ - R is similar.
First, denote v,v9 € P(A¥/AY), with 7 := u®* ~o = ,ug’k, then similar to (5.5.31]),
/Ak/A’zV(xl’ cooyxg)dup(zy) - du(zy)
:/Al«//\k V(zy,...,zk)dy(z1,. .., x) ( |
5.5.38
dyo(z,y)
< 7R ﬁ2v(x1,...,zk) ?
(7o) + 3, o s © So(AJAZ)
FR(NHHO)JF % (52‘/)
Extending ([5.5.34)),
3 MOy [ Ve Bl i)
2
(CiyyernsCiy )R & i po(Ciy)  p10(Ciy)
Ci. ) u(C;
< 5 ] W (B:1V)r,
(Ciy yoersCiy oAl ! (5.5.39)
(k-1 CiHu(C;
(Ci,Cy)cA2 A
_acar(p)(BV)L
B
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Here the factor k? is because that for any (Cj,,...,C;,) ¢ A¥ there are at least two C; ,C;,
such that gC’ia,Cib) c J_XZL, hence the sum can be decompositioned into k(g D sums over pairs
(Ci,Cj) c AT

Similarly, extending (5.5.35)),

Cir) - 1(Ci) ( dy (cz]))
S Y (G, o8 2y (G )1
(thl,-..,ZC:ik)c/'\’Z e j;”( ) f 08 = pu(Ci;) log )

-k Z /‘(Ch):u(clk) ’u(cil)fl (fl IOg idu #(Czl)log (Cu) )

(CliyyeesCiiy YA i Ciy  dpo 10(Ciy)
k2(k-1 p(C)p(C; C;
SO s MO oy ([ log - dy~ () og ME) ]
(Ci,C5)ch2 A po(Ci)
crar(p
< 92U g,
e
(5.5.40)
Here the first equality follows from symmetry and the first inequality follows from the same
argument as above, that for any (C;,,...,C;, ) c¢ A} there are at least two C;,,C;, such that

(Ci,,Ci,) C I_X%. Moreover, note that this rough bound by overcounting is only allowed because
all the terms involved are positive.

Joining (5.5.38)), (5.5.39) and (5.5.40]), we conclude that

S Vs daton) o) < O (D ) EEZD 50, )
- 5 (kRGulo) + (221,
=0 (e R(ulo) + cx (uV)2) + (e RGul) + (52 Y )
(5.5.41)
O
From Lemma an estimate on Ay s quickly follows.
Lemma 5.18. For any 3>0,L>0,6>0, and a V : A¥ > R with k >2,
s { GO0 = RGulbo) } < 5 (V) + 30V, ) (5.5.42)
where
By = 51 (3%(25_ 5 ) _ (5.5.43)

Proof. Setting f; := § and B3 := 85, then by Lemma (5.17)), for any pe Ap 5.

fAk VI(z1,. . ox) dp(er) -p(ar) < aLﬁ(lu) (01 R(ullpo) + c2 le)L) " é(% Rlpllo) + wQVYL)
< (e ROlo) +e2(8V)2) 5 (s RGulo) + (35V)1)
(5.5.44)

Now recall, that
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32 (k-1)

(G 2 9
39k(k-1) (5.5.45)
Cpi= ———,
2
C3 = k7

Hence,

L

1
fAk VI(z1, ... ox) dp(wy) -p(ar) < 2kR(plpo) + %(5‘/& 5 (BsV )L, (5.5.46)
and by dividing the result follows, while noting that 0 < [Ey/| < &y O

We are now finally able to prove Theorem [5.14]

Proof of Theorem[5.1]} We will show that for every u* € P with R(u|lpo) < oo and every 8 > 0
there exists a open set A containing p* such that

timsup { Bl - Ev,l(w) - R(ulo) | =0. (5.5.47)
=0 peA

Theorem then follows directly from Lemma and the fact that (5*V)r < oo and (8*V)] <
oo imply that

[P () ) < o (5.5.49)

and hence <<%*V>>X < oo, see Lemma Now, fix any p* € D(I), i.e. with R(u*||uo) < oo,

and in particular, pu* is absolutely continuous with respect to the Lebesgue measure. Hence,
limy, g ar(p) = 0, and recall that because of the compactness of A,

ar(p) = max p(C;), (5.5.49)

where the maximum is over K disjoint R? cubes with side-length L that cover the compact A.

Hence, for any fixed € > 0, it is clear that for any L > 0 the set A7 := A (116)a, (u*) contains
w*, with

4= {ueP@) | sup u(C) < (1 e) sup (). (5.5.50)
1<i<K 1<i<K

and recall from the proof Theorem that A7 even contains for every L an open neighbour-
hood of u*. Now, for any L >0, apply Lemma [5.18] where we set §:= 8%, § := (1 + ¢)ar(u*),

sup { 526y - £0,[(n) - Rluluo) } = sup { 22 lev-1sl() - Rluleo) )
e

neAy L
- sw { 2% [Ev-val (1) = Rulluo) | (5.5.51)
< (V) + BV ),
and thus, by assumption,
lim sup { 57‘; € = Eval(1) = Rulluo) | =0, (5.5.52)

A—-0 peAs
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where

s 2p"
Py =0 1(3dk(k-1))

=(1+ e)_laL(,u*)_l (3dk2(§*— 1)) .

(5.5.53)

Recall that as L - 0, ar,(p*) - 0, which implies § - 0 and thus s — oo. Hence, for every £ > 0
we can find a L small enough and a corresponding A7 — which contains a open set containing
©*, such that

lim sup { B1€ - Ev, (1) - R(plluo) | =0. (5.5.54)
=0 eAr
Therefore, we can finally apply Lemma and the result follows. O

Comments

Remark 5.7. Similar as for the stochastic case of pair interactions in Section the proof of
Theorem can be generalized to any localized logarithmic singularity, see also Remark For
example, suppose that there exists some number M such that for any L > 0 and any collection
(i1,...,ix), there are at most MN* =2 collections (iy,...,ix) such that

f eﬁlvl(xl Ik) dﬂo’l(xl) “'dﬂ07k(xk) = 0 (5.5.55)
Clx"' Ck

for some 8 > 5*. Then, with appropriate convergence conditions similar to those of Theorem
one can still establish the desired properties of Jgy .

Remark 5.8. Additionally, just as for the stochastic case of pair interactions in Section [5.4] note
that Lemma’s and are valid for countable collections of cubes C;, in contrast to Theorems
and It might possible that the restrictions for the latter can be lifted, see also Remark

93



5.6 Discussion

In this section we investigated a special case of the framework for Gibbs measures as outlined
in Section M4 with now the underlying space A a subset of R?, and where the Gibbs measures
formally arise as invariant measures of a system of a particles under a potential V on A. We
made the distinction between critical, and sub-critical systems, where the latter is defined for all
temperatures, but the former is not.

In the case of sub-critical systems, most of the relevant results follow directly from Section
such as Theorem which characterized large-deviation principles for the induced measures,
but we also gave a sufficient condition where a relatively simple V' is approximated pointwise and
monotonously by continuous and bounded functions V).

For a critical system, the approach of Section {4 is not sufficient — related to the distinction
between quasi-uniform convergence and strictly local quasi-uniform convergence of Section |3} and
hence we developed and employed a generalized version of the discretization technique for pair
potentials as introduced in [BG99]. A main consequence is Theorem [5.6, where local convergence
— and therefore large-deviation principles — was established on the assumption that there is only
a critical singularity when two particles are very close together.

As outlined in Section notably Theorem we show that the exponential estimate [V]a
for sub-critical potentials, see Section[d] can be replaced by similar but localized and renormalized
estimates [V']1, defined over a set of cubes covering A and with side-length L. We discuss how this
approach could be generalized for non-compact A or more general singularities.

Finally, we discussed the technical problems involved in extending this technique to multi-
particle potentials, and showed that these does not apply when one is merely concerned with the
rate functions, see Theorem but recall that the desired properties are necessary conditions
for quasi-continuity and hence any large-deviation principle to hold.

The underlying framework of discretization techniques — as outlined in Section [5.4] for the
stochastic case and in Section for the rate functions — was purposely stated in a rather general
manner, in such a way that it involved very little assumptions on A or the reference measure of
the non-interacting system pg. This is because it was initially developed with the intention of
lifting the approach to path spaces. Unfortunately, this is to be left for future research, but in
the next section we will sketch how our framework might be applied to path spaces, in which
we will consider large deviations for the paths of Brownian motion acting under a singular but
sub-logarithmic potential V.
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6 LDP for empirical process

6.1 Introduction

In the previous section we discussed large deviations for Gibbs measures on R? induced by a
singular potential V', which formally arose as invariant measures for a system of particles evolving
under certain stochastic dynamics, such as the following set of coupled stochastic differential
equations,

dXN(t) = —% YvV(X)Y - XxN)dt+dB)Y(t),  te[0,T]. (6.1.1)

’L,_]#Z

Now, in this section, we will briefly discuss large deviations for the stochastic dynamics them-
selves. Under certain assumptions on minimizers, large-deviation principles imply that in the
many particle limit the system becomes deterministic, i.e. described by a partial differential equa-
tion. This deterministic macroscopic description of the stochastic particle-system has of course
many applications, and it was actually this question that we first set out to answer.

However, we did not manage to finish that line of investigation, and therefore we only briefly
note here how our approach might be extended to this case.

Namely, while in the previous section we discussed random empirical measures, we will now
consider the empirical process, which is a random distribution over continuous paths. Under certain
conditions on the potential V', the law of might formally be written as a Gibbs measure
over the laws of independent Brownian motions, which would allows us to use the framework of
quasi-continuity of Section [3| and the convergence results for Gibbs measures outlined in Section

@

We will therefore briefly list this representation, and show how the fruits of our current research
might be applied.
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6.2 Notation and basic properties

We consider the following system of SDEs.

dxN () :—% >vvi(xN -xVydt+dBN(t), te[0,T7,
i, (6.2.1)

X;(0) satisfies law (po)™.

First, recall the notation and context for empirical processes as outlined in Section (page ,
which we slightly modify here. Moreover, recall the notation for abstract empirical measures and
Gibbs measures as stated in Section [£.2]

We set § := C([O T] — R), the space of continuous paths in R% and note that XV € S.
Moreover, let QY € P(SN) be the law of the system X7 defined by -, and PV ¢ ’P(SN)
the law of N independent Brownian motions, i.e. P := W® where W € P(S) is the Wiener
measure.

We then consider the empirical process 2 € P(S9),
v 1
- N;@(% (6.2.2)
Moreover, let QY € P(P(S)) be the laws of the random variable 2V induced by Qg , and similarly,

PV the law for the empirical process of the non-interacting system induced by W&V,

Now, we will show how this fall in the framework of abstract Gibbs measures of Section

Lemma 6.1. For any fized V, set V,: SxS? >R, V,: xS - R, V,.: xS - R, with

T
Val@.,2) = [ V(@) -y(®) - TV ((t) - (1)) at

T 6.2.3
Vi) == [ AV () - (1) dr (623)
Now suppose that V is twice continuously differentiable. Then
dQV -NEY (x TN)
T1,...,TN) =€ v ALt N T 6.2.4
k@) (624
with
E{,V(acl,...7xN) = Z Va(Tisxj, ) + Z Vo (xi; ;) + Z Ve(xi; ;). (6.2.5)
3ok i,j#i i,j#i
Moreover,
dQy “NEV (1)
W(”) =e VI, (6.2.6)
with

Ev(n) = [, Velew2)dn(@) du(y) dnz) + [ (Ve ) p)du(@)dn(y). (627)
In particular, QJ‘\/[ satisfies a LDP with rate function F, where
= — inf
Fo(p) = Jv(p) Vé?(S)JV(”)’

Jv () = Ev(p) + R(u[W),

(6.2.8)
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Proof. The proof follows straightforwardly from Section [2] (page [13).

Namely, recall, whenever V' is continuously differentiable (see [dHO8, p. 112]), it is known that
strong solutions to (6.2.1]) exist, and that Q*V is absolutely continuous with respect to W¥, with

d AN
ﬁﬁ(xl>"'axN) = e_NECI(xl)m?wN% (629)

: N._pN N N
with Ey = Ey  + By, + Ey ., where

TN| N 2
Eu(an,an)i== [0 3 WV (@) -ai(t) | dt,
0 =1l =1)j+i

N

=X [V - 0) 9V @0 - a0 dr

i=1,j=1,k=1|izj,k

N ; (6.2.10)
By, an) = Z‘ / AV (z:(t) - 2;(t)) dt,

N
E{,\fc(xl,...,xN)::—l_ Z| V(V(mi(T)—xj(T))—V(xi(O)—xj(O)))dt

Since QV is absolutely continuous with respect to PN QN and PV are absolutely continuous, and
such that (see [dHO8, p. 112]),

dQN

o (1) = NV e P(S), (6.2.11)

where

2
dt du(y)

Fraw=- [ [.
- [ [ VG ) TV ) - 2(0) dedn(e) du(y) di(),

FuoGny= [, [ V(D) ~y(0) dtd(a) duty),

Fro(n) == [ (V@(T) = y(T) = V(2(0) - y(0))) diu(x) du(y)-

L7V (@) - y(t) du(a)

(6.2.12)

As mentioned in Section it therefore follows that Q' satisfies a large-deviation principle with
rate function Fy,

Fv(p) = Jv(u) = mf Jy (v),

Jv () = R(p||W) = Fyv ().

Recall, R(u||W) is the relative entropy of p with respect to the law W of a Brownian motion on
A for t € [0,T], and is the rate function of the sequence of measures P*.

Now, note that simply by the definition of V,, V}, and V., we have that S‘I/V = 8{,\/ and Fy = Fy,
and we conclude the proof.

(6.2.13)

O
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6.3 Main result

From the representation in Lemma [6.1] and our current results, we can immediately state the
following theorem. Note that we use a slightly different notation, namely z; instead of x(t),
because of brevity and clarity of the exponential integrals involved and the fact that we do not
require indices.

Theorem 6.2. Suppose that for every N the system SDE’s (6.2.1), determined by the singular
potential V', has a weak solution and that its law Qg e P(SN) is absolutely continuous with respect
to the law of N independent Brownian motions, W®N | with

dQy
dPN
N . .
where Ey; is as defined in Lemma .

Moreover, suppose that there exists a sequence of twice continuously differentiable functions Vy
such that for all 5 € R we have

(21,...,2x5) = e NES (@on), (6.3.1)

T
lim sup IOgE[GXP {5[0 (VV(yt = Bt) V(2= Bt) = VVa(y — Bt) - Va(zt - Bt))dt}] =0.

A=0 y,z€S
(6.3.2a)
T
lim sup log E[exp {B f (AV - AV} (y: - By) dt}] -0, (6.3.2b)
~U yes 0
}\irr(l) sug, log E[ exp {ﬁ(V -V\)(yr = Br) = (V -Vx)(yo - BO)}] =0. (6.3.2¢)
=0 ye

Then the sequence of measures Q{)’ satisfies a large-deviation principle with rate function Fy .

Proof. Note that by Lemma[6.1] and linearity that for any bounded and twice continuously differ-
entiable V', the induced &y (1) induces itself a LDP for all 3, since BV is also bounded and twice
continuously differentiable. Hence, &, () is quasi-continuous and quasi-bounded with respect to
PN by Theorem although it could also be established in a similar way as in Theorem or
Lemma [£1]

Hence, by Theorem and linearity, (3.5.11)) implies that £y, converges quasi-uniformly to
&y, and therefore the latter is quasi-continuous and quasi-bounded. In particular, it induces a

large-deviation principle with rate function Fy = Fy (see Lemma [6.1)). O

Now, to actually establish absolute continuity of QN with respect to PV, one would need to
resort to other tools, such as Girsanov’s Theorem, but we will not list those here, except for a
brief glimpse of possibilities in Conjecture of Section [2:3] which we hope to prove in further
research.
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6.4 Discussion

In this section we gave a brief overview of how our current framework of quasi-continuity might
be applied to a system of SDEs, by representing the law of the system Qg as a Gibbs measure
with respect to the law of independent Brownian motions W&V, see Lemma

As shown in Theorem [6.2] the convergence results of Section [4] then imply that we can establish
LDPs by approximation, reducing it to a finite particle exponential integral over Brownian motions,

as seen in (|3.5.11J).

These integrals are no longer integrals over a simple space such as R?, but over path space, and
one could for examples use techniques as listed in [HH14].

Moreover, note that the system of SDEs can be well defined in and of itself — regardless of
whether it can be represented as a Gibbs measure with respect to a sequence of nice reference
measures. In particular, if @V would be singular with respect to the law of independent Brownian
motions W®Y | different techniques would be needed.
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7 Conclusion

7.1 Summary of results

In Section 2] we first outlined the basic notions underlying large-deviation principles of interacting
particle systems — such as for the paths or invariants measures of a set of coupled stochastic
differential equations — when the interaction potential V' is assumed to be nicely bounded and
continuous. The key is that an interacting system can be represented via a continuous change of
measure by a non-interacting systems.

To lift this restriction of continuity, and hence study systems involving singular potentials, we
used the notion of a quasi-continuous function. Here quasi-continuity is defined with respect to
a sequence of reference measures, such that the probability of the discontinuity vanishes rapidly
enough. In Section [3] we introduced this concept and presented a vast framework for studying and
establishing quasi-continuity, in which we drew parallels to classic results for continuous functions,
and revealed the intimate relationship between quasi-continuity and large deviations. Even more
so: the class of functions for which Varadhan’s Lemma applies for all real temperatures is shown
to be equivalent to the class of quasi-bounded and quasi-continuous functions.

Moreover, we showed how quasi-continuity follows if the function can be approximated by
(quasi-)continuous functions in an appropriate sense, namely quasi-uniformly. We applied this in
Section 4l concerning rather abstract Gibbs measures in metric spaces, where we showed how this
convergence can be established rather easily via an exponential estimate over a finite number of
particles.

Next, in Section [5 we used these results to directly verify LDPs for invariant measures for a
large class of potentials, either sub-logarithmic for attracting particles, or up to Riesz potentials
for repelling particles. Moreover, we investigated the case for logarithmic singularities, and derived
a large-deviation principle by an discretization argument and localized version of quasi-uniform
convergence.

Finally, we discussed in Section [6| how our techniques could be applied to empirical processes,
where we described large-deviation principles for the paths of the interacting particles. Unfortu-
nately we did not succeed in completing this line of inquiry, but we briefly listed how if a certain
representation theorem holds, the framework of quasi-continuity might also be of important use
for dynamic interacting particle systems.
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7.2 Future research

As mentioned, while in the end we did not manage to prove LDPs for interacting Brownian
motions, we hope to resolve this question in further investigations. We are confident that our
results can at least be extended in the so-called sub-critical case, in which the system is defined
for any arbitrary temperature.

However, also of particular interest is the critical case, for when the potential has a logarith-
mic singularity, which has numerous applications throughout various applied fields. We already
thoroughly studied the case of invariant measures with logarithmic potentials, and we purposely
structured our proofs so that we might lift them to the dynamic case.

However, preliminary investigations suggest that this approach might work on a strictly smaller
range of temperatures than for which the system tends to its hydrodynamic limit. The reason for
this is because for the latter it is possible that the laws of the interacting system are no longer
absolutely continuous with respect to the non-interacting systems, in which case our framework
does not apply. Yet, it is still interesting to wonder how far our techniques can actually be pushed.

Finally, throughout this thesis we have framed various concepts in terms of linear spaces that
are contained within each other, and an important question if these relations are strict. Namely,
while one can create a quasi-continuous functions by approximation of continuous functions, it
is not clear such an approximation exists for évery quasi-continuous functions. Similarly, we
encountered two different exponential estimates in Section [f]— one which implies quasi-continuity,
and one which implies that the rate functions share most of the properties of those of quasi-
continuous functions, and we do know if these classes are equivalent or not.

While many of these questions might not be answered, we hope that this thesis at least provided
a glimpse of the various possibilities, and the use of quasi-continuity in establishing large-deviation
principles for interacting particles.
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