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Numerical method
The finite element method with adaptive meshing is employed to solve the Cahn-Hilliard
equation, the mass- and momentum balance and the evolution equation for the conformation tensor. Here a short overview of the numerical method is given. For a more detailed
explanation, the reader is referred to our previous work on particles in Cahn-Hilliard fluids
in Newtonian flows 1,2 and viscoelastic flows 3 .
At the start of the simulation, a mesh is generated using Gmsh 4 which is aligned with the
particle boundary and is refined near the fluid-fluid interface, as shown in Fig. 1. Due to the
symmetry and periodic assumptions, only half of the particle is simulated. The equations are
discretized in space to yield the unknowns u, p, φ, µ and c. Tetrahedral P2 P1 P1 elements are
used for u, p and c, whereas P2 P2 elements are used for φ and µ. The physical boundaries
1

of the domain are ∂P , Γ5 and Γ6 , where no-flux and contact angle boundary conditions
are imposed for the Cahn-Hilliard problem, and no-slip is imposed for the fluid velocity.
Periodicity is enforces between the planes Γ1 and Γ2 using constraint equations, yielding
Lagrange multipliers as additional unknowns. Symmetry conditions are imposed on the
planes Γ3 and Γ4 .

Fig. 1: An example of the computational mesh indicating the boundaries (note: in the actual
computations the mesh is much more refined).
At the beginning of each time step, the mesh is moved using an arbitrary Lagrange
Euler approach 5 , which moves the mesh close to the particle with the particle, but keeps
the mesh stationary further away from the particle. When the mesh becomes too distorted,
or if the interface moves out of the refined region, a remeshing is performed. Second-order,
adaptive time stepping schemes are used, and the mass and momentum balance and CahnHilliard equation are solved in one system, with a prediction of the polymer stress according
to 6 . Solving the mass and momentum balance and Cahn-Hilliard equation in one system was
shown to drastically improve stability with respect to a decoupled approach 7 , allowing for the
2

use of larger time steps. The (angular) velocities of the particle are included as a additional
unknowns 8 using a constraint equation, and the particle velocities are such that the forceand torque-balance on the particle boundary are satisfied. This system is solved using a
GMRES iterative solver from the Sparskit library 9 , with a customized preconditioner as
described in the next section. To solve the evolution equation for the conformation tensor,
the log-conformation approach is applied 10 . Furthermore, SUPG stabilization is used 11 .
After all variables at the new time step have been computed, the simulation can continue to
the next time step.
The element size near the interface is chosen equal to ξ, which yields ten second-order
points on the interface, which has been shown to be sufficient for mesh-convergence 12 . Furthermore, the element size near the particle is chosen as 2πa/64, which yields 64 elements on
the particle circumference. Using an adaptive time-stepping scheme, the time step is varied
between ∆tγ̇ = 0.08 and ∆tγ̇ = 0.32, where the larger time step is used when the dynamics
are slow (e.g when the particle migrates toward the interface) and the smaller time step is
used when the dynamics are fast (e.g. the adsorption of a particle at an interface).

GMRES preconditioner
The discretized version of the mass- and momentum balance and Cahn-Hilliard equation is
written as a linear system of equations:

   
M11 M12   x   f 

  =  ,
M21 M22
y
g

(1)

where x contains the unknowns in the mass- and momentum balance (velocity, pressure
and Lagrange multipliers for the particle motion/periodic boundary conditions) and y contains the unknowns in the Cahn-Hilliard equation (composition, chemical potential and
Langrange multipliers for the periodic boundary conditions). The vectors f and g contain
information about previous time steps, needed for the integration in time. Since the full LU3

decomposition of the system given in Eq. (1) can become too large to solve efficiently, iterative
solvers are essential. Our choice is the GMRES iterative solver from the Sparskit library 9 ,
for which proper preconditioning is essential. However, the system as shown in Eq. (1) can
become badly conditioned and designing a suitable preconditioner is not straightforward.
Our approach is to make use of the natural block structure that arises from the separate
discretized equations to define the preconditioner P :


M11 M12 
P =
,
0 M22

(2)

where the M21 -block was disregarded, i.e. the convection term in the Cahn-Hilliard equation.
Using the triangular shape of P , linear systems of equations with the preconditioner P
can easily be solved by first solving M22 y = g, followed by M11 x = f − M12 y. These
subsystems are solved using a direct solver from the HSL library 13 , which allows to reuse
the LU decompositions during the entire GMRES iteration. Moreover, the true increase
in performance arises due to the reuse of the LU decompositions across several time steps,
which was found to maintain fast convergence of the GMRES iteration. In practice, the LU
decompositions could be reused until a remeshing was performed, after which they had to
be recomputed.

Size of the domain
In this research, a domain size in the y direction (i.e. the wall-to-wall distance)
of H = 40a is used. To ensure that the influence of the walls on the migration
results is small, we have also performed the simulations as presented in Fig. 5
in the main article with domain sizes of H = 20a and H = 80a. The results are
presented in Fig. 2, where it can be seen that the final location of the particle,
which determines the migration regime used in the morphology plots, is similar
for all values of H. We therefore use H = 40a in all simulations presented in this
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paper.
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Fig. 2: The particle vertical position (a) and particle velocity (b). Ca = 1, θc = 90◦ and
S = 0.1 and varying wall-to-wall distance H.
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