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Summary

Microscale simulations of the mechanics of spongy-particle
systems
Spongy particles are indispensable in a wide variety of applications such as cosmetics, foods, pharmaceuticals, and inks. The properties of the individual particle
also renders them suitable for biomimetic applications. The fascinating properties
of these particles originate from their internal structure. On the one hand, the
elasticity of the supporting network allows the particles to impinge on each other,
whereby the particles are deformed. On the other hand, due to the flow of the
viscous suspending fluid through the particle structure, the particle size and shape
changes become rate dependent. Tailoring the overall behavior of a suspension of
spongy particles rests on the understanding of the effect of the individual-particle
properties. In the literature, systematic studies concerning the effect of spongyparticle properties on the behavior of the entire suspension are limited. This is
due to the fact that, in experiments, the particle permeability is not easily varied
independently from the particle elastic modulus. Moreover, the lack of models that
appropriately account for the particle-size dynamics explicitly renders simulations
limited to studying the effect of the particle elastic softness only. In other words,
the rate-dependent behavior is generally overlooked by available models. This leads
to the main goal of this thesis, which is:
To study the effect of the particle internal structure on the overall
behavior of dense spongy-particle systems.
This goal is achieved by applying the dynamic two-scale model developed by
Hütter et al. [Faraday Discuss., 158, 407-424 (2012)] to dense suspensions of spongy
particles. The model accounts for the internal structure of the particles, i.e. their
permeability, by considering the particle size as an independent dynamic degree
of freedom. Particles in these suspensions interact through a repulsive potential
that originates from (i) an elastic shape change due to Hertzian contact between
particles and (ii) a volume change with respect to the particle size in the dilute
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limit. The model is translated into the form of stochastic differential equations
that are suitable for Brownian dynamics simulations. In the following, the main
findings of this research are highlighted.
In the absence of applied deformation, dense spongy-particle systems undergo a
transition to an ordered state over time scales that are significantly longer than the
Brownian time scale. The transient behavior of dense spongy-particle systems is
found to be accelerated by the particle-size dynamics, even at average size-changes
as small as 1%. This is manifested by the accelerated formation of the stable facecentered cubic structure compared to elastic impermeable particles. The long-time
energy and normal stress values of spongy-particle systems are found to be lower
than the response of impermeable-particle systems.
Upon imposing simple-shear deformation, dense spongy-particle systems show a
transition from a glassy state to a shear-induced string state. At a fixed particle
elastic modulus, the transition towards the shear-induced string state occurs on
longer time scales for spongy particles as compared to impermeable particles. In
turn, spongy-particle systems require higher shear rates to form the string phase,
for a given observation time. In contrast, the long-time value of the shear stress is
found to be influenced primarily by the particle elastic modulus, in a sub-linear
manner. This is due to the fact that the lower the particle elastic modulus, the
larger are the occurring changes in particle volume, which in turn has ramifications
for the mechanical behavior of the suspension.
Upon cessation of the applied shear deformation, the stress relaxation of spongy
particles has a tendency to occur on time scales shorter than for impermeable
particles, for a given pre-shear. It is shown that the stress relaxes over time scales
that are longer than those related to the particle rattling within the cage formed by
the neighboring particles, but much shorter than the time required for the particle
to escape those cages. Therefore, the stress relaxation occurs primarily due to the
particle motion within the cage, rather than cage escape. Also, the stress relaxation
occurs faster than the relaxation of the size of the particles. This implies that, for
a given pre-shear, stress relaxation of spongy particles occurs while the system is
at a lower volume fraction than that of the impermeable-particle system.
In conclusion, this PhD work accentuates the importance of considering the
particle internal structure and the corresponding particle-size dynamics, which is
manifested in the following main conclusions:
• In equilibrium, the dynamics of the system are accelerated, and the long-time
values of energy and normal stresses are lower as compared to impermeableparticle systems, even though the spongy particles change their volume by as
little as 1%.
• Under imposed deformation, although the long-time behavior is governed by
the particle elasticity, the rate at which the final state is reached depends
strongly on the particle permeability.
• Upon flow cessation, the permeability of spongy particles accelerates the stressrelaxation process, namely due to the sustained volume change that was induced
during pre-shear, which renders their cages less effective.
Going beyond the rate-dependent size change, a dynamic two-scale model is
developed for describing the mechanical behavior of suspensions of permeable
vi

ellipsoidal particles, using non-equilibrium thermodynamics. Each particle is described, in addition to its position, by a conformation tensor that captures its
size, shape, and orientation, and that can change in the course of time as a result
of the imposed flow, interactions, and thermal noise. The model is expressed in
terms of a constitutive relation for the stress tensor, and the evolution of the
volumetric and isochoric shape contributions. This is particularly useful for the
modeling of particles with shape-preserving size-changes (e.g. swellable particles)
and volume-preserving shape-changes (e.g. incompressible yet deformable particles).
The ellipsoidal-particle model is made system specific by appropriate choices of
the (Helmholtz free) energy and the generalized mobility tensor. For instance, the
particle permeability is incorporated in the generalized mobility tensor, while the
particle elastic properties, surface-tension effects, and the particle interactions are
described with the (Helmholtz free) energy. Finally, the formulation of the model
using the volume-shape split makes it possible to unify the work based solely on
size dynamics, with a purely-shape model, which is also explored in this PhD work.

vii

Chapter 1

Introduction

1.1 Background
Suspensions of soft deformable particles, often envisaged as sponges, are used
extensively in a wide variety of applications such as food [1–3], cosmetics [4–6],
paints [7–9], pharmaceuticals [10, 11], and inks [12, 13]. The elasticity of the
supporting network gives rise to their elastic behavior, while the flow of the
viscous suspending solvent through their interior brings about their rate-dependent
behavior. Spongy particles are often referred to as poroelastic due to their internal
structure. The ability of these particles to respond to external stimuli, such as
steric effects [14–16], applied deformation [17–19], pH [20, 21], or temperature [21,
22], leads to a rich range of suspension properties as a result of the particle softness.
A direct consequence of the particle softness is their ability to conform in
shape and size in response to different influences, in contrast to hard particles.
At high density, the particle motion is hindered by the neighboring particles and,
effectively, a soft glass is formed. Soft particles can be packed beyond the random
close packing of hard spherical particles [15, 23–25], and they undergo a transition
from a liquidlike to a solidlike behavior at higher volume fractions than hardparticle systems [15, 24, 26, 27]. In addition, the out-of-equilibrium nature of these
materials at high densities is manifested in the continuous and slow evolution of
the dynamic and structural properties of the system [28–30]. The glassy state of
the material, as it strives towards equilibrium, undergoes a transition towards a
crystalline state. The crystallization of well defined systems such as suspensions
of monodisperse spherical hard particles occurs at volume fractions larger than
approximately 0.5 [31, 32], and it has been extensively studied (see for instance
[33–37]). For soft particle systems, on the other hand, the onset of the crystalline
state depends on the particle softness [23]. For instance, Vlassopoulos and Cloitre
in [23] show that crystallization occurs at higher volume fractions for different
types of particle architecture with increasing softness, considering non-interacting
spherical particles in Newtonian fluids. The mechanical behavior of suspensions of
soft particles show the following features. Concentrated suspensions of soft particles
are yield-stress fluids [29, 30, 38, 39]. They exhibit a solidlike behavior below a
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critical yield stress and flow when this stress is exceeded. Yielding occurs when
the applied deformation is sufficient to break the particles out of the cages formed
by their neighboring particles. The forces acting on a particle within a cage and
the response of the particle to these forces also depends on the particle softness.
Furthermore, the flow behavior of such suspensions is highly shear-thinning [18,
40], that is well-described with a Hershel-Bulkley relation σ = σy + k γ̇ n [23, 41]
with an exponent of approximately 0.5 [23, 42, 43]. Suspensions of soft particles
also exhibit memory effects; their properties slowly evolve in time [44, 45]. The
slow evolution of the structural and dynamical properties depends on the particle
softness, see for instance [28, 29, 46–49]. Although the rich suspension properties
hinge on the particle softness, the latter is often ambiguously defined.
The particle softness is a misnomer that is generally used to describe different
aspects of the particle internal structure. From an elasticity point of view, the
particle elastic modulus allows particles to impinge, thereby forming facets between
them. This elastic shape change occurs in response to external stimuli. We refer
to this effect as elastic softness. On the other hand, the same stimuli might lead
to swelling or shrinking of the particles. Their structure can take up or expel
the viscous suspending solvent resulting in rate-dependent changes of size and
shape. We refer to this contribution as rate-dependent softness. Figure 1.1 shows
different types of particles as a function of elastic and rate-dependent softness. Hard
particles, such as solid pigments in inks [50], are obtained in the limit of low elastic
softness and low rate-dependent softness. Elastic particles, such as in emulsions
at increased surface tension [51–53], exhibit purely elastic softness. They deform
in shape by creating facets upon contact with other particles in dense systems.
Poroelastic particles display both types of softness; they undergo size and shape
changes in response to different stimuli.
Softness is in general perceived experimentally from the viewpoint of the particle
architecture. Poroelastic particles can be broadly classified into microgels and star
polymers, based on their architecture [23]. A microgel is a crosslinked polymer
network that is swollen in a solvent, such as PNIPAM [22]. Their properties can
be tuned during synthesis by means of the crosslink density [22, 54]. Increasing
the crosslink density enhances the elastic properties of the particle [22, 55]. The
crosslink density also affects the internal structure of the particle and, in turn, their
swellability [56, 57]. Star polymers form another class of particles for which the
overall softness can be well-controlled through their structure. Star polymers are
made of a core on which a large number polymeric arms are grown [58]. The particle
elastic modulus is directly proportional to the number of arms [58–60]. The elastic
and swelling properties of star polymers vary with the distance from the core of
the particle, i.e. the arm length [59]. Furthermore, various techniques are nowadays
developed in order to characterize the mechanical properties of the single particle,
such as microfluidics [61, 62] and atomic force microscopy [63, 64]. However, varying
the particle softness during the synthesis process affects simultaneously the elastic
properties and the internal structure of the particles. In other words, the particle
elastic softness and rate-dependent softness cannot be independently varied in a
systematic manner experimentally (see Fig. 1.1).
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Fig. 1.1 Illustration of different types of particles as a function of their elastic and ratedependent softness. Three representative spherical particles are shown to illustrate the response
to steric effects in the three limiting cases: (i) hard particles cannot be compressed beyond
the sum of their radii, (ii) elastic particles forming facets upon contact at constant volume,
and (iii) poroelastic particles forming facets upon contact in addition to size change. The solid
outline in the latter two cases refers to the case of hard particles. The diagonal arrow indicates
the direction along which the particle softness is varied experimentally. The arrow parallel to
the elastic softness axis shows how softness is treated by the currently available models.

A modeling approach is well-suited for this problem since it provides the versatility demanded to study the effect of both origins of softness independently. The
difficulty in exploiting a continuum description of poroelastic-particle suspensions is
twofold. On the one hand, the lack of constitutive relations for the effective material
behavior renders solving the continuum mechanics problem on the macroscopic
level impossible. On the particle level, solving the poroelasticity problem for each
particle in a dense system, on the other hand, is rather impractical due to the high
computational cost. Mesoscopic descriptions, where unnecessary degrees of freedom
are coarse-grained, are particularly useful in this case [65, 66]. Coarse-grained
models employ an effective description of the interaction between particles. The
available models, thus far, employ a description of the particle softness that is embedded in a soft elastic particle-particle interactions [67]. Poroelasticity is effectively
represented by a certain degree of elastic softness, as indicated by the dashed line
parallel to elastic-softness axis in Fig. 1.1. Microgels have been described with, for
instance, a repulsive Hertzian potential [41, 68, 69] and Yukawa potential [54, 70].
The potential describing microgels is strongly dependent on the crosslink density
[71]. The softness of star polymers are described by an potential that depends on
the number of arms [59, 72, 73] or via an effective potential [74, 75]. However, the
softness described in these approaches is based solely on the elasticity of the particles, while the rate-dependent softness is not accounted for. The rate-dependent
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softness is a result of the elasticity and the permeability of poroelastic particles.
Consequently, a model that depicts this rate-dependent softness is necessary.

1.2 Aim and objectives
The aim of this dissertation is to study the effect of internal structure of the particle
on the overall behavior of dense spongy-particle systems. The internal structure
of the particle gives rise to both their elastic softness, due to the elasticity of
the network, as well as their rate-dependent softness, due to the permeability of
the structure. The rate-dependent softness is not easily varied in a systematic
manner experimentally, and it is generally overlooked by the available models.
Modeling the rate-dependent softness, i.e. the effect of the particle permeability,
requires accounting for the internal degrees of freedom of the particle explicitly.
In other words, the rate-dependent behavior of the particles can be captured
through the evolution of the particle shape and size over time. By virtue of nonequilibrium thermodynamics techniques, in particular the general equation for
the non-equilibrium reversible-irreversible coupling (GENERIC) [76–78], Hütter
et al. developed a model that treats the particle radius as a separate degree of
freedom [79]. The main objective of understanding of the overall response of dense
spongy-particle systems can be cast into the following sub-objectives:
1. to study the approach towards equilibrium, i.e. in the absence of flow, of dense
spongy-particle systems, in light of the rate-dependent softness,
2. to investigate the effect of the particle internal structure on the flow properties
of dense spongy-particle systems,
3. to study the stress-relaxation of dense spongy-particle systems, upon flow
cessation,
4. to extend the model to account for the particle shape, in addition to its size,
following the non-equilibrium thermodynamics route.

1.3 Dissertation overview
The structure of the dissertation is depicted schematically in Fig. 1.2. The dissertation is organized as follows.
Chapter 2 provides a detailed study of effect of the particle internal structure
on the equilibrium properties of dense spongy-particle systems. Slow dynamics
play a significant role in the approach towards equilibrium. In this chapter, we
show the effect of the particle permeability on the crystallization dynamics of
spongy-particle suspensions, in comparison with impermeable-particle systems.
This chapter is based on: M.E.A. Zakhari, P.D. Anderson, M. Hütter. “Effect of
particle-size dynamics on properties of dense spongy-particle systems: Approach
towards equilibrium”. Phys. Rev. E 96(1) (2017), 012604.
4

poroelastic-particle
suspensions
non-spherical
particles
Chapter 5

spherical particles
Hütter et al. (2012)

model development
suspension characterization

glassy behavior
crystallization
Chapter 2

stress relaxation
Chapter 4

Fig. 1.2 Schematic overview of the structure of this dissertation.

Chapter 3 presents the transient and long-time behavior of concentrated
suspensions of spongy particles subjected to shear deformation. A systematic
study of effect of the particle elasticity and particle permeability is provided. Shearinduced ordering and hysteresis are also investigated, in light of the particle internal
structure. This chapter is based on: M.E.A. Zakhari, M. Hütter, P.D. Anderson.
“Effect of particle-size dynamics on flow properties of dense spongy-particle systems”.
J. Rheol., accepted, 2018.
Chapter 4 presents a comprehensive study of the effect of the particle elasticity
and the particle permeability on the stress-relaxation of dense spongy-particle
systems, upon flow cessation. We identify the primary stress-relaxation mechanism
based on microscopic events, which in turn explains the relaxation mechanism for
permeable- versus impermeable-particle systems. This chapter is based on: M.E.A.
Zakhari, M. Hütter, P.D. Anderson. “Stress relaxation of dense spongy-particle
systems”. J. Rheol., submitted, 2017.
Chapter 5 introduces an extension of the model developed by Hütter et al.
[79], by accounting more generally for the particle shape in addition to its size.
Focusing on ellipsoidal particles, we describe the particle with a shape tensor. The
shape evolution is presented in this chapter in a form suitable for particle-based
simulations. In this chapter, we also recover (i) the case of incompressible particles,
i.e. rigid to volume changes, and (ii) the case of spherical particles, i.e. rigid to shape
changes. The latter situation is completely equivalent to the model of Hütter et al.
[79] used for Chapters 2, 3, and 4. This chapter is based on: M.E.A. Zakhari, P.D.
Anderson, M. Hütter. “Modeling the shape dynamics of suspensions of permeable
ellipsoidal particles”. J. Non-Newtonian Fluid Mech., submitted, 2018.
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Chapter 6 presents a discussion of the presented results, as well as some
suggestions for further research.
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Chapter 2

Effect of particle-size dynamics on properties
of dense spongy-particle systems: Approach
towards equilibrium

Abstract Open-porous deformable particles, often envisaged as sponges, are
ubiquitous in biological and industrial systems (e.g. casein micelles in dairy products
and microgels in cosmetics). The rich behavior of these suspensions is owing to the
elasticity of the supporting network of the particle, and the viscosity of permeating
solvent. Therefore, the rate-dependent size change of these particles depends on
their structure, i.e. the permeability. This work aims at investigating the effect of
the particle-size dynamics and the underlying particle structure, i.e. the particle
permeability, on the transient and long-time behavior of suspensions of spongy
particles in the absence of applied deformation, using the dynamic two-scale model
developed by Hütter et al. [Faraday Discuss., 158, 407-424 (2012)]. In the highdensity limit, the transient behavior is found to be accelerated by the particle-size
dynamics, even at average size-changes as small as 1%. The accelerated dynamics
is evidenced by (i) the higher short-time diffusion coefficient as compared to
elastic-particle systems and (ii) the accelerated formation of the stable FCC crystal
structure. Furthermore, after long times, the particle-size dynamics of spongy
particles is shown to result in lower stationary values of the energy and normal
stresses as compared to elastic-particle systems. This dependence of the long-time
behavior of these systems on the permeability, that essentially is a transport
coefficient and hence must not affect the equilibrium properties, confirms that full
equilibration has not been reached.

2.1 Introduction
Open-porous, deformable particles are present widely in biological systems, for
instance, casein micelles in dairy products, and in several industrial applications,
for example, microgel particles in cosmetics and paints [1, 4, 7]. Their characteristic
sponge-like structure gives rise to elastic behavior due to the elasticity of the
This chapter is largely reproduced from: M.E.A. Zakhari, P.D. Anderson, M. Hütter. “Effect
of particle-size dynamics on properties of dense spongy-particle systems: Approach towards
equilibrium”. Phys. Rev. E 96(1) (2017), 012604.
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supporting network material, while at the same time the particle’s size-change is
hampered at high deformation rates or induced by high packing densities, due to the
viscosity of the permeating solvent. Particles with these properties are sometimes
referred to as poroelastic particles based on their internal structure [61, 80]. On
the other hand, because of their rate-dependent deformability, spongy-particles are
also known to be viscoelastic particles [40, 81].
Particle systems, in general, show a transition from a liquid-like to a solidlike behavior as the packing fraction increases [23]. Particles are caged by their
neighbors which inhibits their mobility and effectively forming a soft glass. Unlike
hard particle systems, soft particles can be packed at densities higher than that for
random close-packing, which is 0.64 for monodisperse hard spherical particles. High
volume fractions can be reached owing to the different origins of particle softness.
The elastic softness allows particles to elastically change their shape, mostly at
constant volume, upon contact with their neighbors. In addition, as particles are
pressed against each other in a jammed state, viscous solvent is squeezed out of the
particle. This type of rate-dependent particle softness enables particles to, over time,
change their volume in response to, for instance, steric effects [14]. In the absence
of imposed deformation, the competition between the size- and position-dynamics,
hence, governs the behavior of such jammed states.
Various modeling efforts have been dedicated to describing the effect of the
elastic softness of particles on the emergence of solidity in suspensions of soft
particles. The trap models [82, 83] are phenomenological models that describe the
main features of disordered systems, in particular, aging [83]. An element of these
model is trapped in a cage formed by the surrounding elements and, occasionally,
this element has enough energy to hop outside this cage due to thermal activation.
The Soft Glassy Rheology model (SGR) [84, 85] assumes that hopping can be due
to interactions between particles. While these models are used to give insight into
the mechanical deformation and aging of these materials, they do not provide any
information about the structure. Another limitation of both models is that the
physical interpretation of the model parameters is not trivial [85], and the latter
are not directly related to materials parameters that describe the effective, overall
behavior of suspensions.
Particle-based methods, on the other hand, provide more insight about the
microscopic dynamics. They form another family of models that are suitable for
numerical simulations. They can be categorized into athermal and thermal models.
For example, thermal systems consist of particles that are small enough that they
are affected by thermal fluctuations. In this case, Brownian forces are relevant.
This applies for colloidal suspensions of particles which are a couple of hundred
nanometers in size. Although these models have been the basis of the current
understanding of the behavior of suspensions of soft particles, they are limited
to considering the elasticity of the particle as the only origin of particle softness,
for example, using a soft inter-particle potential [24, 41, 86]. Spongy-particles,
however, can take up (expel) viscous solvent from their interior allowing them to
swell (shrink) depending on their permeability, which renders their deformability
rate-dependent. Modeling of such particles requires an additional ingredient that is
the particle size, to account for the rate-dependent deformability of particles.
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This chapter aims at studying the effect of the internal structure of spongy
particles, in particular the particle permeability, on the equilibrium properties
of suspensions of such particles. Understanding the behavior in equilibrium is
an essential prerequisite for understanding the behavior under deformation (e.g.
shear). The actual approach towards low-energy and the corresponding equilibrium
states in dense spongy-particle systems are intricate, which motivates the work
in this chapter. This is achieved by studying the relaxation of the system from a
high-energy initial state through a long-lived intermediate state into a crystalline
state, in terms of the transition time and the average local-order parameter, as
well as the final overall properties of the system such as energy, stress and diffusion
coefficient.
In this chapter, the dynamic two-scale model developed by Hütter et al. [79] is
applied to dense suspensions of spongy-particles. Based on principals of nonequilibrium thermodynamics, in particular the general equation for the nonequilibrium
reversible-irreversible coupling (GENERIC) [76–78], the model accounts, in addition
to the elastic origin of particle softness, for the effect of the viscous background fluid
by treating the particle-size of each particle as a separate degree of freedom. The
developed model is expressed in the form of stochastic differential equations [79]
suitable for particle-based simulations, specifically Brownian dynamics simulations.
This chapter is organized as follows. In Sec. 2.2, the dynamic two-scale model in
the form of stochastic differential equations is revisited and applied to the system
of interest by making a choice of the interaction potential. The numerical setup
is described in Sec. 2.3, with a study of the effect of numerical parameters. By
making adequate choices of the numerical parameters, the behavior of suspensions
of spongy particles is presented for different system densities in Sec. 2.4. The
crystallization of particles is studied in Sec. 2.5. Finally, the article is concluded
with a discussion in Sec. 2.6.

2.2 Extended Brownian dynamics model
2.2.1 Particle interaction
In this section, a realization of the two-scale model developed in [79] is presented
in short. For more details, the reader is referred to [79].
Consider a system of N spherical particles in a Newtonian fluid with shear
viscosity η. Each particle i is described by the position of its center Qi and its
radius Ri . For convenience, a variable ξ of 4N -dimension is defined to denote all
particle degrees of freedom,
ξ = {Q1 , R1 , ..., QN , RN }.

(2.1)

The distribution function based on the microscopic states ξ is denoted by p. In
the absence of flow, the Fokker-Planck equation describing the evolution of the
distribution function is expressed as
9

∂t p = −∇ξ · (µ · [−(∇ξ Φ)p − kB T ∇ξ p]) ,

(2.2)

where µ is the symmetric and non-negative 4N × 4N mobility tensor, kB is the
Boltzmann’s constant and T is the absolute temperature. The driving force for
ξ-dynamics, −∇ξ Φ, is derived from the potential energy of the system Φ for all
degrees of freedom. The equilibrium distribution for the microscopic states is given
by a Boltzmann distribution [79],


1
−Φ
p = exp
,
(2.3)
Z
kB T
R
where Z is fixed by the normalization condition pdξ = 1.
In order to make the model more specific, choices have to be made on the particle
interaction potential. Dense suspensions of soft particles are stabilized to prevent
aggregation and gelation by, for example, the attractive van der Waals forces [87].
For instance, soft particles in the form of star polymers or polymer-coated particles
are stabilized by the outer layer that ensures that the distance between particles
is large enough for attractive forces to be negligible [23, 88]. To that end, the
interaction between the particles is assumed in this work to be purely repulsive.
The elasticity of the particles gives rise to these repulsive interactions and is
manifested in two different forms. The first form of elastic repulsive interactions is
due to the fact that particles are soft and impinging of a particle by its neighbors
is possible. The Hertzian potential describes this type of contact energy [89].
The pairwise Hertzian contact interaction potential, between a particle i and its
neighbors j’s, is [25, 90]
3
Hz
ΦHz
ij (ξ) = EReq Φ̃ij ,

(2.4)

with
(
Φ̃Hz
ij (ξ)

=

1
2(1−ν 2 )



1
3
Req

PN

j6=i

Chnij Rc3−n + k̃

0



if hij > 0,
otherwise,
(2.5)

where all particles have the same Young’s modulus E and Poisson’s ratio ν. The
free-standing equilibrium particle-size is the same for all particles and is denoted
˜ denotes the nondimensionalized (·). The contact size, Rc ,
by Req . The symbol (·)

−1
is defined as Rc = R1i + R1j
where Ri and Rj are the current particle radii of
particles i and j, respectively. The overlap between particles is defined as
hij = Ri + Rj − |Qij |,

(2.6)

where the magnitude of the vector connecting particle i and j is |Qij | = |Qi − Qj |.
The dimensionless constants C and n in Eq. (2.5) depend on the degree of overlap
between a pair of particles, hij . The values of C, n and k̃ used throughout this
work can be found in Appendix A.
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The Hertzian potential interaction describes the force developed when the
particle centers approach closer than the sum of their radii because the particles
can deform. This potential gives a non-zero contribution only when particles are
overlapping, while it vanishes when particles are not impinging, such as in the case
of dilute systems. In the dilute-limit, a particle with size that is different from
its equilibrium size Req will have a finite stored elastic energy [91]. Minimization
of this energy drives the particle to recover its equilibrium size. In this work, we
account for the stored elastic energy in the total potential. The stored elastic energy,
in this case, is
3
vol
Φvol
i (ξ) = EReq Φ̃i ,

(2.7)

with
Φ̃vol
=
i

2π
9(1 − 2ν)



Vi − Veq
Veq

2
,

(2.8)

where Vi is the current volume of particle i, Veq is its volume based on the
equilibrium size and (Vi − Veq )/Veq is the volumetric strain. The total potential
energy is defined, based on (2.4) and (2.7), as
X
X
3
Φ(ξ) =
ΦHz
Φvol
(2.9)
ij (ξ) +
i (ξ) = EReq Φ̃(ξ).
i6=j

i

In practice, even if particles are not overlapping, an isolated particle strives to attain
its equilibrium size, whereas every other (deviating) particle size is energetically
penalized. This is exactly what is accounted for by the additive contribution in
Eq. (2.9) as opposed to a total potential that consists of only Hertzian-contact
contributions with a density-dependent prefactor. A density-dependent Hertzian
potential automatically implies that this potential is only active if particles are
impinging, while it vanishes in the dilute limit (i.e., for non-overlapping particles).
In contrast, Eq. (2.9) ensures that in the dilute limit a particle strives towards its
equilibrium size based on the minimization of Φ̃ = Φ̃vol . In addition, it is mentioned
for completeness that the density dependence of the particle stiffness in the Hertzian
interaction is incorporated in our approach in an effective way by using piece-wise
different expressions for the potential Eq. (5) (see Appendix A).

2.2.2 Particle dynamics
Equation (2.2) can be expressed in the form of stochastic differential equations
using the Itô-interpretation [65]. The position and size dynamics are, respectively,
defined as
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dQi =

X

µQi Qk · (−∇Qk Φ) dt +

k

X

µQi Rk (−∂Rk Φ) dt

k

+ kB T [∇ξ · µ]Qi dt + [BdWt ]Qi ,
X
X
dRi =
µRi Qk · (−∇Qk Φ) dt +
µRi Rk (−∂Rk Φ) dt
k

(2.10a)

k

+ kB T [∇ξ · µ]Ri dt + [BdWt ]Ri ,

(2.10b)

where B satisfies the fluctuation-dissipation relation B · B T = 2kB T µ. The driving
forces for position-change and size-change are −∇Qi Φ and −∂Ri Φ, respectively.
For simplicity and in order to focus on the effect of the permeability, manyparticle hydrodynamic interactions are neglected, which implies that µQi Qk is
non-zero only if i = k, specifically [92]
−1
µQi Qk = ζQ
δ I, with ζQi = 6πηRi ,
i ik

(2.11)

where I is the second rank identity tensor, and ζQi is the single-particle friction
coefficient. Furthermore, it is assumed that the size-dynamics of different particles
are not coupled hydrodynamically, which is a reasonable assumption since the fluid
is assumed to be (nearly) incompressible [79]. Therefore, one obtains µRi Rk6=i = 0,
and the single-particle mobility component can be expressed as [79]
−1
µRi Rk = ζR
δ , with ζRi =
i ik

12πηRi4
,
3 χ
Req

(2.12)

where χ is a dimensionless quantity which depends on the permeability of the
particle. Using the theory of poroelasticity [93], it can be shown that
χ=

π2 κ
,
R02

(2.13)

where κ is the particle permeability and R0 is the initial particle size which is
equal to Req in this work (see Sec. 2.3.1). Non-zero mobility components µQi Rk
and µRi Qk imply that there is dynamic cross-coupling between size and position.
For the current work, we assume that there is no cross-coupling, that is µQi Rk = 0
and µRi Qk = 0.
Based on the above-mentioned assumptions, equations (2.10a) and (2.10b) are
simplified to
q

−1
−1
3
dQi = ζQ
ER
−∇
Φ̃
dt
+
2kB T ζQ
[dWt ]Qi ,
(2.14a)
Q
eq
i
i
i
q

−1
−1
−1
3
dRi = ζR
EReq
−∂Ri Φ̃ dt + kB T (∂Ri ζR
)dt + 2kB T ζR
[dWt ]Ri . (2.14b)
i
i
i
These equations can be nondimensionalized if one scales all involved length scales
by Req ,
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q


−1
−1 −2
dQ̃i = ζQ
2kB T ζQ
ER
−∇
Φ̃
dt
+
Req [dWt ]Qi ,
(2.15a)
eq
Q̃i
i
i
q

−1 −2
−1
−1
−2
Req [dWt ]Ri .
dR̃i = ζR
EReq −∂R̃i Φ̃ dt + kB T Req
(∂R̃i ζR
)dt + 2kB T ζR
i
i
i
(2.15b)

2.2.3 Time scales and dimensionless numbers
Equations (2.15) are expressed in terms two energy scales: the elastic interaction
3
energy, EReq
, and the thermal energy, kB T . The ratio between these energy scales
defines the first dimensionless parameter describing the elastic nature of the particle
softness, and is defined as
S∗ =

kB T
.
3
EReq

(2.16)

This parameter is similar to the softness defined by Ikeda et al. in [86] in terms of
its physical interpretation, but we use a different form of the interaction energy.
The effect of the suspending fluid is described by the second dimensionless
parameter, that is defined as the ratio of mobilities in the size dynamics and
position dynamics, respectively,
ζ∗ =

−1
ζR
i
−1
ζQ
i Ri =Req

=

χ
.
2

(2.17)

It follows from (2.13) that this parameter is based on the initial size of the particle
as well as its permeability. Based on the above dimensionless parameters, several
familiar systems can be recovered. For instance, hard particle systems are recovered
by setting S ∗ = 0 and ζ ∗ = 0. Elastic (impermeable) particles are obtained for a
finite value of S ∗ and ζ ∗ = 0, while non-zero (S ∗ , ζ ∗ ) describe soft porous particles.
The energy scales define different time scales for the position and size dynamics,
respectively. The interaction energy is dissipated through viscous damping over a
time scale, for position change and for volume change,
τQi =

ζQi
,
EReq

(2.18)

τRi =

ζRi
,
EReq

(2.19)

and

respectively. The Brownian time scale is
Br
τQ
=
i

2
ζQi Req
,
kB T
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(2.20)

which is the time a particle takes to diffuse a distance equivalent to its radius,
while a particle relaxes its size under the influence of thermal fluctuations over a
time scale
τRBri =

2
ζRi Req
.
kB T

(2.21)

Equation (2.15) can be expressed, in terms of the previously described time scales,
as

 dt
√ [dWt ]Qi
dQ̃i = −∇Q̃i Φ̃
+ 2 q
,
τQi
τ Br

(2.22a)

Qi

√ [dWt ]
 dt
 dt
−1
+ 2 q Ri .
dR̃i = −∂R̃i Φ̃
+ ∂R̃i ln ζR
Br
i
τRi
τRi
τ Br

(2.22b)

Ri

2.3 Numerical simulations
2.3.1 Temporal discretization and simulation parameters
Equations (2.22) are used to model a system consisting of N particles in a cubic
box. The simulation box is subjected to Lees-Edwards periodic boundary conditions
[94]. Monodisperse particles, with initial size R0 = Req , are initially placed on a
Simple Cubic (SC) configuration (unless otherwise specified) in the simulation box,
suspended in a solvent of viscosity η. By changing the dimensions of the simulation
box, the density of the system is modified while keeping the number of particles
fixed. The parameters used throughout this chapter are listed in Table 2.1. The
characteristic time scales, based on physical values in Table 2.1, are shown in Table
2.2. A forward-Euler integration scheme is used to solve equation (2.15) [95]. The
time step used for the integration scheme, ∆t, should be small enough to capture
the fastest dynamics. Table 2.2 shows that the smallest time scale is τQ . The time
step is set to be two orders of magnitude smaller, that is ∆t = 3.5 · 10−6 s.
To provide an indication of typical values for the dimensionless parameters, some
examples can be found in literature. For instance, the softness dimensionless number
S ∗ is estimated to be 10−7 for oil-in-water emulsions and between 10−4 − 10−5 for
polyacrylamide particles (e.g. PNIPAM) [23, 86]. Furthermore, to get an estimate
for the dimensionless permeability ζ ∗ , the permeability of polyacrylamide particles
is considered (oil-in-water emulsions are impermeable), which is estimated to be
higher than 10−17 m2 depending on the cross-link density [96]. For sub-micron sized
polyacrylamide particles, one finds that ζ ∗ > 10−3 [86]. The model parameters in
Table 2.1 correspond to systems consisting of particles with permeability, and hence
1

Additional simulations were performed for N = 223 with no significant effect on the overall
behavior (see Appendix B).
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Table 2.1 Model parameters.
Parameter

Symbol Physical value

Equilibrium particle radius Req

2.5 · 10−7 m

Solvent shear viscosity

η

10−3 Pa s

Poisson’s ratio

ν

0.4

Young’s modulus

E

100 Pa

Temperature

T

293 K

Number of particles

N
S

Softness, dimensionless

∗

Permeability, dimensionless ζ ∗

123

1

2.5 · 10−3
{0, 0.5, 5} · 10−3

Table 2.2 Characteristic time scales based on the model parameters in Table 2.1, using
Br
Ri = Req . Values for τR and τR
are based on ζ ∗ in Table 2.1.
Time scale Physical value [s]
τQ

1.88 · 10−4

Br
τQ

7.28 · 10−2

τR

{∞, 3.77 · 10−1 , 3.77 · 10−2 }

Br
τR

{∞, 145.6, 14.56}

ζ ∗ , similar to the widely-used polyacrylamide particles in water [86, 96]. On the
other hand, for the purpose of visualizing the particle-size change, the particle elastic
properties, and consequently S ∗ , in Table 2.1 are one order of magnitude softer
than those commonly reported for polyacrylamide particles. The elastic properties
in Table 2.1 are, however, similar to those of systems used to mimic biological
systems, for instance alginate hydrogels used for cell encapsulating scaffolds [97],
vinylpyridine (VP) microgels used in applications where pH-sensitivity is important
[98], and polyisocyanides (PIC) hydrogels used as a biomimetic system [99]. It is
noteworthy that, while S ∗ given by (2.16) is convenient for scaling the evolution
equations, it is more physical to express S ∗ in terms of elastic energy for volume
2
change, that is approximately equal to kB T /(3EReq
∆R) where ∆R is the radius
change with respect to Req . One finds that, for a radius change of approximately
8 · 10−4 Req , the elastic energy for volume change is equal to the thermal energy
kB T .
At high number densities and no external flow, particle positions and sizes change
as a result of interactions and Brownian forces in order to reduce total energy of
the system and to balance the forces acting on each particle. The evolution of the
system over time is measured in terms of the energy per particle.
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2.3.2 Evolution of energy
As a prototypical example, a system with number density n = 1.17 · 1019 m−3 is
simulated. In this example, particles are initially placed randomly in the simulation
box. The volume fraction can be calculated, based on the equilibrium size, as
ϕfree =

4 3
πR n.
3 eq

(2.23)

That yields a volume fraction of 0.766 for this example. The particles used are
porous with ζ ∗ = 0.005. The simulation time is chosen to be large enough to
allow the particles to travel longer distances than their own diameter. To obtain
statistically relevant data, simulations long compared to the Brownian time scale
Br
τQ
are performed,
Br
τsim = 28 s ≈ 384 τQ
,

(2.24)

Br
where τQ
= 7.28 · 10−2 s, rather than performing several shorter simulations of
independent systems.
Figure 2.1 shows the evolution of the energy per particle for this system. Initially,
Br
the energy decreases slowly over a period of approximately 45.3τQ
. This is followed
by a drop in energy of a value of ∆Φ ≈ 0.75 kB T per particle. This energy drop is
found to be related to a transition from a disordered to an ordered state. This is
confirmed by the snapshots of the particle configuration in the simulation box at
the beginning and the end of the simulation shown in Fig. 2.2 and will be discussed
in more detail in Section 2.5. Structural ordering was observed in hard- and softparticle systems. This phenomenon depends primarily on the particle interactions
[100–102] and the size polydispersity [23, 103]. Ordering occurs more readily when
repulsive interactions are dominant while polydispersity inhibits crystal formation
[23].
The time-dependent response of the material, as seen in Fig. 2.1, implies that the
simulation time should be long enough to allow particles to find the lower energy
state. The transition time involved in this process occurs at time scales significantly
larger than the Brownian time scale (see Table 2.2). This long transition-time implies
Br
that the disordered state at intermediate energy, which occurs at 5 . t/τQ
. 30,
is considered a long-lived glassy state. Intuitively, one expects that this slow
dynamics is accompanied by large energy barriers. The system might be trapped
in a metastable state and particles do not have enough energy to cross a high
energy barrier to reach a lower-energy state. However, such energy barriers were not
observed for the range of parameters studied. This suggests that structural ordering
occurs spontaneously and therefore small differences might have a significant effect
on the subsequent relaxation, which would imply a substantial dependence on
the sample history. For the systems examined in this numerical study, the history
represents the initial state of the system as well as the pathway followed by the
particles in the relaxation process. History can be removed when deformation is
applied [29], however, in this work we are interested in equilibrium properties where
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Fig. 2.1 Evolution of energy per particle for a system with particle with ζ ∗ = 0.005 and
S ∗ = 2.5 · 10−3 . The volume fraction of the system is ϕfree = 0.766 (n = 1.17 · 1019 m−3 ) .

Br
Br
Fig. 2.2 Particle configuration at (a) t/τQ
= 0 and (b) t/τQ
= 384.6. Particle coordinates
are scaled by the simulation box length and the particle size is reduced for better visualization.

there is no applied deformation. In the case of no applied deformation, care should
be taken when drawing conclusions about the absolute behavior of such systems
as it might be a direct effect of its history. To this end and in order to isolate
the effect of the history, the effect of the numerical parameters on the simulation
results is studied in detail next.

2.3.3 Effect of numerical parameters
This section is dedicated to analyze the effect of numerical parameters on the
behavior of the suspension at high volume fractions. As the density of the system
increases, particles require more time to find a configuration that minimizes the
17

total energy of the system, i.e. the glassy state lives longer. Dynamics are drastically
slowed and the material increasingly remembers its history. The history-dependent
behavior dictates a careful study of the simulation history that we identify as: the
initial configuration, and the realization of the noise (i.e. the last terms in Eq.
(2.22a) and (2.22b)). In order to examine this slow relaxation towards equilibrium
through or from intermediate long-lived states, two types of well-defined initial
(high energy) configurations are generated by (i) randomly placing particle centers
in the simulation box, and by (ii) placing the particle on a simple cubic lattice.
In both cases, a long-lived (glassy) state develops relatively rapidly due to the
Br
dynamics of the system (see Fig. 2.1, 5 . t/τQ
. 30), which in turn eventually
Br
evolves into a crystalline low-energy state (see Fig. 2.1, t/τQ
& 60). The first
relatively rapid transition from the initial state is not of interest in this chapter,
but the main focus is rather the transition from the long-lived intermediate state
towards the low-energy state. The realization of noise for the thermal fluctuation
terms in Eq. (2.22) can be changed by varying the random number seed.
Two sets of simulations are performed for suspensions with different particle
volume fractions. The first set of simulations is done for five different random initial
configurations while fixing the realization of the noise. In this case, the initial
particle size for all particles is the equilibrium size. In the second set of simulations,
the initial configuration is fixed by placing particles in a SC configuration at
different realizations of the noise. The initial particle radius of porous particles in
both sets of simulation is set to the equilibrium size. However, the initial size of
impermeable particles is drawn from a Gaussian distribution around the equilibrium
size. The reason for this is the following. Size dynamics allows for the radii of
permeable particles to conform to a certain, evolving distribution. At equilibrium,
this distribution is the Boltzmann distribution given by Eq. (2.3). If one considers
the volumetric energy contribution only, equation (2.3) is reduced to


1
−Φvol
p = exp
.
(2.25)
Z
kB T
At equilibrium, the energy Φvol
and the driving force −∂R Φvol
vanish up to noise
i
i
contributions. Particle-size fluctuations around Req result in an average contribution
to the energy of kB T /2, based on the equipartition theorem. To account for this finite
energy contribution in the simulations with impermeable particles, a Monte-Carlo
algorithm is used to generate uncorrelated initial particle radii. The Monte-Carlo
algorithm generates radii with a Boltzmann distribution around Req with respect
to the volumetric energy (Eq. (2.7)). So doing, the simulations of permeable and
impermeable particles can be compared more easily.
The effect of the initial configuration and the realization of the noise at different
volume fractions are studied in terms of the energy per particle (Fig. 2.3) and
the transition time (Fig. 2.4). The energy per particle is calculated based on the
Br
average of energy over a period of tend − tstart = 96.2τQ
, with tstart > τt . The
transition time, τt , is defined as the time at which the energy of the system is
lowered as particles form an ordered phase. It is obtained by fitting the energy-time
curve with a hyperbolic tangent function with the inflection point denoting the
18
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Fig. 2.3 Energy per particle for systems with different ζ ∗ and ϕfree averaged over (a) 5
different initial configurations and certain realization of the noise, (b) 5 different realizations of
the noise and a fixed initial configuration. The standard deviation of the data is shown by the
error bars.

transition time. It is noteworthy that, no overlap criteria for placing the particles
randomly in the simulation box is imposed, the initial overlap and contact force can
be large for some configurations. Porous particles can change their size to reduce
these large forces. This is not the case for impermeable particles and in order to
resolve the dynamics, in this case, the time step needs to be reduced significantly.
Therefore the computational expense may become prohibitive. This is why results
for ζ ∗ = 0 are not shown in Fig. 2.3a and Fig. 2.4a.
Figure 2.3 shows that the energy values are not affected by the choice of initial
configuration or realization of the noise. This means that at longer times the
history has already been removed. In other words, the system is not quenched and
its history does not influence the behavior of the material, as far as the energy
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Fig. 2.4 Transition time τt for systems with different ζ ∗ and ϕfree averaged over (a) 5 different
initial configurations and a certain realization of the noise, (b) 5 different realizations of the
noise and a fixed initial configuration. The spread in data based on the standard error is shown
by dashed lines.

value is concerned. However, this does not apply for the transition time, Fig.
2.4. Initially, crystallization is slow, i.e. longer transition time, because of small
saturation compared to the freezing point, that is the first density at which a crystal
structure occurs. Based on our simulations, the freezing point is a value between
1.1 · 1019 < n < 1.13 · 1019 m−3 , that is 0.72 < ϕfree < 0.74. Upon increasing the
system density, the effective particle diffusion coefficient is reduced and particles
require more time for structural rearrangement, hence the increased τt on average
(see Sec. 2.4.2). The behavior of the transition time agrees qualitatively with the
work of Pusey et al. [104] for hard particle suspensions. Furthermore, the transition
time is highly affected by the choice of initial condition and the realization of the
noise (see Fig. 2.4). The spread of data in Fig. 2.4a and Fig. 2.4b increases with
increasing system density. This has implications on the simulation time. It should
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be chosen long enough for the glassy state to elapse and to allow the particles to
find a lower energy configuration.
Based on the results shown in this section, one can draw the following conclusions.
The simulation time should allow for the collective motion of the particles in the
entire system to find a lower-energy state. The time scale involved in this process is
complicated to estimate beforehand. The reason for this is that, first, it happens on
Br
time scales significantly larger than the Brownian time scale τQ
. This transitiontime scale grows as the density of the system increases. Secondly, we show that
this transition-time scale depends on the system history (initial configuration), and
pathway taken by the particles (the realization of the noise). Here, we relate this
time scale to the transition time for structural ordering, τt , see Fig. 2.2. As a result,
the transition time imposes an additional condition on the simulation time, that is
the simulation time should be larger than the transition time to measure material
properties that are independent of the system history. Based on these arguments,
the simulation time used in the remainder of the chapter is
τsim ≥ 2τt .

(2.26)

It is also found that impermeable particles have higher energy per particle than
porous particles (see Fig. 2.3b). In addition, they undergo a transition to an ordered
state on longer time scales, on average, than porous particles in particular at higher
densities (see Fig. 2.4b). In contrast to comparing porous and non-porous particles,
let us compare porous-particle systems with different permeability, i.e. ζ ∗ 6= 0. The
effect of the value of permeability of porous particles on the energy and transition
time is unclear as can be seen in Fig. 2.3 and 2.4, respectively. These observations
will be studied further in the following sections. Henceforth, in order to compare
results with systems consisting of impermeable particles, we focus on systems with
fixed simple-cubic initial configuration and different realizations of the noise as in
Fig. 2.3b.

2.4 Properties of spongy-particle suspensions
At t > τt , properties of suspensions of spongy particles are studied as a function
of the system density, for simulations performed with different realizations of the
noise. Their behavior is compared to the limiting case of soft elastic particles with
zero permeability by setting ζ ∗ = 0.

2.4.1 Energy and stresses
Figure 2.5 shows the different energy components per particle at t > τt for systems
with different dimensionless parameter ζ ∗ and as a function of the volume fraction
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Fig. 2.5 Components of the energy per particle for ζ ∗ = 0 (closed symbols) and ζ ∗ = 0.005
(open symbols), and S ∗ = 2.5 · 10−3 . The error bars are based on the standard deviation
obtained from running the simulation with 5 different realizations of the noise.

ϕfree . The behavior of these systems with respect to the system density can be
divided into three regimes.
Regime 1 –
This regime covers the following number densities and volume fraction ranges
n ≤ 0.8 · 1019 m−3 and ϕfree ≤ 0.524.
At low system densities, the energy per particle is less than the thermal energy
kB T . Particles do not overlap and the total interaction potential, Eq. (2.9), can be
approximated by
Φi (ξ) = Φvol
i (Ri ).

(2.27)

At equilibrium, the energy Φvol
and the driving force −∂R Φvol
vanish up to noise
i
i
contributions. The particle-size fluctuations around Req result in an average contribution to the energy of kB T /2.
Regime 2 –
In this regime, the number density and the corresponding volume fraction ranges
are
0.8 · 1019 m−3 < n ≤ 1.1 · 1019 m−3 and 0.524 < ϕfree ≤ 0.72.
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While the volumetric energy remains independent of density as in the first regime,
the contact between particles increases with increasing the particle volume fraction.
In other words, particles deform due to contact but at no significant volume change.
In this regime, the architecture of the individual particle, i.e. permeability, does
not affect the overall behavior of the suspension.
Regime 3 –
As the number densities and correspondingly volume fractions increase further,
n > 1.1 · 1019 m−3 and ϕfree > 0.72,
a transition in behavior occurs. It is pointed out that volume fractions well above
unity, ϕfree > 1, can be reached at the expense of the particle compression. Regime
3 is characterized by an initial drop in the energy. The energy drop does not depend
on the structure, i.e. the permeability of the particles, as it occurs for both porous
and non-porous systems. It is to be noted that the system at a volume fraction of
ϕfree = 0.72 (n = 1.1 · 1019 m−3 ) does not show a transition to an ordered state
Br
even for τsim = 3072τQ
compared to Eq. (2.24). Consequently, the density at which
energy drop occurs does not depend on the simulation time.
As the density of the system increases, the contact forces increase and particles
reorganize into an ordered structure (see Fig. 2.2). Upon further increasing the
number density, the volumetric energy deviates from the equilibrium value (kB T /2)
to reduce contact forces between particles. Particle structure, i.e the permeability
and respectively ζ ∗ , affect the energy at number densities greater than at a volume
fraction of ϕfree = 0.78 (n = 1.2·1019 m−3 ), at which size-change becomes significant.
This agrees with the work of Romeo et al. [14] where they studied the de-swelling
behavior of microgels experimentally and they found that significant de-swelling
occurs at volume fractions higher than 0.8.
As discussed before, the main difference between poroelastic and elastic particles
is the ability to change size depending on the rate of deformation. Elastic particles
can be elastically deformed upon Hertzian contact. Poroelastic particles, on the
other hand, have an additional degree of freedom, that is their size. The volume
deformation involved is rate-dependent as it depends on the permeating fluid as
well as the structure of the particle expressed in terms of the permeability. This
picture helps understanding the behavior shown in Fig. 2.5. This figure shows that
at high system densities, porous particles change their size to reduce the Hertzian
contact energy. Because elastic particles cannot accommodate volume changes, the
resulting Hertzian contact energy is higher than in the case of porous particles.
It is to be noted that both contributions to the energy, the Hertzian contact
energy and the volumetric contribution, share an explicit linear dependence on the
particle elastic modulus (see Eq. (2.4) and Eq. (2.7)), while there is an additional
implicit dependence on the elastic modulus in terms of the attained microstructures.
With respect to increasing volume fraction ϕfree , our results show that the increase
in the energy contribution due to volume change is smaller than the increase in
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the energy contribution due to Hertzian contact (see Fig. 5), which is considered a
non-trivial result. The contribution of these two components of energy result in a
total energy that is lower for porous particles than elastic impermeable particles.
The effect of permeability can be further explained by studying the particlesize distribution at a certain time. Figure 2.6 shows histograms of particle radii
for some of the systems shown in Fig. 2.5 at a volume fraction of ϕfree = 0.916
(n = 1.4 · 1019 m−3 ). It is obvious from Fig. 2.6 that the mean of this distribution,
hRi, is lower than Req for porous particles. The average size change observed for
porous particles is small, approximately 1% of Req . In contrast, the particle size
for the case of vanishing permeability remains at the initial distribution around
Req . Both distributions result in non-vanishing volumetric contributions to the
energy, Φvol . However, in the case of impermeable particles, the particle size can
not change because of a vanishing transport coefficient, and therefore the particles
can not adapt in order to attain a more favorable configuration. In other words,
this means that a smaller fraction of phase space is accessible to the non-porous
particles as compared to the porous particles. This implies that the relaxation to
low-energy states of non-porous particle systems is less effective, as shown in Fig.
2.5.
The scenario of vanishing permeability can be translated to practical situations as
follows. While vanishing permeability implies the absence of size relaxation, a small
(but finite) permeability represents a system with a long (but finite) size relaxation.
In this sense, the case of vanishing permeability studied above is representative of
a system that has no noticeable size relaxation on the time-frame of the numerical
simulations. Looking at the simulation results in Fig. 2.5 in this way, one can
state that the system with vanishing permeability is not equilibrated, and even the
system with the finite permeability may not be completely equilibrated yet. For
this reason, these structures will be referred to as out-of-equilibrium in the sequel.
The size changes in Fig. 2.6 are approximately 1% of Req , which raises questions
concerning the relevance of the volume contribution relative to the Hertzian contribution. The relative importance of both contributions can be compared most easily
where they appear simultaneously in the evolution equations. This is the case for
the first term on the right-hand side of the size-dynamics equation Eq. (2.22b).
Since both the Hertzian potential and the volumetric energy depend on the particle
size, the driving force for size change can be expressed as F̃R = F̃RHz + F̃Rvol , where
F̃RHz = −∂R̃ Φ̃Hz and F̃Rvol = −∂R̃ Φ̃vol . The ratio of these contributions indicates
their relative importance,
ρ=

|hF̃Rvol i|
,
|hF̃RHz i|

(2.28)

where h.i denotes the average with respect to the statistical distribution from the
simulation. For the specific system shown in Fig. 2.6 at ϕfree = 0.916, one finds
ρ ≈ 17, which shows quantitatively that the volumetric contribution is dominant
in this case. It is pointed out that, for the system at hand, there is a significant
difference between evaluating the forces using the average sizes and distances,
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Fig. 2.6 Radius distribution at t/τQ
= 384.6 for a system at ϕfree = 0.916 (n = 1.4·1019 m−3 )
∗
with (a) ζ = 0 with hRi/Req = 1 and σR /Req = 0.00637, and (b) ζ ∗ = 0.005 with hRi/Req =
0.9934 and σR /Req = 0.00643. The red line represents the Boltzmann distribution for nonoverlapping particles as given in Eq. (2.25).

versus evaluating the forces using the full statistical distribution; this holds not
only for the forces, but also for the potential energy contributions.
The stresses are calculated using the constitutive relation derived in [79]. Using
the nondimensional interaction potential and scaling the length scales involved by
Req , the stress tensor is given by
"


 #
X
σ
3
σ̃ =
= nReq
(∇Q̃i Φ̃)Q̃i + α (∂R̃i Φ̃)R̃i I ,
(2.29)
E
i
up to a constant pressure which takes into account the solvent pressure. The
reader may refer to [79] for more information. The prefactor α indicates how much
a particle follows the deformation of the containing volume. To put it more simply,
one can think of this problem as a purely elastic problem in which a small volume
change is applied to a volume that contains a spherical particle. If the particle is
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Fig. 2.7 Normal stress for systems with ζ ∗ = 0 (closed symbols) and ζ ∗ = 0.005 (open
symbols), and S ∗ = 2.5 · 10−3 . The error bars are based on the standard deviation obtained
from running the simulation with 5 different realizations of the noise.

incompressible, the particle radius does not change and α = 0. On the contrary, if
the particle is made of the same material as the surrounding material, α = 1/3,
akin to affinely deforming the particle. In intermediate cases, it can be shown that
α depends on the bulk modulus of the particle K part and the surrounding material
K sol as
α=

K sol
.
3K part

(2.30)

Incompressible particles have an infinitely large bulk modulus K part → ∞ and
α = 0, this is the value used for non-porous particles. For highly porous particles
used in this study, one can assume that they are formed mostly of the surrounding
solvent, so that their bulk moduli are comparable. For this reason, we use α = 1/3
for porous particles.
Figure 2.7 shows the average normal stress for non-porous (ζ ∗ = 0) and porous
∗
(ζ = 0.005) systems with S ∗ = 2.5 · 10−3 . The stress-density curve reflects the
same features shown in Fig. 2.5 for the energy per particle. One can clearly see
that the stress increases as the system density increases for both systems. However,
in regime 3, this increase is stronger for non-porous particles. The reason for this
is that, as explained before, in this regime the particle size change is large which
reduces contact between particles and hence the stress is lower.
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2.4.2 Diffusion
The mobility of particles can be described by means of the diffusion tensor. A single
submicron-sized particle in a solvent is subject to Brownian forces, and moves with
a diffusion coefficient D0 given by
D0 =

kB T
,
6πηReq

(2.31)

which is equal to 8.58 · 10−13 m2 /s for the particles used in this study. The Mean
Square Displacement (MSD) of this particle is defined as
h∆r(t)2 i = h(r(t) − r(t0 ))2 i.

(2.32)

For a single-particle system, the mean square displacement is a linear function
in time with a slope that is twice D0 . As more particles are added, their motion
is hindered over longer times and the MSD-t relation becomes non-linear. For a
many-particle system, h·i is the average over all particles and all samples extracted
from the same simulation. A sample is defined based on the longest time scale for
particle displacement which is, in this case, the Brownian time scale (see Table 2.2).
Br
A sample is defined to run from an initial time t0 for a period of 10τQ
. In general,
if no deformation is applied, the MSD for a many particle system is given by
h∆r(t)∆r(t)i = 2Dt,

(2.33)

where D is the diffusion tensor. The off-diagonal components are zeros because the
Brownian forces in different directions are uncorrelated. For a single particle system,
the diagonal components of the diffusion tensor are Dxx = Dyy = Dzz = D0 . At
short times, the slope of the MSD-t curve gives the short-time diffusion coefficient
DS , which is equivalent to D0 in the dilute limit. At longer times, the particles
interact and their motion is hindered, and their diffusion coefficient is lowered. The
long-time diffusion coefficient is denoted by DL .
Figure 2.8 shows the short-time diffusion coefficient for both systems shown in
Fig. 2.5. It is calculated from the initial slope of the MSD curve. In regime 1, the
volume fractions are low enough that particles initially diffuse with a coefficient
that is, approximately, equal as D0 . This coefficient decreases as the particle volume
fraction increases, in regime 2 and regime 3. In regime 3, porous particles can
diffuse more than impermeable particles because of their ability to change their
size which gives them, locally, more space.
Figure 2.9 shows that the long-time diffusion of these systems is lower than
the short-time diffusion, as particles encounter other particles in the system. The
decrease in long-time diffusion coefficient with increasing the particle volume
fraction is steeper than the decrease in short-time diffusion coefficient. This steep
decrease in DL is attributed to the fact that particles need to travel shorter
distances to encounter neighboring particles as the system density increases and
that the caging becomes more effective. However, porous and non-porous particle
systems show the same diffusive behavior over long times. This proves that the
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Fig. 2.8 Scaled short-time diffusion coefficient DS for porous systems with ζ ∗ = 0.005 (open
symbols) and non-porous systems with ζ ∗ = 0 (closed symbols), and S ∗ = 2.5 · 10−3 at
different number densities. D0 denotes the single particle diffusion coefficient in the dilute limit
calculated based on the equilibrium size. The standard error of the data based on simulations
ran with 5 different realizations of the noise is smaller than the symbol size.

long-time diffusion is not sensitive to size change, but is dominated mainly by the
density of the system. Based on the long-time diffusion coefficient, ordering occurs
at DL /D0 ≈ 0.1, which gives a dynamic criterion to the onset of regime 3. This
criterion (DL /D0 ≈ 0.1) was reported by Löwen and coworkers [105, 106] as a
universal value for freezing of colloidal liquids into crystals for Brownian systems
which was also confirmed using simulations for particles under Yukawa potential.

2.5 Structure in regime 3
Regime 3, as discussed before, is the regime in which particles form ordered
structures in order to reduce the total energy of the system. The transition to
an ordered state depends on the system density (see Fig. 2.5). The interplay
between packing, elastic properties, and permeability is a significant factor in the
formation of crystalline colloidal systems. In this section, the effect of permeability
on the transition to ordered structures is studied in detail in terms of the structure
obtained as well as the structure evolution for highly dense systems.

2.5.1 Average local-order parameter
The structure is characterized by means of the average local-order parameter [107,
108] defined, for a particle i with a number of neighboring particle Nb , as
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Fig. 2.9 Scaled long-time diffusion coefficient DL for porous systems with ζ ∗ = 0.005 (open
symbols) and non-porous systems with ζ ∗ = 0 (closed symbols), and S ∗ = 2.5 · 10−3 at
different number densities. D0 denotes the single particle diffusion coefficient in the dilute limit
calculated based on the equilibrium size. The error bars are the standard error of simulations
ran with 5 different realizations of the noise.

v
u
l
u 4π X
q̄l (i) = t
|q̄lm (i)|2 ,
2l + 1

(2.34)

PNb
qlm (i) + k=1
qlm (k)
,
Nb + 1

(2.35)

m=−l

where
q̄lm (i) =
and
PNb
qlm (i) =

j=1

Ylm (rij )
Nb

.

(2.36)

In the above equations, qlm is a complex number that depends on all the spherical
harmonics Ylm of order l with integers m ∈ {−l, . . . , l} for a pair of particles with
interparticle vector rij measured relative to a fixed frame of reference. Particles
are defined as neighbors when the interparticle separation corresponds to the first
minimum in the radial distribution curve. In Eq. (2.35), qlm is averaged over the
neighbors of particle i in addition to particle i itself, which increases the accuracy
in discriminating different crystal structures [107].
The order of the spherical harmonics used are l = 4 and l = 6 to capture
structures with four-fold symmetry like the BCC, and structure with six-fold
symmetry like HCP, respectively. Particles are considered to be solid-like if q̄6 ≥ 0.29
and they are further categorized as BCC for q̄4 ≤ 0.05, HCP for 0.05 < q̄4 ≤ 0.1,
and FCC for q̄4 > 0.1 [107, 109]. Using the average local-order parameter, one can

29

BCC
HCP

1.0

f [-]

FCC

0.5

0.0

0.75

0.80

0.85

free

0.90

0.95

[-]

Fig. 2.10 Average structural composition f of BCC, HCP, and FCC structures for systems
with S ∗ = 2.5 · 10−3 and ζ ∗ = 0 (closed symbols) and ζ ∗ = 0.005 (open symbols). Error bars
are the standard error based on simulations run at 5 different realizations of the noise.

express the structure in terms of fractions of BCC, HCP and FCC crystals as well
as the amorphous phase.

2.5.2 Final structure
Figure 2.10 shows the average composition f of the different crystals for systems
with ζ ∗ = 0 and ζ ∗ = 0.005 at different system densities. The BCC is not favored
for both systems because is has only four-fold symmetry and is unstable; even if it
develops at earlier time during a simulation, it soon changes into the more stable
FCC or HCP. The structure obtained, in both cases and for the entire range of
number densities shown, is the random hexagonal close packing (rHCP) which is a
mixture of HCP and FCC. HCP and FCC have energies that are a fraction of kB T
different in favor of FCC [100, 110].
Figure 2.10 characterizes the structure in the low-energy states, that is at times
longer than τt . The fact that the error bars are relatively large points at a significant
influence of the different realizations of the noise, i.e. of the history. It appears
that, within standard errors, no clear trends can be seen in the density-dependence
of the structure obtained at times longer than τt , and a systematic difference
between porous and non-porous systems is not evident. This is to be compared
with the energy results presented in Fig. 2.5, which did show a dependence on the
permeability. While the energy is a useful (single) physical quantity that captures
some features of the structure, it is more illuminating to examine the various
crystalline phases present in the system, and how these phases actually emerge,
which is discussed in the following section.
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2.5.3 Structure evolution
The evolution of structure of both systems, shown in Fig. 2.5, are studied in
this section. As mentioned before, the average final structure of the suspensions
studied depends on the realization of the noise used in a simulation. To that end,
in this section, we compare two typical systems with ζ ∗ = 0 and ζ ∗ = 0.005 at
ϕfree = 0.916 (n = 1.4 · 1019 m−3 ) and S ∗ = 2.5 · 10−3 using a certain realization
of the noise. The dynamics of structure formation is expressed in terms of the
transition time.
Figure 2.11 shows the (q̄4 , q̄6 )-density maps as a function of time. The bottom
row in Fig. 2.11 shows that at 2τt most of the particles in both cases are solid-like,
based on the definition given in Sec. 2.5.1, irrespective of their bias to one phase
or the other (HCP/FCC). This is confirmed from Fig. 2.12 where the amount of
crystalline structure, defined as f cryst = f BCC + f HCP + f FCC , for these systems is
shown as a function of time. It becomes clear that at times greater than τt both
systems have fully crystallized.
The left column in Fig. 2.11 shows the result for elastic particles with zero
permeability. At t = 0.5τt (top row in Fig. 2.11), most of the particles are still in
the amorphous state with some clusters forming HCP/FCC. At t = τt (middle
row in Fig. 2.11), more clusters with HCP/FCC structure form, that grow over
time. This result is qualitatively similar to results obtained for the Yukawa systems
in [109] in which they studied the effect of the interaction energy, which can be
related to S ∗ in our model, on the crystallization dynamics. Here, we build on
the knowledge about the crystallization process [109] by studying the effect of the
additional degree of freedom, the particle radius. The right column in Fig. 2.11
shows the structure evolution for porous particles. Porous particles at 0.5τt (top
row in Fig. 2.11) show the same behavior as non-porous particles, that is most of
the particles are in the amorphous phase. At τt (middle row in Fig. 2.11), porous
particles are mostly in the FCC domain, while non-porous particles are distributed
over the FCC, HCP and amorphous domains, respectively. This suggests that the
formation of the stable FCC structure occurs faster for porous particles than for
non-porous particles in terms of times relative to τt . To further investigate this
effect, the number of clusters of ordered particles is studied as a function of time.
The number of clusters is calculated based on particles that have a BCC, HCP
or FCC structure, in other words, particles with q̄6 ≥ 0.29. If the distance between
a particle and its neighbor is smaller than a certain threshold, they belong to the
same cluster. The threshold in this case is set to the first minimum in the radial
distribution function calculated based on the position of particles with q̄6 ≥ 0.29.
Figure 2.13 shows the evolution of the number of clusters over time for both
systems shown in Fig. 2.11. Clusters can be seen as nuclei from which ordered
structures grow. Figure 2.13 shows that, in time-units of τt , porous particles form
slightly fewer clusters, and a slightly higher degree of crystallinity (see Fig. 2.12),
than non-porous ones. This can be interpreted as the size-dynamics allowing more
particles to locally re-arrange relative to their neighbors, which accelerates crystal
growth into the stable structure, that is FCC for our system. This conclusion is
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Fig. 2.11 Order parameter (q̄4 , q̄6 )-density maps at t = 0.5τt (top row), at t = τt (middle
row) and at t = 2τt (bottom row) for systems with ϕfree = 0.916 (n = 1.4 · 1019 m−3 ) and
ζ ∗ = 0 (left column), and ζ ∗ = 0.005 (right column), respectively. The contour lines correspond
to 5% of the maximum density, for better visualization.

supported by the fact that porous particles diffuse more than non-porous particles
as indicated by the short time diffusion coefficient shown in Sec. 2.4.2.
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Fig. 2.13 Evolution of number of clusters of ordered particles for the system in Fig. 2.11 at
a density of ϕfree = 0.916 (n = 1.4 · 1019 m−3 ) with S ∗ = 2.5 · 10−3 and ζ ∗ = 0 (black), and
ζ ∗ = 0.005 (red), respectively.

The cluster-size distribution for the same systems, that is with ζ ∗ = 0 and
ζ = 0.005 at ϕfree = 0.916 (n = 1.4 · 1019 m−3 ) and S ∗ = 2.5 · 10−3 using 5 different realizations of the noise, is analyzed in terms of moments of the cluster-size
distribution. Here, we use the definition of the number- and weight-average molecular weights, Mn and Mw , respectively [111], with Mw /Mn = 1 being representative
of a mono-disperse and Mw /Mn  1 of a strongly poly-disperse distribution. The
cluster size is expressed in terms the number of particles forming this cluster. Figure
∗
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Fig. 2.14 The first moment of cluster-size distribution Mn of ordered particles for systems
with different realizations of the noise at a density of ϕfree = 0.916 (n = 1.4 · 1019 m−3 ) with
S ∗ = 2.5 · 10−3 and ζ ∗ = 0 (black) and ζ ∗ = 0.005 (red).
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Fig. 2.15 The polydispersity in cluster-size distribution Mw /Mn of ordered particles for
systems with different realizations of the noise at a density of ϕfree = 0.916 (n = 1.4 · 1019 m−3 )
with S ∗ = 2.5 · 10−3 and ζ ∗ = 0 (black) and ζ ∗ = 0.005 (red).

2.14 shows that, at t < τt , the average cluster size given by Mn of porous particle
systems is higher in comparison with non-porous particles. This confirms that
porous particle systems grow larger clusters on shorter time scales than non-porous
systems. This is attributed to the fact that porous particles are locally more mobile,
which is established by the higher short-time diffusion in regime 3 (see Sec. 2.4.2).
On the other hand, the polydispersity in cluster-size distribution, i.e. Mw /Mn , is
shown in Fig. 2.15. It can be seen that, on average, the polydipersity of non-porous
particles is higher that the polydispersity of porous particles.
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2.6 Conclusions
In this chapter, the rate-dependent behavior of spongy particles and its effect on
the effective overall properties of suspensions made from such particles is studied
in detail. The permeability of the particles and the viscosity of the permeating
solvent are responsible for the rate-dependent size-change of these particles. This
work applies the dynamic two-scale developed by Hütter et al. [79] to suspensions
of spongy particles. The model accounts for the rate-dependent size change of
these particles by considering the particle size as a separate dynamic degree of
freedom. The specific system realization is achieved by making a choice on the
potential energy and the friction coefficients. Particles are assumed to interact
through a purely repulsive potential due to, (i) the elastic shape change upon
contact, and (ii) the volume change of particles compared to their size in the dilute
limit. Particle-based numerical simulations are performed with the purpose of
studying the effect of the rate-dependent particle softness ascribed to the particle
architecture, i.e. permeability, on the transient and long-time behavior of spongyparticle suspensions in the absence of applied deformation. Understanding the
behavior in equilibrium, i.e. in the absence of applied deformation, is an essential
prerequisite for understanding the behavior under deformation (e.g. shear).
At high densities, the suspension undergoes a fast transition from an initial
high-energy state to a long-lived (glassy) state, which in turn evolves to an ordered
low-energy state. The second transition to the ordered state occurs on time scales
significantly larger than the Brownian time scale. By performing a careful study
of numerical parameters, the transition time is found to depend significantly on
the sample history while the final state is rather insensitive to the sample history,
where the latter is changed by varying the initial state and the realization of the
noise. At times larger than the transition time, the permeability has a significant
effect on the overall response at packing fractions higher than 0.8. Porous particles
at such high packing densities reduce their size in order to reduce the contact forces.
Consequently, the energy and the normal stress are lower compared to impermeable
particles. Porous particles are also found to be, locally, more mobile as observed by
the higher short-time diffusion coefficient.
This work also addresses the crystallization phenomena for colloidal systems.
Upon increasing the volume fraction of particles, the energy in the system increases
gradually. At volume fractions around 0.72 the energy drops, which is found to
coincide with the formation of crystals. Increasing the volume fraction even further,
the energy of the crystalline structures gradually increases. Specifically at volume
fraction of 0.72, the long-time diffusion coefficient is one-tenth of the single particle
diffusion coefficient, consistent with the universal value for the freezing point of
colloidal liquids into crystals [105, 106]. We have studied the structures formed and
their evolution, in time units of the transition time τt , by means of the averaged
bond-order parameter [107, 108]. We show that, although the final structure is
not qualitatively affected by the permeability of the particles, the growth of the
stable FCC structure is accelerated for porous particle systems. In this case, bigger
clusters are created faster, as opposed to their impermeable counterpart.
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Previous models have captured part of the general features of soft-particle
suspensions by considering only the elastic nature of softness. However, this work
draws attention to taking into account the rate-dependent particle softness on the
long-time behavior and dynamics of suspensions made from such particles, even
at radius changes as small as 1%. On the one hand, the elastic softness alone, if
applied to spongy particles, overestimates the long-time values of energy and stress
at volume fractions higher than 0.8. This 80%-limit is consistent with experimental
observations that the compression of particles becomes more significant at these
volume fractions [14]. It is pointed out that porous particles adjust their size in a
dissipative way to reduce contact forces at high packing-densities, which cannot be
captured by considering solely the (non-dissipative) elastic particle-softness. On
the other hand, we have found that, even at radius changes as small as 1%, the
rate-dependent softness attributed to porous particles accelerates the dynamics of
the system, as evidenced by the higher short-time diffusion coefficient. The effect of
the accelerated dynamics is twofold. First, transitions to the ordered state occurs
on shorter time scales, and second the growth of stable structures, which is FCC
for our systems, is accelerated.
In future work, this model will be applied to systems under deformation in order
to study the mechanical behavior of these suspensions. It has been noted in the
literature (see for example [86] and references therein) that not accounting for
internal degrees of freedom falls short of explaining, for instance, the increase in yield
stress of soft-particle systems compared to hard-particle systems. We hypothesize
that incorporating size dynamics would provide insight in the description of such
phenomena, particularly under strong flow conditions.
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Chapter 3

Effect of particle-size dynamics on flow
properties of dense spongy-particle systems

Abstract Suspensions of poroelastic particles are indispensable for applications
where tailoring the overall properties is a necessity. The single-particle elastic
network gives rise to their elastic behavior, while the flow of the viscous solvent
through the particle structure gives rise to their rate-dependent behavior. In this
work, we study the effect of the single-particle elastic modulus and permeability
on the properties of the entire poroelastic-particle suspension subject to simpleshear deformation. For this purpose, the dynamic two-scale model developed by
Hütter et al. [Faraday Discuss., 158, 407-424 (2012)] is used. Upon deformation,
both permeable- and impermeable-particle suspensions undergo a transition from
a glassy state to a shear-induced ordered state. On the one hand, the particle
permeability is found to affect the rate at which the ordered state is reached. At a
fixed elastic modulus, increasing the particle permeability prolongs the time scale
at which shear-induced ordering occurs. On the other hand, the long-time shear
stress values are dominated by the elastic properties of the individual particle,
through a sub-linear dependence. This is due to the fact that, the lower the particle
elastic modulus, the larger are the occurring particle-volume changes, which in turn
has ramifications for the dynamics and the mechanical behavior of the suspension.

3.1 Introduction
Soft, open-porous, deformable particles are nowadays used in a wide variety of
industrial applications such as paints [7], pharmaceuticals and cosmetics [4, 6],
foods [1], and inks [12]. The fascinating macroscopic behavior of suspensions of such
particles emerges from the peculiar properties of the individual particle. On the one
hand, the elasticity of the supporting network of the particle provides the elastic
behavior and, on the other hand, the flow of the viscous suspending fluid through
the porous particle results in a viscous contribution. Particles of this nature are
This chapter is largely reproduced from: M.E.A. Zakhari, M. Hütter, P.D. Anderson. “Effect of
particle-size dynamics on flow properties of dense spongy-particle systems”. J. Rheol., accepted,
2018.
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often envisaged as sponges, and will therefore be called spongy particles in this
chapter. These particles are sometimes also referred to as poroelastic particles due
to their characteristic internal structure. The internal structure of spongy particles
is characterized by the permeability and, hence, spongy particles will be referred
to as permeable particles in the following sections.
Suspensions of spongy particles are especially useful for applications where
tailored overall properties is a requirement. The tunability of the suspension
properties is achieved through modifications of the individual particle properties
[40, 54]. Unlike hard particles, soft particles can impinge in response to, for instance,
steric effects [14, 15] or applied deformation [71, 86, 101, 112–116]. The particle
softness allows elastic particles, such as emulsion droplets, to impinge and change
in shape by forming facets upon contact with other particles, approximately at
a constant volume. The softness and the internal structure of poroelastic spongy
particles, such as star polymers and microgels, allow not only for shape changes,
but also for significant volume changes in response to applied stress or deformation,
which can appreciably alter the overall rheological behavior.
In relation to the particle shape-change, particles in dense systems impinge,
forming an elastic network that can resist deformation similar to a yielding solid
[29]. The elasticity of the particle defines the extent of this shape change. If the
applied deformation is sufficiently high, the particles can flow past each other,
breaking the elastic network, which eventually leads to shear-thinning behavior [40,
71]. When the applied deformation is further increased, the particles rearrange into
strings in the flow direction in order to minimize the interaction forces between
them. These shear-induced structures have been reported in experiments for hardparticle systems [101, 117, 118] and for soft-particle systems [112–115], see [116]
for a detailed review. This anisotropic ordering is accompanied by a drop in stress
as a function of applied shear rate [112, 114]. Spongy particles, on the other hand,
are endowed with a rate-dependent softness and the ability to change volume
in addition to shape. The rate-dependent softness originates from the fact that
permeable particles can take up or expel the viscous suspending solvent. The
volume change depends on the internal structure of the particle, in particular
the particle permeability. While the effect of the particle elasticity responsible
for shape change is explored extensively in experiments of impermeable- and
permeable-particle systems [19, 23, 40, 49, 119] and in simulations of a wide variety
of particles interacting through a soft interaction potential [25, 58, 70], the effect
of rate-dependent volume change remains unclear. The limited results concerning
the rate-dependent volume change is due to, on the one hand, the fact that the
particle permeability is not easily varied independently from the particle elastic
modulus. The permeability is commonly varied in experiments by changing either
the particle size [120], the cross-link density [68], or the temperature [49, 70], which
effectively vary the particle elasticity as well. On the other hand, the lack of models
that take into account particle size and its dynamics typically limits simulations
to studying the effect of the elastic softness only. Understanding the coupling of
the microstructure degrees of freedom and their dynamics, and the rheological
properties of spongy-particle systems motivates the work presented in this chapter.
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In order to study the effect of the internal degrees of freedom of spongy-particles,
the dynamic two-scale model developed by Hütter et al. [79] is employed. This
model rests on the principals of nonequilibirum thermodynamics, particularly, the
general equation for the nonequilibrium reversible-irreversible coupling (GENERIC)
[76–78]. The particle size is treated as a separate degree of freedom in addition to
the particle position, which allows the model to capture the size dynamics. The size
dynamics naturally takes into account the particle internal structure, in particular
the particle permeability, as well as the viscosity of the background solvent. The
model can be casted into the form of stochastic differential equations which are
suitable for Brownian dynamics (BD) simulations [79]. In this work, BD simulations
are performed for systems of spongy particles with varying permeability values
and particle moduli, in order to study the effect of the particle properties on the
long-time response of the overall suspension as well as the transient behavior under
applied shear flow. The properties of spongy-particle systems are compared with
systems of impermeable particles and similar elastic properties.
This chapter is organized as follows. Section 3.2 provides the basic elements of
the dynamic two-scale model in the case of applied deformation, in addition to the
relevant dimensionless parameters and timescales involved in the problem. This
is followed by the numerical setup in Sec. 3.3. The shear-flow behavior of spongyparticles and the characteristic features of the stress response of dense-particle
systems are described in Sec. 3.4. In Sec. 3.5, the effect of the particle softness,
elastic and rate-dependent, on the shear-flow response and particle dynamics are
studied. In Sec. 3.6, the effect of the system density on the shear-flow properties is
provided. Finally, the article is concluded with a discussion in Sec. 3.7.

3.2 Extended Brownian dynamics model
In this section, the basic elements of the dynamic two-scale model developed by
Hütter et al. [79] are introduced and applied to systems subjected to constant shearrate deformation. After presenting the general structure, the particle interaction
potential is specified, based on which the driving forces for the dynamics of the
system are derived. This is followed by the evolution equations of the particle
degrees of freedom. The particle contributions to the stress are presented and,
finally, the characteristic time scales and the relevant dimensionless numbers are
introduced.

3.2.1 Fokker-Planck equation
The model considers a representative volume element at a macroscopic position
r consisting of N spherical particles suspended in a Newtonian fluid with shear
viscosity η. A 4N -dimension variable ξ denoting all microscopic dynamics degrees
of freedom is defined as
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ξ = {Q1 , R1 , ..., QN , RN },

(3.1)

where each particle is described by the position of its center Qi , measured with
respect to r, and its radius Ri . The evolution of the distribution function p of
the microscopic states ξ, normalized with the number density of the system n, is
described by the Fokker-Planck equation [79]
X
 X
∂t p = − v · (∇r p) −
∇Qi · (∇r v)T · Qi p −
∂Ri (α(∇r · v)Ri p)
i

i

− ∇ξ · (µ · [−(∇ξ Φ)p − kB T ∇ξ p]) ,

(3.2)

where v is the applied velocity field, kB is the Boltzmann constant and T is the
absolute temperature. The prefactor α indicates to what extent the particle size
follows the velocity field. The mobility tensor µ is a symmetric and non-negative
4N × 4N tensor, while the driving force for ξ-dynamics is −∇ξ Φ, where Φ is the
potential energy of the system.

3.2.2 Particle interaction
Particles in dense systems are generally stabilized, and attractive forces are assumed
to be negligible [23, 87, 88]. Hence, in this work, the interaction between the particles
is assumed to be purely repulsive. Particles undergo elastic shape-change upon
contact with neighboring particles and, at the same time, a particle can elastically
change in volume. The former is described by the Hertzian potential ΦHz
ij [89], while
the latter is described by the stored elastic energy Φvol
[91] that drives the particle
i
towards its equilibrium size Req . The equilibrium size Req is the size of the particle
without constraints of surrounding particles. The total potential energy is defined
as the sum of these two contributions,
X
X
3
Φ(ξ) =
Φvol
ΦHz
(3.3)
ij (ξ) = EReq Φ̃(ξ),
i (ξ) +
i

i6=j

˜ denotes the nondimensionalized
where E is the Young’s modulus. The symbol (·)
3
(·). The prefactor EReq
is the energy scale given by the elastic interaction energy of
the particles. The ratio of this elastic energy and the thermal energy kB T , naturally,
defines a dimensionless group that describes the elastic softness of the particles
[15], that is
S∗ =

kB T
.
3
EReq

(3.4)

The following examples give a physical intuition of values of S ∗ . For instance, the
softness dimensionless number is estimated to be 10−7 for oil-in-water emulsions
[86] and between 10−4 − 10−5 for polyacrylamide particles, such as PNIPAM [23,
86].
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The dimensionless Hertzian interaction potential due to the contact between
particle i and its neighbors j is
(

1
m 3−m
+ k̃ if h̃ij > 0,
Hz
2(1−ν 2 ) C h̃ij R̃c
Φ̃ij (ξ) =
0
otherwise,
(3.5)
where ν is the Poisson’s ratio. The contact size is R̃c =



1
R̃i

+

1
R̃j

−1

where R̃i and

R̃j are the current particle radii of particles i and j scaled with Req , respectively.
The overlap between particles is defined as h̃ij = R̃i + R̃j − |Q̃i − Q̃j | where all
length scales are scaled with Req . Depending on the value of h̃ij , the dimensionless
constants C, m and k̃ in Eq. (3.5) are given by
h̃ij
< 0.1 :
R̃i + R̃j

C=

8
15 ,

h̃ij
0.1 ≤
< 0.2 :
R̃i + R̃j

C=

5
6

h̃ij
< 0.6 :
R̃i + R̃j

C=

125
144

0.2 ≤

q

m=

5
,
2

5
2,

m = 4,

q

m = 6,

5
2,

k̃ = 0,
√

10
,
1250
√
89 10
,
k̃ =
11250

k̃ =

(3.6)

which ensure the continuity of energy and force, following the procedure described
in detail in Appendix A of [15].
The dimensionless elastic energy due to volume change is [91]
Φ̃vol
=
i

2
2π
R̃i3 − 1 ,
9(1 − 2ν)

(3.7)

where R̃i3 − 1 is the volumetric strain compared to the equilibrium size.
It is to be noted that the additive form of the potential Eq. (3.3) ensures that,
in the dilute limit where Φ̃Hz ≈ 0, a particle i strives towards the equilibrium size
based on the minimization of Φ̃i = Φ̃vol
i .

3.2.3 Stochastic differential equations
The macroscopic velocity field v, the driving forces due to the particle interactions,
and the thermal fluctuations affect the position and size of the particles. In this
chapter, the imposed flow field is
v = γ̇yex ,
with a shear rate γ̇, and ex the unit vector in the x-direction.
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(3.8)

The position- and size-dynamics are described by the stochastic differential
equations corresponding to Eq. (3.2), using the Itô-interpretation [65]. In this
chapter, the hydrodynamic interaction with the background solvent considered is
the single-particle Stokes’ drag, while many-particle hydrodynamic interactions are
neglected. The reason for neglecting the latter is that otherwise the computational
cost would be prohibitive, in particular since the main goal of this chapter is
to conduct an extensive study of the effect of the single-particle elasticity and
permeability. In addition, the dynamic cross-coupling between position and size
are neglected (see [79]), i.e. the irreversible change in particle position (size) is
only driven by the derivative of the potential energy with respect to the particle
position (size). It is also assumed that the size-dynamics of different particles
are not hydrodynamically coupled. For more detail, the reader is referred to our
previous work [15]. Based on the dimensionless potential energy and using the flow
field described by Eq. (3.8), the position and size dynamics, respectively, are given
by
q


−1
−1 −2
dQ̃i = γ̇ Q̃i,y ex dt + ζQ
ER
−∇
Φ̃
dt
+
2kB T ζQ
Req [dWt ]Qi ,
(3.9a)
eq
Q̃i
i
i
q

−1
−1
−1 −2
−2
)dt + 2kB T ζR
(∂R̃i ζR
dR̃i = ζR
EReq −∂R̃i Φ̃ dt + kB T Req
Req [dWt ]Ri ,
i
i
i
(3.9b)
scaling all length scales by Req . In Eq. (3.9), Q̃i,y is the y-component of Q̃i , while
−∇Q̃i Φ̃ and −∂R̃i Φ̃ are the driving forces for position change and size change,
respectively. The full non-dimensional form of Eq. (3.9) is given later in Sec. 3.2.5.
The mobility for position change is given as the inverse of the single-particle
−1
friction coefficient ζQ
= 1/ (6πηRi ). On the other hand, the size mobility is
i
−1
3
ζRi = Req χ/ 12πηRi4 where, based on the theory of poroelasticity [93], the
dimensionless χ-parameter depends on the permeability of the particle κ and the
initial particle radius R0 as χ = π 2 κ/R02 . The fluctuating Brownian contributions
are given by the terms involving the Wiener-process increments [dWt ]Qi and
[dWt ]Ri , in the position and size equations, respectively. The Wiener-process
increment has an average of hdWt i = 0 and a variance of hdWt dWt0 i = δt,t0 dtI,
where I is the unity tensor. The ratio of mobilities in the size and position dynamics
gives rise to the second dimensionless number used to characterize the particle
internal structure, of a certain particle system,
ζ∗ =

−1
ζR
i
−1
ζQ
i Ri =Req

=

χ
.
2

(3.10)

For sub-micron sized polyacrylamide particles, for example, the permeability given
in [96] leads to a value of ζ ∗ ≥ 10−3 .
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3.2.4 Constitutive relation for the stress
Changes in particle size and position, described in Sec. 3.2.3, lead to stresses σ on
the macroscopic level which describe the overall behavior of the permeable-particle
system. The constitutive relation governing the behavior of permeable-particle
systems is given by the relation derived in [79]. In this work, we focus on the
particle contribution to the stress. The particle contribution originates, on the one
hand, from the interaction forces between particles due to their relative position
with respect to other neighboring particles. On the other hand, a particle size that
is different from the equilibrium size Req results in an isotropic contribution to
the stress tensor. An additional isotropic particle contribution arises when the
interaction between particles depends on the system density [79]. This is, however,
not the case in this work (see Eq. (3.5) and Eq. (3.7)). The dimensionless stress
tensor due to the particle contribution, scaling the length scales involved by Req
and using the dimensionless interaction potential, is
"


 #
X
σ
3
σ̃ =
= nReq
(∇Q̃i Φ̃)Q̃i + α (∂R̃i Φ̃)R̃i I .
(3.11)
E
i
In general, α is a function of the bulk modulus of the particle K part and the
surrounding solvent K sol and defined as
α=

K sol
.
3K part

(3.12)

The bulk modulus of incompressible particles is infinitely large, that is K part → ∞,
which leads to α = 0. On the other hand, if the particle is highly permeable,
one can assume that it is mostly consisting of the solvent and their bulk moduli
thus are comparable K part ≈ K sol . In turn, this implies that the particle deforms
affinely and one finds α = 1/3. In general, 0 ≤ α ≤ 1/3. It is to be noted that, in
this chapter, we are interested in the shear stress component σxy that is directly
affected by the applied deformation Eq. (3.8). In this case, the isotropic stresses
play no role, i.e., the second term on the right-hand side of Eq. (3.11) does not
contribute to the stress component of interest.

3.2.5 Characteristic time scales
The macroscopic-microscopic coupling is given by the particle dynamics, Eq. (3.9),
described in Sec. 3.2.3 and by the constitutive relation for the stress, Eq. (3.11),
described in Sec. 3.2.4. In this section, several characteristic time scales are defined
based on the particle dynamics.
The interaction energy is dissipated through viscous damping over a certain
time scale, which is for position change

43

τQi =

ζQi
,
EReq

(3.13)

τRi =

ζRi
.
EReq

(3.14)

and for volume change

On the other hand, the time at which a particle diffuses its radius due to thermal
fluctuations is known as the Brownian time scale
Br
τQ
=
i

2
ζQi Req
.
kB T

(3.15)

Similarly, one can define a Brownian time scale with respect to size,
τRBri =

2
ζRi Req
.
kB T

(3.16)

Moreover, an additional time scale is related to the shear rate,
τγ̇ = γ̇ −1 .

(3.17)

The above defined time scales can be used to express the dimensionless parameter
S ∗ and ζ ∗ described earlier. The softness dimensionless parameter S ∗ can be
expressed as the ratio between viscous damping and thermal time scales for either
the position- or the size-dynamics,
S∗ =

τR
τQi
= Bri .
Br
τQi
τRi

(3.18)

The second dimensionless number, the one describing the permeability of the
particles ζ ∗ , can be expressed as the ratio of the thermal or the viscous damping
time scales of position- and size-dynamics,
ζ∗ =

Br
τQ
i

τRBri
Ri =Req

=

τQi
τRi

.

(3.19)

Ri =Req

Moreover, one can compare the Brownian time scale for position and characteristic shear time, which is known as the Péclet number [121]
Pe =

Br
τQ
i
Br
= γ̇τQ
.
i
τγ̇

(3.20)

Péclet numbers smaller than unity indicate that the applied deformation is not
strong enough to drive the system away significantly from thermal equilibrium, while
for Péclet numbers larger than unity, the thermal fluctuations have no significant
effect on the properties of the system, and the system is far from equilibrium. The
transition from Pe < 1 to Pe > 1 shows the deviation of the material response from
44

linear to nonlinear, for instance, to shear thinning [18, 122]. In order to capture
this nonlinear behavior, throughout this chapter we model systems with Pe larger
than unity.
In summary, a simulation of a system of number density n is fully described by
the previously defined dimensionless numbers, that is (S ∗ , ζ ∗ , Pe). Equation (3.9)
can be expressed as

√ 

1 
dQ̃i = Pe Q̃i,y ex dt̃ + ∗ −∇Q̃i Φ̃ dt̃ + 2 dW̃t Q ,
(3.21a)
i
S
p




ζ∗
−1
dt̃ + 2ζ ∗ dW̃t R ,
(3.21b)
dR̃i = ∗ −∂R̃i Φ̃ dt̃ + ζ ∗ ∂R̃i ln ζR
i
i
S
Br
where t̃ = t/τQ
and, from the properties of dW given in Sec. 3.2.3, dW̃ =
i
q
Br
dW / τQi .

3.3 Numerical simulations, parameter specification
The systems modeled consist of N particles suspended in a fluid with a shear
viscosity η. The initial size R0 of the particles is set to be equal to the equilibrium
size Req . Particles are initially placed on a simple cubic (SC) lattice in a cubic box.
At high-volume fractions, this is a high-energy state. However, this high-energy
state of the initial configuration relaxes to a glassy state on time scales considerably
shorter than the Brownian time scale, that is t̃ < 1. The glassy state, in contrast,
lasts considerably longer than the Brownian time scale (see Sec. 3.4.1). Therefore, no
additional equilibration is required in our simulations, and the results obtained after
imposing shear deformation from t̃ = 0 onwards will not depend on the initial state.
The simulation box is subjected to Lees-Edwards periodic boundary conditions [94].
Equation (3.21) is solved numerically using a forward-Euler integration scheme
[95]. To capture the fast dynamics, the time step used for the integration scheme,
∆t, is set to be two orders of magnitude smaller than the smallest time scale. As
the shear rate is variable, the time step should also follow ∆t ≤ 10−2 τγ̇ . The total
simulation time is kept constant, τ̃sim ≈ 385, in all simulations performed which
has consequences that are discussed in the following sections of this chapter. The
system density is changed by modifying the initial size of the simulation box for the
same number of particles. The volume of the simulation box then remains constant
over the simulation time.
The particles modeled in this chapter are permeable particles with properties
that mimic biological systems such as polyacrylamide gels used as substrates
for neural cell growth [123], S ∗ ∼ 10−3 . In addition, the behavior of systems
build up of highly-soft particles, S ∗ ∼ 10−2 , with different permeability values
ζ ∗ = {0.005, 0.05} is examined in order to show the effect of the size change. The
behavior of permeable-particle systems is also compared to impermeable-particle
systems, ζ ∗ = 0, of the same elastic properties. In the absence of flow, particle-size
changes due to steric effects are found to be significant at volume fractions higher
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Table 3.1 Physical parameters.
Parameter

Symbol Physical value

Equilibrium particle radius Req

2.5 × 10−7 m

Solvent shear viscosity

η

10−3 Pa s

Poisson’s ratio

ν

0.4

Young’s modulus

E

{3, 10, 30, 100} Pa

Permeability

κ

6.3 × {0, 10−17 , 10−16 } m2

Temperature

T

293 K

Table 3.2 Model parameters.
Parameter

Symbol

Physical value

Number of particles

N

123

Volume fraction

ϕfree (based on Eq. (3.22)) {0.739 − 0.916}

Brownian time scale

Br
τQ

Softness, dimensionless

S∗

Permeability, dimensionless ζ
Péclet number

Ri =Req

7.28 × 10−2 s
{86, 26, 8.6, 2.6} × 10−3

∗

{0, 0.5, 5} × 10−2
Pe ≥ 1

Pe

than 0.8 [14, 15]. To highlight the effect of the particle-size changes, systems of
volume fractions ranging from {0.739 − 0.916} are, hence, considered in this work.
Table 3.1 lists the physical values for the systems studied throughout this chapter.
Table 3.2 gives the parameters needed in the actual numerical simulations, based
on the parameters given in Table 3.1.

3.4 Properties of spongy-particle suspensions in shear flow
3.4.1 Stress evolution and characterization of the
transient behavior
A dense system of permeable particles with a number density of n = 1.3 × 1019 m−3
is used to demonstrate the characteristic features of the stress evolution over time.
This number density corresponds to a volume fraction,
ϕfree =

4 3
πR n,
3 eq

(3.22)

based on the equilibrium size Req , of ϕfree = 0.850. The system is subjected to a
Péclet number well above unity. The dimensionless numbers describing this example
are (S ∗ , ζ ∗ , Pe) = (8.6 × 10−3 , 0.05, 20.0).
Figure 3.1 shows the evolution of the shear stress of this system. The evolution
of the shear stress shows a transition over time between two plateau values of
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Fig. 3.1 Evolution of the shear stress σ̃xy for a system with (S ∗ , ζ ∗ , Pe) = (8.6 ×
10−3 , 0.05, 20.0). The density of the system is ϕfree = 0.850 (n = 1.3 × 1019 m−3 ).

stress in response to the applied shear deformation. The initial SC structure rapidly
relaxes into the high-stress plateau at t̃ < 1. The transition between the different
plateau values occurs at the transition time τ̃t . From Fig. 3.1, τ̃t is significantly
longer than the Brownian time scale, τ̃t ' 40. This transition is associated with
particles forming ordered structures, driven by the applied deformation. The long
transition time suggests that the high-stress state is a disordered, long-lived glassy
state which is driven by shear deformation to an ordered state, the latter consisting
of strings of particles in the flow direction. The evolution of the microstructure
over time and the structure formed at the end of the simulation corresponding
to Fig. 3.1 are given in Fig. 3.2 (Multimedia view). The string structure can be
clearly seen in the xy-projection, while the yz-projection of the structure shows a
hexagonal arrangement. This type of string structures are found in several systems
at high shear rates, for instance, in experiments on suspensions with hard particles
[101], elastic particles [124] and permeable particles [114, 115], and in simulations
with hard particles [125], and elastic particles [126].
Based on our previous work [15], the transition is found to depend on the
collective motion of particles which, in turn, depends on the system history. By
system history, we denote the initial state of the particles as well as the pathway
followed by the particles over time. Both can be modified through changing the
initial configuration and the realization of the noise, respectively. To this end,
throughout this chapter we base our results on the average output of simulations
performed with five different realizations of the noise while the initial configuration
is fixed to the simple cubic structure. The transition time and long-time stress, τ̃t
and σ̃xy , respectively, are used to characterize the shear-flow changes in the sequel.
These quantities are obtained from fitting the shear stress-time with a hyperbolic
tangent function.
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Fig. 3.2 Particle arrangement for a system with (S ∗ , ζ ∗ , Pe) = (8.6 × 10−3 , 0.05, 20.0) at
t̃ = 384.6. The density of the system is ϕfree = 0.850 (n = 1.3 × 1019 m−3 ). The evolution of
the microstructure over time up to t̃ = 96.15, is given in the animation (Multimedia view).

3.4.2 Flow curves
In this section, the shear-flow properties of permeable-particle suspensions are
studied and compared to suspensions of impermeable particles. The permeableparticle suspensions, at high shear-rates, undergo a transition over time to ordered
structures. Their behavior can be expressed in terms of the long-time plateau values
for the shear stress σ̃xy and the transition time τ̃t , as described in Sec. 3.4.1. The
system density of the two suspensions examined in this section is ϕfree = 0.850
(n = 1.3 × 1019 m−3 ) in order to show the behavior in the dense regime. The effect
of the system density on the overall behavior is studied in detail in Section 3.6.
Both systems have the same softness dimensionless parameter S ∗ = 8.6 × 10−3 and
the Péclet number is varied between 0 < Pe < 28. The permeable-particle systems
is described by ζ ∗ = 0.05, while ζ ∗ = 0 for the impermeable-particle systems.
Figure 3.3 shows the shear-stress values for the suspensions described above as a
function of Péclet number for both permeable- and impermeable-particle systems.
Initially, the shear stress increases with Pe with a slope that is equivalent to the
viscosity of the overall system. At intermediate Pe, this slope decreases as the shear
rate increases, which confirms that these suspensions show shear-thinning behavior.
This is in accordance with experimental observations of elastic impermeable particle
systems [114] and permeable-particle systems such as PNIPAM particles [71, 115].
Upon further increasing the applied shear rate, both systems show a drop in stress.
The stress drop has been reported in the work of Chen et al. [114], where they
performed creep and constant shear-rate experiments on suspensions of polystyrene
latex particles. They observed a stress drop in both experimental procedures. For
our study, it is to be noted that, keeping the simulation time fixed, both the
high-stress disordered state and the low-stress ordered phase were observed for
permeable-particle systems around Pe ≈ 20, depending on the specific realization of
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thermal noise. These points are marked with red squares in Fig 3.3. It is important
to realize that, at Pe where both states are observed, if the simulation time is
increased sufficiently, all these systems would eventually evolve towards the ordered
state. Based on Fig. 3.1 and since the oriented structures are promoted by the
imposed deformation, if t̃sim < τ̃t , e.g. t̃sim = 10, only the high-stress state is
observed. If t̃sim > τ̃t , e.g. t̃sim = 100, the simulation time is long enough for the
transition to the shear-induced ordered state to occur and the low-stress state is
reached. Therefore, the simulation time affects the Péclet number at which the
transition occurs, particularly it shifts to lower (higher) values upon increasing
(decreasing) the simulation time. The shape of the curve remains nonetheless
qualitatively unchanged. Hence, the data reported in Fig. 3.3 (and similar figures)
depend in this sense on the observation time-span, i.e. the total simulation time.
Moreover, it can be seen in Fig. 3.3 that, while both systems show the stress drop,
this transition occurs at lower Pe for impermeable particles than for permeable
particles. This is due to the fact that forces between impermeable particles are
higher than those between permeable particles, since the latter can change their
size to relax the forces between them [15]. As a result, permeable-particle systems
are more compliant than impermeable-particle systems and can sustain stronger
forcing prior to forming ordered structures.
To investigate the stability of the low-stress ordered phase, the final structure
obtained at a Pe = 21.84 is used as the initial configuration, i.e. positions and
sizes of the particles, for simulations performed at Pe < 21.84. The result is shown
by the dashed lines in Fig. 3.3. Both systems, with permeable and impermeable
particles respectively, show a transition back to the high-stress state, however, upon
further investigation, we find that the cause of this reversion to the high-stress
state is remarkably different. Impermeable-particle systems, on the one hand,
show a reversion to the high-stress state depending on the starting configuration.
Particularly, we find that the impermeable-particle system forms two different
types of string phases at the end of the high shear-rate (Pe = 21.84) simulation:
the straight string-phase (SS) and the tilted string-phase (TS), see Fig. 3.4. The
SS-phase is similar to the configuration shown in Fig. 3.2, while for the TS-phase
the hexagonal structures are tilted with respect to the y-axis and the layers in
the (x, y)-plane are thus not developed. We observe in our simulations that the
TS-phase has a higher energy and stress than the SS-phase. When exposing such
structures to low shear-rates (Pe < 21.84), impermeable-particle systems show a
transition to the high-stress state only for simulations where the TS-phase has been
developed at high shear-rates. The SS-phase is more stable and does not revert
back to the high-stress state.
Permeable-particle systems, on the other hand, develop only the SS-phase,
but despite of this they show a transition to the high-stress state at low Pe. We
hypothesize that the competition between size and position dynamics drives this
transition. Initially, the particle size is driven by the high shear rate away from the
equilibrium value Req (see Sec. 3.5.2). When subjected to lower shear-rates, the
reduced size cannot be sustained anymore and the particles relax as they strive
to reach the equilibrium size. The particle relaxation time scale τ̃R = 0.173 is
compared to the shear rate where the reversion to the high-stress state occurs, this
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Fig. 3.3 Shear stress σ̃xy for permeable- and impermeable-particle systems with (S ∗ , ζ ∗ , Pe) =
(8.6 × 10−3 , 0.05, 0 < Pe < 28) and (S ∗ , ζ ∗ , Pe) = (8.6 × 10−3 , 0, 0 < Pe < 28), respectively.
The average data points are obtained from five simulations performed with different realizations
of the noise. The density of these systems is ϕfree = 0.850. The error bars are based on the
standard error obtained from the response of simulations performed with different realizations
of the noise. The red square symbols denote simulation conditions where both high- and lowstress states were observed. The black solid lines connect the response of the systems where
simulations are performed with SC as the initial configuration subjected to different Pe. The
green dashed lines show the response of the system with final structure of simulation performed
at Pe = 21.84 when subjected to Pe < 21.84.

is approximately Pe ≈ 5.8. One finds τ̃R Pe ≤ 1, i.e., the shear deformation is slow
enough that the particle size continuously relaxes towards equilibrium, despite the
applied deformation. Consequently, one concludes that the shear-induced transition
to ordered state is reversible for the case of permeable particles. This conclusion is in
accordance with experimental observations. Chen, Zukoski, and coworkers [112–114]
have reported that systems of latex polystyrene particles undergo a transition from
a crystalline state at equilibrium to a layered structure upon application of constant
shear rate. They have found that this transition is reversible upon increasing and
decreasing of the shear rates in constant shear-rate experiments. This reversible
transition has also been reported for polystyrene/polyisoprene core-shell particles
in constant shear-rate experiments [127, 128]. To the best of our knowledge, the
reversibility of the shear-induced string-structure formation in permeable-particle
systems has not been reported in simulations before, as the particle-size dynamics
were not accounted for explicitly.

3.5 Effect of particle softness
In this section, the effect of the elastic properties of the particles as well as the
particle permeability on the overall response are studied in detail. The elastic
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Fig. 3.4 Configurations at t̃ = 384.6 for impermeable-particle systems corresponding to Fig.
3.3 subjected to Pe = 21.84 at two different realizations of the noise. Straight string-phase
(left) and tilted string-phase (right).

properties of the particles can be changed by varying the softness dimensionless
number S ∗ . Three different particle systems, with different permeability given
by ζ ∗ = (0, 0.005, 0.05), are modeled. Each of these systems is modeled for four
different values of particle elastic modulus, that is S ∗ = {2.6, 8.6, 26, 86} × 10−3 .
The effect of S ∗ on the flow properties as well as the particle dynamics is studied
for systems at different Péclet numbers.

3.5.1 Shear-flow properties
The effect of S ∗ and ζ ∗ on the shear-flow properties, in particular the long-time
shear stress and transition time, is investigated here. Figure 3.5 shows the shearstress of systems with different permeability, ζ ∗ , where the Young’s modulus of the
particles is varied as indicated by the different values of S ∗ .
First, we study the effect of the permeability ζ ∗ at a fixed S ∗ . Considering any of
the four panels given in Fig. 3.5, it can be seen that, for given Pe, the stress response
of impermeable-particle systems is higher than that of permeable-particle systems
similar to the effect seen in Sec. 3.4.2. The higher the permeability the lower the
shear stress as particles are effectively softer and are able to reduce the contact
between particles by changing their size more easily. Comparing systems of different
softness S ∗ , Figure 3.5 also shows that, for given Pe, the differences between
permeable and impermeable particles in shear-stress become more noticeable as the
elastic modulus of the particle decreases, i.e. increasing S ∗ (see for instance Pe = 20).
The elastically-softer permeable particles undergo more size change to accommodate
the applied deformations which increases the deviation in dimensionless shear-stress
σ̃xy from that of impermeable-particle system of the same S ∗ , at a given shear
rate. This effect is explained more thoroughly in Sec. 3.5.2 where the size change is
presented.
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Fig. 3.5 Shear stress σ̃xy for impermeable- and permeable-particle systems with ζ ∗ =
{0, 0.005, 0.05} and S ∗ = 2.6×10−3 (upper-left), S ∗ = 8.6×10−3 (upper-right), S ∗ = 2.6×10−2
(lower-left), and S ∗ = 8.6 × 10−2 (lower-right). The density of these systems is ϕfree = 0.850.
The error bars are based on the standard error obtained from the response of simulations
performed with different realizations of the noise. The red square symbols denote simulation
conditions where both high- and low- stress states were observed.

The effect of the particle elastic modulus given by S ∗ is studied by comparing
the different panels of Fig. 3.5. By scaling the shear stresses in Fig. 3.5 with the
corresponding Young’s modulus, the explicit effect on the modulus is canceled out.
The explicit contribution of the Young’s modulus originates from the dependence
of the interaction potential and the driving force on the particle modulus. Based
on Eq. (3.3) and Eq. (3.11), one finds that the stress scales linearly with the
exp
Young’s modulus, σxy
∝ E. This implies that the stresses calculated for a given
configuration of particles with different Young’s moduli scales with their corresponding modulus. However, in a full dynamic system there is an additional implicit
contribution of the particle elastic modulus which affects the particle dynamics.
Particularly, the distribution of states sampled in a dynamic simulation depends
on the particle modulus, which brings about an additional, implicit, dependence of
the average stress on the particle modulus. Having said that, Figure 3.5 pinpoints
the effect of the implicit dependence of the shear stress on E which appears to be
an inverse dependence with a sub-linear nature, σ̃xy ∝ E −a , where 0 < a < 1. This
follows directly from the fact that particles with higher modulus avoid coming in
contact with other particles more than particles with lower modulus, as this is not
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energetically favored (see Sec. 3.5.2). Therefore, it is concluded that the overall
dependence of the shear stress on the particle elastic modulus is a sub-linear one,
σxy ∝ E 1−a .
Finally, we study the deformation-induced transition in terms of the transition
Pe denoted by Pet and the transition time τ̃t . The transition to the low-stress
ordered phase is observed for the systems shown in Fig. 3.5 with the exception of
the lowest modulus (lower-left plot) and the permeable particles in the lower-right
plot. The effect of ζ ∗ can be investigated by comparing the shear-stress response at
a given S ∗ (a given panel in Fig. 3.5). The transition Péclet number Pet is higher
for permeable particles as they are more compliant compared to their impermeable
counterparts as explained in Sec. 3.4.2. One can compare the difference in Pet
between permeable- and impermeable-particle systems as the particle softness
increases by considering the different panels in Fig. 3.5. We can see that the Pet of
permeable and impermeable particles become distinctively separate as the particle
modulus is reduced, while the effect of the (non-zero) value of the permeability is
insignificant.
Figure 3.6 shows the transition time corresponding to the systems shown in Fig.
3.5. The first data point in the panels of Fig. 3.6 corresponds to the transition time
at Pet . It is to be noted that Pet depends on the total simulation time τ̃sim . In
other words, for Pe < Pet , the transition to the low-stress state might occur at
times longer than the simulation time. The effect of the permeability is studied
by considering one of the four panels in Fig. 3.6. Consider for instance the upper
right panel in Fig. 3.6, permeable particles require more time to nucleate the
low-stress phase than impermeable particles, at a given Pe. The states available for
impermeable particles are only a subset of those available for permeable particles, as
permeable particles have more degrees of freedom. This restriction on impermeable
particles drives them towards forming ordered structures on shorter time scales than
permeable particles. In addition, the transition time is found to strongly decay with
increasing the Péclet number for both systems. The effect of the particle modulus
S ∗ is explored by comparing the previously described behavior of the different
panels of Fig. 3.6. At a given Pe, one clearly sees that as the particle softness
S ∗ increases, the difference in τ̃t between permeable- and impermeable-particle
systems increases (see for instance Pe = 20 in the upper row plots in Fig. 3.6).
In view of the results shown in this section, it is clear that the single particle
properties, the particle elastic modulus contained in S ∗ and the particle permeability
given by ζ ∗ , have a significant influence on the flow properties of these systems.
However, there is only a minor effect of permeability when comparing systems with
different but finite ζ ∗ , i.e., when comparing different permeable systems.

3.5.2 Particle dynamics
In this section, quantities characterizing changes in particle position and particle size
are identified for the purpose of relating them to changes in the rheological response.
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Fig. 3.6 Transition time τ̃t for impermeable- and permeable-particle systems with ζ ∗ =
{0, 0.005, 0.05} and S ∗ = 2.6 × 10−3 (upper-left), S ∗ = 8.6 × 10−3 (upper-right), and S ∗ =
2.6 × 10−2 (lower-left). The density of these systems is ϕfree = 0.850. The error bars are based
on the standard error obtained from the response of simulations performed with different
realizations of the noise. The red square symbols denote simulations where both high- and lowstress states were observed.

The particle dynamics are characterized in terms of the diffusion coefficient and
the average particle-size.
The position dynamics can be characterized by the mean square displacement
(MSD) of the particles, which, in turn, can be used to calculate the diffusion
tensor. A single-particle in a dilute system experiences Brownian forces that drive
it to diffuse in the solvent with a diffusion tensor that is diagonal. The diagonal
components, in this case, are Dxx = Dyy = Dzz = D0 , where D0 is the single
particle diffusion coefficient given by
D0 =

kB T
.
6πηReq

(3.23)

For the particles used in this study, D0 = 8.58 × 10−13 m2 /s. In a single particle
system, the MSD is a linear function of time and the slope of the MSD-t curve is
2D0 in each direction. This relation becomes nonlinear over time as more particles
are added to the system. Over time, the motion of a particle is hindered by other
neighboring particles in the system and their diffusion is therefore lowered. For a
many-particle system, the dimensionless diffusion tensor is defined as
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D̃(t̃) =

1 ∂
δ q̃i (t̃) ⊗ δ q̃i (t̃)
2 ∂ t̃

N,N sample

,

(3.24)

where h·i denotes the average performed over the number of particles N and the
number of samples N sample , where samples are extracted from the same simulation.
The displacement vector is δ q̃i (t̃) = q̃i (t̃) − q̃i (t̃sample
), where q̃i is the (dimension0
less) displacement vector of particle i relative to the flow-field and t̃sample
is the
0
initial time of the sample. The MSD is defined as


MSD = tr δ q̃i (t̃) ⊗ δ q̃i (t̃) N,N sample .
(3.25)
The short-time diffusion tensor is calculated from Eq. (3.24) at short times. At
longer times, Eq. (3.24) gives the long-time diffusion tensor denoted by D̃ L . A
sample is defined to run long enough to capture the long-time diffusion regime. In an
equilibrium simulation, we find that the transition from short-time diffusion to longtime diffusion occurs at around t̃ = 10−2 for the permeable systems ζ ∗ = 0.05 and
ϕfree = 0.850. Consequently, we use samples that run over a period of t̃sample = 0.1
in this analysis. In general, the long-time diffusion coefficient is smaller than the
short-time diffusion coefficient. In the sequel, we focus on the long-time diffusion
L
coefficient in the flow direction, i.e. the x-direction, that is component D̃xx
.
Figure 3.7 shows the long-time diffusion coefficient in the x-direction, that is the
L
D̃xx
component of the diffusion tensor, for permeable- and impermeable- particle
systems at different values of S ∗ . The general properties of the long-time diffusion
coefficient can be seen by focusing on systems for given S ∗ and ζ ∗ in one of the
four panels in Fig. 3.7. For a system with given S ∗ and ζ ∗ , the long-time diffusion
coefficient increases with increasing Pe up to the transition Pet , followed by a drop
at Pet . This drop is attributed to the disorder-order transition. Particles in the
ordered state form larger assemblies which move as one entity. The collective motion
of particles in the ordered state leads to a lower long-time diffusion coefficient.
The effect of permeability, given by ζ ∗ , is studied by comparing the data within
one panel of Fig. 3.7. The long-time diffusion appears to be insensitive to the
particle permeability, within the accuracy of our simulations.
To study the effect of the elastic softness S ∗ , we compare the four panels in Fig.
3.7. The long-time diffusion coefficient, at a given Pe < Pet , shows no significant
dependence on the particle elasticity. However, in the ordered state Pe > Pet ,
elastically-softer particles diffuse more in response to a given Pe (compare for
instance the plots in the upper row in Fig. 3.7 at Pe = 22). Particle-encounters in
soft-particle systems reduce the diffusion less as compared to systems with harder
particles.
The other measure of particle dynamics investigated is the particle size. The
particle size, initially equal to the equilibrium size Req , varies over time as the flow
field is applied. The average particle size hR̃iN,∆t̃=96 is computed as the average
over all particles and over a period of ∆t̃ = 96 at the end of the simulation. In
the remainder, the notation hR̃iN,∆t̃=96 for the average particle size is reduced to
hR̃i for convenience. Figure 3.8 shows the average particle size hR̃i for permeableand impermeable-particle systems for different values of S ∗ and ζ ∗ as a function of
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Fig. 3.7 Long-time diffusion coefficient in the flow direction D̃xx
for impermeable- and
∗
∗
permeable-particle systems with ζ = {0, 0.005, 0.05} and S = 2.6 × 10−3 (upper-left),
S ∗ = 8.6 × 10−3 (upper-right), S ∗ = 2.6 × 10−2 (lower-left), and S ∗ = 8.6 × 10−2 (lower-right).
The density of these systems is ϕfree = 0.850. The error bars are based on the standard error
obtained from the response of simulations performed with different realizations of the noise.
The red square symbols denote simulation conditions where both high- and low-stress states
were observed.

Pe. The effect of permeability, i.e. ζ ∗ , is explored by comparing systems of a given
S ∗ in one of the panels in Fig. 3.8. Impermeable particles inherently retain their
initial size, that is R̃ = 1. The average size of permeable particles decreases with
increasing the shear rate applied, so that the particles can more easily accommodate
the contact forces. It is important to note that, while the difference in particle size
between permeable and impermeable particles is significant, the effect of the (nonvanishing) permeability value is almost unnoticeable. Conversely, the effect of the
particle softness, S ∗ , is significant. Comparing the four panels in Fig. 3.8, permeable
particles with lower elastic modulus, i.e. higher S ∗ , are found to experience larger
volume changes than particles with a higher particle modulus (lower S ∗ ), at a given
Pe.
The presented results concerning the particle size lead to the following conclusion.
The particle permeability affects how fast a particle will change in size in order to
minimize the interaction forces. The final size reached, however, is determined by
the energetics of the system, and that is directly related to the elastic properties of
the particle.
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Fig. 3.8 Average particle size, hR̃i, for impermeable- and permeable-particle systems with
ζ ∗ = {0, 0.005, 0.05} and S ∗ = 2.6 × 10−3 (upper-left), S ∗ = 8.6 × 10−3 (upper-right),
S ∗ = 2.6 × 10−2 (lower-left), and S ∗ = 8.6 × 10−2 (lower-right). The density of these systems
is ϕfree = 0.850. The error bars are based on the standard error obtained from the response of
simulations performed with different realizations of the noise. The red square symbols denote
simulation conditions where both high- and low- stress states were observed. The data for the
two permeable-particle systems, i.e. ζ ∗ = 0.005 and ζ ∗ = 0.05, are indistinguishable within
symbol size.

3.6 Effect of system density
In this section, we study the effect of the system density on the shear-flow properties
of permeable-particle systems in comparison to impermeable-particle systems. To
that end, two systems are investigated in this section, both systems have the same
S ∗ = 2.6 × 10−3 , while the permeability is ζ ∗ = 0 for the impermeable-particle
system and ζ ∗ = 0.005 for the permeable-particle system. The volume fractions
used in this study are ϕfree = {0.739 − 0.916}, in order to emphasize the effect of
the particle-size changes as explained in Sec. 3.3. The system density is changed by
modifying the size of the simulation box for the same number of particles.
Figure 3.9 shows the shear stress σ̃xy as a function of Pe for permeable-particle
systems with different particle volume fractions ϕfree . The stress response is found
to increase as the density of the system increases, even in the low-stress string
phase. These systems also show a decrease in Pet as the system density increases,
which can be rationalized as follows. As the density increases, the interactions
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Fig. 3.9 Shear stress values σ̃xy for permeable-particle systems with (S ∗ , ζ ∗ , Pe) = (2.6 ×
10−3 , 0.005, 0 < Pe < 12) at different system densities for one realization of the thermal noise.
The density of these systems is varied between ϕfree = {0.739 − 0.916} (n = {1.13 − 1.4} ×
1019 m−3 ).

between particles become stronger and the system is driven more readily into the
string phase in order to minimize the contact forces between them.
The trends described above with respect to the effect of density are also observed
for impermeable-particle systems at different system densities. Figure 3.10 compares
the shear stresses of spongy- and impermeable-particle systems at different Péclet
numbers and volume fractions. Fig. 3.10 shows the ratio of the stresses of permeable
(“P”) versus impermeable (“IP”) particles. It shows that the deviation of the stress
of the permeable-particle system from the stresses of impermeable particles increases
as the system density increases. This is because the nature of the permeable particles
allows the system to attain states with lower energy and stress as compared to the
impermeable-particle systems, because of the additional degree of freedom. In Fig.
3.10, the data at different Pe collapse implying that the Péclet number has an only
minor influence on the ratio between the shear-stress response of permeable- and
impermeable-particle systems.

3.7 Conclusions
In this chapter, the shear-flow properties of suspensions of permeable, spongy
particles are studied in detail. Spongy particles, in addition to their ability to
deform by Hertzian contacts with neighboring particles, can swell (deswell) by taking
up (expelling) the viscous suspending solvent. This work aims at investigating the
dependence of the overall shear-flow behavior of these suspensions on the properties
of the individual particles. Of particular interest is the distinction between the
elastic softness and the rate-dependent softness of the particles. To that end, the
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Fig. 3.10 Ratio in shear-stress response of impermeable- and permeable-particle systems with
ζ ∗ = {0, 0.005}, respectively, with S ∗ = 2.6 × 10−3 subjected to Pe = {1.456, 2.184, 3.640}. The
density of these systems is varied between ϕfree = {0.739−0.916} (n = {1.13−1.4}×1019 m−3 ).

dynamic two-scale model developed by Hütter et al. [79] is applied to suspensions of
spongy particles subject to simple shear deformation. In order to capture the ratedependent size change, the model treats the size of the particle as an independent
degree of freedom. The driving forces for the dynamics of particle positions and
sizes originate from an energy expression that includes a repulsive contribution to
account for the elastic shape-change in Hertzian inter-particle contacts, and an
additional contribution that allows the particle to strive towards its equilibrium
shape even in the absence of other interacting particles. In terms of rate-dependence,
it is mentioned that the particle permeability plays a key role in the size dynamics.
The main results presented in this chapter are summarized as follows. Both
suspensions of permeable and impermeable particles show shear-thinning behavior at
Pe > 1. As the Péclet number is further increased, most of the suspensions examined
in this chapter undergo a transition to a low-stress string state, within time scale
of observation. The transition times, i.e. the time scales at which the string phase
develops, are considerably longer than the Brownian time scale for position change,
specifically for low and intermediate values of the softness parameter S ∗ examined
in this study. The systems that did not show this transition might do so if the
simulations were run substantially longer. Therefore, the identification of a certain
Péclet number, called Pet , beyond which an ordered low-stress state is observed,
inherently depends on the total simulation time. Consequently, we emphasize
the importance of the observation window based on which the measurements are
performed. With respect to the dependence of the transition Péclet number Pet
on physical parameters, we find that comparing systems with the same elastic
properties, spongy particles form ordered structures at higher shear rates, i.e. they
have a higher Pet , than what is observed for impermeable particles. Moreover, at
the same shear rate where both systems form ordered structures, spongy particles
take more time to nucleate the low-stress ordered phase. We also find that, as the
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particle elastic-softness increases, the transition Péclet number and the transition
time for a given Pe increases. Furthermore, we find that, while there is a clear strong
difference in long-time properties between permeable- and impermeable-particle
systems, the differences are rather minor when comparing two permeable-particle
systems. In other words, the value of the non-vanishing permeability has a minor
influence on the long-time properties of the permeable-particle system. It has
also been shown that Pet decreases as the system density increases. Furthermore,
we identify in this work the main differences in the hysteresis process between
impermeable- and permeable-particle systems. For permeable particles, it occurs
when the particle size is allowed to continuously equilibrate despite the applied
flow, i.e., the imposed rate of deformation is smaller than the single-particle size
relaxation, γ̇τR < 1. This hysteresis behavior of permeable particles has been
reported in literature in experimental work such as [113, 114], however, to the best
of our knowledge, this phenomena was not yet observed in simulation.
The presented approach and simulation results capture qualitatively various
fundamental features of the experimentally observed behavior of dense permeableparticle systems. Shear thinning for instance has been observed for systems of
PNIPAM particles [71, 115]. Shear-induced ordering has been experimentally studied
for various types of particles, such as hard particles [101], elastic particles [124],
and permeable particles [114, 115]. Finally, the hysteresis behavior of permeable
particles has been reported in literature in experimental work (e.g., [113, 114]);
however, to the best of our knowledge, this phenomenon has not been observed in
simulations, yet.
In view of these results, we recall the leading attraction of industrial applications
to using permeable particles, that is the versatility in modifying the overall properties of the system through tailoring the individual particle properties. This work
accentuates the effect of the single particle permeability and elastic properties, in
view of the rate-dependent size-dynamics, on the overall behavior of suspensions of
these particles. In a nutshell, we have demonstrated that the particle permeability
affects the rate at which the final state is reached, hence the dynamics of the
system, while the shear-stress response of the final state itself is dominated by
the elastic properties of the individual particle. In addition, the volume fraction
of spongy-particle systems is an important parameter that dictates the state of
the system, however it is often ambiguously defined [23]. We show in this work
that the volume fraction of spongy-particle systems, although evolves in time, is
independent of the (non-vanishing) permeability and primarily dependent on the
elastic properties of the individual particle at long times. Furthermore, we speculate
that these results are particularly interesting in the particle-synthesis stage. For
instance, PNIPAM particles are synthesized by cross-linking the polymer network
which in turn affects both the permeability of the particle as well as its elasticity
[22, 56]. One can then adjust the amount of cross-linker depending on whether the
particles dynamics or the long-time properties are more important in a certain the
application. However, ultimately it would be desirable to have synthesis protocols
that allow for tuning the particle permeability and elasticity separately.
In future work, the stress relaxation of spongy-particle suspensions will be
investigated. The slow dynamics of such systems suggest that their properties evolve
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continuously over time, akin to the phenomenon of physical aging in polymers
[29]. We have shown in this chapter and our previous work, where we studied the
equilibrium behavior of spongy-particle suspensions [15], that the size dynamics
play a significant role in the overall behavior of these suspensions. In addition to
particles changing in size, the next natural step would be to even account for shape
change.
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Chapter 4

Stress relaxation of dense spongy-particle
systems

Abstract Spongy particles have a permeable structure that allows them to
undergo rate-dependent volume changes as their elastic network takes up or expels
the viscous suspending solvent. Their ability to be jammed well above random
close-packing makes them particularly attractive in applications where tailoring the
overall properties is a requirement such as, pharmaceuticals and foods. In this work,
we independently vary the particle modulus and the particle permeability to study
their effect on the stress-relaxation behavior of permeable-particle suspensions.
The dynamic two-scale model developed by Hütter et al. [Faraday Discuss., 158,
407-424 (2012)], which explicitly accounts for the particle size dynamics, is used for
this purpose. We perform flow-cessation simulations of dense permeable-particle
systems subjected to different pre-shear deformations. The stress relaxation occurs
on shorter time scales in the case of permeable particles compared to impermeable
particles. In terms of particle dynamics, stress relaxation is found to be promoted
primarily by the motion of the particles within the cages formed by the surrounding
particles, rather than by cage escape. The stress-relaxation process is accelerated
by the permeability of spongy particles, namely due to the sustained volume change
that was induced during pre-shear, which renders their cages less effective.

4.1 Introduction
A wide variety of applications, where tailored overall properties is an essential
requirement, exploits the properties of soft open-porous particles. Among those
applications, we mention pharmaceuticals and cosmetics [4, 6], foods [1], and
paints [7]. The overall properties of suspensions of these particles emerge from the
characteristic properties of the individual particles. These particles combine the
elasticity of the supporting porous-network with the viscosity of the permeating
fluid, which in turn makes these particles viscoelastic. The inherent properties
This chapter is largely reproduced from: M.E.A. Zakhari, M. Hütter, P.D. Anderson. “Stress
relaxation of dense spongy-particle systems”. J. Rheol., submitted, 2017.
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of these particles are the reason they are sometimes referred to as poroelastic,
permeable particles and they are often envisaged as sponges, referring to their
internal structure. In this chapter, we refer to these particles as permeable particles.
The overall properties of suspensions of permeable particles are tailored through
variations of the elastic properties of the particle and their internal structure [40,
54]. The elasticity of the particles allows them to impinge in response to steric
effects [14, 15] or applied deformation [101, 112, 115, 116, 129], while their internal
structure, i.e. the permeability, gives the particle the ability to undergo volume
changes, in a rate-dependent manner.
Particle systems generally undergo a transition from a liquid-like to a solid-like
behavior as system density increases [23]. Concentrated suspensions have been
found to undergo slow dynamics [15, 29, 30] and their properties vary in time.
The microstructure, during this solidification process, is not fully equilibrated
and part of the stress introduced during preparation persists in the system. The
non-zero trapped stresses are known as the residual or internal stress [29, 68,
70]. The relaxation of the internal stresses, as the microstructure strives to reach
equilibrium, has been found to appreciably affect the rheological properties of
the suspension [29, 49]. In permeable-particle suspensions, the competition of the
size- and position- dynamics governs the evolution of the microstructure, which
consequently plays an essential role in the stress-relaxation process.
Several efforts have been dedicated to identifying the connection between stress
relaxation and the underlying structural changes, in other words, the relative
particle arrangement. For instance, in a rheometer, a pre-shear step is performed
by applying shear to a suspension for a certain period of time until steady state is
reached. Upon cessation of flow at t = 0, the shear-stress is measured over time.
After the flow is stopped, the stress decays rapidly to a non-zero internal stress
value. The subsequent relaxation of the internal stress over time is governed by
structural changes. Previous work has been devoted to understanding how the
stress-relaxation time (in applied strain measurements) or the strain-relaxation
time (in applied stress measurements) τ depends on the time elapsed after flowcessation, tw . In some of these experiments, a stress (strain) smaller than the
yield stress (strain) is applied after a waiting time tw from flow cessation to probe
the mechanical properties of the suspension. It is found that the relaxation time
depends on tw , that is τ (tw ). In many cases, this dependency has been identified
as a power-law τ ∼ tµw as will be described in the following.
Experimental work, on the one hand, gives insight about the effect of the particle
softness on the stress relaxation of spongy-particle suspensions. The particle softness,
as perceived in experiments, is the combined effect of particle elasticity and the
particle permeability, where the former is an elastic softness in nature and the latter
is a rate-dependent softness. Purnomo et al. [49] studied the effect of the particle
softness of PNIPAM particles on the stress-relaxation behavior. They find that
lower particle volume-fraction, and higher particle softness make the arrest in the
glassy state incomplete. Consequently, the stress-relaxation process continues for
longer time scales compared to systems with higher volume fraction, and systems
with particles of lower softness. They find that, independent of the degree of particle
softness, the relaxation time increases linearly with the waiting time, µ = 1 [49].
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This is confirmed using particle tracking techniques where this linear dependency
is again observed [120]. In contrast, Cloitre et al. [29] show that the relaxation
time of polyelectrolyte microgels depends sub-linearly on the aging time, µ < 1,
by performing creep experiments. The dependence of the relaxation time on the
sample age has been found to depend on the interaction potential, for instance
increasing salt concentration in Laponite suspensions leads to a less-homogeneous
suspension and, consequently, decreases the exponent µ [130]. This already shows
that the stress-relaxation behavior is non-universal and rather depends on the
specific system studied [47], see also [28] for a detailed review. It is to be noted
that the particle softness, in the above-mentioned experimental work, is varied by
changing the particle-size [120], cross-link density [68], and the temperature [49, 70].
Adjusting these parameters, however, affects both the particle-permeability as well
as the elastic modulus [22, 56]. In contrast, studying the particle-permeability and
the elastic modulus independently is experimentally challenging, if at all possible.
An example that highlights the importance of the internal degrees of freedom of
a different type of soft particles is the work of Erwin et al. [47]. They studied
in detail the stress-relaxation process of suspensions of star polymers. They find
that the arm relaxation, which can be envisaged as the particle-size change in an
effective manner, leads to an accelerated stress relaxation process of star polymers
in a terminal regime that follows the two-step relaxation process mentioned before.
Numerical techniques, on the other hand, provide the versatility required in order
to vary, independently, the particle permeability and elastic properties. Cloitre,
Bonnecaze, and coworkers have used the three-dimensional micromechanical model
for soft particles developed in [41] to study the microscopic origin of the stress
relaxation in dense soft-particle suspensions [68, 69]. They find that jammed softparticle suspensions relax through the two-step relaxation mechanism described
earlier. The fast relaxation process to a non-zero internal stress immediately after
cessation of flow is found to depend on the solvent viscosity, the particle elastic
properties, and the volume fraction. The much-slower relaxation of the internal
stress is found to be independent of the material properties. The two-step relaxation
was also observed earlier in the work by Gleim et al. [131] using molecular dynamics
simulations of particles interacting with a Lennard-Jones potential. Ballauff and
coworkers find that the stress relaxation of soft colloidal glasses such as PNIPAM
follows a two-decay process, using molecular dynamics simulations and modecoupling theory [70]. They relate the second decay to the sub-diffusive motion of
the particles at long times. Although the above-mentioned numerical efforts provide
a link between the particle motion and the corresponding relaxation behavior, the
rate-dependent softness that follows from the internal structure of the particle
was not considered. The internal structure of the particle is only considered in an
effective manner through the particle elastic-modulus. The softness of the particles
is achieved through a soft repulsive potential, for instance the Hertzian potential
in [68, 69], the Yukawa potential in [70], and the Lennard-Jones potential in
[131]. In that sense, treating soft deformable particles as solely elastic oversees the
important viscoelastic nature of such particles by not accounting for the particlesize dynamics, in terms of the particle permeability. The particle-size dynamics can
explain why the simulation results of Mohan et al. [68], considering only the elastic
65

nature of the particle, show a poor agreement with experiments at high pre-shear
deformation. They find that the internal stresses obtained from the simulation
results are smaller than those observed in experiments at high pre-shear, where
the effect of size-dynamics becomes significant [129].
In this chapter, we study the stress-relaxation behavior of dense spongy-particle
suspensions taking into account the poroelastic nature of such particles. The internal
structure of each particle, i.e. the permeability, is taken into account by considering
the particle size as an independent degree of freedom in the model, in addition
to the particle position. The particle size-change depends on the permeability of
the particle, its elastic properties, and the viscosity of the permeating solvent. To
this end, the dynamic two-scale model developed by Hütter et al. [79] is used. The
microscopic level of description provided by the model [79] makes it possible to
vary the particle modulus and the permeability independently.
This chapter is organized as follows. A brief summary of the model is described
in Section 4.2 followed by a description of the model parameters and the simulation
protocol used to obtain the results in Section 4.3. The characteristic features of the
stress relaxation is given in Section 4.4 in view of a comparison between permeableand impermeable-particle systems. The corresponding particle dynamics during
stress relaxation is discussed in Section 4.5 in terms of the evolution of the meansquare displacement and the particle volume-fraction. In Section 4.5, we also link
the macroscopic stress-relaxation behavior to the microscopic dynamics. Finally,
the chapter is concluded with a discussion in Section 4.6.

4.2 Extended Brownian dynamics model
This section presents, in brief, a realization of the two-scale model developed by
Hütter et al. [79]. For more detail, the reader is referred to [79, 129].
Consider a representative volume element at a macroscopic position r that
consists of N spherical particles suspended in a Newtonian fluid with a shear
viscosity of η. Each particle is described by the position of its center measured
relative to r, Qi , and its radius Ri . A 4N -dimension variable ξ denoting all
microscopic degrees of freedom is defined as
ξ = {Q1 , R1 , ..., QN , RN }.

(4.1)

The model describes the evolution of these degrees of freedom over time as they
are driven by the (i) a macroscopic velocity field v, and (ii) driving forces due to
the particle interactions.
In this chapter, we impose simple shear, with shear rate γ̇, flow direction x and
gradient direction y,
v = γ̇yex ,

(4.2)

where ex is the unit vector in the x-direction. The driving forces resulting from
the interaction between particles are described as follows. The specific realization
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of the model is achieved by making a choice of the particle-interaction potential.
Particles are assumed to interact through a purely repulsive potential as denseparticle systems are often stabilized and attractive forces are negligible [23, 87,
88]. In the dilute limit, a particle undergoes an elastic volume-change towards its
equilibrium size denoted by Req , driven by the stored elastic energy Φvol
[91]. At
i
high densities, a particle impinges with neighboring particles and undergoes an
elastic shape-change upon contact, which is described by the Hertzian potential
ΦHz
ij [89]. The particle interaction potential is the additive contribution of both the
Hertzian and the volumetric energies,
X
X
3
Φvol
ΦHz
(4.3)
Φ(ξ) =
i (ξ) +
ij (ξ) = EReq Φ̃(ξ),
i

i6=j

˜ denotes the dimensionless (·). All
where E is the Young’s modulus and symbol (·)
particles have the same equilibrium size Req . The dimensionless Hertzian interaction
potential between particle i in contact with its neighbor j is
(

1
m 3−m
+ k̃ if h̃ij > 0,
Hz
2(1−ν 2 ) C h̃ij R̃c
Φ̃ij (ξ) =
0
otherwise,
(4.4)
−1
where ν is the Poisson’s ratio and R̃c = R̃i−1 + R̃j−1
is the contact radius,
where R̃i and R̃j are the current particle radii of particles i and j, respectively. All
length scales in Eq. (4.4) and in the remainder of this chapter are scaled with Req .
Depending on the degree of overlap between particles, h̃ij = R̃i + R̃j − |Q̃i − Q̃j |,
the dimensionless constants {C, m, k̃} in Eq. (4.4) are defined as
h̃ij
< 0.1 :
R̃i + R̃j
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15 ,

h̃ij
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5
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√
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,
1250
√
89 10
k̃ =
,
11250

k̃ =

(4.5)

which ensure the continuity of energy and force. The reader is referred to Appendix
A of [15] for more details. The dimensionless volumetric energy is defined as [91]
Φ̃vol
=
i

2
2π
R̃i3 − 1 ,
9(1 − 2ν)

(4.6)

where R̃i3 − 1 is the volumetric strain compared to the equilibrium size.
The evolution of the particle position and size is expressed in the form of
stochastic differential equations [79]. These equations are applied in this work
in terms of the dimensionless potential energy Eq. (4.3) and the imposed flow
field Eq. (4.2). In this work, the single-particle Stokes’ drag is the only form
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of hydrodynamic interaction with the background solvent acting on the particle
positions. In order to focus on the effect of the particle-size dynamics, the manyparticle hydrodynamic interactions are neglected, since otherwise the computational
costs would be prohibitive. Furthermore, it is assumed that the irreversible particle
position (size) changes are driven solely by the derivative of the potential energy
with respect to the particle position (size), i.e. neglecting dynamic cross-coupling
between position and size (see [79] for more details). The size-dynamics of different
particles are assumed to be hydrodynamically uncoupled. The position- and sizedynamics are, respectively, (see [15] for more detail),

√ 

1 
Φ̃
dt̃ + 2 dW̃t Q ,
−∇
Q̃i
∗
i
S
p




−1
dt̃ + 2ζ ∗ dW̃t R ,
−∂R̃i Φ̃ dt̃ + ζ ∗ ∂R̃i ln ζR
i

dQ̃i = Pe Q̃i,y ex dt̃ +
dR̃i =

ζ∗
S∗

i

(4.7a)
(4.7b)

where Q̃yi denotes the y-component of Q̃i . The time in Eq. (4.7) is scaled with the
Br
3
Brownian time scale τQ
= 6πηReq
/kB T , i.e.
Br
t̃ = t/τQ
.

(4.8)

The Brownian time scale is the time at which a particle diffuses its radius due
to thermal fluctuations. The driving forces for position-change and size-change
are, −∇Q̃i Φ̃ and −∂R̃i Φ̃, respectively. The fluctuating Brownian contributions are
given by the terms involving the Wiener-process increments [dW̃t ]Qi and [dW̃t ]Ri ,
in the position and size equations, respectively. The Wiener-process increment has
an average of hdW̃t i = 0 and a q
variance of hdW̃t dW̃t0 i = δt,t0 dt̃I, where I is the
identity tensor and dW̃ = dW /

Br .
τQ

Equation (4.7) is expressed in terms of three dimensionless groups that fully
describe the system studied, these are (S ∗ , ζ ∗ , Pe). The first dimensionless number,
S ∗ , is a measure of the particle elastic softness expressed in units of the thermal
energy kB T . The Péclet number, Pe, compares the shear time to the time a particle
requires to diffuse its own size due to thermal noise [121]. The dimensionless group
that characterizes the particle internal structure, that is the permeability, is denoted
by ζ ∗ . These dimensionless groups are defined as
S∗ =

kB T
,
3
EReq

Br
Pe = γ̇τQ
,
χ
ζ∗ = ,
2

(4.9a)
(4.9b)
(4.9c)

where χ is a dimensionless permeability measure. Based on the theory of poroelasticity [93], χ is given by χ = π 2 κ/R02 where κ is the permeability and R0 is the
initial particle size, that is the particle size prior to shearing.
Based on the quantities defined just above, several characteristic time scales can
be deduced, for the purpose of physical interpretation. For example, the interaction
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Br
energy is dissipated through viscous damping over time scales τQi = S ∗ τQ
and
∗
∗
Br
τRi = (S /ζ ) τQ , for position-change and size-change, respectively. In addition,
Br
the characteristic time scale for size-relaxation is given by τRBri = τQ
/ζ ∗ . Finally,
i
Br
the characteristic shear time is given by τγ = τQi / Pe.
Changes at the microscopic level, i.e. in particle size and position, described
by Eq. (4.7) lead to stresses on the macroscopic level. These stresses are used
to describe the effective overall behavior of suspensions of spongy-particles. The
constitutive relation governing the behavior of spongy-particle systems is derived in
[79]. In this work, the shear stress component σxy is studied, in compliance with the
applied deformation (4.2). The shear stress contains only a contribution originating
from the interaction forces between particles due to their relative position with
respect to other neighboring particles. The particle size change, on the other hand,
leads to only isotropic contributions. The dimensionless stress tensor due to the
particle interaction, scaling all length scales by Req and using the dimensionless
interaction potential, is
X

σxy
3
σ̃xy =
= nReq
(∇Q̃i Φ̃)Q̃i .
(4.10)
E
i

The reader is referred to [79] for the full derivation of the stress tensor.

4.3 Numerical simulations, parameter specification
The systems modeled consist of 1728 particles suspended in water with a shear
viscosity η. Particles are initially placed on a simple cubic lattice in a cubic box
and their initial size R0 is equal to the equilibrium size Req . The volume of the
simulation box is kept constant over the simulation time. The simulation box is
subjected to Lees-Edwards periodic boundary conditions [94]. Equation (4.7) is
solved numerically using a forward-Euler integration scheme [95]. The time step
used for the integration scheme, ∆t̃, is set to 4.81 × 10−5 , which is small enough to
capture the fast dynamics. The shortest time scale in all our simulation is found
Br
to be τ̃Qi = S ∗ τQ
. The time step is set to be two orders of magnitude smaller
than τ̃Qi , i.e. ∆t̃ ≤ 10−2 τ̃Qi . In order to highlight the effect of the particle-size
changes and since particle-size changes due to steric effects are found to be more
significant at volume fractions higher than 0.8 as observed in experiments [14]
and simulations [15], a dense system of permeable particles with a number density
of n = 1.3 × 1019 m−3 is studied. This number density corresponds to a volume
fraction,
ϕfree =

4 3
πR n,
3 eq

(4.11)

based on the equilibrium size Req , of ϕfree = 0.850. This system is used to demonstrate the characteristic features of the stress evolution over time.
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Table 4.1 Physical parameters.
Parameter

Symbol Physical value

Equilibrium particle radius Req
Solvent shear viscosity

η

2.5 × 10−7 m
10−3 Pa s

Poisson’s ratio

ν

0.4

Young’s modulus

E

{3, 10, 30, 100} Pa

Permeability

κ

6.3 × {0, 10−16 } m2

Temperature

T

293 K

Table 4.2 Model parameters.
Parameter

Symbol

Physical value

Number of particles

N

123

Volume fraction

ϕfree (based on Eq. (4.11)) 0.850

Softness, dimensionless

S∗

Permeability, dimensionless ζ
Péclet number

{86, 26, 8.6, 2.6} × 10−3

∗

{0, 5} × 10−2
Pe ≥ 0.5

Pe

The physical values of the model parameters used throughout this chapter is
given in Table 4.1, while Table 4.2 gives parameters used in the actual numerical
simulations based on the physical parameters given in Table 4.1. The particles
modeled in this work are permeable particles that have similar properties to
materials used in biomimetic application, for instance, polyacrylamide gels used
as substrates for neural cell growth [123], S ∗ ∼ 10−3 . Moreover, in order to show
the effect of the particle-size change, particles with higher softness, S ∗ ∼ 10−2 ,
are also modeled. The Brownian time, used to scale all involved time scales, is
Br
τQ
= 7.28 × 10−2 s.
Ri =Req
The numerical experiments performed follow the protocol shown in Fig. 4.1.
The many-particle system is subject to simple shear deformation with a pre-shear
Br
value of γ̇p for a period of approximately 385τQ
. The pre-shear is switched off at
t̃ = 0 and the evolution of the shear stress is observed over time for a period of
Br
10τQ
. In that sense, the time as expressed by t̃ is measured relative to the time
at the end of the pre-shear step. The Péclet numbers calculated are based on γ̇p .
Every simulation is performed with five different realizations of the noise. The data
presented in the following sections are based on the average of these five simulations.
It is to be noted that these systems at high Pe undergo a transition to an ordered
state [129]. However, in this chapter we present the stress relaxation of systems
that do not undergo this transition within the simulation time for pre-shear, i.e.
Br
385τQ
. So doing, we eliminate the effect of the different structures that develop
during pre-shear, such as the tilted string phase and the straight string phase. The
reader is referred to [129] for more details.
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Fig. 4.1 Simulation protocol. The upper panel shows the applied shear rate over time, and
the lower panel shows the corresponding shear stress over time. The red dashed line marks the
start of the flow-cessation experiment.

4.4 Stress relaxation
In this section, we discuss the stress relaxation after shear-flow cessation for
different pre-shear conditions. The stress-relaxation behavior is described in view of
a comparison between a permeable-particle system ζ ∗ = 0.05 and an impermeableparticle system ζ ∗ = 0, where both systems have the same elastic softness S ∗ =
2.6 × 10−3 , unless otherwise specified. The stress-relaxation behavior is described
in the following in terms of two quantities: (i) the (internal) stress values and (ii)
the characteristic relaxation time.
First, we discuss the behavior observed in Fig. 4.2 in terms of the stress values.
Figure 4.2 shows the shear-stress decay as a function of time after flow cessation for
a permeable- and an impermeable-particle system at different pre-shear conditions.
As the Péclet number increases, the pre-shear stress increases which can be seen
from the initial part of the curves shown in Fig. 4.2 (approximately up to t̃ = 10−3 ).
The shear stress decays rapidly to a finite value of stress, which we denote by σ̃i .
The relaxation of the internal-stress σ̃i proceeds at much slower rates. The internal
stress is obtained from fitting the data on a linear time scale to an exponential
decay where the internal stress is the stress at long times. We find that the internal
stress decreases with increasing Pe for both systems. The internal stress σ̃i < 0.01σ̃p
for both systems at Pe = 3.64. For this reason, the internal stress for permeableand impermeable-particle systems shown in Fig. 4.2 in red lines is only shown for
Pe = 0.73 where the internal stress is largest. The decrease of the internal stress
with increasing Péclet number is observed in the experimental results of Ballauff et
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al. [70] for PNIPAM and in line with the numerical results of Mohan et al. [68]
of elastic particles. Comparing the internal stress for permeable and impermeable
particles, we find that the internal stress of permeable particles is higher than that
of impermeable particles at a given Pe. This can be explained by considering their
corresponding pre-shear stresses. At a given pre-shear, the shear-stress response
is higher for impermeable-particle system than permeable-particle system [129].
Mohan et al. has found that the smaller the pre-shear stress the larger are the
internal stresses for a given system [68].
Second, the characteristic relaxation-time of the stress is studied in the following.
Consider the sample stress curve given in Fig. 4.3. To determine the characteristic
relaxation-time, the stress-relaxation curve is shifted vertically with the internal
stress, leading to σ̃xy (t̃)− σ̃i . This curve is then normalized by its initial value, which
is σ̃p − σ̃i , in order to obtain a function fσ (t̃) = (σ̃xy (t̃)− σ̃i )/(σ̃p − σ̃i ), that starts at
unity and decays to zero. The integral of fσ (t̃) over time increases up to a plateau
value, which is used as the measure for the characteristic relaxation-time. We have
noticed that the integral values sustain large fluctuations if the time integration
is extended far into the stress plateau, due to significant stress fluctuations in
the steady state. To obtain a good estimate of the relaxation time, we use the
following procedure. Fitting σxy (t̃) with an exponential function to determine σ̃i ,
one also obtains the corresponding decay time τfit . Since the stress relaxation may
not be truly exponential, τfit is not necessarily aR good measure for the relaxation
s
time of the stress. Rather, the integral Is = 0 fσ (t̃)dt gives the actual stress
relaxation time, if the value for s is appropriately chosen. In our case, we choose
τ̃σ = hIs is∈[3τfit ,4τfit ] , which is the average of Is over the s-interval [3τfit , 4τfit ]. The
relaxation time of the shear stress as a function of pre-shear Pe is given in Fig.
4.4 for particles with different elastic moduli. The systems corresponding to those
shown in Fig. 4.2 are marked with the dashed lines. Both systems, permeable
and impermeable, show a decrease in relaxation time with increasing Pe, which
is in accordance with the work of Mohan et al. [68, 69] and Fritschi et al. [132].
However, at a given Pe, permeable particles are found to relax on shorter time
scales than impermeable particles of the same elastic modulus, particularly for
systems with low S ∗ . The exception to this trend is observed for the two systems
with the highest S ∗ at Pe = 0.73. In this case, the fluctuations of the long time
stress values are large, in particular larger than 20% of the corresponding pre-shear
stress, and so the determination of the relaxation time-scale is intrinsically difficult
at Pe = 0.73. In general, the difference between the time scales between permeable
and impermeable particles decreases as Pe increases. The accelerated relaxation
process of permeable particles is attributed to their additional degree of freedom,
that is the size. They can adjust their size to accommodate the forces from the
neighboring particles and the applied deformation in the pre-shear stage, which
leads to lower volume fraction at the start of the stress-relaxation experiment. It is
observed in previous work that, for a certain system, the stress relaxation occurs
over shorter time scales at low-volume fraction than at high-volume fraction, see
for instance [70, 133]. We show in the following that the relaxation process of
permeable particles is not only affected by the particle-position dynamics, but also
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Fig. 4.2 Shear stress, σ̃xy , over time for an impermeable-particle system (solid lines) with ζ ∗ =
0 and a permeable particle system (dashed lines) with ζ ∗ = 0.05, and S ∗ = 2.6 × 10−3 for both
systems. Prior to shearing, the density of these systems is ϕfree = 0.850 (n = 1.3 × 1019 m−3 ).
The red lines show the internal stress values σ̃i for both permeable and impermeable particles
at Pe = 0.73.
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Fig. 4.3 Example of shear stress versus time, σ̃xy − t̃, curve. In order to obtain the relaxation
time scale, a function fσ (t̃) = (σ̃xy (t̃) − σ̃i )/(σ̃p − σ̃i ) is calculated based on the pre-shear, σ̃p ,
and internal stress, σ̃i , values as shown in the plot.

by the particle-size dynamics which was initially driven away from equilibrium
during pre-shear.

4.5 Particle dynamics during stress relaxation
The particle dynamics during stress-relaxation is studied in this section. The
particle-dynamics is described in terms of the mean-square displacement (MSD)
of the particles and the actual particle volume-fraction over time. The systems
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Fig. 4.4 Relaxation time of the shear stress, τ̃σ , as a function of Pe for impermeable particles
(closed symbols) with ζ ∗ = 0 and permeable particles (open symbols) with ζ ∗ = 0.05, at different
particle elastic-softness S ∗ . Prior to shearing, the density of these systems is ϕfree = 0.850
(n = 1.3 × 1019 m−3 ). Dashed lines connect data points corresponding to simulations shown in
Fig. 4.2.

investigated in this section are a permeable-particle system ζ ∗ = 0.05 and an
impermeable-particle system ζ ∗ = 0, where we vary the particle elastic properties,
i.e. S ∗ .

4.5.1 Mean-square displacement
The mean-square displacement is used to characterize the position dynamics of
the particles. It is calculated based on the displacement vector of a particle i
measured with respect to the time at flow cessation, t̃ = 0. The displacement vector
is expressed as, δ Q̃i (t̃) = Q̃i (t̃) − Q̃i (0), where Q̃ is Q scaled with Req . The MSD
is calculated as

MSD(t̃) = tr δ Q̃i (t̃) ⊗ δ Q̃i (t̃) N ,
(4.12)
where h·iN is the average over the number of particles N . The evolution of the
MSD is measured over the course of the simulation time.
Figure 4.5 shows the MSD corresponding to the systems shown in Fig. 4.2. It
can be seen in Fig. 4.5 that systems subjected to higher pre-shear exhibit larger
MSD at a given time. Although this behavior is observed for both permeable- and
impermeable-particle systems, Fig. 4.5 shows that, at a certain instant in time,
permeable particle diffuse more than impermeable particles subjected to the same
pre-shear. This is attributed to the fact that the volume fraction of permeable
particles is lower than that of impermeable particles, due to their ability to change
in size when subjected to deformation. This is described in detail in the following
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Fig. 4.5 Mean-square displacement MSD over time for an impermeable-particle system
(solid lines) with ζ ∗ = 0 and a permeable particle system (dashed lines) with ζ ∗ = 0.05 and
S ∗ = 2.6×10−3 for both systems. Prior to shearing, the density of these systems is ϕfree = 0.850
(n = 1.3 × 1019 m−3 ).

sections. Focusing on one of the curves in Fig. 4.5, we see that particles diffuse
rapidly after flow-cessation as seen by the slope of the initial part of the curve.
The diffusion of the particles is slowed down at intermediate times. The transition
between fast and slow diffusion characterizes the increased hindrance of the particle
motion by the surrounding particles that form a cage. At even longer times, the
particles can escape their cages and their diffusion increases, till they get trapped
in the next cage (not shown in Fig. 4.5)
In the following, we compare the particle diffusion of permeable and impermeable
particles in terms of the characteristic features in MSD behavior. The time at which
(i) a particle is increasingly hindered by other particles and (ii) the time at which a
particle escapes this cage are used as the characteristic MSD times. The former is
cage
cage
esc
denoted by τ̃MSD
, while the latter is denoted by τ̃MSD
. The characteristic time τ̃MSD
can be seen in the MSD as the time at which the slope of the MSD curve changes to
cage
lower values. In order to obtain τ̃MSD
, we approximate the behavior of the MSD by
a ninth-order polynomial to capture the main features of the MSD curve. The first
cage
cage
minimum of the second derivative of the polynomial is τ̃MSD
. Figure 4.6 shows τ̃MSD
as a function of applied pre-shear Pe for different particle moduli as denoted by S ∗ .
cage
A clear dependence of τ̃MSD
on S ∗ or ζ ∗ is not detected based on Fig. 4.6. However,
Figure 4.6 shows that breaking of the cages occurs at t̃ ∼ 10−3 − 10−2 , independent
of S ∗ and ζ ∗ . This result is used in Section 4.5.3 to identify the microscopic origin
for stress-relaxation.
esc
On the other hand, the time at which particles escape their cages, τ̃MSD
, is used
to further characterize the MSD. To obtain this time, we calculate the distance
between the particles in a system with the closest packing achievable for these
systems. In equilibrium, the most stable structure in this case is the fcc structure
[15]. The volume fraction of fcc is ϕfcc = 0.74. Based on the fcc structure, the
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Fig. 4.6 Relaxation time of the particle MSD, τ̃MSD
, as a function of Pe for impermeable
particles (closed symbols) with ζ ∗ = 0 and permeable particles (open symbols) with ζ ∗ = 0.05,
at different particle elastic-softness S ∗ . Prior to shearing, the density of these systems is
ϕfree = 0.850 (n = 1.3 × 1019 m−3 ).

p
average distance between particles is d = 3 6ϕfcc /(πn). For the system studied
esc
in this work, we obtain d˜ = 1.9095. The characteristic MSD time τ̃MSD
is defined
2
esc
˜
as the time at which MSD = d . Figure 4.7 shows τ̃MSD as a function of Pe for
systems with different elastic properties. It is found that permeable particles escape
their cages faster than impermeable particles for a given pre-shear. Figure 4.7 also
shows that this time scale increases with increasing the elastic modulus of the
particle. These observations will be revisited later in view of the volume fraction of
esc
the system. It is noteworthy that τ̃MSD
is larger than the simulation time for the
∗
−3
systems with S = 2.6 × 10 (corresponding to Fig. 4.5) and for the impermeable
particles with S ∗ = 8.6 × 10−3 . Hence, the corresponding data are not shown in
Fig. 4.7. In addition, for permeable particles with S ∗ = 8.6 × 10−3 , particles form
ordered structures at the end of the shear simulation for pre-shear Pe & 20 and, so
these data are also not shown in Fig. 4.7.

4.5.2 Volume fraction
The volume fraction is used to characterize the particle size over time. The volume
fraction at a certain time t̃ is calculated based on the sum of the size of all particles
at this time compared to the volume of the simulation box,
ϕ=

PN
i

4
3
3 πRi

N
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Fig. 4.7 Relaxation time of the particle MSD, τ̃MSD
, as a function of Pe for impermeable
particles (closed symbols) with ζ ∗ = 0 and permeable particles (open symbols) with ζ ∗ = 0.05,
at different particle elastic-softness S ∗ . Prior to shearing, the density of these systems is
ϕfree = 0.850 (n = 1.3 × 1019 m−3 ).

It is to be noted that, for the impermeable-particle system, the volume fraction
remains constant over time and equal to the initial volume fraction prior to shearing,
ϕfree = 0.850, because impermeable particles are not able to change in size.
Figure 4.8 shows the evolution of the volume fraction over time corresponding to
the permeable- and impermeable-particle systems in Fig. 4.2. This figure shows that
the volume fraction of the permeable-particle system is smaller than 0.850. We also
find that the deviation from the initial volume fraction is higher for larger pre-shear
values at the start of the flow-cessation simulation (at t̃ = 0). Permeable particles
are driven to low-volume fraction by the applied shear at t̃ < 0 [129]. At t̃ ≥ 0 as
the applied shear is stopped, permeable particles strive to reach their equilibrium
size over time. Permeable particles relax to a volume fraction of approximately
0.838 independent of the pre-shear. The final volume fraction reached is lower than
the initial volume fraction due to steric effects [129].
We study the relaxation of the particle volume-fraction over time in terms
of a relaxation time that describes the approach of the volume fraction towards
equilibrium. The relaxation time for the volume fraction is obtained using a similar
procedure used to obtain τ̃σ , that is using a function fϕ (t̃) = (ϕ(t̃) − ϕ(t̃ →
∞))/(ϕ(0) − ϕ(t̃ → ∞)). The integral of the volume fraction function, fϕ (t̃) gives
the relaxation time τ̃ϕ (see Section 4.4 for more details). Figure 4.9 shows the
relaxation time for the volume fraction as a function of Pe for permeable particles
with different elastic-softness S ∗ . First of all, it is to be noted that the volume
fraction at t̃ = 0 is close to the value of the volume fraction at long times (see Fig.
4.8). Hence, the quality of the integral calculation is lowest at low Pe. We see that
the relaxation time for the volume fraction is smaller as the pre-shear is increased
(see, for instance, dashed line in Fig. 4.9). Based on Equation (4.7b), the relaxation
time of the particle size depends, on the one hand, on the driving force ∂R̃i Φ̃ and,
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Fig. 4.8 Particle volume-fraction, ϕ, over time for an impermeable-particle system (solid
line) with ζ ∗ = 0 and a permeable particle system (dashed lines) with ζ ∗ = 0.05 and S ∗ =
2.6 × 10−3 for both systems. Prior to shearing, the density of these systems is ϕfree = 0.850
(n = 1.3 × 1019 m−3 ).

on the other hand, on the transport coefficient ζ ∗ /S ∗ . For a system with a given
ζ ∗ and S ∗ , i.e. at a fixed transport coefficient, particles are driven further away
from their equilibrium size as the applied pre-shear increases. The larger difference
in size means that the elastic strain energy per particle and the corresponding
driving force for size change are higher (see Eq. 4.6). Consequently, the relaxation
of the size towards equilibrium occurs faster at higher Pe. Comparing systems with
different S ∗ at a given Pe, the trend in the behavior of τ̃ϕ is difficult to predict
based on Eq. (4.7), because the particle softness enters in both the position and
size dynamics, respectively, these equations are mutually coupled. The numerical
simulations reveal the following behavior. We see in Fig. 4.9 that the overall volume
fraction of elastically softer particles, i.e. particles with larger S ∗ , relaxes faster
than for elastically harder particles (see for instance τ̃ϕ at Pe = 3.64 in Fig. 4.9).

4.5.3 Effect of microscopic dynamics on the
stress-relaxation process
This section aims at identifying the microscopic origin of stress relaxation. This
is achieved in the following by comparing the different microscopic relaxation
mechanisms involved in the process. These are the relaxation of the particle size
and the relaxation of the particle position, to the macroscopic stress relaxation.
We have identified the macroscopic stress relaxation in Section 4.4 using the
relaxation time τ̃σ , while the microscopic particle dynamics are described in Section
cage
esc
4.5 using τ̃MSD
and τ̃MSD
for the particle position, and τ̃ϕ for the particle size. Figure
4.10 shows all time scales described in previous sections for permeable-particle
systems with different S ∗ . Comparing the microscopic relaxation times with the
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Fig. 4.9 Relaxation time of the particle volume-fraction, τ̃ϕ , as a function of Pe for permeable
particles with ζ ∗ = 0.05, at different particle elastic-softness S ∗ . For impermeable particles
τ̃ϕ → ∞. Prior to shearing, the density of these systems is ϕfree = 0.850 (n = 1.3 × 1019 m−3 ).
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macroscopic stress relaxation, we see consistently for all four systems modeled that
cage
the time at which the particles move within their cages τ̃MSD
is shorter than the
esc
stress relaxation time τ̃σ , while the time for cage escape, τ̃MSD
, is significantly
longer than the stress relaxation time. These observations lead to the following
conclusion. The motion of the particles within their cages is responsible primarily
for stress relaxation rather than cage escape or particle-size change.
Furthermore, we find that the volume fraction relaxes on time scales longer
than the stress relaxation times. This shows that stress relaxation occurs while the
system is still at the lowest volume fraction reached due to the applied pre-shear
(see, for example, Fig. 4.8). During pre-shear, the particles reduce their volume to
accommodate the contact forces. For a certain pre-shear, the stresses in permeableparticle systems relax while the systems is at lower volume fraction than the volume
fraction of the impermeable-particle systems with the same elastic properties. It is
noteworthy that, at low Péclet number for systems with high particle softness, the
relaxation time for the volume fraction is shorter than the relaxation time for the
stress. As mentioned earlier, the quality of the integral calculation is lowest at low
Pe, because the change in volume fraction between t̃ = 0 and longer times is of the
same order as the fluctuations.
To elucidate the effect of the volume changes sustained during pre-shear on the
stress relaxation, we show, in Fig. 4.11, the variation in volume fraction over time
of a system with low particle modulus at different pre-shear conditions. Figure
4.11 shows that at a pre-shear Pe = 72.80 the system at the start of pre-shear
was initially at a volume fraction of 0.850 while at the start of flow cessation the
volume fraction is 0.720 which is below the close-packing limit of hard spherical
particles that is 0.74. At low volume fractions, particles are less constraint by the
particles forming the cage, making the cage less effective. Consequently, the stress
relaxes faster for permeable-particle systems that are strongly pre-sheared. This
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Fig. 4.10 Different relaxation time of permeable-particle systems ζ ∗ = 0.05 as a function of
Pe with different particle elastic-modulus. The initial density of these systems is ϕfree = 0.850
(n = 1.3 × 1019 m−3 ).

section shows an additional aspect of the stress-relaxation dependence on the flow
history. In addition to the fact that the pre-shear stress values depend on the
applied flow (see Fig. 4.2), the volume fraction of the system at the start of flow
cessation depends on the applied pre-shear.

4.6 Conclusions
In this chapter, the stress relaxation of suspensions of spongy, permeable particles
upon flow cessation is studied in detail. In addition to their ability to impinge,
spongy particles are endowed with the ability to undergo volume changes in response
to applied deformation or steric effects. Their structure can take up (or expel)
the viscous suspending solvent leading to swelling (or shrinking) of particles. To
capture the volume changes, one needs to account for the particle size as an
independent degree of freedom. In this chapter, the application of the dynamic
two-scale model developed by Hütter et al. [79] has been extended to suspensions
of spongy particles. Simple-shear deformation is applied for a period of time to
different particle systems, then switched off at t̃ = 0, from which point on we
follow the shear-stress relaxation over time. This chapter studies the effect of the
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additional particle degree of freedom, i.e. their size, on the stress relaxation process.
So doing, the effect of the particle permeability and the particle elasticity can be
studied independently, which is not easily achieved in experiments nor with most
of the currently available models.
The main results of the present work are summarized as follows. On the one
hand, we find that the macroscopic stress relaxes rapidly after flow cessation to
a stress value known as the internal stress which decays, in turn, at a slower
rate. For most of our simulations, the internal stress is found to be two orders of
magnitude smaller than the pre-shear stress. The stress relaxation of suspensions
at different pre-shear deformation, particle elastic-softness, and permeability, is
studied. The stress relaxation is found to occur faster in the following cases: (i) at
higher pre-shear values for a given permeability and particle elastic-softness (see
Fig. 4.4, e.g., dashed line), (ii) for particles with higher elastic-softness at a given
particle permeability and applied pre-shear (see Fig. 4.4, compare closed symbols at
a given Pe, e.g., at Pe = 2.18), and (iii) for permeable particles at a given applied
pre-shear and elastic-softness (see Fig. 4.4). On the other hand, concerning the
microscopic dynamics, we find that permeable particles diffuse more, at a given
time, than impermeable particles of the same elastic properties subjected to the
same pre-shear (see Fig. 4.5). The particle size is found to relax faster at higher
pre-shear values for a given particle elastic-softness (see Fig. 4.9, e.g., dashed line).
The particle-size relaxation also occurs faster for permeable particles with higher
elastic-softness at a given pre-shear deformation (see Fig. 4.9, e.g., at Pe = 2.18).
In order to address the main aim of this chapter, we have compared the relaxation
time of the macroscopic stress to the different relaxation times of the microscopic
variables. We recall that the aim of this work is to identify the effect of the particle
dynamics on the stress relaxation. This work shows that the stress relaxation
proceeds primarily due to relaxation in particle position within their cage formed
by the surrounding particles rather than cage escape. As stress relaxation occurs at
81

lower volume fractions for permeable-particle systems than impermeable-particle
systems (of the same equilibrium size), the cages formed by permeable particles
(at low volume fraction) are less effective and particles can move easier within
their cages. This, hence, explains why stress relaxation is accelerated for permeable
particles than impermeable particles.
This work elucidates that the effect of the flow history is two-fold; (i) the
stress at the start of flow cessation increases with increasing the applied pre-shear
and, (ii) the volume fraction at the start of flow cessation also depends on the
applied pre-shear. Although previous models and experiments have investigated
the former in detail, the current work highlights the additional influence of the flow
history, that is the evolution of the volume fraction during pre-shear. Upon flow
cessation, the stress-relaxation process is accelerated by the permeability of spongy
particles, namely due to the sustained volume change that was induced during
pre-shear, which renders their cages less effective. Practically, this result would be
of particular importance in the preparation of soft particles where centrifugation is
used to accelerate the particle extraction process [134]. The centrifugation process
introduces flow history to the particles that is manifested as pre-shear stresses and
sustained size changes. The mechanical properties of systems of such particles are
altered by this flow history, if the introduced stresses are not allowed to relax.
We have shown in this chapter the importance of size change on the stressrelaxation in the way it affects the flow history. For future work, it can be interesting
to model the shape of the particles explicitly. So doing, one can examine the
evolution of the particle shape and the resulting anisotropy over time during shear
deformation and stress relaxation.
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Chapter 5

Modeling the shape dynamics of suspensions
of permeable ellipsoidal particles

Abstract A dynamic two-scale model is developed for describing the mechanical
behavior of suspensions of permeable ellipsoidal particles. The particle dynamics in
the proposed model is described in terms of particle positions as well as conformation
tensors that capture their size, shape, and orientation. Using non-equilibrium
thermodynamics, the macroscopic fluid-dynamics and the particle dynamics on
the microstructural level are mutually coupled in a consistent manner. So doing,
the link between the macroscopic behavior, e.g. stresses, and the dynamics of the
microstructure, e.g. particle shape and size, is established. Finally, the model is cast
into a form in which the shape tensor is split into its volumetric and isochoric shape
contributions, making it possible to model particles with both shape-preserving
size-changes (e.g swellable particles) and volume-preserving shape-changes (e.g.
incompressible yet deformable particles). The size-shape model distinguishes itself
in unifying prior knowledge of purely-shape models with that of purely-size models
by appropriate choices of the Helmholtz free energy and the generalized mobility.

5.1 Introduction
A wide variety of applications nowadays relies on materials where their overall
properties can be tailored to meet specific requirements. Soft, permeable particle
suspensions provide the versatility required to achieve exactly this purpose, making
them particularly useful in paints and inks [7, 12], pharmaceuticals and cosmetics
[4, 6], and foods [1]. The fascinating properties of the overall suspension emanate
primarily from the properties of the individual particles. On the one hand, the
elasticity of the supporting network of the individual particle gives rise to its elastic
behavior. The flow of the viscous suspending solvent through this elastic network,
on the other hand, results in its viscoelastic behavior.
This chapter is largely reproduced from: M.E.A. Zakhari, P.D. Anderson, M. Hütter. “Modeling
the shape dynamics of suspensions of permeable ellipsoidal particles”. J. Non-Newtonian Fluid
Mech., submitted, 2018.
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The rich behavior of permeable-particle suspensions emerges from the fact that
permeable particles can undergo size and shape changes in response to different
stimuli. For instance, permeable particles in a sufficiently-jammed state undergo
rate-dependent volume changes as the viscous background solvent is expelled from
the interior of the particle [14, 15]. The shape changes in permeable particles
are induced by steric effects in concentrated suspensions as a particle impinges
against neighboring particles [14]. While elastic shape-changes can be accounted for
through soft-interaction potentials [41, 69, 70], the effect of the viscous background
solvent on both the shape and size dynamics requires accounting for the particle
internal degrees of freedom explicitly.
The dynamic two-scale model developed by Hütter et al. [79] presents a new class
of models that provide insight about the degrees of freedom of permeable particles.
The model accounts for the rate-dependent size change of the particles by treating
the particle size as a separate degree of freedom. The developed model, however,
focuses on spherical particles for which the particle geometry is described by its
radius. Using this model, we have highlighted the effect of the size dynamics on
the equilibrium properties [15], the flow properties [129], and the stress-relaxation
behavior [135] of permeable-particle systems. This chapter aims at generalizing
the model developed by Hütter et al. [79] towards non-spherical particles. This
requires modeling the particle shape explicitly, which naturally includes both the
size and shape dynamics.
An essential step in the model development is the suitable choice of a variable that describes the particle shape. Several morphology measures have been
introduced in the past, particularly in the field of mixing of immiscible fluids. For
concentrated permeable-particle suspensions, tracking the exact particle surface
can be computationally expensive. Therefore, we consider particles of ellipsoidal
shape for simplicity. Ellipsoids cover a wide variety of shapes, ranging from platelets
to spheres to threads [136, 137]. Ellipsoidal droplet shapes are commonly used
as an approximation of the microstructure of fluid blends. In fluid mixtures, this
coarse-grained description depicts the local features of the microstructure, such as
the size, shape, and orientation. An ellipsoid centered at the origin of the coordinate
system is described by a tensor whose eigenvalues are the square of the (inverse)
semi-axes lengths of the ellipsoid and whose eigenvectors give the direction of the
principal axes of the ellipsoid. In general, the surface of an ellipsoid S at a position
Q of the coordinate system and whose axes are not necessarily aligned with the
coordinate system is described by (r − Q) · S · (r − Q) = 1. Several efforts have been
dedicated to developing models describing the evolution of such tensors in response
to deformation fields. For instance, the Maffettone and Minale (MM) model [138]
describes the dynamics of ellipsoid droplets in a general flow field, based on a
phenomenological description of the driving force and the relaxation mechanism. It
has been shown experimentally and numerically how the internal morphology of a
system affects its overall properties [139, 140]. Rheology can be even a measure
for probing the morphology [141]. Iza and Bousmina have highlighted the degree
of complexity of the morphologies developed in a fluid-fluid mixture subjected to
shear and upon cessation of flow [139]. This elucidates the importance of accurately
and consistently describing the stress as a function of the microstructure. In order
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to achieve this, the evolution of the ellipsoidal tensor in affine deformation is used
as the starting point. For purely affine deformation, each point in the ellipsoid
T
is subjected to a velocity gradient L = (∇v) , where v is the applied flow field.
Consequently, the evolution of the ellipsoid is given by Ṡ = −LT · S − S · L, which
is a lower-convected time derivative [137]. The evolution of the ellipsoid in affine
deformation can be equivalently described in terms of the inverse tensor T = S −1 .
The evolution of T is upper-convected, that is Ṫ = L · T + T · LT [137].
In this work, the dynamic two-scale model developed by Hütter et al. [79] for
permeable particles is extended to also account for the mechanics and dynamics
of the particle shape. Each particle is described with an ellipsoidal tensor. Nonequilibrium thermodynamics, namely the general equation for the non-equilibrium
reversible-irreversible coupling (GENERIC) [76–78], is used to ensure that the
developed model is thermodynamically consistent. The developed model is expressed
in the form of stochastic differential equations, that are suitable for particle-based
simulations, i.e. Brownian dynamics simulations.
This chapter is organized as follows. In Sec. 5.2, the weak formulation of
GENERIC is briefly described. This is used in Sec. 5.3 to develop a dynamic
two-scale model for permeable particles that undergo shape and size changes. In
Sec. 5.4, the model is presented in a form suitable for particle-based simulations. In
Sec. 5.5, the model is split into purely-size and purely-shape dynamics, and applied
to the case of non-interacting ellipsoidal particles. Finally, the chapter is concluded
with a discussion in Sec. 5.6.

5.2 Methods: weak formulation of GENERIC
The general equation for the non-equilibrium reversible-irreversible coupling
(GENERIC) [76–78] is exploited in this chapter in order to develop a model
that mutually couples microscopic degrees of freedom to macroscopic ones in a
consistent manner. In this work, the weak formulation of GENERIC formulated
in [79, 142] is used and summarized in the following. For a closed system, the
weak formulation of GENERIC [79, 142] imposes the following conditions on the
reversible (rev) and irreversible (irr) contributions to the time evolution of the
energy E and the entropy S, respectively,
Ė|rev = 0,

(5.1a)

Ṡ|rev = 0,

(5.1b)

Ė|irr = 0,

(5.1c)

Ṡ|irr ≥ 0,

(5.1d)

where x is the set of independent variables that describes the system. The conditions
(5.1) depict the following features of the system. On the one hand, the energy and
entropy remain unaffected by the reversible dynamics, which is captured by (5.1a)
and (5.1b), respectively. On the other hand, the irreversible dynamics does not
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affect the total energy and leads to non-negative entropy changes, as given by (5.1c)
and (5.1d), respectively.
Using the chain rule, conditions (5.1) have implications on the evolution of the
system variables x. The chain rule for a general functional A is given by
XZ
δA
Ȧ[x] =
∂t xI (z)dz,
(5.2)
δxI (z)
I

where δA/δxI is a functional derivative of A with respect to xI , z is the integration
variable, and the summation runs over all variables in x.
In the following, the conditions on the energy and entropy, (5.1), are used to
develop a model for systems of permeable particles. This is achieved by, first
choosing a sufficient set of variables describing the system, and second specifying
the functionals of energy and entropy in terms of the chosen variables.

5.3 Model development
Similar to the model developed earlier in [79], a two-scale model is developed in this
work, where both scales are mutually coupled. For instance, a deformation applied
on the macroscopic level distorts the microstructure, this results in unbalanced
interactions between the particles, which in turn give rise to macroscopic stresses.
In this section, we derive a model that consistently couples both scales, particularly
by providing a constitutive relation for the stress in terms of microscopic variables.

5.3.1 Choice of variables
For the two-scale model described for spherical particles [79], the macroscopic
level, i.e. the solvent-particle system, is treated as a non-isothermal fluid. The
macroscopic variables are, hence, the mass density ρ(r), the momentum density
u(r) = v(r)/ρ, where v is the macroscopic velocity field, and the temperature
field ϑ(r). In all these variables, r is the macroscopic position. On the microscopic
level, overdamped particle dynamics is considered. That is the particle velocities
relax to the equilibrium distribution much faster than the time required for the
applied deformation to cause a significant change in velocity. The reader is referred
to [79] for more detail. Microscopically, each particle i is, hence, described with the
position of its center Qi measured relative to r, and also by a tensor that captures
the shape of the particle Ti . The latter is introduced in place of the particle radius
in [79], in order to describe the shape and size of the particle.
For practical reasons, a distribution function p of the microscopic states of all
particle positions {Qi }i=1,...,N and shape tensors {Ti }i=1,...,N is used a dynamic
variable for the microscopic level of description. To account for inhomogeneous
situations, the distribution function is made dependent on the macroscopic position,
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leading to p = p(r, {Qi }, {Ti }), where {...} denotes the collection of variables for all
particles, i.e. including all terms from i = 1 until i = N . Averages over microscopic
states, denoted by h·i, can be conveniently described in terms of p as
Z
hhi(r) = n(r)−1 h(r, {Qi }, {Ti })p(r, {Qi }, {Ti }) dQdT ,
(5.3)
where n denotes the number of N -particle systems per unit volume,
Z
n(r) = p(r, {Qi }, {Ti }) dQdT ,

(5.4)

and dQdT denotes the volume element in the high-dimensional space of all particle
position vectors and shape tensors. In summary, the full set of independent variables
describing both levels of description, macroscopic and microscopic, respectively, is
given as
x = (ρ(r), u(r), ϑ(r), p(r, {Qi }, {Ti })).

(5.5)

5.3.2 Energy and entropy functionals
The model development involves the specification of the energy and entropy functionals in terms of the dynamic variables x. This step, however, is not essential
at this point. Once the model has been developed in a form that is as general as
possible, the energy and entropy functionals can be specified for the particles of
interest. The only assumption that is made at this point is that the momentum
density only affects the kinetic energy, which is part of the total energy of the
system. The internal energy Eint and the entropy S, that both remain unspecified
at this point, do not depend on the momentum density. In other words, the energy
and entropy functionals are given by
Z 2
u
E[x] =
dr + Eint [ρ, ϑ, p],
(5.6a)
2ρ
S[x] = S[ρ, ϑ, p].
(5.6b)

5.3.3 General form of the evolution equations
In order to derive the full evolution equations of each variable in x given in (5.5),
one can make use of prior knowledge of some characteristics of these evolution
equations, in particular, in terms of kinematics. In contrast, the constitutive relation
for the stress tensor and the irreversible contributions to the evolution equations
are not known a priori. These contributions shall be worked out later.
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Concerning notation, throughout this chapter, particle indices are denoted by
lower-case Latin symbols i, j, k, . . . , while Cartesian indices are given in lower-case
Greek symbols, e.g. α, β, γ, . . . . The Einstein notation is used for the Cartesian
components, i.e. the summation notation is suppressed for the repeated Greek
subscripts. The general form of the evolution equations of the dynamic variables
(5.5) can be written as
∂t ρ = −∂rγ (vγ ρ),

(5.7a)

∂t uα = −∂rγ (vα uγ ) + ∂rγ σαγ ,

(5.7b)

∂t ϑ = −vγ (∂rγ ϑ) + Θ,
X
X
∂t p = −∂rγ (vγ p) −
∂Qi,α (Q̇i,α p) −
∂Ti,αβ (Ṫi,αβ p),
i

(5.7c)
(5.7d)

i

where σ is the total macroscopic stress tensor, Θ is the temperature change, and Q̇i
and Ṫi stand for the rates of change of the particle position and shape, respectively.
All these terms are unknown at this point and will be discussed and specified in
the following sections. It is to be noted that Θ, Q̇i , and Ṫi have both reversible
and irreversible contributions. It is also pointed out that, in deriving the aboveequations and in the following derivations, the boundary terms in the space of
microstructure states are assumed to vanish. In addition, there are no macroscopic
fluxes through the boundaries of the system, as it is a closed system.

5.3.4 Reversible dynamics
The dynamics of each variable in x contains both reversible and irreversible
contributions. Reversible contributions arise from dynamics that are invariant to
time reversal [79]. This is analogous to affine deformation in continuum mechanics.
The reversible rate of change of the position and shape of each particle can be
obtained in the case of affine deformation under an imposed flow field v.
Under affine deformation, the reversible rates of change in the position and
shape of a particle i are given by
Q̇i,α |rev = Lαβ Qi,β ,

(5.8a)

Ṫi,αβ |rev = Lαγ Ti,γβ + Ti,γα Lβγ ,

(5.8b)

respectively, where Lαγ = ∂rγ vα . The former, Eq. (5.8a), is identical to the reversible
dynamics of the particle position given in [79]. The reversible dynamics of Ti , (5.8b),
is based on the discussion in the introduction (Sec. 5.1). The only difference is that
(8b) is written in a form that, whatever the symmetry properties of the actual state
Ti , the change of Ti is manifestly symmetric. In other words, the model is set-up
for arbitrary Ti , but that, when starting with symmetric Ti , the symmetry of Ti
will be preserved during the dynamics. This means that, the subset of symmetric
tensors {Ti } is invariant with respect to the dynamics. In this way, i.e. by not
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enforcing the symmetry of Ti as part of their definition, complications when taking
derivatives with respect to Ti are avoided.
Using condition (5.1b) together with (5.8), the reversible contribution to the
temperature change can be obtained as
−1 
 
δS
δS
δS
−s + ρ
δαγ
+n
δϑ
δρ
δp
+
*
+#


X
X
δS
δS
δS
+ ∂Ti,βα
− n
Qi,γ − n
Ti,γβ
,
∂Qi,α
∂Ti,αβ
δp
δp
δp
i
i

Θrev = Lαγ
*



(5.9)
where s is entropy density per unit volume. In deriving (5.9), we have used the
following relation
Z
 δA


δA
δA
∂rγ ρ +
∂ rγ ϑ +
∂rγ p dQdT = ∂rγ a,
(5.10)
δρ
δϑ
δp
with A = S and a = s.
In order to derive the stress tensor in terms of the particle dynamics, the
condition for the conservation of energy in reversible dynamics (5.1a) together with
(5.9) is used. The stress tensor is obtained as
*
+
X

σαγ = (f − ρF;ρ − n hF;p i) δαγ + n
∂Qi,α F;p Qi,γ
i

+n

*
X

+
∂Ti,αβ F;p + ∂Ti,βα F;p Ti,γβ


,

(5.11)

i

where
f = eint − ϑs,
δEint
δS
F;ρ =
−ϑ ,
δρ
δρ
δEint
δS
F;p =
−ϑ ,
δp
δp

(5.12a)
(5.12b)
(5.12c)

with eint the internal energy density of the system. The combination (5.12b) and
(5.12c) resemble the derivative of the Helmholtz free energy, for more detail the
reader is referred to [79].
In deriving (5.11), we have used relation (5.10) with A = Eint and a = eint . In
addition, we have assumed that the consistency relation
δEint
δS
=ϑ
δϑ
δϑ
holds.
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(5.13)

5.3.5 Irreversible dynamics
As stated in Sec. 5.3.3, the temperature change Θ as well as the rate of change of
the microscopic variables {Qi } and {Ti } contain contributions due to irreversible
dynamics. In this section, we derive these contributions making use of the thermodynamic conditions (5.1c) and (5.1d). In fact, also effects such as heat conduction
and viscous flow can be considered. However, in the present work, we neglect these
effects for clarity, in order to focus on the particle dynamics. Interested readers are
referred to [79], where the effect of heat conduction and viscous flow have been
discussed.
In this work, we consider the overdamped particle dynamics as the main effect
for irreversible dynamics. Forces acting on the particles result directly in a change
in the particle positions and shapes, since inertia effects are neglected [79]. This
dissipative effect results in a temperature change, in addition to a change in the
particle distribution. In other words, it results in an irreversible contribution to Θ,
{Q̇i }, and {Ṫi }.
Using condition (5.1c), the irreversible contribution to the temperature change
is obtained as
+

−1 "*X 

δEint
δEint
Θirr = −
Q̇i,α |irr
n
∂Qi,α
δϑ
δp
i
+#
*

X
δEint
Ṫi,αβ |irr
.
(5.14)
+
∂Ti,αβ
δp
i
Using condition (5.1d) together with (5.14),
*
*
+
+
Z
Z


n X
n X
−∂Qi,α F;p Q̇i,α |irr dr +
−∂Ti,αβ F;p Ṫi,αβ |irr dr ≥ 0.
ϑ
ϑ
i
i
(5.15)
A quasi-linear solution to Eq. (5.15) for n > 0 and ϑ > 0 is given by
X

Q̇i,α |irr =
λij,αβ −∂Qj,β F;p ,

(5.16a)

j

Ṫi,αβ |irr =

X


Λij,αβγε −∂Tj,γε F;p ,

(5.16b)

j

where λ is a positive semi-definite and symmetric N × N × 3 × 3 tensor with the
property
λij,αβ = λji,βα .

(5.17)

The tensor Λ is a positive semi-definite N × N × 3 × 3 × 3 × 3 tensor that has the
symmetry properties

90

Λij,αβγε = Λji,γεαβ ,

(5.18a)

Λij,αβγε = Λij,βαγε .

(5.18b)

Equation (5.18b) ensures that irreversible changes in Ti are symmetric. It is noted
that the ansatz (5.16) implies that the thermodynamic forces and fluxes related
to position and shape are mutually decoupled. This is done for simplicity rather
than for necessity, and the model formulation can be extended in this direction in
a straightforward way.

5.4 Application of the model
5.4.1 Static building blocks
In Sec. 5.3, the model is developed for a general form of the system internal energy
Eint and entropy S. The internal energy and entropy of the system are defined in
this section, in order to make the model system specific.
Looking at the constituents of the overall system, it is clear that the suspending
solvent as well as the N -particles contribute to the energy and entropy of the
system. In particular, the free energy density of only the solvent is given in terms
of the densities of internal energy εint and entropy η of the solvent as
φ = ε − ϑη,

(5.19)

where ε and η depend on the density and temperature of the system. In the presence
of particles, an additional contribution emerges due to the effective interaction
energy Φ of the particles. This effective interaction energy has the character of a
Helmholtz free energy and can hence be decomposed into energetic and entropic
contributions [78, 79],
Φ = ΦE + ΦS .

(5.20)

Each of these contributions is, in general, density- and temperature-dependent in
addition to their dependence on the microstructure.
Based on (5.19) and (5.20), the internal energy of the system consists of a
contribution due to the internal energy of the solvent, ε, and a contribution due to
the particles, ΦE . Similarly, the entropy of the system is composed of a contribution
due to the entropy of the solvent, η, and an entropic contribution due to the
particles, ΦS . Therefore,
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Eint [ρ, ϑ, p] =

Z

ε(ρ, ϑ) dr +

Z

ΦE (ρ, ϑ, {Qi }, {Ti })p(r, {Qi }, {Ti }) dQdT dr,
(5.21a)

1 S
Φ (ρ, ϑ, {Qi }, {Ti })p(r, {Qi }, {Ti }) dQdT dr
η(ρ, ϑ) dr −
ϑ
Z
p(r, {Qi }, {Ti })
− kB p(r, {Qi }, {Ti }) ln
dQdT dr,
(5.21b)
p0

S[ρ, ϑ, p] =

Z

Z

where kB is the Boltzmann constant and p0 is a normalization constant for the
particle distribution. The last term in the entropy expression represents the configurational entropy, which eventually ensures that the Boltzmann distribution is
recovered at equilibrium. The expressions (5.21) are used in the following for giving
explicit forms of the constitutive relation for the stress tensor as a function of the
microstructure, and of the particle dynamics given by the Fokker-Planck equation
for the evolution of p.

5.4.2 Constitutive expression for the stress tensor
Using the form of internal energy and entropy given in (5.21), one obtains explicit
expressions for F;p and F;ρ ,
∂
∂
φ + n hΦi,
∂ρ
∂ρ


p
F;p = Φ + kB ϑ ln
+1 .
p0

F;ρ =

(5.22a)
(5.22b)

The (non-dissipative contribution to the) stress tensor (5.11), in turn, becomes


∂
σαγ = −psol − nρ hΦi − n(1 + N + 4N )kB ϑ δαγ
∂ρ
*
+
*
+
X
X


+n
∂Qi,α Φ Qi,γ + n
∂Ti,αβ Φ + ∂Ti,βα Φ Ti,γβ , (5.23)
i

i

where the solvent pressure is defined as
psol = −φ + ρ

∂
φ.
∂ρ

(5.24)

5.4.3 Particle dynamics
By virtue of the specific forms of the internal energy and entropy (5.21), a concrete
realization of the evolution equation of the distribution function p (Eq. (5.7d))
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can be obtained. Making use of the force-flux relation (5.16) for the irreversible
particle-dynamics and Eq. (5.22b), the dynamics of p is described by
X
X
∂t p = −∂rγ (vγ p) −
∂Qi,α (Lαβ Qi,β p) −
∂Ti,αβ ((Lαγ Ti,γβ + Ti,γα Lβγ ) p)
i

i



X
X


−
∂Qi,α 
λij,αβ (−∂Qj,β Φ)p − kB ϑ(∂Qj,β p) 
i

j


−

X

∂Ti,αβ 

i

X




Λij,αβγε (−∂Tj,γε Φ)p − kB ϑ(∂Tj,γε p)  .

(5.25)

j

This Fokker-Planck equation can be expressed in the form of stochastic differential
equations in the Itô interpretation [65] as
X
λij,αβ (−∂Qj,β Φ)dt
dQi,α = Lαβ Qi,β dt +
j

+

X

kB ϑ(∂Qj,β λij,αβ )dt +

j

X

bij,αβ dwt,j,β ,

(5.26a)

j

dTi,αβ = (Lαγ Ti,γβ + Ti,γα Lβγ ) dt +

X

Λij,αβγε (−∂Tj,γε Φ)dt

j

+

X

kB ϑ(∂Tj,γε Λij,αβγε )dt +

j

X

Bij,αβγε dWt,j,γε ,

(5.26b)

j

with
X

bik,αγ bjk,βγ = 2kB ϑλij,αβ ,

(5.27)

k

X

Bik,αβστ Bjk,γεστ = 2kB ϑΛij,αβγε ,

(5.28)

k

representative of the fluctuation-dissipation theorem [78, 143]. The symmetry
property of the increment of Ti in time leads to
Bij,αβγε = Bij,βαγε .

(5.29)

Using the fluctuation-dissipation relations (5.27) and (5.28), as well as the symmetry
property (5.29), it can be shown that the symmetry properties of λ in Eq. (5.17) and
Λ in Eq. (5.18) follow. Each of the increments in the Wiener processes, namely dw
for the position dynamics and dW for the shape dynamics, should be uncorrelated
in time. This implies
hdwt,i,α i = 0,

(5.30a)

hdwt,i,α dwt0 ,j,β i = δij δαβ δ(t − t )dtdt ,
0

and
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0

(5.30b)

hdWt,i,αβ i = 0,
hdWt,i,αβ dWt0 ,j,γε i = δij δαγ δβε δ(t − t0 )dtdt0 .

(5.31a)
(5.31b)

It is also pointed out that fluctuations in the particle position are not correlated
with fluctuations in the particle shape,
hdwt,i,α dWt0 ,j,γε i = 0.

(5.32)

5.5 Split of shape and size changes
The model developed in Sec. 5.3 and applied in Sec. 5.4 employs the shape tensor
Ti for the quantification of the microstructure. The shape tensor Ti , in its general
form, contains information about both the shape and the size of particle i. For
practical reasons, it is sometimes useful to separate the effects of size and shape.
Considering for instance the case of incompressible particles, these are particles
that undergo shape changes while keeping their volume constant. This situation
is rather common in treating dilute fluid mixtures, in which fluid particles are
dispersed in another fluid matrix [138, 144].
This section aims at differentiating between changes in size and shape, making it
suitable to recover limiting cases such as incompressible particles and particles that
are rigid in terms of shape change. The unconstrained shape tensor T√
i is split into
(i) a volumetric part expressed in terms of the particle volume, V i = det Ti , and
(ii) an isochoric
√ part that accounts only for the particle shape expressed in terms
of T̂i = Ti / 3 det Ti . It is noted that the actual volume of an ellipsoid is given by
(4π/3) V i , but for convenience the prefactor 4π/3 is not included in the definition
of V i . In this section, we show the procedure of expressing the model obtained in
Secs. 5.3 and 5.4 in terms of constrained shape tensors {T̂i } and particle volumes
{V i }. In addition, it is shown how the model presented in [79] can be recovered as
a special case.

5.5.1 Static building blocks
Let us first consider the static building blocks, particularly derivatives of the
Helmholtz free energy Φ with respect to the unconstrained tensors {Ti }. These
terms appear in the constitutive relation for the stress tensor (5.23), as well as
in the driving forces for irreversible dynamics in (5.25) and (5.26). The partial
derivatives can be re-written as


∂Ti,αβ Φ = ∂T̂i,µν Φ
∂Ti,αβ T̂i,µν + (∂V i Φ)|T̂i ∂Ti,αβ V i ,
(5.33a)
uc V i


1
−2
−1
= ∂T̂i,µν Φ
V i 3 Pi,µναβ + (∂V i Φ)|T̂i V i Ti,βα
,
(5.33b)
2
uc V i
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where the subscript (uc) denotes the unconstrained derivative, i.e. the derivative
where the constraint on T̂i is not taken into account. The projection tensor Pi is
defined as
1 −1
Pi,µναβ = δµα δνβ − T̂i,βα
T̂i,µν ,
3

(5.34)

with
−1
T̂i,νµ
Pi,µναβ = 0,

(5.35a)

T̂i,αβ Pi,µναβ = 0.

(5.35b)

The reader is referred to [142, 145, 146] for more detail on the issue of constrained
derivatives.
The relation (5.33) can be used, e.g., in (5.23) to obtain an expression for the
stress tensor as a function of the constrained shape tensors {T̂i } and sizes {V i }.
For symmetric Ti and given that the symmetry of the increments of Ti is preserved
(Eq. (5.26b) and Eq. (5.29)), the term involving derivatives with respect to Ti in
the stress tensor (5.23) assumes the form



∂Ti,αβ Φ + ∂Ti,βα Φ Ti,γβ =
∂T̂i,αβ Φ
uc
|

dev
Vi

T̂i,γβ

+
{z




∂T̂i,βα Φ

deviatoric

+ V i (∂V i Φ)|T̂i δαγ ,
{z
}
|

uc V i

dev
T̂i,γβ
}
(5.36)

volumetric

where the deviatoric part of a second-rank tensor is denoted by
1
Adev
αβ = Aαβ − Aσσ δαβ .
3

(5.37)

It is to be noted that, in deriving (5.36), the symmetry of Ti has been only used
in explicit occurrences of Ti , but not when calculating partial derivatives with
respect to T̂i . Equation (5.36) shows that the split of the shape tensor naturally
decomposes the stress tensor into a stress contribution that is deviatoric and related
to derivatives of Φ with respect to T̂i , and an isotropic contribution that is related
to derivatives of Φ with respect to V i . A similar procedure can be used to express
the driving forces for the irreversible dynamics.

5.5.2 Particle shape and size dynamics
According to Itô’s formula [65, 147] for stochastic calculus, the evolution of the
constrained tensor T̂i and size V i can be expressed, in terms of the evolution of
Ti , respectively. To make the following steps more transparent, the evolution of Ti ,
given by (5.26b), is expressed in the form
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dTi,αβ = Ai,αβ dt +

X

Bij,αβστ dWt,j,στ .

(5.38)

j

The evolution of the constrained shape tensors T̂i can be written in the form,
X


1
∂Ti,αβ ∂Ti,µν T̂i,γε
dT̂i,γε = ∂Ti,αβ T̂i,γε dTi,αβ +
Bij,αβστ Bij,µνστ dt,
2
j
(5.39a)
≡ Âi,γε dt +

X

(5.39b)

B̂ij,γεστ dWt,j,στ .

j

Based on (5.39a) and (5.38), the quantities Â and B̂ can be expressed in terms of
A and B as
−2

Âi,γε = V i 3 Pi,γεαβ Ai,αβ


1
−4
−1
−1
−1
−1
+ kB ϑ V i 3 T̂i,βµ
T̂i,να
T̂i,γε − T̂i,βα
δµγ δνε − T̂i,νµ
Pi,γεαβ Λii,αβµν ,
3
(5.40a)
− 23

B̂ij,γεστ = V i

(5.40b)

Pi,γεαβ Bij,αβστ ,

where the projection tensor Pi is defined by Eq. (5.34). The increment of the
constrained tensor T̂i should respect the conservation of particle volume, that is
d(det T̂i ) = 0. In the following, it is shown that (5.39b) with (5.40) does not lead
to any volume changes. Based on Itô’s formula, using (5.39b) and (5.40), and with



−1
∂T̂i,γε ln det T̂i
= T̂i,εγ
,
(5.41a)
uc



−1 −1
∂T̂i,γε ∂T̂i,µν ln det T̂i
= −T̂i,εµ
T̂i,νγ ,
(5.41b)
uc

and with (5.35a), one finds


d ln det T̂i = 0,

(5.42)

which implies that the volume of the particle remains constant over time. The above
derivation highlights the importance of using proper stochastic calculus in terms of
Itô’s formula, specifically the second-order derivative terms. If the second-order
terms were not considered, the increments of T̂i given by (5.39b) with (5.40) would
not be volume preserving.
Similarly to the relation between (5.38) and (5.39b), the quantities A and B in
the evolution equation for the volume V i ,

96


X
1
d V i = ∂Ti,αβ V i dTi,αβ +
∂Ti,αβ ∂Ti,µν V i
Bij,αβστ Bij,µνστ dt,
2
j
X
≡ Ai dt +
Bij,στ dWt,j,στ ,

(5.43a)
(5.43b)

j

are related to the quantities A and B as
Ai =

Bij,στ =

1
1 13 −1
−1
V i T̂i,βα Ai,αβ + kB ϑ V i 3
2
2




1 −1 −1
−1
−1
T̂i,νµ T̂i,βα − T̂i,βµ
T̂i,να
Λii,αβµν ,
2
(5.44a)

1 13 −1
V T̂
Bij,αβστ .
2 i i,βα

(5.44b)

One obtains explicit forms for (Â, B̂) and (A, B) by inserting explicit expressions
for A and B in (5.40) and (5.44), respectively. It is to be noted that the evolution
of T̂i and V i are mutually coupled through the dependence of (Â, B̂) and (A, B)
on both T̂i and V i (see (5.40) and (5.44)).

5.5.3 Limit of spherical particles
The interpretation of the evolution of the shape tensor in terms of the evolution of
the constrained tensor T̂i and the volume V i facilitates describing the dynamics of
spherical particles. These are particles that undergo no or only insignificant shape
changes. A spherical particle is described by an isotropic shape tensor Ti = Ri2 I,
or equivalently a constrained shape tensor T̂i = I and V i = Ri3 , where Ri is the
instantaneous particle radius. To obtain a model for spherical particles, on the
one hand, one can explicitly describe the particles with an isotropic shape tensor,
by enforcing T̂i = I as a mathematical constraint. On the other hand, one can
eliminate (significant) shape changes via the (Helmholtz free) energy Φ, by strongly
penalizing deviations from the spherical shape. In this case, the shape dynamics is
governed by rapid relaxation towards equilibrium, the latter being the subset of
spherical particles. Moreover, the shape changes introduced by imposed deformation
are considered insignificant compared to the shape relaxation. This justifies the
use of an isotropic tensor, in particular T̂i = I, in the evolution equation of the
particle volume (see (5.43b) and (5.44)). Doing so, i.e., using T̂i = I in (5.43b)
with (5.44), for example the reversible deformation of the particle volume is found
to be V̇ i |rev = V i Lαα , which leads to
Ṙi |rev =

1
Ri Lαα
3

(5.45)

for the reversible dynamics of the particle radius. Equation (5.45) is in fact identical
to what has been used in the derivation of the model by Hütter et al. [79], in the
limit of affine deformation of the particle surface.
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With respect to the transition from particle volume to particle radius, the
following general comment is in place. In order to recover the distribution of the
microscopic states in terms of particle radii (pR ) instead of volumes (pV ), the
transformation of the measure must be taken into account for each particle,
d V i = 3Ri2 dRi ,

(5.46)

which implies
!
Y

pR ({T̂i }, {Ri }) =

3Ri2

pV ({T̂i }, {V i = Ri3 }).

(5.47)

i

It is well known that a transformation of variables leads to a modification of the
entropy (e.g., see [78]). Since the entropy enters the stress tensor (5.23) and the
irreversible dynamics (5.25), special care must be taken when relating R-based and
V-based models.

5.5.4 Application of the shape-size model
In this section, the model split in terms of the shape and size is further concretized.
In all of that, it is assumed for simplicity that the model is formulated in three
spatial dimensions, which is relevant particularly when using the Cayley-Hamilton
theorem. Furthermore, we restrict our attention to non-interacting ellipsoids, i.e.
the (Helmholtz free) energy Φ is a sum of single-particle contributions, called ϕi .
In general, ϕi is an arbitrary function of the invariants of Ti . However, without
loss of generality, it proves to be convenient to write ϕi as a function of the first
(Iˆ1,i ) and second (Iˆ2,i ) invariants of the constrained shape tensor T̂i , and the third
invariant (I3,i ) of the unconstrained tensor Ti ,
Iˆ1,i = tr(T̂i ),


2
1 
2
ˆ
I2,i =
tr T̂i − tr(T̂i ) ,
2
I3,i = det Ti .

(5.48a)
(5.48b)
(5.48c)

Therefore,
Φ=

X

ϕi (Iˆ1,i , Iˆ2,i ,

p

I3,i ).

(5.49)

i

It is noted that, in order to develop a model for the unconstrained tensors {Ti }, the
energy (5.49) is considered as a function of the unconstrained tensors, rather than
the corresponding isochoric and volumetric parts. Based on (5.49) and making use
of the Cayley-Hamilton theorem, the expression (5.36) related to the stress tensor
(5.23) can be written in the form
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1ˆ
−1
dev
∂Ti,αβ Φ + ∂Ti,βα Φ Ti,γβ = 2ϕi,1 T̂i,αγ + 2ϕi,2
I2,i δαγ − T̂i,αγ
3
{z
}
|
deviatoric

+ V i ϕi,3 δαγ ,
| {z }

(5.50)

volumetric

where ϕi,K denotes the derivative of ϕi with respect to its K th argument. The
first two terms on the right-hand side (r.h.s.) are deviatoric in nature, by virtue of
tr(T̂i−1 ) = Iˆ2,i , and related to the dependence of ϕi on Iˆ1,i and Iˆ2,i . In contrast,
the third contribution on the r.h.s. is isotropic, i.e. volumetric, and originates from
the dependence of ϕi on I3,i . In the above and in the sequel, it is used that Ti is
symmetric, given that the initial condition is symmetric, and that this symmetry
is not violated by the dynamics.
The particle mobility tensor Λ is chosen as follows. First, it is assumed that
the ellipsoids also do not interact dynamically, more precisely that Λij,αβγ should
vanish for i 6= j. And second, for the further specification, the approach in [137] is
inspiring, where also the concept of an ellipsoidal shape tensor is employed. For
the example in this chapter, the following choice is made,
Λij,αβγ = 2Λ (Ti,αγ Ti,β + Ti,α Ti,βγ ) δij ,

(5.51a)

where Λ is a scalar prefactor that does not depend on the shape tensor. For
completeness, it is mentioned that the restriction to constant Λ is merely used to
keep this illustrative example simple; relaxation of this restriction (e.g. to exactly
match cases studied in [137]) is straightforward and does not pose any conceptual
difficulties. The mobility tensor (5.51a) satisfies the symmetry properties (5.18).
By expressing the symmetric and positive Ti as Ti = bi · bT
i , one can show that
p
Bij,αβστ = 2kB ϑΛ (bi,ασ bi,βτ + bi,ατ bi,βσ ) δij ,
(5.51b)
indeed satisfies not only the symmetry condition (5.29), but also the fluctuationdissipation theorem (5.28). Based on (5.51a), the divergence of the mobility tensor
can be calculated. A careful calculation results in (see [148] for details)
∂Ti,αβ Λii,αβγ = 16ΛTi,γ .

(5.51c)

Based on the Helmholtz free energy (5.49) and the relaxation-tensor related terms
(5.51), and using the Cayley-Hamilton theorem, the quantities Â and B̂ given by
(5.40) in the evolution of the constrained tensor (5.39b) are obtained as
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dev
Âi,γ =Ldev
γµ T̂i,µ + T̂i,µγ Lµ





1
1ˆ
2
− 4Λ ϕi,1 T̂i,γ
− Iˆ1,i T̂i,γ + ϕi,2
I2,i T̂i,γ − δγ
3
3
20
+ kB ϑΛT̂i,γ ,
(5.52a)
3


p
2
(5.52b)
B̂ij,γστ = 2kB ϑΛ b̂i,γσ b̂i,τ + b̂i,γτ b̂i,σ − b̂i,γµ b̂i,µ δστ δij ,
3
−1

where b̂i = V i 3 bi , i.e., T̂i = b̂i · b̂T
i . The explicit form of A and B given by (5.44)
in the evolution of the particle volume (5.43b) are obtained as
Ai = V i Lµµ − 3Λ V 2i ϕi,3 + 15 kB ϑΛ V i ,
p
Bij,στ = 2kB ϑΛ V i δστ δij .

(5.53a)
(5.53b)

Similar to the discussion with respect to the stress-tensor related terms in (5.50),
the following can be noted about the dynamics of shape and volume described
by (5.52) and (5.53), respectively. The relaxation of shape contained in (5.52a) is
driven by the change in ϕi with respect to Iˆ1,i and Iˆ2,i . In contrast, the relaxation
of volume contained in (5.53a) is driven by the change in ϕi with respect to I3,i .
The thermal fluctuations in shape, described by (5.51b), make use of the multiplicative decomposition of the shape tensor, and similarly for (5.52b). In order to
implement that in a numerical simulation, the following procedure can be used.
Omitting the particle index i to simplify notation, it can be shown that a choice for
b that satisfies T = b · bT has the following components in a Cartesian coordinate
system,
 √

T11
0
p 0
√
,
J2 /T11 p 0
[b] =  T12 / T11
(5.54)
√
√
¯
T13 / T11 J2 / T11 J2 I3 /J2
2
with J2 = T11 T22 − T12
and J¯2 = T11 T23 − T12 T13 . It is pointed out that none of
the arguments in the square-roots are negative for a positive definite T . What
could happen though is that T11 and/or J2 approach zero (e.g. when imposing
severe uniaxial elongation in the 3-direction). In order to avoid, in a practical way,
the division by small numbers in (5.54) as much as possible, one can rotate the
coordinate system in such a way that for the rotated T̃ one obeys T̃11 ≥ J˜2 ≥ I˜3 .

5.6 Discussion
This chapter presents a dynamic two-scale model that describes the mechanics
of suspensions of permeable ellipsoidal particles. Following the principles of nonequilibrium thermodynamics, the macroscopic fluid dynamics is consistently coupled
with the particle dynamics. In addition to the particle positions, the particle dynamics is captured by conformation tensors that describe the particle size, shape, and
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orientation of each particle. The general form of the model highlights the connection
between the macroscopic response, i.e. the constitutive relation for the stress tensor
(5.23), and the microscopic particle dynamics, i.e. the Fokker-Planck equation for
the distribution of particle positions, shapes, and sizes (5.25). The particle dynamics
is equivalently expressed in the form of stochastic differential equations (5.26), that
are suited for Brownian dynamics simulations. The fluctuation-dissipation theorem
holds not only for the particle position, but also for the particle-shape dynamics. A
specific system realization is achieved by the appropriate choice of the generalized
mobility tensor and the Helmholtz free energy. For example, the effective particle
permeability can be captured by the former, while particle interactions and their
elastic properties can be described through the latter. Specifically, different material
properties for each individual particle can be implemented.
The model is conveniently expressed in a form that differentiates between changes
in size and shape, respectively. This interpretation facilitates the application of
constraints on the shape or the size of the particles. Modeling particles with volumepreserving shape changes and shape-preserving size-changes can be practically
achieved by strongly penalizing size and shape changes, respectively, through the
Helmholtz free energy. Furthermore, the significance of the formulation using the
size-shape split lies in the fact that it provides a natural unification of well-known
models for purely-shape dynamics, e.g. [137, 138], and the work based on purely-size
dynamics [15, 79, 129, 135].
The concrete realization of the split size-shape model, presented in this work
for non-interacting particles, allows for direct comparison with, for instance, the
Maffettone Minale (MM) model [138]. In light of the recent work of Mwasame
et al. [137], the MM model is recovered using a Helmholtz free energy function
ϕMM
that depends solely on the second invariant of the constrained shape tensor,
i
MM
i.e. ϕi = ϕMM
(Iˆ2,i ). The particle relaxation in the MM model is driven by the
i
particle surface tension which allows the particle to recover its equilibrium spherical
shape. Going beyond only-shape dynamics, one can modify the Helmholtz free
energy to accommodate size changes as well. In particular, this can be achieved,
e.g., via an additive contribution to the Helmholtz free energy function, ϕV
i , that
ˆ2,i ) + ϕV (I3,i ). The volume
depends only on the particle volume, that is ϕi = ϕMM
(
I
i
i
contribution to the energy could take a form that depends on the particle elastic
properties in a fashion similar to the energy used in [15].
Although non-interacting particles have been considered in the application of
the size-shape model, this restriction was used merely to minimize the complexity
of the derivation. The application of the general approach can be readily extended
to interacting particles, if so desired. An essential step in accounting for interacting
ellipsoids is the calculation of the distance between ellipsoids. Numerical algorithms
have been developed for the calculation of (i) the surface-surface distance between non-overlapping ellipsoids [149] and the signed distance between overlapping
ellipsoids [150], and (ii) the distance of closest approach [151]. Alternatively, a
contact function has been formulated [152] which distinguishes between overlapping,
non-overlapping, and externally-tangent ellipsoids. One can in principle employ
the measure of choice for accounting for the distance between ellipsoids in an
interaction potential, e.g. [153–156]. Doing so, the tools presented in this chapter
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can be employed to elucidate the effect of microstructure on the mechanical and
dynamical behavior of suspensions of permeable ellipsoidal particles, by numerical
studies.
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Chapter 6

Conclusions and recommendations

Conclusions
In this dissertation, the effect of the rate-dependent shape and size dynamics on
the overall behavior of concentrated suspensions of spongy particles is studied.
Focusing on the size dynamics, the dynamic two-scale model developed by Hütter
el al. [79] for spherical particles was translated into a Brownian dynamics numerical
scheme. This numerical scheme was used in order to examine the overall behavior
of suspensions of spongy particles in equilibrium (Chapter 2), under imposed flow
(Chapter 3), and upon flow cessation (Chapter 4). Particles are assumed to (i)
interact through a purely repulsive potential due to the elastic shape change upon
contact with other particles, and (ii) undergo volume changes as their size deviates
from their size in the dilute limit. The model has been extended, in this work, to
account for the particle shape in addition to size (Chapter 5). The model is based
on non-equilibrium thermodynamics, in particular on the general equation for the
non-equilibrium reversible-irreversible coupling (GENERIC) [76–78]. In light of
the particle size- and shape-dynamics, this dissertation provides a tool to better
understand the overall behavior of suspensions of spongy particles.
In the absence of applied deformation, the dynamics of suspensions of both
spongy and impermeable particles has been investigated. Both systems are found to
undergo a transition from an initial high-energy state to a long-lived glassy state. In
the high-density limit, thereafter both systems undergo a transition to an ordered
state, which minimizes the energy of the entire system. The transition time over
which this transition occurs are significantly longer than the Brownian time scale.
However, spongy particles bear size changes in response to the sustained steric
effects in comparison to impermeable particles. Although the average size-changes
are as small as 1%, both the transient and the long-time behavior are affected. On
the one hand, the transient behavior of spongy particles is found to be accelerated.
The accelerated dynamics is manifested in (i) the higher short-time diffusion and
(ii) the accelerated formation of the stable face-centered cubic structure, compared
to elastic impermeable particles. On the other hand, the long-time energy and
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stress values are found to be lower in the case of spongy-particle systems compared
to impermeable particles.
Upon imposing simple-shear deformation, the effect of the particle elastic modulus and permeability on the overall response of dense spongy-particle systems has
been studied systematically. Upon shearing, permeable- and impermeable-particle
systems show a transition to a shear-induced string state, within the observation
time scale. For a given shear deformation, the transition to the shear-induced
ordered state occurs on longer time scales for spongy particles than impermeable
particles of the same elastic modulus. Furthermore, spongy particles sustain higher
shear rates prior to forming the shear-induced structures compared to impermeable
particles, for a given observation time frame. In contrast, the long-time value of the
shear stress is found to be influenced primarily by the particle elastic modulus, in
a sub-linear manner. At a given particle permeability, spongy particles with lower
elastic modulus sustain large volume changes which implicitly alters the dynamics
of the system. These results show that the long-time response of spongy-particle
suspensions is governed by particle elastic modulus, while the transient behavior,
e.g. the rate at which the final state is reached depends strongly on the particle
permeability.
Upon cessation of the applied shear deformation, the effect of the particle elastic
modulus and the particle permeability on the stress relaxation of spongy-particle
suspensions has been examined. For a given pre-shear, the stress is found to
relax on shorter time scales for spongy particles than for impermeable particles.
The observed macroscopic stress behavior is connected to the dynamics of the
microstructure. The stress relaxation occurs primarily due to the particle rattling
within the cage formed by the neighboring particles rather than via cage escape.
The volume fraction of spongy-particle systems, driven to lower values by preshear, relaxes towards higher values upon flow cessation, but only after the stress
relaxation. This implies that, for a given pre-shear, stress relaxation in spongyparticle systems occurs at lower volume fraction than that of impermeable particles
of the same particle elasticity. Consequently, the cages formed by spongy particles
are less effective, which accelerated the stress relaxation in this case compared to
impermeable particles.
Building further upon the particle-size dynamics, the model capabilities are
extended to describe the particle-shape dynamics and its effect on the overall
mechanical behavior of the suspension. Using the principles of non-equilibrium
thermodynamics, a thermodynamically-consistent model, which describes the behavior of suspensions of permeable ellipsoidal particles, is developed. The model
mutually couples the macroscopic fluid-dynamics with the particle dynamics, expressed in terms of the particle positions and conformation tensors that describe
the size, shape, and orientation of each particle. The model is, conveniently, cast
into a form that differentiates between size and shape dynamics. The relevance
of this interpretation is that, on the one hand, it enables modeling particles with
volume-preserving shape-changes (e.g. incompressible, deformable particles) and
shape-preserving size-changes (e.g. swellable particles). On the other hand, it unifies
the work based on solely-size dynamics with the models available for purely-shape
dynamics, such as the Maffettone-Minale model. A concrete realization of the
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model is achieved through a particular choice of the Helmholtz free energy and
the generalized mobility tensor. The model allows for assigning different material
properties and ellipsoidal shape to each individual particle.

Recommendations
The work presented in this dissertation sheds light on the importance of the internal
degrees of freedom of permeable particles on the overall behavior of suspensions of
such particles. The findings of this work encourage further research to address the
questions that remain open. To extend the knowledge about permeable-particle
suspensions and to further exploit the methods developed in this work, the following
recommendations are proposed.
• As mentioned in Chap. 5, the capabilities of the model can be further exploited
by considering interactions between ellipsoidal particles. In order to make use of
the model in numerical simulations, efficient calculation of the distance between
ellipsoids comes into question, in particular that considering dense systems is
necessary to obtain meaningful results. Efficient algorithms have been designed
for calculating certain distance-measures between ellipsoidal particles [149–152].
Based on the distances calculated, one can devise a potential for interacting
ellipsoids in a similar fashion to [153–156].
• The model developed in Chap. 5 offers the basis for exploring the effect of
shape dynamics of permeable ellipsoidal particles on the overall properties of
suspensions of such particles. Deviations from the spherical shape is expected to
affect the packing and structure [157, 158] as well as the rheology of the overall
suspension [139]. In this respect, one may consider studying the mechanical
and dynamical properties of these systems in a similar fashion to that depicted
in Fig. 1.2 and carefully carried out in Chaps. 2, 3, and 4 for (shape-preserving)
spherical particles.
Although, in this dissertation, qualitative agreement with experiments has been
established whenever possible, a quantitative validation with experiments would be
of great importance. As discussed throughout this dissertation, the specific system
realization hinges on the choice of the generalized mobility and the Helmholtz free
energy. Direct comparison with experiments for a specific type of particles can
benefit from the following suggestions.
• In Chaps. 2, 3, and 4, the Helmholtz free energy ascribed to the particles
consists of a pairwise interaction energy following from a Hertzian contact
and an elastic contribution due to deviations from the equilibrium size. This
description is particularly useful for describing microgel particles. Other types
of particles can be modeled, and for this, the reader is referred to [59, 72, 74,
75] for the interaction potential of star polymers, to [159] for that of compressed
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spherical emulsions, and to [137] for the Helmholtz free energy for emulsions
with particles admitting shape changes.
• The question of an effective description of the particle internal structure for
different types of particles remains open. In this work, the particle internal
structure is incorporated in the size mobility component. This is achieved using
experimentally-obtained values for the particle permeability and poroelasticity
theory [93] to translate this information to an effective particle mobility. This
task can be challenging for certain particles where the behavior of the single
particle is, for instance, not experimentally accessible, yet. Characterizing the
internal structure of such particles would enable the application of the tools
presented in this dissertation to these systems.
• The link to experiments can be further strengthened by distinguishing between
the hydrodynamic radius and the thermodynamic radius. The former is related
to the dynamic interaction between the particle and the suspending solvent,
i.e. the particle mobility tensor, while the latter characterizes the range of
interaction between particles, i.e. the interaction potential. In this dissertation,
this difference is not taken into account. However, as a further step, the ratio of
the thermodynamic and the hydrodynamic radii can be used to scale the solvent
viscosity into an apparent viscosity, in order to re-interpret the results of this
dissertation, which provides a more realistic description of the experiments.
• In this work, for simplicity the individual particle properties are homogeneous
and independent of, for instance, the particle size. However, this is not necessarily the case for certain types of particles. For example, core-shell particles
have an impermeable core and permeable shell, for which the permeability
is radius dependent. The mechanical properties of PNIPAM particles depend
on the cross-link density, which may vary locally throughout the particle [56].
An effective description of these effects can be incorporated in the framework
presented in this dissertation.
• Mixing particles of different softness, sizes, and properties allows for exploring
an even wider range of macroscopic structural and rheological behavior (see,
for example, [23]). A computational study based on the approach of this dissertation seems valuable for tailoring the properties of mixtures by variation of
the particle properties and composition.
Finally, the behavior of materials consisting of poroelastic particles at larger
length scales can be modeled using finite element simulations that are complemented
with particle-based results. The constitutive relations proposed in this dissertation
can be used in finite element models, which are informed about the effects of
particle positions and shapes by performing particle-based simulations at each
integration point.
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Appendix A

Hertzian potential

This appendix is concerned with determining the coefficients in Eq. (2.5) for the
Hertzian potential referred to in Sec. 2.2.1.
Consider two deformable particles i and j with radii Ri and Rj centered at
Qi and Qj respectively. Particles are in contact with an amount of overlap of
hij = Ri + Rj − |Qij | where |Qij | = |Qi − Qj |. In this case, the energy associated
with the elastic contact between these two particles is
(
E
n 3−n
+ k hij > 0,
2 h R
Hz
Φij = 2(1−ν ) ij c
(A.1)
0
hij ≤ 0.
For small deformations, constants C, n and k in Eq. (A.1) follow from Hertz
hij
8
theory [89], C = 15
, n = 52 and k = 0. This is valid for Ri +R
< 0.1. The values of
j
these constants vary for larger deformations. Liu et al. [90] performed experiments
on a single particle deformed between two flat plates. They found that the force is
a function of indentations to the power 3 for values between 10% and 20% of the
diameter of the particle and to the power 5 for values higher than 20%. Based on
the information known about the small deformation range, the remaining constants
can be calculated to ensure force and energy continuity assuming that all the
particles are at their equilibrium size, i.e. Ri = Rj = Req . This gives the following
C, n and k for different ranges of deformation

8
C = 15
, n = 52 , k = 0
h∗ij < 0.1,


q

√
10 ∗ 3
E Req
0.1 ≤ h∗ij < 0.2,
C = 65 52 , n = 4, k = 1250
(A.2)
q

√

C = 125 5 , n = 6, k = 89 10 E ∗ R3 0.2 ≤ h∗ < 0.6,
144

where h∗ij =

hij
Ri +Rj

2

and E ∗ =

11250

eq

ij

E
2(1−ν 2 ) .
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Appendix B

Effect of system size

In this appendix, the effect of the system size on the overall behavior of spongyparticle systems is studied under no applied deformation, in order to justify the
choice of the systems referred to in Sec. 2.3.1.
The effect of the system size is studied in the three regimes described in Sec.
2.4. Three systems, with numbers of particles N1 = 123 , N2 = 173 and N3 = 223 ,
are studied. Particles are initially placed on a simple-cubic lattice to ensure that
the initial configuration is the same for all systems. For each system, averages are
calculated from five simulations with different realizations of the noise
Table B.1 shows that the effect of the system size on the energy per particle is
negligible in the first two regimes, and moderate in the third regime. The situation
is different for the transition time. It can be seen in Table B.2 that the transition
time systematically decreases upon increasing the number of particles, at the
same number density. This trend is as expected, in view of the periodic boundary
conditions. For increasing system size, the influence of the boundary conditions
on the system behavior becomes less. More precisely, the larger the system, the
less does the system feel the constraints imposed by the boundary conditions. And,
in turn, less constraints on the dynamics implies that the system manages to find
more rapidly the path to a more favorable state.
Table B.1 Energy (Φ/N kB T ) for a system with N1 = 123 , N2 = 173 and N3 = 223 particles,
at different number densities. The standard deviation is based on five simulations each with
different realizations of the noise.
n [1019 m−3 ]
N1 = 123
N2 = 173
N3 = 223
1.0
1.7662 ± 0.00045 1.7691 ± 0.00094 1.7692 ± 0.00035
1.223
2.5964 ± 0.1430 2.6172 ± 0.03992 2.7996 ± 0.1729
1.350
4.6131 ± 0.08706 4.7178 ± 0.1543 5.1168 ± 0.3852
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Table B.2 Transition time for systems with N1 = 123 , N2 = 173 and N3 = 223 at different
number density. The standard error is based on the different realizations of the noise.
n [1019 m−3 ]
N1 = 123
N2 = 173
N3 = 223
1.0
–
–
–
1.223
10.4172 ± 5.1237 s 4.5828 ± 1.1284 s 4.2550 ± 1.6232 s
15.1270 ± 3.9855 s 11.6080 ± 1.9049 s 9.6067 ± 3.1361 s
1.350
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Samenvatting

Simulaties op de microschaal van de mechanica van
systemen van sponsachtige deeltjes
Sponsachtige deeltjes zijn onmisbaar in een grote variëteit aan toepassingen, zoals
cosmetica, voedingsmiddelen, geneesmiddelen en inkt. De eigenschapen van de individuele deeltjes maakt dat ze ook toepasbaar zijn als biomimetische materialen. De
fascinerende eigenschappen van deze deeltjes komen voort uit hun interne structuur.
Aan de ene kant zorgt de elasticiteit van het ondersteunend netwerk dat de deeltjes
kunnen botsen, waarbij de deeltjes worden vervormd. Aan de andere kant wordt de
verandering in grootte en vorm van de deeltjes snelheidsafhankelijk als gevolg van
de stroming van de viskeuze vloeistof van de suspensie door de microstructuur van
de deeltjes. Aanpassen van het globale gedrag van een suspensie van sponsachtige
deeltjes vereist dus begrip van het effect van de eigenschappen van de individuele
deeltjes. In de literatuur zijn slechts enkele systematische studies gepubliceerd die
de eigenschappen van sponsachtige deeltjes op het gedrag van de totale suspensie
bestuderen. Dit komt doordat de permeabiliteit van de deeltjes niet gemakkelijk
onafhankelijk van de elasticiteitsmodulus van de deeltjes gevarieerd kan worden
in experimenten. Bovendien is er een gebrek aan modellen die op gepaste wijze
rekening houden met de dynamica van de deeltjesgrootte op een expliciete manier,
waardoor simulaties gelimiteerd zijn tot het bestuderen van het effect van de
elastische zachtheid van de deeltjes. Met andere woorden, het snelheidsafhankelijke
gedrag wordt gewoonlijk over het hoofd gezien bij de beschikbare modellen. Dit
leidt tot het doel van deze thesis:
Het bestuderen van het effect van de interne structuur van de deeltjes op het globale gedrag van dichtgepakte systemen van sponsachtige
deeltjes.
Binnen dit proefschrift wordt voortgebouwd op het dynamische tweeschalige
model, ontwikkeld door Hütter et al. [Faraday Discuss., 158, 407-424 (2012)], op
dichtgepakte suspensies van sponsachtige deeltjes. Het model houdt rekening met
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de interne structuur van de deeltjes, oftewel hun permeabiliteit, door de grootte van
het deeltje als een onafhankelijke dynamische vrijheidsgraad te beschouwen. Deeltjes
in deze suspensies werken op elkaar in via een afstotende potentiaal die voortkomt
uit (i) een elastische vormverandering door Hertz contact tussen deeltjes en (ii)
een volumeverandering ten opzichte van de grootte van de deeltjes in de limiet van
een lage concentratie. Het model is herschreven naar een algemene formulering van
stochastische differentiaalvergelijkingen die geschikt zijn voor Brownian Dynamics
simulaties. De belangrijkste bevindingen van dit onderzoek zijn hieronder uitgelicht.
In de afwezigheid van opgelegde deformatie ondergaan dichtgepakte systemen
van sponsachtige deeltjes een transitie naar een geordende staat in tijdschalen
die significant langer zijn dan de Brownse tijdschaal. Het transiënt gedrag van
dichtgepakte systemen van sponsachtige deeltjes blijkt te worden versneld door
de dynamica van de deeltjesgrootte, zelfs bij gemiddelde grootteveranderingen
van slechts 1%. Dit is gebleken uit de versnelde formatie van de stabiele kubisch
vlakgecentreerde structuur van sponsachtige deeltjes in vergelijking tot elastische
impermeabele deeltjes. De waarden van de energie en de normaalspanning van
systemen van sponsachtige deeltjes blijken, geëvalueerd na lange tijd, lager te zijn
dan de waarden van systemen van impermeabele deeltjes.
Bij het opleggen van een pure afschuifdeformatie vertonen dichtgepakte systemen
van sponsachtige deeltjes een transitie van een glasachtige staat naar een door
afschuiving geïnitieerde “string”. De transitie naar de door afschuiving geïnitieerde
“string” vindt plaats op een langere tijdschaal voor sponsachtige deeltjes dan
voor impermeabele deeltjes bij dezelfde elasticiteitsmodulus. Voor een gegeven
observatietijd hebben systemen van sponsachtige deeltjes hogere afschuifsnelheden
nodig om de “string” fase te vormen. De waarden van de schuifspanning, geëvalueerd
na lange tijd, blijken voornamelijk beïnvloed te worden door de elasticiteitsmodulus
van de deeltjes, op een sub-lineaire manier. Dit komt doordat voor een lagere
elasticiteitsmodulus de optredende volumeveranderingen van de deeltjes groter
zijn, welke op hun beurt weer gevolgen hebben voor het mechanisch gedrag van de
suspensie.
Bij het beëindigen van de opgelegde afschuifdeformatie heeft de spanningsrelaxatie van sponsachtige deeltjes de neiging om plaats te vinden op kortere
tijdschalen dan die van impermeabele deeltjes, voor dezelfde pre-afschuiving. Het
is aangetoond dat de spanning over tijdschalen relaxeert die langer zijn dan de
tijdschalen die gerelateerd zijn aan het “rammelen in de kooi”, welke gevormd wordt
door de buurdeeltjes, maar die veel korter zijn dan de tijd die nodig is voor de deeltjes
om “uit de kooi te ontsnappen”. Daarom vindt de spanningsrelaxatie voornamelijk
plaats door de beweging van de deeltjes in de kooi in verhouding tot het ontsnappen
uit de kooi. Bovendien vindt de spanningsrelaxatie sneller plaats dan de relaxatie
van de deeltjesgrootte. Dit impliceert dat voor een bepaalde pre-afschuiving de
spanningsrelaxatie van sponsachtige deeltjes plaats vindt terwijl het systeem zich
in een kleinere volumefractie bevindt dan het systeem van impermeabele deeltjes.
Ter conclusie benadrukt dit PhD werk het belang om de interne structuur van
de deeltjes en de bijbehorende dynamica van de deeltjesgrootte in beschouwing te
nemen, wat blijkt uit de volgende hoofdconclusies:
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• In de evenwichtstoestand wordt de dynamica van het systeem versneld en de
waarden van de energie en normaalspanning, geëvalueerd na lange tijd, zijn
lager vergeleken met systemen van impermeabele deeltjes, ook al verandert het
volume van de sponsachtige deeltjes maar met 1%.
• Onder opgelegde deformatie hangt de snelheid waarmee de eindtoestand wordt
bereikt sterk af van de permeabiliteit van de deeltjes, ondanks dat het gedrag,
geëvalueerd na lange tijd, wordt bepaald door de elasticiteit van de deeltjes.
• Bij het beëindigen van de stroming versnelt de permeabiliteit van sponsachtige
deeltjes het proces van de spanningsrelaxatie, voornamelijk vanwege de ondervonden volumeverandering, veroorzaakt tijdens de pre-afschuiving, die ervoor
zorgt dat de kooi minder effectief is.
Om verder te gaan dan de snelheidsafhankelijke grootteverandering is er een
dynamisch tweeschalig model ontwikkeld om het mechanisch gedrag van suspensies van permeabele ellipsoïde deeltjes te beschrijven, gebruikmakend van nietevenwichtsthermodynamica. Naast de positie wordt elk deeltje beschreven met een
conformatietensor die de grootte, vorm en oriëntatie bevat en die kan veranderen
in de loop van de tijd vanwege de opgelegde stroming, interacties en thermische
ruis. Het model is uitgedrukt in termen van een constitutieve relatie voor de spanningstensor en de contributies van de evoluties van het volume en van de isochore
vorm. Dit is in het bijzonder nuttig voor het modelleren van deeltjes waarbij de
vorm behouden blijft en de grootte verandert (zoals zwellende deeltjes) en waarbij
het volume behouden blijft en de vorm verandert (zoals incompressibele maar
vervormbare deeltjes).
Het model van de ellipsoïde deeltjes is systeemspecifiek gemaakt door geschikte
keuzes van de (Helmholtz vrije) energie en de gegeneraliseerde mobiliteitstensor.
Zo is de permeabiliteit van de deeltjes meegenomen in de gegeneraliseerde mobiliteitstensor, terwijl de elastische eigenschappen van de deeltjes, de effecten van
de oppervlaktespanning en de interactie tussen deeltjes worden beschreven met de
(Helmholtz vrije) energie. Uiteindelijk maakt de formulering van het model waarbij
de volume-vorm splitsing wordt gebruikt het mogelijk om werk te verenigen dat
alleen gebaseerd is op de dynamica van de deeltjesgrootte met werk dat puur de
vorm modelleert, wat ook is onderzocht in dit PhD werk.
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