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Abstract
Rydberg atoms are a prominent candidate for quantum computing and quantum simulators
due to their strong long-range Van der Waals interactions. A consequence of these interactions is the dipole blockade, which prohibits a second Rydberg excitation within a spherical
volume around an existing Rydberg atom characterized by the blockade radius. While Rydberg atoms will spontaneously form disordered crystal-like structures through the blockade
effect, the crystal structure can be enhanced by off-resonant excitation. Interactions then
induce the facilitation of new Rydberg excitations just outside the blockade radius, resulting in more controlled crystal growth. In this thesis, a theoretical framework is presented
for the many-body excitation dynamics to study in particular the spontaneous formation of
one-dimensional Rydberg crystals. The topic is approached using a three-level model with
spontaneous emission, described by the master equation in Lindblad form, which is studied
both physically and mathematically. The rate equation models every atom by an excitation
and a de-excitation rate, greatly reducing the computational cost for many atoms. Considering Rydberg interactions as a local shift of the Rydberg energy level then results in a many
atom Monte Carlo model. Its results are presented and discussed in the form of Mandel
Q parameters, spectra, and spatial correlation functions, each in accordance with an intuitive interpretation based on the single atom rate parameters. The three-level model is also
compared to a simpler two-level model.
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Index of notations
General notation
• Scalars are denoted in the usual (possibly Greek) typeface a and α, with the exception
of the dimensionalities d, s, or r of vector spaces.
• Vectors in position space are denoted with an arrow, e.g. ~r = (rx , ry , rz ) ∈ R3 , with the
dot product ~r1 · ~r2 as the corresponding inner product.
• In case of calculations that do not interfere with the notations below, we denote vectors
u ∈ Cd in bold and matrices A ∈ Cd×d in calligraphic typeface.
• For any normed vector spaces X and Y , L(X → Y ) is the space of all bounded linear
operators mapping X onto Y . If X = Y the shorthand notation L(X) = L(X → X) is
used.
√
• An upright i is used to denote the imaginary unit −1 for the contrast with index i.
• The trace operator is denoted by Tr.
e.
• Laplace transformations are denoted by a tilde, e.g. fe and u

Atomic spaces, states, and operators

• Atom states in a d-dimensional Hilbert space are complex-valued vectors u in the isomorphic space Cd , with the corresponding sesquilinear inner product given by u† v =
Tr(vu† ). The Dirac notation |ui is sometimes used in text, but never in any expressions.
• Bounded linear operators on state vectors are represented as A ∈ L(Cd ) ∼
= Cd×d , with
the exception of the density operator/matrix ρ ∈ L(Cd ) ∼
= Cd×d .
• Occasionally, we require a bounded linear operators
3 for every Cartesian coordinate,
d
~
which is represented as D = (Dx , Dy , Dz ) ∈ L(C ) .

Atom-reservoir spaces, states, and operators

• When considering an atom in combination with a reservoir, we label states with a
subscript S for (atomic) system and R for reservoir for clarity, uS ∈ Cs and uR ∈ Cr .
• The combined tensor product space Cs ⊗Cr is isomorphic to both Cs×r and L(Cr → Cs ).
As the last space allows for clearer notation for the upcoming definitions, combined
states are chosen to be represented as U ∈ L(Cr → Cs ). The corresponding sesquilinear
inner product is given by hU, Vi = Tr(VU† ).
• Elements U ∈ L(Cr → Cs ) of rank 1 can be written in dyadic form, U = uS u†R , for
appropriately chosen uS ∈ Cs and uR ∈ Cr . For elements in this form the linear
mapping notation fits very intuitively,
uS u†R : wR 7→ uS u†R wR = (u†R wR ) uS ,
1
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in contrast to the tensor product or matrix notation. The inner product also reduces to
h
i
†
†
†
huS u†R , vS vR
i = Tr (vS vR
)(uS u†R )† = (u†S vS )(vR
uR ).

• Bounded linear operators on combined states are represented by A ∈ L (L(Cr → Cs )),
A : U 7→ A U.

Factorizable operators in this space are denoted by AS
on elements as
(AS

AR ) : U 7→ (AS

AR , which are defined to act

AR )U = AS UA†R ,

which in the dyadic case with U = uS u†R reduces to
(AS

AR ) : uS u†R 7→ (AS

AR )(uS u†R ) = AS (uS u†R )A†R = (AS uS )(AR uR )† ,

• Operators that map states from the system space to the combined space are denoted by
A ∈ L (Cs → L(Cr → Cs )), which also has an adjoint A∗ ∈ L (L(Cr → Cs ) → Cs ) that
is a mapping in the opposite direction.
cR and
• Operators transformed to the interaction picture are denoted with a hat, e.g. A
c
A.

Many atom spaces, states, and operators

• The
space of a system with N atoms is defined as the tensor product space
NN state
d . For an ordered set of states u , . . . , u
d
C
1
N ∈ C we define factorizable tensors
i=1
N
d
(multilinear functions) u1 ⊗ · · · ⊗ uN ∈ N
i=1 C by

T
u1 ⊗ · · · ⊗ uN : x1 , . . . , xN 7→ (u1 ⊗ · · · ⊗ uN )(x1 , . . . , xN ) = xT
1 u1 · · · xN uN
N

N
N
d
A
∈
L
C
• For A1 , . . . , AN ∈ L(Cd ) we can define a factorizable operator N
i=1 i
i=1
by

(A1 ⊗ · · · ⊗ AN ) (u1 ⊗ · · · ⊗ uN ) = A1 u1 ⊗ · · · ⊗ AN uN ,
followed by linear extension.
• Note that notation is often abused by representing both single-atom or many-atom
operators by A, where the choice follows from context.
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1. Introduction

1.1

The quantum simulator and the quantum computer

Richard Feynman came up with the idea of the quantum simulator, which is a quantum
mechanical system that can simulate other quantum mechanical systems, in 1981 [1]. This
occurred after he observed that it is impossible to use a classical computer to simulate quantum systems, because these scale exponentially in the number of particles and so would
classical computation times. David Deutsch expanded on this idea in 1985 by formulating
the concept of the universal quantum computer [2]. He showed that it is a universal quantum
Turing machine, which means it is capable of performing all possible quantum computations
by only changing the initial state (input). This is similar to the description of universal Turing machine by Alan Turing in 1936 [3], which was the basis for the modern day computer.
Deutsch’s quantum computer differs from Feynman’s quantum simulator in the fact that the
latter can only perform a limited number of computations without changing the underlying
implementation. The difference between Deutsch’s quantum computer and Turing’s classical
computer lies in the unit of information; the classical bit (binary digit) with a value either
0 or 1 versus the qubit (quantum bit) consisting of quantum states |0i or |1i. The qubit,
however, can also be in a quantum superposition of the two states, for example √12 (|0i + |1i),
in which the qubit has a component in both states (allowing for simultaneous calculations),
but will after a measurement be in either |0i or |1i with equal probability.
An especially useful quantum property of two or more qubits is their capability to form
entangled states such as √12 (|00i + |11i). This is a special type of quantum superposition in
which the qubits cannot be considered separately. Before measuring, the pair of qubits has
one component with both particles in |0i and a second with both in |1i. A measurement on
just one of the qubits will with equal probability return either state, but it is then guaranteed
that the other qubit is in that exact same state as well. This effect allows for new types of logic
gates. Consider for example the classical XOR gate, which takes two bits and outputs a 1 if
exactly one of two bits is 1 and a 0 otherwise. The quantum analog is the CNOT gate, which
takes a control qubit and a target qubit and outputs an unaltered control qubit, but if this
control qubit is 1, it flips the target qubit, resulting in the same output as the XOR gate. The
major difference is that the CNOT gate will act on all of the states in a superposition such as
the entangled state, not just one. For this reason, a well-designed system of N qubits can, in
theory, perform 2N computations at once. However, only N bits of classical information can
be retrieved as measurements force the qubits into a single state [4]. While this is a drawback,
taking a smart approach will, besides the capability for quantum calculations, still also lead
3
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to a great improvement in the computation time for classical calculations.
Similarly to how classical computational algorithms can be traced back to individual bit
operations in terms of classical logic gates, it is possible to invent quantum algorithms for
quantum computations using the quantum gates. A famous example is Shor’s algorithm,
formulated by Peter Shor in 1994 [5], which is an integer factorization algorithm, meaning
that it can compute from an integer two smaller integers whose product is the original integer.
The advantage of Shor’s algorithm is that it runs in polynomial time for the number of digits,
which is huge compared to the sub-exponential time of the classical general number field
sieve [6] when considering for example large numbers in cryptography. In data security, the
so-called RSA algorithm relies on numbers being large enough that factorization takes many
years of constant usage of the fastest supercomputers, but a working quantum computer would
be able to do this in a much shorter time, leading to easy cracking of modern cryptography.

1.2

Physical realizations

There are many kinds of physical systems that are candidates for quantum simulators and
quantum computers, each having their own advantages and disadvantages, because in principle any two-level system can be a candidate. The 2010 review by Ladd et al. [7] summarizes
some of the more promising possibilities for qubits. These include the polarization of photons,
the spin of electrons and/or nuclei of trapped atoms, ions, or molecules, the spin of quantum
dots in semiconductors, and the charge, flux, or phase of Cooper pairs in superconductors
with a Josephson junction. Because the choice regarding an optimal system for the quantum
computer is and can not be made yet, a lot of research is being performed on all of them.
A guidance towards a working quantum computer is the following list of five requirements,
formulated by DiVincenzo [8].
Firstly, the system should be well characterized and scalable (in every way, including resource
costs and functionality). The former requires the physical description to be accurate, while
the latter paves the way for a desired many-qubit quantum computer. Secondly, the system
needs a (quick) way to bring itself back to an initial state in order for new computations to be
started. Thirdly, the system must remain “quantum” for long enough. Naturally, any quantum system will decohere and slowly lose quantum properties, such as entanglement, through
being in contact with the environment, but this must not happen on the computational time
scales. It is, however, possible to partially combat this with special techniques like quantum
error correction methods [9]. Fourthly, the system must contain a universal set of quantum
operations, much like Deutsch’s proposition, that can be switched on and off whenever necessary. This can in principal be done with only CNOT gates, but other possibilities exist.
And fifthly, the final state of the qubit must be able to be read out reliably. Very precise
reliability is, however, not necessary because the speed of calculations allow the comparison
between repeated calculations to retrieve the correct answer as it will occur most often.
The first functioning two qubit quantum computer was made in 1998 [10], which was based
on nuclear magnetic resonance (NMR) with a qubit representing the nuclear spin states of a
molecule. In the following years many advances have been made in NMR quantum computers,
leading to the first seven qubit NMR quantum computer in 2000 [11]. The year after that IBM
managed to factorize 15 into 3 and 5 by implementing Shor’s algorithm in their own 7 qubit
4
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NMR quantum computer [12]. Now, one would expect that in the years thereafter Shor’s
algorithm would provide factorizations for higher numbers, but things turned out slightly
differently. The highest number factorized with Shor’s algorithm is only 21, which was done
by Martin-López et al. in 2012 using six photon polarization qubits [13]. However, by using
an entirely different method, namely adiabatic quantum computation, Xu et al. managed in
the same year to factorize 143 [14]. In 2014 Dattani et al. discovered that in this experiment
additional numbers were unknowingly factorized [15], with the largest of these numbers being
56153, which is the largest quantum factorization to date.
Adiabatic quantum computating has more interesting aspects, in particular the subclass of
quantum annealing methods [16][17]. Briefly summarized, it involves letting quantum fluctuations determine the evolution of a system, but by slowly turning off these fluctuations,
the system will with high probability eventually be frozen in its ground state. With precise
control it is possible to find the global minimum of a possibly very noisy function (so with
many local minima). An experimental quantum annealer was created in 1999 [18], only a year
after its theoretical formulation. A company called D-Wave has been producing commercial
quantum annealers since 2011 and while in 2014 there was no evidence of the 2013 version
with 512 qubits being faster than classical algorithms [19], Google showed in 2016 that the
2015 version with 1152 qubits is up to 108 times faster than a classical computer running
optimized classical annealing methods on a single core [20]. Although this machine can produce spectacular results, there are very important drawbacks. The quantum annealer is not
a universal quantum computer and these results are only true for very specific algorithms. In
particular, a quantum annealer does not possess quantum logic gates so that the number of
qubits does not correspond in any way to universal quantum computers, which requires much
stronger entanglement. So, D-Wave shows that quantum computing is possible, but only for
very specific problems and progress towards a universal quantum computer must be made
elsewhere.
The aforementioned NMR quantum computers are also not good candidates for the universal
quantum computer as they have problems with scalability [21][22]. Other more promising recent developments include a nine superconducting phase qubit quantum computer by Google,
with which they simulated a one-dimensional spin chain [23] as well as energy levels of molecular hydrogen [24], and trapped ion quantum computers. While up to 14 ion qubits had
already been entangled in 2011 [25], a five qubit quantum computer of five trapped ytterbium ions was made in 2016 [26]. This system has been compared to a five qubit public access
quantum computer using superconducting charge qubits by measuring the performance of the
systems running various algorithms [27]. In either system the differences between algorithms
was only done by programming, not by changing the system, which is a desirable property
regarding universality. The results show that the systems each have their strong and weak
points, but both function well. Currently, IBM already has a sixteen qubit public access
quantum computer and a seventeen qubit commercial prototype quantum computer.
In this thesis we focus on trapped atoms and ions, whose advantage is that their coherence
times, the time they remain “quantum”, reach up to seconds and higher, which is many
times longer than the initialization, control, and measurement times. A disadvantage of
both atoms and ions is that they are harder to have precise control over, albeit in different
ways, when scaling upwards [7]. The biggest difference between the two is the presence
of Coulomb interactions. While Coulomb interactions can be utilized for easy trapping in
5

1. Introduction

electric fields as well as qubit interactions through the coupling of ion motion, such as is
done in the aforementioned ytterbium ion quantum computer, these interactions are always
present and may introduce crosstalk and susceptibility to noise in electric fields, which are
disadvantageous when scaling upwards. On the other hand, the trapping of neutral atoms
can for instance be done in optical lattices [28], which are standing wave potentials generated
by counter-propagating laser beams, confining the atoms in the periodic potential minima.
Furthermore, phase transitions of Bose-Einstein condensates to Mott insulator states allow
for a fixed number of atoms per lattice site [29]. A different approach for reducing the
number of atoms is by using Rydberg atoms, which through large dipolar interactions exhibit
a dipole blockade effect that prohibits the existence of a second Rydberg atom in its so-called
blockade radius. Hence, only one Rydberg atom is allowed in a lattice site if it is smaller
than the blockade radius. Another advantage of Rydberg atoms is that these interactions are
controllable and can be switched off, unlike the Coulomb interactions, which is a favorable
property regarding DiVincenzo’s fourth condition of switchable quantum operations.

1.3

Ultracold Rydberg atoms

A Rydberg atom is an atom, often an alkali atom, whose outer electron has a very high
principal quantum number n ≥ 30, resulting in a large orbital radius [30]. Consequently,
Rydberg atoms have some exaggerated properties such as a large polarizability, scaling with
n3 , a long radiative lifetime, also scaling with n3 , which makes them very stable, and the
very high long range interaction strength, scaling with n11 . The first description of Rydberg
atoms can be attributed to Johannes Rydberg when he came up with the Rydberg formula
for the spectral lines of hydrogen-like atoms in 1888 as a generalization of the then recently
discovered Balmer’s formula, which deals only with the spectral lines of hydrogen. Note that
this was still a long time before a theoretical explanation with Niels Bohr’s atomic model
from 1913 could be given.
Modern research in Rydberg atoms started with the first experimental observation of strong
dipolar interactions in 1981 [31]. Then in 2000, Jaksch et al. [32] and Lukin et al. [33]
proposed to use these strong interaction, in particular the dipole blockade effect, for a twoqubit quantum gate, introducing Rydberg atoms to the world of quantum computers. The
dipole blockade effect was first experimentally observed in 2009 [34] and a year later the
first CNOT gate using two Rydberg atoms was created [35]. In the same year Saffman et
al. wrote an in-depth general review on the possibilities for Rydberg atoms in quantum
computing. One possibility includes the usage of Rydberg atoms for many-body spin model
quantum simulators as described by Weimer et al. [36], which for example have been realized
by Labuhn et al. [37], who have created tunable two-dimensional arrays of Rydberg atoms to
study quantum Ising models.
Apart from research specifically for quantum computing goals, there is also fundamental
research being performed to better understand the behavior of Rydberg atoms and their
many-body correlations. An especially useful phenomenon is facilitation, as described by
Lesanovsky et al. [38][39] and has been observed experimentally by Valedo et al. [40]. Summarized, facilitation occurs when off-resonantly exciting a collection of Rydberg atoms so
that in conjunction with the dipole interactions, the excitation of atoms at a certain distance
6
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from another Rydberg atom is facilitated. Properties of Rydberg ensembles are often studied
through measuring counting statistics such as the Mandel Q-parameter and spectra [41][42]
as introduced later in this thesis. From these results different phase transitions can be recognized, for instance between a facilitation and blockade regime, which was already predicted
for systems in equilibrium [43]. Another method to study Rydberg atoms is by measuring
spatial correlations through spatial imagining [44][45]. Various other areas of research and
applications include but are not limited to ultracold plasmas [46], dark-state polaritons [47],
and positronium beams [48].
In order to explain experimental results theoretically and to be able to make numerical predictions, an accurate model is desired. The starting point is to consider an atom as a three-level
system, formulate a quantum mechanical description for this atom and then include interactions. Often the three-level system is simplified to a two-level system, which is only possible
if a large laser detuning is used [49][50]. However, no matter how simple an atom description
is, the state space grows exponentially in the amount of atoms (just like with qubits) and one
must still find a way to make many-body calculations feasible.
A comparison between possible approaches is given by Heeg [51], whose analysis will be
shortly summarized. A straightforward approach is to, where possible, reduce the state space
by excluding for example blockaded states and then integrating Schrödinger’s equation to
find many-body wave functions as done by Robicheaux et al. [52]. Another simple approach
is to consider the atoms independently (hence there is no exponential scaling), but in some
mean-field potential as done for example by Tong et al. [53]. It is, however, difficult to find
an accurate mean-field potential. An extension to this model is the cluster expansion model,
which also considers pairs of atoms a mean-field potential, which has been made by Schempp
et al. [54]. Finally, it is also possible to translate the problem to a Markov process with
a limited amount of possible transitions, characterized by transition rates, and then employ
Monte Carlo techniques as done by Ates et al. [55]. An extension by Heeg et al. includes
exact two-body solutions [56].

1.4

Goal of this research and outline

The research in this thesis was performed in conjunction with an experiment (see for example
van der Werf [57]) towards providing a theoretical framework for self-assembling Rydberg
crystals in rubidium-85 by employing an extension of the Monte Carlo model by Ates et al. We
focus in particular on (quasi-)one-dimensional Rydberg crystals, that form in a more organized
manner than two- or three-dimensional systems, which have more degrees of freedom. To
obtain quasi-one-dimensionality. To obtain (quasi-)one-dimensionality, laser fields are shaped
in such a way that two dimensions are smaller than the blockade radius, so that the dipole
blockade effect prohibits excitations in these directions. Additionally, the occurrence of selfassembly is shown by using laser fields with uniform intensity instead of optical lattices. Both
facilitation and the three-level model are utilized to have more control over the crystal growth.
Besides the focus on this physics oriented goal, we will also perform a rigorous mathematical
analysis, starting from the basic principles of quantum mechanics, to show that the model is
mathematically correct.
This thesis is organized as follows. In Chapter 2 we start by providing some general theory that
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will be used throughout this work. It is divided in Section 2.1 on the mathematical framework
and equations of the necessary quantum mechanics, most importantly the master equation
in Lindblad form, and Section 2.2 on the physical interpretation of these equations regarding
Rydberg atoms and their interactions. Chapter 3 goes more in-depth on some mathematical
questions, where in Section 3.1 we rigorously study the derivation of the master equation
and in Section 3.2 we formally derive an approximation that is used in the next chapter. In
this Chapter 4 we study only a single atom through deriving and analyzing the so-called rate
equation, which is the basis for the Monte Carlo model, as well as comparing it to the exact
master equation. Chapter 5 deals with the description of two atoms and functions as a bridge
to many atoms. Here we introduce interactions in the rate equation model and analyze their
effects. Subsequently, we study many-atom ensembles in Chapter 6 by setting up the Monte
Carlo model and then performing statistical analysis to study this problem in great detail.
Finally, in Chapter 7 we make the comparison between our three-level atom approach and
the simpler two-level atom approach.
A reader more interested in mathematics is advised to read Chapters 2 and 3. Be aware that
whereas Section 2.1 is stripped of physics, Section 2.2 is quite heavy on it (this is necessary
to introduce the equations used in 3.2), so skimming Section 2.2 may be preferred. The
first half of Chapter 4 may also be included as the derivation of the rate equation is fairly
mathematical. On the other hand, a reader that is more interested in the physical results and
interpretation can freely skip Chapter 3 without a loss in understanding.
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As stated in the introduction, the goal of this chapter is to form a physical and mathematical
framework for the necessary quantum mechanics throughout the rest of this thesis. It is
divided in a section on the mathematical theory on general quantum mechanics, followed by
a section on the physical interpretation, geared more towards the application of the theory
to Rydberg atoms.

2.1

Mathematical formulation of quantum mechanics

To study any quantum mechanical system one needs start by defining a state space, which,
depending on the system, can either be a finite or infinite-dimensional Hilbert space over
the complex numbers. While atoms admittedly have an infinite number of energy levels, it
often suffices to restrict ourselves to a finite-dimensional subspace. Let the dimension of this
Hilbert subspace be d, then the state space is isomorphic to Cd , which is the representation
that is used in the remainder of this text.
Physically measurable properties of a quantum mechanical system, so-called observables, are
associated with operators on Cd with the following two properties. Firstly, because of our
restriction to a finite-dimensional space, the operators are bounded. Secondly, physical measurability requires the eigenvalues to be real-valued, hence the operator of the observable are
chosen to be be self-adjoint. Of special importance is the, possibly time-dependent, Hamiltonian operator H0 : Cd → Cd , associated with the energy of the system, which determines the
evolution of a closed system through Schrödinger’s equation.
The Schrödinger equation is a first-order differential equation governing the evolution of a
state u(t) ∈ Cd , given by
i

d
u = H0 u.
dt

(2.1)

In case of a time-independent Hamiltonian H0 and if the system is in an intial state u(0) ∈ Cd
at time t = 0, Schrödinger’s equation can be solved to find
u(t) = e−itH0 u(0).

(2.2)

Note that by the self-adjointness of H0 , the evolution operator U(t) = e−itH0 is unitary.
Later we will observe that it is useful to express the Hamiltonian H0 in terms of projection
and exchange operators on Cd . Thus, for a, b ∈ Cd with |a| = |b| = 1 we define the projection
9
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operator Pa ∈ L(Cd ) and the exchange operator Qab ∈ L(Cd ) by
Pa x = ha, xia = aa† x

Qab x = hb, xia = ab† x.

and

(2.3)

Three useful and easily proven properties of these operators are
Q†ab = Qba ,

Pa† = Pa ,

and

Qab Qba = Pa .

(2.4)

Let {u1 , . . . , ud } be an orthonormal basis for Cd , then the Hamiltonian H0 can be decomposed
as
H0 =

d
X
i=1

ci Pui +

d X
d
X

i=1 j=i+1

dij Qui uj + dji Quj ui ,

(2.5)

where, by self-adjointness of H0 , the possibly time-dependent coefficients must satisfy ci = ci
and dij = dji .
This description of a system using states u ∈ Cd can be extended to a description using a
density operator. A density operator is an operator ρ ∈ L(Cd ) that satisfies the following
three conditions,
1. ρ is a self-adjoint operator, ρ = ρ† ;
2. ρ is non-negative, ρ ≥ 0;
3. ρ is a trace class operator with Tr(ρ) = 1.
Because ρ is self-adjoint, there exists an orthonormal basis {u1 , . . . , ud } of Cd in which ρ is
diagonal,
ρ=

d
X

pk uk u†k ,

(2.6)

k=1

with P
real coefficients pk . Moreover, the remaining two conditions lead to the restraints pk ≥ 0
and k pk = 1 for the pk . We say that ρ represents a pure state if it is a one-dimensional
projection, that is if ρ2 = ρ. This can be shown by using the decomposition (2.6) and the
orthonormality condition u†k ul = δkl , which lead to
ρ2 =

X

pk pl uk u†k ul u†l =

k,l

X

p2k uk u†k .

(2.7)

k

If this is equal to ρ, we have that p2k = pk and thus that pk is either 0 or 1. However,
P
k pk = 1 ensures that only one pk can be 1 and that the other must be 0, so ρ must be
a one-dimensional projection. On the other hand, if ρ2 < ρ, it cannot be represented as a
one-dimensional projection and ρ represents so-called mixed states.
The next step is to find an evolution equation for ρ. Combining the decomposition of an
initial density operator ρ(0) (2.6) with the unitary evolution of states (2.2), we find that
ρ(0) =

d
X
k=1

10
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evolves to
d
X

pk (0) uk (t)u†k (t) =

k=1

d
X

pk (0) e−itH0 uk (0)u†k (0)eitH0 = e−itH0 ρ(0)eitH0 ,

(2.9)

k=1

which is equal to ρ(t) if we postulate that the coefficients are time-independent, pk (t) = pk (0).
This time-independency combined with


h
 d 
i
d †
d 
†
†
uk uk =
uk uk + uk
uk = −iH0 uk u†k + uk u†k iH0 = −i H0 , uk u†k , (2.10)
dt
dt
dt
leads by linearity to the Von Neumann equation
d
ρ = −i [H0 , ρ] .
dt

(2.11)

For each projection component of ρ this equation is equivalent to Schrödinger’s equation,
hence the Von Neumann equation is said to describe the unitary evolution of density operators.
It is also possible for a density operator to evolve in ways that cannot be described by (2.11)
for any self-adjoint Hamiltonian H0 . This is called non-unitary evolution and requires a
generalization of the Von Neumann equation. In particular, Markovian non-unitary evolution
of a density operator ρ is described by the master equation in Lindblad form,


dX
−1
d
1 †
1 †
†
ρ = −i [H, ρ] +
γk Lk ρLk − Lk Lk ρ − ρLk Lk ,
dt
2
2
2

(2.12)

k=1

where the γk ≥ 0 are some positive coefficients, the operator H ∈ L(Cd ) is self-adjoint and
need not be the Hamiltonian H0 , and the operators Lk ∈ L(Cd ) describe the non-unitary
evolution. Note that if all γk are zero, it is identical to the Von Neumann equation (2.11).
The derivation of this equation is the subject of Section 3.1.
We note that an initial density operator evolving through this equation remains a density
operator:
1. By taking the adjoint of the entire equation we see that ρ and ρ† satisfy the same
differential equation, hence ρ remains self-adjoint.
2. By the commutative property of the trace operator we have
Tr ([H0 , ρ]) = Tr (H0 ρ − H0 ρ) = 0,

(2.13)

and




1 †
1 †
1 †
1 †
†
†
Tr Lk ρLk − Lk Lk ρ − ρLk Lk = Tr Lk Lk ρ − Lk Lk ρ − Lk Lk ρ = 0, (2.14)
2
2
2
2
resulting in

d
dt Tr(ρ)

= 0, so Tr(ρ) remains 1.

3. Positivity is more difficult to prove directly from (2.12), but this is shown to hold as
well in Section 3.1
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To study a composite quantum system (multiple atoms) a larger state space is required. If we
want to extend the above single-atom formulation
to N identical atoms, the natural choice
NN
d
of state space is the tensor product space
set of vectors
i=1 C . Then, for any ordered
N
d
d by
u1 , . . . , uN ∈ C we can define the factorizable tensor u1 ⊗ · · · ⊗ uN ∈ N
C
i=1
T
(u1 ⊗ · · · ⊗ uN )(x1 , . . . , xN ) = xT
1 u1 · · · x N uN .

(2.15)

d
Similarly, for any ordered
N set of operators A1 , . . . , AN ∈ L(C ) we define the factorizable
NN
N
d by
operator i=1 Ai ∈ L
i=1 C

(A1 ⊗ · · · ⊗ AN ) (u1 ⊗ · · · ⊗ uN ) = A1 u1 ⊗ · · · ⊗ AN uN ,

(2.16)

d
(i)
followed
N by linear extension. Furthermore, for A ∈ C we define the operators A ∈
N
d
L
by
i=1 C

A(i) = I ⊗ · · · ⊗ I ⊗ A ⊗ I ⊗ · · · ⊗ I,

(2.17)

where I is the identity operator on Cd and A is placed at entry i. With the single-atom
operators in L(Cd ) here denoted
with a tilde, we define the many-atom Hamiltonian
and
N


NN
PN e (i)
NN
N
d
ρe ∈ L
Cd .
H ∈L
C and many-atom density operator ρ =
H=
i=1

i=1

i=1

i=1

Next, we will introduce interactions to lift the independency between the different

N spaces.
N
d ,
C
While all possible interactions can be constructed from an operator basis of L
i=1
we restrict ourselves to a single type of symmetric two-atom interactions, acting only on two
atoms in state u ∈ Cd , which can be characterized by the Hamiltonian
Hint

N
1 X
(i) (j)
Uij Pu Pu ,
=
2

(2.18)

i,j=1

where Uij = Uji ∈ R is the interaction strength between the atom i and atom j. The
generalization of the master equation (2.12) to N atoms is then given by


N dX
−1
X
d
1 †(i) (i)
1 †(i) (i)
(i)
†(i)
ρ = −i [H + Hint , ρ] +
γk Lk ρLk − Lk Lk ρ − ρLk Lk .
dt
2
2
2

i=1 k=1
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∆2

|ri = |nS1/2 i
Ω2

Γr

∆1

|ei = |5P3/2 i
Ω1

Γe

|gi = |5S1/2 i
Figure 2.1: The three-level model of a rubidium-85 atom. A red 780 nm laser couples the
ground state |gi with the intermediate state |ei with Rabi frequency Ω1 and detuning ∆1
and a blue 480 nm laser couples |ei to the nS Rydberg state |ri with Rabi frequency Ω2 and
detuning ∆2 . The intermediate state has a decay rate Γe and the Rydberg state a decay rate
Γr .

2.2
2.2.1

Physical description of Rydberg atoms
Three-level Hamiltonian

In quantum mechanics the state of an electron is determined by its quantum numbers. As
we deal with atomic rubidium-85, which has spin s = 12 , in the absence of external fields,
the quantum numbers n, `, and j suffice. Here, n is the principal quantum number, which
determines the which shell the electron occupies, ` is the orbital angular momentum quantum
number, and j is the total angular momentum quantum number. These can be summarized
in the notation nXj , where X = S, P, D, . . ., corresponding to l = 0, 1, 2, . . .. We focus mainly
on nS Rydberg states, which because of ` = 0 have isotropic interactions with other Rydberg
atoms (see Subsection 2.2.4) and are for this reason easy to work with. Because the ground
state of rubidium-85 g = |gi = |5S1/2 i is also an S state, a direct optical dipole transition to
an nS state is forbidden and it is necessary to first excite to an intermediate P state, in our
case e = |ei = |5P3/2 i. From there atoms can be excited to a Rydberg state r = |ri = |nS1/2 i.
Other possibilities include nDj states, which are briefly discussed in Section 6.5. Because we
will tune our lasers closely to resonance and assume there are no external electric or magnetic
fields, it suffices to consider only these three levels, leading to the three-level model as shown
in Figure 2.1 (the other shown quantities are explained throughout the rest of this section).
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The transition frequency between |gi and |ei is given by ωge = 2π · 384 THz, which has a
corresponding wavelength of 780 nm [58] so that the coupling between these two states can be
done by a widely commercially available red 780 nm laser. On the other hand, the transition
frequency between |ei and |ri depends on the binding energy En`j of |ri, which with fixed
` = 0 and j = 1/2 depends in a hydrogen-like manner on n [30],
En`j =

Ry
,
(n − δn`j )2

(2.20)

where Ry = 109721.6 cm−1 is the Rydberg constant, and δn`j is the quantum number dependent quantum defect [59], that acts as a small correction factor for the difference in cores
between a rubidium Rydberg atom and atomic hydrogen. Because for high n the difference
in binding energy of |ri for various n is small compared to the binding energy of |ei, we have
that ωer lies around 2π · 393 THz for all n. The corresponding wavelength of 479 nm can
be produced by frequency doubling a 960 nm infrared laser, which through tuning is able to
select Rydberg states with various n.
In order to give a mathematical description of the atom, the lasers, and the atom-light interactions, we introduce the following definitions:
• With the transition frequencies as defined above, the three-level atomic Hamiltonian
Ha ∈ L(C3 ) is given by
HA = ~ωge ee† + (~ωge + ~ωer ) rr† .

(2.21)


~ ∈ L(C3 ) 3 can be expressed in its matrix
• The atomic dipole moment operator D
elements as
~ = d~ge (ge† + eg† ) + d~er (er† + re† ),
D

(2.22)

where d~ge , d~er ∈ R3 are the dipole transition moments of the first and second transition
respectively. There is no dipole moment between |gi and |ri, because the transition is
forbidden by the selection rules for angular momentum, as mentioned earlier.
• Assuming that both lasers are monochromatic with frequencies ω1 , ω2 > 0 and linearly
polarized with polarization vectors ~1 , ~2 ∈ R3 , and that they have electric field strengths
~
E1 , E2 ∈ R, the electric field vector E(t)
: R → R3 at the position of an atom is given
by
~
E(t)
= ~1 E1 cos(ω1 t) + ~2 E2 cos(ω2 t).

(2.23)

• In the dipole approximation [60], i.e. the size of an atom is much smaller than the
laser wavelength and so it experiences a spatially constant electric field, the atom-laser
interaction HI ∈ L(C3 ) is given by
~ · E(t).
~
HI (t) = −D

(2.24)

With these definitions, the Hamiltonian of the atom under influence of the two lasers is given
by HA + HI (t). It is customary in atomic physics to apply the rotating wave approximation
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to this Hamiltonian, for which we will follow the book by Shore [61]. The name follows from
the fact that it transfers the Hamiltonian to a (in time) rotating frame, in which some terms
are constant and others can be neglected, resulting in a time-independent approximative
Hamiltonian.
In the derivation we will make use of the laser detunings ∆1 , ∆2 ∈ R, defined by
∆1 = ω1 − ωge ,

∆2 = ω1 + ω2 − ωge − ωer = ω2 − ωer + ∆1 ,

(2.25)

and the Rabi frequencies (i.e. coupling strengths) Ω1 , Ω2 ∈ R, defined by
1
Ω1 = − d~ge · ~1 E1 ,
~

1
Ω2 = − d~er · ~2 E2 ,
~

(2.26)

which had already been depicted in Figure 2.1. With {g, e, r} being a basis, any timedependent state vector u(t) can be expressed in the atomic eigenstates as
u(t) = cg (t)g + ce (t)e + cr (t)r,

(2.27)

for some complex-valued time-dependent coefficients cg (t), ce (t), and cr (t). As u(t) satisfies
Schrödinger’s equation with Hamiltonian HA + HI (t),
i~

d
u(t) = (HA + HI (t)) u(t),
dt

(2.28)

we can find the following equations for the coefficients by taking the inner product with each
of the basis states,
~
i~ċg = −(d~ge · E(t))c
e,
~
~
~
i~ċe = −(d~ge · E(t))c
g + ~ωge ce − (der · E(t))cr ,

(2.29)

~
i~ċr = −(d~er · E(t))c
e + ~(ωge + ωer )cr .

Now we apply a unitary transformation to the rotating frame by introducing the new coefficients ag (t), ae (t), and ar (t),
ag (t) = cg (t),
ae (t) = ce (t)eiω1 t ,

(2.30)

ar (t) = cr (t)ei(ω1 +ω2 )t ,
with the corresponding state vector
v(t) = ag (t)g + ae (t)e + ar (t)r.

(2.31)

Then, by using the definition of the Rabi frequencies (2.26), expressing the cosines of the
electric field (2.23) in complex exponentials, and by using the product rule, the equations
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(2.29) become
"


~Ω1 iω1 t
e
+ e−iω1 t +
i~ȧg =
2
"

~Ω1 iω1 t
i~ȧe =
e
+ e−iω1 t +
2
"
e2

~Ω
eiω1 t + e−iω1 t +
2
"
e2

~Ω
i~ȧr =
eiω1 t + e−iω1 t +
2

#
e1

~Ω
iω2 t
−iω2 t
e
+e
ae e−iω1 t ,
2
#
e1

~Ω
iω2 t
−iω2 t
e
+e
ag eiω1 t + ~ωge ae +
2
#

~Ω2 iω2 t
e
+ e−iω2 t ar e−iω2 t − ~ω1 ae ,
2
#

~Ω2 iω2 t
e
+ e−iω2 t ae eiω2 t +
2

(2.32)

(~ωge + ~ωer )ar − (~ω1 + ~ω2 )ar ,

e 1 = −d~eg · ~2 E2 and ~Ω
e 2 = −d~er · ~1 E1 for notational convenience.
where we also defined ~Ω
Now we assume that 2ω1 , 2ω2 , ω1 + ω2 , and |ω1 − ω2 | are large enough (see below) that their
exponentials can be approximated by their average value, which is 0. The equations (2.32)
then become
~Ω1
ae ,
2
~Ω1
~Ω2
i~ȧe =
ag − ~∆1 ae +
ar ,
2
2
~Ω2
i~ȧr =
ae − ~∆2 ar ,
2

i~ȧg =

(2.33)

with the laser detunings as defined beforehand in (2.25). The Hamiltonian that corresponds
to this Schrödinger equation is the desired rotating wave Hamiltonian H0 ,
 ~Ω 

~Ω1  †
2
ge + eg† +
er† + re†
2
2
 ~Ω 

~Ω1 
2
= −~∆1 Pe − ~∆2 Pr +
Qge + Qeg +
Qer + Qre .
2
2

H0 = −~∆1 ee† − ~∆2 rr† +

(2.34)

The validity of this approximation depends on the justification for replacing the exponentials
by their average value, which is the case if they oscillate many times during the excitation
time scales. Because the excitation time scales are approximated by the eigenvalues of H0 , the
shortest excitation time scale is governed by the spectral radius ρ(H0 ), which can be bound
by the 1-norm,
ρ(H0 ) ≤ kH0 k1 ≤ 2~ max{|∆1 |, |∆2 |, |Ω1 |, |Ω2 |}.

(2.35)

A sufficient condition for the rotating wave approximation is thus given by
max{|∆1 |, |∆2 |, |Ω1 |, |Ω2 |}  min{2ω1 , 2ω2 , ω1 + ω2 , |ω1 − ω2 |}.

(2.36)

Note that the first two terms in the rotating wave Hamiltonian (2.34) contain the energy
differences caused by the laser detunings and the last two terms describe the coupling between
the states caused by the atom-light interactions.
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2.2.2

Spontaneous emission and density operator

The next step is to include spontaneous emission of the two non-ground states in our descriptions, which are governed by their spontaneous emission rates or radiative lifetimes, which
can either be measured experimentally or calculated. The spontaneous emission rate for the
excited state |ei has a fixed value Γe = 2π · 6.067 MHz [58], whereas the spontaneous emission
rate Γr for the Rydberg state |ri is n dependent and can be calculated as done by Beterov et
al. [62]. Because the radiative lifetime for |ri is small for high n (scaling with n−3 ), blackbody radiation effects must also be included. For a high lying Rydberg such as n = 100 the
effective decay rate then becomes Γr = 2π · 2.967 kHz, which is over a thousand times slower,
making the Rydberg state metastable on experimental time scales. This value of n is used
throughout this thesis unless stated otherwise.
Because spontaneous emission is not a unitary process, it cannot be described by a Hamiltonian and we must describe it with the master equation in Lindblad form (2.12) tailored
to our atom. We postulate here that the corresponding H is identical to our rotating wave
approximation Hamiltonian H0 (neglecting Lamb shifts), and that spontaneous emission of
|ei and |ri is described by the following two operators, L1 = ge† = Qge and L2 = er† = Qer ,
and γ1 = Γe and γ2 = Γr . The master equation in Lindblad form for our three-level model is
thus given by




d
i
1
1
1
1
ρ = − [H0 , ρ]+Γe Qeg ρQge − Pe ρ − ρPe +Γr Qre ρQer − Pr ρ − ρPr . (2.37)
dt
~
2
2
2
2
Note that it is also possible to include the linewidth of lasers using additional Lk , but these
are considered negligible.
Now, given the basis {g, e, r}, we can define the matrix elements for the density operator ρ
as
ρab = a† ρb,

(2.38)

so that the density matrix is given by


ρgg ρge ρgr
ρ = ρeg ρee ρer  .
ρrg ρre ρrr

(2.39)

The diagonal elements ρaa represent the population in each of the states and the off-diagonal
elements ρab , a 6= b, represent the coherences, a measure for the coherent nature (“quantum
nature”) of the connection between the two states (0 for a fully statistical mixture, maximal
for a pure quantum superposition).
Let us give a small example to clarify how the coherences affect the difference between pure
states and mixed states such as a statistical mixture. Consider the quantum superposition
state |ψi = √12 (|0i + |1i) in some two-dimensional Hilbert space (for example the spin of an
electron, which can either by up or down). As a pure state, this state has a corresponding
density operator ρsup that is a one-dimensional projection,
!
ρsup = |ψihψ| =

1
2
1
2

1
2
1
2

,

(2.40)
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written in the basis {|0i, |1i}. The density matrix shows that the probability to be in either
state is 21 . Similarly, we can also have a statistical mixture with exactly the same probabilities,

ρmix

1
1
= |0ih0| + |1ih1| =
2
2

1
2

0

0

1
2

!

,

(2.41)

which can not be written as a one-dimensional projection. From a measurement perspective
these two systems seem to be indistinguishable, as one cannot directly measure coherences
and the probabilities
o equal. However, one can perform a basis
n to be in either state are
1
1
transformation to √2 (|0i + |1i), √2 (|0i − |1i) , which leads to the density matrices
ρ0sup =

!
1 0
,
0 0

and ρ0mix =

1
2

0

0

1
2

!

,

(2.42)

for the quantum superposition and statistical mixture respectively. Now the probabilities
are different, the pure state is always found to be in its own state as it is an element of the
Hilbert space, whereas the statistical mixture represents a classical probability distribution
that is independent of the basis transformations, and the two systems can be distinguished
by a repeated measurement.
The master equation (2.37) can also be expressed in this basis to find nine coupled, but
partially dependent, ordinary first-order scalar differential equations, which are called the
optical Bloch equations,
Ω1
(ρeg − ρge ) + Γe ρee ,
2
Ω1
Ω2
= − i (ρge − ρeg ) − i (ρre − ρer ) − Γe ρee + Γr ρrr ,
2
2
Ω2
= − i (ρer − ρre ) − Γr ρrr ,
2
Ω2
Γe
Ω1
= − i∆1 ρge − i (ρee − ρgg ) + i ρgr − ρge ,
2
2
2
Ω2
Ω1
Γe + Γr
= − i(∆2 − ∆1 )ρer − i (ρrr − ρee ) − i ρgr −
ρer ,
2
2
2
Ω1
Ω2
Γr
= − i∆2 ρgr − i ρer + i ρge − ρgr .
2
2
2

ρ̇gg = − i
ρ̇ee
ρ̇rr
ρ̇ge
ρ̇er
ρ̇gr

(2.43)

As the bottom three equations for the coherences do not depend on their complex conjugate,
these six equations are sufficient and the remaining three coherence solutions can simply
be found from ρba = ρab . In fact, another equation could be taken out because of the
normalization constraint Tr(ρ) = ρgg +ρee +ρrr = 1. A small remark for the case ∆1 = ∆2 = 0
is that when ρge and ρer are purely imaginary and ρgr is purely real, they remain respectively
purely imaginary and real as the populations are always real.
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2.2.3

Important three-level phenomena

Let us now discuss some important phenomena that can be deduced from the eigenvalues and
eigenvectors of the three-level Hamiltonian H0 . In the case of ∆2 = 0 these can be expressed
analytically as [63]
q
∆1 1
+
Ω21 + Ω22 + ∆21 ,
2
2
~ω0 = 0,
q
∆1 1
~ω− =
Ω21 + Ω22 + ∆21 ,
−
2
2
~ω+ =

(2.44)

with the corresponding eigenvectors
|a+ i = sin θ sin φ|gi + cos φ|ei + cos θ sin φ|ri
1
|a0 i = cos θ|gi − sin θ|ri = p 2
(Ω2 |gi − Ω1 |ri) ,
Ω1 + Ω22

(2.45)

|a− i = sin θ cos φ|gi − sin φ|ei + cos θ cos φ|ri,

where the mixing angles θ and φ are defined through
q
Ω1
1
tan θ =
Ω21 + Ω22 .
, and tan 2φ =
Ω2
∆1

(2.46)

A first observation is that the eigenvector |a0 i does not contain the decaying intermediate
state |ei and is thus actually stable if Γr is neglected. Because it lacks spontaneous emission
and does not emit any photons, it is often referred to as the dark state. As we shall see in
Chapter 4, it is also the steady-state solution to the optical Bloch equations. A semiclassical
explanation can be given as follows. The bright states |a± i will always be partially in |ei and
thus decay by spontaneous emission to |gi. As this process is incoherent, there is a probability
that it will not stay in |a± i, but instead enter |a0 i, wherein it will most likely stay because it
is metastable.
p
A second observation is the energy splitting of ~ Ω21 + Ω22 + ∆21 between the bright states,
which is called Autler-Townes splitting [64]. This phenomenon can be visualized using the
dressed state picture, in which one considers states that are a combination of atom and
photon number states, see for example the book by Cohen-Tannoudji [65]. For example, with
N1 and N2 the number of photons in the first and respectively second laser field, the states
|g, N1 + 1, N2 + 1i, |e, N1 , N2 + 1i, and |r, N1 , N2 i all have the same energy (i.e. they are
degenerate) when at resonance, ∆1 = ∆2 = 0. While this representation is more general, we
instead restrict us to the case where Ω2  Ω1 so the second laser couples weakly enough that
it can be seen as independent, which allows us to omit the second laser photon number N2
as shown in the far left of Figure 2.2.
Technically, because the atomic eigenstates |gi, |ei, and |ri are not the eigenstates of the
Hamiltonian H0 , they do not have definite energies and should instead be replaced
by |a0 i
p
±
2
and |a i. However, because of the linewidth Γe of |ei, the eigenvalue splitting Ω1 + Ω22 + ∆21
only becomes distinguishable if it is of the same order or larger than Γe . Consequently, for
Ω1  Γe the atomic eigenstate representation suffices, but when the splitting is non-negligible,
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Ω1  Γ e

Ω1 & Γe
|a0 i

|r, N1 i
ω2

∆1 = 0

Ω1  Γe

ω2

|g, N1 + 1i, |e, N1 i

Ω1
|a− i

|a0 i

|r, N1 i

∆1 > 0
|a+ i

Ω1 & Γ e

|g, N1 + 1i
|e, N1 i

ω2

ω2

∆1

|a+ i
p

Ω21 + ∆21
|a− i

Figure 2.2: The representation of Autler-Townes splitting for weak coupling to the Rydberg
level, Ω2  Ω1 , in the dressed state picture, both at resonance (left side) and for nonzero ∆1
(right side). A strong laser coupling Ω1 causes the eigenstates |g, N1 + 1i and |e, N1 i in the
weakly coupled system to split into new eigenstates |a+ i and |a− i, being superpositions of
the original states.
which can be summarized by the condition Ω1 & Γe , we must consider eigenvectors |a0 i and
|a± as shown in the second figure. Note here that in our case the dark state is almost equal
to the undisturbed Rydberg state,
|a0 i → |ri as

Ω2
→ 0.
Ω1

(2.47)

For the non-resonant case, say ∆1 > 0 as depicted on the right side, a photon has a frequency
higher than the transition frequency such that |g, N1 + 1i and |e, N1 i are non-degenerate even
for small Ω1 . Then, when Ω1 is increased, the Autler-Townes splitting will be symmetric
around their average −∆1 /2 (note that in Figure 2.1 ∆2 was defined from ∆1 , so with respect
to |g, N1 + 1i). Consequently, |a+ i is closer to resonance with |a0 i than |a− i is. Another
difference with the resonant case is that the decomposition of the initial state |gi into the
eigenstates now has a larger coefficient for |a+ i than for |a− i, as depicted by the line thickness,
instead of being equal.

2.2.4

Many atoms and interactions

Lastly, we address the description of multiple atoms and their interactions. Whereas in
Section 2.1 we have already seen how the single-atom description can easily be extended to
N atoms by taking the tensor product of the single-atom density operators and by taking the
sum of single-atom Hamiltonians and Lindblad operators, we have yet to discuss interactions
between Rydberg atoms.
Because S state Rydberg atoms are neutral and non-polar, there are no Coulomb or permanent
dipole interactions. However, because Rydberg atoms have large transition dipole moments
d~er , they are subject to instantaneous dipole-induced dipole interactions. The corresponding
force is known as the London dispersion force, and originates from quantum fluctuations
generating an instantaneous dipole moment in one atom, which results in an induced dipole
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Uij = ~

C6
6
rij

U12
∆2

U13

U14

r

ω2

ω1

(1)

(2)

(3)

(4)

Figure 2.3: An atom in the Rydberg state, here (1), interacts with other atoms by shifting
their Rydberg levels through Van der Waals interactions. For ∆2 > 0 atoms can be blockaded,
i.e. shifted very far away, like atom (2), excitation can be facilitated, i.e. shifted exactly into
resonance, like atom (3), or atoms can only feel a small shift, like atom (4), up to noninteracting atoms for r → ∞. For ∆2 ≤ 0 excitations can only be blockaded.
moment in another atom, interacting again with the original dipole moment etc. Because
this London force is the dominant force in Van der Waals forces, long-range Rydberg atom
interactions are often referred to as simply Van der Waals interactions.
A derivation for these interactions will not be given here, but can for example be found in
Reinhard et al. or Singer et al. [66][67]. The result is a sixth power scaling of the interaction
energy Uij in the distance rij between Rydberg atoms i and j,
Uij = ~

C6
6 ,
rij

(2.48)

where C6 is the Van der Waals coefficient. For nS states we have that C6 > 0, corresponding
to repulsive interactions. Furthermore, from the derivations it can also be deduced that C6
scales with n11 , which allows for a very wide range of interaction strength by varying n.
While these derivations also give an perturbative method for calculating the values of the C6
coefficients, it is recently also possible to more accurately calculate the C6 via a Hamiltonian
diagonalization method as developed by Weber et al. [68].
An interpretation and visualization for the interactions is shown in Figure 2.3. Here, the first
laser is on resonance, while the second has a detuning ∆2 . The off-resonancy of the latter
might result in a slow excitation time to the Rydberg state, but we assume the first atom has
just been excited, whereas the other three atoms can still either be in ground or intermediate
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state. Now, the Rydberg atom will interact with nearby atoms by shifting their levels up by
an energy Uij . For the second atom, which is closest, the interaction energy is so large that
it is shifted even further out of resonance and will most likely not excite, which is the dipole
blockade effect as mentioned in the introduction. The third atom, however, has exactly the
right distance from the Rydberg atom for its level to be shifted exactly into resonance and it
will therefore have a very high probability to excite, which is the facilitation phenomenon, also
mentioned in the introduction. For atoms further away, like the fourth atom, the excitation
probability decreases again, eventually having the same probability as the first atom initially
had, which is similar to non-interacting atoms. Note that if a negative detuning ∆2 ≤ 0
is chosen, every atom will only experience the blockade effect, increasing in strength as the
distance to the Rydberg atom decreases.
With our newly defined Hamiltonian H0 , Lindblad operators Lk , and interaction energies Uij ,
we are able to tailor the many-atom master equation in Lindblad form (2.19) exactly to our
three-level model with Van der Waals interactions, resulting in
d
i
ρ = − [H + Hint , ρ] +
dt
~




N
X
1 (i)
1 (i)
1 (i)
1 (i)
(i)
(i)
(i)
(i)
Γe Qeg ρQge − Pe ρ − ρPe
+ Γr Qre ρQer − Pr ρ − ρPr
,
2
2
2
2
i=1

(2.49)

where
H=~

N
X
i=1

(i)

(i)

−∆1 Pe − ∆2 Pr +

 Ω 

Ω1  (i)
(i)
(i)
(i)
2
Qge + Qeg +
Qer + Qre ,
2
2

(2.50)

and
Hint

N
~ X C6 (i) (j)
Pr Pr .
=
2
r6
i,j=1 ij

(2.51)

This equation, together with its incorporated single-atom interpretation, will be the basis for
the remainder of this thesis.
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This chapter consists of two separate sections. In the first section we derive the master
equation in Lindblad form, as postulated in the previous chapter, whereas in the second section
we provide an asymptotic analysis of the optical Bloch equations using Laplace transforms,
which leads to an approximation that will be used in the next chapter.

3.1

Derivation of the master equation in Lindblad form

As stated above, we will derive here the master equation in Lindblad form and proof the
properties as given around Equation (2.12). The idea is to find an equation that describes
the time evolution of the density operator of an open quantum system, such as a system with
spontaneous emission. The approach has similarities with the derivation of the canonical
ensemble from the microcanonical ensemble in statistical mechanics. In that derivation the
open system is extended by a large enough reservoir such that the combined system is closed
and forms a microcanonical ensemble, whose properties are assumed to be known. In this
derivation we combine the open quantum system with a large reservoir in such a way that
the combined system is also closed and its unitary evolution is simply described by the Von
Neumann equation (2.11).
There is, however, one strong assumption that must be made about the reservoir. Similar
to how the reservoir in canonical ensemble derivation must be large enough to be unaffected
by the open system, we must assume that reservoir does not store information from the
open system for too long. If it did, it would be impossible to describe the evolution of the
open system without also describing the evolution of the reservoir. Stated more formally,
the relaxation time scale of correlations in the reservoir caused by the open system, must be
much shorter than the time scale of the evolution of the open system. If this is the case, the
evolution from time t to t + ∆t depends only on the open system state at time t, because the
reservoir has “forgotten” what happened before that. Note that this exactly corresponds to
the assumption of Markovian evolution of the system.
We start by setting up the necessary mathematical framework, which we will use to derive the
general evolution of the quantum system. Then, simply assuming Markovianity, we derive the
master equation in Lindblad form. Lastly, we come back to the Markovian assumption and
study it in more detail for our system as introduced in the previous chapter. The thought
process in this section originates from Bacon et al. [69] and the book on open quantum
systems by Breuer [70], presented in a more mathematically rigorous manner.
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3.1.1

Preliminaries

Suppose the state spaces for the open system and reservoir are s-dimensional and r-dimensional
Hilbert spaces respectively. Because these spaces are isomorphic to Cs and Cr , the combined
state space for the closed system is given by the tensor product space Cs ⊗ Cr , which is
isomorphic to L(Cr → Cs ). We denote the states uS ∈ Cs and uR ∈ Cr always with the
corresponding subscript to avoid confusion, and states in the combined space in the typeface
U ∈ L(Cr → Cs ). Note that these elements can be written in the dyadic form U = uS u†R for
appropriate uS ∈ Cs and uR ∈ Cr .
In similar fashion, we denote the operators on the various spaces by AS ∈ L(Cs ), AR ∈ L(Cr ),
and A ∈ L (L(Cr → Cs )). Factorizable operators in L (L(Cr → Cs )) are denoted by AS AR
for AS ∈ L(Cs ) and AR ∈ L(Cr ), whose action on U ∈ L(Cr → Cs ) is defined as
U 7→ (AS

AR )U = AS UA†R ,

(3.1)

which in the dyadic case of U = uS u†R reduces to
uS u†R 7→ (AS

AR )uS u†R = AS (uS u†R )A†R = (AS uS )(AR uR )† .

(3.2)

Furthermore, we define the inner products on Cs and Cr by u†S vS = Tr(vS u†S ) and u†R vR =
Tr(vR u†R ), and the inner product on L(Cr → Cs ) by hU, Vi = Tr(VU† ). The last inner product
can in the dyadic case of U = uS u†R be expressed as the product of the first two,
i
i
h
i
h
h
†
†
†
uR u†S vS
uR u†S = Tr vR
)(uS u†R )† = Tr vS vR
hU, Vi = Tr(VU† ) = Tr (vS vR
(3.3)
†
uR )(u†S vS ) = (u†S vS )(u†R vR ).
= (vR
Now that we have a framework for the states and operators, we are able to introduce some
preliminary definitions and lemmas that will be used in the actual derivation. Of big importance are transformations between the open system Cs and the closed system L(Cr → Cs ),
which we will do in two ways. The first is based on attaching or detaching a specific reservoir
state, while the other is based on averaging the effects of the reservoir through taking a partial
trace.
Definition 3.1. For a reservoir state aR ∈ Cr we define the attachment operator Aa and
detachment operator A∗a by
Aa : Cs → L(Cr → Cs ),

A∗a : L(Cr → Cs ) → Cs ,

uS 7→ Aa uS = uS a†R ,

and

U 7→ A∗a U = U aR = (u†R aR ) uS ,

if U = uS u†R .

(3.4)

Lemma 3.2. As the notation suggests, A∗a is the adjoint of Aa .
Proof. For fixed uS ∈ Cs , aR ∈ Cr , and V ∈ L(Cr → Cs ) we have
h
i
h
i
h
i
h
i
Tr (Aa uS )† V = Tr (uS a†R )† V = Tr (aR u†S )V = Tr aR (V† uS )†
= (V† uS )† aR = u†S (V aR ) = u†S (A∗a V).
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Lemma 3.3. With the vectors aR , bR ∈ Cr and the scalars α, β ∈ C, some easily proven
properties of these operators are:
• The attachment and detachment operators are respectively anti-linear and linear in
their index, Aαa+βb = α Aa + β Ab and A∗αa+βb = α A∗a + β A∗b .
• Detachment followed by attachment is the same as a applying an exchange operator
Qba on the reservoir state, Ab A∗a U = U aR b†R = (u†R aR ) uS b†R , if U = uS u†R .
• Attachment followed by detachment is the same as scalar multiplication with the inner
product between aR and bR , A∗b Aa uS = (a†R bR ) uS .
With these operators we also have the following useful lemma for later.
Lemma 3.4. For AS ∈ L(Cs ) and uR ∈ Cr we have
AS

uR u†R = Au AS A∗u .

(3.6)

Proof. For any V ∈ L(Cr → Cs ) we have
(AS

uR u†R )V = AS V uR u†R = Au AS V uR = (Au AS A∗u )V

(3.7)

Definition 3.5. For an orthonormal basis {bR,n } of Cr , the partial trace over the reservoir
is a mapping TrR : L (L(Cr → Cs )) → L(Cs ), which maps operators on the combined space
L(Cr → Cs ) to operators on the open system space Cs , that is defined by
TrR (A ) =
and acts on uS

r
X

n=1
∈ Cs

A∗bn [A Abn ] ,

(3.8)

as

uS 7→ TrR (A )uS =

r
X

n=1

r h
i
h
i X
A (uS b†R,n ) bR,n
A∗bn A (Abn uS ) =

(3.9)

n=1

Lemma 3.6. The definition of TrR is independent of the choice of orthonormal basis {bR,n }
of Cr .
†
†
} and W = {wS,j wR,j
} that both span L(Cr → Cs ),
Proof. Given some sets V = {vS,i vR,i
r
s
any A ∈ L (L(C → C )) can be expressed as a superposition of operators Bij from the set,


h
i
†
†
†
†
r
s
†
Bij ∈ L (L(C → C )) , U 7→ Bij U = vS,i vR,i Tr (wS,j wR,j ) U vS,i vR,i ∈ V, wS,j wR,j ∈ W .

(3.10)

For a fixed B in this set (dropping the ij indices) and a fixed uS ∈
we have
r h
r
i
h
i
X
X
†
TrR (B)uS =
B(uS b†R,n ) bR,n =
vS vR
Tr wR wS† uS b†R,n bR,n
Cs

=

n=1
r
X

n=1

†
(wS† uS )(vR
bR,n )(b†R,n wR )vS

n=1

=

†
(wS† uS )vR

r
X

n=1

bR,n b†R,n

!

(3.11)

†
wR vS = (wS† uS )(vR
wR )vS .
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We find that TrR (B)uS is independent of the choice of basis, hence by superpositions in all
the required spaces, TrR (A ) is so as well.

3.1.2

Density operators and their general evolution

Next, we focus on the basic system properties that allow us to deduce and rewrite an evolution
equation. We have the open system and reservoir density operators ρS ∈ L(Cs ) and ρR ∈
L(Cr ), which together form the density operator of the combined closed system ρ := ρS ρR ∈
L (L(Cr → Cs )). To study the behavior of ρS (t) we note two things.
Firstly, the evolution of the closed system density operator from a factorizable initial condition
ρ(0) = ρS (0) ρR (0) to ρ(t) is unitary by the Von Neumann equation (2.11),
d
i
ρ = − [H , ρ]
dt
~

⇒

ρ(t) = e−itH ρS (0)

ρR (0)eitH ,

(3.12)

where H ∈ L (L(Cr → Cs )) is the Hamiltonian describing the combined system, which is
Hermitian, H ∗ = H .
And secondly, the partial trace operator TrR : L (L(Cr → Cs )) → L(Cs ) is the only mapping
f : L (L(Cr → Cs )) → L(Cs ) that for any observable AS ∈ L(Cs ) preserves the expectation
hAS iCs = Tr [AS f (ρ)]Cs = Tr [(AS
For factorizable ρ = ρS

IR )ρ]L(Cr →Cs ) .

(3.13)

ρR we require that

hAS iCs = Tr [AS ρS ]Cs = Tr [(AS

IR )(ρS

ρR )]L(Cr →Cs ) ,

(3.14)

hence we can define a ρS (t) even in cases where ρ(t) is not factorizable by
i
h
ρS (t) = f (ρ(t)) = TrR [ρ(t)] = TrR e−itH ρ(0)eitH ,

(3.15)

for which it can be checked that it possesses all the necessary properties.
Next we introduce the so-called Kraus operators, which will result in the more easily handleable expression (3.20).
Definition 3.7. For fixed U ∈ L (L(Cr → Cs )), and pR , qR ∈ Cr we define the Kraus
operator W(U ; pR , qR ) ∈ L(Cs ) by
h
i h
i
uS 7→ W(U ; pR , qR )uS = A∗p U (Aq uS ) = U (uS q†R ) pR .

(3.16)

Lemma 3.8. The adjoint Kraus operator W † (U ; pR , qR ) ∈ L(Cs ) satisfies
W † (U ; pR , qR ) = W(U ∗ ; qR , pR ).
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Proof. For fixed uS , vS ∈ Cs we have that
h
i
(W(U ; pR ,qR )uS )† vS = Tr vS (W(U ; pR , qR )uS )† s
C
 h
i † 
h  h
ii
= Tr vS U (uS q†R ) pR
= Tr vS p†R (qR u†S )U ∗
Cs
Cs
hh
i  i
h
i
= Tr
U ∗ (vS p†R ) qR u†S s
= Tr (qR u†S )U ∗ (vS p†R )
C
L(Cr →Cs )


h
i
†
†
∗
∗
= Tr (W(U ; qR , pR )vS ) uS s = uS W(U ; qR , pR )vS

(3.18)

C

Theorem 3.9. With the spectral decomposition of the reservoir density operator ρR at time
t = 0 in an orthonormal basis of eigenvectors {bR,n } of Cr ,
ρR (0) =

r
X

pm bR,m b†R,m ,

(3.19)

m=1

P
with some probabilities pm , m pm = 1, the evolution of the open system density operator ρS
can be expressed in Kraus operators W(U ; pR , qR ) as
ρS (t) =

r
X

n,m=1

pm W(e−itH ; bn , bm ) ρS (0) W † (e−itH ; bn , bm ).

Proof. Starting from (3.15), we have
i
h
ρS (t) = TrR e−itH (ρS (0) ρR (0))eitH
=
=
=
=
=

r
X


A∗bn e−itH (ρS (0)

n=1
r
X

n,m=1
r
X

n,m=1
r
X

n,m=1
r
X
n,m=1

ρR (0))eitH


pm A∗bn e−itH (ρS (0)



(3.20)

Abn

bR,m b†R,m )eitH



Abn





pm A∗bn e−itH Abm ρS (0) A∗bm eitH Abn

(3.21)

pm W(e−itH ; bn , bm ) ρS (0) W(eitH ; bm , bn )
pm W(e−itH ; bn , bm ) ρS (0) W † (e−itH ; bn , bm ),

where after the third line we used Lemma 3.4 as well as associativity, and in the last line we
used (3.17) for the adjoint Kraus operator.
From (3.20) it is easily seen that if ρS (0) is non-negative, then ρS (t) is so as well, as it should
be.
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3.1.3

Master equation derivation using the Markov assumption



We start by defining the inner product on L(Cs ) by hA, Bi = Tr A† B for A, B ∈ L(Cs ),
which allows us to speak of orthonormality of operators if A† B = 0. Consequently, we can
2 −1
express the Kraus operator and its adjoint in an orthonormal basis of operators {Mi }si=0
of
L(Cs ) with the specific choice of M0 = s−1/2 IS as
W(e

−itH

; bn , bm ) =

2 −1
sX

i=0

W † (e−itH ; bn , bm ) =

h
i
Tr M†i W(e−itH ; bn , bm ) Mi ,

2 −1
sX

j=0

(3.22)

h
i
Tr M†j W(eitH ; bm , bn ) Mj ,

and use this to rewrite (3.20) to
ρS (t) =

r
X

n,m=1

=

r
X

n,m=1

s2 −1

=

X

i,j=0
s2 −1

=

X

i,j=0

pm W(e−itH ; bn , bm ) ρS (0) W † (e−itH ; bn , bm )


pm 




2 −1
sX

i=0


i
Tr M†i W(e−itH ; bn , bm ) Mi 
h



ρS (0) 

r
X

n,m=1

2 −1
sX

j=0

h

i



Tr M†j W(eitH ; bm , bn ) Mj 


h
i h
i
pm Tr M†i W(e−itH ; bn , bm ) Tr M†j W(eitH ; bm , bn )  Mi ρS (0) M†j

cij (t) Mi ρS (0) M†j ,
(3.23)

where we defined the coefficients cij (t) by
cij (t) =

r
X

n,m=1

h
i h
i
pm Tr M†i W(e−itH ; bn , bm ) Tr M†j W(eitH ; bm , bn ) .

(3.24)

Using the adjoint Kraus operator (3.17), it can easily be proven that the coefficient matrix
c(t) = [cij (t)] is Hermitian and non-negative.
Up until (3.23) the evolution of ρS (t) is still exact, so we can define Λ(t) ∈ L (L(Cs )) by
ρ̇S (t) = Λ(t)ρS (t) =

2 −1
sX

i,j=0

ċij (t) Mi ρS (0) M†j =

h
d
TrR e−itH ρS (0)
dt

i
ρR (0)eitH . (3.25)

Because in general Λ(t1 )Λ(t2 ) 6= Λ(t2 )Λ(t1 ) for t1 6= t2 , the solution must be given with a
time ordering operator T ,
n Rt
o
ρS (t) = T e 0 Λ(s) ds ρS (0),
(3.26)
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For any parameterized operator A(t) in any space, the time ordering operator T is defined
for a product of two terms at times t1 and t2 , t1 6= t2 , as
(
A(t1 )A(t2 ) t1 < t2
T {A(t1 )A(t2 )} =
,
(3.27)
A(t2 )A(t1 ) t1 < t2
Rt
with similar definitions for higher order products. With A(t) = 0 Λ(s) ds it can be shown
via separating all possible permutations and reordering these integrals that
Z t
Z t
Z
∞
n Rt
o
X
1 t
Λ(s)
ds
Λ(s) ds +
T {Λ(s1 ) · · · Λ(sk )} ds1 · · · dsk
T e0
=I+
···
k! 0
0
0
k=2
Z sk−1
Z t
∞ Z t Z s1
X
Λ(s1 ) · · · Λ(sk ) ds1 ds2 · · · dsk ,
Λ(s) ds +
···
=I+
0

k=2

0

0

0

(3.28)

where time-ordering t > s1 > · · · > sk−1 has been ensured by the integration limits. That
(3.26) is indeed the solution to (3.25) can be checked by Leibniz’s integration rule on each of
the terms in the time ordered exponential,

Z sk−1
Z Z s 1 Z s 2
d t
Λ(s1 )Λ(s2 ) · · · Λ(sk ) ds2 · · · dsk ds1
···
dt 0
0
0
0
Z sk−1
Z t Z s2
(3.29)
Λ(t)Λ(s2 ) · · · Λ(sk ) ds2 · · · dsk
···
=
0
0
0
Z t Z s1
Z sk−2
= Λ(t)
···
Λ(s1 ) · · · Λ(sk−1 ) ds1 · · · dsk−1 ,
0

0

0

which is simply the k − 1’th term multiplied by Λ(t) (except for the first identity operator
term, which has derivative zero), leading to
ρ̇S (t) =

n Rt
o
d n R t Λ(s) ds o
T e0
ρS (0) = Λ(t)T e 0 Λ(s) ds ρS (0) = Λ(t)ρS (t).
dt

(3.30)

In the Markov assumption (as discussed in Subsection 3.1.4) we assume there is a time τ at
which the reservoir density operator returns to its initial form,
ρR (τ ) = ρR (0),

(3.31)

which allows us to apply a coarse graining of the time parameter t with steps of length τ .
This entails that after each step the reservoir has “reset” and forgotten its evolution history,
in which case (3.26) can be reused, but with the initial condition as ρS (τ ), to describe the
to ρS (2τ ) and this process repeats. The approximation we can make is to replace
Revolution
t
0 Λ(s) ds for 0 ≤ t ≤ τ by its average over a time step τ scaled linearly in time,
Z
1 τ
t Λ0 := t ·
Λ(s) ds.
(3.32)
τ 0
Note that Λ0 commutates with itself and we can discard the time ordering operator. To
describe the evolution of ρS (t) in terms of this Λ0 , we divide the time t into N ∈ N time steps
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of τ with a remainder t0 < τ , i.e. t = N τ + t0 . Iteratively evolving ρS over these separate
time steps results in
0

0

ρS (t) = et Λ0 ρS (N τ ) = et Λ0 eτ Λ0 ρS ((N − 1)τ ) = . . . = etΛ0 ρS (0),

(3.33)

which under our Markov assumption is exact at times t that are multiples of τ , but is an
approximation for times in between. Its derivative is given by
ρ̇S (t) = Λ0 etΛ0 ρS (0) = Λ0 ρS (t),

(3.34)

which by the definition of Λ0 (3.32) in combination with the exact solution (3.25) is also equal
to
ρ̇S (t) = Λ0 ρS (t) =

2 −1
sX

i,j=0

aij Mi ρS (t)M†j ,

(3.35)

where we have defined the coefficients aij by
1
aij =
τ

Z

0

τ

ċij (s) ds =

cij (τ ) − cij (0)
.
τ

(3.36)

We will not formally proof it here, but the aij are independent of τ because of the Markov
assumption. This can be informally justified as follows. The aij are the time averages of
the derivatives of the cij (t) over an interval of length τ . The cij (t) are calculated from the
action of the combined Hamiltonian H on the time- and state-independent Mi and Mj , and
the initial reservoir density operator ρR (0). Because this action is on the reservoir, it will
be damped on the reservoir time scale, which is much shorter than our Markov time scale τ
(as discussed in Subsection 3.1.4). As a result, the average value over τ is dominated by its
steady-state value and is hence independent of the cutoff time τ .
2

−1
Let us now also define the coefficient matrix a = [aij ]si,j=1
, which is one column and row
smaller than the previous coefficient matrix c(t). Like c(t), this matrix a is also Hermitian
(trivial) and non-negative, which can be shown as follows. First we consider c(t) as given in
(3.24) at t = 0. We have for i + j > 0 that

h
i
h
i
Tr M†i W(I ; bn , bm ) = Tr M†i δnm = 0,

(3.37)

h
i
h
i
following for n 6= m from δnm = 0 and for n = m from Tr M†i = Tr M†i IS = 0 by
orthogonality for i > 0. Exactly the same holds for the other term with j and hence cij (0) = 0
for i + j > 0. This in combination with the non-negativity of c(t) leads to he desired nonnegativity of a.
We can also show that the density operator in the Markov approximation remains of trace
class with trace 1. We start with expanding the exponential in (3.33),
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Tr [ρS (t)] = Tr etΛ0 ρS (0) = Tr [(IS + tΛ0 + . . .)ρS (0)] = 1 + tTr [Λ0 ρS (0)] + . . . . (3.38)
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Hence, we need to prove that Λ0 ρS (0) has trace 0, the higher orders follow can be proven in
the same manner. We have


h
i
X
X
Tr [Λ0 ρS (0)] = Tr 
aij Mi ρS (0)M†j  =
aij Tr M†j Mi ρS (0)
ij

ij

h
i 1X
h
i
1X
=
cij (τ )Tr M†j Mi ρS (0) −
cij (0)Tr M†j Mi ρS (0)
τ
τ
ij

=

(3.39)

ij

1
(τ Tr [ρS (τ )] − τ Tr [ρS (0)]) = 0.
τ

The final step is to find differential equation for ρS as it was presented in (2.12).
2

−1
Theorem 3.10. For any orthonormal basis of operators {Mi }si=0
of L(Cs ) with M0 =
2
2
−1/2
s
s
IS , there is a Hermitian operator H ∈ L(C ) and a unitary matrix q ∈ C(s −1)×(s −1) ,
such that the Markovian time evolution of ρS (t) is described by the evolution equation



sX
−1
d
1 †
1
†
†
ρS (t) = −i[H, ρS (t)] +
γk Lk ρS (t)Lk − Lk Lk ρS (t) − ρS (t)Lk Lk ,
dt
2
2
2

(3.40)

k=1

where
Lk =

2 −1
sX

i=1

qik Mi .

(3.41)

Proof. We start with the result of (3.34),
2

sX
−1
d
ρS (t) =
aij Mi ρS (t) M†j ,
dt

(3.42)

i,j=0

and separate the sum into three terms depending on how many of the indices are zero,
2 −1
s2 −1
 sX
a00
1 X
d
†
ai0 Mi ρS (t) + a0i ρS (t)Mi +
aij Mi ρS (t)M†j . (3.43)
ρS (t) =
ρS (t) + √
dt
s
s

i=1

i,j=1

Now we can split the left sum into two, adding some terms to one half and subtract the same
from the second half,
d
a00
ρS (t) =
ρS (t)
dt
s
s2 −1

1 X
+ √
(ai0 Mi − a0i M†i )ρS (t) − ρS (t)(ai0 Mi − a0i M†i )
2 s i=1
s2 −1

1 X
+ √
(ai0 Mi + a0i M†i )ρS (t) + ρS (t)(ai0 Mi + a0i M†i )
2 s i=1

+

2 −1
sX

i,j=1

(3.44)

aij Mi ρS (t)M†j .
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Written in this form we observe a commutator with ρS (t) in the first sum and an anticommutator with ρS (t) in the second, which allows us to write
2

sX
−1
d
ρS (t) = −i[H, ρS (t)] + {K, ρS (t)} +
aij Mi ρS (t)M†j ,
dt

(3.45)

i,j=1

where we defined H ∈ L(Cs ) as
2

s −1
1 X
(ai0 Mi − a0i M†i ),
H=i √
2 s i=1

(3.46)

which is clearly Hermitian, and K ∈ L(Cs ) as
2

s −1
a00
1 X
K=
IS + √
(ai0 Mi + a0i M†i ).
2s
2 s i=1

From
Tr



d
ρS
dt



= 0,

we have that

Tr ([H, ρS ]) = 0,



0 = Tr ({K, ρS }) + Tr 

2 −1
sX

i,j=1

(3.47)

Tr ({K, ρS }) = Tr (2KρS ) ,

and





aij Mi ρS M†j  = Tr 2K +

for all possible ρS , resulting in a simpler expression for K,

2 −1
sX

i,j=1

(3.48)





aij M†j Mi  ρS  , (3.49)

2

s −1
1 X
K=−
aij M†j Mi .
2

(3.50)

i,j=1

Substituting this back in the anticommutator in (3.45) then leads to


sX
−1
d
1 †
1
†
†
ρS (t) = −i[H, ρS (t)] +
aij Mi ρS (t)Mj − Mj Mi ρS (t) − ρS (t)Mj Mi . (3.51)
dt
2
2
2

i,j=1

2

−1
Finally, because the coefficient matrix a = [aij ]si,j=1
is non-negative, it can be diagonalized by
some unitary transformation matrix q,

qaq † = diag(γ1 , . . . , γs2 −1 ),

(3.52)

where all γk ≥ 0. With this transformation we can introduce new operators Lk ∈ L(Cs ),
Mi =

2 −1
sX

k=1

qik Lk ,

(3.53)

and by replacing the Mi in (3.51) by these new operators, we end up with the desired
equation.
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3.1.4

Validity of the Markov assumption

In this subsection we investigate the validity of the Markov assumption we have used in (3.31)
and (3.36). Recall firstly that we have assumed that there is a time τ on which the reservoir
density operator resets, ρR (t + τ ) = ρR (t), and secondly that the characteristic evolution time
τS for the system is much longer than relaxation time τR for correlations in the reservoir such
that τR  τ  τS . Even though this is a mathematical chapter, this subsection will contain
some aspects of physics, in particular quantum optics, which are needed to derive these time
scales for our specific system and reservoir. Furthermore, a full formal proof is outside the
scope of this thesis, and we instead focus on an informal treatment showing that the Markov
assumption is reasonable. For instance, the reservoir is generally infinite-dimensional, but is
regarded as finite-dimensional here.
Let us start with a more explicit description of the full closed system. The aforementioned
Hamiltonian H ∈ L (L(Cr → Cs )) can be split in a non-interacting part H0 ∈ L (L(Cr → Cs ))
and an interacting part HI ∈ L (L(Cr → Cs )),
H = H0 + HI .

(3.54)

In turn, the non-interacting part consists of an atomic part HS ∈ L (L(Cr → Cs )) and a
reservoir part HR ∈ L (L(Cr → Cs )),
H0 = HS + HR = HS

IR + IR

HR ,

(3.55)

which we have also be defined on their respective spaces, HS ∈ L(Cs ) and HR ∈ L(Cr ). For
our system of interest we have that HS = HA , with the atomic Hamiltonian HA from (2.21).
The Hamiltonian HR for the reservoir describes the free space quantized radiation field
X X
HR =
~ωk A~† A~ ,
(3.56)
kp

kp

~k∈K p=1,2

where we subtracted the zero-point energy. This Hamiltonian attributes to every allowed wave
vector ~k ∈ K and polarization direction p (orthogonal to ~k and the other direction) an energy
~ωk = ~c|~k| through the so-called photon creation and annihilation operators A~† ∈ L(Cr )
and A~kp ∈ L(Cr ), which satisfy the commutation relations
h
i
h
i
h
i
A~ , A~ 0 0 = 0,
A~† , A~† 0 0 = 0,
A~ , A~† 0 0 = δ~ ~ 0 δpp0 .
kp

kp

kp

kp

kp

kp

kk

kp

(3.57)

The set K of allowed wave vectors ~k is determined by the boundary conditions on a cubic
volume V = L3 ,


2π
K = ~k =
(nx , ny , nz ) ∈ R3 nx , ny , nz ∈ Z ,
(3.58)
L
and consists of easy to handle countable discrete states. The limit V → ∞ can later be taken
to a continuum of photon states. The electric field operator E~ ∈ (L(Cr ))3 corresponding to
the radiation field is given by
r


X X
2π~ωk
E~ = i
~~kp A~kp − A~† ,
(3.59)
kp
V
~k∈K p=1,2
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where ~~kp ∈ R3 are the two polarization vectors for states with wave vector ~k. Finally, with the
~ as defined in (2.22), the interaction Hamiltonian HI can, similarly
atomic dipole operator D
to (2.24), be defined as the inner product between the dipole and electric field operators,
HI = Dx

E x + Dy

E y + Dz

Ez ,

(3.60)

which completes the description of all three Hamiltonians.
In order to continue, we first perform on all our operators A ∈ L (L(Cr → Cs )) a specific
c ∈ L (L(Cr → Cs )), defined by
unitary transformation to A
c(t) = exp(iH0 t)A exp(−iH0 t),
A

(3.61)

which in physical jargon is a transformation from the Schrödinger picture to the interaction
picture. Because of the decomposition (3.55), this reduces for the electric field E~ on (L(Cr ))
to
~b
E(t) = exp(−iHR t)E~ exp(−iHR t).

Reservoir correlations with a time difference s > 0 after a time t are then given by
h
i
hEbi (t + s)Ebj (t)i = TrR Ebi (t + s)Ebj (t)b
ρR (t + s) , i, j = x, y, z,

(3.62)

(3.63)

where ρbR is the density operator for the reservoir in the interaction picture.

To calculate the behavior of these correlations we must make an explicit choice for ρbR (t).
In our system it is a feasible assumption to regard the reservoir as being close to thermal
equilibrium at some temperature T > 0, in which case ρbR (t) is approximately the stationary
state in a canonical ensemble given by the Boltzmann distribution,
ρbR =

bR )
exp(−β H
h
i,
bR )
Tr exp(−β H

(3.64)

where β = 1/kB T with kB being the Boltzmann constant. By computing this trace over the
reservoir, applying the creation and annihilation operators on all reservoir states, and using
commutation and orthonormality relations, it can be shown that [70]
X
hEbi (s)Ebj (0)i = δij
c1 (ωk ) exp(−iωk s) + c2 (ωk ) exp(iωk s),
(3.65)
~k∈K

where, because the reservoir is almost stationary, we only need to consider correlations at
t = 0, and c1 (ωk ), c2 (ωk ) are some constants that depend on ωk .

~ only allows transitions between the states |gi and |ei
Now, because the dipole operator D
and between |ei and |ri, which respectively have an energy difference of ~ωge and ~ωer ,
the interaction Hamiltonian HI in (3.60) affects only the photon states with ωk = ωge or
ωk = ωer , whereas the other states remain in thermal equilibrium. Hence, by considering the
reservoir correlations in (3.65) at these two frequencies, we know that the reservoir relaxation
rates are also at these frequencies, which are in the order of 1014 Hz with τR as its inverse.
In contrast, the system evolution is determined by the γk , which in our case are equal to
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Γe and Γr and are of the orders 106 and 103 Hz respectively with τS as the inverse of the
fastest time scale of 106 Hz. This difference of 8 orders of magnitude between τR and τS
is more than enough to assume that reservoir correlations do not play a role in the system
evolution. Furthermore, because our reservoir is a stationary state with such quickly rotating
correlations, these average to zero on a time scale τ satisfying τR  τ  τS . This is the time
scale τ for which we are allowed to say that the reservoir state resets, but still small enough
compared to the system evolution, justifying our Markov assumption in (3.31) and (3.36).
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3.2

Asymptotic analysis of the optical Bloch equations

In this Section we will study the asymptotic behavior of the single-atom optical Bloch equations (2.43) by using Laplace transformations. In particular, this analysis will lead to an
approximation for the coherences that will be used in the derivation of the single-atom rate
equation in Section 4.3. When we perform this analysis on the full three-level problem, we
find that the analytical calculations are extremely cumbersome. For that reason, we first
present the analysis when applied to a simpler two-level problem, which leads to more insightful calculations. After that, we extend it to the full three-level problem in a slightly less
detailed manner.
Definition 3.11. The Laplace transform of a locally integrable complex-valued function f
of exponential type in the (real-valued) time variable t ≥ 0,
f : R → C,

t 7→ f (t),

(3.66)

is an analytic function fe of the complex variable s,
fe : D(fe) → C,

s 7→ fe(s) =

Z

∞

f (t)e−st dt.

(3.67)

0

To ensure convergence of this integral, the domain D(fe) is defined by
D(fe) = {s ∈ C|Re s > a},

(3.68)

where a ∈ R is such that all poles of fe(s) are to the left of a. In our upcoming analysis it will
turn out that a = 0.
Remark 3.12. This definition for Laplace transformations naturally extends to locally integrable d-dimensional vector functions f (t) of exponential type by finding the Laplace transform
fe1 (s), . . . , fed (s) of all entries f1 (t), . . . , fd (t) of f (t), that together form e
f (s).
Other properties of the Laplace transform are assumed to be known.

3.2.1

Two-level problem

The two-level optical Bloch equations can easily be found from (2.43) by setting Ω2 = ∆2 =
Γr = 0,
Ω
ρ̇gg = − i (ρeg − ρge ) + Γρee ,
2
Ω
ρ̇ee = − i (ρge − ρeg ) − Γρee ,
2
Ω
Γ
ρ̇ge = − i∆ρge − i (ρee − ρgg ) − ρge ,
2
2
36

(3.69)

3.2. Asymptotic analysis of the optical Bloch equations

where we have dropped the redundant subscripts 2 and e from the constants. We split the
coherence into a real and imaginary part by introducing the vector function u(t) ∈ R4 ,



ρgg (t)
 ρee (t) 

u(t) = 
Re ρge (t) ,
Im ρge (t)

(3.70)

which will lead to easier to handle expressions. The optical Bloch equations can then be
written as a matrix differential equation,
u̇ = Au,

(3.71)

with A ∈ R4×4 defined by


0
0


A=0

Ω
2

Γ
−Γ
0
Ω
−
2


0
−Ω
0
Ω 


Γ
.
−
∆

2

Γ
−∆ −
2

(3.72)

By taking the Laplace transform of (3.71) we find the linear system
(sI − A)e
u(s) = u(0),

(3.73)

whose pointwise solution in s is given by
e (s) = (sI − A)−1 u(0).
u

(3.74)

This general expression can, by the following theorem, be converted into the form of a rational
function that is more suitable for future operations.
e (s) of (3.73) can be written as the rational function,
Theorem 3.13. The solution u
e (s) =
u

p(s)
,
s q(s)

(3.75)

where p(s) is a four-dimensional vector polynomial and q(s) is a scalar polynomial, both of
order 3.
Proof. The proof is based on the decomposition of the inverse of sI − A into its adjugate
(not to be confused with adjoint) and determinant,
(sI − A)−1 =

adj(sI − A)
.
det(sI − A)

(3.76)

The following two lemmas will prove the statements about p(s) and q(s).
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Lemma 3.14. The polynomial q(s) = a3 s3 + a2 s2 + a1 s + a0 is of order 3 with the coefficients
a0 , . . . , a3 given by

1 3
1 2
2


a0 = 2 Ω Γ + ∆ Γ + 4 Γ ,

a = Ω2 + ∆2 + 5 Γ2 ,
1
4
(3.77)

a
=
2Γ,
2



a = 1.
3
Proof. Because the first and second row of A are linearly dependent, at least one eigenvalue
is guaranteed to be 0, meaning that the (fourth-order) characteristic polynomial contains at
least one term s, so it can be divided out. What remains is the third-order polynomial
q(s) =

det(sI − A)
= a3 s3 + a2 s2 + a1 s + a0 ,
s

(3.78)

with the coefficients easily calculated.
Lemma 3.15. The four-dimensional polynomial vector p(s) is of order 3 can be characterized
by a coefficient matrix C = [c3 c2 c1 c0 ] ∈ R4×4 , depending on both A and u(0), such that
 3 

..
s
.
s2  

 = c3,i s3 + c2,i s2 + c1,i s + c0,i  .
p(s) = C 
(3.79)
s 

..
.
1
Proof. It can be shown, for example with the Cayley-Hamilton theorem, that the adjugate
of any invertible 4 × 4 matrix U ∈ C4×4 can be written as
adj(U) =


1
(Tr(U))3 − 3Tr(U)(Tr(U))2 + 2Tr(U 3 ) I
6

1
(Tr(U))2 − Tr(U 2 ) U + Tr(U)U 2 − U 3 .
−
2

(3.80)

Note that adj(U) is a polynomial in (traces of) U in such a way that for U = sI − A every
term contains a polynomial in s with real-valued coefficients of at most order 3, so that as a
result, the summation is one as well. Because
p(s) = adj(sI − A)u(0),

(3.81)

and u(0) does not depend on s, the four polynomials in p(s) are all of order 3 and can thus
be represented by some coefficient matrix C ∈ R4×4 as desired.
e (s) in the Laplace domain can be written in a
The rational form (3.75) of the solution u
more insightful form by partial fraction decomposition. The new form will also allow for the
inverse Laplace transform to be taken more easily. Because this decomposition depends on the
degeneracies of the roots of q(s) and because the form of the time domain solution depends
on whether the roots are real- or complex-valued, we must identify the different scenarios. In
general, the roots of a cubic equation with real coefficients can be grouped into four different
scenarios (as proved in Appendix A):
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1. There is a single triply degenerate real root;
2. There is a single doubly degenerate real root and a single non-degenerate real root;
3. There are three non-degenerate real roots;
4. There is a single non-degenerate real root and a complex-conjugated pair of complexvalued roots.
Furthermore, because all coefficients have the same sign, a0 , a1 , a2 , a3 > 0, and because a2 a1 >
a3 a0 , the Routh-Hurwitz criterion (originating from control system theory) guarantees that all
roots have a negative real part [71]. This is very useful as it ensures not only the convergence
of the Laplace transform for all s with Re(s) > 0, but also the stability of the solutions of
our matrix differential equation. To keep things organized, we continue by only dealing with
scenario 4; the other scenarios are similar and are described in Appendix B.
Lemma 3.16. In the case when q(s) has a single non-degenerate real root s1 and a complexconjugated pair of complex-valued roots s2 and s2 , the general solution in the Laplace domain
e (s) can be written as
u
e (s) =
u

A1
A02
A03
A0
+
+
+
,
s
s − s1 s − s2 s − s2

(3.82)

for some coefficient vectors A0 , A1 , A02 , A03 ∈ C4 .
Proof. We start by noting that because a3 = 1, q(s) can be factorized in its roots as
q(s) = (s − s1 )(s − s2 )(s − s2 ),

(3.83)

With q(s) written like this, (3.75) can then simply be decomposed into its partial fraction
form (3.82).
Corollary 3.17. We have already shown that the roots of q(s) have a negative real part, so
that they, as well as s = 0, lay outside our domain defined by Re(s) > 0. Hence, the inverse
Laplace transform can be applied to (3.82) without worrying about integration curves, and
we find
u(t) = A0 + A1 es1 t + (A2 cos(Im s2 t) + A3 sin(Im s2 t)) eRe

s2 t

,

(3.84)

as the general solution to (3.71), where A2 = A02 + A03 and A3 = (A02 − A03 )i.
The solution in this form separates the steady-state and (oscillatory) damping components,
allowing us to study them separately. Especially the steady state component has easy to
handle expressions that are the same in all the scenarios for the roots of q(s).
Lemma 3.18. The steady-state solutions are determined by A0 =

c0 =



ΩΓ 


4 

4a0 
ΩΓ 

Ω
,

2∆
Γ

c0
, with c0 given by
a0

−Ω +

(3.85)
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and a0 as in (3.77). This holds for all possible root scenarios of q(s). This shows in particular
that the steady-state solution does not depend on the initial condition u(0).
Proof. From (3.84) we have
lim u(t) = A0 ,

(3.86)

t→∞

while from (3.82) and similar expressions for other scenarios we have
e (s) = lim
A0 = lim s u
s→0

s→0

c0
p(s)
= .
q(s)
a0

(3.87)

The coefficient vector c0 can be calculated from adj(A) and u(0) to find (3.85). Note that it
no longer depends on u(0) because it only included u1 (0) + u2 (0) = ρgg (0) + ρee (0), which is
simply 1 by the normalization condition. Lastly, no matter the root properties of q(s), q(0)
is always equal to a0 .
Theorem 3.19. The coherence ρge (t) can be expressed as
ρge (t) = −i

Ω
(ρee (t)−ρgg (t))+B1 es1 t +(B2 cos(Im s2 t) + B3 sin(Im s2 t)) eRe s2 t , (3.88)
Γ + 2i∆

Ω
with B1 , B2 , B3 ∈ C given by Bk = Ak,3 + iAk,4 + i Γ+2i∆
(Ak,2 − Ak,1 ).

Proof. From the definition of u(t) (3.70), we have
ρge (t) =u3 (t) + iu4 (t) = A0,3 + iA0,4 + (A1,3 + iA1,4 )es1 t
+ ((A2,3 + iA2,4 ) cos(Im s2 t) + (A3,3 + iA3,4 ) sin(Im s2 t)) eRe

s2 t

,

(3.89)

We start by proving that
A0,3 + iA0,4 = −i

Ω
(A0,2 − A0,1 ).
Γ + 2i∆

(3.90)

The left side is equal to
A0,3 + iA0,4 = 2∆ + iΓ = i

Γ2 + 4∆2
,
Γ + 2i∆

(3.91)

whereas the right side is equal to


Ω
Ω
4a0
−i
(A0,2 − A0,1 ) = −i
2Ω −
Γ + 2i∆
Γ + 2i∆
ΩΓ
1
Γ2 + 4∆2
= −i
(2Ω2 − 2Ω2 − 4∆2 − Γ2 ) = i
,
Γ + 2i∆
Γ + 2i∆

(3.92)

which are equal to each other. This leads to
Ω
(A0,2 − A0,1 ) + (A1,3 + iA1,4 )es1 t
Γ + 2i∆
+ ((A2,3 + iA2,4 ) cos(Im s2 t) + (A3,3 + iA3,4 ) sin(Im s2 t)) eRe

ρge (t) = − i
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s2 t
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Ω
If we add the remaining exponentials of u2 (t) − u1 (t) multiplied by −i Γ+2i∆
to the first term
and subtract them from the other terms, we end up with

ρge (t) = −i

Ω
(u2 (t)−u1 (t))+B1 es1 t +(B2 cos(Im s2 t) + B3 sin(Im s2 t)) eRe s2 t , (3.94)
Γ + 2i∆

Ω
(Ak,2 − Ak,1 ), which is the desired result.
with the Bk defined as Bk = Ak,3 + iAk,4 + i Γ+2i∆

This form for ρge (t) does not provide any advantages for this two-level system, but in the
next subsection we will derive a similar expression for the coherences in a three-level system,
where this form allows for a useful approximation.

3.2.2

Three-level problem

We start by defining our new vector function u(t) ∈ R9 by
u = ρgg ρee ρrr Re ρge Imρge Re ρer Im ρer Re ρgr Im ρgr
which satisfies the translated optical Bloch equations,

T

,

(3.95)

u̇ = Au,
with A ∈ R9×9 given by

0
Γe
0

 0
−Γe
Γr


 0
0
−Γr



 0
0
0


 Ω1
Ω1

−
0
A=
2
 2

 0
0
0



Ω2
Ω2
 0
−

2
2


 0
0
0


0
0
0

(3.96)

0

−Ω1

0

0

0

0

Ω1

0

−Ω2

0

0

0

0

Ω2

0

∆1

0

0

0

Γe
2

0

0

Ω2
2

∆2 − ∆1

0

−

Γe
2

−∆1

−

0

0

0

0

0
Ω2
2

−

Ω2
2
0

−

Γe + Γ r
2

−(∆2 − ∆1 ) −
0
−

Ω1
2

Γe + Γr
2
Ω1
2
0

Like before, we can translate this equation to the Laplace domain,
(sI − A)e
u(s) = u(0),

Ω1
2
Γr
−
2

−

−∆2

0




0 


0 


Ω2 
− 
2 


0 
. (3.97)

Ω1 

2 


0 



∆2 


Γr
−
2
(3.98)

which is linear system we can solve. It is again possible to split the solution in the Laplace
e (s) is a rational function,
domain into the adjugate and the determinant, so u
e (s) =
u

p(s)
,
q(s)

(3.99)
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where both p(s) and q(s) are now of order 9, because we did not separate the s term from
q(s). In the two-level problem we had just four different scenarios for the roots of q(s), but
here there are many more possibilities. It is impractical to cover them all, hence we assume
that all the roots are non-degenerate and possibly complex. Partial fraction decomposition
allows us to write
e (s) =
u

8
X
Ak
,
s − sk

(3.100)

k=0

where s0 , . . . , s8 ∈ C are the roots of q(s) and A0 , . . . , A8 ∈ C9 are some coefficient vectors.
As the first three equations in (3.96) are linearly dependent by the normalization condition,
we know there is still an eigenvalue 0 and without loss of generality we can fix this at index
0, s0 = 0. Furthermore, it can be shown numerically that the remaining eight eigenvalues all
e (s) can again be defined as all s ∈ C with
have a negative real part, hence the domain of u
Re(s) > 0. Taking the inverse Laplace transform of the partial fraction form (3.100) results
in the general solution
u(t) = A0 +

8
X

Ak esk t .

(3.101)

k=1

In the two-level problem we were dealing with a single coherence, but in the three-level
problem there are three, making things more complicated. To tackle this, we define the
coherence vector ρc ∈ C3 ,

 

ρge (t)
u4 (t) + iu5 (t)
(3.102)
ρc (t) = ρer (t) = u6 (t) + iu7 (t) ,
ρgr (t)
u8 (t) + iu9 (t)

which satisfies the inhomogeneous differential equation
ρ̇c (t) = Bρc (t) + b(t),

with B ∈ C3×3 given by


Γe
iΩ2
− − i∆1
0
 2

2


Γe + Γr
iΩ1 

B=
,
0
−
− i(∆2 − ∆1 )
−


2
2


iΩ1
Γr
iΩ2
−
− − i∆1
2
2
2
and b(t) ∈ C3 by


iΩ1
−
(ρ
(t)
−
ρ
(t))
gg
 2 ee




iΩ
b(t) = 
− 2 (ρrr (t) − ρee (t)) .

 2
0

(3.103)

(3.104)

(3.105)

Similarly to the two-level problem, we can replace the steady-state component of the coherences by the populations, as proven in the following theorem.
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Theorem 3.20. The coherence vector ρc (t) can be expressed as
ρc (t) = −B

−1

b(t) +

8
X

Bk esk t ,

(3.106)

k=1

where the Bk ∈ C3 are defined by




Ak,4 + iAk,5
Ω1 (Ak,2 − Ak,1 )
i
Bk = Ak,6 + iAk,7  − B −1 Ω2 (Ak,3 − Ak,2 ) .
2
0
Ak,8 + iAk,9
Proof. Similarly to the two-level proof, we start with




A0,4 + iA0,5
Ω1 (A0,2 − A0,1 )
i
−B A0,6 + iA0,7  = − Ω2 (A0,3 − A0,2 ) ,
2
A0,8 + iA0,9
0

(3.107)

(3.108)

which can be proven analytically (for example with Wolfram Mathematica), although this
calculation is omitted because of the very cumbersome expressions. Because B is invertible
for usual parameters, this results in




8
A0,4 + iA0,5
Ak,4 + iAk,5
X
Ak,6 + iAk,7  esk t
ρc (t) = A0,6 + iA0,7  +
k=1 Ak,8 + iAk,9
A0,8 + iA0,9
(3.109)




8
Ω1 (A0,2 − A0,1 )
Ak,4 + iAk,5
X
i
Ak,6 + iAk,7  esk t .
= B −1 Ω2 (A0,3 − A0,2 ) +
2
k=1 Ak,8 + iAk,9
0

Again, we can change the first term to −B −1 b(t) by adding products of 2i B −1 and the differences Ω1 (Ak,2 − Ak,1 )esk t and Ω2 (Ak,3 − Ak,2 )esk t , which we need to subtract from the second
term (the sum of exponentials). For every exponential this will result in a new coefficient




Ak,4 + iAk,5
Ω1 (Ak,2 − Ak,1 )
i
Bk = Ak,6 + iAk,7  − B −1 Ω2 (Ak,3 − Ak,2 ) ,
(3.110)
2
Ak,8 + iAk,9
0
which is exactly the desired result.

In Chapter 4 we will discover that one of the eigenvalues si (without loss of generality this
is s1 ) corresponds to a time scale that is much longer than the the remaining eigenvalues.
Hence, for times t where the remaining seven exponentials have damped out, i.e.


1
k = 2, . . . , 8 ,
(3.111)
t  max
Re sk
we can make the approximation
ρc (t) = −B −1 b(t) + B1 es1 t .

(3.112)
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Numerical calculations show that B1 is much smaller than the corresponding es1 t component
in −B −1 b(t) for all the parameters of interest (refer to Section 4.4). Neglecting this term
results in
ρc (t) = −B −1 b(t),

(3.113)

where we have expressed the long-term behavior of the coherences solely as a function of the
populations. This important result will be used in the rate equation derivation in Section 4.3.
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In this chapter we utilize the theoretical framework that we have set up in Chapter 2 to study
the important aspects of a single atom. This is done by first solving the single-atom optical
Bloch equations as given in (2.43) both analytically as numerically. These solutions give us
insight into the nature of the Rydberg population evolution, which can be used to formally
derive the single-atom rate equation approximation, also utilizing the result from Section 3.2.
After conditions for the validity of the rate equation are derived, we study the excitation
behavior of the single atom through the calculation of spectra and (de-)excitation rates.

4.1

Diagonalization of the optical Bloch equations

In order to find an analytical solution to the optical Bloch equations, we start by representing
the single-atom density matrix ρ from (2.39) as a vector ρ, defined by



ρgg
 ρee 
 
ρrr 
 
ρge 
 

ρ=
ρeg  .
ρer 
 
ρre 
 
ρgr 
ρrg

(4.1)

Then, the optical Bloch equations can be formulated as a system of first-order linear differential equations,
ρ̇ = Rρ,

(4.2)
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with the matrix

 0


 0



 0


 iΩ1

 2


 iΩ1
−
R=
 2


 0




 0



 0



0

R ∈ C9×9 given by
Γe
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−Γe

Γr

0

−Γr

iΩ1
2
iΩ1
2
iΩ2
2
iΩ2
−
2
−

0
0
iΩ2
2
iΩ2
2

−

iΩ1
2
iΩ1
−
2

iΩ1
2
iΩ1
2

−

0

0

iΩ2
2
iΩ2
−
2

iΩ2
2
iΩ2
2

−

0

ee
Γ
2

0

0

0

iΩ2
2

e∗
Γ
e
2

0

0

0

−

0

−

0

0

0

0
0

0

iΩ2
2

0

0

0

−

iΩ2
2

−

e ∗e + Γ
er
Γ
2
0

−

iΩ1
2
0

0
−

ee + Γ
e∗
Γ
r
2
0

iΩ1
2

e e and Γ
e r , defined by
where we have introduced the abbreviations Γ
and

0

0

0

e e = Γe + 2i∆1 ,
Γ
e r = Γr + 2i∆2 .
Γ

0

0

−

iΩ1
2
0

−

er
Γ
2

0


0 


0 



0 



0 



iΩ2 
, (4.3)
−
2 


0 



iΩ1 

2 


0 


e ∗r 
Γ
−
2

(4.4)

This matrix representation visualizes a few concepts that develop a better understanding
of the physical nature of the problem at hand. The top left 3 × 3 matrix describes the
incoherent population transfer caused by spontaneous emission. The top right 3 × 6 matrix
and its transpose in the bottom left describe the coherent population transfer by the lasers.
Finally, the bottom right 6 × 6 matrix can be split into two parts. Its diagonal elements
describe the coherence damping from spontaneous emission as well as phase oscillations from
the laser detunings, while the off-diagonal elements describe the mixing of coherences.
Before writing down the solution for ρ(t) through diagonalization of R, we make three remarks:
1. By summing up the first three equations we immediately see that ρ̇gg + ρ̇ee + ρ̇rr = 0,
so the normalization (ρgg + ρee + ρrr = 1) is always conserved.
2. Except for this normalization condition, all the other equations are linearly independent,
which means rank(R) = 8 and dim(ker(R)) = 9 − 8 = 1. Consequently, the eigenspace
of eigenvalue 0 is one-dimensional and represents the subspace of steady-state solutions.
However, there is only one vector in this space that satisfies the normalization condition,
hence the steady-state solution is unique.
3. Diagonalizability of R is not immediately apparent, but software like Wolfram Mathematica returns nine linearly independent eigenvectors, so that diagonalizability is ensured. Moreover, we find that, apart from the eigenvalue 0, all the other eigenvalues
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always have a negative real part, which ensures that the solution will converge towards
the steady-state solution.
By applying the diagonalization process as described in Appendix C to (4.2), we can write
down its solution as
Dt

ρ(t) = Pe P

−1

ρ(0) =

8
X

ck pk eλk t ,

(4.5)

k=0

(this is (3.101) derived differently) where P ∈ C9×9 has the eigenvectors pk as its columns and
D ∈ C9×9 is a diagonal matrix with the corresponding eigenvalues λk as its elements. Here we
also defined the coefficient vector c = P −1 ρ(0). It is important to note that these eigenvectors
pk do not necessarily represent density matrices, because only the linear combinations that
form ρ(t) for some t ≥ 0 are required to represent a density matrix. In fact, without loss
of generality we can appoint the eigenvalue 0 to index 0, λ0 = 0, so that the steady-state
solution is given by
ρ∞ = lim ρ(t) = c0 p0 ,
t→∞

(4.6)

which must represent a density matrix, resulting in Tr(c0 p0 ) = 1. However, because ρ(t)
must also represent a density matrix at any time t and for any initial condition ρ(0), it is
guaranteed that Tr(pk ) = 0 for k = 1, . . . , 8 and the other eight pk do not represent density
matrices.
The eigenvalues and eigenvectors
Next, we will discuss some properties of the various eigenvalues and eigenvectors that make
up the general solution (4.5) of the optical Bloch equations. For this discussion we make the
distinction between the general case, no restrictions on parameters, and the simplified case,
where both lasers are on resonance, ∆1 = ∆2 = 0, and the decay rate of the Rydberg atom
is neglected, Γr = 0. In the general case the analytical expressions are cumbersome and not
very insightful, while in the simplified case the expressions are nice enough to be analyzed,
which is done below. While this analysis is correct for the simplified case, the general case is
quite different as a lot of terms do not vanish in the general case. These differences will also
be discussed.
In the simplified case the eigenvalues can be grouped based on the properties of the corresponding eigenvectors. We have
• A single coherent dark state with eigenvalue
λ0 = 0,

(4.7)

which corresponds to the unique steady-state solution.
• Three bright states with eigenvalues µ0 and µ± that are solutions to the cubic equation
2µ3 + 3Γe µ2 + (Γ2e + 2Ω21 + 2Ω22 )µ + Γe Ω22 = 0.

(4.8)
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• Four decoherent dark states with eigenvalues
q
Γe 1
λ± = − ±
Γ2e − 4(Ω21 + Ω22 ),
4
4

(4.9)

both with algebraic multiplicity 2.
• And a single coherence state with eigenvalue
µ1 = −

Γe
,
2

(4.10)

We now discuss these eigenvalues with their eigenvectors, while for clarity transforming the
eigenvectors back into matrix form even if they are not actual density matrices.
Coherent dark state
The zero-valued eigenvalue λ0 corresponds to the steady-state solution, whose eigenvector is
given by


Ω22
0 −Ω1 Ω2
1
 0
0
0 ,
(4.11)
ρ∞ = pλ0 = 2
Ω1 + Ω22
2
−Ω1 Ω2 0
Ω1

that indeed is a density matrix. In fact, in the simplified case it even represents a pure state,
namely the superposition state
1
|ψ0 i = p 2
(Ω2 |gi − Ω1 |ri),
Ω1 + Ω22

(4.12)

which is exactly the dark state from Subsection 2.2.3. In the general case ρee and the coherences with |ei are nonzero, so then it technically cannot be called a coherent dark state,
although it does remain the steady-state solution as its eigenvalue remains 0.
Bright states
The three eigenvalues µ0 and µ± have the analytical expressions
µ0 = −

Γe
1 2
w
+ 32/3
(Γ − 4(Ω21 + Ω22 )) + 31/3
2
6w e
6

(4.13)

and
√
√
Γe
2/3 −1 ± i 3
2
2
2
1/3 (−1 ± 3)w
µ± = − + 3
(Γe − 4(Ω1 + Ω2 )) + 3
,
2
12w
12

(4.14)

where
w=
48



q
3 1/3
1
18Γe Ω21 +
2916Γ2e Ω41 − 27 Γ2e − 4(Ω21 + Ω22 )
.
3

(4.15)
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While it is difficult to say anything about these eigenvalues from their analytical expressions,
we can deduce some properties from the corresponding cubic equation (4.8) by using the
theory on cubic equations from Appendix A. We find that µ0 is always real and that for
Ω1 > Γ/4 the other two roots µ± are always complex. Furthermore, the real part of all three
eigenvalues is always negative, as the Mathematica calculations had already shown. The
corresponding eigenvectors are given by


2µ2i − Γe µi − Ω21 + 2Ω22
iΩ1 (Γe − 3µi )
−3Ω1 Ω2
1 
−iΩ1 (Γe − 3µi )
−4µ2i − 2Γe µi − Ω21 − Ω22 −iΩ2 (Γe + 3µi )
pµi = 2 
 , (4.16)
Γe
Γe Ω22
2
−3Ω1 Ω2
iΩ2 (Γe + 3µi )
−3Ω2 − µi

where i = 0, +, −. The expectation that the trace is zero can be easily seen to hold true as
the sum of the diagonal elements forms the cubic polynomial in (4.8), which is zero. The
always real-valued eigenvalue µ0 is different from µ± (and also λ± ) because not only is the
others are often complex, but the eigenvector pµ0 has real populations and is also Hermitian.
In the general case this distinction between µ0 and µ± still holds. In the simplified case these
eigenvectors are the only eigenvectors to contain population of the excited states, and are
hence called bright states (although technically they are not actual states).

Decoherent dark states
Each of the eigenvalues λ± has two independent eigenvectors, which are given by

pλ± ,1

pλ± ,2

 1 3

− 4 (Ω1 Ω2 + Ω1 Ω32 ) 2i Ω21 Ω2 λ±
0
i
2
 and
=
0
− 2i Ω32 λ±
2 Ω1 Ω2 λ ±
i 3
1
2
2
3
3
(Ω1 − Ω2 )λ+ λ−
− 2 Ω1 λ± 4 (Ω1 Ω2 + Ω1 Ω2 )
 1 3

i 3
3
− 4 (Ω1 Ω2 + Ω1 Ω2 )
(Ω21 − Ω22 )λ+ λ−
2 Ω2 λ±
i 3
.
=
0
− 2i Ω21 Ω2 λ±
2 Ω1 λ±
i
1
2
3
3
0
− 2 Ω1 Ω2 λ± 4 (Ω1 Ω2 + Ω1 Ω2 )

(4.17)

These eigenvectors can be interpreted as the result of destructive quantum interference: The
population in the intermediate state |ei is zero, but the coherences involving |ei (ρge , ρeg , ρer ,
and ρre ) are nonzero, and thus induce decay for these eigenvectors due to decoherence. Hence,
we call them decoherent dark states. In the general case these eigenvalues will become four
non-degenerate eigenvalues λ±,1 and λ±,2 , and the intermediate state population is no longer
zero either. This means it can no longer be distinguished from the non-Hermitian bright
states µ± .

Coherence state
The last eigenvalue is µ1 = −Γe /2 and has the corresponding eigenvector
pµ1




0 Ω1 0
= Ω1 0 Ω 2  .
0 Ω2 0

(4.18)
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The coefficient corresponding to this eigenvector in the decomposition of the initial vector
is always 0 and hence does not contribute, which might be related to the eigenvector not
containing any populations. However, in the general case the populations are no longer zero
and will resemble the Hermitian bright state µ0 , including the fact that its eigenvalue is always
real.
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4.2

Optical Bloch equations solutions

From the previous section one could expect that in the general case we distinguish three
groups of eigensolutions as follows. Firstly, the steady-state solution with eigenvalue λ0 = 0,
secondly, the two traceless Hermitian eigensolutions with real eigenvalues µ0 and µ1 , and
thirdly, the six non-Hermitian eigensolutions with possibly complex eigenvalues λ±,1 , λ±,2 ,
and µ± . However, there is a much more insightful distinction based on time scales, which is
not apparent from the above analysis. For all eight non-zero eigenvalues λ the corresponding
time scale is defined by
τλ = −(Re λ)−1 .

(4.19)

Recall that all these eigenvalues have a negative real part, guaranteeing that these time scales
are well-defined and always positive. When computing numerical values of these time scales,
it turns out that τµ0 is many times larger than all the other time scales in a large range of
parameters, as shown in Section 4.4. Hence, in this range we can distinguish three different
groups of eigensolutions, the non-decaying steady-state solution, the slowly decaying state
with time scale τ0 := τµ0 , and the quickly decaying states that can collectively be described
with the short time scale
τ1 = max{τµ1 , τµ± , τλ±,1 , τλ±,2 }.

(4.20)

With these definitions the condition for two distinct time scales is simply summarized as
τ0  τ1 .

(4.21)

Let us identify these time scales in numerical solutions to the optical Bloch equations. We
start with the parameters Ω1 = 2π ·6 MHz, Ω2 = 2π ·0.2 MHz, and ∆1 = ∆2 = 0 for which the
time scales are given by τ0 = 30 µs and τ1 = 0.11 µs. The corresponding numerical solution
for the density matrix elements is shown in Figures 4.1 (a)-(b) and (c)-(d) for small and large
times respectively. We note the following:
• On the short time scale in (a) and (b), both the populations and the coherences show
quickly damped oscillations, with the damping being faster than τ1 (exponentials decay
to 5% of their original value in three times its time scale)
• On the long time scale in (c) and (d), we see the exponential decay towards steady state
on the time scale τ0 .
• For small times there is predominantly population transfer from |gi to |ei, while |ri
remains relatively unpopulated, which is because Ω2 is small.
• The coherences ρge and ρer are completely imaginary and the coherence ρgr is completely
real. This is because ∆1 = ∆2 = 0 as predicted beforehand.
• As a consequence of ρrr not being heavily affected on the short time scale, its entire
evolution can be approximated by
ρrr (t) = ρ∞
rr (1 − exp(µ0 t)),

(4.22)

where ρ∞
rr is the steady-state value of the Rydberg population (third entry of pλ0 ).
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Figure 4.1: Numerical solutions to the optical Bloch equations, where the top row displays the
population evolution and the bottom row the coherence evolution. In (a)-(d) the parameters
Ω1 = 2π · 6 MHz, Ω2 = 2π · 0.2 MHz, and ∆1 = ∆2 = 0 are used, where (a)-(b) show the
solution on a much shorter time scale than (c)-(d). In (e)-(f) the parameters Ω1 = 2π · 12
MHz, Ω2 = 2π · 0.8 MHz, ∆1 = 2π · −5 MHz, and ∆2 = 2π · 4 MHz were used. For both
parameter sets we notice a transition from rapidly damped oscillations to slowly decaying
exponentials, although this distinction is much clearer for the former parameter set.
Next, we take a different set of parameters for comparison. The numerical solution for the
parameters Ω1 = 2π · 12 MHz, Ω2 = 2π · 0.8 MHz, ∆1 = 2π · −5 MHz, and ∆2 = 2π · 4
MHz is shown in Figures 4.1 (e)-(f), whereas the corresponding time scales are given by
τ0 = 0.62 µs and τ1 = 0.20 µs. We note the following differences:
• The time scales are no longer as distinct, which is predominantly caused by the higher
Ω2 causing faster transfer into |ri.
• On the short time scale there are more Rabi oscillations present, because Ω1 is higher.
• The coherences are now complex, because of the non-zero detunings
• Because ρrr in this case is already changing substantially on the short time scale, the
exponential approximation (4.22) is less accurate.
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4.3

The single-atom rate equation

In the previous Section we discovered that in the case of two well separated time scales, it
is possible to approximate the Rydberg population evolution by an exponential of the form
(4.22). In this Section we will derive this approximation directly from the optical Bloch
equations (2.43) without involving the calculation of any eigenvalues.
The approach is as follows, we start by solving the bottom three of the six differential equations
and express the coherences as a function of the populations. This effectively reduces the six
equations to just three equations for the populations. Then, the normalization condition and
another approximation reduce the problem even further to a single differential equation, the
rate equation. The solution to the rate equation will turn out to be exactly the exponential in
(4.22). One of the simplifying steps follows directly from the approximation that was derived
in Section 3.2. It is restated here with less rigorous arguments, but in a way that leads to a
better physical understanding.
Let us start with defining, as in Section 3.2, the coherence vector ρc ∈ C3 by


ρge (t)
ρc (t) = ρer (t) ,
ρgr (t)

(4.23)

which allows us to split the optical Bloch equations in a smaller matrix differential equation,
ρ̇c (t) = Bρc (t) + b(t),

(4.24)

which consists of a homogeneous part and a population dependent inhomogeneous part. Here
B ∈ C3×3 is defined by


Γe
iΩ2
− − i∆1
0
 2

2


Γe + Γr
iΩ1 

B=
(4.25)
,
0
−
− i(∆2 − ∆1 )
−


2
2


iΩ2
iΩ1
Γr
−
− − i∆1
2
2
2
and b(t) ∈ C3 by


iΩ1
− 2 (ρee (t) − ρgg (t))



iΩ
b(t) = 
− 2 (ρrr (t) − ρee (t)) .

 2
0

(4.26)

The matrix B has the eigenvalues κ1 , κ2 , and κ3 (each with a negative real part) which loosely
speaking determine the rate at which coherences are damped. However, by the inhomogeneous
part b(t), the value to which they are damped depends on time, in particular on the population
differences. One can imagine that if the populations change slowly compared to the damping of
the coherences, then the coherences will simply follow the value determined by the population
differences. This is called adiabatic elimination of the coherences and in our case is valid when
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there is a distinct slow time scale, τ0  τ1 , and that slow time scale is also slower than the
coherence damping time scale, τ0  τ2 , where
τ2 = max{τκ1 , τκ2 , τκ3 }.

(4.27)

Written in mathematical terms, this adiabatic elimination of the coherences is exactly the
approximation we had derived in (3.113),
ρc (t) = B −1 b(t),

t  τ1 .

(4.28)

Note that this is the solution to
ρ̇c (t) = 0,

(4.29)

which does not imply that the coherences do not change over time, only that they quasiinstantaneously follow a population-dependent steady-state value.
With (4.28) we can eliminate the coherences from the top three equations in the optical Bloch
equations (2.43), forming a homogeneous system for the populations,
  
 
ρ̇gg
q11 q12 q13
ρgg
 ρ̇ee  = q21 q22 q23   ρee  ,
(4.30)
ρ̇rr
q31 q32 q33
ρrr

for some easily calculable, but cumbersome matrix Q = [qij ] ∈ C3×3 . Then, by using the
normalization condition ρgg = 1 − ρee − ρrr , we have
(
ρ̇ee = q21 + (q22 − q21 )ρee + (q23 − q21 )ρrr ,
(4.31)
ρ̇rr = q31 + (q32 − q31 )ρee + (q33 − q31 )ρrr .
From the general solution (4.5) we know that on the long time scale, when all but one
exponential has damped out, we have that
ρ̇rr = αρ̇ee ,

(4.32)

for some α ∈ R\{0}. Using this equality we can solve (4.31) for ρee to find
ρee = −

αq21 − q31 + (α(q23 − q21 ) − (q33 − q31 ))ρrr
.
αq22 − αq21 − q32 + q31

(4.33)

Calculation of the qij shows that for all parameters in which adiabatic elimination is valid,
we have that the matrix elements not involving the Rydberg state (index 3) are a hundred to
a thousand times larger than the others,
q11 , q12 , q21 , q22  q13 , q23 , q31 , q32 , q33 .

(4.34)

Because |α| & 1 also holds under these circumstances, we can safely make approximations
such as αq21 + q31 ≈ αq21 , which lead to an approximation for ρee ,
ρee ≈ −
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αq21 − αq21 ρrr
q21
=−
(1 − ρrr ),
αq22 − αq21
q22 − q21

(4.35)
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which is independent of α. Plugging this expression back into the expression for ρ̇rr in (4.31),
we have
ρ̇rr = q31 −

(q32 − q31 )q21
+ (q33 − q31 )ρrr ,
q22 − q21

(4.36)

By appropriately defining the new parameters γ↑ and γ↓ from the qij , this equation can be
rewritten as the rate equation
ρ̇rr = −(γ↑ + γ↓ )ρrr + γ↑ ,

(4.37)

which has as its solution
ρrr (t) = ρ∞
rr (1 − exp [−(γ↑ + γ↓ )t]) ,

(4.38)

where
ρ∞
rr =

γ↑
.
γ↑ + γ↓

(4.39)

This is exactly of the expected exponential form (4.22) with the eigenvalue µ0 replaced by
the differently derived parameter −(γ↑ + γ↓ ). It is evident that γ↑ characterizes the rate of
excitation into the Rydberg state (for ρrr = 0, we have ρ̇rr = γ↑ ), and that ρ∞
rr characterizes
the steady state value of the Rydberg population (limt→∞ ρrr (t) = ρ∞
).
Furthermore,
by
rr
eff
introducing an effective ground state population ρgg = 1 − ρrr the differential equation (4.37)
can be transformed into
ρ̇rr = γ↑ ρeff
gg − γ↓ ρrr ,

(4.40)

from which it is evident that γ↓ characterizes the rate of de-excitation from the Rydberg state
(for ρrr = 1, we have ρ̇rr = −γ↓ ). This form is the same as used by Ates et al. [55] and is the
basis for the many-atom model in Chapter 6, where we keep track of whether every atom is
in the Rydberg state or the effective ground state. The dependence of the three rate equation
parameters γ↑ , γ↓ , and ρ∞
rr on the laser parameters will be studied in Section 4.6, but we will
first discuss the validity and solutions in more detail.
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Figure 4.2: Representation of the set of laser parameters for which the validity of the rate
equation is guaranteed. In (a) the ratio max{τ1 , τ2 }/τ0 is shown as a function of Ω2 and
∆2 for fixed Ω1 = 2π · 5M Hz and ∆1 = 2π · 5 MHz. Validity of the rate equation is
guaranteed when the ratio is below some threshold, say 0.2, which is the case for all ∆2 when
Ω2 < Ω2,max = 2π · 0.45 MHz. This upper bound is shown in (b) as a function of Ω1 and
|∆1 | (it is symmetric in ∆1 ) with the value of the (a) shown as the red X. The other X’s are
referred to in Figure 4.3.

4.4

Rate equation validity

For the rate equation to be a valid approximation for the dynamics of the Rydberg population,
we must have a clear distinction between the short and long time scales, we must be able to
eliminate the coherence adiabatically, and time must have passed the short time scale. These
conditions can be summarized in the various time scales as
(
τ0  max{τ1 , τ2 },
(4.41)
t  τ1 ,
where
τ0 = −

1
,
µ0

τ1 = max{τµ1 , τµ± , τλ±,1 , τλ±,2 },

and τ2 = max{τκ1 , τκ2 , τκ3 }.

(4.42)

As we shall explain later, the first condition is the most important for the many-atom rate
equation model. For given laser parameters this condition can be checked by considering the
ratio
max{τ1 , τ2 }
,
τ0
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4.4. Rate equation validity

Figure 4.3: In (a) a comparison is made between the numerical solutions of the optical Bloch
equations (solid colored lines) and the rate equation approximation (black dashed lines) for
four different sets of parameters. The color of the lines correspond to the X’s in Figure 4.2(b)
with Ω2 as shown in the legend and ∆2 chosen around the peak value for those parameters.
An immediate observation is the matching of steady-state values. In (b)-(e) a zoom in of the
corresponding short time scale behavior is shown for each correspondingly colored parameter
set. For the blue and red line the rate equation matches well both on the short and long time
scale, because Ω2 < Ω2,max , whereas for the yellow and purple line the rate equation matches
poorly until very close to steady state.
and require it to be smaller than some tolerance, which we choose to be 0.2. If we fix an Ω1
and a ∆1 , we can calculate this ratio as a function of Ω2 and ∆2 , as shown in Figure 4.2(a)
for Ω1 = 2π · 5 MHz and ∆1 = 2π · 5 MHz. As we shall see later, we require validity for a
large range of ∆2 , preferably all, so we define an Ω2,max by the maximum Ω2 for which the
ratio is below our tolerance for all ∆2 , as depicted by the red line at Ω2,max = 2π · 0.45 MHz.
Hence, for this particular Ω1 and ∆1 validity of the rate equation is guaranteed for
Ω2 ≤ Ω2,max (Ω1 , ∆1 ).

(4.44)

The straightforward next step is to plot Ω2,max (Ω1 , ∆1 ) as a function of Ω1 and ∆1 , which
is done in Figure 4.2(b), where it suffices to show only |∆1 |, because it is symmetric in ∆1 .
This figure can be interpreted as a three-dimensional volume with the height at every point
determined by its color such that any point (Ω1 , ∆1 , Ω2 ) within this volume guarantees validity
for all ∆2 , but if Ω2 is too high it will be outside this volume and the rate equation may not
be a good approximation.
We finish this section by comparing the rate equation with the exact numerical solutions of
the optical Bloch equations, as shown in Figure 4.3 for four different parameter sets with Ω1
and ∆1 as shown by the correspondingly colored X’s in Figure 4.2(b). The exact solutions are
shown as colored solid lines and the corresponding rate equation solutions as black dashed
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lines, where (a) shows the full evolution and (b)-(e) a zoom in on the short time scale for
every individual parameter set. An immediate observation is that the steady-state values of
the exact and rate equation solution match.
For the blue line we have used the parameters Ω1 = 2π · 10 MHz, Ω2 = 2π · 1.5 MHz, and
∆1 = ∆2 = 0. This ∆2 is far away from a peak value, hence we can take Ω2 higher than
Ω2,max and have the rate equation still be valid. Indeed, for these parameters we have that
τ0 ≈ 25 max{τ1 , τ2 } and the rate equation fits the exact solution well, apart from two small
deviations. The deviation at very small times occurs because the oscillation have not yet
damped out, which was expected. The deviation at intermediate times is relatively speaking
very small.
For the red line we have used the parameters Ω1 = 2π · 5 MHz, Ω2 = 2π · 0.4 MHz, ∆1 = 2π · 5
MHz, and ∆2 = 2π · −0.5 MHz, which is the same as the peak value of Figure 4.2(a). We
observe a small delay in the growth in the exact calculation of the Rydberg population, that
cannot be described by the rate equation, but after the short time scale has passed, the rate
equation matches the exact solution. This is because τ0 ≈ 5 max{τ1 , τ2 }, which is just within
our tolerance.
For the yellow line we have used the parameters Ω1 = 2π · 2 MHz, Ω2 = 2π · 0.4 MHz,
∆1 = ∆2 = 0. In this τ0 ≈ 16 max{τ1 , τ2 } for which one would expect the rate equation to
match well, but this is definitely not the case. The problem here is that Ω1 is simply too
small compared to Γe , which delays the population transfer so much on the short time scale
of τ1 = 0.4 µs. The rate equation does not account for this delay and “remains ahead” until
steady state is nearly reached. To avoid this we will only consider Ω1 > 2π · 3 MHz from now
on.
Finally, for the purple line we have used the parameters Ω1 = 2π · 10 MHz, Ω2 = 2π · 0.6
MHz, ∆1 = 2π · 8 MHz, ∆2 = 2π · −2.3 MHz, for which we only have τ0 ≈ 2.5 max{τ1 , τ2 }
as Ω2 > Ω2,max and ∆2 has the peak location value. In this case the time scales are not well
separated enough and the rate equation approximation is not valid.
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Figure 4.4: Numerical calculations of the single-atom spectra, which show the Rydberg population ρrr as a function of the second laser detuning ∆2 for various times. The solid colored
lines represent the exact numerical solutions to the optical Bloch equations, with the green
line representing steady state, and the dashed black lines representing the corresponding rate
equation solutions. From (a) to (d) we sequentially change only one parameter. We start in
(a) with the parameters Ω1 = 2π · 4 MHz, Ω2 = 2π · 0.8 MHz, and ∆1 = 0, then in (b) we
increase Ω1 to 2π · 10 MHz. In (c) we decrease Ω2 to 2π · 0.2 MHz, while in (d) we change ∆1
to 2π · 4 MHz.

4.5

Single atom spectra

An insightful approach to study a system is by measuring or calculating the spectrum. A
spectrum can be produced by varying (scanning) the laser detuning over a range of interest
across the transition frequency and measuring or calculating a certain property, while keeping
all other parameters constant. We will mainly study spectra involving the evolution of the
Rydberg state population under the effects of scanning the second laser across the chosen
Rydberg state. This will turn out to be especially useful in the two and many-atom cases
as described in the following chapters. For this reason, it is important to understand the
spectrum of a single atom, which is the goal of this section.
Apart from the second laser detuning ∆2 , we still have three other laser parameters Ω1 , Ω2 ,
and ∆1 , as well as the time t, all of which will affect the spectrum behavior. In Figure 4.4
we have selected four sets of parameters that demonstrate the most important features in
the regime where the rate equation is a good approximation. Exact solutions to the optical
Bloch solutions are shown as solid colored lines and the corresponding rate equation solution
as dashed black lines. Note that the rate equation generally matches well, except on the
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peaks for small times, especially in (a). Furthermore, the figure is made such that the green
line is taken at the time where steady state is reached (lines at later times would overlap
with this line), with the other lines depicting the evolution towards steady state after the
initial oscillations. Note that the time it takes to reach steady state depends heavily on the
parameters.
Let us start by examining (a), where the used parameters are Ω1 = 2π · 4 MHz, Ω2 = 2π · 0.8
MHz, and ∆1 = 0. This shows a simple single Lorentzian peak centered around resonance,
∆2 = 0, with increasing peak height and decreasing peak width over time. Because Ω2 is quite
high compared to Ω1 steady state is reached quickly and the rate equation approximation has
a small error for small times.
In the remaining three figures we have Ω1 > Γe and hence observe Autler-Townes splitting in
various ways, which can be explained with the help of Subsection 2.2.3. In Figure 4.4 (b) we
used the parameters Ω1 = 2π · 10 MHz, Ω2 = 2π · 0.8 MHz, and ∆1 = 0, which are the same
as (a) except with higher Ω1 , and we notice that for small times the Rydberg population will
be higher if the second laser is on resonance with either of the bright states, resulting in the
two overlapping Lorentzian peaks at ∆2 = ±Ω1 . However, as the time increases these two
peaks merge and form again a single Lorentzian peak, power-broadened with respect to (a).
Exactly the same splitting is found in (c) for small times. Here we used the parameters
Ω1 = 2π · 10 MHz, Ω2 = 2π · 0.2 MHz, and ∆1 = 0, which is the same as (b) except for lower
Ω2 . However, in this case the two peaks do not merge into a single peak as time increases, in
addition to more time being needed to reach steady state. These differences are explained in
the next section.
Finally, in (d), where we used the parameters Ω1 = 2π · 10 MHz, Ω2 = 2π · 0.2 MHz, and
∆1 = 2π · 4 MHz, which is the same as (c) except for nonzero ∆1 , we observe asymmetric
Autler-Townes splitting, which
is exactly what

 we would expect from the eigenstates. The
p
2
2
peaks are located at ∆2 = ∆1 ± Ω1 + ∆1 /2 and the peak at negative ∆2 (then the laser

has less energy and we move upwards in Figure 2.2) corresponds to |a+ i which has a larger
decomposition coefficient, which is in agreement with the observed larger peak.
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Figure 4.5: The dependence of the excitation rate γ↑ (left column) and de-excitation rate γ↓
(right column) as a function of the second laser detuning ∆2 for various other laser parameters.
In the top row Ω1 is varied, showing Autler-Townes splitting as Ω1 is increased, as well as a
dark state for low Ω1 in γ↓ . In the middle row ∆1 is varied, showing some asymmetry effects.
In the bottom row Ω2 is varied, showing Ω22 scaling. Detailed analysis in the text.

4.6

Analysis of rate equation parameters

We finish this chapter with the analysis of the three rate equation parameters γ↑ , γ↓ and ρ∞
rr ,
not only to understand the single atom better, but also because they are fundamental to the
two and many-atom rate equation models as described in Chapters 5 and 6.
We start by examining the excitation rate γ↑ and de-excitation rate γ↓ as a function of ∆2 and
for varying other laser parameters, as shown in Figure 4.5. Before we study the individual
figures, we start by observing two general properties. Firstly, because γ↑ describes absorption
into |ri, it approaches zero for large |∆2 |, corresponding to the laser being tuned to far
from resonance. On the other hand, γ↓ describes both stimulated emission and spontaneous
emission, which means that a far detuned laser will remove stimulated emission effects, but
not spontaneous emission, so γ↓ → Γr = 2π · 0.003 MHz for n = 100 as |∆2 | increases. In
particular, taking spontaneous emission to be a small perturbation,
γ↓ (Γr ) = γ↓ (0) + Γr ,

(4.45)

is a good, but also intuitive approximation. Secondly, we observe that γ↑ is a crude approximation for the spectra from Figure 4.4 at small times. This can, for example, be seen from
the Taylor expansion of rate equation solution (4.38),
ρrr (t) = γ↑ t + O(t2 ),

(4.46)

although one must keep in mind that the rate equation is not valid yet for very small times.
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Next, we discuss the individual figures. In (a) and (b) we show γ↑ and γ↓ for four different
Ω1 with Ω2 = 2π · 0.4 MHz and ∆1 = 0. Similarly to the spectra, we observe Autler-Townes
splitting into two Lorentzian peaks for Ω1 > Γe in both γ↑ and γ↓ . There is, however, a
difference between the two for lower Ω1 . In γ↑ we observe that the two Lorentzian peaks
merge into a single peak, while the stimulated emission part of γ↓ remains zero at ∆2 . This
can be explained as follows. The bright eigenstates |a± i of the Hamiltonian (2.45) have, for
Ω1  Ω2 , much more population in |gi than in |ri, as seen from
cos θ =

Ω21

Ω2
Ω1
 2
= sin θ.
2
+ Ω2
Ω1 + Ω22

(4.47)

This, in combination with the fact that |a± i also decay quickly into |a0 i (as Γe  Ω2 ), results
in the de-excitation rate γ↓ mostly describing the dark state |a0 i, because only atoms in |ri
are affected by γ↓ . However, we have already seen that for ∆2 close to zero and any ∆1
the dark state |a0 i is stable and almost equal to |ri. Hence, γ↓ must be equal to Γr , which
prevents the two peaks from merging. For the excitation rate γ↑ this does not hold, because
even for the dark state it favors the transition from |gi to |ri.
Similar reasoning can be applied to Figures (c) and (d), which show γ↑ and γ↓ for four different
∆1 with Ω1 = 2π · 10 MHz and Ω2 = 0.4 MHz. For γ↑ we observe
p that the center of the
peak moves along ∆2 = ∆1 /2, that the peak separation follows Ω21 + Ω22 + ∆21 , and that
the |a+ i peak increases in height, whereas the |a− i peak shrinks. For γ↓ we observe that it
remains zero at ∆2 = 0 because of the dark state, that the peaks follow the same positions
and separations as γ↑ , and that the peaks have equal height. This last observation cannot
be described by the analytical expressions in (2.45), which require ∆2 = 0, but it can be
explained numerically. As ∆2 is changed towards one of the peak values, the eigenvalues of
the eigenstates change such that |a0 i (which may now contain |ei) becomes near resonant
with one of the |a± i. A decomposition of |ri in these eigenstates leads to an almost zero
coefficient for the third non-resonant state, hence at either peak the decomposition coefficient
for the other |a± i state is equal and so are the de-excitation rates γ↓ .
Finally, in (e) and (f) we show γ↑ and γ↓ for four different Ω2 with Ω1 = 2π · 10 MHz and
∆1 = 2π · 2 MHz. An immediate observation is that the shape seems to be preserved and
indeed, a calculation shows that
γ↑ ∼ Ω22 ,

γ
e↓ := γ↓ − Γr ∼ Ω22 ,

(4.48)

meaning both absorption and stimulated emission scale with Ω22 , whereas the spontaneous
emission is still a small perturbation.
Next, we will consider the steady-state population ρ∞
rr , but not study it as in depth as the
(de-)excitation rates as its behavior was already shown as the green lines in the spectra of
Figure 4.4. However, in this figure there was one unanswered question about why ρ∞
rr has
a single peak for high Ω2 , but two peaks for low Ω1 . To elaborate on this, we show for
Ω1 = 2π · 10 MHz and ∆1 = 0 the rate equation parameters in Figure 4.6 as a function of ∆2
with in (a) Ω2 = 2π · 0.3 MHz and in (b) Ω2 = 2π · 0.2 MHz, which are just above and below
the transition point from two to one peak. We start by combining the scalings (4.48) with
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Figure 4.6: For Ω1 = 2π · 10 MHz and ∆1 = 0 the rate equation parameters are shown as a
function of ∆2 with in (a) Ω2 = 2π · 0.3 MHz and in (b) Ω2 = 2π · 0.23 MHz. These values are
respectively just above and below the value where ρ∞
rr = γ↑ /(γ↑ + γ↓ ) transitions from having
one to two peaks. This is caused by the spontaneous emission rate Γr not depending on Ω2 ,
so de-excitation is more dominant at lower Ω2 .
the definition of ρ∞
rr (4.39), which leads to
ρ∞
rr (Ω2 ) =

γ↑ (Ω2 )
=
γ↑ (Ω2 ) + γ
e↓ (Ω2 ) + Γr

γ↑ (Ω∗2 )
γ↑ (Ω∗2 )

+

γ
e↓ (Ω∗2 )

(Ω∗ )2
+ 22 Γr
Ω2

,

(4.49)

for some appropriately chosen Ω∗2 . Now, if Ω2 is small enough, the de-excitation rate, and
hence the numerator of ρ∞
rr , is dominated by spontaneous emission This results in it being
unfavorable to have the second laser at ∆2 = 0 as a higher population could be achieved by
tuning the laser to one of the Autler-Townes peaks to keep the population growing. On the
other hand, if Ω2 is high enough, its better to be tuned to ∆2 = 0 and the dark state can be
utilized for weaker stimulated emission.
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Now that we have good understanding of the single-atom picture and its rate equation interpretation, we can continue with the description of multiple atoms. The interactions between
atoms require us to find a simple yet accurate method to include their effects while remaining
computationally feasible. The easiest case of only considering two atoms is the topic of this
chapter. Firstly, we investigate the effects of interactions using the optical Bloch equations.
Then, we derive the local detuning approximation to simplify the effects of interactions, also
for many atoms. The next step is incorporating the local detuning approximation in the rate
equation, which lays the foundation of the many-atom rate equation model. We finish this
chapter by providing a detailed interpretation of the effects of interaction in terms of blockade
and facilitation effects.

5.1

Optical Bloch equations solutions

Using the same indexing as the vectorized single-atom density matrix ρ(1) (4.1), we define
the vectorization ρ(2) ∈ C81 of the two-atom density matrix ρ(2) = ρ(1) ⊗ ρ(1) ∈ C9×9 by
ρ(2) = ρgg,gg ρgg,ee · · ·

ρgg,rg ρee,gg · · ·

ρee,rg · · ·

ρrg,gg · · ·

ρrg,rg

T

(5.1)

The corresponding optical Bloch equations can be found from the many-atom master equation
in Lindblad form (2.19) by setting N = 2 and U = U12 = U21 . Like (4.2), these equations
form a homogeneous linear system of first-order ordinary differential equations. The matrix
for this differential equation can be split into three parts, two for describing each atom without
interaction and a third to describe the interaction part, like

d (2)  (2,1)
(2)
ρ = R
+ R(2,2) + Rint ρ(2) .
dt

(5.2)

The first two matrices R(2,1) , R(2,2) ∈ C81×81 for the first and second atom respectively, can
be expressed in the single-atom matrix R(1) ∈ C9×9 from (4.3), namely as
R(2,1)
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(1)

R11 · I · · ·
 ..
(1)
..
=R ⊗I = .
.
(1)

R91 · I · · ·


(1)
R19 · I
.. 
. 
(1)

R99 · I

(5.3)
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and




R(2,2) = I ⊗ R(1) = 

R(1)

..



.
R(1)


.

(5.4)
(2)

As the interaction Hamiltonian consists only of projections, the third matrix Rint ∈ C81×81 is
a diagonal matrix, similarly to how the detunings ∆1 and ∆2 are only found on the diagonals of
R(1) . The entries corresponding to ραr,βr and ρrα,rβ for α and β not both r (this contribution
is cancelled in the commutator) is ±U , whereas the remaining entries are zero.
The two-atom density matrix contains all the information for the combined population and
coherences. However, sometimes it is insightful to study the evolution of just one of the
atoms, without taking the state of the other into consideration. In this case we need to look
at the partial trace of the matrix elements over the other atom, defined for the first atom by
(2,1)

(2)

(2)

(2)

(5.5)

(2)

(5.6)

ραβ = ραβ,gg + ραβ,ee + ραβ,rr
and for the second atom by
(2,2)

(2)

(2)

ραβ = ρgg,αβ + ρee,αβ + ρrr,αβ

which bears similarities to summing up marginal probabilities. Note that two atoms in the
same laser fields are indistinguishable, so these partial traces are identical to each other.
(2,1)

Of most interest to us are the probability ρrr of atom 1 to be in the Rydberg state and
(2)
the probability ρrr,rr of both atoms to be in the Rydberg state, especially how they depend
on the interaction energy U and second laser detuning ∆2 , as other parameters have similar
effects as for the single atom in the previous chapter. Numerical solutions to the two-atom
(2,1)
(2)
optical Bloch equations (5.2) for ρrr and ρrr,rr with various U and ∆2 = 0 and ∆2 = 2π · 1.5
MHz for the parameters Ω1 = 2π · 4 MHz, Ω2 = 2π · 0.6 MHz, and ∆1 = 0 are shown in Figure


(2,1) 2
5.1. The dashed lines in (b) and (d) represent ρrr
. We make the following observations:
• For non-interacting atoms, i.e. U = 0 (blue lines), the dashed line overlaps with the
solid line, because the probability for two atoms to be in the Rydberg state is simply
the square of the probability for one atom to be in the Rydberg state.
(2,1)

• For ∆2 = 0 we have that as the interaction energy increases, ρrr converges to some


(2)
(2,1) 2
value just below 0.5 and ρrr,rr drops below ρrr
and converges to zero. For large
interaction energies such as U = 2π · 10 MHz only one of the two atoms can be in the
Rybderg state (with equal probability), but the additional nonzero decay rate Γr causes
the probability for one atom to be in the Rydberg state to be slightly below a half.
• Consider the yellow lines (U = 2π · 1.5 MHz) in all figures. We observe a slower growth
in (c) than in (a), while the steady-state value is actually higher. This is the important
facilitation phenomenon, initially both atoms experience a detuning ∆2 = 2π · 1.5 MHz
resulting in slower excitation, but once one of the atoms is excited, the interaction
energy pushes the energy level of the other atom exactly in resonance, ∆2 − U = 0,
(2)
allowing for easier excitation of the second atom. This can also be seen from ρrr,rr

2
(2)
(2,1)
being much higher in (d) than in (b). In fact, ρrr,rr is actually higher than ρrr
.
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(2,1)

Figure 5.1: Numerical solutions for the probability ρrr of one atom being in the Rydberg
(2)
state, in (a) and (c), and the probability ρrr,rr for both atoms to be in the Rydberg state, in
(b) and (d), for Ω1 = 2π · 4 MHz, Ω2 = 2π · 0.6 MHz, and ∆1 = 0 and various interaction
energies U . In (a) and (b) ∆2 = 0 is used, and in (c) and (d) ∆2 = 2π · 1.5 MHz. The dashed


(2,1) 2
lines in (b) and (d) represent ρrr
.
• For the other interaction energies at ∆2 = 2π · 1.5 MHz we firstly have that U = 0 and
U = 2π · 3 MHz are approximately the same, because both are 2π · 1.5 MHz away from
∆2 . Secondly, U = 2π · 0.5 MHz also shows facilitation, but much weaker, resulting in
the steady-state value in (c) not overtaking the one in (a). Thirdly, U = 2π · 10 MHz is
still too high for both atoms to be in the Rydberg state.
Facilitation is an important phenomenon because it allows us to control the excitation dynamics through the interactions in a way that generates more Rydberg atoms than non-interacting
atoms would. It is discussed in more detail, such as when it occurs, in Section 5.4.
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5.2

Local detuning approximation

In order to incorporate the effects of interactions in the rate equation as derived in 4.3, we
need to make another approximation, namely the local detuning approximation. We derive
it for the general N atom case and it entails exactly the intuitive (but technically incorrect)
representation of the Van der Waals energy shift that we have been making, which is to replace
∆2 by ∆2 − ∆loc , where ∆loc is the sum of all the interaction energies of nearby atoms.
N
3
For convenience we define the Hamiltonian H∆ ∈ L( N
i=1 C ) describing the blue laser detuning,
H∆ =

N
X
i=1

(i)

−∆2 Pr

(5.7)

N
3
With the many-atom state vectors U = u1 ⊗ · · · ⊗ uN ∈ N
i=1 C and V = v1 ⊗ · · · ⊗ vN ∈
NN
3
i=1 C we have for the single projection operator in the detuning Hamiltonian and the
double projection operators in the interaction Hamiltonian that
(i)

Pr V = r† vi V

(i)

(j)

and Pr Pr V = r† vi r† vj V,

(5.8)

as well as
U† Pr = u†i r U†
(i)

and U† Pr Pr = u†i r u†j r U† .
(i)

(j)

(5.9)

Hence, for the respective terms of these Hamiltonians in matrix elements of the commutator
with the density matrix ρ, we have
h
i
(i)
(i)
U† Pr ρ − ρPr V = (u†i r − r† vi ) U† ρV,
(5.10)

and

i
h
(i) (j)
(i) (j)
U† Pr Pr ρ − ρPr Pr V = (u†i r · u†j r − r† vi · r† vj ) U† ρV.

(5.11)

It is possible to write the second expression in terms of the first plus a residual term. To do
e = g + e for which we have the completeness
this we define the effective ground state vector g
e † w + r† w = w † g
e + w† r = 1 for any w ∈ C3 . With these we can make the following
condition g
steps
e† vj ) − r† vi · r† vj · (u†j r + u†j g
e)
u†i r · u†j r − r† vi · r† vj = u†i r · u†j r · (r† vj + g
e† vj − u†j g
e · r† vi · r† vj
= (u†i r − r† vi )(u†j r · r† vj ) + u†i r · u†j r · g

= (u†i r − r† vi )(u†j r · r† vj )

e† vj − u†i r · u†j g
e · r† vi · r† vj
+ u†i r · u†j r · r† vi · g

e † vi · g
e† vj − u†i g
e · u†j g
e · r † vi · r † v j
+ u†i r · u†j r · g

= (u†i r − r† vi )(u†j r · r† vj )

(5.12)

+ u†i r · u†j r · r† vi · (1 − r† vj ) − u†i r · (1 − u†j r) · r† vi · r† vj

e † vi · g
e† vj − u†i g
e · u†j g
e · r † vi · r † v j
+ u†i r · u†j r · g

= (u†i r − r† vi )(u†j r · r† vj ) + (u†j r − r† vj )(u†i r · r† vi )
e † vi · g
e† vj − u†i g
e · u†j g
e · r † vi · r † v j .
+ u†i r · u†j r · g
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Notice that when taking the sum of the final expression over i and j, the first two terms are
identical, because they are symmetric in i and j and so is Uij . Now, combining everything
results in the following expression for the matrix elements of the commutator,


 
N
N
X
X
1
(i) (j)
−∆2 Pr(i) +
U† [H∆ + Hint , ρ] V = U† 
Uij Pr Pr  , ρ V
2
i=1
j=1


N
N


X
X
−∆2 +
(5.13)
=
Uij u†j r · r† vj  u†i r − r† vi U† ρV
i=1

+

j=1

N


1 X
e · r† vi · r† vj U† ρV.
e · u†j g
e † vi · g
e† vj − u†i g
Uij u†i r · u†j r · g
2
i,j=1

The local detuning approximation entails the following, define the (state dependent!) local
detuning ∆loc by
∆loc =

N
X
j=1

Uij u†j r · r† vj ,

(5.14)

and neglect the second term in (5.13), then we can approximate the commutator matrix
elements by
N



X
U [H∆ + Hint , ρ] V =
− ∆2 − ∆loc u†i r − r† vi U† ρV.
†

(5.15)

i=1

The neglected term describes two-photon processes, where both atom i and j are simultaneously excited from the effective ground state to the Rydberg state or vice versa with
de-excitation. For our parameters these processes are slow, so that the term is small and the
neglection is justified.
N
3
Theorem 5.1. There exist no Hamiltonian HLD ∈ L( N
i=1 C ) that describes the local detuning approximation. That is to say, no HLD satisfies


N
N


X
X
U† [HLD , ρ] V =
− ∆2 −
Uij u†j r · r† vj  u†i r − r† vi U† ρV.
(5.16)
i=1

j=1


NN
3
Proof. Let Wk = w1 ⊗ · · · ⊗ wN wi ∈ {g, e, r} be our orthonormal basis of
i=1 C .
†
Because (5.16) only contains U ρV terms, HLD can only contain projection operators, so
HLD =

3N
X

ck Wk Wk†

(5.17)

k=1

for some coefficients ck ∈ C. The corresponding commutator matrix elements are then given
by
" 3N
#
3N


X
X
†
†
†
U [HLD , ρ] V = U
ck Wk Wk , ρ V =
ck U† Wk · Wk† ρV − Wk† V · U† ρWk . (5.18)
k=1
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Now, we examine three specific matrix elements with U and V as the basis vectors,
W1 = U1 = U2 = g ⊗ · · · ⊗ g,

W3 = U3 = V1 = r ⊗ g ⊗ · · · ⊗ g,

(5.19)

W6 = V2 = V3 = r ⊗ r ⊗ g ⊗ · · · ⊗ g,

which if (5.16) and (5.18) are equal, must satisfy
(c3 − c1 ) U†1 ρV1 = 0,

(c6 − c1 ) U†2 ρV2 = 0,

(5.20)

(c6 − c3 ) U†3 ρV3 = U12 U†3 ρV3 .
For nonzero U12 this leads to a contradiction and hence HLD does not exist.
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5.3

Combining the local detuning approximation with the rate
equation

In order to maintain the simplicity of having a single equation, the rate equation (4.40), to
describe the dynamics of the Rydberg population of a single atom, we will resort to random
sampling of the underlying probabilistic nature of the density matrix by performing Monte
Carlo simulations. We illustrate this process with the single-atom rate equation (4.40). First
perform the following steps:
1. Fix a some set of laser parameters and calculate the excitation and de-excitation rates
γ↑ and γ↓ .
2. Set the initial state of the atom, which we denote by σ and is either 0 or 1, to the
(effective) ground state, σ(0) = 0 and set t = 0.
3. Randomly generate a time step ∆t at which an excitation occurs from the exponential
distribution with parameter γ↑ , ∆t ∼ Exp(γ↑ ), as for ρeff
gg = 1 and ρrr = 0 the rate
equation reduces to ρ̇rr = γ↑ .
4. As a result of this excitation we set σ(t + ∆t) = 1 and then also set t = t + ∆t.
5. Randomly generate a new time step ∆t for the next de-excitation from the exponential
distribution, but now with parameter γ↓ , ∆t ∼ Exp(γ↓ ), and change σ back to 0 and
set t = t + ∆t.
6. Go back to step 3 and repeat until the desired stopping time.
The result is a step function σ(t) with at any time value 0 or 1, which is a single realization
of the dynamics of the Rydberg population. These steps can be repeated with new identical
initializations as in step 1 and 2, resulting in many more realizations of σ(t), each having
transitions after independent time steps. These can then be used to calculate statistical
(1)
properties such as the average Rydberg population at time t hσ(t)i = ρrr (t). While for the
single-atom rate equation, we already knew what this average would be, as we can simply
solve (4.40), this will not be the case for the many-atom calculations.
The implementation of the interactions for the two (and many) atom case is an extension of
the process above. Now we keep track of two states, σ1 (t) and σ2 (t), and adaptively change
the (de-)excitation rate of atom A to include or exclude the local detuning contribution to
∆2 when atom B enters or leaves the Rydberg state respectively. Time steps are then generated such that it preserves the statistical properties of the rate equation and the averaging
(2,1)
of the realizations leads to the average Rydberg population, hσ1 (t)i = ρrr (t), as well as the
(2)
probability for both atoms to be in the Rydberg state, hσ1 (t)σ2 (t)i = ρrr,rr (t). The exact
details of this process are described in Section 6.1 when we describe the numerical implementation of the complete Monte Carlo model, while for now it is sufficient to keep in mind that
the parameters for the rate equation are dynamic and they change within every realization
depending on the current states of the two atoms.
In Figure 5.2 we compare the exact optical Bloch equations (dash-dotted line) with the optical
Bloch equations in the local detuning approximation (black dashed line), as well as the rate
equation (solid line). For the parameters we used Ω1 = 2π · 4 MHz, Ω2 = 2π · 0.5 MHz, and
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Figure 5.2: Comparison of the exact optical Bloch equations (dash-dotted line) with the
optical Bloch equations in the local detuning approximation (black dashed line), as well as
the rate equation (solid line). Parameters are ∆2 = 2π · 1 MHz with U = 2π · 1 MHz and
U = 2π · 3 MHz and ∆2 = 2π · 3 MHz with U = 2π · 1 MHz and U = 2π · 3 MHz. For all lines
Ω1 = 2π · 4 MHz, Ω2 = 2π · 0.5 MHz, and ∆R = 0 were used.
∆R = 0 with the four combinations of ∆2 and U of 2π · 1 MHz and 2π · 3 MHz to cover the
scenarios of facilitation at two interaction energies (blue and purple) as well as a negative
(red) and positive (yellow) ∆2 − U . The first observation is that when not on resonance
(red and yellow) both the local detuning approximation and the rate equation match really
well. On resonance we notice that the local detuning approximation (dashed) is slightly below
the exact solution (dash-dotted) for the blue line, while equal for the purple line. However,
in both cases the rate equation (solid) then adds a growing positive error compared to the
local detuning approximation. For the blue line this actually puts it right back over the exact
solution, but for the purple line the error remains. The origin of this error for the rate equation
can be traced back to Figure 4.4, where we also noticed small errors at resonance peaks for
small times. The reason that here this error occurs at large times is that the rate equation
essentially resets every time a (de-)excitation occurs, because then the rates are renewed. The
consequence is that this small error builds up multiple times to form a noticeably growing
error.
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Figure 5.3: In (a) the dependence of the interaction energy U between two atoms on the interatomic distance r is shown for various principal quantum numbers n. For three interaction
energies, the distances at which they occur are shown by the dashed, dash-dotted, and dotted
lines for n = 60 and n = 100. In (b) and (c) we show for some example laser parameters the
rate equation parameters γ↑ , γ↓ , and ρ∞
rr as a function of ∆2 − ∆loc and r respectively. The
three vertical black lines correspond to the lines in (a) for n = 100. In (c) ∆2 = 2π · 3 MHz
was used, as denoted by the vertical blue line in (b).

5.4

Interpretation of two-atom interactions

Up until now we have only considered a fixed interaction energy U , but as it originates from
the Van der Waals interactions, it is also insightful to study the distance dependence. Recall
that
U=

C6
,
r6

(5.21)

with r the distance between the two atoms and C6 the Van der Waals coefficient, scaling
with n11 . In Figure 5.3(a) we show this distance dependence for three different n. Notice
for example that two atoms with n = 100 have an interaction energy of U = 2π · 1 MHz if
they are 19.6 µm apart, whereas atoms with n = 60 would have this interaction energy at
r = 7.2 µm, at which point the n = 100 atoms already have an interaction energy of 400
MHz. This strong r and n dependence gives us great control over the interactions.
For two atoms the interaction energy simply relates to the local detuning as U = ~∆loc , so
we retrieve the following transformation between r and ∆loc ,

1/6
C6
C6
~∆loc = 6
⇒ r=
.
(5.22)
r
~∆loc
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This in combination with the replacement of ∆2 by ∆2 − ∆loc in the rate equation parameters
produces Figures 5.3(b) and (c) for some example laser parameters. These are very important
in understanding not only two-atom interactions, but also the many-atom case in the next
chapter, so let us describe them in detail.
In essence (b) is the same as the blue lines in Figures 4.5(a) and (b), but the interpretation
is different, because the x-axis is no longer fixed to a ∆2 , but now depends on whether the
other atom is in the Rydberg state or not, or stated differently, whether we need to subtract
∆loc or not (which itself depends on the distance). Now, suppose we set ∆2 to some positive
value, say 2π · 3 MHz as denoted in (b) by the vertical blue line. Both atoms have a small γ↑
so it might take some time before the first excitation occurs. (Note that this is also the value
for r → ∞ in (c), which is simply two non-interacting atoms and is therefore identical to the
single-atom case.) However, once the first atom enters the Rydberg state, the other atom
will experience a nonzero ∆loc . If this local detuning also happens to be 2π · 3 MHz, then the
second atom is suddenly at resonance, ∆2 − ∆loc = 0, and has a high γ↑ and low γ↓ , resulting
in quick facilitated excitation and a high survival probability ρ∞
rr . The distance at which this
happens is for n = 100 equal to 16.3 µm as shown by the position of the peak in (c). Now, if
the atom is further away, say 19.6 µm, as denoted by the dotted line, the interaction energy
is only 2π · 1 MHz, so that ∆2 − ∆loc = 2π · 2 MHz, which again has a low excitation rate γ↑ .
Similarly, if the atom is closer, say 15.0 µm as denoted by the dashed line, the interaction
energy is 2π · 5 MHz, so that ∆2 − ∆loc = 2π · −2 MHz, which also has a low γ↑ .
Let us go back to the resonance case ∆2 − ∆loc = 0, where one atom has just excited to
the Rydberg state. The second atom will soon also be excited because of the high γ↑ and
the first atom will consequently also be shifted into resonance. As a result, both atoms no
longer experience the high γ↓ at 2π · 3 MHz, but the low γ↓ at 0 MHz. In fact, if Γr were
zero (non-decaying Rydberg state), γ↓ would be zero at resonance and the two atoms would
effectively lock each other in the Rydberg state. But because it small, the survival probability
ρ∞
rr is just below 1.
We end this chapter by defining and discussing two characteristic distances, the facilitation
radius rfac and the blockade radius rbl , which is done with Figure 5.4, which the same as
Figures 5.3(b) and (c), but it also shows the ∆2 dependence. The facilitation radius is defined
as the distance at which an atom experiences a local detuning ∆loc equal to the difference
∆2 − ∆peak . In Figure 5.4(a) we observe that rfac = 15 µm for ∆2 = 2π · 5 MHz (dash-dotted
line). Naturally, the facilitation radius rfac can only be defined for ∆2 > ∆peak as only then
facilitation occurs. Note from Figure 5.4(c) that this distance is also the locking distance as
both the maximum of γ↑ and the minimum of γ↓ are at ∆2 = 0, but this need not be true in
case of ∆1 6= 0 or Ω1 & Γe . In the latter case with ∆1 = 0 there even exist two γ↑ peaks, in
which case we will see that the right peak (with the larger definition of rfac ) is dominant in
the many-atom case.
The second distance, the blockade distance rbl can for all ∆2 be defined as the distance at
which γ↑ is small relative to its maximum value, e.g. 10%. At distances smaller than such a
blockade radius rbl excitation is unlikely compared to the dominant process. In the facilitation
regime, ∆2 > ∆peak the maximum is determined by ∆peak , such as rbl = 14 µm for ∆2 = 2π ·5
MHz (dashed line), whereas in the blockade regime, ∆2 < ∆peak the maximum is determined
by ∆2 , such as rbl = 16.5 µm for ∆2 = 2π · −2 MHz (dotted line).
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Figure 5.4: The dependence of the excitation rate γ↑ and the steady state Rydberg population
ρ∞
rr as a function of the two-atom distance r on the second laser ∆2 in (a) and (b) respectively
for n = 100, ∆1 = 0, Ω1 = 2π·4 MHz, and Ω2 = 2π·0.6 MHz. Also depicted are the facilitation
radius rfac (dash-dotted line) and facilitation peak width δrfac for the highest ∆2 , and the
blockade radius rbl for the highest ∆2 (dashed line) and lowest ∆2 (dotted line).
However, it is crucial to realize that both the facilitation radius rfac and blockade radius rbl
as defined here are defined only for the two-atom case. In general, many Rydberg atoms
contribute to the local detuning of every atom. Consider for example two Rydberg atoms
slightly further than 2rbl apart, then an atom exactly in the center would be outside both
blockade radii and one would expect excitation to be somewhat likely, but because interactions
of both atom must be taken into account the local detuning is actually so big that excitation is
very unlikely. The presence of facilitation adds even another layer of complexity as the peaks
may be moved or even disappear depending on other nearby atoms. As we shall see in the next
chapter, we still observe facilitation and blockade radii in the spatial correlation functions,
but these will be slightly to moderately different from the two-atom distances defined here.
A description that does work is the original description in terms of the local detuning ∆loc ,
because this is simply the quantity that determines which value of the excitation rate γ↑
every atom has. In the facilitation regime we can define ∆fac as the local detuning for which
∆2 −∆fac = ∆peak , which will be utilized a lot in the understanding of the many-atom system.
Related quantities are the peak width of γ↑ both in terms of distance, δrfac (also shown in
Figure 5.4(a)), and in terms of detuning, δ∆peak , which determine how thick or thin the shell
in which facilitation occurs is.
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With the theoretical description of the single atom in Chapter 4 and the theoretical description of the interactions in Chapter 5, we have all the necessary tools to tackle the many-atom
problem. Firstly, the previously introduced Monte Carlo model is explained and implemented
numerically, also briefly discussing its validity. Furthermore, the analysis methods for gathering results from the Monte Carlo model are introduced. The knowledge of the previous
chapters is then used to provide an intuitive understanding of the many-body excitation dynamics, as well as qualitatively predicting how this affects the analysis methods. Subsequently,
we discuss all the numerical results regarding general quasi-one- and quasi-two-dimensional
systems, but we also introduce possible modifications to the Monte Carlo model for the description of more specific systems.

6.1

Monte Carlo model description

Let us give a formal definition of the Monte Carlo model, as introduced in the previous
chapter, but now for the many-atom case. Before we describe the steps in the simulation
process, we first give some definitions. Define for every atom i = 1, . . . , N the states σi ,
(
1 Atom i in Rydberg state,
σi =
(6.1)
0 Atom i not in Rydberg state,
which can be combined in an N -atom state vector σ, defined by
σ = {σ1 , . . . , σN }.

(6.2)

We also define the state vector σ i with flipped atom i by
σ i = {σ1 , . . . , 1 − σi , . . . , σN }.

(6.3)

In accordance to the local detuning approximation, every atom experiences a local detuning
∆loc,i , given by
∆loc,i =

N
X

σj Uij ,

(6.4)

j=1

and a corresponding effective detuning ∆i , defined by
∆i = ∆2 − ∆loc,i .

(6.5)
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Next, we want to define a rate of change γi for every atom, which should be equal to γ↓ if
it atom i is in the Rydberg state (σi = 1) and γ↑ if it is not (σi = 0), while also taking into
account its effective detuning. This leads to the definition
γi (∆i , σi ) = (1 − σi )γ↑ (∆i ) + σi γ↓ (∆i ),

(6.6)

where we, like before, replaced ∆2 by the effective detuning ∆i in the rate equation parameters. Let pσ (t) be the probability to be in state σ at time t, then it changes over time as
N

N

i=1

i=1

X
X
dpσ
=−
γi (∆i , σi )pσ +
γi (∆i , 1 − σi )pσi ,
dt

(6.7)

where the first and second sum characterize single flip transitions out of σ (negative sign)
and into σ (positive sign) respectively, each proportional to the probability of being in the
original state. With the Monte Carlo approach we aim to study the statistical properties of
pσ (t) by simulating and averaging many outcomes of this differential equation.
Numerical implementation
Let us now describe a single simulation of the many that will be used in the statistical
averaging. The first step is to define an excitation volume V ⊂ R3 , which is the volume
wherein atoms are able to be excited to the Rydberg state. Realistically, laser fields tend
to have Gaussian intensity profiles, but more simplicity we start by assuming they are are
constant inside a box of Lx by Ly by Lz and zero outside. The excitation volume V is then
defined by

(6.8)
V = ~r = (x, y, z) ∈ R3 |x| < Lx /2, |y| < Ly /2, |z| < Lz /2 .

Next we generate the particle positions of N atoms inside V , which will depend on what
type of system one wants to study. Here, in accordance to the related experiment, we limit
ourselves to the magneto-optical trap (MOT), which can be represented by some random
ensemble of atoms in a three-dimensional Gaussian distribution with peak density ρ0 . To
keep things simple, we employ two approximations. Firstly, we assume that the excitation
volume (as defined by the intersection of the red and blue laser) is centered around the center
of the MOT and is also small compared to the MOT size. If that is the case, the excitation
volume is simply a uniformly distributed cloud of atoms with density ρ0 . Secondly, we assume
that the atoms stand still during the entire simulation. This is harder to justify, but with
a temperature of a few µK, the atoms move only slightly during our simulation times of a
few tens of µs. Because we are already employing Monte Carlo averaging, it is sufficient to
randomly generate N fixed atom positions for every run as an approximation for the random
distribution of atoms.
A huge computation-time saving advantage of the frozen gas approximation is that we can
preemptively calculate and store the Rydberg interaction energies Uij for every pair of atoms,
Uij =
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In similar fashion, we can also preemptively calculate and store (a part of) the rate equation
parameters γ↑ and γ↓ , having quite long expressions. This is possible because they both can
be written as a fraction
a0 + a1 ∆2 + a2 ∆22
,
b0 + b1 ∆2 + b2 ∆22 + b3 ∆32 + b4 ∆42

(6.10)

which separates the ∆2 dependence from the other laser parameters and spontaneous emission
rates. The coefficients ak and bk can be precalculated, whereas the ∆2 can be replaced by
the changing ∆i whenever necessary.
The last initialization step is setting the time to t = 0 and the initial state vector to
σ(0) = {0, . . . , 0},

(6.11)

then we enter the following iteration loop until we reach our desired end time tmax :
P
1. Calculate for every atom the local detuning ∆loc,i = N
j=1 σj Uij and the effective detuning ∆i = ∆2 − ∆loc,i .
2. Calculate for every atom the rate of change γi (∆i , σi ) = (1 − σi )γ↑ (∆i ) + σi γ↓ (∆i ) as
P
well as the total rate γtot = N
i=1 γi .

3. Generate a random time step ∆t from ∆t ∼ Exp(γtot ) at which the next transition will
occur.
4. Randomly select an atom k, properly weighted with the γi ’s, which atom will undergo
the transition.
5. At time t + ∆t, change the state vector to σ(t + ∆t) = σ k (t), and go back to step 1
with the new time t + ∆t.
Data acquisition occurs independently from this iteration loop. At preselected times we
save the quantities such as the number of Rydberg atoms and the positions of the Rydberg
atoms, and because of the memoryless property of the exponential distribution, we can simply
generate a new time at which a transition occurs. The advantages are that we can more easily
compare the different runs, but also that we save computation time and memory. A new run
starts (or is run in parallel) by generating a new set of particles and going through the
initialization and iteration loop again.
Validity
Finally we briefly discuss the validity of the many-atom Monte Carlo model. Recall from
Section 4.4 that the single-atom rate equation has two validity conditions,
(
t  τ1 ,
(6.12)
τ0  max{τ1 , τ2 },
where the second condition has been translated to a condition on the laser parameters,
Ω2 < Ω2,max (Ω1 , ∆1 ),

(6.13)
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with Ω2,max (Ω1 , ∆1 ) as shown in Figure 4.2. Now we will show that the first condition is
covered by the second condition in the Monte Carlo model. Note that the time t in the rate
equation setting is not the time t in a Monte Carlo simulation. This is a result from the fact
that the local detunings change whenever an atom is (de-)excited and then the other atoms
may experience the short time scale oscillations again (which is the same reason as for the
increasing error in the two-atom rate equation in Figure 5.2). Instead, the first condition
must be interpreted as a requirement of excitations being some time apart, which can be
characterized as
min{τ↑ , τ↓ }  τ1 ,

(6.14)

where τl = 1/γl and by taking the minimum is we ensure that both excitations and deexcitations are included in the same condition. Because we have
max{γ↑ , γ↓ } ≤ γ↑ + γ↓ ≈ µ0

⇒

τ0 ≤ min{τ↑ , τ↓ },

(6.15)

and
τ1 ≤ max{τ1 , τ2 },

(6.16)

it follows that
τ1
max{τ1 , τ2 }
≤
.
min{τ↑ , τ↓ }
τ0

(6.17)

This inequality shows that when the second condition is satisfied and the right ratio is below
some tolerance, the left ratio is too and the first condition is therefore also satisfied.
Besides the validity of the single-atom rate equation, we must also check the validity of
the local detuning approximation applied to many atoms. We expect the local detuning
approximation itself not to change in the many-atom case, because every atom is only lacking
the same matrix elements as in the two-atom case, which for any value of the local detuning
only caused a very small error. On the contrary, in the two-atom case the combination of the
local detuning approximation in the Monte Carlo interpretation of the rate equation did have
an increasing error over time in cases where the difference between the local detuning and
laser detuning was zero, ∆loc = ∆2 , at higher values of ∆loc . However, in the many-atom case
many transitions will occur, especially when an atom is in this resonant case, resulting in a
change of the local detunings of all nearby atoms. Consequently, the time that an individual
atom experiences this resonance behavior is small and the error does not have time to grow,
unlike the two-atom case where both atoms remained on resonance.
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6.2

Analysis methods

In this section we describe three methods that will be used to analyze the results from the
Monte Carlo model, namely via the Mandel Q parameter, spectra, and spatial correlation
functions.

Mandel Q parameter
The Mandel Q parameter is defined as the normalized variance of a stochastic variable, in
our case the number of Rydberg atoms NRyd ,
Q=

2 i − hN
2
hNRyd
h(NRyd − hNRyd i)2 i − hNRyd i
Ryd i
=
− 1.
hNRyd i
hNRyd i

(6.18)

In the case of Q = 0, we have that h(NRyd − hNRyd i)2 i = hNRyd i, which is a property of
the Poisson distribution. The minimal value is given by Q = −1, which occurs when NRyd
2
2 i = hN
is always a fixed number, without any fluctuations, hNRyd
Ryd i . If −1 ≤ Q < 0 the
distribution of NRyd is called sub-Poissonian, and if Q > 0 the distribution of NRyd is called
super-Poissonian. These regimes describe effects where the fluctuations are lower, respectively
higher, than the Poisson distribution, and both will be present in the results through different
mechanisms. We will discuss it hand in hand with the average number of Rydberg atoms
hNRyd i as a function of time.
Spectra
Similar to the spectra from Section 4.5, we run the Monte Carlo simulations for a fixed set
of laser parameters, but vary the second laser detuning ∆2 over a certain range. This means
that for each ∆2 we perform statistical averaging over a few thousand runs to obtain a good
approximation for hNRyd i (as function of time) and plot these against ∆2 .
Spatial correlation functions
Spatial correlation functions can be derived from the density of Rydberg atoms ρRyd (~r, t).
However, through Monte Carlo simulations we cannot find an expression for ρRyd (~r, t), only
estimated ensemble averages like hρRyd (~r, t)i taken at discrete times t with the number of
Rydberg atoms divided into positional bins, as in a histogram. With enough simulations,
these approximations are still able to give practical results.
Of most interest is the second-order correlation function, which is a measure for the correlations in the distances between two Rydberg atoms. For example, because of the dipole
blockade we do not expect any pair of Rydberg atoms with a separation far below the facilitation radius. Furthermore, to be in line with the experiment [57], we consider a projection
of the three-dimensional volume V onto a two-dimensional detection screen, Here we make
the assumption that the atoms are projected orthogonally, meaning the x and y positions are
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unaffected and the 2D separation is given in terms of R =
projected second order correlation function is as follows.

p
x2 + y 2 . The derivation of the

Consider the 3D probability density function of simultaneously finding two Rydberg atoms
~ at time t,
at the positions ~r and ~r + R
~ t),
ρRyd (~r, t)ρRyd (~r + R,

(6.19)

~ t) of finding
which can be integrated over ~r to find the probability density function p3D (R,
~
two Rydberg excitations a vector R = R er + ϕ eϕ + z ez apart at time t,
Z
~ t) d3~r.
~
ρRyd (~r, t)ρRyd (~r + R,
(6.20)
p3D (R, t) =
V

The 2D projection of this is given by
Z Rz /2 Z 2π
~ t) R dϕ dz,
p3D (R,
p(R, t) =
−Rz /2

(6.21)

0

from which the second order correlation function G(2) (r, t) is defined by simply taking its
ensemble average,
Z Rz /2 Z 2π Z
(2)
~ t)iR d3~r dϕ dz.
G (R, t) = hp(R, t)i =
hρRyd (~r, t)ρRyd (~r + R,
(6.22)
−Rz /2

0

V

(2)

It can be normalized by defining Gnor (R, t) as
Z Rz Z 2π Z
(2)
~ t)iR d3~r dϕ dz,
hρRyd (~r, t)ihρRyd (~r + R,
Gnor (R, t) =
−Rz

0

(6.23)

V

resulting in the definition of the normalized second order correlation function g (2) (R, t),
g (2) (R, t) =

G(2) (R, t)
(2)

Gnor (R, t)

.

(6.24)

The interpretation of g (2) (R, t) is as follows. For uncorrelated atoms we have the factorization
~ t)i into hρRyd (~r, t)ihρRyd (~r + R,
~ t)i and g (2) (R, t) = 1. If g (2) (R, t) > 1,
of hρRyd (~r, t)ρRyd (~r + R,
then atoms are more likely to be separated a distance R than uncorrelated (non-interacting)
atoms, whereas for g (2) (R, t) < 1 atoms are less likely to be separated by R than uncorrelated
atoms. And if g (2) (R, t) = 0, then atoms are never separated by a distance R. It is important
to not confuse the correlation function g (2) with a probability distribution, which can easily
be seen from the fact that the normalization is pointwise in R and not over all R. The
difference lies in that g (2) give us the likelihood of finding atoms a distance R apart compared
to uncorrelated atoms, not the probability of simply finding atoms a distance R apart. It is
also different from γ↑ and γ↓ in that it also incorporates many-body interactions, the time
evolution of the system, and system boundary effects.
Numerically we do not have to deal with the integrals in the definitions of G(2) (R, t) and
(2)
Gnor (R, t). G(2) (R, t) is simply found by binning the distances between the Rydberg atoms in
(2)
a single run at time t and then adding all the histograms together, while Gnor (R, t) is found
by binning the distances between all the Rydberg atoms in all runs (which are of course
independent and uncorrelated) at time t.
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Figure 6.1: Schematic representation of the seeding and facilitation processes in an initially
empty system, where all ground state atoms (yellow dots) experience a local detuning equal
to the second laser detuning ∆2 (blue background). Once one atom is excited to the Rydberg
state (green dot) it interacts with nearby atoms either by blocking (red) or facilitating their
excitation. Depending randomly on the distribution of atoms as well as the rates, the next
excitation can either by facilitated (top) or be a new seed (bottom).

6.3

Intuition and predictions

Naturally, it is impossible to predict exactly what will happen in every simulation, but there
are some situations that can be described in a general sense by using all the single-atom and
two-atom knowledge we have gathered so far. In this section, we discuss the initial system
evolution, which is relatively simple for only a few Rydberg atoms, the system growth, in
particular the constraints for the filling of a system with Rydberg atoms, and many-atom
locking mechanisms, similar to the two-atom locking. These discussions will then help us to
form predictions for the analysis methods derived in the previous section.
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Figure 6.2: A toy model for the excitation rate γ↑ (r) that serves as an intuitive explanation for
the excitation dynamics. In the blockade regime no excitations happen within the blockade
radius rbl , whereas outside the blockade radius all atoms have a constant excitation rate
γ↑ (∆2 ) governed by the second laser detuning. In the facilitation regime there is an additional
shell of width δrfac around the facilitation radius rfac in which excitations occur at a much
faster rate γ↑ (∆peak ). Note that in general γ↑ (∆2 ) need not be the same for both regimes.

6.3.1

Initial system evolution

We explain the initial system evolution with the help of Figure 6.1, where at t = 0 all N
atoms are ground state atoms, as depicted by the yellow dots, and the number of Rydberg
atoms is zero as in the left figure. Because there are no interactions present yet, all atoms
experience the same local detuning equal to the second laser detuning ∆2 , as depicted by the
blue background. As a result, the total rate is simply given by γtot = N γ↑ (∆2 ) and the time
until the first excitation is randomly distributed by the exponential distribution Exp(γtot ),
with each atom having equal probability to become the first Rydberg atom. In the middle
figure we have shown one possibility for an atom entering the Rydberg state, as depicted by
the green dot. The next step will either be the excitation of another atom or the de-excitation
of the first Rydberg atom. The latter occurs with a rate γ↓ (∆2 ) (recall that Rydberg atoms
do not interact with themselves), but is not interesting as it will bring us back to the initial
state, in which the only possibility is a new first excitation. Hence, we assume that another
excitation will occur.
With the presence of the first Rydberg atom, every other atom now has their own excitation
rate γ↑ (∆i ) depending on its distance from that Rydberg atom. Besides the fact that most
∆i are different, we must also consider that the shape of γ↑ depends heavily on the laser
parameters, which as a reminder can be seen in the upcoming Figure 6.3. It is unfeasible
to describe every possible scenario, so we restrict us to a simple toy model considering only
two cases as shown in Figure 6.2. The first case describes a blockade regime, in which no
excitations can occur within a sphere with blockade radius rbl and excitations occur with a
non-interacting rate γ↑ (∆2 ) outside that sphere. The second case describes the facilitation
regime, in which we have the same blockade sphere, but now there is an additional shell of
width δrfac in which excitations occur with rate γ↑ (∆peak ). Note that in general γ↑ (∆2 ) need
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not be the same for both regimes. While this is not quantitatively accurate, it does present
a qualitative understanding, which is the aim of this section.
In Figure 6.1 we have shown the second case with the blockade regime shown in red and the
facilitation regime shown in green. However, let us start by examining the simpler blockade
only case for which the green ring should be regarded as also blue. In this case the total rate
(assuming an excitation) is γtot = Nnon γ↑ (∆2 ), where the amount of non-interacting atoms
Nnon is simply N minus the amount of atoms in the blockade volume of the first Rydberg atom.
In this toy model every atom has the same probability to be the next excitation with one
outcome shown in the bottom right. From here there is a rate 2γ↓ (∆2 ) to return to a NRyd = 1
situation and a rate Nnon γ↑ (∆2 ) to change to a system with NRyd = 3, although Nnon is now
lower than it was before. Excitations and de-excitations will always keep occurring, but after
some time the system will only evolve around its steady-state expectation value hNRyd i at
which the rates Nnon γ↑ (∆2 ) and NRyd γ↓ (∆2 ) are about equal. Note that this value cannot
be easily determined, because Rydberg atoms near the boundaries exclude less atoms than
those further away from a boundary, see for example the detailed description by Gärttner et
al. [72].
Next, let us discuss the facilitative regime as actually depicted in the figure. It is now necessary
to count two types of atoms, namely the Nfac atoms in the green facilitative shell and the
Nnon atoms in the blue non-interacting volume, which both have a different rate depending
on ∆peak and ∆2 respectively. The facilitative excitation rate is Nfac γ↑ (∆peak ) and leads to
the top right figure, whereas the seeding excitation rate, i.e. the rate to excite a Rydberg
atom far away that in the following step may also induce facilitation, is given by Nnon γ↑ (∆2 )
and leads to the bottom right figure again. The ratio between this rate depends on a lot
of factors. Firstly, the simplest way to change the ratio is to vary ∆2 , as a larger ∆2 will
decrease the seeding rate, but not the facilitation rate with its fixed ∆peak . Secondly, other
laser parameter can change the shape of γ↑ such that both γ↑ (∆peak ) and γ↑ (∆2 ) change.
Thirdly, by changing the principal quantum number n the facilitation radius rfac changes and
with it also the facilitation shell volume. And lastly, varying the system size can result in
a change of Nfac and Nnon . For example, halving the system size, as depicted by the black
dashed line, more than halves Nnon , while for a Rydberg atom away from the boundary Nfac
is unaffected.
Once a second excitation has occurred, there are many possibilities for the next step. One
of the Rydberg atoms may de-excite with a rate depending on if it has a facilitation partner
(2γ↓ (∆peak )) or if it is non-interacting (2γ↓ (∆2 )). Similarly, the rates for a third excitation
depend on whether the second atom was facilitated or a seed as this influences the new Nfac
and Nnon as well as depending on boundary effects. We observe that even for a few Rydberg
excitations there a huge amount of possibilities, and this is only in this simple toy model.
In general the distinction between facilitation and seeding can not be made and the system
must be regarded as a gigantic Markov process that depends on the many system and laser
parameters. However, while Monte Carlo simulations can only give us results in averages and
variances and we are never guaranteed a specific outcome, the results will show a general
trend in behavior such as the difference between a facilitation and blockade regime.
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6.3.2

System growth

Apart from the analysis on the initial evolution, it is also possible to describe some characteristics of intermediate evolution, in particular the distinction between the blockade and
facilitation regime. In the former, there are only two possibilities, either an atom is blockaded
by a nearby Rydberg atom, or it is non-interacting and can be excited. As the excitation
probability for every excitable atom is the same, the system will fill itself with Rydberg atoms
in a disordered manner. Whenever a de-excitation occurs, it is possible that the same atom
will be excited again, but in many cases it is more probable that another nearby atom will be
excited instead, which then blockades the re-excitation of the original atom. The filling of a
system in the blockader regime can thus be regarded as “from the outside inwards”, random
atoms will be excited all over the system volume and the gaps will randomly be filled as time
increases.
The facilitation regime can, on the other hand, be regarded as filling “from the inside outwards”. After an initial seed and if Nfac γ↑ (∆peak )  Nnon γ↑ (∆2 ) it is much more likely that
following excitations are facilitated, which in turn facilitate more excitations. A cluster will
form and expand throughout the system. Bear in mind that it always possible that another,
or multiple, seed(s) will be excited, in which case multiple clusters will form and eventually
merge. This is especially important when scaling the system. Doubling the system size in a
blockade regime, will approximately double the excitation rate, but it will also take approximately twice the amount of excitations to fill a system. In the facilitation regime, however,
there is for example the possibility that one cluster forms in the top left corner and another
in the bottom right corner, and that both clusters can expand to empty areas in the other
cluster’s half, because it could have expanded more into other directions. Such a scenario does
not always happen, but one can expect that on average the system will fill at least slightly
faster than twice as long.

6.3.3

Locking mechanisms

So far we have mostly focused on excitations instead of de-excitations, because they are
the dominant process whenever Nfac , Nnon  NRyd , i.e. when systems are not filled yet,
and the occasional de-excitation does not disrupt any of the behaviors we have described.
However, in nearly-filled systems it is helpful to examine what effects de-excitation can have.
An interesting question is in regard to an observation of the two-atom system in Chapter 5,
which is shown again in Figure 6.3(a). Here we observed that if two Rydberg atoms are at a
distance such that (∆i =)∆2 − ∆loc = 0, their de-excitation rates are nearly zero (apart from
spontaneous emission with rate Γr ) and they effectively lock each other in the Rydberg state.
The question becomes, how does this locking mechanism generalize to the many-atom case?
This is most easily explained with a simple one-dimensional situation. Suppose that three
Rydberg atoms on a line are separated by rfac , then the outer atoms both experience a local
detuning of ∆fac (technically (1 + 2−6 ) · ∆fac ), whereas the center atom actually experiences
a local detuning of 2∆fac . Unlike the two-atom case, it matters less if one of the outer atoms
de-excites, because it then will still experience a fast excitation rate γ↑ (∆peak ) to be excited
again. Instead, we would favor a situation in which the center atom is unlikely to de-excite,
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Figure 6.3: The dependence of the excitation rate γ↑ and de-excitation rate γ↓ on the atom
specific detuning ∆i for ∆1 = 0 in (a) and ∆1 = 2π · −2 MHz in (b). The facilitation detuning
∆fac is depicted by the dashed line, which in (a) corresponds with the minimum of γ↓ . Hence
for any ∆2 , as depicted by the vertical blue line, an atom at twice the facilitation interaction
energy (dash-dotted line) has a high γ↓ . For non-zero ∆1 , ∆fac is shifted, which makes it
possible for ∆2 to be chosen such that γ↓ now has its minimum at twice the facilitation
energy, which would lock an atom in the Rydberg state if it has two neighbors at ±rfac .

∆2 − 2∆fac = 0. This is only possible if γ↑ is asymmetric with ∆fac > 0, which is most easily
attained if ∆1 < 0 as observed in Figure 4.5(d).
One possibility to achieve locking could be to choose ∆1 and ∆2 precisely so that ∆2 −
2∆fac = 0, but that is not necessary. From Figure 4.5(d) we also observe that the dark
state requirement at ∆2 results in a larger range of small γ↓ as ∆1 increases. Consequently,
there is not a single ∆locking , but a range, which is actually preferred, because oftentimes an
excitation does not occur exactly at ∆fac , but slightly around it because of the peak width
δ∆peak . Another advantage is that increasing |∆1 | decreases this δ∆peak , already resulting
in more precisely located. The big disadvantage of very large ∆1 is when a de-excitation
occurs through spontaneous emission, because γ↑ will be very low in this range of negative
∆2 resulting in a gap in the crystal that is unlikely to be restored.
In a two-dimensional system this locking mechanism is harder to describe. Consider for
example perfect hexagonal and cubic Rydberg lattices with spacing rfac . In the former every
atom experiences a local detuning of 6∆fac , but in the latter only 4.5∆fac . That is even under
the assumption that either lattice will form, while from the top right of Figure 6.1 we can
estimate that every atom in a racetrack-like shape is equally likely to excite, so there is no
intrinsic two-dimensional lattice formation. Finally, even if such a lattice would occur, it
would still take 6+, respectively 4+, additional excitations to have an atom surrounded by
all neighbors in the hexagonal and cubic lattice, while in the meantime de-excitations can
always occur. However, these arguments may not totally cancel the benefit of negative ∆1
and having the minimum of γ↓ to the left of the peak γ↑ .
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6.3.4

Analysis methods predictions

Straightforward predictions for the Mandel Q parameter include the initial and asymptotic
behavior. Initially, all atoms are in the ground state and we simply have Q = 0, whereas
asymptotically the system is often filled with Rydberg atoms blockading more excitations so
NRyd cannot increase by much. On the other hand, a decrease results in a sudden increase
in Nfac and/or Nnon , so that an excitation is likely to occur and the system is filled again.
Hence, the fluctuations are small and Q will be negative, i.e. the distribution of NRyd is
sub-Poissonian. In particular, the results by Sanders et al. [73] predict that the asymptotic
value of Q only depends on the average number of atoms in a blockade volume, which in turn
depends on the blockade radius rbl (depending on n, ∆2 , and the shape of γ↑ (∆2 )) and system
boundaries (reducing the amount of atoms around a Rydberg atom near the boundary). Q
will get closer to the minimal value Q = −1 as the average amount of atoms in a blockade
volume increases.
The intermediate evolution of Q is expected to depend on ∆2 . In the facilitative regime
there are scenarios when for small times no excitations have occurred because γ↑ (∆2 ) is low,
but in the scenarios where an excitation does occur, it will immediately facilitate multiple
more excitations. In this case the fluctuations are high, so that Q is positive for some time
and NRyd is super-Poissonian. For large times most scenarios will have had an excitation
and cluster will start to merge, resulting in a decrease of Q towards its negative steady-state
value. In the blockaded regime, however, we expect that Q will immediately start decreasing
from 0 to its negative steady-state value, because the excitation rate will only become smaller
as the system fills up and there is no mechanism to induce fluctuations.
A prediction for the spectra can be formed as follows. For small times the spectrum can
simply be approximated by the single-atom excitation rate γ↑ as there are no, or in large
systems very little, interactions yet. Then as time increases, facilitation will become more
and more dominant for ∆2 > ∆fac as the number of possible seeds decreases, whereas for
∆2 < ∆fac the growth will quickly become stagnant. For this reason, we expect that in time
the peak of the spectrum, i.e. at which ∆2 the average number of Rydberg atoms is highest,
will move from ∆fac to higher values, possibly to values where γ↑ (∆2 ) is extremely low. In
such a scenario the first excitation will take a very long time, but once it occurs, it will become
a very quickly growing cluster through facilitation.
A similar distinction can be made for the spatial correlation function g (2) (R, t). The blockade
effect will be visible in either case, with in an ideal scenario g (2) (R, t) = 0 for all R < rb .
Furthermore, we expect the correlations to vanish for very large distances, g (2) (R, t) → 1 as
R → ∞. Around intermediate distances we expect in the facilitation regime, ∆2 > ∆fac , to
see a peak around R = rfac , possibly with more peaks around multiples of rfac if facilitation
is very dominant. This additionally means that excitations in between multiples of rfac are
less likely than uncorrelated atoms, i.e. g (2) (R, t) < 1. Note that the peaks will often occur
at slightly higher values than rfac as facilitation in the many-atom case is not strongest at a
distance rfac from a Rydberg atom, but instead in areas where the local detuning is equal to
∆fac , which is affected by all nearby Rydberg atoms.
n the deeply blockaded regime, ∆2  ∆peak , one might think that there are no distances R
where g (2) (R, t) > 1, because there are no excitation inducing interactions. While this can be
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true for small times t for partially filled systems, another factor plays a role for large times
t when the system is filled. In the blockade regime there will initially always be suboptimal
packing, but sometimes when a de-excitation occurs it may make place for two new, better
fitting Rydberg atoms. This does not always need to happen, but it can be expected to
happen often enough that it is slightly more likely for excitations to be just outside their
many-atom (not two-atom) blockade radius rbl and g (2) (R, t) will show a bump at those R
for large enough t. Note that this process will not cause g (2) to drop below below 1 after this
bump.
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6.4

Results

In this section we present the results of numerical simulations as described in Section 6.1
through each of the analysis methods as defined in Section 6.2. Because of the large amount
of parameters, it is impossible to discuss every possibility, and instead we focus on varying
one parameter at a time over a range of interest, while keeping others at a standard value. In
almost all cases the outcome of changing multiple parameters can be qualitatively predicted
by taking into account the effects of each individual parameter. Unless noted otherwise, the
standard parameters used in this section are given by:
• n = 100: This is an experimentally easily accessible state with very strong interactions
and a long lifetime.
• ρ0 = 1 · 1010 cm−3 : This is a typical density for a magneto-optical trap.
• Ω1 = 2π · 4 MHz: This is the largest Ω1 for which Autler-Townes splitting does not
occur, resulting in a broad single peak γ↑ , which is easier to describe theoretically, but
also favorable for many of the results.
• Ω2 = 2π · 0.6: This value allows for the quickest population transfer that is still valid
in a range of ∆1 . Advantages include relatively weaker spontaneous emission of the
Rydberg state, more accurate description of the frozen gas approximation, and reduced
simulations times.
• ∆1 = 0: Even though non-zero ∆1 is the origin of the locking mechanism, we will
observe that the effects are rather minor, and the theoretical description with ∆1 = 0
is much simpler because of the symmetry in γ↑ .
• ∆2 is either varied or fixed at various values to describe both the blockade and the
facilitation regime.
• For all analysis methods we consider both one- and two-dimensional systems and discuss
their differences, but we will observe that the Mandel Q parameter and spectra are
more interesting in 2D as they show more features with these extra degrees of freedom,
whereas the g (2) correlation functions prefer less degrees of freedom and will thus be
discussed in 1D.
• The standard sizes are given by Lx = 400 µm with Ly = Lz = 5 µm for 1D systems
and Lx = Ly = 75 µm with Lz = 5 µm for 2D systems. The restriction to 5 µm for
the remaining directions ensures that no excitations can occur in those directions. The
other sizes are chosen such that the amount of Rydberg atoms in the systems are around
15 to 20, which clearly show the effects of many-body Rydberg physics.
• The simulation time is often taken to be 20-50 µs, which is within the frozen gas
approximation, but also long enough to fill the system with Rydberg atoms, except when
very far into either the facilitation or blockade regime. When showing time evolutions,
we start around 0.5 µs, which is where the rate equation starts to be valid.
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Figure 6.4: The time dependence of the average number of Rydberg atom hNRyd i and the
Mandel Q parameter for various second laser detunings ∆2 using low Ω1 in (a) and high Ω1
in (b). See text for analysis.

6.4.1

Q parameter analysis

We start with a description of the general behavior of the average number of Rydberg atoms
hNRyd i and the Mandel Q parameter by using Figure 6.4(a), before we move on with the effects
of other parameters in the remaining figures. In this figure we have used all the standard
parameters to simulate the time evolution of hNRyd i and Q in a 2D system for various ∆2 .
We observe the following for hNRyd i:
• At the smallest time hNRyd i is determined only by γ↑ (∆2 ), which is symmetric in ∆2 ,
and hence they are sorted in descending order of |∆2 |. However, because of facilitation,
∆2 = 2π · 2 MHz (purple) is always faster than ∆2 = 2π · −2 MHz (blue) and similarly,
∆2 = 2π · 1 MHz (yellow) overtakes ∆2 = 0 MHz (red) very early on.
• For higher ∆2 we observe that facilitation causes the same increase of growth once
hNRyd i & 2, which naturally occurs at larger t when γ↑ (∆2 ) gets lower.
• At large times hNRyd i saturates when excitation and de-excitation rates are equal. The
steady-state value is in ascending order of ∆2 as a consequence of increased γ↑ by
facilitation for the bottom three lines, and as a consequence of smaller blockade radii to
fit slightly more Rydberg atoms on average in the system for the top four lines, because
they each have the same γ↑ peak value.
This behavior is also necessary to explain the observations in the Q parameter behavior:
• For negative ∆2 Q drops from 0 to a negative value, as expected in the blockade regime.
• As ∆2 = 0 is also included in the blockade regime it shows the same behavior, but it
decreases slightly faster as we have just seen that the excitations occur faster.
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Figure 6.5: The time dependence of the average number of Rydberg atom hNRyd i and the
Mandel Q parameter for various second laser detunings ∆2 using positive and negative ∆1 in
(a) and (b) respectively. See text for analysis.
• Even though we observed facilitation in the growth of hNRyd i of the purple line (∆2 =
2π · 2 MHz), the Q parameter is still always negative, although there is a delay before
it starts decreasing.
• For even larger ∆2 we do observe positive Q with a peak occurring right at the point
where we observed the largest increase of growth, around hNRyd i = 2. This is an
intuitive result, as a peak in Q corresponds to the highest relative fluctuations which
occurs just before the majority of simulations has a seed, at which point the average
growth is fastest.
• The peak in Q will keep on increasing as ∆2 is increased, but it takes increasingly longer
for the first excitations to occur and thus for anything to happen on average.
• A final observation is that the steady-state value of Q increases with ∆2 , which was
expected from [73] as this increase in ∆2 lowers the blockade radius rbl and thus the
amount of atoms in a blockade sphere.
In the case of Autler-Townes splitting, such as in Figure 6.4(b) where Ω1 = 2π · 15 MHz, the
same explanations in terms of ∆2 can be used when taking into account the peaks at ±7.5
MHz:
• Around the peaks we have initially the same behavior, but the right peak can utilize
the left peak for facilitation and have higher hNRyd i, although this does not lead to
a meaningful difference in Q, simply because initial excitations are also quick, unlike
facilitation in case of a single peak.
• In between the peaks, ∆2 = 2π · −3 MHz (red) and ∆2 = 2π · 3 MHz (yellow), and just
right of the right peak, ∆2 = 2π · 10 MHz (green), we observe similar initial growth,
but each show different forms of facilitation. At ∆2 = 2π · 10 MHz there exist two
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facilitation peaks and hence hNRyd i and Q are the largest. The other two have just
a single facilitation peak, but because ∆2 = 2π · −3 MHz is closer to the peak, its
facilitation shell is further and wider (containing more Nfac ), hence why facilitation is
stronger (faster growth of hNRyd i and higher Q), while also lowering both steady-state
values compared to ∆2 = 2π · 3 MHz.
• ∆2 further above the right peak show almost identical behavior to the single peak case.
Similarly to what we just saw, the right peak is the dominant cause of facilitation in this
regime, because it is closer to ∆2 and hence has a larger facilitation shell with higher
Nfac .
Next, we discuss the effects of ∆1 in the case of a single peak (standard value Ω1 = 2π · 4
MHz), as shown in Figure 6.5 with in (a) ∆1 = 2π · 3 MHz and in (b) ∆1 = 2π · −3 MHz.
• Considering that ∆peak is around 2π · ∓1 MHz for (a) and (b) respectively, we see
similarly to before that hNRyd i increases and Q decreases the fastest at this value for
∆2 , and slower if ∆2 is smaller.
• However, in the case of positive ∆1 , ∆2 must be further away to obtain steady-state at
the same time as negative ∆2 . And although the evolution of hNRyd i is similar, Q is
still much lower, even barely positive (yellow) in (a) when 2π · 2 MHz away from the
peak, where as in (b) the yellow line has a clear peak while being only 2π · 1 MHz away
from the peak. This can be explained with the locking Figure 6.3, where the asymmetry
induced by ∆1 causes a much steeper decrease in γ↑ on the right side of the peak if ∆1 is
negative. Hence, initial excitations are less likely and fluctuations are relatively higher,
whereas the positive ∆2 have a more steady increase of seeds and less fluctuations.
• The difference in steady-state values is a visual deception. Because the ∆2 in (a) are
further away from the peak, the blockade radius is smaller and hence we expect are
larger Q as we have seen before.
In Figures 6.6(a), (b), and (c) we have shown the dependencies on n, ρ0 , and Ω2 respectively.
Because their effects are much simpler, it suffices to show only the facilitation regime, in this
case ∆2 = 2π · 4 MHz, as they can easily be extended to other ∆2 . We observe the following:
• The principal quantum number n determines interaction strength as well as the facilitation and blockade radii. Consequently, hNRyd i grows and saturates faster, although at
n = 60 the lifetime Γr becomes too short, which results resulting in less Rydberg atoms
that survive. The faster growth for higher n also shifts the peak of Q to earlier times,
although it does not affect the peak height. It does affect the steady-state value, again
because the blockade sphere is larger for higher n. Interestingly, Q is actually always
positive for n = 60, which must be because facilitation and spontaneous emission occur
so often that fluctuations in the number of Rydberg atoms always remains big.
• The density ρ0 has similar effects. A higher density results in an increase of both Nnon
and Nfac so that seeding as well as facilitation occurs earlier, as seen in both hNRyd i
and the peak of Q. More atoms in the system also means that the total excitation rate
γ↑ is higher at fixed NRyd , which fixes the total de-excitation rate γ↓ . Consequently, the
average number of Rydberg atoms can be and is higher. Furthermore, a higher density
also means there are more atoms in a blockade sphere, hence the steady-state Q value
is lower.
91

6. Many-atom Monte Carlo model

Figure 6.6: The time dependence of the average number of Rydberg atom hNRyd i and the
Mandel Q parameter for various n in (a), ρ0 in (b), and various Ω2 in (c). See text for analysis.
• Apart from the very low value Ω2 = 2π · 0.2 MHz, the second transition Rabi frequency
only influences time dependence. This is because we know from Section 4.6 that both
γ↑ and γ↓ scale with Ω22 , apart from the Γr contribution, which becomes more dominant
for low Ω2 . Because both γ↑ and γ↓ scale with it, the steady-state behavior of NRyd
and thus hNRyd i is not affected, nor does anything influence the steady-state value of
Q. The small discrepancy for Ω2 = 2π · 0.2 MHz is simply because the decay results in
a not fully packed system.
Finally, with Figure 6.7 we discuss the effects of system size effects in 1D systems, (a)-(b),
and 2D systems, (c)-(d), both in the facilitation regime, with ∆2 = 2π · 4 MHz as in (a) and
(c), and the blockade regime, ∆2 = 2π · −2 MHz as in (b) and (d).
• The dependency of the time evolution of hNRyd i on the system size is easily describable.
Roughly, we have that 1D systems scale linearly in the size at all times, whereas 2D
systems scale quadratically, but we also see that facilitation results in slightly earlier
steady-state, as we already expected from Subsection 6.3.2.
• In the facilitation regime we have that the Q parameter in 1D systems only goes just
above and below 0, only slightly on the size of the system, unless it gets really small at
Lx = 50 µ, where Q stays even closer to 0. For 2D systems Q does depend on the system
size, with the peak height increasing and shifting to earlier times, indicating stronger
facilitation. This effect does saturate, however, as the size gets above 60 µm, with a
similar saturation of boundary effects in the steady-state value of Q. The difference
between 1D and 2D is the degrees of freedom, in 2D a facilitation shell contains many
more atoms than in 1D.
• In the blockade regime neither the 1D or 2D system depends a lot on the size. This
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Figure 6.7: The time dependence of the average number of Rydberg atom hNRyd i and the
Mandel Q parameter in a quasi-1D system in (a)-(b) and a quasi-2D system in (c)-(d) for
various system sizes Lx and Ly , while using ∆2 = 2π · 4 MHz in (a) and (c) and ∆2 = 2π · −2
MHz in (b) and (d) to make a distinction between the facilitation and blockade regimes. See
text for analysis.
follows also from our expectations from Subsection 6.3.2 with a system in the blockade
regime just being filled randomly.
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Figure 6.8: The dependence of many-atom spectra on time t in a quasi-1D system in (a)-(b)
and a quasi-2D system in (c)-(d) for small Ω1 in (a)/(c) and large Ω1 in (b)/(d). In 2D the
effects of facilitation, the peak shift and asymmetry, are much stronger in 2D than in 1D as
the amount of facilitatable atoms is higher. Autler-Townes splitting vanishes after around 10
µs, but the spectra thereafter remain more asymmetric.

6.4.2

Spectra analysis

Let us start with a description of the general behavior of the evolution of a spectrum such
as the one in Figure 6.8(a), where we used the standard parameters in a 1D system. At
very small times, the spectrum can be approximated by γ↑ (∆2 ) as then the atoms are mostly
non-interacting. As time increases the spectrum becomes more asymmetric due to facilitation
occurring for ∆2 > 0, but not for ∆2 < 0. There are two important indicators visible, firstly
the spectrum is simply higher at positive ∆2 than at the same negative value, and secondly
the peak of the spectrum shifts slightly as time increases. Like we observed in the evolution
of hNRyd i in the previous section, the growth at positive ∆2 is initially slower, but will after
some time quickly overtake lower ∆2 . A final observation is that steady-state is reached the
earliest at ∆2 = 2π · −2 MHz, which corresponds to the peak location of γ↓ . The combination
of this peak with moderately high γ↑ is the best tradeoff in terms of quick excitations and a
low steady-state value for hNRyd i.
In Figure 6.8(b) we have increased Ω1 to 2π · 15 MHz and we observe Autler-Townes splitting
at small times. However, this disappears after 10 µs and forms a single asymmetric peak
as in the low Ω1 case, although a lot broader (also notice the difference in the scale). Two
observations are that now steady state is reached the earliest at the left peak as the peaks
of γ↑ and γ↓ approximately coincide, and that the spectrum peak at large times is located
just left of the right peak. At such ∆2 there is quick seeding by the right peak but also quick
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Figure 6.9: The dependence of many-atom spectra on the second laser Rabi frequency Ω2 in
(a) and first laser detuning ∆1 in (b) in a 2D system at t = 20 µs. See text for analysis.

Figure 6.10: The dependence of many-atom spectra on the principal quantum number n in
(a) and the atom density ρ0 in (b) in a 2D system at t = 20 µs. See text for analysis.
facilitation by the left peak.
Then, in Figures 6.8(c) and (d) we show the same two parameter sets but in a 2D system. All
the differences can be explained by the presence of more degrees of freedom for facilitation
and hence higher Nfac . These differences include the slight asymmetry even at small times
and the much broader and much more shifted peak at large times. Even at high Ω1 the peak
is now far to the right of both peaks as facilitation occurs often enough to counteract slow
initial excitations. This also results in the right side being steeper, because for slightly higher
∆2 the seeding rate decreases and there cannot occur any facilitation.
Because of this stronger facilitation, the remaining spectra are calculated in 2D systems with
a simulation time of 20 µs, which were the penultimate lines in the previous figure. In Figures
6.9(a) and (b) and Figures 6.10(a) and (b) Ω2 , ∆1 , n, and ρ0 are varied respectively. We
observe the following:
• When Ω2 is varied, we observe similar behavior to the analysis of the Q parameter.
Excitations occur faster, especially in the facilitation regime, although if Ω2 is too low,
such as Ω2 = 2π · 0.2 MHz (blue line), then spontaneous emission also causes the steadystate values to be lower.
• The spectra for various ∆1 require a little more analysis. A first observation is that
for negative ∆2 the spectra for negative ∆1 are higher than their positive counterparts,
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Figure 6.11: The dependence of many-atom spectra on the 1D system size Lx in (a) and the
2D system size Lx = Ly in (b) at t = 20 µs. See text for analysis.
which is caused by the asymmetry in γ↑ that we have seen before. For the same reason
the spectra at positive ∆1 are higher at large ∆2 , although this effect is amplified
because facilitation can also occur after a first excitation. It is, however, interesting to
note that this difference only becomes apparent for ∆2 > 2π · 5 MHz, while one would
expect this discrepancy to occur closer to the peak, possibly around 2π · 3 MHz. Finally,
the spectrum at resonance, ∆1 = 0, is actually higher at all ∆2 than the spectra for
other values of ∆1 . This is a result of ∆1 not only causing an asymmetry of the γ↑
peak, but also making it narrower, reducing δrfac . Hence, the larger ∆1 the smaller
Nfac , resulting in a smaller total excitation rate and a lower steady-state values.
• As observed in the analysis of the Q parameter, a higher n makes facilitation stronger,
which is in the spectra is even more clearly visible by the broadening and peak shifting
of the spectra. Note that for n equal or lower than 60, the effects of facilitation are
small and there is only marginal asymmetry in the spectrum, even though it is close to
steady state.
• A higher density ρ0 raises the entire spectrum, because the total excitation rates are
higher, as noted before. It is, in particular, clearly visible that this effect is much stronger
far into the facilitation regime, where the rate for initial excitations has relatively the
highest increase and there is still enough time for facilitation to occur. We observe from
both Figures 6.10(a) and (b) that it was coincidence that the steady-state spectra peaks
were flat in the previous figures as this does not occur for other n and ρ0 .
Finally, we discuss the effect of the 1D and 2D system sizes in Figures 6.11(a) and (b)
respectively. In both figures we observe a slight increase the in peak shift as the size increases,
more visible in 2D, because of more degrees of freedom. Apart from this, the scaling seems to
be again linear in 1D and slightly smaller than quadratic in 2D, corresponding to the amount
of atoms that fit in the system.
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Figure 6.12: The dependence of the correlation function g (2) (R) on ∆2 in a quasi-1D system
at t = 50 µs for Ω1 = 2π · 4 MHz in (a) (single peak) and Ω1 = 2π · 15 MHz in (b) (double
peak). Blockade and facilitation effects are clearly visible. See text for analysis.

6.4.3

g2 analysis

We start by discussing the ∆2 dependence of the second order correlation function g (2) (R)
for both a single peak γ↑ at Ω1 = 2π · 4 MHz and a double peak γ↑ at Ω1 = 2π · 15 MHz as
shown in Figures 6.12(a) and (b) respectively for t = 50 µs in a standard 1D system. The
first observation is that g (2) (R) = 0 for R smaller than 15 µm in (a) and 10 µm in (b), where
the former corresponds to the two-atom rbl as found in Figure 5.4. The second observation
is that g (2) (R) → 1 as R → ∞, which shows that the correlations indeed have finite range.
Let us discuss Figure 6.12(a) in more detail first:
• In the deep blockade regime, at ∆2 = 2π · −3 MHz, there is only a smooth transition
between the blockade radius to uncorrelated atoms, which is what we expect for the
random filling of open areas in the system. We also observe the expected small bump
just after g (2) reaches 1 for the first time, caused by the previously discussed packing
corrections at large times.
• In the facilitation regime, at ∆2 = 2π · 1 MHz and ∆2 = 2π · 3 MHz, there is a very
high first peak (peak value of the green line is 8) that indicates that many Rydberg
atoms have another Rydberg atom at a distance rfac away from them. As expected,
this facilitation radius is smaller for larger ∆2 and is also larger than the two-atom
facilitation radius as found in Figure 5.4.
• It is interesting to note that whereas the second peaks are equally high, the third peak
is actually lower in the case of stronger facilitation. The reason for this is unknown.
• Slightly unexpected are the multiple peaks and troughs in g (2) at ∆2 = 2π · −1 MHz
and ∆2 = 0 MHz, which look similar to facilitation, but that cannot be the case as the
excitation rate is the highest for the atoms furthest away from other Rydberg atoms.
Instead, because both γ↑ and γ↓ are much higher compared to the ∆2 = 2π·−3 MHz case,
the same packing corrections occur often enough that two and three particle correlations
become apparent, which will be strengthened by the upcoming observations in Figure
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Figure 6.13: The time dependence of the correlation function g (2) (R) in a quasi-1D system for
∆2 = 2π · −3 MHz (blockade regime) in (a), for the resonance case in (b), and for ∆2 = 2π · 5
MHz (facilitation regime) in (c). See text for analysis.
6.13.
• A visual distinction between facilitation and packing corrections is that with facilitation
the first peak is much steeper, narrower, and located at smaller R than the fixed peak
location in the blockade regime.
A similar description can be given for the Autler-Townes case as shown in Figure 6.12(b).
At ∆2 = 2π · 12 MHz we are beyond the two peaks and we observe strong facilitation. In
between the two peaks, ∆2 = 2π · −3 MHz, ∆2 = 2π · 3 MHz, and 2π · 7 MHz, there is much
weaker facilitation as seen by the shifting peak location, because like before the seeding rate
is also high. At the left peak, ∆2 = 2π · −7 MHz, there is only the blockade effect and some
packing corrections.
We have discussed the difference between a peak originating from facilitation or packing
correction multiple times, but it can best be shown with the time evolution of g (2) (R), as
done in Figure 6.13. Here (a), (b), and (c) represent the blockade regime (∆2 = 2π · −3
MHz), the resonant case (∆2 = 0 MHz), and the facilitation regime (∆2 = 2π · 5 MHz)
respectively. In (a) we clearly see that for small times the only correlation is the blockade
effect and only at later times the corrections cause some atoms to move closer together,
creating a small bump. In (c) we see that by facilitation even at very small times, there
are already three particle correlations (two peaks). As time increases, the peaks and troughs
become better-defined, but they do not move. Note that the wiggles, especially at small times,
are just noise that originates from the small amount of excitations at those distances. In (b)
the initial excitations occur so fast that packing corrections already begin at small times as
we observe a first peak. The troughs and additional peaks only start to grow at larger times,
indicating that this is indeed not facilitation.
Next, we discuss the effects of ∆1 , n, ρ0 , and Ω2 as shown in Figures 6.14(a) and (b) and
6.15(a) and (b) respectively:
• The effects of ∆1 are most prominent in the shown facilitation regime, ∆2 = 2π · 5 MHz,
where we left out the first peaks for clarity as they go up all the way to values around
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Figure 6.14: The dependence of the correlation function g (2) (R) on the first laser detuning
∆1 for ∆2 = 2π · 5 MHz (facilitation regime) in (a) and on the principal quantum number n
for ∆2 = 0 (resonance) in (b). See text for analysis.

Figure 6.15: The dependence of the correlation function g (2) (R) on the atom density ρ0 in
(a) and the second Rabi frequency Ω2 in (b), both for ∆2 = 0. See text for analysis.

20. The first observation is that the second peak of ∆2 = 2π · −4 MHz is far higher
than the others, which is exactly the locking mechanism occurring between three atoms
for negative ∆1 that we have predicted in Subsection 6.3.3. This also extends to the
third peak. Note that while the second peak is the smallest for ∆1 = 0, the third peak
height are in ascending order of ∆1 . The locking at negative ∆1 is thus more important
for four particle correlations, while three particle correlations still benefit more from
stronger facilitation for higher |∆1 |.
• The dependence of g (2) (R) on n is shown only for ∆2 = 0, because the effects at other
∆2 can be deduced from the observations here. The increase in interaction strength for
higher n has a couple of related consequences, such as the increased the blockade radius
(and also facilitation radius for higher ∆2 ), which is visible both by the point where
g (2) (R) is no longer zero and by the distance between peaks. Another consequence of
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Figure 6.16: The dependence of the correlation function g (2) (R) on the various system sizes.
In (a) the 1D system length Lx is varied for the resonant case ∆1 = ∆2 = 0, while in (b)
the 2D system size Lx = Ly is varied for a strong facilitation case, ∆1 = 2π · −3 MHz and
∆2 = 2π · 5 MHz. In (c) and (d) the transition between a quasi-1D system and a 2D system
is shown for the resonant case ∆1 = ∆2 = 0 by varying Ly in (c) and Lz in (d), fixing the
other at 5 µm. See text for analysis.
stronger interactions is the that the peaks are higher and troughs are lower. Both are
especially important in experiments where the precision and accuracy are smaller.
• The effects of ρ0 and Ω2 are similar and will be discussed together, again only for
∆2 = 0. Apart from when either quantity is very low and excitations simply occur less
frequently, the differences are only small. Both ρ0 and Ω2 do not influence the behavior
of the processes, only the rate at which they occur. The result is simply better-defined
peaks and troughs with a possible slight displacement in the locations as the rates can
influence the most optimal location for atoms.
Lastly, we discuss the effects of the system size with Figure 6.16:
• In (a) the lasers are set at resonance in a 1D system with various lengths Lx and
unless the system becomes so small that at most two Rydberg atoms fits, there is no
dependence on Lx . This is also the case in the facilitation regime, which is not shown
for a 1D system.
• The facilitation regime is, however, shown for a 2D system as in (b), where ∆1 = 2π · −3
MHz for locking and ∆2 = 2π · 5 MHz for dominating facilitation. From the spectra we
would expect that facilitation has a stronger effect as well as it being more dependent on
the system size due to the increase in degrees of freedom. The problem is, however, that
while more degrees of freedom might increase the number of Rydberg atoms, these are
far less correlated. In contrast to the many high peaks in Figure 6.14, we observe here
only one high peak and a small second peak. The first peak originates from facilitated
pairs of Rydberg atoms and becomes smaller as the system size increases as this affects
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the seeding versus facilitation ratio. The second peak is very small, because it is unlikely
in 2D that three excitations will be facilitated exactly in a straight line. Any deviation
of a third excitation from such a straight line will cause its distance from the first atom
to be smaller or higher, smearing out three particle correlations over a range of R.
• In (c) and (d) we show the effects of a 1D system not being entirely quasi-1D. With
Lx = 400 µm we vary Ly in (c) and Lz in (d), whereas the other remains at 5 µm. In
both cases the difference between 5 and 15 µm is only a small shift, which is because
these sizes are both within the blockade radius for a quasi-1D chain of Rydberg atoms,
but in the bigger system the packing corrections have more wiggle space for slightly
tighter packing. Then, for 20 and 25 µm we observe a transition from 1D to 2D where
the peaks and troughs decrease so that there is effectively only one peak and trough
left, similarly to our observations in (b). If the size is increased even further such as to
30 µm, there is no more change, showing that there is no dependence on the 2D system
size for ∆2 = 0.
• Also note in (d) that for Lz bigger than the blockade radius, g (2) (R) is no longer zero
at R = 0, because of our projection definition of g (2) (R). What happens is that for
these Lz it is possible that two Rydberg atoms have the same x and y positions with a
separation of at least rbl in the z-direction. The projected distance between the two is
then zero, which is an unavoidable disadvantage of projecting atoms on a 2D surface if
Lz is not kept smaller than the blockade radius.

6.4.4

Conclusion of Monte Carlo model results

As expected, the second laser detuning ∆2 is the most important factor in deciding the
nature of the excitation dynamics of an ensemble of atoms. This includes the blockade effect,
observable for all ∆2 , but dominant for ∆2 < ∆peak , minor facilitation for ∆2 & ∆peak , and
dominant facilitation for ∆2  ∆peak . Each of these are visible in all three analysis methods.
The blockade effect is most easily observable by the limited hNRyd i in spectra, the negative
steady-state Mandel Q parameter value, and by the area with g (2) (R) = 0 in the second order
correlation functions. Observing facilitation is easiest in a 2D system, as with more degrees
of freedom, new clusters can expand much faster, which is visible by a positive peak in the
Q parameter and by a broad shifted asymmetric peak in the spectrum. Facilitation will also
show a narrow high peak in g (2) (R) in any dimension. Multiple peaks will, however, only
be noticeable in a quasi-1D system, now because of the limited degrees of freedom. Multiple
peaks also occur around resonance, but this is through spontaneous reordering of a packed
system and can be distinguished from the narrower facilitation peaks, whose location also
depends on ∆2 .
For the other parameters we have observed and discussed the following effects. The first
Rabi frequency Ω1 causes Autler-Townes splitting, which generally lessens the visibility of
interesting phenomena, but the interpretation remains the same. The first laser detuning
∆1 has only minor effects in the spectra, but in the Q parameter and in g (2) (R) a negative
∆1 results via the locking mechanism in better facilitation. The n11 scaling of C6 results
in much more prominent blockade and facilitation effects for increasing principal quantum
number n. Higher second Rabi frequency Ω2 and higher MOT density ρ0 lead to overall
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faster rates, resulting in more prominent facilitation as well as better distinguishable peaks in
g (2) , also for the reordering at resonance. If the dimensionality remains the same, the size of
the system only has small effects in enhancing facilitation other than approximately linearly
(1D) or approximately quadratically (2D) scaling the number of atoms.
For optimal spontaneous formation of quasi-one-dimensional Rydberg crystals, it is best to
have fast and controlled facilitation. This is achievable with Ω1 around 2π · 4 MHz to acquire
fast transfer into the excited state without the disadvantages of Autler-Townes splitting. A
moderately high (a few MHz) ∆2 then allows for facilitation dominated excitations without
the first excitation being too slow. Additionally, such ∆2 in combination with a negative ∆1
results by the locking mechanism in more robustness. ∆1 cannot be too high as it lowers the
maximum Ω2 for which the model is valid as well as narrowing δ∆fac , in which case there are
only a few atoms in a facilitation shell, slowing down the growth. Finally, the crystal structure
is improved by using the maximum allowed Ω2 and highest experimentally obtainable ρ0 .
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Figure 6.17: Realistic laser shapes for the red laser on top (sizes Lx = 200 µm, Ly = 15 µm,
and σred = 2 µm) and the blue laser on bottom (sizes σx = 10 mm, σz = 7.5 µm). For the red
laser the boundary of the uniform box (σred = 0) is shown by the black dashed line, while for
the blue laser the locations of σred and σz (dashed) and at 1.75σred and 1.75σz (dash-dotted)
are shown in white.

6.5

Monte Carlo model modifications

Up until now, we have only considered a basic situation, although the Monte Carlo model
that we have derived can be applied to much more general situations. In this final section
of this chapter we consider two of such modifications, first the effects of more realistic laser
shapes and then we study the nD3/2 state instead of the nS1/2 state.

6.5.1

Realistic laser shapes

In this subsection we study the effects of the lasers shapes that are used in the associated
experiment [57]. When a laser has a non-uniform intensity, every atom will experience a
different electric field strength, resulting in different Rabi frequencies. If atom k is at position
~rk , then its Rabi frequencies are defined as
Ω1,k =

1~
dge · ~1 E1 (~rk ),
~

and

Ω2,k =

1~
der · ~2 E2 (~rk ).
~

(6.25)

For convenience we can also simply define the position dependent Rabi frequencies Ω1 (~r) and
Ω2 (~r) with E1 (~r) and E2 (~r), even though there does not need to be an atom at ~r. The laser
detunings ∆1 and ∆2 are position independent.
The uniform red laser field, Ω1 (~r) = Ω1,0 ∈ R for all ~r ∈ V (and zero outside), is preferred for
various reasons including the guarantee that the rate equation is valid (recall from Section
4.4 that the rate equation is not valid for Ω1 < 2π · 3 MHz) and also having a constant γ↑
shape (no power broadening or Autler-Townes splitting in areas with larger Ω1 ). To obtain a
uniform Ω1 (~r) a spatial light modulator is used, which is a device that can create arbitrary
103

6. Many-atom Monte Carlo model

intensity patterns of a laser field, see [57] for more details. However, such a device cannot
reproduce ideal situations such as the preferred infinitely sharp edges. A model for a more
realistic laser field propagating in the z-direction is by adding Gaussian shaped edges to the
rectangle of Rx by Ry , with a standard deviation of σred . An example of such a red laser field
is shown in the top of Figure 6.17, where Lx = 200 µm, Ly = 15 µm, and σred = 2 µm. The
position of infinitely sharp edges without the σred are depicted by the black dashed lines.
The blue laser, propagating in the y-direction, can be discussed a similar way. Ideally, Ω2 (~r)
would be large and uniform inside V to have fast excitations everywhere, but a natural laser
beam has an elliptical Gaussian shape,


z2
x2
(6.26)
Ω2 (~r) = Ω2,0 exp − 2 − 2 ,
2σx 2σz
where Ω2,0 is the peak blue Rabi frequency and σx and σz are the Gaussian shape standard
deviations in the x- and z-direction respectively. An easy method to approximate the ideal
situation is by using cylindrical lenses to create a very large σx so that the blue laser is
approximately constant over Rx (determined by the red laser shape) and a very small σz .
This forms a sheet in the (x, y)-plane with a thickness governed by σz , which, if it is small
enough, ensures quasi-one- or quasi-two-dimensionality (dimension and length determined by
the red laser shape) and the excitations are most likely around the center of this already
narrow peak. In the bottom of Figure 6.17 the blue Gaussian laser shape is shown with
σx = 10 mm and σz = 7.5 µm. Also shown in white are the system boundary locations
of both the red and blue Gaussians at σred and σz (dashed) and at 1.75σred and 1.75σz
(dash-dotted), which will be discussed shortly.
Recall that for the calculation of the rate of change γi for atom i the dependence of ∆2 was
split from the other parameters and stored in some coefficients that are fixed throughout the
entire dynamics of a single simulation. Hence, we can simply calculate these coefficients at
the start of every simulation for every atom and the simulation is equally computationally
intensive as before. Also note that we require a new definition of the system volume V ,
because technically the Gaussian shapes reach to infinity. This is done by implementing a
cut-off at 2.5σred and 2.5σz , as the intensity is negligible outside these new bounds.
For the realistic laser beam shapes with sizes as shown in Figure 6.17 the Monte Carlo model
was used to calculate for the standard parameters the results shown in Figure 6.18 by the solid
colored lines. Shown are the time evolution of the spectrum in (a) and the spatial correlation
functions in the blockade regime, at resonance, and in the facilitation regime. Let us start by
discussing the spectrum to which we added the comparison with a spectrum (black dashed
line) calculated for the same parameters, but with the ideal laser shapes with sizes as shown
by the white dashed lines in Figure 6.17, i.e. replacing the Gaussian blue laser shape with
peak height Ω2,0 by a rectangle of 2σz wide and Ω2,0 high and extending the uniform red
laser by σred = 2 µm on all sides. We observe that away from the peak centers, the spectra
generally match. In this case the system is still not fully packed and total system excitation
rates are approximately equal (a Gaussian is wider and a box is higher on the outside, but
they integrate to the same value) resulting in equally many excitations. However, around
the spectra’s peaks the realistic laser fields have much more Rydberg atoms. In this case the
system is able to eventually also fill the more spacious outer edges with lower excitation rates,
especially through facilitation.
104

6.5. Monte Carlo model modifications

Figure 6.18: The time evolution of the spectrum in (a) and the spatial correlation function
g (2) (R) in for various second laser detunings ∆2 in (b) as calculated for the standard parameters with the realistic laser shapes as shown in Figure 6.17. The results are also compared to
an ideal laser shape as depicted by the black dashed lines, with the laser size of the spectrum
and of the spatial correlation function as determined by respectively the white dashed and
dash-dotted lines in Figure 6.17. See text for analysis.
Next, we consider the g (2) (R) functions in Figure 6.18(b) at time t = 50 µs with ∆2 in the
three regimes. These correlation functions are also compared with ideal laser shapes, but now
with the sizes as depicted by the white dash-dotted lines in Figure 6.17, i.e. replacing all
halves of Gaussians by a rectangles of 1.75 times the corresponding standard deviation. As
we observed in the spectra, these three ∆2 result in more Rydberg atoms than that fit in the
2σz wide box, and here we observe that if the box is taken to be approximately 3.5σz wide,
then there are approximately equally many Rydberg atoms at identical x and y positions
(the colored and dashed lines overlap at R = 0). However, we observe also that the g (2) (R)
of the wider ideal lasers approximately match those of the Gaussian lasers at all R. From
the two results it can thus be deduced that all the characteristics of the realistic laser shape
results can be approximated by appropriately sized ideal laser shapes. However, the size of
such ideal laser shape depends on the time and regime of the desired result.
We conclude by saying that these Gaussian edges for the red laser and the elliptical Gaussian
shape for the blue laser are just two of many possibilities. Other modifications include nonstraight edges and z-dependence of the laser, although the effects of these in an experiment
can easily be minimized up to a point where they can be neglected. However, one may also
study for example Gaussian spots to manually localize the Rydberg excitations. The model
can then be adapted to find the relation between the spot size and the expected amount of
Rydberg atoms per spot.
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∆2
|nS1/2 i

Ω2

∆1
Ω1

|ri = |nD3/2 i
Γr

|ei = |5P3/2 i
Γe

|gi = |5S1/2 i
Figure 6.19: Similarly to Figure 2.1 a three-level system is defined with the same ground and
excited states |gi and |ei, but the Rydberg state |ri is now chosen to be |nD3/2 i. Apart from
the parameter values, there is no difference in the single-atom description.

6.5.2

nD states

For the second modification of the Monte Carlo model we consider the nD3/2 states. As
shown in Figure 6.19, this is can be done separately from any nS1/2 state, because in the
absence of external field they are separated by a large enough energy difference. For a single
atom the three-level model is exactly the same, we can still define a basis {|gi, |ei, |ri} and
the Hamiltonian is defined in the same way. Apart from using different values, the calculation
of Γr is also the same as for the nS1/2 states [62].
The most important difference is the nature of the interactions between D state Rydberg
atoms. From the perturbative calculations for the C6 coefficients it is already apparent that C6
is negative and angular dependent [66]. This results in attractive and anisotropic interactions.
We expect that facilitation is now observed for negative ∆2 , because the interactions will now
shift the energy levels downwards. We also expect to observe angular differences in the spatial
correlation functions.
We follow Labuhn et al. [37] and approximate the angular dependence of the C6 by

C6 (0)
1 + 2 cos4 (θ) ,
(6.27)
3
which is shown in Figure 6.20 together with the definition of the angle θ, which is the angle
between the quantization axis and the interatomic actions. Note that cos4 (θ) is symmetric
around 90◦ and the interaction of one Rydberg atom on the other is thus equally strong as
vice versa. The value of C6 (0) can be found numerically and in the same way we calculated
the C6 values for the nS1/2 states [68]. For |100D3/2 i we have C6 (0) = −4.8 · 10−59 Jm−6 ,
which is also the maximum interaction strength in the system, whereas the minimum of that
is one third of that value, C6 (90) = −1.6 · 10−59 Jm−6 .
C6 (θ) =

Monte Carlo results are shown in Figure 6.21 for a standard quasi-2D system, which was
chosen because in a quasi-1D system most atoms have their θ around 90◦ or 270◦ , which is only
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Figure 6.20: The angular dependence of the C6 (θ) coefficient for the nD3/2 state with θ
defined as shown in the top right.

a small portion of the angular dependence and thus not interesting. Also, the Q parameter
does not provide any additional information to the spectra and g (2) function. In (a) we have
compared the spectra at various times with the spectra of |50S1/2 i, as denoted by the dashed
lines, and we immediately observe the predicted facilitation peak at negative ∆2 . For any S
state, the spectrum at 0.5 µs would coincide, because for short times interactions do not play
a role. However, we observe that the steady-state spectrum of |50S1/2 i has an equally high
peak, which other states would not have. This is interesting as the C6 coefficient for |50S1/2 i
is only 1.0 · 10−59 , which is lower than the minimum of the D state. An explanation will be
given shortly. First note that although both spectra have the same value at ∆2 = 0, there are
two major deviations from the two spectra being exactly mirrored around ∆2 = 0. Firstly,
the S state spectrum grows faster, which suggests that the facilitation rate is faster for a
uniform interaction strength. However, the second deviation is that further in the facilitation
regime, the D state spectrum has a higher value at ∆2 = −2π · 5 MHz than the S state
spectrum at ∆2 = 2π · 5 MHz, which suggests that the facilitation rate is actually slower for a
uniform interaction strength. A possible explanation is that when a lot of excitations occur,
the area of facilitation (a combination of shells for isotropic interactions) is very disordered
and contains less atoms for an overall slower effective excitation rate. This also explains why
the corresponding S state spectrum has a lower C6 , the interactions might be weaker, but they
affect more atoms resulting in identical steady-state rates. Further in the facilitation regime
the disordering of facilitation shells is less prominent because there are only a few Rydberg
atoms, so that these can utilize their stronger interactions for faster growth compared to the
S state.
Next, we discuss the angular dependence of the spatial correlation functions as shown by the
solid lines in Figure 6.21(b), i.e. the line for 0◦ < θ < 30◦ is calculated and normalized only
with other excitation pairs that have such a θ (actually with the same value of cos4 (θ), so it
also contains 150◦ < θ < 180◦ ). Also shown are the spatial correlation functions of S states
with n = 56, 54, and 53 for exactly the same parameters, whose C6 coefficient is 83%, 54%,
and 43% of the peak value C6 (0) of the D state. These approximately correspond to the
average over the similarly colored θ range, as seen in Figure 6.20, which is the reason why the
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Figure 6.21: The spectrum evolution and angular g (2) function for the 100D3/2 state (solid
line) in a quasi-2D system in (a) and (b) respectively. The dashed lines represent nS1/2 states
whose results are comparable. See text for analysis.
solid and dashed lines have some overlap. However, because the anisotropic interactions lead
to a range of C6 values instead of a single value, the correlations are slightly less well-defined,
resulting in the observed lower peaks. This effect is most dominant for 30◦ < θ < 60◦ , where
the slope of C6 (θ) and the range of C6 are the highest. Lastly, we note that for increasing
n in the S state g (2) (0) goes to zero as a result of the blockade radius becoming larger than
system thickness Lz , but for the D state this is not the case.
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7. Comparison with a two-level model
In this final chapter we derive a two-level Monte Carlo model and compare it with the threelevel model that was used so far. Because there are many similarities in its derivation we
only discuss the important differences and either skip steps or refer to other articles. The
goal of this chapter is to discuss the resulting similarities and differences in the results and
their interpretation between the two models to determine if the more complex description
of the three-level model justifies its usage, in particular for the spontaneous formation of
quasi-one-dimensional Rydberg crystals.

7.1

Adiabatic elimination and model differences

Recall from Chapter 2 that the three-level Hamiltonian H in the basis {|gi, |ei, |ri} was given
by


Ω1
0
0


2
 Ω1

Ω
2 

H = ~
,
(7.1)
−∆1
2 
 2

Ω2
0
−∆2
2

which represents the unitary evolution of the three-level model as shown on the left of Figure
7.1. It turns out that when the first laser detuning ∆1 is very large compared to the other
frequencies, i.e. |∆1 |  |∆2 |, |Ω1 |, |Ω2 |, then the intermediate level |ei will not be populated
and the population transfer is governed by an approximative two-level Hamiltonian H0 , given
in the basis {gi, |ri} by [50]


Ω0
 0
2 
H0 =  Ω
(7.2)
,
0
−∆0
2
where the effective Rabi frequency Ω0 and effective detuning ∆0 are defined by
Ω0 =

Ω1 Ω2
,
2∆1

and

∆0 = ∆2 +

Ω21 − Ω22
.
4∆1

(7.3)

This approximation is called the adiabatic elimination of the intermediate level and also has
the consequence that the effective spontaneous emission rate is greatly reduced, as |ei will
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∆2

∆0

|ri

|ri

Ω2
Γr

Γ0
Ω0

∆1
|ei

Ω1
Γe
|gi

|gi

Figure 7.1: The three-level model on the left side can under the assumption that |∆1 | 
|∆2 |, |Ω1 |, |Ω2 | be simplified two a two-level model without describing the intermediate state
|ei, as shown on the right. This leads to an effective Rabi frequency Ω0 , effective detuning
∆0 , and effective decay rate Γ0 as defined in the text.
only rarely be populated for decay to occur. The combined spontaneous emission rate Γ0 is
now given by
Γ0 =

Ω20 Γe
+ Γr .
4∆21

(7.4)

The two-level Hamiltonian H0 and effective decay rate Γ0 form the description of the two-level
model as shown in the right of Figure 7.1 with the master equation,


d
i
1
1
ρ = − [H0 , ρ] + Γ0 Qgr ρQrg − Pr ρ − ρPr .
(7.5)
dt
~
2
2
Because every atom is still described with two states, a many-atom description would still be
exponential in the number of atoms. Consequently, we need to make additional assumptions
to find a simpler model. In correspondence with the rest of this thesis, we focus on a particular
Monte Carlo model, as derived by Lesanovsky et al. [38]. They state that if the dimensionless
quantity α = Γ0 /(2Ω0 ) is larger than one, α > 1, then it is possible to derive from the master
equation (7.5) a flip rate γl that is defined by
γl =

Ω20 Γ0
.
2
Γ0 /4 + ∆20

(7.6)

This rate is the same for both excitations and de-excitations. Similarly to the local detuning
approximation we derived in Chapter 5, we can replace ∆0 by ∆0 −∆i to incorporate the local
detuning ∆i of atom i in the flip rate γl . Then, we can use exactly the same Monte Carlo
method to calculate the excitation dynamics of an ensemble of atoms, that is to first generate
N random atom positions, calculate their interaction energies, taking a random sample of the
many-atom rate equation, and then averaging the outcomes of many repetitions.
110

7.1. Adiabatic elimination and model differences

Figure 7.2: In (a) and (b) the flip rate γl is shown as a function of the atom specific detuning
∆0 − ∆i (effective detuning ∆0 minus local detuning ∆i ) for various effective Rabi frequencies
Ω0 and decay rates Γ0 respectively, where the other parameter is fixed to either Γ0 = 2π · 0.3
MHz and Ω0 = 2π · 0.1 MHz.
The major difference between using the two- and three-level models is the parameter range
in which they are valid. Recall from Chapter 4 that the three-level model is technically valid
for all Ω1 , ∆1 , and ∆2 as long as Ω2 is taken small enough. However, as |∆1 | is increased,
the maximum allowed Ω2 decreases drastically. This is in contrast with the two-level model,
which at least requires |∆1 |  |∆2 |, |Ω1 |, |Ω2 |. As a result, the two models share a set of
parameters for which they are both valid, but Ω2 must be so small that there will not be any
population transfer. Hence, we cannot directly compare the outcome of the models for the
same parameters.
We must also take the second condition for the two-level model, α > 1, into account. We
start by noting that if we expect to calculate a spectrum up to ∆2 = 2π · 10 MHz, then ∆1
must be at least larger than 2π · 50 MHz. To satisfy α > 1 for such a ∆1 with Γr = 2π · 3
kHz as the value for the 100S state, Ω1 must either be smaller than 2π · 3 kHz, in which case
nothing happens on the µs time scale, or it must be larger than 2π · 1.7 GHz, which requires
impossibly high laser powers, especially considering that Ω0 contains a ∆−2
1 term. We can
conclude that the natural Γ0 is not sufficient to satisfy the validity condition for the two-level
model and must thus be increased artificially, for example by adding a dephasing mechanism
such a phase noise to the excitation lasers. In that case we can simply set values such as
Ω0 = 2π · 0.1 MHz and Γ0 = 2π · 0.3 MHz, which does satisfy α > 1.
In Figures 7.2(a) and (b) the dependencies of γl on respectively Ω0 and Γ0 are shown. In
addition to the fact there is only one rate (instead of separate up and down rates), the
description is also very easy. As seen in (7.6), Ω0 is simply a quadratic scaling factor, similarly
to Ω2 in the three-level picture. Consequently, there is always only a single peak and we never
have to deal with Autler-Townes splitting. On the other hand, an increase in Γ0 leads to a
broadening of the peak, especially decreasing in the center. Our expectation for the most
Rydberg atoms is therefore a high Ω0 and low Γ0 to excite faster and in a narrower range
(recall that NRyd is much smaller than N − NRyd , so that the increase in de-excitations plays
only a minor role). As either of these cause a lower α, they are limited to values with α = 1.
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Figure 7.3: Counting statistics of a quasi-2D system using the two-level model with an effective
Rabi frequency Ω0 = 2π · 0.1 MHz and effective decay rate Γ0 = 2π · 0.3 MHz. Shown are the
evolution of the average number of Rydberg atoms hNRyd i in (a), the evolution of the Mandel
Q parameter in (b), and the spectrum in (c). See text for analysis.

7.2

Simulation results and differences with three-level model

Now that the model has been described, we discuss the simulation results. We start with
time evolution of hNRyd i as shown in Figure 7.3(a) for four different ∆0 in a standard 2D
system, now with the standard two-level parameters Ω0 = 2π · 0.1 MHz and Γ0 = 2π · 0.3 MHz
(so α = 1.5). While there are similarities between the two- and three-level model, such as
∆0 = 0 having the most Rydberg atoms at small times and the lines for positive ∆0 suddenly
overtaking that through facilitation, there are also differences, such as the very huge difference
in the time it takes to reach steady state (order of ms instead of tens of µs for the three-level
model). In the facilitation regime this slowly increasing line at higher t is caused by a lot of
reordering in a nearly full system. Because the excitation and de-excitation rates are both
γl and thus equal for all ∆0 , we expect that the steady-state value is the same for all ∆0 ,
although before that is reached the frozen gas approximation is no longer valid.
However, the Q parameter in (b) shows less differences, we observe the positive value peaks for
facilitation and the negative values for the blockade regime and steady state. Also similarly to
before, the closer ∆0 is to resonance, the sooner the evolution of Q takes places, although the
differences between the ∆0 are larger, possibly because γl is much narrower than γ↑ . Note
that Q has already reached its negative steady-state value when hNRyd i is still increasing,
which is another indication only reordering is taking place.
Finally, we discuss the time evolution of the spectrum for the same parameters as shown in
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Figure 7.4: Spatial correlation functions g (2) (R) of a quasi-1D system using the two-level
model. In (a) an effective Rabi frequency of Ω0 = 2π · 0.1 MHz and an effective decay rate of
Γ0 = 2π · 0.3 MHz are used for various effective laser detunings ∆0 , while in (b) ∆0 = 2π · 3
MHz is used for the comparison of the effects of Ω0 and Γ0 .
Figure 7.3(c). Initially, it follows γl , just like a two-level system follows γ↑ for small times.
As time increases, we also observe that facilitation becomes more dominant, resulting in a
peak shift to the right. There are no differences with the three-level system, except that the
peak does not flatten, simply because it takes a much longer time to reach steady state.
The observed spatial correlations functions g (2) in a quasi-1D system, as shown in Figure
7.4(a) for the standard parameters with various ∆0 , can be explained similarly to the threelevel case. We observe only the blockade effect at negative ∆0 , reordering at resonance, and
stronger facilitation as ∆0 increases further. In (b), where we calculated the g (2) for various
Ω0 and Γ0 with ∆0 = 2π · 3 MHz, we observe that a faster excitation rate (red compared to
blue) is detrimental for the correlations, while a lower damping (yellow compared to blue)
is beneficial. While lowering both Ω0 and Γ0 would increase the crystal structure, the time
to fill a system volume with Rydberg atoms will increase. This is on top on of the slower
excitation for the two-level model as observed in Figure 7.3(a), also recalling from the threelevel results that facilitation is slower in 1D than in 2D. Finally, we note that the lack of a
locking mechanism results in a very small third peak compared to the three-level model. This
slower filling of the system and the lack of a locking mechanism for multi-particle correlations
are crucial shortcomings of the two-level model compared to the three-level model for the
spontaneous formation of Rydberg crystals.
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8. Conclusion

The aim of this thesis has been to provide a theoretical description of the excitation dynamics
of Rydberg atoms. As it is impossible to exactly calculate these dynamics, an intuitive Monte
Carlo model was derived by making approximations that include both the important single
and many-atom effects.
A single atom was described with a three-level Hamiltonian in the rotating wave approximation. This description was extended to the master equation in Lindblad form to also include
spontaneous emission. The derivation of this master equation was studied in mathematical
detail, starting from the coupling of an atom to a reservoir and then finding a simplified
description of the atom alone by utilizing a Markov approximation for a reservoir in thermal
equilibrium. As the master equation involves the density operator, which grows exponentially
in the number of atoms, the rate equation approximation was made for a description of an
atom that only discerns an excitation and a de-excitation rate. The fundamental step in
the derivation, the adiabatic elimination of coherences, was checked mathematically by using
Laplace transformations. Furthermore, a validity condition in terms of laser parameters was
derived and it was shown that for such parameters the rate equation solutions match well
with master equation solutions. Finally, in preparation of the many atom description, the
dependence of the rate equation parameters on the laser parameters was studied in detail.
Interactions between Rydberg atoms are dominated by long range Van der Waals interactions,
scaling with r−6 . We showed that in the local detuning approximation these can be modeled
as a shift in energy of the Rydberg level equal to the sum of all interaction energies. This
result was especially useful, because it can easily be combined with the rate equation by
assigning to every atom an excitation and de-excitation rate depending on its current local
detuning. For two atoms we showed that both the local detuning approximation as well as
the combination with the rate equation produced only small errors compared to the master
equation solutions. From the atom specific rates a Monte Carlo model was derived, which
was done in the frozen gas approximation, i.e. the atoms are assumed to be standing still,
mainly to enhance computation times.
The Monte Carlo model was used to calculate many results, which were analyzed using three
methods, the Mandel Q parameter, the Rydberg atom number spectrum, and the second order
spatial correlation function g (2) . The observations were explained in detail with the earlier
description of the excitation and de-excitation rates while taking into account to effects of
interactions. Observed phenomena included the blockade effect, a volume around a Rydberg
atom in which no other Rydberg atoms can be found, facilitation, the off-resonant excitation
to slowly generate seeds followed by interactions pushing atoms around the facilitation radius
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back into resonance for quickly growing clusters of Rydberg atoms, and a locking mechanism,
the utilization of the three-level dark state to reduce stimulated emission for atoms in the
interior of a cluster. The effects of the laser parameters, principal quantum number, atom
density, and system size were all discussed. In subsection 6.4.4 a more explicit summary of
the results was given, including a method for the utilization of the blockade, facilitation, and
locking effects to form the most optimal quasi-one-dimensional Rydberg crystals.
Furthermore, we showed possible modifications to the Monte Carlo model, including realistic
laser fields and the anisotropy of nD states. The underlying dynamics of both modifications
can be explained by the same theory.
Finally, The three-level Monte Carlo model was compared to a similar, but simpler twolevel Monte Carlo model, valid only for very different laser parameters. It was shown that the
calculated Mandel Q parameter and the spectrum were similar to the three-level counterparts
except that the time to fill a system with Rydberg atoms is on the order of ms instead of
tens of µs. This in combination with the absence of a locking mechanism makes the two-level
approach less desirable for the spontaneous formation of Rydberg crystals.
While the model presented here provides a basic, but also comprehensive understanding of
and prediction for the many-body excitation dynamics, there are two major directions for
further research. Firstly, the question whether a rate equation approach for the formation
of Rydberg crystals is the best has been unanswered. The inherent random nature of the
excitation and de-excitation rates might be surpassable by other more controlled approaches,
requiring a different model, that can be compared with this work. A second direction for
future research is geared more towards experimental possibilities and issues. For example,
we have assumed there are no external electric and magnetic fields, although their effects
are unknown. Furthermore, the model is incomplete for experimental usage, because it only
calculates the dynamics without the effects of measurements such as unwanted displacement
or imperfect detection. Improvements to an experimental approach may include using a
lattice-like laser intensity profile to impose extra underlying crystal structure and initially
inserting a single Rydberg atom into the system to benefit from strong facilitation without
being hampered by the long waiting time for the first excitation. Both of these approaches
can easily be studied with the model presented here.
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[68] S. Weber, C. Tresp, H. Menke, A. Urvoy, O. Firstenberg, H. P. Büchler, and S. Hofferberth, “Calculation of Rydberg interaction potentials,” Journal of Physics B: Atomic,
Molecular and Optical Physics, 50, 133001 (2017).
[69] D. Bacon, D. A. Lidar, and K. B. Whaley, “Robustness of decoherence-free subspaces for
quantum computation,” Phys. Rev. A, 60, 1944–1955 (1999).
[70] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford University Press, 2002).
[71] M. Gopal, Control Systems: Principles and Design (Tata McGraw-Hill, 2002).
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A. Cubic equations
In this appendix we give some useful results regarding cubic polynomials with real coefficients
without needing to explicitly calculate their roots. For a0 , a1 , a2 , a3 ∈ R with a3 6= 0 we define
the cubic polynomial p : C → C on the complex numbers by
p(x) = a3 x3 + a2 x2 + a1 x + a0 ,

(A.1)

for which we want to study the roots of the cubic equation p(x) = 0. Because we have
lim p(x) = ±∞,

x→∞

and

lim p(x) = ∓∞,

x→−∞

(A.2)

the intermediate value theorem immediately guarantees the existence of at least one real root.
Furthermore, it can be shown in various way, for example by using Vieta’s formulas or through
geometric interpretations, that for the discriminant D ∈ R, given by
D = 18a3 a2 a1 a0 − 4a32 a0 + a22 a21 − 4a3 a13 − 27a23 a20 ,

(A.3)

and D0 ∈ R, given by
D0 = a22 − 3a3 a1 ,

(A.4)

we can make the following distinction:
1. D = D0 = 0: p(x) has a single real-valued root x1 of multiplicity 3, so
p(x) = (x − x1 )3 ,

(A.5)

2. D = 0, D0 6= 0: p(x) has a real-valued root x1 of multiplicity 1 and a real-valued root
x2 of multiplicity 2, so
p(x) = (x − x1 )(x − x2 )2 ,

(A.6)

3. D > 0: p(x) has three distinct real-valued roots x1 , x2 , and x3 , so
p(x) = (x − x1 )(x − x2 )(x − x3 ),

(A.7)

4. D < 0: p(x) has a single real-valued root x1 and a conjugated pair of complex-valued
roots x2 and x2 , so
p(x) = (x − x1 )(x − x2 )(x − x2 ).

(A.8)
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B. Scenarios in the two-level Laplace transform analysis
Here we list for completeness how the different scenarios for the roots of the polynomial q(s)
affect analysis of the two-level problem using Laplace transforms, as performed in Subsection
3.2.1.
Accordingly to the four scenarios for the roots of q(s) as shown in Appendix A, we can apply
partial fraction decomposition to in (3.75) to find
 (1)
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for some case dependent coefficient vectors
which depend on the roots of q(s) and
the coefficient matrix C. With the coefficients given by (3.77), the Routh-Hurwitz criterion
ensures that all roots in every scenario have a negative real part, so the expressions (B.1)
allow for easily calculable inverse Laplace transforms, resulting in
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(B.2)

By following this procedure one can find expressions for all the coefficients of which the most
(l)
important consequence is that for the steady-state component it holds that A0 is independent
of the scenario l.
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C. Diagonalization of matrix ODE’s
The diagonalization method is a useful approach to solving a system of first-order linear
differential equations, which involves expressing the solution into the eigensolutions of the
system. This appendix describes the process and results for usage in the thesis.
Suppose we have a (time-dependent) d-dimensional variable x(t) ∈ Cd , whose evolution is
described by the evolution equation
(
ẋ = Ax,
(C.1)
x(0) = x0 ,
where A ∈ Cd×d and x0 ∈ Cd are the system’s matrix and initial vector respectively. Naturally,
the solution is simply given by
x(t) = eAt x0 ,

(C.2)

but we are interested in a more intuitive expression that avoid the calculation of eAt . Now,
assuming that A is diagonalizable, the eigenvectors of A form a basis for Cd , so that A can
be expressed as
A = PDP −1 ,

(C.3)

where P ∈ Cd×d is a matrix containing the eigenvectors pk as columns, and D ∈ Cd×d is a
diagonal matrix containing the corresponding eigenvalues λk , that is




λ1


λ2





p
p
·
·
·
p
P=
,
and
D
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(C.4)

.
2
d
..
 1


.
λd

By plugging the expression (C.3) into the differential equation (C.1), we have
ẋ = PDP −1 x

⇒

P −1 ẋ = DP −1 x,

(C.5)

so that the solution can be written as
P −1 x(t) = eDt P −1 x0

⇒

x(t) = PeDt P −1 x0 .

Then, if we define the coefficient vector c ∈ Cd by
T
c = c1 · · · cd = P −1 x(0),

(C.6)

(C.7)
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C. Diagonalization of matrix ODE’s

the solution can also be written as
x(t) =

d
X

ck pk eλk t ,

(C.8)

k=1

which is the desired decomposition into eigensolutions. Each eigensolution ck pk eλk t consists
of three parts:
1. The inclusion of the eigenvector pk ensures that every eigensolution will not change its
direction in Cd , only its magnitude.
2. The initial magnitude is determined by the coefficient ck , which loosely speaking is a
measure of how much each eigenvector is present in the initial vector x0 .
3. The time dependence of the magnitude of each eigensolution is exponential with the
corresponding eigenvalue λk .
The properties an eigensolution with ck 6= 0 are mostly determined by the eigenvalue λk . If
λk = 0, then this eigensolution does not change in magnitude and is (a part of) the steadystate solution. For non-zero λk we have that its real part determines the growth (Re λk > 0) or
damping (Re λk < 0) of the eigensolution, while the imaginary part determines its oscillatory
behavior.
Because the full solution is the sum of the eigensolutions, if at least one eigenvalue has
Re λk > 0, the full solution will always blow up. If not, then the full solution will converge to
the linear combination of steady-state solutions (λk = 0), as determined by the ck , or towards
the zero vector if all eigenvalues have Re λk < 0.
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